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Abstract

Sensors employing mode localisation in weakly coupled resonators have been increasingly
viewed as an alternative to resonant frequency shift based sensing. Much theory has been
proposed highlighting the advantages of these sensors including the increased sensitivity
and the promise of common mode rejection to first order environmental variations. This
has led to the development of proof-of-concept sensors to sense physical quantities such
as displacement, charge, mass, and acceleration. However, practical aspects of developing
a sensor starting from design of a closed-loop implementation to understanding different
operating regions with the aim of resolution analysis and noise optimisation have yet to be
explored in depth. This work delves into these practical aspects of developing ultra-high
resolution mode-localised MEMS sensors.

First, the mechanical sensor is integrated with a prototype closed-loop oscillator along
with the interface electronics on a printed circuit board. Key aspects of sensors such as
stability, noise floor, and bandwidth are analysed using this integrated sensor system. A
critical observation is made on the improvement of stability of the amplitude ratio output
metric over its frequency shift counterpart at large integration times therefore, highlighting
the advantage of common mode rejection to environmental factors. The common mode
rejection abilities of both mechanically and electrically coupled devices are next studied
at different operating regions. These are then compared to the state-of-the-art differential
frequency measurements. Amplitude ratio measurements in an electrically coupled device
showed an order of magnitude better rejection to temperature variations over a mechanically
coupled device. Furthermore, amplitude ratio measurements in the electrically coupled
device were on par with the rejection offered by the differential frequency output in the same
device. This result highlights the advantage of amplitude ratio measurements that are able to
achieve the same common mode rejection with the help of a single oscillator instead of the
two oscillators required in differential frequency output measurements.

The resolution of the mode-localised sensor is then explored with the purpose of optimis-
ing operating regions to achieve the best noise figure. A detailed theoretical analysis is first
undertaken to optimise the amplitude ratio noise in different noise dominant regimes. It is
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predicted that the resonator-based noise (such as thermo-mechanical noise) can be optimised

be operating at an amplitude ratio of
p

2 and the electronic sourced noises can be optimised

at an amplitude ratio of
p

1:5 in a single ended resonator drive con�guration. Additionally,

both sources of noise are predicted to decrease with the decrease of the coupling stiffness.

This result is then validated using experimental data to verify the claim. A further noise

reduction is sought by operating the coupled resonators in the nonlinear domain with inter-

esting observations on the variations of the amplitude ratio output metric. The phase �ltering

offered by the bifurcation points in the nonlinear domain is utilised to further improve the

noise by 4 times.

Finally, a mode-localised accelerometer design is proposed that employs a novel differen-

tial amplitude ratio output metric. Noise optimisation techniques are then used to optimise

this novel output metric. A noise �oor of3 mg/
p

Hz with a stability of3 mg is achieved thus,

benchmarking the mode-localised accelerometer favourably with respect to other high-end

commercial MEMS accelerometers. Additionally, their potential is demonstrated with a

measurement of seismic activity. This measurement is then compared to reference data

sourced from an accelerometer from the British Geological Survey. Lastly, suggestions are

made to further optimise the resolution in the accelerometer to push the limits of amplitude

ratio sensing thereby, putting mode-localised accelerometers at par with the best resonant

accelerometers till date.
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Chapter 1

Introduction

Sensors are now ubiquitous. Mobile phones, automobiles, and any number of consumer

electronics perform everything from �nger-print recognition to airbag deployment with the

help of sensors. In the span of a few decades, accelerated technological advancements

have made sensors omnipresent in our lives. This was made possible with the scienti�c

breakthrough of miniaturisation using microelectromechanical systems (MEMS) technology.

MEMS describe electromechanical systems of microscopic scale lengths. Microfabrication

technology used for manufacturing such devices was �rst shown by Nathanson [1] in 1967.

Since then the technology has come leaps and bounds to being able to create devices that

have capacitive gaps in the order of 13 nm [2]. Enabling technologies such as vacuum

encapsulation [3] accelerated the development of MEMS resonators in the past decade. Due

to their intrinsic advantage of high stability, MEMS resonators have been employed as

accurate timing references [4, 5], �lters [ 6, 7], and various sensors including but not limited

to accelerometers [8–11], magnetometers, [12, 13], temperature [14], and pressure sensors

[15].

