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Abstract

This thesis examines the theoretical foundations that enable near-term quantum
computational utility. Quantum utility occurs when a quantum computer contributes
meaningfully to solving a computational task that a classical computer cannot alone
replicate without additional time or loss of accuracy. Unlike quantum advantage, which
requires provable superiority over all classical methods, quantum utility requires only
practical usefulness, employing quantum devices as effective tools for scientific discovery.
Recognising this distinction is essential for directing research towards pragmatic goals
achievable with current and emerging hardware.

The thesis comprises a three-part investigation encompassing theoretical limits,
algorithmic design, and hybrid applications. First, it characterises the boundary
between classically simulable and intrinsically quantum computations by analysing a
specific class of simulable circuits. Second, it designs and analyses specialised quantum
algorithms for structured problems using the framework of parameterized complexity.
Finally, it demonstrates pragmatic algorithm design through a hybrid classical-quantum
approach to a key problem in computational genomics, illustrating how theoretical

progress can translate into tangible near-term utility.






“Y’know, it's very hard to talk quantum using a language originally designed to tell

other monkeys where the ripe fruit is.” — Sweeper, “Night Watch” by Terry Pratchett.
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C The Clifford group
g The matchgate group
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1(T) The indicator function for a Boolean expression 7', equal to 1 when 7" is true

and 0 otherwise
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['(p) The correlation matrix of a state p
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> The set of strings over ¥ of any length

Y="  The set of strings over ¥ of length no more than n
>™  The set of strings over X of length n

5 A string i.e. a finite sequence from an alphabet X
sli, 7] The substring of s from i to j, inclusive

Other Symbols

[n]  The set {1,2,...,n}

[A, B] The commutator [A, B] = AB — BA.

{A, B} The anti-commutator {A, B} = AB + BA.
Acronyms / Abbreviations

CSP  The Closest String Problem: given a set of strings, find a string that has distance

at most d to any input

CSSP The Closest Substring Problem: given a set of strings, find a string that has

distance at most d to some substring of any input
HUBO Higher-order Unconstrained Binary Optimisation
NISQ Noisy Intermediate-Scale Quantum
QAOA The Quantum Approximate Optimisation Algorithm
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Chapter 1

Introduction

Quantum computing is an emerging technology that leverages the physical laws gov-
erning matter and energy at atomic scales to perform computational tasks, often more
efficiently than any classical counterpart. In 1982, Richard Feynman [5] first proposed
using quantum systems for computation; namely, for simulating physics. Since then,
quantum algorithms have been proposed across a broad range of problem domains. An
algorithm that arguably secured the field’s long-term significance was proposed during
the field’s early years: Shor’s 1994 integer factorisation algorithm [6]. The algorithm
has two features of enduring scientific and historical importance. First, it achieves
an exponential speed-up over the best classical algorithms that are currently known,
requiring only O(poly(log(N))) quantum gates to factorise an integer N, compared
with O (exp <10g(N )1/ 3)) classical operations [7]. Second, and equally importantly, the
algorithm has profound practical implications. Modern RSA encryption protocols rely
on the computational difficulty of prime factorisation; quantum computers challenge
this notion. A fully functioning, large-scale quantum computer could pose a significant
threat to contemporary cybersecurity. Why, then, has this threat not been realised?
Current quantum devices remain limited in scale and are hindered by noise and
operational errors. These challenges are practical and temporary rather than funda-
mental. Although the largest commercially available quantum computers presently
contain fewer than 200 qubits, hardware roadmaps suggest this figure may exceed
1,000 within the next few years. Moreover, quantum error-correcting codes can reduce
error rates by encoding logical qubits within collections of physical qubits, and it is an
area of active research to find codes with lower qubit overheads [8, 9]. The quantum
threshold theorem (e.g., [10]) informally states that if physical error rates p are below
some threshold value py,, then logical error rates can be made arbitrarily small with

at most a logarithmic overhead in the number of gates. The implementation of such



4 Introduction

error-correction codes on large devices would herald the era of Fault-Tolerant Quantum
Computing (FTQC). Predictions for the duration of this transition vary from as short
as b years to 15 years and beyond.

Despite the current lack of fault tolerance, quantum computers can still make
meaningful contributions to computational science. Drawing inspiration from classical
computing, we see a significant surge in interest in artificial intelligence and machine
learning. The success of these fields rests not on rigorous proofs but on heuristic
algorithms, empirical performance and resource-efficient optimisations. Similarly,
quantum algorithm developers can focus on heuristic methods in key application
domains to establish the near-term utility of quantum computing. The limited circuit
width and depth achievable on current hardware are characteristic of the so-called Noisy
Intermediate Scale Quantum (NISQ) era. A significant research direction, therefore,
is to develop algorithms compatible with NISQ-era devices and identify applications
that operate at industry-relevant scales. Key targets include machine learning [11-13],
quantum chemistry [14-16] and life sciences [17-20].

This goal poses a fundamental challenge: how can heuristic quantum algorithms
be developed without suitable hardware for testing? Moreover, what role should
theoretical research play in bridging the gap between algorithm design and experimental
implementation? This thesis addresses these challenges through three complementary
approaches.

First, it examines simulation and learning tasks that are essential for verifying the
performance of emerging quantum computers and for probing the boundary between
classical and quantum computational power in chapter 3.

Second, it develops resource-efficient quantum algorithms that exploit problem
structure to minimise circuit requirements. We explore such algorithms in chapter 4 for
specific string-processing problems relevant in both bioinformatics and text analysis.

Finally, it adopts a holistic perspective on NISQ-era algorithm design, ground-
ing theoretical development in real-world computational needs. In chapter 5, using
pangenome-guided sequence assembly as a case study, we collaborate with bioinfor-
matics researchers to provide the first formal treatment of this emerging problem and
benchmark both classical and quantum approaches to assess the potential for genuine

quantum utility.
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1.1 Thesis summary

In the remainder of this chapter, we give a brief overview of the concepts in quantum
mechanics and quantum computing used in the rest of this thesis. In chapter 2, we
introduce the genomic and pangenomic concepts that are used in chapters 4 and 5.
Chapters 3 to 5 contain the main results of this work. In chapter 3, we discuss
simulation and learning of matchgate-based quantum computers. Chapter 4 introduces
a suite of algorithms for closest string problems, fundamental string processing tasks
with essential applications in bioinformatics. Chapter 5 discusses new classical and
quantum optimisation approaches to pangenome-guided sequence alignment, a bleeding-
edge bioinformatics task. Finally, we conclude and discuss future research avenues

in chapter 6.

1.2 Quantum mechanics

Quantum mechanics is the physical theory that explains the behaviour of particles
at subatomic scales where classical physics no longer applies. Our understanding of
this theory provides the foundation for key applications such as quantum chemistry,

condensed-matter physics and quantum information science.

1.2.1 Fundamental particles

Fundamental particles are indistinguishable from each other. Consider a two-particle
system initially in the state |1, z2) and an exchange operator P that swaps the two

particles. Applying P twice gives
P? |y, 3) = Plag, 1) = |a1, 22) . (1.1)

Hence P2 = I and so P has eigenvalues £1. Particles in the +1 eigenspace are
bosons and particles in the —1 eigenspace are fermions. The Pauli exclusion principle
states that two or more fermions cannot occupy the same quantum state, which is a

consequence of their anti-symmetry [21].

1.2.2 Fermionic operators

We now restrict attention to systems containing up to n fermions. The basis states

of such a system are called modes. The fermionic creation operator a;, for j € [n] =
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{1, ..., n}, creates a fermion in the j** mode, and its Hermitian conjugate a; is the

fermionic annihilation operator that removes a fermion from that ;' mode. Due to
.|_
J
J, while a; annihilates any state without one. These operators obey the Canonical
Anti-commutation Relations (CARs):

the Pauli exclusion principle, a; annihilates any state containing a fermion in mode

{a;, a}} =01, {ai,a;} = {az,a}} =0, (1.2)

where {A, B} = AB + BA is the anti-commutator.

1.2.3 Majorana operators

It is often convenient to work with Majorana operators, which are the fermionic
analogue of position and momentum operators. For a system of n fermions we define

2n Hermitian operators:
Yo = a tal, = —ila —a), 1€ n. (1.3)
These operators satisfy the anti-commutation relations

{’7;“ '7V} = 25;w]7 w, v e [271], (14)

forming a Clifford algebra whose elements are given by linear combinations of products
of the v’s. Since 'yi = I V i, a general element in the algebra is a polynomial of degree
at most 2n, linear in each ~,.

For an index set S C [2n], vs is the Majorana monomial formed by the ordered
product of the Majorana operators with indices in S. The 22" Majorana monomials
form a basis of linear operators on n qubits.

When multiplying Majorana monomials together, we will use the notation

vsvs = (E£)7ysas, (1.5)

where -A- denotes the symmetric difference of two sets and the sign accounts for the
ordering of anti-commuting operators.

We may choose the Jordan-Wigner representation [22], in which

-1 -1
Yoi-1 = (H Z@-) X, and 4y = (H Zi> Y, (1.6)

i=1 i=1
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where Z; acts as the single-qubit Pauli Z on the i*® qubit and the identity elsewhere,
and similarly for X; and Y; (see section 1.3.2).

1.3 Quantum computing

The fundamental unit of quantum information is the qubit, a two-level quantum system
with Hilbert space Hy == {a|0) +b]|1) : a, b € C, |a]*+ |b|* = 1}. Quantum computers
operate on registers of n qubits with state space H3" = spanc {|x) : x € Z5}. The set

{|x) : x € Z} is known as the computational basis.

1.3.1 Quantum circuits

The most common framework for discussing quantum algorithms is the circuit model,
analogous to classical logic circuits. A circuit comprises a sequence of quantum gates,
which are unitary operations acting on one or more qubits, and measurements, which
irreversibly project quantum states onto eigenstates of an observable and yield classical
outcomes.

In practice, quantum circuits are built from small sets of gates that still densely
generate the set of quantum operations, known as universal gate sets. These may be
the gates native to a specific hardware setup, or simply a convenient choice, such as the
“Clifford + T” set discussed in 1.3.2. The Solovay-Kitaev Theorem [23] implies that any
quantum circuit consisting of arbitrary few-qubit gates can be efficiently approximated
by any universal gate set with only logarithmic overhead in the number of gates.

Three metrics usually capture circuit complexity. The width is the number of qubits;
the size is the number of gates; and the depth is the number of sequential layers in the

circuit when gates acting on disjoint qubits are run in parallel.

1.3.2 Pauli and Clifford operators and the Clifford hierarchy

The Pauli gates X, Y, Z are single qubit unitaries with eigenvalues +1.
e 7/ acts as a phase-flip, leaving |0) unchanged and mapping |1) — — |1).
e X acts as a bit-flip, interchanging |0) and |1).

o Y =X/,
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The Pauli group on n qubits, P, is the set of gates given by
P={sPhoP®...®P,:se{£l, £i}, P,e{l,X,Y,Z}}. (1.7)
The Clifford group on n qubits, C, is the normaliser of the Pauli group:
c={CeU@"):CPCTCP}/U®). (1.8)

It is finite, generated by the set { H, S, C X} and is not a universal gate set. Indeed, the
celebrated Gottesman-Knill theorem [24] states that any quantum circuit consisting of
only Clifford gates and computational basis measurements can be efficiently classically
simulated. Thus, informally, Clifford circuits possess only “classical” computing power.
States produced by Clifford circuits acting on |0)" are known as stabilizer states.

Extending the gate set with the non-Clifford T gate, T' = diag(1, ¢”™/*) yields the
universal “Clifford + T” set. Due to the relative difficulty of implementing Clifford and
non-Clifford gates, especially on certain error-correcting codes [25], Clifford gates are
usually treated as free operations, whereas T' gates are an expensive resource.

More generally, the Clifford hierarchy [26] defines an infinite family of nested sets
of gates Cy:

Ci=P, C:={CeU@2"):CPC'CC}/UQ). (1.9)

The first two levels of the hierarchy correspond to the Pauli and Clifford groups,
respectively, and the universality-enabling T gate lies in C3. The hierarchy provides
a natural framework for studying fault-tolerance [27-29|, magic state distillation [30]

and learning [31].

1.3.3 Magic states, stabilizer rank and classical simulation

Instead of adding new gates, universal computation can also be achieved by supple-
menting Clifford circuits with special input states known as magic states [32|. For

example, 4
0) + €™ [1)

V2

enables the implementation of a T' gate using a small, adaptive Clifford circuit. This

IT) = (1.10)

circuit is known as a T-gadget and is given in fig. 1.1. Replacing non-Clifford gates
with Clifford operations and magic-state ancillas forms the basis of many scalable

quantum-computing architectures [33, 34]. Since Clifford gates can be performed fault-
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T =

Fig. 1.1 The T-gadget, which implements a T gate using an ancilla in the state |17
and an adaptive Clifford circuit.

tolerantly on logical qubits encoded in specific quantum error-correcting codes [25],
such magic state approaches have the potential to scale into the FTQC era.

The combination of the Solovay-Kitaev and the Gottesman-Knill theorems suggests
a method for simulating arbitrary quantum processes whose complexity scales with a
measure of “non-Cliffordness” first introduced by Bravyi, Smith & Smolin [35]. First,
any quantum circuit on n qubits may be re-expressed in the “Clifford + T gate set.
This incurs only logarithmic (in n) overhead by the Solovay-Kitaev theorem, assuming
at most a constant number of qubits were initially involved in each gate. Suppose that
there are t T gates in the resulting circuit. This circuit can be “gadgetised,” where
each T gate is replaced by a T-gadget with its corresponding ancilla. The resulting
circuit is an adaptive Clifford circuit acting on |0)" |T')". The Gottesman-Knill theorem
can be applied after expressing the state |T>t as a sum of stabilizer states. For each
term in this sum, the process under consideration is an adaptive Clifford circuit acting
on a stabilizer state input, which is classically efficiently simulable. A sketch of this
procedure is given in fig. 1.2. The cost of the simulation is dominated by the number
of terms in the decomposition of |T')', a quantity known as the stabilizer rank. A naive
decomposition of each |T') into two terms gives a cost of 2!. Decompositions with fewer
terms reduce the cost to 2 for a < 0.396 [36].

1.3.4 Matchgates, Gaussian operators and Gaussian states

In addition to the Clifford group, other gate families also permit efficient classical
simulation. One crucial such class of gates is the group of matchgates, introduced and
proven to be classically simulable by Valiant [37]. These gates were shown to correspond
to a physical model of non-interacting fermions [38|, a classically solvable physical
system, giving an alternative proof of their simulability. A matchgate is a two-qubit,
nearest-neighbour gate G = G(A, B) that acts on the even-parity subspace as A and
on the odd-parity subspace as B, with det(A) = det(B). Its matrix representation
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Arbitrary gquantum circuit Clifford + T circuit

0) - |0}
0} — |0}

IR

v

Set of adaptive Clifford circuits with stabilizer inputs Adaptive Clifford circuit with magic state inputs

| T Tel T Hel
el
_

Im)

[0y —]

v g -

[ 10) — g% H

|0 — D; «—n—® 4
Imhl:ﬂ} | D . [0y — -{: F - 4.

I : L e e :

o H 0 — -

v - A

A

Fig. 1.2 A sketch of a stabilizer-rank-based classical simulation procedure. Throughout,
the colour red denotes a non-free resource, namely non-Clifford gates or magic state
inputs. (Upper-left) The starting point is a generic quantum circuit containing arbitrary
gates. (Upper-right) The circuit is expressed in the “Clifford + 77 gate set. This
generally increases the circuit depth, but the increase is at most logarithmic if the
original gates act on at most a constant number of qubits. (Lower-right) Each T gate is
replaced by a T-gadget, a small, adaptive, Clifford circuit that acts on the original qubit
and consumes an ancilla qubit in the initial state |T'). Notably, all gates in the circuit
are now Clifford. (Lower-left) The state |T)" is decomposed into an exponentially large
sum of stabilizer states. The (adaptive) Clifford circuit acting on any term in this sum
can be classically simulated.
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takes the form

G(A, B) = , (1.11)

S oo
o g8 o
o nw 8 o
n O O

where A = (p q) , B= (“’ 5”) , and det(A) = det(B). (1.12)

r s y z

Notably, if a state has definite even (respectively, odd) parity — that is, when expressed
in the computational basis, only states with an even (odd) number of 1s appear — the
action of a matchgate preserves this property. Hence, matchgates are said to be parity
preserving.

The group of unitary operations implementable by matchgates is the matchgate
group G. Members M of the matchgate group are called (fermionic) Gaussian operators.
Gaussian operators correspond to exponentials of fermionic quadratic Hamiltonians
Hy:

M=t Hp= @Z Py Y Yo (1.13)
1, v
where h = (hy,) is, without loss of generality, a real anti-symmetric matrix.

It can be shown [39] that Gaussian operators map Majorana modes linearly under

conjugation:

M’Y;LMT = ZQ;W’YW (114)

for a special orthogonal matrix @ = (Q,.) € SO(2n) given by @ = exp(4h).
As a direct consequence of eq. (1.14), we can write the behaviour of Majorana

monomials under conjugation as:

MysMT= )" det(Qls,s)7s, (1.15)
15'=1s)

where the sum is over subsets of [2n] of equal size to S, and Q|s, - denotes the restriction
of @ to rows indexed by S and columns indexed by S’. In particular, the number of
Majorana operators is preserved in each term.

Since the Majorana monomials form a basis of linear operators on n qubits, M
is fully determined by eq. (1.15) up to a global phase. We therefore label Gaussian

operations by their corresponding orthogonal matrix, writing M = Mg,.
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The closure of Gibbs states of quadratic Hamiltonians gives the set of (possibly

mixed) Gaussian states:

H e_Hf 1.16
p(Hy) = W_H’”)' (1.16)
For any density matrix p, define the correlation matriz I'(p) = (I'(p) ) by
1
L(p)g = 5 Te(l, wlp), (1.17)

where [A, B] := AB — BA is the commutator.

['(p) is easily seen to be real and anti-symmetric. For a Gaussian state p(Hy), it
can be checked that I'(p(H)) = tan(2h) where h is as defined in eq. (1.13). Since tan
is injective for anti-symmetric matrices, Gaussian states are uniquely defined by their
correlation matrices, thus explaining the nomenclature.

Pure Gaussian states correspond to the set of states produced by applying some
Gaussian operation (or, equivalently, some matchgate circuit) to the initial state |0)".
One can also show an alternative characterisation of Gaussian states [40], where an

n-qubit state [¢) is Gaussian if and only if

2n
Alw) i) =0, where A= 7, ®7,. (1.18)

p=1

Equation (1.18) has historically been the primary operational definition of Gaussian
states.

The simulable nature of the matchgate group is closely tied to the restriction that
matchgates act on adjacent qubits. Indeed, the same set of gates acting on either
nearest- or nezt-nearest-neighbours generates a universal gate set [39]. Thus, in some
sense, non-locality of gates is a resource for matchgate-based computing. Equivalently,
the “Matchgate + SWAP” gate set is universal for quantum computing.

The notion of magic states also arises in the theory of matchgate circuits. It was
shown by Hebenstreit et al. [41] that any state with definite even or odd parity that is
non-Gaussian is a magic state for matchgate circuits. Notably, all states with three
or fewer qubits are Gaussian, so the smallest magic state has four qubits; a canonical

example is the four-qubit GHZ state

M) = ——(|0000) + [1111)). (1.19)

2

Sl
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Fig. 1.3 The SWAP-gadget, which implements a SWAP gate using a magic state |M’)
and an adaptive matchgate circuit. The additional ancilla qubits, initialised in state
|0), are swapped in and out using G(+Z, X) gates (not shown).

A gadget for implementing the SWAP gate is given in fig. 1.3. It consumes a Gaussian
magic state |M’) := 1(|0000) + [0101) + |1010) + [1111)) that differs from |M) by a
small matchgate circuit. It also requires two ancillas initialised in state |0). They are
swapped in and out as needed using G(+£Z, X) gates, which act as SWAP when one

of the qubits is known to be in state |0) or |1), respectively.

1.3.5 Cost and complexity in (quantum) computing

Classical complexity theory

In classical computation, problems are classified by the time and space resources
required to solve them as the input size n grows. Such classification provides a broad
concept of hardness: the existence of a polynomial-time algorithm is often used to
classify a problem as “easy”; conversely, a proof that exponential time is required, or
simply a lack of an efficient algorithm, classifies a problem as “hard.” Complexity
theory formalises these ideas by splitting problems into complexity classes such as P,
the set of decision problems that can be solved classically in polynomial time, and NP,
problems whose solution can be verified classically in polynomial time. NP includes
decision versions of many classic problems in computer science, such as 3SAT, Graph
Colouring and Travelling Salesman.

However, such broad classes often fail to convey the practical difficulty of solving
problems. There are subsets of problems that have some structure which can be
exploited to make them easier to solve. The field of parameterized complexity provides
a framework to describe algorithms for problems when some feature £ other than input
size is assumed to be small. Problems solvable in time O(poly(n) - f(k)) belong to the
class FPT (for fixed-parameter tractable). If, instead, the best algorithm has runtime
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O(n® . f(k)), the problem lies in XP (for slicewise polynomial). Clearly FPT C XP,

and the inclusion is strict by diagonalisation.

Quantum complexity theory

For quantum complexity theory, the situation is even more subtle. First, quantum
computers are inherently probabilistic machines whose outputs result from random
measurements. While deterministic quantum algorithms do exist — the Deutsch-Jozsa
algorithm [42]| being a notable example — the vast majority of quantum algorithms
succeed only with some probability less than unity. This prompts the definition of the
most commonly used quantum complexity class, BQP, which refers to bounded-error
quantum polynomial time. Specifically, BQP is the set of decision problems that can
be solved in polynomial time on a quantum computer with an error probability of
at most 1/3 on each instance. The choice of 1/3 is arbitrary: a constant number of
repetitions of the algorithm with a majority vote suffices to achieve any desired error
probability greater than zero by a standard Chernoff bound.

Implicit in the definition of BQP is a requirement that the quantum algorithm is
described by gates acting on at most a constant number of qubits. If arbitrarily large
gates were allowed, then all quantum algorithms could trivially be described by a single
n-qubit unitary. According to the Solovay-Kitaev theorem, switching between different
choices incurs only logarithmic overhead and has no complexity-theoretic implications
for polynomial-time problems.

Such asymptotic classes provide limited guidance for current NISQ devices. The
limitations of classical complexity theory still hold, and BQP does not provide a
nuanced view of the relative difficulty of its members. More pertinent, however, are
the difficulties involved in actually running algorithms on current quantum hardware.
Error rates are high, and two-qubit gates dominate noise budgets. Therefore, in the
NISQ era, it is reasonable to adopt a more pragmatic approach to algorithm complexity,
emphasising two-qubit gate depth and count, as well as empirical performance on

actual problem instances.

1.3.6 Quantum algorithms and subroutines

Many quantum algorithms employ standard subroutines. These are often formulated
within the quantum-query model [43, 44|, where an oracle Oy for a function f : [M] —
[N] implements the transformation |z)|b) — |z) |b+ f(z) mod N) for z € [M], b €

[N]. We now discuss the quantum subroutines we use in this thesis.
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Unstructured search
A key quantum subroutine is the Grover search algorithm, which finds a marked

element from a set of size n in O(y/n) queries:

Theorem 1.3.1 (Grover search [45]). There is a quantum algorithm that, given a
function f:[n] — {0, 1}, finds an index i with f(i) = 1 or reports that no such index
exists. The algorithm uses O(\/n) queries to an oracle for f.

A use of this algorithm to find the minimum (equivalently, maximum) of a set of n

values in @(\/ﬁ) queries was proposed by Diirr and Hgyer:

Theorem 1.3.2 (Quantum minimum/maximum finding [46]). There is a quantum
algorithm that, given a function f : [n] — R, finds the index i such that f(i) < f(j) Vj
(equivalently, f(i) > f(j) V). The algorithm uses O(y/n) queries to an oracle for f.

Search via random walk

A second quantum search routine, due to Magniez et al. [47]|, proceeds via a random walk.
It is a stronger version of the algorithms provided by Ambainis [48] and Szegedy [49].
A complete introduction to this result, including the requisite background on Markov
chains, is provided in appendix C. We briefly state the main results here.

Suppose we have a set of states (2 and a subset of M C Q of marked states, and
we wish to find some x € M. Classically, we might consider a search algorithm as
described by the pseudocode in algorithm 1. Assuming that the algorithm maintains a
data structure D that associates data D(z) to each state z € 2, then the complexity

of the algorithm rests on three quantities:
e Setup S: The cost of sampling x € () according to the distribution X and

constructing D(z) from x.

e Update U: The cost of simulating a transition x — y according to P and of
updating D(z) to D(y).

e Checking C: The cost of checking whether x € M using D(x).

Then there is a classical search algorithm as described by theorem 1.3.3:

Theorem 1.3.3 (Classical Search via Random Walk [47]). Let 6 > 0 be the eigenvalue
gap of an ergodic, symmetric Markov chain. Let |M|/|Q2| > € > 0 whenever M is
non-empty. For a uniform initial distribution X ~ U[Q], algorithm 1 succeeds with
high probability if t, = O (%) and ty = O (%) The incurred cost is of the order

1/1
—| = ) 1.2
S+€(5U+C) (1.20)
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Algorithm 1 Classical Search via Random Walk [47]

Require: Integers ty, t9, probability distribution X over 2, Markov chain P on (2.
1: x < sample from X
2: fori=1,...,t, do
3: if x € M then
4 ‘ return z
5 else
6: <« ti" step of a simulation of P starting from z
7: return “No marked state exists”

Intuitively, ¢, is large enough that the state of the Markov chain is close to the stationary
distribution after ¢; steps. Algorithm 1 samples from this distribution ¢5 times, which
is sufficient to succeed with high probability by the promise on e.

For the quantum case, the data structure is captured by states belonging to an
expanded Hilbert space C*? where Qp = {(x, D(z)) : z € Q}. For conciseness, we
write |z), = |z, D(z)). For technical reasons, the search is conducted on walks along
edges of the Markov chain, which have a Hilbert space of C*0*%p.

Suppose we have a Markov chain P with stationary distribution 7 and transition
probabilities {p,, : z,y € Q}. Let P* be the time-reversed Markov chain with transition

probabilities p},. The costs of the quantum search are given by:

¢ (Quantum) Setup S: The cost of constructing the state Y /7, |z) |0) -

e (Quantum) Update U: The cost of realising any of the unitary transformations
[2)p [0)p = [2)p Z VPay [Y)p
)
0)p y)p Z VP 2)p 1Y) p s

or their inverses.

e (Quantum) Checking C: The cost of realising the conditional phase flip

) g} —|z)ply)p ifzelM,
plY'p

) ly)p otherwise.

Then there exists a quantum search algorithm as described by theorem 1.3.4.

Theorem 1.3.4 (Quantum Search via Random Walk [47]). Let S, U and C' respectively

be the costs of setting up the required data structure, updating the data structure at
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each step of the walk, and applying a phase flip to elements x € M that are marked for
the search.

Let 6 > 0 be the eigenvalue gap of a reversible, ergodic Markov chain P, and let
e > 0 be a lower bound on the probability that an element chosen from the stationary
distribution of P is marked whenever M is non-empty. Then, there is a quantum
algorithm that, with high probability, determines if M is empty or finds an element of
M, with a cost of order

s+% (%UjLC). (1.21)

This is a quadratic improvement in the dependence on ¢ and € compared to theo-
rem 1.3.3.

Quantum dynamic programming

First introduced by Ambainis et al. [50] on the Boolean hypercube, quantum dy-
namic programming was extended by Glos et al. [51] to the k-dimensional lattice
graph with vertices in {1,2,...,n}*. As with classical dynamic programming, the
algorithm applies to problems that have the optimal substructure property: optimal
solutions can be constructed from optimal solutions of sub-problems. The algorithm is
presented for the “path in the hyperlattice” problem. Still, it applies equally to any
classical dynamic programming problem, replacing the Grover search with quantum
minimum/maximum finding as necessary. The quantum algorithm is recursive, using
nested quantum searches at each recursive level. While the classical query complexity
is © (nk), the quantum algorithm has complexity @(T(n)k) for some function 7'(n)
satisfying n/e < T'(n) < n for every n. Although this is not a polynomial speedup with
respect to problem size, it still represents a non-trivial improvement in the algorithm’s

complexity. We state this result in theorem 1.3.5:

Theorem 1.3.5 (Quantum dynamic programming [51]). There is a quantum algorithm
that solves a problem with optimal substructure on a k-dimensional lattice with vertices
in {1,2,...,n}* in time @(T(n)k) for some T'(n) <n+ 1.

Classical computing

We will sometimes rely on performing classical computing as a subroutine. In par-
ticular, we will want to implement oracles Oy for non-trivial classical functions f. It
was shown by Bennett [52] that deterministic classical, irreversible algorithms may be
efficiently converted to reversible ones. This was extended by Zuliani [53] to include
nondeterministic and probabilistic computations. This general-purpose result allows

for the efficient simulation of classical computation on a quantum computer.



18 Introduction

Optimisation

Perhaps the most well-known NISQ-era algorithm is the Quantum Approximate Optimi-
sation Algorithm (QAOA) [54], which outputs approximate solutions to combinatorial
optimisation problems. QAOA is a variational algorithm wherein a quantum circuit
containing parametrised gates is sampled and the parameters are updated as part of
a classical optimisation loop — see fig. 1.4 for a schematic representation. When the
optimisation converges, a final round of sampling is performed, and the best sample is
returned as a solution. While substantial effort has been made to analytically prove
the performance of QAOA [54-56], it is fundamentally an empirical algorithm, and
its performance is best understood in the context of experimental results. Successful
experiments have been run with up to 127 qubits [57-59]. When applied to problems
with a local optimisation function, QAOA enjoys equal locality in its circuits and
linear depth scaling with the number of objective terms. Combinatorial optimisation,

therefore, represents a promising direction for quantum utility.
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Fig. 1.4 A schematic representation of a QAOA procedure. The hyperparameter p
determines the number of layers in the circuit. Each layer comprises two parts. The first
part corresponds to a cost Hamiltonian Hq, defined by an underlying combinatorial
optimisation problem, and the second to a mirer Hamiltonian H,;, usually chosen as
the sum of a single-qubit X gate on each qubit. In layer i, the system’s state evolves
under H¢ for a duration of +; and then under H); for ;. The initial state is an equal
superposition over all computational basis states. After p layers, each qubit is measured,
and the sample is fed into a classical optimiser that minimises the energy (H¢). The
optimiser proposes new parameters for the next iteration until the energy converges.
Measurements of the state prepared by the circuit with optimised parameters are then
low-energy solutions to the optimisation problem with high probability.






Chapter 2

A brief review of computational

genomics and pangenomics

2.1 Core concepts in genomics

Genomics is the study of an organism’s entire genetic material, the genome. In contrast
to genetics, which examines individual genes, genomics is a more holistic approach
that encompasses the structure, evolution, and interplay of all genetic information.
The genome consists of deoxyribonucleic acid (DNA), a complex molecule composed of
four nucleotide bases — adenine (A), cytosine (C), guanine (G), and thymine (T) — in
the famous double-helix structure. A linear sequence of these nucleotides, commonly
represented as a string of letters from the alphabet {A, C, G, T'}, encodes the biological
instructions necessary for life.

Although nearly all cells within an organism share an identical genome, genetic
variation arises between different individuals. These variations, or polymorphisms, can
range from small-scale Single-Nucleotide Polymorphisms (SNPs), which involve the
change of a single base, to large-scale Structural Variants (SVs), where large DNA
segments are copied, deleted, moved, or reversed. Human DNA is fundamentally highly
conserved, with each person sharing approximately 99.5% of their DNA with any
other [60]. However, even the remaining fraction allows a multitude of possible genetic
variations, many of which have critical biological or clinical implications.

For example, the Human Leukocyte Antigen (HLA) genes play a crucial role in the
immune system. Specific variants of this region have been associated with increased
susceptibility to autoimmune conditions such as type 1 diabetes, as well as infectious

diseases, including malaria and tuberculosis. Understanding such variation requires
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access to complete genomic sequences from many individuals, which can be obtained

through DNA sequencing and subsequent sequence assembly.

2.2 DNA sequencing and sequence assembly

DNA sequencing is the process of determining the order of bases in an organism’s
genome. The first full-genome sequencing method was developed by Frederick Sanger
in 1977 [61], producing random fragments of DNA, or reads, each approximately 500
bases long, with 99.99% accuracy. Modern next-generation sequencing (NGS) methods,
first developed in the 1990s, are largely automated, yielding vast quantities of DNA
data. The financial cost of sequencing has fallen dramatically — roughly six orders of
magnitude lower over the past two decades [62].

To ensure full genome coverage, the sequencing procedure is repeated so that each
section of DNA is, on average, read multiple times (e.g. 30x coverage). These fragments
are then computationally stitched together to obtain a whole sequence in a process
known as sequence assembly.

Sequence assembly approaches broadly fall into two categories:
e De novo assembly, which reconstructs genomes solely from read data; and

e Reference-guided assembly, which aligns reads to an existing pre-assembled

genome.

De novo assemblers typically represent the relationships between reads as graphs. In
the De Bruijn graph approach [63|, nodes correspond to k& — 1-length substrings of
reads, and edges connect reads that form consecutive substrings of length k. Assembly
is then recast as a graph-theoretic problem that is NP-hard in general.

In contrast, reference-guided assemblers use knowledge of a reference genome,
usually an individual from the same species. Since the reference is expected to be very
similar to the new sequence, most reads can be mapped perfectly to the reference,
allowing the genome to be reconstructed by following the path of matches along the
reference.

Modern sequencing introduces formidable computational challenges. Large-scale
NGS projects produce billions of fragments, vastly increasing the problem sizes that
assemblers face. The 5,400-base ® X174 genome is trivial compared to the 3-billion-base-
pair human genome. On such massive scales, de novo assemblies are expensive, requiring
months of bespoke research effort and many hours of computer time. Reference-guided

assembly is more tractable, but often suffers from reference bias, being likely to over-fit
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Fig. 2.1 An example of a pangenome graph. Each node contains DNA sequence data,
with the node size proportional to the length of the corresponding sequence. Colours
for visualisation only.

to the reference and to omit novel variations in the sample. This can be particularly
detrimental in highly variable regions, such as the HLA genes, where a single reference
sequence cannot capture all possible gene variants.

One approach to tackling reference bias while retaining the speed benefits of
reference-guided assembly is to use a reference that accounts for variation within a

population. The study of these data structures is pangenomics.

2.3 Pangenomes and pangenomics

Pangenomics aims to describe the complete genetic variation within a population,
typically a species. Definitions of a pangenome vary; we will focus on sequence-
oriented pangenomes that describe the SNPs and SVs across different individuals [64].
A standard representation is the pangenome graph, where graph nodes correspond
to DNA segments and edges encode some notion of co-location. An example of a
pangenome is given in fig. 2.1.

Pangenome graphs mitigate reference bias by incorporating known variation. Short
reads aligned to a pangenome graph can categorise SVs with greater accuracy than tra-
ditional single-reference methods [65]. They have also been used for variant genotyping,

which refers to identifying whether a variant exists on zero, one or both chromosomes in
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diploid organisms — organisms that possess two complete sets of chromosomes, one from
each parent. Algorithms such as those introduced by Ebler et al. [66] enable accurate
detection of SVs in repetitive and duplicated regions where traditional short-read
methods struggle.

In chapter 5, we develop a new application of pangenomes: given a set of short reads
and a precomputed pangenome built from related individuals, we aim to reconstruct

the genome of a new individual. We call this task pangenome-guided sequence assembly.

2.4 Sequence alignment and string selection problems

Once genomes are assembled, several possible next steps are available.

A key task is sequence alignment, in which sequences are arranged to reveal the
regions of DNA shared between two or more samples. These shared regions may reflect
functional or evolutionary relationships.

Alignment typically involves inserting gaps into one or more sequences to maximise
the number of symbol matches. The number of gaps and mismatches in an optimal
alignment between two strings is the Levenshtein or edit distance [67], so-called
because it corresponds to the number of symbols that must be inserted, deleted or
substituted from one sequence to transform it into the other. The original, formally
correct, algorithm for pairwise alignment is due to Needleman and Wunsch [68] and
runs in time O(n?) for two strings of length n, using dynamic programming. In
real-world applications, empirical average runtime is heavily favoured over worst-case
performance, and modern heuristic algorithms achieve observed runtime of ~ n'! [69].
The near-linear algorithm means that pairwise alignment is essentially “free” for modern
computers, and there is no utility in quantum algorithms for this task.

In this thesis, we instead focus on the computational bottlenecks in classical
bioinformatics. We therefore study string selection problems [70], a collection of string-
processing tasks that take a set of strings as input and output a single string that
captures some desired property of the set. Applications include drug design [71], motif
finding [72] and primer design in polymerase chain reactions [73]. We discuss quantum

algorithms for these problems in chapter 4.

2.5 Quantum computing in genomics

The integration of quantum computing into genomics is a rapidly developing field.

Many tasks in computational biology — such as seed-and-extend alignment [74], de novo



2.5 Quantum computing in genomics 25

assembly [20], bounded edit distance [19] and many others [17, 18, 75-81] — exhibit
structure amenable to quantum algorithms.

This thesis explores such connections in detail. Chapters 4 and 5 investigate how
quantum resources may accelerate sequence-analysis tasks, focusing on the closest
string problem and pangenome-guided assembly. These case studies demonstrate how
quantum methods can address real-world biological challenges, offering a pragmatic

pathway toward near-term quantum utility in the life sciences.






Chapter 3

Simulation and learning of matchgate

circuilts

Classical simulation of quantum computers not only delineates the limits of classical
computation but also enables verification of quantum devices. It allows us to study
and probe the properties of quantum systems without relying on a full-scale quantum
computer. Matching simulated and experimental results validates device behaviour
and sets a benchmark that any demonstration of quantum advantage must exceed [82,
83|.

Rank-based methods are particularly effective when circuits are dominated by
Clifford operations, as discussed in section 1.3.3. Their runtime is dominated by the
stabilizer rank of tensor products of the magic state |T'), denoted x (|T')"), the minimum
number of stabilizer states needed to decompose |T>t. This quantity is functional and
non-convex, and therefore analytical bounds are hard to obtain. It is believed to scale
exponentially with ¢ (else BQP = P), but the best lower bound is only Q(¢%) [84].

Bravyi et al. [85] introduced related quantities: the approzimate stabilizer rank x°,
the stabilizer extent £ and the stabilizer fidelity Fo of an n-qubit state |¥). These are

given by
Y (|¥)) := min k 5.t Zc ;) — | W) || <, (3.1)
£(]¥)) = min c]] s.t. Zc i) = ¥), (3.2)
Fe(|v)) = mgx\wi\w?, (3.3)

where {|1;)} is the set of n-qubit stabilizer states.
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Notably, finding the stabilizer extent is a convex optimisation problem. Moreover,
these quantities are operationally relevant for near-Clifford simulation due to the

following bounds from [85]:

X(19)) < 1+¢(19)) /6% (3.4)
§(1V)) = 1/Fe(|®)). (3.5)

When |U) is a Clifford magic state, eq. (3.5) is in fact an equality, making 1/F¢
an upper bound for x°, which, in turn, controls the cost of approximate rank-based
simulation.

While classical simulation is vital for validation, one may also infer properties
of quantum devices directly from their outputs. This approach is quantum process
tomography: the task of determining an unknown quantum operator from its action on
certain known states. In general, tomography requires an exponentially large number
of queries [86, 87|, but an assumed structure can reduce this cost. For example,
restricting to the set of Pauli matrices reduces the query complexity to 1 for any
number of qubits, for essentially the same reason as superdense coding [88] is possible.
Low [31] generalised this to learning arbitrary Clifford hierarchy operations C' in Cy
using O((2n)*) queries to black boxes for C' and CT, based on the observation that
knowledge of Uc,UT for a set {o,} that generates P suffices to learn U.

In this chapter, we extend the Clifford simulation and learning ideas to matchgate
circuits. Section 3.1 derives explicit constraints characterising Gaussian states and
applies them to classify dependent triples of states, bound the Gaussian fidelity and
study Gaussian decompositions of magic states. In section 3.2, we present an efficient
algorithm for learning unknown Gaussian operations from oracle access. Section 3.3
generalises this to an infinite family of operations that we define as the matchgate

hierarchy, analogous to the Clifford hierarchy.

3.1 Simulating matchgate circuits

3.1.1 An explicit set of constraints for Gaussian states

Recall the operational definition of a Gaussian state [¢)):

2n
D @) [9) =0, (3.6)
pn=1
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where the v, are given in the Jordan-Wigner representation by

-1 -1
Y2i—-1 = <H Zz) Xl Y1 = (H Zz> }/l, = 1, .o, N (37)
1=1 i=1

While eq. (3.6) completely characterises Gaussian states, it is not convenient for
analysing how the amplitudes are related. We instead derive an explicit set of indepen-
dent algebraic constraints imposed by eq. (3.6).

We first need to introduce some notation. Let dy(+, -) be the Hamming distance
between two bit strings of equal length. Let A,, be the set of n-bit strings with an
even number of 1s, and AS the set with an odd number of 1s. Let x[i, j] denote the
substring of x from position 7 to j. We use an overline to denote changing bits of a
binary string: T' = 2 @ ¢; and T/ =z @ e; ® ¢, for elementary vectors e;.

For any = € {0, 1}", we have

Yor—1 |z) = (=1)le |_l> (3.8)
RS i(—l)'év[1 = 1” }x > (3.9)

In both cases, we get a sign factor from the string of Z; and we flip the [*?

bit. For vy,
we also pick up a factor of i(—1)".
Let |¢)) = > ,c4 @z |7) be an even-parity state. From eq. (3.6), |[¢) € G if and

only if:

QZ”l(”Yu@'Yu) [0) |9) (3.10)
s
= i(%@?%) ZA Uzay |7) y) (3.11)
H= z,y€An
= ZA azayz T ® V) |2} [y) (3.12)
> Z( R (1 21 0, 1) 7)) (313)
z,yeA, =1
= 3 (0 g ) ) ) =0, (319
z,y€AS, I=1

where the last line follows by redefining = < z' and y < 7.
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Consider some fixed z, y € AS. The inner sum of eq. (3.14) then reads

n

D (=)l L (1)t g, (3.15)

=1

If 2, = y;, eq. (3.15) vanishes. So we may restrict attention to the set of indices where
x # y. Let this set, written in increasing order, be D(x, y).

We now show that the non-vanishing terms in eq. (3.15) alternate sign. Let [, I’
be a consecutive pair of indices in D(z, y). The difference in the power of —1 for the

corresponding terms is

1, 1 =]+ [y[L 1 = 1)) = |21, L= 1] = Jyly, Ul = |2[l, ' = 1] + [y[l, I = 1]},
(3.16)
By construction, x and y agree on all bits [ + 1,...,I'’ — 1, but disagree on bit [.
Therefore, eq. (3.16) resolves to an odd integer i.e. there is a relative sign of —1
between the terms.

We may therefore simplify the form of eq. (3.15). For any z, y € AS, we have

|D(z,y)|

Z (—1)i+1axlzay11. (3.17)

i=1

It will be helpful to write these equations in terms of labels with even parity rather
than odd. To do this, we treat the first term of the sum in eq. (3.17) as preferential.

Let u = 7" and v = 3!, which have even weight. Then we may re-write eq. (3.17) as

|D(u,v)

fuv({az}) = aya, — Yol by gy ;. (3.18)
1=2

We think of f, , = 0 as the constraint associated with strings u, v € A,,.

Note that if dy(u, v) = 2 then the two terms on the RHS of eq. (3.18) cancel and
the constraint f, , = 0 is trivial. f, , = 0 is trivial also, since the corresponding sum
in eq. (3.17) has no terms.

Therefore, Gaussianity is equivalent to the satisfaction of the constraint set

)= {fuv({ax}) =0:(u,v) € A% dy(u, v) > 4} (3.19)
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To simplify notation, we will freely switch between binary and decimal representations

of strings. For example, for n = 4, one constraint in F is
foooo, 1111 = fo,15 = aoais — azaiz + asaig — agag = 0. (3.20)

The other constraints — foo11,1100, fo101,1010, f1001,0110 — are all equivalent to eq. (3.20)
up to permutation of terms.

For an n-qubit state, ignoring duplication, F consists of 271 (2”_1 — @ -1
constraints on the 2" coefficients {a,}; clearly, not all of them are independent. To
find an independent set of equations, we will use a complexified form of the Implicit

Function Theorem:

Theorem 3.1.1 (Implicit Function Theorem, see, e.g., [89]). Let

{9;(w,z) :j=1,2,...,m} (3.21)
be analytic functions of (W, z) = (w1, ..., W, 21, - - ., 2n) 0 a neighbourhood of (Wq, zg) €
C™ x C™. Suppose g;(Wo, z0) = 0 Vj and also that the Jacobian J = (%) .

jk=1

satisfies det(J) # 0 at (wo, zo). Then, in a neighbourhood of zg, {g;(w, z) = 0} has a

unique analytic solution such that w(zg) = Wq, given implicitly by (w, z) = (w(z), z).

Intuitively, theorem 3.1.1 states conditions under which m constraints remove m degrees
of freedom on m + n variables. Using theorem 3.1.1, we may find a maximal set of

independent constraints from F(|¢)), which therefore define Gaussian states.

Proposition 3.1.1. An even-parity Gaussian state |1) = Y ., a.|r) onn qubits,
with a, # 0, is defined by a set of 2" — @ algebraic constraints. These may be chosen
as Fiven = { fy.w{az}) = 0: dg(y, w) > 4}, where the f, ., are defined by eq. (3.18),

indep *7
along with a normalisation and global phase equivalence condition.

Proposition 3.1.1 restricts the higher-distance amplitudes to analytic functions of those
with Hamming distance to y < 2.

Proof. Assume without loss of generality that ag # 0; the proof easily generalises to
any other y € A,, such that a, # 0. We show that

Forep = {foow : w € Ap; |w] > 4} (3.22)

indep *
satisfy the conditions of theorem 3.1.1. First, define the following partition of A,,:

Z={z€A,:|z|<2}, W={weA,:|w >4}. (3.23)
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Define a further partition of W based on the first “set” bit:
Wy={weW: wvi=...=w,1 =0, w,=1}, p=12,...n—3. (3.24)

For some w € W), let {ky = p, ..., Kk} be the set of indices where w has a 1. Then
the form of fy ., as given by eq. (3.18), is:

|wl

fO,w({aac}> = Aoy — Z(_l)iaﬁp,kiawp,ki. (325)

=2

Crucially, every label x that appears in eq. (3.25) only has 1s on indices greater than
or equal to p. Also, the strings 0" " have weight two so are not members of any W,,.

With these facts in hand, we can compute the Jacobian elements. For w € W),

00w ve W,

0 fo, w
Jw'u - éf% - 0 RS Wq, q<p, (326)

. ve W, qg>p.

Equation (3.26) implies the Jacobian is of block-upper-triangular form with multiples
of the identity on the diagonal. We need not consider the form of .J,,, forv € W,, ¢ > p
since these entries do not contribute to the determinant of J. Letting I, represent the

r X r identity matrix, we have

CL()I‘W1| ] .
0 |aolwy | <+ |-
J— 07 1Wal , (3.27)
0 0 a0[|W3‘ s

The determinant of J is the product of the determinants of the diagonal blocks. Since
ag # 0 by assumption, we have det(J) # 0. We now have a set of functions, a partition
of variables and a non-zero determinant, as required by theorem 3.1.1.

Therefore, there is a unique analytic solution to the set of constraints E%dep =

{fo.w =0 |w| > 4}. For this solution, for any w € W, we have an implicit expression
ay = ap({a, : |z| < 2}). In words, the coefficients of |¢)) labelled by strings w with
lw| > 4 are functions of the coefficients with labels z where |z| < 2. Since |Z| = () +1,

n(n—1)

5 constraints as claimed.

we have an independent set of 2" —
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The proof generalises to any favoured y € A,, with a, # 0 by replacing the bit string
0 by y and the Hamming weight |-| by the Hamming distance dy(y, -) throughout.