Conventional MEMS resonant sensors use resonant frequency shifts as an output metric

due to its quasi-digital nature. However, frequency shift output metric is limited by slow drift

and random walk [16]. The resulting frequency instability of MEMS resonators can affect

the long-term measurement accuracy. The long-term stability of the resonators is relevant in

sensing applications that address low frequency variations in the measurand. Conventionally,

long-term stability in frequency shift output is achieved by temperature compensation [17, 18]

or differential cancellation speci�cally for sensing applications [19, 20]. These solutions

have their own drawbacks. Temperature compensation electronics typically consume more

power than oscillator electronics, which is less suitable for low power applications; whereas
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differential cancellation becomes less effective in the presence of mismatch between the

resonators [21].

This paves the way for mode-localised sensing [22, 23] that utilises an amplitude ratio

output metric instead of the frequency shift output metric to provide enhanced common

mode rejection capability [24, 25]. This type of sensor is based on the principle of vibration

mode localisation [26], where the eigenstate or the ratio of amplitudes of two coupled

resonators [27] changes when the system is subject to an external perturbation. This external

perturbation can be an inertial force [28], electrostatic force [29, 30], or a mass change [31].

Furthermore, an elevated sensitivity to input measurand of up to four orders of magnitude

[32] higher than conventional resonant sensors with frequency shift output paves the way for

an improved input-referred stability.

Mode localisation has been studied in depth from a theoretical point of view [23, 33] with

examples of experimental proof-of-concept [34, 29, 28, 22]. Yet, practical issues associated

with implementing a mode-localised sensor such as oscillator design, studying operating

regions, optimisation of noise, and resolution are topics that are still to be unravelled. It is

important to understand the practical limitations with common mode rejection capabilities

of the associated output metrics, the sources of noise that affect the coupled resonator

system, and how to discern the operating point to achieve the goal of an ultra-high resolution

mode-localised sensor. These aspects are analysed in depth and novel methods to improve

the input-referred resolution are proposed in this thesis to advance the development of a

mode-localised sensor of the same, if not better, performance than a commercial sensor

employing frequency shift sensing.

Thesis overview

This thesis is split into �ve chapters discussing the dynamics of sensors utilising mode-

localised weakly coupled resonators. The chapters discuss the theoretical study of these

sensors that have been carried out till date and apply them to physical systems with the help

of simulations and experimental data. Most experiments are performed on an electrically

coupled device due to the added �exibility of tuning the coupling stiffness [23]. Furthermore,

only a 2-DoF system is studied primarily due to the simplicity it offers with respect to tuning

the device when fabrication tolerances affect the stiffness mismatch between the resonators.

The higher the degrees of freedom, the more tuning ports are required making them less

feasible for use as a practical sensor. A brief overview of the different chapters is provided

below.
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Chapter 2 introduces the concept of mode localisation in weakly coupled resonators

and its development in the last �ve decades from its conception as `Anderson Localisation'

[35, 36]. It then discusses the various simulation techniques that can be used to predict

the mechanical and electrical properties of the coupled resonator topology. Simulations are

carried out in the form of eigenanalysis, transfer function analysis and Butterworth Van-Dyke

(BVD) model analysis to cover all the different aspects of mode localisation. Finally, an

experimental analysis is done to portray the application of the weakly coupled resonators as

a sensor from inspecting the open-loop frequency response curves.

Chapter 3 discusses the design process taken to create an integrated, self-sustainable

sensor in a closed-loop topology. The chapter delineates the design of a custom electrically

coupled double ended tuning fork (DETF) resonator system, the interface circuit needed to

readout the amplitude of vibrations, and the oscillator con�guration implemented. Essentially,

it introduces the basic building blocks of an integrated mode-localised device that can be

used for applications as a physical sensor. Lastly, the stability, noise �oor, and bandwidth

(the three essential metrics of a sensor) of the amplitude ratio output metric are characterised

while comparing it to traditional frequency shift output metric.

Chapter 4 inspects the validity of the superior common mode rejection capabilities

of the mode-localised sensor from a practical standpoint. Experimental data is provided

on a mechanically coupled and an electrically coupled device when operating at various

temperatures to test the degree of the �rst order common mode rejection offered by those

devices to temperature variations. The results are then compared to the state-of-the-art

differential frequency measurements to gauge the advantage of using mode-localised sensors

in rejecting temperature-based excursions of the output metric.