The corresponding independent set of constraints which define Gaussian states is then:

|D(w, y)|
‘E?ldepqw)) = {f%w({al’}) = QyQyy — Z (_1)iaﬂk1’kiaﬁkl’ki =0: d(yv w) Z 4}
= (3.28)
[

3.1.2 Triples of Gaussian states

The explicit representation above allows analysis of linear dependencies among Gaussian

states.

Proposition 3.1.2. If 1) = a|i1) + B |1e) for normalised Gaussian states |1);) and

(without loss of generality) real o, B, then the triple can be written as

(I ) I}
~{vm 0 T e 5o(0-wo - T a)} 62

yEAR: yEA,:
ly|<2 ly|=2
for some Gaussian operation U € G and some complex coefficients {a, : |y| < 2} such
that
> ayly) and (1—ag)[0)— Y ayly). (3.30)

yEAy: yEAn:
ly|<2 ly|=2

are Gaussian states.
Moreover, the manifold of Gaussians for which o |) + ') € G has dimension is
2n — 3.

Proof. Fix some |¢y) € Gy, and suppose |g) = a|i1) + [ |2) for real coefficients
a, 8. Let U € G be the Gaussian operator s.t. |¢) = U|0). Also define |¢;) =
Ut 1), [1ha) = U [1ho). Then we have [0) = a[¢n) + B[¢)s).

Write ]g&) = D e, Gz |7), where, without loss of generality, we can set 0 < ap < 1.
Then £ |1hs) = (1 —ap) [0) — > ve A, |z|>2 G |T). We require these states to be Gaussian.

For each = € A,, with |z| > 4, we have a constraint of the form

d

Jo.w = coce = Y (=1) Cgrr ki Cair by = 0. (3.31)

1=2
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Imposing this constraint for « |¢)1) and S |1)3) respectively gives:

||

apgQy — Z(—l)iaakl,ki Ak ky = 0, (3.32)
=2
|| '
(1= ag)(—az) = > (=1 (—age i) (—gir ;) = 0. (3.33)
=2

Comparing eqs. (3.32) and (3.33) we see that a, = 0 for all || > 4. We therefore have:

ald) =al0)+ D ayly), (3.34)
yEAR:|y|=2
Bla) = (1—ao)|0) = > ayly), (3.35)
YEAR:|y|=2

which is the first part of our result.
It remains to show the dimension of the manifold of coefficients {a, : |y| < 2} such
that egs. (3.34) and (3.35) hold.
We first note that a, = 0 for all |x| = 4 is sufficient to enforce a, = 0 for all |z| > 4.
Consider some x with |z| = 6. Each term in the sum of eq. (3.31) contains some
coefficient labelled by z**. Since ‘fklk

reduces to aga, = 0. Since ag # 0 by assumption, we must have a, = 0. Proceeding

= 4, each summand vanishes. Thus eq. (3.31)

iteratively for |z| = 8, 10, ..., we see that a, = 0 for all |z| > 4.
We therefore only need to enforce a, = 0 for all |z| = 4. The relevant constraints
on the a, with |y| <2 are then

=2

4
F= {Z(—l)i%h,kiawkl,ki =0:|z|=4, D0, z)={k:i=1,..., 4}} . (3.36)

For each y, 3 (",?) choices of z € A, with |z| = 4 such that d(z, y) = 2. In other words,
each a, appears in exactly (";2) equations. We may assume a,- # 0 for some |y*| = 2,
else the vectors in the linearly dependent triple are all parallel. In appendix A.1 we
show that satisfying the constraints explicitly containing a,- is sufficient to meet all

the constraints. This leaves (g) — (";2) = 2n — 3 of the variables unconstrained. [
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3.1.3 An upper bound on the fermionic Gaussian fidelity of

Haar-random states
Analogous to the stabilizer fidelity F [85], we introduce the Gaussian fidelity Fg:

Definition 3.1.1. The Gaussian fidelity Fo(|p)) of an n-qubit state |¢) is given by

Fe(|¢)) = sup [{g]v)|*. (3.37)

[¢¥)eGn

Using an e-net construction [90], we prove that for a Haar-random state the Gaussian
fidelity is exponentially small with overwhelming probability. Intuitively, an e-net is a
finite set of states that tile a Hilbert space such that all states in some other set are

close to a state in the net.

Definition 3.1.2. An e-net N' C G is a set of Gaussian states such that for every
1) € G, there exists |1)) € N with H\w) — \1/?)” <e.
1

We first bound the cardinality of our e-net:

Proposition 3.1.3. Let ¢ = 27!, Then there is an e-net N with cardinality log, [IN'| <
n* +3n% + n + In?.

We defer the proof to appendix A.2.
By a standard union-bound argument over the net, we obtain a bound for the
overlap of random states with this discrete set. This directly leads to a bound on the

overlap with any Gaussian state, i.e., a bound on the fidelity:

Proposition 3.1.4. For a generic Haar-random state |V), the Gaussian fidelity is

exponentially small with probability exponentially close to unity. In particular, for any
4

§ >0, Fa(|¥)) < 27"2(1 + §) log(2)n* with probability ~ 1 — e™"".

Proof. Following the proof of Claim 2 in [85], for any n-qubit state |¢)) and a Haar-

random state |U), we have
P10 2 2) = (1 =) 1 < D) (339
Taking a union bound over N with x = 27,

P ((max | 010)|7 2 27) < W] -exp(-27'2" - 1) (3.39)

<exp(—2"" + (n* + 3n® + n + In?) log(2)). (3.40)
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Take | = n — log,((1 + ) log(2)n*) for any § > 0. Then

P (ﬁgffl (P|T)] " > 2’) < exp(—dn* + O(n?)). (3.41)

By definition of a 2~"-net, we can write [¢)) = [4) +27¢|¢), where [[|O)]l, < 1, [¢) € G
and [¢)) € N. Then

Fa(|¥)) = sup [(¢|¥)[* (3.42)
e
= | (@®) + 27 (¢[¥)]” (3.43)
< (2% +271.1)2 (3.44)
< 272 (3.45)
= 27""2(1 + 6) log(2)n?, (3.46)
with probability ~ 1 — e’ [

3.1.4 Gaussian decompositions of magic states

Rank-based simulation methods from the Clifford setting can be applied to matchgate
circuits, since they are also efficiently classically simulable. Arbitrary quantum circuits
are first written in terms of the universal “Matchgate + SWAP” gateset. Each SWAP
gate is replaced by a SWAP-gadget, consuming an ancilla register prepared in the magic
state |M). The tensor product of all these magic states, | M), is then decomposed into
a sum of Gaussian states. The resulting circuit acting on any term in the decomposition
is classically simulable in polynomial time, since it consists of a matchgate circuit
acting on Gaussian inputs. A sketch of this procedure is provided in fig. 3.1.

The dominant cost of such simulation methods is the number of terms in the
Gaussian decomposition of |M )]€ In analogy with stabilizer methods, we call this

quantity the Gaussian rank:

Definition 3.1.3. The Gaussian rank x(|¥)) of an n-qubit state |V) is the smallest

integer k such that |¥) can be written as

V) = ZCi Vi), (3.47)

for some Gaussian states |¢;) € G and some complez coefficients ¢; € C.
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Arbitrary quantum eircuit Matchgate + SWAP circuit
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Fig. 3.1 A sketch of a Gaussian-rank-based classical simulation procedure. Throughout,
the colour red denotes a non-free resource, namely non-matchgate gates or magic state
inputs. (Upper-left) The starting point is a generic quantum circuit containing arbitrary
gates. (Upper-right) The circuit is expressed in the “matchgate + SWAP” gate set.
This generally increases the circuit depth, but the increase is at most logarithmic if the
original gates act on at most a constant number of qubits. (Lower-right) Each SWAP
gate is replaced by a SWAP-gadget, a small, adaptive, matchgate circuit that acts on
the original qubit and consumes an ancilla register in the initial state |M). Notably,
all gates in the circuit are now matchgates. (Lower-left) The state [M)" is decomposed
into an exponentially large sum of Gaussian states. The (adaptive) matchgate circuit
acting on any term in this sum can be classically simulated.
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It is often sufficient to consider the approximate rank, in which some error is allowed

in the decomposition:

Definition 3.1.4. The approzimate Gaussian rank x%(|¥)) of an n-qubit state |¥)
is the smallest integer k such that |||¥) — |[U)|| < 0 for some state |V') with exact

Gaussian rank k.

For simulation algorithms, we are interested in the Gaussian rank of several copies of
the magic state |M) = \%(\OOOO) +]1111)). An easily checked upper bound x¢(|¥)") <

(Xg(]\I/)k/))kl/ * for any k' that divides k means that low-rank decompositions of only
two or three copies of |M) are sufficient to speed up simulation of large near-matchgate
circuits.

Note that there is a subtlety in the choice of magic state for matchgate circuits that
is not present for Clifford circuits. Hebenstreit et al. [41] showed that all non-Gaussian
states with definite parity are magic. For example, we could consider a parameterized

family of magic states
|M(«)) == (1 — «)|0000) + o [1111) . (3.48)

For any 0 < «r < 1, this state violates the constraint fy 15 = 0 given in eq. (3.20). But
as o — 0 (or 1), |[M(«)) approaches a Gaussian state. Therefore, while |M(«)) has
an exact Gaussian rank of x¢(|M(«))) = 2, it has an approximate Gaussian rank of
X&(IM(a))) = 1 forall § < a. Indeed, X% (|M(2))*) = 1 forall § < 1— (max(a, 1—04))k.
Such trivial decompositions do not lead to interesting simulation properties; we will
focus only on magic states with sufficiently low Gaussian fidelity.

Our canonical magic state |M) has the minimal Gaussian fidelity of 1/2 and is
therefore in some sense “maximally magic”. Formally quantifying measures of Gaussian
magic remains an interesting research direction that we do not consider here.

We used numerical optimisation tools from the SciPy [91] package to seek out
low-rank decompositions. Specifically, we chose simulated annealing with cost function
Liwy(|¥)) = H\M)k — |\I/>Hz Sample code is available on GitHub here.

Our program failed to find any exact low-rank decompositions for either £ = 2
or k = 3 after hundreds of hours of machine time using global optimisation tech-
niques, suggesting that exact low-rank decompositions are unlikely. Indeed, the code
never found an approximate decomposition better than a trivial one for |M)|M) =
£(]00000000) 4 ]00001111) + [11110000) + [11111111)). For example, one computed
solution was |¥) = £(|00000000) + |00001111) + [11110000)), using the 3 Gaussian


https://github.com/JoshCudby/GaussianDecomposition
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states to get 3 out of 4 non-zero amplitudes of |M)* correct. Similarly, no good
decomposition was found for k£ = 3.

We conjecture that good decompositions, even approximate ones, do not exist for
only a few copies of this state due to the low Gaussian fidelity of |M). In particular,
we conjecture that xo(|M) |M)) = 4. A proof of this remains an open question.

However, we can make progress in a simplified setting. In particular, |M) is invariant
under the (Gaussian) operation Z3Z, = Gs4(I,—1I). This motivates considering a
decomposition into only Gaussian states that are invariant under the same operation

on each block of 4 qubits.

Definition 3.1.5. Let |V) be a 4n-qubit state. For j =1, ..., n, let O; = Zyj_1Z4;.
The symmetry-restricted Gaussian rank xo(|V)) is the smallest integer k such that |¥)

can be written as i
W) = Z ¢ |vi) (3.49)
i=1

for some complex coefficients ¢; and some n-qubit Gaussian states |1;) which satisfy

OJ|¢Z> = |wz> fOszl, ceey T

Proposition 3.1.5. The symmetry-restricted Gaussian rank of |M)” is Xa(|M)?) = 4.

We defer a full proof to appendix A.3, but give some discussion here.

The symmetry is chosen to simplify the constraints on each Gaussian state sig-
nificantly. Let ¢; [¢)) = > a,|zr) be a non-normalised Gaussian state with non-zero
amplitudes only for computational-basis states |z) which are invariant under O;. Al-
most all the constraints on {a,} have only two terms, and are much easier to work
with than the general form in eq. (3.18). We can visualise these constraints in a grid,
wherein amplitudes with labels in the body of the grid are defined in terms of the
amplitudes labelled by leading entries of their row and column. Table 3.1 represents
all these constraints present on a restricted Gaussian state with eight qubits.

The only exceptions are a pair of constraints that have four terms. These can be

viewed as fixing the values of the last entry in the first row and column, respectively:

ap195 — a3a192 + AesA130 — Aeel129 = 0 (3-50)

apGeo — Q12048 + A20040 — Q24036 = 0 (3.51)

If ap = 0, then we must also set all the amplitudes labelled by either the first row

or the first column to 0. This follows since, reading off each constraint from the second
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Table 3.1 Constraints on an 8-qubit, symmetry-restricted Gaussian state, assuming
ag # 0, are determined by examining a component within the body and multiplying it
by the upper-leftmost entry, which equals the product of its row and column headers.
For example, 1509 = A3A12, Agpy — Age24, etc.

03 65 66 129 130 192 195
12 {15 77 78 141 142 204 207
20123 8 86 149 150 212 215
24127 89 90 153 154 216 219
36 |39 101 102 165 166 228 231
40 | 43 105 106 169 170 232 235
48 | 51 113 114 177 178 240 243
60 | 63 125 126 189 190 252 255

column of the grid, we have
a3a12 = A3020 = A3024 = A3036 = A3A40 = A30A43 = A30eo = 0. (3-52)

Thus, either every term in the first column vanishes, or a3 = 0. Proceeding similarly
along the columns, we see that either the first column or the first row must all vanish.
This corresponds to deleting the entire first column or first row of the grid. The table
remains valid as long as the value in the upper-leftmost entry is non-zero. For example,
we might have ajs = a9 = a4 = a3g = aqg = ags = ago = 0, az # 0. Then constraints
are read off like asa7; = aj5a¢5.

The proof of proposition 3.1.5 proceeds by contradiction. Suppose that |M >2 =
c1 1) + o [ta) + ¢ |bs). For |¢s), each amplitude labelled by a term in the body
of table 3.1 is defined twice: once by the requirement that |¢)3) is Gaussian; and a
second time by the requirement that the ¢; [¢;) sum to |M >2. This gives a system of
equations which we prove is insoluble. Edge cases are spawned when one or more of the
states have ag = 0, but these can each be resolved by iteratively considering deleting
rows or columns of table 3.1.

We note some obvious limitations of this argument. Firstly, there is little justification
for the symmetry reduction beyond some appeal to the symmetry of the problem.
Without the reduction, the algebraic constraints are difficult to work with, as there is
no straightforward distinction between independent and dependent components. It is
unlikely that our proof techniques will extend to the unrestricted case. Additionally,
the method is highly tailored to the case of two copies of the magic state. With
any more copies, the number of terms becomes too unwieldy, and it is impractical to

unwind all the definitions, even for the reduced case. We therefore expect that further
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results on lower bounds for the Gaussian rank will require new tools beyond symmetry

reductions.

3.2 Learning Gaussian operations

3.2.1 Problem setup and result

Since the group of Gaussian operations is continuous, learning an unknown member of
the group can only be done up to some finite precision. Further, physically equivalent
unitaries which differ only by a global phase are indistinguishable. We therefore
consider the two metrics used in [31], which we refer to as the phase-sensitive and

phase-insensitive distances, respectively:

Definition 3.2.1. Let U; and Uy be two d X d unitary matrices, where d = 2".
The phase-sensitive distance DT (Uy, Us) is given by

1
v2d

= /1= ke (a1 (v]02)). (3.54)

The phase-insensitive distance D(Uy, Us) is given by

D™ (Uy, Us) = |Ur = Usll, (3.53)

1
D(Ul, Ug) = d2||U1®Uik —U2®U2*||2 (355)

V2d2

= \/1 - ‘d*l Tr<U1TU2)

2

: (3.56)

where || A]l, = \/TR(ATA).

Although D is not a true distance, we can check that:
1. D(Uy, Us) = 0 implies U; = €U, for some phase ¢.
2. D is unitarily invariant.

3. D satisfies the triangle inequality.

Since D is phase-insensitive, it serves as a helpful measure for assessing the quality of
our estimates for unknown Gaussian unitaries.
Now suppose that M = exp(iHy) is an unknown Gaussian operation. If we had

access to copies of the Gibbs state p(H), we could recover h and therefore M. Since



42 Simulation and learning of matchgate circuits

I'(p(Hf)) = tan(2h), we would only need to compute estimates for the n(2n — 1)
independent entries of I'(p(Hy)) to obtain an estimate for h. This process requires
O(n(2n — 1)/€*) copies of the Gibbs state to obtain a precision of e.

Instead, suppose we only have access to the gates M and MT as black boxes. Recall
that a Gaussian operation M on n qubits is uniquely defined, up to a global phase,
by a special orthogonal matrix () € SO(2n), and we write M = My. We consider a

3-step learning process:

1. Unsigned entries: sample each row of () in turn, obtaining a guess Q, which is

identical to @) up to additive error and entry-wise incorrect signs.

2. Row-wise consistency: compute estimates of two-point correlations I'(¢),y
for certain pure Gaussian states |¢) = M X, |0), refining our guess to @, which

equals ) up to overall signs for each row and additive error.

3. Per-row correction: perform a single distinguishing measurement to correct

the signs for each row, leading to an additive error estimate of Q).
The above protocol leads to the following result:

Proposition 3.2.1. Given oracle access to an unknown operation M € G, and its
conjugate M, an estimate M' of M satisfying D(M, M') = O(n®n) can be determined
with high probability using @((n/n)z) queries for any n = O(n7").

We prove the correctness and complexity of the protocol below. Note that similar
results on efficient tomography of Gaussian channels [92] and efficient learning of states
prepared by circuits with only a small number of non-matchgate gates [93] are available.
The former employs a similar technique to learn the corresponding orthogonal matrix.
The latter considers a more general setting but learns only the Gaussian state, rather
than the entire Gaussian operation, and relies on compressing the “non-Gaussianity”

into a small state on which full tomography is performed.
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3.2.2 Finding unsigned entries of the orthogonal matrix

Let ) = 27/23" i) |i) be the maximally entangled state on 2n qubits. Recall that
for any operator A

(WA I[Y) =Tr((AR ) ) (]) (3.57)
= 2‘”ZTr(A |2 il @ 12) (i) (3.58)
- 2‘"ZTr(A i) (i]) = 27" Tr(A). (3.59)

The set {(vsMg ® I)|¢) : S C [2n]} forms an orthonormal basis of H3":

(Wl (Ml @ DM @ D)) =27 Tr ( MyrkashMa) (3.60)
=27" Y (£)det(Qlsas.p) Tr(yp)  (3.61)

|P|=]S"AS]
= (557 S’y (362)

where the first equality follows from eq. (3.59), the second from the conjugation
behaviour of matchgates given in eq. (1.15), and the final equality holds since Tr(~yg) = 0
for any S # ().

A measurement of the state (Mg, ® I) [1) with respect to {(ysMq®@ 1)) : S C
[2n]} has outcome probabilities

2
P(S) = |(] (M © D(May, © 1) [4)] (3.63)
= |2 T (Ml Mo, i (3.64)
=277 Z det(Q‘g,S/)Tr(’yS/")/u)r (365)
=]
_ @ S=0 (3.66)
0 otherwise.

Suppose we take K such measurements and report estimates of the squared entries fw
based on the observed frequencies. By the Hoeffding inequality and a union bound,
we can learn each squared entry within additive error  using K = O(log(n)/n?)

measurements with high probability. By taking the positive square roots, this is
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equivalent to learning the unsigned entries £@),,, up to an additive error n/2. Repeating

for each row requires a total of O(nlog(n)/n*) measurements.

3.2.3 Fixing signs up to row-wise sign errors

We now have a matrix consisting of the unsigned entries of () with additive errors.

Let the matrix be Q = CNQW. Let the necessary sign corrections be t,s,,, where

tu, S;w € {£1} and we have factored out whole-row sign corrections for each row.

Explicitly,

@pl/ = SLWQ;W + Nyw,
Q;W = tM@MV = tus,uuQ;u/ + t,un;un

where |1,,,| < n and without loss of generality s, = +1.

We will estimate certain 2-point correlation functions:

0 .
T\ = (0] M (i) M |0),
l .
T) = (0] X, M (i) M X, [0)
We may compute an explicit expression for Fg.(l?:

PS,? = ZZ det (Q|{a, b},{j,k}) (0] 727 |0)

a<b

= ZZ det (Qlg2i—1, 213, j, k) (0]iZ;10)

=1

= — Z det (Q|{21_1, 21}, {4, k})-
=1

Similarly,
I =iy det(Qlzr-1,2m, ) 01 iXiZ1 X1 [0)
=1
= det (Q|{2l—1,2l}7{jk}) . Z det (Q’{2l’—1,2l’},{jk})-
VAL
Therefore o o

Tjk = det (Q!{Ql—l,ﬂ}, {jk})'

(3.71)

(3.72)

(3.73)

(3.74)

(3.75)

(3.76)
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Setting j = 1 and expanding, we have

@ (0)
Flk — Flk

Clk = 5

= Q2lfl,1Q2l,k - Q2l,1Q2l71,k- (3-77)

For clarity, we first consider the error-free case, where 7,, = 0. Then our matrix of
unsigned entries of () allows us to compute four guesses for the value of Cj, (recalling
that we fixed s, 1 = +1):

D =ty 1ty (Q25—1,1(iQ21,k) — QQl,l(inz—Lk)). (3.78)

If none of the four Dii values are zero, then they are all distinct, and one of them
exactly equals Cj,. We would therefore fix the signs of Qo , and Q91,1 in terms of
toi_1to;. The set of matrices for which any Dii = 0 has measure 0, and can safely be
ignored.

In the case with errors, we have instead only approximations of le , given by
Dii = lo_1ty (Q2z-1,1(iQ21,k) — Q2l,1(iQ21—1,k))- (3.79)

Furthermore, we only have an estimate C’lk of Cy, up to additive error €. Obtaining these
for each Cj, with high probability requires O(n?log(n)/e*) queries by the Hoeffding

$21—1,kS2l, k

inequality and a union bound. The true value D satisfies

‘Dszz 1, k821, k élk:‘ < 477+€—|—O(772), (380)
using |@,.| < 1. Conversely, incorrect choices of sign are such that
| D = Cu| 2 12F = (4 + o), (3.81)

where F' € {|Q2,1Q21-1,1/,
min{ |Qa, 1Qa-1, |,
of Dii is the closest to Cj,. In appendix B.1, we prove that P(F < k) = O(x'/?).

Taking a union bound over the 2n? such calculations that we perform, we have that

, |Cik|} for the 3 incorrect cases. If 4+ € <

k = O(n~°) suffices to ensure that all the quantities are larger than x with high
probability. Therefore, ¢, = O(n~%) suffices to successfully learn the matrix s with

high probability, fixing the signs up to overall row-wise errors.
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3.2.4 Fixing row-wise sign errors

Assuming the above protocol succeeds, we have some matrix @, where @;w =1,Qu.
For any set of rows R where ¢, = —1, Mg is straightforwardly related to Mg. Let
Mp = Mgyr. Then Mp acts as

MR%M}% = MQVR%%%Mé (3.82)
= (= 1)/ R Mgy, M) (3.83)

= (=D (—1)'EnQ,,. (3.84)

If |[R| is even, then Mz = Mpz. If [R| is odd, then Mz = Mge, where R is the
complement of R in [2n]. Let P be R or R° corresponding to the two cases.

A single-shot measurement suffices to distinguish P. Note that knowledge of @ is
sufficient to write down an exact, poly-sized circuit of two-qubit Gaussian operators
which implements M% [39]. A measurement of (M% ® I)|¢) with respect to the basis
{(ysMé ® I) 1)} has outcome probabilities

B(S) = |(0] (Marshh @ 1) )| (3.85)
_ |g=n )|
- ]2 Tr(MnySyPMQ)‘ (3.86)
)t e=k (3.87)

0 otherwise.