Chapter 5 includes a detailed description of all the major noise sources that affect the

amplitude noise of the mode-localised sensor. Both thermo-mechanical and electronic noise

sources are discussed and an expression is shown to derive the amplitude ratio noise from

the noise in individual channels. Furthermore, ways to optimise the amplitude ratio noise in

both thermo-mechanical and electronic noise dominant systems is presented depending on

operating conditions of amplitude ratio and coupling stiffness. The theory is experimentally

validated to bolster the conclusions drawn from the theoretical and analytical derivations.

Chapter 6 explores the nonlinear response of the coupled resonator system when experi-

encing large vibration amplitudes. It investigates the possibility of using the nonlinearity of

the system to improve the signal to noise ratio of the weakly coupled resonators for sensing

applications. Additionally, some of the unique ways in which operating in the nonlinear

domain affects amplitude ratio are predicted using a simulation employing harmonic balance
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method. Experimental data is shown for electrically coupled system to validate some of the

features being predicted for the nonlinear weakly coupled resonators. Furthermore, the noise

�oor of the sensor is compared to its linear counterpart to test the improvement for sensing

purposes.

Chapter 7 studies a custom hermetically sealed resonant mode-localised accelerometer

designed to sense vibrations for applications as a seismometer. The design of the sensor

is discussed along with introducing a novel differential amplitude ratio output metric that

provides additional common mode rejection capabilities in a mechanically coupled sensor.

Experimental studies of long-term stability, noise �oor, and bandwidth are done. Lastly,

a measurement of an earthquake is shown along with reference data to demonstrate the

potential for mode-localised MEMS accelerometers to be utilised for seismic applications

with comparable performance to existing seismometers.

Finally, Chapter 8 concludes with comments on possible future work and the route that

mode-localised sensors can take hereafter.



Chapter 2

Mode-localised Sensing in Microsystems

This chapter introduces the basic principles underlying vibration mode localisation. The

historical context is discussed commencing with work in the �eld of solid-state physics to

solid mechanics and current applications in the �eld of MEMS. It outlines the theory of mode

localisation in a coupled system using eigenanalysis, transfer function analysis, and BVD

model analysis. Experimental results displaying the localisation of energy in a 2-DoF system

using electrically coupled MEMS resonators are shown, bolstered with discussions around

the practical issues regarding the experimental setup.

2.1 Mode localisation: a historical context

In mechanically identical coupled resonators, the vibration energy in a mode is shared equally

between the resonators. Due to the effective dynamic symmetry in the system, the vibration

mode extends spatially over the resonators. In a particular case of weak coupling between

the two systems, a perturbation moving the system away from symmetry in the mechanical

parameters such as stiffness or mass, leads to a spatial con�nement of the modal vibration

energy to one of the systems. This energy con�nement can be quanti�ed by an eigenstate or

amplitude ratio measurement and is referred to as mode localisation.

2.1.1 Origins of mode localisation

Although discussions in this thesis will revolve around mode localisation in MEMS resonator

systems, it is important to acknowledge the origins of mode localisation. Before its use in

micro systems and resonator topology, mode localisation was �rst discovered by Anderson in

the �eld of solid-state physics in 1958. Then, conductivity in an ideal crystal was described



6 Mode-localised Sensing in Microsystems

by the Drude model that predicted electronic conductivity to be directly proportional to the

mean free path that the free electron travels before colliding with positive ion site. The wave

character of the electron paved the way to the explanation that electrons do not scatter upon

colliding with the impurities but diffuse around them. This led to research on understanding

how the conductivity of the lattice would change with an increase in these impurities. The

popular theory at the time was that the transport of electrons reduces with the increase in

the impurities in the crystal lattice. In his seminal paper [35], Anderson showed that beyond

a critical amount of impurities in the semiconductor lattice, quantum-mechanical transport

of electrons leads to the complete spatial con�nement of the electron. This phenomenon

gained the much deserved importance in the scienti�c community and is since then known

as Anderson Localisation [36]. Since its conception, it has been applied beyond the �eld of

semiconductor physics and is widely studied in the �eld of acoustics and structural dynamics.