The outcome of this measurement allows the correction of the remaining errors in the
sign of each row of @, leaving the true matrix Q up to additive error 7.

In Appendix appendix B.2, we prove that, with high probability, this is sufficient
to obtain an estimate My of Mg satisfying

D(Mg, Mg) = O(nn). (3.88)

3.2.5 Complexity of learning Gaussian operations

The total number of queries is easily seen to be O(nlog(n)/n? + n*log(n)/e* + 1).
Setting = ¢ = O(n~°), we obtain an estimate of Q up to additive error n using
O((n/n)*log(n)) queries. Thus, the learning task may be completed in (high-degree)

polynomial query complexity.
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3.3 The matchgate hierarchy

3.3.1 Defining the matchgate hierarchy

In the spirit of the Clifford Hierarchy, we introduce an infinite family of gates M,
satisfying M, C M. for each k, which we call the Matchgate Hierarchy.

Let I'y == {7, : i € [2n]}. The ~, play the role of the Pauli generators {X;, Z;} in
the Clifford hierarchy.

Definition 3.3.1. The k™ level of the Matchgate hierarchy M, is defined recursively

by
My ={MecUZ2"): M= Zalﬁ#; a, € R}, (3.89)
w
My ={M cU©2"): M''\M" C M;_,}. (3.90)

The condition that M; gates are unitary immediately gives > i ai = 1. We note
that the set My consists of gates M for which, for each p € [2n],

2n
M’YMMT = Z Quu'Ym (391)
v=1

for some @ = (Q,,) € R*®2n,
We may evaluate the anti-commutator of M~,MT and M~, M in two ways:

{ M, MT, My, My = M{,, %} M
=8, MIM'" =6, (3.92)
{My M, My, My = QuoQur{s, 7+ }

=Y QuoQuo = (QQ" ) (3.93)

Equating egs. (3.92) and (3.93) implies (QQ7),, = 0, i.e. @ € O(2n). Such
operations are sometimes referred to as extended Gaussian operations. As in the
Clifford case, it is not straightforward to characterise the higher levels of the hierarchy.

However, there is a link between the Matchgate Hierarchy and the Clifford hierarchy:
Lemma 3.3.1. For any integer k > 1, Cp, € Myyq.

Proof. We proceed by induction.
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For the base case, note that C; = P is the set of Pauli strings, which exactly
coincides with the set of Majorana monomials {vs : S C [2n]} up to factors of +1 or
+i. Since g is easily seen to be a Gaussian operation, we have C; C M..

For the inductive step, note that v, € C; for any p € [2n]. Therefore, for any
C € C, we have Cy,CT € C;_; by definition of the Clifford hierarchy. By the inductive
hypothesis, Cy_1 € Mj. Since this is true for all p € [2n], we have C' € M. ]

A noteworthy implication of lemma 3.3.1 is that SWAP € Mj3;. SWAP is a
universality-enabling gate for matchgates and, in some sense, the maximally non-
matchgate two-qubit gate. This is of potential interest for the fault-tolerant imple-
mentation of quantum protocols based on a “Matchgate + SWAP” universal gate

set.

3.3.2 Learning matchgate hierarchy operations

The learning algorithm for Gaussian operations can be generalised to learning any
operation from the My hierarchy. The proof requires two lemmas, given in [31], which
trivially extend to the current setting: the former bounds the phase-sensitive distance
between transformed Majorana monomials given bounds on the transformed generators;
the latter bounds the phase-insensitive distance between unitaries given bounds on the

transformed Majorana monomials.

Lemma 3.3.2 (Lemma 18, [31]). For unitaries Uy, Us, if for all i € [2n]
DF (Ui, U1, UsylUf) <6, (3.94)
then for any S C [2n]
DT (UysU{, UyysUd) < 2n6. (3.95)

Proof. The proof follows by induction on the number of Majorana operators in vg and

the triangle inequality. O

Lemma 3.3.3 (Lemma 17, [31]). For unitaries Uy, Us, if for all S C [2n]
DY (UysUT, UyysUs) < 2nd, (3.96)
then
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Proof. The proof follows from the fact that the group of Paulis is a 1-design and that,
under the Jordan-Wigner representation, each g is simply a Pauli string up to a factor
of 1. 0

Proposition 3.3.1. Given oracle access to an unknown operation M € My for k > 2
and its conjugate MT, an estimate M' of M satisfying D(M, M') = O(nn) can be
determined with high probability with query complezity O(25%=2) . n2*=2) . (n/n)?) for
any n = O(n=6=R) o(1).

Proof. The proof is by induction, where the base case for k = 2 is given by proposi-
tion 3.2.1.

For the inductive step, suppose we have a learning algorithm for members of My,
which outputs estimates with phase-insensitive precision . Let M € M., and for
any p € [2n], let My, M' = o, M, for some a, = +1. We may express M, in the
Hermitian basis of Majorana monomials 7¢ = i/(S)~g, where the factors of i are
chosen to make 72 =7g. Let M, =) ¢ cs7g. Since M,, is Hermitian, c¢g € R for each
S, and we choose «, so that ¢y € R.

The M, are elements of My, so we may (phase-insensitively) learn them, obtaining
estimates M L’ satisfying D(M,,, M ;/L, ) < 0. We aim to obtain a phase-sensitive estimate
by leveraging the Hermiticity of M,,.

Let M} =} c47s. The vector of coefficients ¢’ may be written ¢’ = Ac + xet,
for some ¢t satisfying (c, ¢t) = 0 for the usual complex inner product (-, -). It is
easy to check that D(M,, M;]) < ¢ implies |(c, "> > 1 — 6, which in turn implies
IA]> > 1— 62 We need to modify the phase of M ., to obtain a phase-sensitive estimate.
The optimal phase to multiply by is —arg(\), but this is unknown. We approximate A
by 0 := —arg(\cs + xcs) for any S. Some elementary trigonometry gives

0
Jarg(Acs + xcg) — arg(M)] <

S \/1—_752 (3.98)
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Then we may compute the relevant real trace for D (M, e~ M)):

Re (Tr(Mfe "M))) = Re (Z e Pegdl, Tr(vﬁs,)> (3.99)
S, S’

=dRe (e *(c, ")) (3.100)

= dRe (|\|e/eN=0) (3.101)

= d|\| cos(arg(\) — ) (3.102)

N ( — 52) (3.103)

1 — 262 )
dm > d(1 - 20%). (3.104)

Substituting into the definition of DT, we see that
D (M, e M) < V25 VY € [2n]. (3.105)

Now let M” be the operator such that M"~,M"T = M; for all p1. Also, let M’ be such
that M'y,M't = M,, i.e. all the phases c, are set to +1. Similarly to the level-2 case,
M = M'~g for some set R C [2n]. By lemma 3.3.2 and eq. (3.105), we see that

DY (M'ys M, e P M"vgM™) < 2v/2n8 ¥ S C [2n). (3.106)
By lemma 3.3.3, we then have
D(M', e M") < 2v/2né. (3.107)

We may correct our estimate from M’ to M by preparing (MTM"”®1) |+/) and measuring
with respect to the basis {(vL ® I)[¢)}. Then the probability of obtaining outcome R

1s:

P(R) = [(0] (e © D) pM M) [4)] (3.108)
= |d T (M) | (3.109)
> 1 —8n%6?, (3.110)
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using (3.107). The outcome of the measurement allows us to correct our estimate to
e~ M"~p, which, with high probability, satisfies

D(M, e M"~p) < 2v/2n6. (3.111)

At the k™ level, the 2v/2n factor accumulates k — 2 times. We therefore need to learn
the operators to precision § = n/(2v/2n)*=2. For each additional level in the hierarchy,
we must learn 2n operators from the previous level, requiring 4n queries to prepare

them. Therefore, the query complexity at level k is given by

O<(4n) 2. <—n/(2\/§n)“) ) (3.112)
_ @(QS(k—2) . p2(k=2) (n/n)2), (3.113)

as claimed. O






Chapter 4

Parameterized quantum algorithms for

closest string problems

String processing is one of the oldest branches of theoretical computer science, yet
it remains an active research field, particularly with the rapid growth of available
data. Bioinformatics is a key motivating area: rapid advances in sequencing technology
and global-scale viral monitoring have produced vast amounts of genomic data [94].
Extracting meaningful insights from this information requires fast algorithms.

Given a set of strings — often representing DNA, mRNA | or protein sequences —
important tasks are to find a new string that lies within a bounded distance to each
input, or to some substring of each input. These are the Closest String Problem
(CSP) and the Closest Substring Problem (CSSP) [70], where distance is measured
by metrics such as the Hamming or Levenshtein distances [67|. Formal definitions are
given in section 4.1.

Solutions to closest string problems can act as consensus strings, serving as compact
representations of the input set and proxies for a full multiple sequence alignment
(MSA). A complete MSA requires O(n*) time to align k strings of length n, which
is prohibitive for large data sets. Computing a consensus string is cheaper while still
informative for tasks such as DNA binding site analysis [95]. Indeed, the widely used
centre star heuristic iteratively aligns each sequence against a tentative closest string,
and the final alignment is computed from the results [96]. The quality of the final
alignment directly depends on the centre string used; using the CSP solution guarantees
a good alignment.

Both the CSP and the CSSP are NP-hard, even for the simplest case of binary
alphabets under Hamming distance. The lens of parameterized complexity has enabled

more nuanced algorithmic approaches [97-102], revealing structure-dependent regimes
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of efficiency such as few input strings £ or small distance thresholds d. The choice of
metric also affects hardness: for example, the CSP with fixed k is polynomial-time
soluble under Hamming distance [97] but not under Levenshtein distance [98]. A
detailed parameterized study across the various distance metrics and parameters is
therefore warranted.

Moreover, recent progress in quantum algorithms and hardware motivates the
exploration of quantum speedups for such string problems. Previous work includes
quantum algorithms for sequence comparison [75], pattern matching |78, 80|, seed-
and-extend alignment [74] and de novo assembly [20]; see also [18, 19, 76, 77, 79,
103-107].

In this chapter, we develop parameterized quantum algorithms for the CSP and
CSSP, analysing their runtime with respect to the alphabet size o, the number of
inputs k, and the distance threshold d. Their runtimes are given in propositions 4.0.1
to 4.0.4:

Proposition 4.0.1 (CSP, any distance). There exists a quantum algorithm for solving
the CSP under any desired distance metric, with runtime @(0"/2 k- D(n)), where
D(n) is the classical time required to compute the distance between 2 strings of length n.
In particular, D(n) = O(n) for the Hamming distance and O(n?) for the Levenshtein

distance.

Proposition 4.0.2 (CSP, Hamming distance). There exists a quantum algorithm for
solving the CSP under the Hamming distance, with runtime @(k:n + k2. d(d+5)/2).

Proposition 4.0.3 (CSP, Levenshtein distance). There exists a quantum algorithm
for solving the CSP under the Levenshtein distance, with runtime (’j(o ok T(n)%),
where T'(n) satisfies n/e < T(n) < n for every n.

Proposition 4.0.4 (CSSP, Hamming distance). There exists a quantum algorithm for

solving the CSSP under the Hamming distance, with runtime
@(Udaog(d>+2)/2 (kn)los(@)/2 .k2n3),

The best parameterized classical algorithms for the CSP run in time O(U ok n%)
98], O(kn + k - d**') [97), or O(kn + kd - M?) for M = ©(c) [102, 108, 109], with
each suited to different parameter regimes. Proposition 4.0.2 therefore represents a
quadratic improvement in the dominant scaling factor for the CSP under Hamming

distance when the alphabet size is unbounded. Proposition 4.0.3 is a non-trivial
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speedup, but the improvement is not polynomial in the size of the input. Finally,
proposition 4.0.1 is a quadratic speedup over trivial classical searches, which are the
best methods when k£ and d are both large. We also show that for the special case of
binary alphabets, proposition 4.0.1 is tight under the quantum analogue of the Strong
Exponential Time Hypothesis (SETH) [110] formulated by Buhrman et al. [111].

The best classical algorithm for the CSSP runs in time O(ad(log(d)”)(kn)log(d)k3n4).

Proposition 4.0.4 gives a quadratic improvement in the dominant scaling factors.

4.1 String processing problems

A string s is a finite sequence over a finite alphabet ¥. For bioinformatics applications,
this will often be the DNA-base alphabet {A, C, G, T'}. Let o = |X|. The length of s
is |s|, and for 0 <4 < |s], its ™™ character is s[i]. For 0 <i < j < |s]|, s[i]s[i +1]... s[j]
is a substring of s and is denoted by si, j]. The set of strings over ¥ of any length is
¥*; those of length exactly n is ¥"; those of length at most n is =",

We use d(-, ) to denote the distance between two strings. The Hamming distance
dy(+,-) between two strings s and s" of equal length is the number of positions i for
which s[i] # s'[i]. The Levenshtein distance [67] d(+, ) between s and s’ is the minimum
number of characters that must be inserted, deleted, or substituted to transform s
into §’. For a formal definition based on the notion of alignments, see, e.g., Chapter 6
of [112].

We formally state the CSP as follows:

Problem 4.1.1 (Closest String Problem). Given k strings sy, ..., s, € X=" and a
threshold distance d, find a string s € ¥* such that max;{d(s, s;)} < d.

When d(-, -) is the Hamming distance, we require all strings to be of equal length for
the problem to be well-defined. Several parameterized algorithms exist for different
parameter combinations. Nicolas and Rivals [98] achieve a runtime of O(o - 2% - n?*)
via dynamic programming, placing the CSP in XP with respect to k. Note that d
is allowed to be unbounded in this case. Gramm et al. [97] give an O (kn + k - d*™)
algorithm under Hamming distance, placing the CSP in FPT with respect to d. Variants
with bounded alphabet size achieve O(kn + kd - M?) for M = ©(c) [102, 108, 109].
The related CSSP generalises the CSP, being equivalent when L = n:

Problem 4.1.2 (Closest Substring Problem). Given k strings s, ..., s;, € =" and a
threshold distance d, find a length-L string s € XX such that for all i = 1,... k, there
exists a length-L substring w; of s; with d(s,w;) < d.
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Marx [113] provides an XP algorithm for the CSSP under Hamming distance with
runtime O (gd(2+10g(d)) ( ]m)4+log(d)) .

4.2 Quantum algorithms for the closest string prob-

lem

We present three quantum algorithms for the CSP:

A generic nested search, applicable for any desired distance metric. It is suitable
for cases with many input strings, each not too long. This may be the case, for

example, when seeking a conserved fragment of a gene across different strains of
pathogens such as SARS-CoV-2.

A random-walk search, based on a modified version of Gramm et al.’s algorithm [97].
It is best suited to closely related input strings, and, for a fixed distance threshold,
the runtime scales only linearly with both the number and the length of the input

strings.

A dynamic-programming algorithm, relevant for Levenshtein distance. It is suited
to cases where there are few input strings and no bound on the threshold distance

is known — at present, this is most likely of theoretical interest only.

4.2.1 A trivial quantum search algorithm

A simple baseline is obtained by applying quantum minimum finding twice. The outer
search minimises over candidate strings s € 2=+ for the Levenshtein distance or
s € X" for the Hamming distance. The function to be minimised is the maximum
distance between s and any of the input strings sy, ..., sx. Instead of checking each of
these distances sequentially, we use a quantum maximum finding.

Formally, we may write the search functions:

f:S—7Z; gs: k] = Zy, (4.1)
s — maxd(s, s;) i—d(s, si),
1€[k]

where S is either =07 or 37
The inner search of g, runs in time 7; = O (\/E . Td> , where T} is cost of computing
d(-, ). T; = O(n) for Hamming distance and O(n?) for Levenshtein distance. The
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outer search of f runs in time @(\/ |S] - TI) =0 (a”/2 k- Td). We therefore obtain
our first result, proposition 4.0.1:

Proposition 4.0.1 (CSP, any distance). There ezists a quantum algorithm for solving
the CSP under any desired distance metric, with runtime @(0"/2 k- D(n)), where
D(n) is the classical time required to compute the distance between 2 strings of length n.
In particular, D(n) = O(n) for the Hamming distance and O(n?) for the Levenshtein
distance.

The search over all length-n strings will usually dominate the runtime. However,
it scales very favourably with respect to k£ and could therefore be feasible in very
high-volume data scenarios.

In the classical setting, it can be shown that exhaustive search is essentially optimal
for the CSP under Hamming distance in the binary case [114], assuming SETH holds.
This widely held computational hardness assumption implies the optimality of many
known algorithms. The proof follows via a reduction from (g, k)-CNF SAT, i.e. the
problem of finding satisfying assignments to g-ary CNF formulae, to the Remotest
String Problem (RSP), a natural analogue of the CSP where the goal is to find a string
far from all inputs. For binary alphabets, the CSP and the RSP are equivalent by
flipping all bit strings in the inputs. We restate the result in Theorem 4.2.1:

Theorem 4.2.1 (Based on Theorems 1.1 & 1.2 from [114]). An algorithm that solves the
CSP for binary alphabets under Hamming distance in time 0(2(1*6)”p0|y(k)) implies
the ezistence of an algorithm for (q, k)-SAT on N wvariables with M clauses which runs
in time O (20PN poly(M)).

The framework of Quantum Strong Exponential Time Hypotheses (QSETH) of
Buhrman et al. [111] allows us to make the Basic (q,k)-CNF SAT QSETH conjecture:

Conjecture 4.2.1 (Basic (¢, k)-CNF SAT QSETH). A quantum algorithm cannot,
given an input C' from the set of (q, k)-CNF formulae on N wvariables and M clauses,
decide whether there exists x € [q] such that C(x) = 1 in time O(q%(l"s)poly(M)>,
for any 6 > 0.

Using the same reduction that leads to Theorem 4.2.1, we see that Proposition 4.0.1
is tight for binary alphabets unless Basic (g, k)-CNF SAT QSETH is false:

Proposition 4.2.1.  No quantum algorithm solves the binary alphabet CSP in time
(’)(2(1_6)% poly(k)) unless conjecture 4.2.1 is false.

Hence, only parameterized approaches can yield further asymptotic gains.
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4.2.2 A quantum random walk algorithm for the CSP under

Hamming distance

We next quantise the algorithm of Gramm et al. [97], which targets the setting where
threshold distance d is small. Pre-processing removes any position where all k strings
agree; if more than kd remain, no solution exists. This takes time O(kn), which is
usually negligible.

The algorithm recursively explores candidate strings within Hamming distance d
of s1. At each level, if the candidate is not a solution, then there is a minimal index
i* for which dg(s, s;+) > d. Then the d + 1 candidates for the next level are formed
by replacing a character in s by the corresponding character in s;« for d + 1 positions
where s # s;+. Since, by hypothesis, dg($, s;+) < d, there are at most d positions where
both s # s;« and § # s;+. Therefore, at least one of the modifications must decrease
dy (s, ), moving the candidate closer to the proper solution. After d such rounds, a
solution must be found if one exists.

The algorithm, in the worst case, searches over a perfect (d + 1)-ary tree T: a tree
where all interior nodes have d 4 1 children and all leaves are at the same depth d + 1.
We therefore call the algorithm TreeSearch.

As a further optimisation, we note that if, at any layer, the candidate solution’s
distance to any input is strictly greater than d plus the number of rounds remaining,
then no solution is possible on that branch of the recursion. The algorithm is described
by the pseudocode in algorithm 2. The inputs at the first level of recursion are s = s;
and Ad = d.

Gramm et al. compute the algorithm’s runtime, which we restate in theorem 4.2.2.

Theorem 4.2.2 (|97]). TreeSearch, described in algorithm 2, with (pre-processed)
global variables sq, ..., sy, threshold distance d and inputs s = s1 and Ad = d, solves
the CSP under the Hamming distance in time (’)(/{: . dd“).

Let €2 be the set of nodes of 7. We may denote some node of €2 by a d-dimensional,
integer-valued vector j € {0,...,d + 1} The root is (0,...,0); for j in the I'* layer,
1 <[ < d, the first [ coordinates are non-zero, corresponding to which branch was

taken at layer [. Then we can write

Q:{j:(jl,...,jl,o,...,O)6{0,...,d+1}d:0§l§d;1§jigd}. (4.2)
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Algorithm 2 TreeSearch(s, Ad) |97]
Require: (Global Variables) sy, ..., s, € % threshold distance d.

Require: Candidate string s and integer Ad.
Output: String § with max; dy (3, s;) < d and dg (8, s) < Ad, if one exists.
. if Ad < 0 then
. _ return “Not found”
o if dy(s, s;) > d+ Ad for some ¢ € [1.. k| then
. _ return “Not found”
if dy(s, s;) < dforalli € [l..k| then
. | return s
21" <= min{i : dy(s, s;) > d}
P {p:slp] # si-[p]}
: PP« P[l..d+1]
: for all p € P’ do
s+ s
s'[p] <= si[p]
Snew <— TreeSearch(s’, Ad — 1)
if spew # “Not found” then
return S,..
: return “Not found”

© 00 N O U = W N

e e e e e
S ARl e

To use quantum search via random walks [47|, we first define a lazy, reversible

Markov chain P on ) as follows:

5 itj =},
1 . o/ ¢ . .
——— if j’ is a child of j,
If j is neither root nor leaf, pj; = 4d+1) ! ! (4.3)
3 if j' is the parent of j,
0 otherwise.
.
Loty =,
If jis a leaf, pjy = % if j’ is the parent of j, (4.4)
0 otherwise.
\
(
3 if j’ =,
If j is the root, p;y = m if j’ is a child of j, (4.5)
0 otherwise.

\
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The set of edges of P is
E={(j,j) eQ2xQ:jinlayer [, j inlayer [+ 1, j; = ji fori=1,...,1}. (4.6)

We may bound the eigenvalue gap of P:
Proposition 4.2.2. The eigenvalue gap §(P) of P satisfies §(P) > 27°d~2.
Proof. See appendix C.3. n

We now define the data structure and compute the costs of setup, update and
checking required by the quantum search routine.

Data Structure. By analysing algorithm 2, we see that the data we need to
track is the history of modifications made to the candidate string. Given a list of
indices i1,...,4 € {1,...,k} representing the donor strings, and positions ki, ...,k €
{1,...,kd} representing the character position that was substituted, we can build the
candidate string s from s; in time O(l) = O(d). For j = (j1, ..., ji, 0, ..., 0), we
therefore take D(j) = {(i1, ..., 4, 0, ..., 0), (k1, ..., k;, 0, ..., 0)}. This structure
requires O(dlog(kd)) qubits.

Setup. First, we prepare the state |®) = Zjesz /7 li), which is a state-preparation
operation on O(dlog(d)) qubits. By, e.g., the results of Zhang et al. [115], this can be

done in time O(dlog(d)). We then need to implement the transformation
Up : 1j)10) = [5) [D()) - (4.7)

In the worst case, this requires computing d modifications to the candidate string s.
For each modification, we need to compare s to the k input strings, which takes time
O(k - kd). So the worst case complexity of Up is O(k?d?). We have then prepared
> ica v/ i) p- Finally, we append the state |0), = |0) [0) at no cost. So S = O(k2d?).

Update. We wish to implement the transformation:
3)p10)p = lidp Z Vi i) p - (4.8)
j/
We first implement a diffusion-like operator that realises

01005 = li)p > Vi 1§)10). (4.9)

This controlled-state-preparation on O(dlog(d)) qubits can again be performed in time

O(dlog(d)). To update the data structure, we must compute |j’) , from |[j),, where j’
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is either the parent or child of j. To go to the parent, we set the last entries i;, k; to
zero in O(1) depth. To go to a child, we must compute one further modification to the
candidate string, in time O(k2d). So U = O(k2d).

Checking. It takes O(d) time to compute the candidate string and O(k?d) time
to check it against all the input strings. So C' = O(k%d).

Overall time complexity. Finally, we need to bound the probability of sampling
a marked element under the stationary distribution. The worst case is when a single
leaf is marked. In appendix C.3 we derive an expression for the stationary distribution.
From eq. (C.13), we may bound
7 1

=Py (JeM)> == .
¢ =Paa(T €M) 2 0250 = Sqia s 1

(4.10)

Substituting the quantum costs as well as the computed values of § and € into the

equation provided by theorem 1.3.4 gives a runtime of

@(k2d2 4 /2d(d + 1) (\/29d2k:2d + k2d>> — Ok d9?). (411)
We therefore obtain our second result, proposition 4.0.2.

Proposition 4.0.2 (CSP, Hamming distance). There exists a quantum algorithm for
solving the CSP under the Hamming distance, with runtime @(k:n + k2. d(d+5)/2).

Compared with the classical (’)(k:n + k- dd“) runtime, this represents a quadratic

improvement in the dominant factor d* — d%/2.

4.2.3 A Quantum dynamic programming algorithm for the CSP

under Levenshtein distance

Nicolas and Rivals [98] give a dynamic programming algorithm for the CSP under
general weighted edit distances using a (n + 1)?* size Boolean array. This is precisely
the setting considered by Glos et al. [51]. The only change required is to replace the
O(1)-cost membership queries of Glos et al. with O(U : 2k)—cost logical ORs required
by Nicolas and Rivals. By applying theorem 1.3.5, we obtain a quantum algorithm
with runtime @(a -2k T(n)%), and thus our third result, proposition 4.0.3.

Proposition 4.0.3 (CSP, Levenshtein distance). There exists a quantum algorithm
for solving the CSP under the Levenshtein distance, with runtime @(a -2k T (n)%),
where T'(n) satisfies n/e < T(n) < n for every n.
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4.3 A quantum algorithm for the closest substring

problem

For the CSSP under Hamming distance, we quantise Marx’s XP algorithm [113] to
achieve a quadratic speedup.

The algorithm is based on searching through particular sets of strings called
generators. A set G = {g1,..., g} of length-L strings is a generator of the length-L
string s if, whenever all g; have the same character at some position p, then s also has
that character at position p. The conflict of GG is the number of positions where the g;
do not all agree. Marx proves that if an instance of the CSSP is solvable, then there
exists a solution with a generator that is not too large and has low conflict. We restate

the result in theorem 4.3.1.

Theorem 4.3.1 ([113]). If an instance of CSSP is solvable, then there exists a solution
that has a generator G = {g1,...,q} satisfying:

e Fach g; is a length-L substring of some input s;.
e |G| <log(d)+2.
e The conflict of G is at most d(logd + 2).

The corresponding classical CSSP algorithm is as follows. A set T' containing all
length-L substrings of inputs is produced. All candidate generators G C T with
|G| = log(d) + 2 are enumerated, giving (logg)‘ o) = O((kn)"&@+2) possibilities. Each
generator with conflict at most d(log(d) + 2) generates at most o?(°¢(@+2) candidate
strings. Each is checked in time O(k - (n — L) - L) = O(kn?), yielding total cost of
O (O.d(log(d)+2) (kn)log(d) k3n4) )

Crucially, the algorithm is simply an exhaustive search over subsets G C T and
then over strings s generated by GG. Applying a nested Grover search subroutine to

both of these searches leads to a quantum algorithm with a runtime @( (kn)los(d)+2

-/ gdlog(d)+2) -kn2>. We therefore obtain proposition 4.0.4.

Proposition 4.0.4 (CSSP, Hamming distance). There exists a quantum algorithm for

solving the CSSP under the Hamming distance, with runtime
@(Uduog(d>+2>/2 (kn)los(@)/? -anS).



Chapter 5

Pangenome-guided sequence assembly

via binary optimisation

As discussed in chapter 2, a single linear reference genome cannot capture the full
range of intra-species variation, whether it is local Single Nucleotide Variants (SNVs)
or large-scale Copy Number Variations (CNVs) [116]. However, assembling DNA reads
from scratch with de novo assemblers is expensive and often yields incomplete results.
With the rapid decline in sequencing costs, whole-genome shotgun short-read data now
exist for millions of human genomes. Reconstructing these using a pangenome rather
than a standard reference, such as GRCh38 [117], offers a more accurate and efficient
approach.

Existing pangenomics tools consider only a limited range of tasks. DRAGEN [118§]
performs variant detection by mapping reads against a pangenome before mapping
back to a comparison against a single reference genome. Pasa [119] uses pangenomes
as a source of global information to resolve assemblies with a large number of contigs
into a single sequence. No dedicated pipeline currently reconstructs genomes from
short reads and pangenomes.

This chapter introduces a methodology for pangenome-guided sequence assembly
that maps reads onto a pangenome and reformulates the assembly as a graph-traversal
optimisation. Most genomic regions are easily resolved; we focus on the highly complex,
repetitive regions of the pangenome graph. The pipeline, summarised in fig. 5.1,

consists of five stages:

1. Problem creation: Generate a synthetic pangenome and a new individual genome.

Simulate short-read sequencing (typically 30x coverage).
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2. Read mapping: Align short reads to the pangenome using GraphAligner, kmer2node

or minigraph, and annotate nodes with kmer counts.

3. Copy number estimation: Estimate node copy numbers from the annotated

graph using pathfinder.

4. Path finding: Identify a path through the pangenome graph that best fits
the observed copy numbers using either the pathfinder tool or a novel binary

optimisation approach.

5. Solution processing: Extract and optionally re-align the resulting sequence to

improve quality before evaluating against the ground truth.

The core computational task is the path finding in step 4. This problem is similar
to those tackled by certain de novo genome assemblers like Flye [120] and Oatk [121],
which aim to resolve repeat-induced non-linear structures in assembly graphs. Their
approach typically also involves estimating the copy numbers of repeat sequences from
sequence coverage, then identifying a graph traversal that satisfies these constraints.

In the context of pangenome graphs, however, additional complexities arise. First,
due to genomic divergence, a pangenome graph does not fully represent the target
genome, necessitating imputation of missing or divergent regions. Second, mapping
reads to a pangenome graph is inherently noisier due to its repetitive and multi-genome
nature, resulting in greater uncertainty in sequence coverage and, consequently, in copy
number estimates. To accurately resolve the graph paths through repetitive regions,
pangenome-based methods must be more robust to such noise.

We formalise path finding as an NP-hard optimisation task that generalises the
Hamiltonian path problem. We cast it as a Quadratic Unconstrained Binary Opti-
misation (QUBO), a framework commonly used in the optimisation literature for its
ability to balance expressivity and tractability. Moreover, QUBO is, in some sense,
“native” to quantum optimisation, particularly the Quantum Adiabatic Optimisation
Algorithm (QAOA). We also test Higher-order Unconstrained Binary Optimisation
(HUBO) approaches and their potential to alleviate the quantum resource usage. We
compare both classical and quantum approaches to the optimisation and discuss the
potential utility of quantum methods.

In section 5.1, we formalise the optimisation task that underpins our approach
and discuss how it can be cast to various forms of unconstrained binary optimisation.
Sections 5.2 to 5.4 discuss classical, quantum annealing, and QAOA approaches to
solving these binary optimisation tasks, respectively. Finally, section 5.5 concludes

with a discussion and the myriad future research directions.
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Fig. 5.1 A sketch of the pangenome-guided sequence assembly procedure. (1) Problem
creation consists of pangenome and short-read data synthesis. (2) Read mapping
involves aligning the short reads to the pangenome and tagging the nodes with the
observed kmer counts. (3) Copy number estimation is performed using pathfinder. (4)
Optimal path finding either uses pathfinder or constructs a QUBO matrix and inputs
that into a chosen solver. (5) Solution processing begins with an optional realignment
step to improve solution quality, followed by evaluation with a variety of metrics.
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JB wrote the classical pre- and post-processing code; I developed all code involving

mapping to or solving optimisation problems.

5.1 Pangenome-guided sequence assembly as a binary

optimisation problem

The computational core of pangenome-guided assembly is finding graph paths consistent
with observed copy-number data. We formalise three optimisation problems of increas-
ing biological realism in section 5.1.1 and map them to QUBO forms in section 5.1.2
and HUBO forms in section 5.1.3. The QUBO format is natively accepted as input by
classical optimisation suites and quantum annealing optimisers, and it is easy to map
to the Ising Hamiltonians used to define QAOA problem instances. HUBO forms also
map easily onto Ising Hamiltonians and require almost quadratically fewer variables;

however, they are not natively solved by classical optimisers.

5.1.1 Pangenome-guided assembly as an optimisation

Our problem data is a pangenome graph with non-negative node weights. We formally
define the input as a triplet G = (V, E,w), where V is the vertex set, E CV x V the
edges, and w : V — R, gives the copy numbers.

We seek a walk W on G that best explains the copy number data. We define the
following optimisation problem, which we refer to as Tangle Resolution due to the often
complex, knot-like structures present in pangenomes. Note the implicit requirement in

the problem that each step in W traverses an edge in G.

Problem 5.1.1 (Tangle Resolution). Given a vertez-weighted graph G = (V, E,w),
find a walk W on G that minimises

o) = 3 (#W ()~ w(v)) | (51)

veV
where #W (v) is the number of times W wisits v.

This graph traversal problem is similar to the Travelling Salesman Problem (TSP),
but with a node-visit matching criterion rather than distance minimisation.

While this model serves as a good starting point, it does not encompass all the
biological features. Most notably, it overlooks the double-stranded nature of genomic

data, in which both a sequence and its reverse complement are present in the DNA.
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To better reflect the biology, we must consider a directed graph. The vertex set is now
formed of two halves, V., and V_. The sequence data corresponding to v_ € V_ is the
reverse complement of the sequence data corresponding to v, € V. Edges of the graph
are directed and come in reciprocal pairs, e.g. an edge u, — v, implies the existence of
an edge v_ — u_, and vice versa. We call such a graph G = (V, UV_, E, w) oriented.

The corresponding optimisation task, Oriented Tangle Resolution, is similar, but

we now sum the visits over both the positive and negative orientations:

Problem 5.1.2 (Oriented Tangle Resolution). Given a vertez-weighted, oriented graph
G= (V. UV_ E w), find a walk W on G that minimises

o) = 30 (#W () + #W(02) — u(v)) (52)

veV
where #W (vy) and #W (v_) are the number of times W wisits vy and v_, respectively.

Finally, when the pangenomes under consideration are human, we need to account
for individuals having two copies of each chromosome. DNA of this type is known as
diplord. We therefore need to find a pair of walks W; and W, through an oriented
graph that combine to explain the data. We thus have Diploid Tangle Resolution:

Problem 5.1.3 (Diploid Tangle Resolution). Given a vertez-weighted, oriented graph
G = (VL UV_ E w), find a pair of walks Wy, Wy on G that minimise

Co(Wi, W) =3 ( (#Wi(m) v #Wi(v,)> - w(v)) , (5.3)

veV i=

where #W;(v+) and #W;(v_) are the number of times walk W; wisits vy and v_,

respectively.

This formulation naturally extends to polyploid data by increasing the number of

walks; we will not consider that setting here.

5.1.2 Mapping the optimisation task to quadratic unconstrained
binary optimisation

The QUBO formulation defines a class of optimisation problems characterised by the

minimisation of a quadratic polynomial over binary variables ;. Since z? = x; for

P =

x; € {0,1}, any linear term can be absorbed into the quadratic form; constant offsets



68 Pangenome-guided sequence assembly via binary optimisation

merely shift the energy landscape without altering the optimal assignment. Therefore,

the objective can be formally defined as

er}(l)i}l}}n v M, (5.4)
where M € R™" is a symmetric, real-valued square matrix.

QUBO problems exhibit a high degree of expressivity, enabling them to represent
classic combinatorial optimisation problems such as MAX-CUT and the TSP, while also
remaining tractable to modern solvers at moderate sizes. Constraints are incorporated
into the objective function through penalty terms. Solution techniques include generic
branch-and-bound methods, as employed by commercial solvers such as Gurobi, as well
as domain-specific heuristics, such as those implemented by the open-source library
MQLb.

QUBO is equivalent, under a linear change of variables, to the Ising model in
statistical physics, a formulation extensively used in quantum annealing devices such as
those developed by D-Wave Systems. As such, QUBO is widely employed in quantum
computing contexts, where its unconstrained nature and binary domain align with the
hardware capabilities of current quantum and neuromorphic processors.

Notably, however, the QUBO formulations of many classic graph-traversal problems,
such as the TSP, require quadratically many variables, traditionally using binary
variables x with two indices ¢ and v, where z;, = 1 if the solution path visits vertex v
at time t.

We propose a QUBO formulation for problems 5.1.1, 5.1.2 and 5.1.3. For concrete-
ness, we describe the simplest, problem 5.1.1.

Similar to QUBO forms of the TSP, our formulation uses quadratically many
variables. In particular, our formulation uses (N + 1)T" variables, where N = |V| is the
number of vertices in the graph and 7' is the maximum length of a walk we consider.
In practice, we choose T'=a' ), .\, w(v) for some constant a > 1, which we usually
take equal to 1.2. This allows walks to visit some vertices more than the data suggests
if doing so significantly improves the quality of another part of the solution. The extra
vertex introduced is a virtual “end” node with no sequence data attached. A walk
can spend several consecutive time steps in the end node without incurring any cost,
allowing walks to effectively finish early. However, any step that leaves the end node is

heavily penalised. A sketch of this process is given in fig. 5.2.
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W) U Uz Uy end

Fig. 5.2 A sketch of the procedure for converting a graph-traversal problem to a QUBO
problem. (Left) A graph annotated with weights, corresponding to a pangenome with
reads aligned. Also shown is the virtual “end” node used in the QUBO formulation.
(Right) A diagrammatic representation of the QUBO, with binary variables z; , shown
as squares that are filled if z;, = 1. Some of the constraints that we impose are
highlighted: in green, the constraint that a single variable is “on” at time 2; in purple,
that the path traverses a graph step going from time 3 to 4; and in red, that the path
visits vertex u; twice, according to its weight.

The total cost function consists of three parts: the first is a Lagrange multiplier
term enforcing one-vertex-per-time; the second is a multiplier term enforcing valid
graph-edge traversal; the final term encodes the cost function C(W).

In particular, we write the QUBO cost function as Qe({z:0}) = Q&({xin}) +

QG({wro}) + QG ({wv}) where

Qc({re0}) =M Z (Z Tt + Tend — 1) ; (5.5)

t=1 \veV
QG({xtv} = A2 (1 - Z Tl v’]l((v U S E th v 41 end) ) (56)
t=1 v’ eV veV
2
Q({x10}) = Z (thv — ) ) (5.7)
veV

The choice of Lagrange multipliers A;, and As requires empirical calibration. If they are
sufficiently large, then we can guarantee that the assignment that minimises Q¢ ({xt,})
encodes a walk that minimises C¢(W). However, if they are too large, then the energy

landscape will have steep valleys around assignments that satisfy the constraints, and
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changes in the cost function will be nearly indistinguishable to the optimiser. We find
that intermediate-size values of A; = 10 and Ay = 5 work well in practice.

To extend this method to Oriented Tangle Resolution, we introduce a pair of
variables for each vertex and each time, resulting in (2N + 1)T" variables. For Diploid
Tangle Resolution, we further introduce a new set of variables for the second path,
resulting in 2(2N 4 1)T variables.

5.1.3 Mapping the optimisation task to higher-order uncon-

strained binary optimisation

The quadratic scaling in the QUBO formulation’s number of variables limits the
practical problem size on current hardware. A HUBO formulation reduces variable
count by encoding each node index in binary rather than enumerating all node-time
pairs. HUBO formulations are more expressive than QUBO, with terms containing
products of arbitrarily many binary variables; the downside is that (classically) solving
them is generally more difficult and less well-explored in the literature. Notably,
however, HUBO may not have such a large solution overhead when mapped to QAOA
algorithms on quantum computers. In that setting, each layer of the cost Hamiltonian
now contains multi-qubit Z rotations, rather than only single- and two-qubit rotations.
These gates need to be compiled down to 2-qubit gates, but constructions that are
linear in the number of qubits involved exist [122]. Careful circuit compilation can
further reduce the depth overhead; see section 5.4.2 and appendix D for details.

For a HUBO formulation of Tangle Resolution, we again add a virtual “end” node
to the set of vertices, leading to N + 1 sites for the walk at each time step. Let
n = [logy(N+1)] and define binary variables {z; ,} fort =1,...,Tand k = 0,...,n—1.
For each time ¢, the variables {x;, ..., z:,_1} encode some integer X; in binary. When
all X; < N, (Xy,...,X7) can be interpreted as a walk on the graph; otherwise, the
solution is infeasible.

First, we note the following identity, which holds for binary variables x and y:

1 2=y,
l—x—y+22y= Y (5.8)

0 z#uy.

By taking the product of n terms of the form of the LHS of eq. (5.8), we can construct

an indicator function for the encoded integers X;. For an integer i € {0,..., N}, let
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(bo, b1, ...,b,_1) be its binary encoding. Then we have

R 1 X, =i,
10X, =) = TT(1 = bk = up + 200 21 ) = (5.9)
k=0 0 otherwise.

The cost function now consists of two terms. The first adds a penalty whenever
subsequent X;, X;.; do not represent a valid edge of the graph. The second is the
objective term that encodes the node-frequency matching. The HUBO cost function
corresponding to problem 5.1.1 is then Ho({x; x}) = Ht({x x}) + HE({x1,x}) where:

He({wei}) =M 3 [1 - i(ﬂ(Xt =1i)- ( > X1 =) + 1(Xpy = N)))] ;

=t = (i,jJ;EE
(5.10)
2({zer}) : Z(Z]l (X, =4) —w(i )) . (5.11)

5.1.4 Mapping binary optimisation to adiabatic optimisation

Quantum adiabatic optimisation algorithms take as input a Hamiltonian H chosen so
that the ground state of H encodes an optimal assignment to some cost function.

In the case of binary optimisation, the choice of H is simple. Let C'({x;}) be some
cost function on binary variables z;. Let Ho be the Hamiltonian obtained by replacing,
for each i, every occurrence of z; in C'({z;}) with (I — Z;). Since Z|0) = |0) and
Z 1) = —|1), we have $(I — Z) |b) = b|b) for b € {0,1}. We can then easily check that

Helz) = C(a)|z) ¥z e {0, 1} (5.12)

Therefore, the energy of any computational basis state |z), (x| Ho |z), exactly corre-
sponds to the cost of the assignment .

A further benefit of converting binary cost functions to Hamiltonians is that the
circuits to sample from during the quantum optimisation are relatively simple. Recall
that a QAOA circuit consists of p repetitions of a cost layer and a mixer layer, where
the cost layer is given by exp(—iyH¢). Since all Z; operators commute with each other,
this exponential decomposes to a simple product of terms; namely, a product of Z

interactions exp(—ivZ ® ... ® Z). The number of qubits in any interaction is limited
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by the degree of the cost function. In particular, only one- and two-qubit gates are

required for a QUBO cost function.

5.1.5 Evaluation methods

Both the QUBO cost function Q)¢ and the HUBO cost function Hg are chosen so
that a walk on the graph that perfectly explains the weight data has zero cost. Any
discrepancies in the weights incur a slight cost increase; any illegal graph steps, or, for
QUBO, any time when not exactly one variable is “on,” incur a significant penalty. These
costs, however, may not perfectly reflect the quality of the solution to the underlying
sequence-assembly task. To evaluate biological accuracy, graph-level solutions are
mapped back to sequences and compared with known ground truths from synthetic
pangenomes.

Candidate assemblies are aligned against the known truth using standard bioin-
formatics tools. This produces one or more alignments, each representing co-linear
matches between the candidate and true genomes, being broadly equivalent to the
contigs produced by a de novo assembler. Each alignment may, in turn, have more
minor variations that were not deemed significant enough to break the alignment into
two. This gives us a unified way to compare pangenome path reconstruction against
more traditional de novo sequence assembly tools. We report the number of contigs
and align them against the true genome to identify the proportion of the true genome
that we have sampled, and vice versa. This two-way approach permits us to spot over-
and under-calling of copy-number variations.

These provide basic evidence on the contiguity of the assembled data, but not
its accuracy. To this end, we also report the number of breaks when aligning these
contigs back to the true genome (representing incorrect path forks or large indels that
cause a supplementary alignment). These are analogous to false joins from a de novo
assembler. Generally, more contigs are preferred to incorrectly joined contigs, but the
relative weighting of the two is a subjective decision. For finer-grained evaluation, we
also report small insertions and deletions (> 10 base pairs), regions of substantial base
variation (multi-nucleotide polymorphism with 30% variance within a 100 base pair
window), and an overall percentage identity.

A further optional refinement step is to realign the short reads back to the generated
candidate genome sequence. This corrects for novel mutations in this sample or

simplifications made during the pangenome creation step.
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5.2 Classical approaches

The primary benchmark for existing methods is pathfinder [121]. Pathfinder is a
submodule from the Oatk package, a tool for resolving plant organelles using high-
accuracy long reads. While this application is far from our current setting, the methods
are related. In particular, pathfinder also assigns weights to a graph and then searches
for a walk that explains the data. However, it proceeds via an exhaustive search rather
than an optimisation. To the best of our knowledge, this is the software package that

gives the fairest comparison with our results.

5.2.1 Pangenome-guided assembly versus de novo assemblers

We first determine whether pangenome-guided assembly is an appropriate strategy
when compared to state-of-the-art de novo assemblers. A comparison of pangenome-
guided assembly of synthetic data using pathfinder with de novo sequence assembly
is shown in table 5.1. The primary difference lies in the number of contigs returned.
Table 5.1 shows that a pangenome-guided approach resolves short reads into only 1-5
long contigs, reconstructing most of the genome with only minor errors; conversely, de
novo methods leave 15-30 contigs. This simplification dramatically reduces downstream
ordering complexity, at a small cost in false joins (alignment breaks). Optimising
the path sequence by realigning the short read data against it and producing a new

consensus further improves accuracy across a range of measures.

5.2.2 Comparing optimisation approaches to pathfinder

We benchmark the performance of our formulation using two classical optimisation
suites. Gurobi [123] is an industry-standard package that employs branch-and-bound
methods to find provably optimal solutions to a range of optimisation problems,
including mixed-integer quadratic programming tasks which admit QUBO as a special
case. MQLib [124] is a package that provides fast implementations of several heuristics
for QUBO. We use the multistart tabu search strategy introduced by Palubeckis [125],
as it performs most consistently across our instances.

We test the performance of each solver — pathfinder, Gurobi and M@ Lib — on graphs
obtained with each annotation strategy — GraphAligner, minigraph and the in-house
kmer2node tool. We use the Oriented Tangle Resolution problem, defined in section 5.1,
as it captures the biological nature of the task while being simpler than the Diploid

version, making it easier to benchmark across all solution strategies.
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Table 5.1 Performance of pangenome-guided mapping of short-read data using mini-
graph, GraphAligner, vg giraffe and kmer2node weight assignments with the pathfinder
solver, compared against pure de novo sequence assembly from syncasm and miniasm.
Averaged statistics from 51 seeds with five alignments each. Pathfinder results are
presented twice, evaluating the original concatenated path and an optimised path
formed by realigning all the short-read data back to the original path to produce a
refined consensus sequence. Columns represent the proportion of the true genome
covered by the assembly result (%Cov.), and the percentage of this result covered by
the true genome (%Used), the number of contigs (Contigs), the number of breaks in
alignment of assembly to the actual sequence i.e. false joins (Breaks), the number
of large indels (Indels) and regions of significant runs of differences (Diffs), and total
percent identity between assembly and true genome (% Ident) — See section 5.1.5 for
further details.

Annotator/

Assembler %Cov. %Used Contigs Breaks Indels Diffs %lIdent.
Kmer2node 86.7 93.2 2.8 1.9 1.3 0.2 96.9
Minigraph 84.0 90.9 4.7 2.4 1.0 0.0 97.2
GraphAligner 92.4 91.8 1.7 2.0 1.6 0.2 96.9
Giraffe 91.8 91.5 1.6 2.3 1.5 0.1 96.9
Kmer2node-opt 86.8 94.1 2.6 1.5 0.6 0.3 98.7
Minigraph-opt 84.4 92.7 4.3 1.8 0.3 0.1 99.2
GraphAligner-opt 92.7 92.5 1.6 1.7 0.8 0.3 98.6
Giraffe-opt 92.1 92.0 1.5 1.9 0.8 0.3 98.6
Syncasm 91.6 86.2 31.3 0.0 0.1 0.0 100.0

Miniasm 81.5 91.3 14.8 0.1 0.1 0.0 99.6
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Table 5.2 Performance of pangenome guided mapping of short-read data using mini-
graph, GraphAligner and kmer2node weight assignments with the MQLib, Gurobi and
pathfinder solvers. Averaged statistics from 20 seeds with five alignments each. MQLib
and Gurobi were given 300 seconds per run, with three runs per alignment.

Annotator  Solver %Cov. %Used Contigs Breaks Indels Diffs %Ident.
— Gurobi 85.60  83.85 1.92 531  1.09 0.8  98.45
Al.ap MQLib 86.90 7775  1.73 676  1.08 0.19  98.42
enet Pathfinder ~ 86.74 9142  1.73  2.09 097 033  98.21
Gurobi 82.50  92.07 373 217 086 0.17  98.82
Kmer2node MQLib 82.36  92.88 368 195 090 0.15 9875
Pathfinder  81.55  92.01 385 176  0.88 0.19  98.70
Gurobi 80.09  89.92 674 170  0.63 0.12  99.09
Minigraph ~ MQLib 79.40  90.31 647 1.52 056 0.09  99.14

Pathfinder  78.51  90.06 6.74 1.52 0.52 0.11 99.17

We test each combination on 20 synthetic pangenomes with an average of 77.8
nodes, with five sequences aligned to each graph. Gurobi and MQ)Lib are given time
limits of 5 and 300 seconds to test whether higher quality solutions are obtained at long
run times. These classical optimisers are allowed three runs per sequence and per time
limit to account for variations in solution quality due to their heuristic nature. The
averaged results are given in table 5.2. Radar charts showing the average performance
across the metrics discussed in section 5.1.5 are given in fig. 5.3. Figure 5.3a shows that,
for any choice of annotation strategy, each of the solvers is broadly competitive with
the others. With kmer2node or minigraph annotations, the solvers yield comparable
average-case results. The starkest difference comes when GraphAligner is used. In that
case, pathfinder reports more large differences than either MQLib or Gurobi, but fewer
breaks and slightly fewer large indels on average. The large number of breaks in the
QUBO solver results may be due to not taking into account edge weights, which can
help to resolve inversions: see section 5.5 for a brief discussion.

As well as average-case performance, it is illuminating to see how the combinations
perform on specific instances, particularly hard ones. Violin plots showing the average
of the “Covered” and “Used” statistics across all instances are given in fig. 5.3c. When
GraphAligner is used to annotate graphs, it is clear that pathfinder outputs high-quality
solutions on a majority of instances. However, a very low worst-case outcome drags

down its average performance. For the other annotators, the QUBO solvers are much
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classical solver.

Fig. 5.3 (a), (b) Radar charts comparing the performance of each combination of
annotation strategy: GraphAligner, kmer2node and minigraph; and classical solver:
Gurobi, MQLib and pathfinder. The seven axes plotted are the evaluation criteria
discussed in section 5.1.5. For each, the number in brackets corresponds to the
outermost point on that axis. For the lower half of each plot, points further out along
the axis correspond to fewer contigs, breaks, and so on. (c) Violin plots showing the
per-instance performance of Gurobi, MQLib and pathfinder.
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Table 5.3 Performance of pangenome guided mapping of short-read data using minigraph,
GraphAligner and kmer2node weight assignments with the D-Wave and pathfinder
solvers. Averaged statistics from 10 seeds with three alignments each. D-Wave was
given 60 seconds per run, and two runs per alignment.

Annotator  Solver %Cov. %Used Contigs Breaks Indels Diffs %Ident.

Graph D-Wave 80.64  86.31 1.10 5.33  0.63 0.10 99.03
Aligner pathfinder 93.24  92.29 1.10 177 083 0.10 99.22

D-Wave 85.02 9245 1.97 2.87 0.57 0.20 98.87
pathfinder  85.69 94.44 1.90 1.27 0.77 0.13 99.08

D-Wave 86.29  94.29 3.50 1.63 0.23 0.03 99.59
pathfinder  86.03  94.43 3.53 1.27 0.33 0.03 99.58

kmer2node

minigraph

more competitive, with plots that are similarly shaped across both the minigraph and

kmer2Znode settings.

5.3 Quantum annealing

To explore the potential of QA, we perform a range of experiments using D-Wawve’s
Leap hybrid solver [126], which combines classical heuristics with quantum processing.
The Advantage?2 system has 4,400 qubits arranged in a lattice structure, around 30
times larger than the largest commercially available gate-model machines.

We test D-Wave on 10 pangenomes, each with three sequences to be aligned. Due
to limited access to D-Wave systems, we tested on smaller instances with an average
of 44.4 nodes per graph. The annealer was allowed two runs per sequence, with a time
limit of either 30 or 60 seconds. Results are given in table 5.3 and visualised in fig. 5.4.
For the instances tested, there is a clear benefit to using minigraph as an annotator; in

that case, D-Wave performs almost identically to pathfinder.

5.4 Quantum adiabatic optimisation algorithms

We perform a thorough classical simulation benchmark of the QAOA algorithm for
Tangle Resolution. While the exponentially scaling cost limits the size of the problem
instance we can explore, our results demonstrate the feasibility of our method for future

runs on real hardware.
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Fig. 5.4 (a), (b) Radar charts comparing the performance of each combination of
annotation strategy: GraphAligner, kmer2node and minigraph; with quantum annealing
solver D-Wave or classical solver pathfinder. The seven axes plotted are the evaluation
criteria discussed in section 5.1.5. For each, the number in brackets corresponds to the
outermost point on that axis. For the lower half of each plot, points further out along
the axis correspond to fewer contigs, breaks, and so on. (¢) Violin plots showing the
per-instance performance of D-Wave and pathfinder.
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Simulations used the GPU-accelerated Qiskit Aer package, and were run using up
to 4 Nvidia H-100 GPUs and up to 512 GiB of RAM. All of our simulations contain
shot noise to emulate hardware measurement statistics.

Convergence was greatly enhanced by using the Conditional Value at Risk (CVaR)
objective, which focuses optimisation on the lowest-energy samples. Recent studies
have justified CVaR both analytically [127] and empirically [127-129]. We also find that
we can significantly increase simulation speed by improving the efficiency of classical
sample processing. A naive sample-by-sample evaluation of the incurred cost takes
time comparable to that of the circuit simulation. Using bitwise operations reduces

the classical processing time to a negligible fraction of the quantum simulation time.

5.4.1 QAOA applied to the QUBO formulation

We use the advanced QAOA circuit compilation techniques described in [59] and [130]
and implemented by IBM staff members on Github. These methods reduce QAOA
circuit depth by finding an initial qubit layout on the hardware and a shallow network
of SWAP gates that enable implementation of each QAOA interaction.

In general, a linear-depth SWAP network is needed to achieve all-to-all connectivity;
in practice, a much smaller depth suffices for reasonably sparse Hamiltonians. To find
this depth, Matsuo et al [130] propose a SAT-based approach. They first fix a SWAP
strategy based on the hardware under consideration; for example, a simple brickwork
pattern for linear nearest-neighbour connectivity.

For some fixed number of layers d of this strategy, one can efficiently compute all
the pairs of qubits that are neighbours at some point during the SWAP network. Let
X be the set of the device’s physical qubits. For some physical qubit z € X, let Ny(z)
be the set of all qubits which neighbour x at some point in the d layers of SWAPs. The
aim is to map the qubits from the Hamiltonian onto physical qubits in such a way that
every two-qubit interaction is mapped onto initial physical locations that will become
neighbours at some point. To achieve this, a Boolean variable (i, x) is assigned to
each possible pairing of virtual qubit ¢ and physical qubit . A standard Conjunctive
Normal Form (CNF) formula is created that is satisfied if and only if each virtual qubit
is mapped to a unique physical qubit. Then, for each two-qubit interaction, several
CNF terms are added that are collectively satisfied if and only if that interaction can

be implemented. In particular, an interaction between virtual qubits (i, 7) leads to
CNF terms

{ﬁ(i, 2\ Gy :xEX}. (5.13)

yENg(z)
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Fig. 5.5 The use of edge colouring to efficiently implement two-qubit gates on the IBM
heavy-hex layout. (Left) Three cells of the heavy-hex layout and the corresponding
3-colouring. Some of the qubits are assigned a virtual qubit index. (Right) Part of
a quantum circuit that implements all pairwise interactions of a heavy-hex layout in
circuit depth 3. Vertical barriers separate operations applied at different circuit layers.

In words, each added term reads: “if ¢ is mapped onto x, then 7 must be mapped onto
some y that neighbours x.”

The conjunction of all these terms and the 1-1 mapping CNF leads to a CNF that
is satisfiable if and only if every interaction can be implemented in SWAP depth d. A
binary search over d ensures that a layout which minimises the required number of
SWAPs is found.

Between each SWAP layer, there is a set of interactions that can be implemented
on the current qubit layout. These are ordered by finding a minimal edge colouring of
the hardware coupling map and partitioning the interactions according to the colour
of their corresponding edge. For example, the heavy-hex layout of current-generation
IBM hardware permits a 3-colouring. Therefore, the interactions between any pair
of SWAP layers can be implemented in depth at most 3. An illustrative example is
provided in fig. 5.5.

Compiled circuits were simulated with up to 35 qubits. We also performed small
experiments on real quantum devices; a comparison of simulated and actual performance
for one such experiment is provided below.

Figure 5.6 shows the results of simulating the QAOA algorithm with p = 4 on a
small Oriented Tangle Resolution problem. The circuit has 10 qubits, 496 two-qubit
gates, and a two-qubit depth of 112 after compilation to the IBM-native gate set. 256

samples were taken at each iteration, and a maximum of 100 iterations was allowed.
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Fig. 5.6 Plots showing the performance of a 10-qubit QAOA simulation for Oriented
Tangle Resolution.

The simulation took under 20 seconds to run on a single CPU and GPU, including
circuit compilation time. Figure 5.6b demonstrates the successful convergence of the
QAOA procedure. The simulated quantum computer sampled the optimum repeatedly
and had several other samples at the same energy as the best random samples. The
use of CVaR prevents the optimiser from seeing high-energy solutions, so there are
many QAOA samples on the RHS of fig. 5.6b.

Figure 5.7 shows the results of running the same QAOA algorithm, with the
same initial conditions, on an actual quantum device. The device used is the IBM
Strasbourg computer, an Eagle R3 device with 127 qubits in a heavy-hex layout and an
average 2-qubit error rate of approximately 3 x 1072, The whole computation took 213
seconds. Each of the 55 iterations of the algorithm used less than 1s of QPU time; the
remaining time is comprised of classical computation, communication with the device
and preparing the device for the next iteration.

Device noise degraded the optimiser’s convergence. Nonetheless, Figure 5.7b still
shows a non-trivial shift of probability mass towards lower-energy solutions. Moreover,
the optimal solution was again sampled, and several other low-energy solutions were
found. Future work will integrate Pauli twirling and measurement-error mitigation to
improve stability.

To better understand the performance of hardware devices, we then considered
a sampling-only task. In this variant, the QAOA circuit parameters were optimised

classically by sweeping over the parameter space using local searches at each iteration.
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Fig. 5.7 Plots showing the performance of a 10-qubit QAOA hardware experiment for
Oriented Tangle Resolution.

We consider the same Oriented Tangle Resolution problem on 10 qubits, now with
p = 3. Figure 5.8 shows the sample density of low-energy solutions when sampling from:
the noiseless, classically-computed statevector; the IBM Aachen Heron device with
4096 shots; or a uniformly random distribution. The noiseless statevector achieves an
8.8x improvement in the rate of optimal solutions over random samples; the physical
device achieves a factor of 3.4x. Since we are considering a sampling task, increasing
the sample overhead by a factor of K > 1 can be seen as a crude but effective form of
error mitigation. For these small circuits, a relatively modest overhead would suffice to
recover an equivalent set of high-quality results. As circuit size grows and errors become
more common, K must also increase. For QAOA circuits, provable performance bounds
result from taking K = (LF)P, where LF is the layer fidelity of the cost Hamiltonian
layer [131]. As the experiment size increases, a low-cost calibration experiment to

compute the LF will enable our algorithms to converge.

5.4.2 QAOA applied to the HUBO formulation

The circuit compilation techniques of [59, 130] are designed explicitly for QUBO-QAOA.
First, the SWAP strategies proposed are chosen to ensure that all pairs of qubits are
neighbouring on the physical hardware after a minimal number of SWAP layers. This
suffices to ensure that any QUBO-QAOA cost layer can be implemented. However,

there is no guarantee that higher-order interactions become feasible. Moreover, the logic
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Fig. 5.8 A histogram comparing the low-energy sample density of an optimised QAOA
circuit when it is simulated noiselessly and when it is executed on a quantum device.
Also shown are the sample densities of a uniformly random distribution.

for ordering interactions between SWAP layers relied on an edge-colouring argument
that holds only for degree-2 interactions.

We address each of these limitations, leading to a novel method of HUBO-QAOA
circuit compilation that achieves a 30 ~ 60% reduction in circuit depth compared to
the state-of-the-art general-purpose Qiskit transpiler.

For the former issue, we first modify the SWAP strategies defined in [59] to increase
mixing and, consequently, the number of higher-order interactions. We then define

a similar CNF formula as introduced by Matsuo et al. [130]. Assume we have fixed

some number of swap layers, d. Let Ny(x1,...,z5_1) be the set of qubits y for which
{z1,...,2x_1,y} form a contiguous group at some point in the first d layers of SWAPs.
For an interaction between virtual qubits (i1, ..., i), we now add terms
k-1
{\/ (i a)V N e ) @ me) € X®k‘1}. (5.14)
=1 YEN (T1,...,Tk—1)
In words, each term reads “if i1, ...7,_1 are mapped to z1,...,x;_1, then i, must be

mapped to y € Ny(z1,...,25-1)."
Due to the large number of CNF terms and the computational cost of calculating

Ny(xy,...,25_1) for large k, we usually limit the maximum size of interactions that



84 Pangenome-guided sequence assembly via binary optimisation

we consider for the CNF formula to six. Moreover, we can no longer guarantee that
the CNF formula becomes satisfiable for some sufficiently large d. We therefore take a
MAX-SAT approach, aiming to find an initial qubit layout that implements as many
interactions as possible. The remaining interactions are applied one by one “manually”
at the end, using SWAPs as necessary. Rather than a provably minimum number of
layers as in the QUBO case, we now seek a SWAP depth d that effectively balances the
cost of SWAP layers with the cost incurred by manually implementing the interactions
at the end. We sample a range of d and choose the one which minimises the overall
circuit depth.

Once we have chosen a SWAP depth and the corresponding initial qubit layout,
the interactions between each SWAP layer must be implemented efficiently. The edge-
colouring strategy no longer holds due to the presence of multi-qubit interactions, which
must be compiled down to sequences of two-qubit gates. In a naive implementation,
the multi-qubit Z-rotations are compiled to a ladder of CX gates, a single-qubit R,
and the inverse CX ladder. We instead implement a bespoke heuristic strategy that
dramatically reduces the number of CXs. We implement two versions: the former
performs multi-qubit rotations with an R, gate, whereas the latter uses an R, gate.
We identify sequences of interactions that can be performed with the R, or R,, gate in
a fixed qubit location, iteratively building information onto and off the target qubit(s)
between each interaction. Doing so effectively corresponds to massive cancellations
in the CX ladders of a naive implementation. An example of this strategy applied
to four interactions on a linear nearest-neighbour topology is shown in fig. 5.9; we
have also implemented strategies on heavy-hex and grid layouts. More details on the
logic behind the transpilation of interactions at each layer, including a pseudocode
implementation, are provided in algorithm 3 of appendix D.

In table 5.4, we compare the results of using our bespoke transpilers with the
inbuilt Qiskit transpiler at the highest level of optimisation. Across all instances, we
see that both our methods achieve reductions in both the two-qubit gate count and
depth. Our transpilers are designed with depth in mind, which explains their generally
stronger performance in that regard. The R, version also uniformly outperforms the
R, version, which would generally be expected due to using a single R,, in place of
a pair of C'Z gates around an R, gate. We achieve at least a 32% and up to a 61%
reduction in circuit depth compared to the Qiskit transpiler, which already contains
advanced circuit compilation and layout techniques. These optimisations are crucial

for near-term devices, where shallow circuits mitigate noise.
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Fig. 5.9 An example of bespoke HUBO-QAOA transpilation on a linear nearest-
neighbour topology. Dots represent qubits participating in a Z-rotation. (Upper-left) A
sequence of 4 interactions involving 3 to 5 qubits. (Upper-right) The compiled circuit,
using our transpilation strategy, comprises 10 CX gates and 4 R.. gates. The orders of
interactions 1 & 2 and 3 & 4 were swapped. Interaction 3 was implemented without
any SWAP gates, even though it was not connected in the topology. Two of the CX
gates added as part of the transpilation logic can be trivially cancelled. (Lower) The
naively compiled circuit comprises 22 CX gates, 2 SWAP gates and 4 R, gates. Qiskit’s
inbuilt transpiler at the highest optimisation level achieves only two fewer two-qubit
gates.



86 Pangenome-guided sequence assembly via binary optimisation

Table 5.4 A table comparing the two-qubit gate count and two-qubit depth of HUBO-
QAOA cost Hamiltonians across different circuit transpilation methods. The “Default”
columns refer to using the standard Qiskit transpiler with optimisation level 3. The
R, and R,, columns refer to using our custom transpilers, where the rotations are
performed with either R, or R,, gates, respectively.

% count % depth
. Two-qubit gate count ¢ Two-qubit depth 0 CeP
q g . q p .
Qubits reduction reduction

Default R, R, R, R,, Default R, R, R, R,,

6 106 89 78  16.0 264 95 66 o7 30.5 40.0
8 827 622 564 248 31.8 748 492 445 342 405
9 367 240 200 34.6 45.5 322 171 145 469 55.0
10 3523 3193 2727 94 22.6 3086 2418 2093 21.6 32.2
12 600 424 396 29.3 34.0 205 235 198  53.5 60.8
15 7028 6488 5416 7.7 229 6024 4303 3623 28.6 39.9
16 3142 2336 2045 25.7 349 2589 1171 1084 54.8 58.1
20 3724 3108 2756  16.5 26.0 3109 1481 1260 52.4 59.5

5.5 Discussion and future work

This chapter demonstrates a proof-of-concept pipeline for pangenome-guided short-
read assembly using binary optimisation methods. The approach improves assembly
contiguity while maintaining accuracy and is scalable to both classical and quantum
architectures. Optimisation-based methods are robust in repetitive regions, where
noise in copy-number estimation affects prescriptive tools such as pathfinder.

Our pipeline comprises three main stages: graph annotation, copy number esti-
mation and path finding. Among annotation tools, minigraph produced the most
accurate assemblies with minimal breaks and indels, though at the cost of slightly more
contigs. For copy number estimation, we rely solely on pathfinder’s capabilities. Further
exploration in this direction could be fruitful; one option is to train a machine-learning
model to perform this task.

Our classical binary optimisation methods perform competitively with the state-
of-the-art pathfinder tool. On the intermediate-size instances we test, the classical
optimisers report good results within reasonably short time limits, often reporting
better solutions than pathfinder on specific problems. Such solvers could complement

existing pipelines by generating alternative assemblies for consensus refinement.
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Quantum annealing results were encouraging on a set of middling-complexity
problems, with solution quality broadly similar to pathfinder, even with only short time
limits. This is a positive sign of the potential for QA to solve industry-scale problems
in the future as hardware continues to improve. However, there is currently no evidence
of utility in using these systems for our problem.

QUBO-QAOA simulations confirmed feasibility on small problems, and HUBO-
QAOA methods provide a path to tackling larger ones. While performing a hardware
experiment at industry scale is required to make any serious claims about quantum
utility in this domain, we see this as a promising proof-of-principle.

Key open directions include:

1. Edge weight integration: incorporating edge weights into QUBO or HUBO for-
mulations could better capture biological linkage and reduce the number of
false joins, but requires handling inherently higher order terms and increasing

interaction density in cost Hamiltonians.

2. Node-size weighting: larger nodes exhibit more reliable kmer statistics and are
more significant for solution quality. They could be emphasised by modify-

ing eq. (5.1) to

Cal) = 3 lo(L() (#W () — w(v)) (5.15)

veV
where L(v) is the sequence length of v.

3. Diploid extensions: benchmarking the performance of solvers on the Diploid
Tangle Resolution problem will require more complex post-processing and analysis,

such as allele-phasing metrics to evaluate correct chromosome assignment.

Overall, these results highlight the promise of hybrid quantum-classical optimisation
for large-scale bioinformatics problems and lay the groundwork for exploring quantum

utility in computational genomics.






Chapter 6
Conclusions

This thesis has explored methods through which theoretical research can advance
near-term quantum computational utility. The overarching objective has been to
design algorithms that address classically challenging, application-relevant tasks, while
remaining compatible with the limitations of present-day quantum hardware.

The work took place at a pivotal stage in the evolution of quantum computing.
Device sizes have expanded from tens to hundreds of qubits, yet error rates remain
significant. Although hardware roadmaps promise steady progress, achieving practical
impact in the short term will depend on co-designing algorithms in concert with the

constraints and capabilities of physical devices.

Chapter 3: Simulation and learning of matchgate circuits

Chapter 3 investigated the simulability and learnability of matchgate-based
quantum computers, to delineate the boundary between classical and quantum com-
putational power. Understanding where efficient classical simulation remains possible
is essential: quantum utility cannot arise in regimes where classical methods can
reproduce quantum behaviour in polynomial time.

We derived an independent set of constraints that fully characterise Gaussian
states in eq. (3.28), enabling analytical results such as the classification of all linearly
dependent triples of Gaussian states in proposition 3.1.2 and an upper bound on the
Gaussian fidelity of Haar-random states in proposition 3.1.4.

In section 3.2, we developed a polynomial-query learning algorithm for Gaussian
operations, proposition 3.2.1.

Finally, we proposed a definition of the matchgate hierarchy, definition 3.3.1,
analogous to the well-known Clifford hierarchy, and showed that the Clifford hierarchy

is contained within it. We then proved that operations from the k™ level of the hierarchy
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can also be learned in polynomially many queries for any k& in proposition 3.3.1.

Chapter 4: Parameterized quantum algorithms for closest string
problems

Chapter 4 tackled the Closest String and Closest Substring Problems, funda-
mental tasks in string processing and especially bioinformatics. Framing them in the
context of parameterized complexity, we developed a trio of algorithms for the CSP
in propositions 4.0.1 to 4.0.3 and one for the CSSP, proposition 4.0.4.

The proposed algorithms for the CSP were:

1. A generic nested quantum search applicable to any distance metric.
2. A random-walk-based algorithm for the Hamming distance; and
3. A quantum dynamic programming algorithm for the Levenshtein distance.

We also presented a quantum approach to the CSSP based on a quantisation of a
search-based classical algorithm.

Each algorithm represents a speedup over classical baselines in its specialised
parameter regimes. Importantly, we established that the nested quantum search is
tight under the QSETH conjecture, marking one of the first parameterized tightness

results for quantum algorithms in computational biology.

Chapter 5: Pangenome-guided sequence assembly via binary
optimisation

Chapter 5 extended the exploration of quantum utility to bioinformatics, developing a
novel end-to-end framework for pangenome-guided sequence assembly based on
binary optimisation. The problem is chosen to be classically challenging yet amenable
to quantum optimisation methods.

Classical experiments using Gurobi and M@QLib demonstrated that optimisation-
based assembly can produce high-quality results, comparable to and occasionally
surpassing the classical state-of-the-art pathfinder, as seen in table 5.2. All pangenome-
guided methods significantly outperformed de novo assemblers across key metrics,
especially contig count.

Quantum annealing tests on D-Wave hardware confirmed feasibility for moderate
problem sizes, and classical simulations of QAOA validated the proof-of-principle on
gate-model devices. A HUBO-QAOA form reduced the qubit resources from O(n?)

to O(nlog(n)), and a custom transpilation method reduced the corresponding circuit
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depth by up to 60%, crucial steps for practical execution on noisy intermediate-scale
hardware.

The pipeline introduced in this chapter lays the foundation for quantum elements in
genomic analysis, highlighting current limitations and demonstrating promising routes

to quantum utility.

Outlook and future directions
Collectively, the research presented in this thesis advances both the theoretical
understanding and the practical realisation of near-term quantum algorithms. Several

main insights arise:

1. Boundaries of simulation: Identifying classically tractable circuit classes informs

domains where genuine quantum advantage could arise.

2. Parameterized complexity and algorithm design: Fine-grained parametrisa-

tion allows targeted speedups rather than general asymptotic ones.

3. Domain-specific design: Integrating quantum optimisation within bioinformatics
pipelines, such as pangenome-guided sequence assembly, leads to new algorithmic

ideas and improved performance.

Future work can build on these ideas.

The main open question of chapter 3 is to find low-rank decompositions of Gaussian
magic states, or to conclusively prove that none can exist, firmly defining the boundary
of classical simulation for these circuits.

Quantisations of more advanced or heuristic classical algorithms could give further
quantum speedups for the problems discussed in chapter 4.

Finally, from chapter 5, applying HUBO-QAOA approaches to biologically realistic
pangenomes and testing them on next-generation quantum processes will reveal the
potential for quantum utility in this domain.

Quantum computing is at a transitional moment: powerful enough to tackle practical
tasks, but constrained by noise and scale. This thesis contributes to navigating that
transition by proposing algorithms that are hardware-aware, domain-informed, and
mathematically grounded. By pursuing practical utility alongside theoretical rigour,
we move closer to a future where quantum computers play a role in solving problems

of genuine scientific relevance.
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Appendix A

Simulating matchgate circuits

A.1 Triples of Gaussian states

Proposition A.1.1. The manifold of solutions to the system of equations

4
F= {Z(—l)i%kl,kiam,ki =0:|z] =4, D0, z)={ki:i=1, ..., 4}} (A1)
i=2
has dimension 2n — 3.
For convenience, define for any = € A,, with || = w and 1s in locations ig, iy, ..., ty_1
the shorthand = = [ig, i1,..., iy_1]. In expressions such as [by, b1, o, ¢1], assume

bo < by and ¢y < ¢; and the sets {by, b1}, {co, c1} are disjoint, though their relative

order is unspecified.

Proof. Suppose a,» # 0 for some y* = [by, b1], which is required for a non-trivial
linearly dependent triple. For k = 2, 4, 6, define W), = {z € A,, : |z| =4, d(z,y) = k}.
First, consider & € W5. Then x = [by, b1, co, ¢1]. Since ay = ap,, 5, # 0, using the

constraint from eq. (A.1) gives:

1

Qbg, b1 ]

(580,61,00,01 b07b1’co’610[b0,c1]a[b1,co])a (AQ)

Qleg, 1] = Alby, co]A[by, 1] T 51
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where sg and s; are sign factors determined by the order of indices:

—1 if b0<00<01<b1 or Co<bo<b1<01,

+1 otherwise,

-1 if b < < bo,
and s; = s o ash (A4)

+1 otherwise.

Equation (A.2) fixes the (",?) amplitudes a, = i, that have d(y*, z) = 4. We

now show that all remaining constraints in F are automatically satisfied, leaving

(72‘) — (”;2) = 2n — 3 free variables. Thus, the manifold dimension is 2n — 3.

Let © € Wy. Then = = [by, dy, dy, ds] for k =0 or 1. The corresponding constraint
from eq. (A.1) reads

bk, do,d1,d2 bi,do,d1,d2

to 0Ny Q)+ T by, d]Vdo, do] T T2 by, do)A[do, dy] = 0, (A.5)

where the t; are again index-dependent signs:

—1 if dy < by < do,
to = 1 1 k 2 (A.6)

+1 otherwise,

—1 if by <dy or dy < by,
{ = k 0 2 k (A7)
+1 otherwise,

—1 it dy < by < dy,
and ty = boles ks (A.8)

+1 otherwise.

Each of a4, 4], ajdy, ds] & a[dy,q,] are fixed by eq. (A.2). Substituting in and multiplying

out ap,, ], the constraint now reads

bo,b1,d1,d2 bo,b1,d1,d2
Q[by., do) (SO Albo, dr) by, do] T 51 a[b07d2]a[b17dl]>

by,do,d1,d2 bo,b1,do,d2 bo,b1,do,d2
+1 Alby,, d1) (30 Afbg, do]A[by, do] + 51 a[bo,d2]a[b1,do})

by,do,d1,d2 bo,
+ 15 Q[by., do] (SO

tbk ,do,d1,d2
0

b1,do,d1 bo,b1,do,d1 _
A[by, do] Afby, d1] T S1 a[bo,dl]a[bl,do]) =0. (A9)

Labelling the terms of eq. (A.9) in order 1 to 6, we can pair them off as follows. If
k =0, pair (1,3), (2,5) & (4,6). If k£ = 1, instead pair (1,6), (2,4) & (3,5). Then it



A.2 An enet for the Gaussian states 109

can be shown that each pair sums to 0. For example, for £ = 0, we have:

bo,do,d1,d2 _bo,b1,d1,d bo,do,d1,d2 _bo,b1,do,d
(1)+(3) o tOO 0,041 2800 1,01 2+t10 0,01 2800 1,40 27 (Alo)
bo,do,d1,d2 _bo,b1,d1,d bo,do,d1,d2 _bo,b1,do,d
(2) + (5) X tOO 0,1 2810 1,041,422 +t20 0,1 2800 1,40 1’ (All)
bo,do,d1,d2 _bo,b1,do,d bo,do,d1,d2 _bo,b1,do,d
(4)_|_(6) o tl() 0,01 2510 1,40 2+t20 0,01 2310 1,00 1. (A12)
: : : bo,b1,d1,d2 bo,b1,do,d2
to and t; have the same sign only if dy < by < d;. In this case, s, and s

have different signs, as can be seen from checking the three possible relative locations
of by. Thus (1) + (3) = 0. The remaining cases can all be checked similarly.
A similar argument holds for y = [dy, di, do, d3] € W. ]

A.2 An e-net for the Gaussian states

Recall that we are seeking a finite set N/ C G,, such that for every |¢) € G,, there
exists ) € N with H\w . WZ))

< e. For each j € A,, define the regions
1

S, = {|¢> = 3 e i) € Gt o] 2 ley Vj’éAn}- (A.13)

j'eAn

The union {J; S; covers G,.
In each §;, Gaussian states are defined by amplitudes with labels within Hamming

distance 2 of 7, given by the set

with
le;] € 272", 1], (A.15)
el €10, ej] Ve € O\ {e). (A.16)

Let N = { 1)} C S; be a maximal set of states such that for any pair |¢;) , [¢r) € Nj,
3z e A, with dg(j, ) < 2 and | (z]ih;) — (z[s)| > 7. (A.17)
Let N =J ; Nj;. To show that N forms an e-net, we prove two lemmas:

Lemma A.2.1. Forn=2""¢, we have SUP|yes, i gen, H|@/)> - |@/~)>H1 <eVjeEA,.
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Lemma A.2.2. The cardinality of N is upper bounded by |Nj| < 287 +1p="".

Combining both results yields the following proposition, corresponding to proposi-

tion 3.1.3 in the main text.

Proposition 3.1.3. Let € = 27'. Then there is an e-net N with cardinality logy [N <
n* 4 3n® +n + In®.

Proof. By lemma A.2.1, we have

sup inf H |y — < sup sup inf ) — |1;>H <€, (A.18)

[W)EG [DYEN L jeA, [)eS; [D)EN; 1

so N is a valid e-net.
By lemma A.2.2 with n = 27"¢, we have
NI = Sl < 2t (o) (A.19)
J

— gniHdnian—n? (A.20)
Let € = 271, Then log, |N| < n* + 3n? + n + In. O

Proof of lemma A.2.2. Without loss of generality, consider the region Sy and sub-net
M.

We use a volume argument to estimate the number of states in the sub-net. Note
that each state [¢);) = > wea, Co [2) € Nj occupies a disjoint region of (})-dimensional
(complex) space with volume (7(%)?) (),

The centre of each of these disjoint regions lies in Sy. The volume of the total
region that they are contained in, V', can be estimated by integrating over each free
component ¢, with |z| < 2.

Viewed in R?, ¢, lies in an annulus with inner radius 23" and outer radius 1. The
inner radius comes from the requirement that ¢, is the largest component, and the
outer radius comes from the normalisation condition. Each ¢, with |z| = 2 certainly lies
in a disk of radius |¢y|. The total region that bounds the disjoint regions surrounding

each state extends at most 7/2 from each of these radii. Thus, we see that the volume
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V' is no greater than

1+ n n(n271)
V =27 /1” d?”o <7T<7’0 + §)Q> (A21)
272 -2

1+
. n\n(n—1)+1 2
P ) (A.22)
nn—1)+1 25
P 1 n(n—1)+1 217" n(n—1)+1
— o (L+n) — 2=) (A.23)
nin—1)+1 nin—1)+1
n2
< 2.7 . gninhHl (A.24)
< 2.0 gt = gt (A.25)
where eq. (A.24) holds for any n < 1.
The number of states in any N is then no more than
Vv
N < 0 (A.26)
(m(n/2)2)"?
< 22n2—n+1 X (4/,/T)n(n—1)/2 . n—n(n—l) (AQ?)
< 22n2_n+1 . 2n(n—1)/2 . n—n(n—l) (A28)
< 25m—gntly—n? (A.29)
< 23n2+1n7n2. ]
Proof of lemma A.2.1. We will frequently use the identity
|AB — A'B'| < |A— A'||B| + |B — B'||A"], (A.30)

Again, we focus on Sy without loss of generality. For any given state [i) € Sy, we
wish to find a [)) € N that is close to 1) and bound the distance.

Let [¢) = > ca. Col7) and ) = > e, Ca lz). By the definition of Ay given
in eq. (A.17), there exists a choice of |¢) such that:

Oy =l — G| <m, Vx| <2 (A.31)

Otherwise, |¢) would be in N, since Ny was chosen to be maximal.
Let Ag = Ay =7 serve as the upper bound for §, for all |z| < 2. We seek upper
bounds Ay, ..., A, for d, for |x| =4,...,n. We proceed by induction.



112 Simulating matchgate circuits

Suppose we have bounded §, < A, for all |z| = w', w' = 2,4, ...,w — 2. For
any |r| = w, we have a constraint cyc, = f,, where f, consists of an alternating sum
of (w — 1) terms of the form ¢,c, with |y| = 2 and |y'| = w — 2. We have a similar

constraint ¢é, = f, for the amplitudes of |¢)). We may then bound d,:

Op = |Cx — Gy (A.32)
L (A.33)

Co Co
< Jeol o™ (10 — coll ol + laollfe = el ) (A.34)

where the last line follows from eq. (A.30). We can bound each term in this expression:

ool 71 13T < 277 (A.35)
|Co — co| = do < Ag = Ao, (A.36)
| fal = leollcal <1, (A.37)

|Go| <1, (A.38)
w—1

o = fol < leyey — 6,8y (A.39)
=1

< (w—1)(Ag + Ay_2), (A.40)

where eq. (A.39) follows from the triangle equality and eq. (A.40) from eq. (A.30).
Substituting in to eq. (A.34), we obtain:

0p <2V Ag+ (w — 1)(Ag + Ay_2)) (A.41)
Since this is true for any = with |z| = w, and Ay < A, _5, we may choose
Ay =2""12w — 1)Ay_o. (A.42)
The solution to this recurrence relation with initial condition Ay =7 is
L(5+3)

Tn. (A.43)

Aw — 12 % (n+2)w—n—1

+

= ol
NI
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We then have

le - \@Hl =) Jea— G (A.44)
zeA,

n

< Z (2’;) Ava (A.45)

w=0
< 2"IA, (A.46)
1 1 (2 + 3)
e T/ (A.47)
3 L)
Using I'(z + 1) = zI'(2), we may obtain
n 3 n
Har ) o () < a0, (A48)
rE  —\2/ ~
Substituting into eq. (A.47), we finally have
7. 1 1 (n24nlogy(n)+n—2) n?
1) = 19|, < sopeembmtenay, < 2% (A.49)
[

A.3 Symmetry-restricted Gaussian rank of two copies

of a magic state

Recall the statement of the proposition:
Proposition 3.1.5. The symmetry-restricted Gaussian rank of |M)* is Xq(|M)?) = 4.

We give a sketch proof of proposition 3.1.5. In particular, we seek a symmetry-restricted

decomposition with three symmetry-restricted Gaussian terms:

|M)? = (|0>+|15>+|240 + [255)) szu Zcim), (A.50)

where the |x) are invariant under Z3Z, and Z;Zg and the |¢;) are Gaussian states. In
the body text, we discussed how this symmetry reduces the set of Gaussian constraints
to a more manageable set. In particular, all but two of the constraints are reduced to
a single pair of terms, and we can represent them using a grid. For convenience, we
reproduce that grid here in table A.1.

We consider several cases and find a contradiction in each.
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Table A.1 Constraints on an 8-qubit, symmetry-restricted Gaussian state, assuming
ag # 0, are determined by examining a component within the body and multiplying it
by the upper-leftmost entry, which equals the product of its row and column headers.
For example, 1509 = A3A12, Agpy — Age24, etc.

03 65 66 129 130 192 195
12 {15 77 78 141 142 204 207
20123 8 86 149 150 212 215
24127 89 90 153 154 216 219
36 |39 101 102 165 166 228 231
40 | 43 105 106 169 170 232 235
48 | 51 113 114 177 178 240 243
60 | 63 125 126 189 190 252 255

A31 a),#0,i=1,2,3

The simplest case is when all three states have a non-vanishing coefficient ag. In this
case, table A.1 lists all the two-term constraints without any complications.

As an illustrative example, consider the coefficients a?y and a3;. Note that in
binary, 15 and 51 have weight four, so two constraints are acting on each of these
coefficients. The former comes from [¢)3) being a Gaussian state; the second from the
decomposition in eq. (A.50). These are shown in eqgs. (A.51) and (A.53). Within these
constraints, we can further replace (almost) all a? with expressions in terms of a! and
a2 using eq. (A.50). We then replace any a’, where |x| > 4 with an expression in terms
of a;,, where |y| < 2, using the Gaussian state constraints. The final expressions are
shown in egs. (A.52) and (A.54).

1 ad,a3
ajs = (5 —ag; — ai5) = ;23 : (A.51)
0
1 al (1 ai (1
— g0 = 2% (Gob — abad + ateb) + % (Gab - b+ abat) . (A52)
0 0
3 .3
Ay
a5, = —(az, +a3,) = 283 ° (A.53)

0
a?l) 1y 1 2 2 1 a§ 1, 2 1 1 2

= 0=+ o 4 — ugtho +azay | + — o as — (igg + aygag | - (A.54)
(10 ao
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Equations (A.52) and (A.54) are structurally very similar. For notational simplicity,

we define a symbol which captures the terms in brackets:

i L i
fi= 2%+ (—1)"(aga; — aga)). (A.55)

Then proceeding similarly for each other x with || > 4, we obtain the matrix equation:

(j) (X X’> — (éagb’ 8) , (A.56)

where
0 g1 f50 fa
Jio fio £ f1
A=171% fel, A= |2 A (A.57)
fO fl f36 f36
60 J60
fio fio
X — <a§/a(1) a}92/a(1) a%%/aé)’X,: aé5/a(1) afli6/a(1) abg/a}) a%?,o/a(l))‘ (A.58)

a%/ 4(2) aggz/ a(Q) @%95/ a(% a(255/ 4(2) a%ﬁ/ a% a%zg/ G(Q) a%:zo/ a(Q)

Note that rank(AX) < min(rank(A), rank(X)) < 2, whereas rank(a3l3) = 3 since, by
assumption, aj # 0. Thus, there is no solution to eq. (A.56), and this case leads to a

contradiction.

A32 a}=0,a,#0,i=1,2

Recall that when aj = 0, the conditions for the state to be Gaussian require several
other coefficients also to vanish: either the first column or the first row of table A.1.
By symmetry, without loss of generality, choose the first column. In other words, we

set the following coefficients to 0:

3 _ 3 _ 3 _ 3 _ 3 _ 3 _ 3 _
Ajy = Qoy = Aoy = Q35 = Ayg = Qg = Agy = 0. (A-59)

Then note that, by eq. (A.50),

a; = —aj for j =12, 20, 24, 36, 40, 48, 60. (A.60)

J
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Finally, recall that there are a pair of constraints not captured by table A.1, given

by eq. (3.51). Applying the relevant constraint, we obtain:

1.1 11 11 2 9 2 9 2 9
1 Qpolyg — QppQyg + QG35 (7504 — ApUan + AoyA35 2
agy = =— = —ag. (A.61)
60 1 3 60
Qg Qg

By eq. (A.60), either a2 = —a} or a}, = a2, = 0.
In the first case, we immediately have Y, af = 0, which is not possible by eq. (A.50).
In the second case, since ag, aZ # 0, we have

a; = a? =0 for j = 63,125, 126, 189, 190, 252, 255 (since a; o ag, a; o agy),

= a =0 for j = 63,125, 126, 189, 190, 252 (since » a} = 0). (A.63)
Consider a3;. Since ayss = a3:- = 0 we must have a3y, # 0. Since the rest of the row
containing 255 is 0 for |t¢3), it must be the case that only the last column is non-zero
for |13). In particular, a3,, = 0 and a3; = 0.

Finally, by eq. (A.60) ,

1 , alat  a?,a? at  a?
_ i Q1903 1203 o 3 3
§—§ a5 = —5-+—5-+0=ap|-§7--75], (A.64)
; g ay ag A
1.1 2 9 1 2
- alal a2 a a
0= ak, = B3 4 B3 L og—qgl (2 -2, (A.65)
al a? al a2
- 0 0 0 0

Clearly we must have ajy = a%; = 0. But then al,, = a3,, = 0 by the Gaussian
constraints in table A.1. So all ab,, = 0, contradicting eq. (A.50).

A33 a3=a=0, a} #0

This case spawns several sub-cases depending on which column of table A.1 we delete
for each of |¢5) and |13). In each case, the reasoning follows much as the above, and

we exclude the details.
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Learning Gaussian operations

B.1 Bounding the error of learning signs of ()

We wish to obtain upper bounds on P(F' < k) for F' € {|Qu-1,1Qa. k|, Q2.1 Q-1 k|,
|Qa1—1,1 Qo k. — Qa1 Qa—1.x|}, for any [ € [n], k € [2n] \ {1}, where the probability is
over the Haar distribution on the orthogonal matrices. We will fix [ =1, £ = 2 and
use a union bound to obtain the full result.

Since () is orthogonal, the first and second rows of () are random orthogonal unit
vectors. We may obtain them by performing Gram-Schmidt orthonormalisation on two
random points on the unit sphere. Let the two random points be given by the vectors

vy and va. We choose to parametrise them in polar coordinates by
vi = (sin(6}), cos(6}) cos(65), ...), (B.1)

where 6% ~ U|0, 27) and 6 ~ U[0, 7), and all angles are distributed independently.
We first consider Fy = [Q11Q2|, with Fy = |Q21 Q12| following similarly. We have

P(Fy <k)=P (‘sin(&%) cos(67) cos(@%)‘ < K) (B.2)
< PP (min (|sin(6;), cos(6}), cos(63)|)) < K1/3) (B.3)
<P (|sin(6])] < m1/3) + P (Jeos(67)| < I<Ll/3) + P (Jeos(63)| < /<¢1/3) (B.4)
= O(k'3), (B.5)

to leading order.
We now consider Fy = [Q11Q2 — Q21Q12| = ‘det(Q\{Lg},{l,z})L To begin, we
consider the probability of this term being small if we did not perform the Gram-

Schmidt procedure, denoting the corresponding quantity Fy. Since the determinant of
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a 2-by-2 matrix is the area of the parallelogram defined by the rows of the matrix, we

can express Fj as

Ey = |[W(va) [[|TI(v2)]| sin(e), (B.6)

where II is the orthogonal projection onto the first two coordinates and ¢ is the angle
between the projected vectors in the plane. Noting that ||[II(v;)|| = |cos(6})| and
¢ ~ U|0, 2m), and using the shorthand ¢(-) = cos(-) and s(-) = sin(-), we may compute

IP’(F’g <k)=P (|c(9§)c(9§)s(¢)’ ) (B.7)
=P (|c(03)c(03)s(9)| < | |c(03)c(0)] < C) P (|e(by)e(d )\ <) (B.9)
+ P (Je(6)c(63)s(9)] < \ |C (62)c(82)] > €) - P (|e(02)c(03)] > €)
< P (|e(6y)e(63)] < ¢) +P(I¢s(9)] < k) (B.9)
= 0(VC) +0(x/¢) (B.10)

to leading order. Optimising over ¢, we obtain the bound P(Fy < k) < O(K'Y3).

We now consider the effect of orthonormalisation of vo on the quantity Fj3. Let the
resulting vector be Vo = Ava + pvy, where A == (1 — (vy - v2)?)7%. The corresponding
determinant in the plane of the first two coordinates is Fy = AFj, since the vy part of

Vo does not contribute. Since A € [1, 00), we have

P(Fy < k) <P(Fy < k) = O(k'/?). (B.11)

B.2 Bounding the distance between Mg and My

Given a matrix )" which approximates ) up to term-wise additive error 7, we wish to
bound the “distance” D(Mg, M ) between the corresponding unitary operators Mg
and My, as defined by Equations (1.13) and (1.14). We first consider the error in the
anti-symmetric matrix h that generates @) via Q = exp(4h). Let h' = h + iE , where
E is the error term whose norm we will seek to bound.

We use the series expansion of the matrix logarithm:

1 1
Q—i—zInQ—i-z[

B =4 ~h) = log(@ + ) -og(@) = [ a{ bro). e.12)

Therefore, to leading order,

o I
El, < d
s [l

1

2} . (B.13)
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We recall that, for any matrix A,

4], = \/Z (4) = \/Z 724, (B.14)

where the 0;(A) are the singular values of A.
Letting the eigenangles of Q be {0;}2",, it is easy to check that o;(Q + 2I) =
v/1+2cos(0;)z + 22. Then Equation (B.13) becomes

o 1
E, < d B.1
1], < lInl, / z{ZHZCOS(@i)HZQ} (B.15)

(Sl

0;
i
Since the eigenangles of a Haar-random orthogonal matrix in 2n dimensions are

sin(6;)

uniformly distributed (in complex conjugate pairs) on the unit disc [132]|, we may

bound the probability of the term in brackets being overly large:

ei 91 K

P > <P > — B.17
<Z sin(6;)| — H) - (LZJ sin(6;)| — 2n> ( )

0 K

< 2nP > — B.1
= ( Sin(Q)' - Zn) (B-18)
2

< 4nP (96 [ﬂ'—ﬂ,ﬂ')> (B.19)

K

8n?
= —. B.20
p (B.20)
Taking k = Q(n?) then implies Y, Sifﬁ < k with high probability.

We may also bound |5, using the entry-wise expression for the 2-norm:
Iy = [ Inwl* < /402 - n2 = 2nn. (B.21)
uv

Therefore, ||El, = O(nn) with high probability.

We are now prepared to compute the desired distance,

2

D(Mg, My = \/1 - ‘d—l T (MM )
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Using Tr(exp(A + B)) < Tr(exp(A)exp(B)) for Hermitian matrices A, B (see, e.g.,

[133]), we find:

<1 - —ZE2 +0(] \EHg)) :

recalling that Tr(vyg) = 0 for S # (), and that

Finally, to leading order we have:

(B.22)
(B.23)

(B.24)

JT’VNVV’YU’YT + O(HE”g)))

(B.25)

(B.26)

h, b’ and therefore F are anti-symmetric.

D(Mg, My) = \ 1—— Z (B.27)
< % Y B2, (B.28)
<1 1B (8.29)
= 1Bl = O(*n). (B.30)



Appendix C

Quantum search via random walks

Here, we provide a full background on the quantum search via random walk method
from Magniez et al. [47] and how it applies to our search algorithm. We first give
a brief introduction to the theory of Markov chains in appendix C.1; for a complete
treatment, see, e.g., [134]. We then discuss the functioning of the search algorithm
in appendix C.2. Finally, in appendix C.3, we derive the relevant properties of the

symmetric Markov chain that we describe in the main text.

C.1 Markov chains, eigenvalue gaps and congestion

A Markov chain is a stochastic process in which the probability of each event depends
only on the state attained after the previous event. The chain has a state space (2
consisting of all the states the chain can be in. We consider discrete time chains, which
can be described by a sequence of random variables X, X7, X, ... taking values in ().

We identify a chain with its transition matrix P = (pgy)syeq, Where p,, is the
probability of a transition from z to y. We must have p,, > 0 and Zyeg Doy = 1
to have the correct probabilistic interpretation. The eigenvalues of P therefore have
magnitude at most 1. It is often helpful to associate a Markov chain with a random
walk on an edge-weighted, directed graph G = (Q, E) with weight on edge x — y given
by pay-

The mizing time of a Markov chain is the minimum time %,,;, such that the time-t,,;,
distribution is “close” to the stationary distribution 7. The mixing time plays a central
role in the time complexity of random walk search. For example, consider algorithm 1
with ¢; & t,i. Intuitively, leaving the chain for ¢,,;, time steps yields a well-mixed
distribution close to m. Repeating for ¢, steps represents repeated sampling from =. If

we have a good bound on the probability under 7 of sampling a marked element, we
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can use a Chernoff bound to argue that algorithm 1 succeeds with high probability. To
bound the mixing time of chains, we will need several definitions.

A chain is said to be irreducible if every state is reachable from every other state. A
state x has period given by ged{n > 0:P(X, =z | Xo = x) > 0}. A state is aperiodic
if it has period 1, and an irreducible chain is aperiodic if any state is. An irreducible,
aperiodic chain is ergodic. A state x is positive recurrent if, starting from z at time
0, the chain will return to x in finite time with probability 1. An irreducible chain is
positive recurrent if any state is.

A stationary distribution m = (m,) of a Markov chain P is a left eigenvector of P
with eigenvalue 1 and with entries satisfying 7, > 0 and )7, = 1. Ergodic chains
always have a unique stationary distribution. Moreover, all other eigenvalues have
magnitude strictly less than 1.

For an ergodic chain P, the time-reversed Markov chain P* = (p;,) of P is defined
by the equations m.p,, = m,p,,. P is said to be reversible if P* = P. A reversible
chain has real eigenvalues. We can check reversibility by using Kolmogorov’s Criterion,
stated in theorem C.1.1.

Theorem C.1.1 (Kolmogorov’s Criterion [135]). An ergodic, positive recurrent Markov

Chain P with finite state space §2 is reversible if and only if P satisfies

pCClCCQpIQSCg A pIn_lman'n.Z‘l = p:(;1:cnpxn1‘n_1 tt pxgxszle (Cl)

for all finite sequences of states xy, ..., x, € Q).
In words, eq. (C.1) states that for any closed loop path, the probability of traversing the

loop in the forward and backwards directions must be equal.

A Markov chain P is lazy if the probability of remaining in any state is at least
1/2. A lazy, reversible Markov chain has non-negative eigenvalues. We can therefore
write the eigenvalues of P in descending order as Ay =1 > Xy > ...\, > 0.

We can then define the eigenvalue gap of the chain by d(P) == [A1| — [N =1 — Ao.
The eigenvalue gap is closely related to the mixing time of a Markov chain. Indeed, we

have lower and upper bounds for the mixing time:

Theorem C.1.2 (e.g., [136]). Let P be a reversible Markov chain with stationary

distribution m. Let Ty = mingeq m,. Then,

log(2) (% - 1) < e < = (;) log(ﬂjﬂn). (C.2)
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While this is a tight bound, the eigenvalue gap can be prohibitively hard to compute
in practice. A common tool for bounding the eigenvalue gap is the conductance property.
Loosely, the conductance is a measure of how well-connected the chain is.

We first define the ergodic flow Q(S,T) between subsets S, T C Q by Q(S, T') =
> wes,yer TePry- For a subset S, we also define 7(S5) == > _gm, and the bottleneck

ratio ®(9) = Q;S(’SS)C). The conductance ® is then given by:

zeS

o = gnclg d(S). (C.3)
w(5)<1/2

A result of Alon and Milman [137] bounds the eigenvalue gap by the conductance.

Theorem C.1.3 ([137]). For a lazy, reversible Markov chain P, the eigenvalue gap
d(P) satisfies:

=< §(P) < 20. (C.4)

The conductance remains hard to compute in many cases. We therefore require
one further bound, via the congestion p.

For any pair of states x, y, define a canonical path v,, = (z = 20, 21, ..., 2k—1, 2k =
y). The canonical path need not be the shortest path between the two points, but that
will suffice for our purposes.

Let I' = {7, : «, y € X} be the set of all canonical paths. The congestion is given
by:

1
p=p()= max TaTy ¢ - (C.5)

w)er | T
(u,0) uPuv x,y€efd:

Uy VEYzy

The 7,py, term is intuitively the “capacity” of the edge (u, v) in the graph, in that it
relates how much traffic the edge sees in the stationary distribution. The sum then
counts the “load” the edge experiences within the family of canonical paths. The
congestion is then the maximum load of any edge, normalised by its capacity. As

expected, high congestion corresponds to low conductance:

Theorem C.1.4 (e.g., [134]). For any reversible Markov chain and any choice of

canonical paths T,
1
S > ——. C.6
Combining theorem C.1.3 & theorem C.1.4, we may trivially obtain:
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Theorem C.1.5. For a lazy, reversible Markov chain P and any choice of canonical

paths T', the eigenvalue gap 6(P) is bounded by:

i(P) > (C.7)

8p(I')?

C.2 A quantum search algorithm

In this appendix, we briefly summarise the functioning of the quantum search algorithm
due to Magniez et al [47].

Having prepared a state |r) that encodes the stationary distribution (with cost
S), the goal is to prepare the normalised projection of |7) onto the marked subspace,
which we call |x). The standard, Grover-esque method is to implement a rotation in
the 2D space S := span(|m) , |)). As usual, this rotation is effected by composing two
reflections.

The first reflection is about a state };H>, a state orthogonal to |u). In S, this is
equivalent (up to a phase) to reflecting about the marked subspace. This can be done
at the cost of checking whether an element is marked, accruing a complexity of C.

The second reflection is about the state |7). This could be done by rotating |7) to
a fixed reference state (e.g. |0)), reflecting about that state, and then rotating back.
This induces a cost of 2(S + U), since it requires the operator used to prepare |r)
and its inverse. In general, S is costly and should be avoided. Instead, the authors
propose using a quantum walk operator that can be implemented at a cost of only
4U, combined with a phase estimation procedure. Since the chain is known to have a
unique eigenvalue 1 corresponding to the eigenvector 7, the phase estimation algorithm
can distinguish between parts of the state aligned with or orthogonal to |r).

By deriving a quadratic relation between the eigenvalue gap of the chain P and the
gap in the phase of the quantum walk, it can be shown that only (’)(1 / \/3) calls to
the walk are needed. The O(1/4/€) scaling follows from a technical requirement to use
a randomised Grover’s algorithm [138], since the probability of a marked element is

not known a priori.

C.3 A Markov chain on a perfect tree

We first restate the definition of P from the main text.
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Let T be a perfect (d + 1)-ary tree with depth d. Let  be the set of nodes of T,
given by:

Q={j=01,..,5,0,...,00€{0,...,d+1}*:0<1<d;1<j <d}. (C.8)

The transition probabilities of P are:

~

Loty =i
1 . o/ = . .
if j’ is a child of j,
If j is neither root nor leaf, p;y = 4(d+1) . . (C.9)
}L if j’ is the parent of j,
L0 otherwise.
(
Loty =]
If jis a leaf, pjy = % if j’ is the parent of j, (C.10)
0 otherwise.
\
4
S
If j is the root, pjy = %d;ﬂ) if j’ is a child of j, (C.11)
0 otherwise.
\

The set of edges of Pis E = {(j,j/)) € QxQ : 5, =jli=1,..., 5541 = 0;1 =
d—1V jj,, =0}

P is easily seen to be lazy and ergodic. Using Kolomogorov’s Criterion (theo-
rem C.1.1), P is also reversible due to the following. All closed loops must consist of a
path that doubles back on itself, since the in-degree of each vertex is 1. Therefore, for
any transition probability p;; that appears in the forward direction, there must also be
a corresponding py;. Since the backward direction is formed by swapping the direction
of each transition in the forward direction, simply interchanging each of the above
pairs of terms results in the backward direction matching the forward, as required.

To compute the stationary distribution, we use the symmetry of the walk to
infer that for any nodes j,j’ in the same layer, m; = 7mp. It is therefore helpful to
consider a simpler Markov chain () defined on the layers of the tree, with state space
x ={l:0<1<d}. @ iscoupled to P such that if P is in state j in level [, then
Q@ is in state [. If the stationary distribution of () is 7, then 7 can be recovered by

distributing the probability mass 7; equally among all the nodes at layer [.
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A tri-diagonal matrix gives the transition probabilities of Q:

11
2 2
1 1 1
4 2 4
111
Q= . : (C.12)

=
D= N =
N =

V~Ve may further simplify by writing @ = (I + @), and noting that 7Q = 7 < 7Q = 7.
(@ defines a symmetric random walk with reflecting barriers. A direct computation
yields:

L ifl=0, d,

=% (C.13)

Toifl=1,...,d-1.
For any pair of nodes j, j’, take the canonical path 7;; to be the shortest path from j
to j’. We may now compute the congestion of P, which is given by eq. (C.14):

1

p= (ﬁ?e}(E ij/ = p— E TkTk! . (014)
’ JEW k weq:
Ji'emnae

For a self-edge (j,j), the congestion pj; is 0 since no canonical path goes through any
self-edges.

For an edge between distinct nodes j,j’, assume j is in layer [ and j' is in layer
[+ 1. Then j,j € na if and only if k equals or is a descendent of j’ and k' is not a
descendant of j', or vice versa.

For j, k € Q, write k < j if k = j or k is a descendant of j’. Then, for j not the

root, we have:

1
Py = Z Tk + Z TR/ (C.15)
TiDsy :
k:k=<j’ k’:k’'<j’
KK/ ) k:k£j'

=dd+1) - 4d+1)-2 ) m Y me. (C.16)

k:k=j kK 4§’
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For j = 0, the root, we have a slightly modified expression, since mg is reduced by a

factor of 2 and poy is increased by a factor of 2:

pOj’ = Zd(d—f‘ 1>l . 2(d+ 1) . 2 Z Tk Z Tk . (C17)

k:kjj/ k':k’ﬁj/

Clearly, these modifications cancel, and we may treat the expressions on the same

footing. Then we may compute the sums:

Z = 41 (d+ Dz | (d+1)*Ty3 4 (d+1)""x (C.18)

S (d+ 1)1 (d+1)+2 T (d+1)H3 (d+ 1)
b (o4l (C.19)
Cd(d+ 1)t 2 ‘
C2d—-1) -1

Z e =1 — Z Tk (C.21)

Kk’ klﬁj/ k:kjj’

o 2d(d+ 1) —2d-1)+1
N 2d(d + 1)4+1 ' (C.22)

Noting that these expressions depend only on [ and d, we may write p; for the congestion

of an edge from layer [ to layer [ + 1. Finally, we have:

2(d—1)—1)(2d(d + 1)t —2(d — 1) + 1)

o1 = 8d<d+ 1)l+1 . (

C.23
4d?(d + 1)2+2 ( )
2(2(d—1) = 1)(2d(d+ 1)t —2(d - 1) + 1
_2(2(d—1) —1)(2d(d + 1) (d-D+1) (C.24)
d(d + 1)H1
This is maximised for [ = 0, where the congestion takes the value
2(2d — 1)(2d* + 1)
= d. 2
po dd+1n) 8 (C.25)
By theorem C.1.5, the eigenvalue gap 6(P) of P is bounded by
5Py > L s L (C.26)
— 8p2 T 29d% '






Appendix D

Bespoke transpilation methods for

HUBO-QAOA

This appendix describes the bespoke transpilers we implemented for the HUBO-QAOA
algorithm. The inputs are a Hamiltonian expressed as a real sum of Pauli strings
(with only I and Z terms), a target hardware connectivity and a SWAP strategy.
The hardware topology needs to have at least as many physical qubits as there are
virtual qubits in the Hamiltonian. Implementations are currently provided for linear
nearest-neighbour, heavy-hex, grid and all-to-all topologies. SWAP strategies are not
relevant for the all-to-all connectivity.

We choose a SWAP depth d and initial qubit mapping via a search framed as
MAX-SAT, see section 5.4 for details. The Hamiltonian is partitioned into sets

SO7 S17 .. ‘7Sd? SOO) (Dl)

where S; contains terms whose qubits first become contiguous after i SWAP layers
under the chosen initial mapping. Terms in S, never become contiguous and are
routed using default methods.

For each S;, we have a set of terms that are guaranteed to be neighbouring in
the hardware layout after ¢ SWAP layers. The 1- and 2-qubit terms can trivially
be implemented using R, and R,, gates, respectively. So we need only consider the
multi-qubit terms acting on at least 3 qubits. A naive implementation consisting of
a CX network, a rotation, and the inverse CX network typically incurs a significant
circuit depth.

One mitigating strategy is to use a factoring approach, as introduced in [139] and

further explored in [140, 141|. The key idea, as presented in [141], is that any term
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Fig. D.1 An example of a chain of interactions on a grid topology that can be imple-
mented using minimal CX gates by our bespoke transpiler. Interactions at each link of
the chain are shown in red. Each interaction shares the common rotation site (1, 4).

which is a strict subset of another term can be implemented without incurring any CX
cost by placing an R, gate at an appropriate point in the CX network for the other
term.

This approach has two limitations. First, it compiles all terms into R, gates,
incurring a small fixed overhead in two-qubit gates. Second, it ignores hardware
connectivity: on devices with limited connectivity, arbitrary CX orderings are infeasible,
preventing the required factoring.

Our method achieves greater factoring without this overhead and is inherently
hardware-aware.

Rather than restricting to nested sequences, the algorithm finds “chains” that may
increase or decrease in size. Each adjacent pair of interactions in a chain forms a
subset—superset relation, and all interactions share a common “rotation site” — a single
qubit or qubit pair where the R, or R, rotation is applied. Two-qubit rotation sites
are used here to further reduce circuit depth. An example is shown in fig. D.1.

Each chain term is inexpensive to implement, requiring few CX gates, and the
CX network is torn down only after the final term. Allowing both expansion and
contraction of chains maximises CX cancellation, while careful chain selection minimises
depth and respects hardware connectivity.

Pseudocode for transpiling the multi-qubit interactions at a single layer is given in

algorithm 3, with supporting procedures in algorithms 4 and 5.
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D.1 The main loop

The main loop in algorithm 3 iterates until all interactions have been implemented. At
each iteration, the algorithm operates in one of two modes depending on whether a
chain of interactions is currently active.

If no chain is active, a small interaction is removed from the list. The algorithm
then attempts to start a chain by locating a suitable superset; intuitively, a term that
contains the current interaction’s qubits and shares at least one pair of neighbouring
qubits, which becomes the rotation site. If such a superset is found, the current
interaction is applied to the circuit using that rotation site, the next interaction is
removed from the list, and the loop proceeds. Otherwise, the initial interaction is
applied and immediately torn down via the ENDCHAIN function.

When a chain is active, the algorithm first applies the next interaction in the chain
using the fixed rotation site. It then tries to extend the chain by searching for either a
suitable superset or subset that shares the rotation site. If such an extension is found,
the chain continues; otherwise, it is terminated.

The Blocked variable tracks all qubits included in chains so far. This ensures
that subsequent chains act only on disjoint qubit subsets, allowing them to execute in
parallel. If no disjoint subset remains, Blocked is reset and the search restarts.

As a further optimisation, interactions in S, are allowed to serve as chain candidates
throughout the algorithm. Although their qubits never form a contiguous set under
the chosen SWAP strategy, they can sometimes be realised with only linearly many CX
gates — typically when a superset of their qubits has just appeared earlier in a chain.

An example of this is shown in fig. 5.9, though the associated logic is omitted

from algorithm 3 for clarity.

D.2 Chain selection, interaction computing and chain

ending logic

D.2.1 SUPERSET and SUBSET

The SUPERSET and SUBSET functions in algorithm 4 operate similarly. Each iterates
over the set of available interactions, searching for candidates that act on qubit sets

which are supersets or subsets of the current interaction in the chain.
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For the superset case, if no rotation site has been fixed, all possible connected pairs
of qubits within the current interaction are tested as potential rotation sites. For the
subset case, the rotation site must already lie within the candidate interaction.

This function first checks that all information stored in the qubits of Missing
is connected to the rotation site. It then verifies that each connected component of
Missing is also connected to the rotation site. Together, these conditions guarantee
that some valid CX network exists to propagate information to the rotation site. To
further limit circuit depth, MISSINGCONNECTED calls CANFI1X, which determines
whether each connected component can be resolved using at most a linear number of
CX gates. If all checks pass, the candidate superset or subset is accepted and appended
to the chain.

D.2.2 COMPUTEINTERACTION

The COMPUTEINTERACTION function constructs and applies the CX network required
to implement a single interaction, followed by the appropriate R,, rotation. The
variable MissingInfo stores the qubits whose logical information must be added to or
removed from the rotation site.

At each iteration, the algorithm selects a qubit from MissingInfo that is connected
to the rotation site (the Candidate) and queues a CX gate between the candidate and
one qubit in the rotation site. It then explores all the candidate’s neighbours, pushing
them onto a stack for potential inclusion in the CX network.

While the stack is non-empty, the algorithm pops a qubit and checks whether it still
belongs to the updated MissingInfo, given the CX operations applied so far. If so, it
queues another CX between this qubit and the neighbour that added it, then adds all
of its neighbours to the stack. This process continues until the stack is empty, ensuring
that an entire connected component of MissingInfo is resolved before proceeding.

Once all components have been processed, the queued CX gates are applied in
reverse order, building information toward the rotation site. The Stored mapping is
updated to track which qubits currently store which logical information, and finally,

an R,, rotation with angle ¢; is applied to the rotation site.

D.2.3 ENDCHAIN

The ENDCHAIN function finalises a chain when no further interactions can be added.

All queued CX operations are reversed, returning each qubit to a state where it stores
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only its own information. Other variables used in the main loop are reset to their

starting values.
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Algorithm 3 Pseudocode to transpile the interactions that are implementable at some
layer of the bespoke HUBO-QAOA transpilation.

Require: List of interactions Z = [I4, ..., I}, where I; is a tuple of qubit indices
1: Available <— SORTBYLENGTH(Z) > increasing interaction size
2: CX « || > list of CNOT pairs (control, target)
3: Stored <« {q: (q,) for all qubits ¢}
4: Blocked < () Next < None; Rotation < None
5. while |Z| > 0 do
6: if Next — None then > start a chain
7: Next < Popr(Z) > pop a (smallest) interaction
8: REMOVE(Available, Next)
9: Blocked < Blocked U Next
10: (ChainNext,Rotation) <~ SUPERSET(Next, Available, Stored, None)
11: if ChainNext # None then
12: APPEND(CX, COMPUTEINTERACTION(Next, Rotation, Stored))
13: Next < ChainNext
14: REMOVE(Z, Next); REMOVE(Available, Next)
15: Blocked <— Blocked U Next
16: else > no chain from this interaction
17: Rotation +— PICKANYEDGE(Next) > any two connected vertices
18: COMPUTEINTERACTION (Next, Rotation, Stored)
19: ENDCHAIN([], Next)
20: else > continue a chain
21: APPEND(CX, COMPUTEINTERACTION(Next, Rotation, Stored))
22: (ChainNext, ) < SUPERSET(Next, Available, Stored, Rotation)
23: if ChainNext # None then
24: Next < ChainNext
25: REMOVE(Z, Next); REMOVE(Available, Next)
26: Blocked <— Blocked U Next
27: .~ continue > go to top of while loop
28: (ChainNext, )< SUBSET(Next, Available, Stored, Rotation)
29: if ChainNext # None then
30: Next < ChainNext
31: REMOVE(Z, Next); REMOVE(Available, Next)
32: Blocked <— Blocked U Next
33: .~ continue > go to top of while loop
34: - ENDCHAIN(CX, Blocked)
35: Available < FILTER(Available, I — I NBlocked = ()
36: if |Available| =0 then
37 Blocked « )
38: Available <~ SORTBYLENGTH(Z)

39: ;etﬁrn
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Algorithm 4 Functions for choosing the next interaction in the chain, as defined in
the HUBO-QAOA transpilation.

: function SUPERSET(Next, Available, Stored, Rotation)

for I € Available do

if I DO Next then

Missing < [ \ Next

if Rotation # None then

if M1SSINGCONNECTED(Missing, Rotation, Stored) then
. return I, Rotation

else

for all Rotation € COMBINATIONS(Next, 2) do

L if MISSINGCONNECTED(Missing, Rotation, Stored) then
L . return /, Rotation

return None, None

—_

H
<

=
DN

13: function SUBSET(Next, Available, Stored, Rotation)
14: for I € Available do

15: if I C Next and Rotation C [ then

16: Missing < Next \ /

17: if MISSINGCONNECTED(Missing, Rotation, Stored) then
18: . return /, Rotation

19: | return None, None

20: function MISSINGCONNECTED(Missing, Rotation, Stored)

21: Nodes < RotationSite U A euissingStored[q]
22: Components <— CONNECTEDCOMPONENTS(Missing)
23: if (
CONNECTED(Nodes)
and ALL(CONNECTED(Component, Rotation) for Component €
Components)
and ALL(CANFIX(Component, Stored) for Component € Components)
) then
24: . return True
25: . return False

26: function CANFIX(Component, Stored)

27 if 35 C Component : A cgStored[s| = Component then
28: | return CONNECTED(S)

29: return False
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Algorithm 5 Functions for applying an interaction in a chain and ending a chain of
interactions, as defined in the HUBO-QAOA transpilation.

: function COMPUTEINTERACTION(/, Rotation, Stored)

1

2 MissingInfo «+ IA( A\ pcRotation Stored[x])

3 CX < [|; NewCX « ||

4: while |MissingInfo| > 0 do

5: for all ¢ € MissingInfo,z € Rotation do

6 if CONNECTED(g, x) then

7 L Candidate < ¢; Site +x

8 break

9: APPEND(NewCX, (Candidate, Site))

10: Stack <+ ||

11: for all Neighbour € NEIGHBOURS(Candidate) do
12: .~ APPEND(Stack, (Candidate, Neighbour))

13: while |Stack| > 0 do

14: Previous, Qubit < POP(Stack)

15: MissingFromComponent < MissingInfoA( A(e, yenewcx Stored[c])
16: if ¢ € MissingFromComponent then

17: APPEND(NewCX, (Qubit, Previous))

18: for Neighbour € NEIGHBOURS(Qubit) do
19: | . APPEND(Stack,(Qubit, Neighbour))
20: Covered <— [ )enewcx Stored[c]

21: MissingInfo < MissingInfo \ Covered

22: ~ EXTEND(CX, REVERSE(NewCX))

23: for all (¢, t) € CX do

24: AprPLYCX(c, t)

25:  Stored[t] < Stored|t] A Stored|c|

26: ApPpPLYRZZ(Rotation, ¢r)

27: | return CX

28: function ENDCHAIN(CX, Blocked)
29: for all (¢,t) € REVERSE(CX) do
30:  AppLyCX(c,t)

31: CX + ||
32: Stored < {q: (q,) for all qubits ¢}
33: Next < None; Rotation < None;

34: | return
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