In 1981, building on Anderson's work in solid-state physics, Hodges [37] showed that

literature on periodic or symmetric acoustic systems can be misleading in a qualitative as

well as a quantitative manner. He showed the effects of mode localisation in two simple

mechanical models – a coupled pendulum system and vibrating string or beam constrained

in its motion by a mass and spring. Using an external source to inject vibrational energy

into the disordered systems, he showed that the vibrations could not propagate arbitrarily

large distances but are con�ned close to the source. He further showed that the steady state

response of the structure decays exponentially away from the source, even in the absence of

any dissipation. In 1983, Hodges and Woodhouse [38] validated these theoretical predictions

with experimental work that con�rmed the effects of localisation in slightly disordered

systems.

The work of Hodges and Woodhouse inspired many to conduct deeper analysis of

the phenomenon through perturbation techniques. In 1987, Pierre and Dowell [39] used

the Classical Perturbation Method (CPM) to obtain the localised modes of the perturbed

system. Assuming that the eigenvalues and eigenvectors of the perturbed system were

only slightly different from those of the unperturbed system, they were able to predict

approximate solutions to the perturbed case using this method. They recognised that the

coupling strength and the magnitude of the induced perturbations were closely related.

Additionally, they showed that if the magnitude of perturbations were large in comparison

to the coupling strength, the mode shapes would be highly localised. On the other hand, if

the perturbations were smaller than the coupling strength, the mode shapes would be weakly

localised. They recognised that CPM would be ideal to analyse a weakly localised system

(where perturbations were smaller than the coupling stiffness) but would fail to predict the
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solutions for a strongly localised system (where perturbations were greater than the coupling

stiffness). The Modi�ed Perturbation Method (MPM) was proposed in the same paper [39]

as an alternative, ef�cient approach to arriving at the solution for strongly localised systems.

The Modi�ed Perturbation Method was able to predict the occurrence of strong mode

localisation by considering the coupling stiffness as an additional perturbation. Therefore, a

disordered coupled system was the perturbed state and the disordered uncoupled system was

the unperturbed state. Therefore, this method could be accurately used to describe strong

localisation in weakly coupled systems. Two years later, Pierre and Cha [40] characterised

strong localisation using MPM by stating that the degree of localisation increases as the

ratio of modal coupling to perturbation decreases. They also showed that modal coupling

decreases with increasing modes, and that localisation would occur more easily in higher

groups of modes than in the lower ones. They concluded that if the coupling constraint is

located at the node of a group of modes, the modes become very strongly localised; this result

is carried into the design of weak coupling in MEMS resonators near their modal nodes.

Another phenomenon that has been closely associated with mode localisation is eigen-

value curveveering. Even before its proven connection to mode localisation, it was seen

that when the symmetry is broken in weakly coupled identical mechanical structures, the

modal eigenvalues `veer' away from each other and swap trajectories [41, 42]. Pierre made

the connection between strong mode localisation and eigenvalue curveveeringin 1988 [43].

He analysed the system using MPM and showed that close eigenvalues were the common

condition for bothveeringand strong mode localisation. Since his �ndings on pendulum and

plate structures, many studies have been conducted with combined results of both eigenvalue

curveveeringand mode localisation on beams, rotors, disks, and many other structures

[44–46].

2.1.2 Mode localisation in recent years

The study of mode localisation in solid mechanics paved the way for mode localisation

in MEMS resonators. The promise of using electrical transduction, high stability, high

quality factors, and the miniaturisation in MEMS devices opened up possibilities that were

previously unachievable. MEMS devices had shown promising results as accurate timing

references [47–50], �lters [ 51, 52], and frequency shift-based resonant sensors in the form of

mass sensors [53, 54], accelerometers [55–57], gyroscopes [58, 59], temperature [60], and

pressure sensors [61]. However, the concepts of mode localisation in MEMS devices were

unexplored until Spletzeret al. demonstrated the principle in the context of mass sensing
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in 2006 [22]. They used a coupled cantilever con�guration and reported to have achieved

20 times better sensitivity in eigenstate shifts than resonant frequency shifts when sensing

a 154 pg of attached sphere of boro-silicate. Two years later, the same group showed that

the sensitivity can be improved by increasing the number of coupled resonators [62]. They

used a group of 15 coupled micro-cantilever arrays and achieved a 2 orders of magnitude

sensitivity increase compared to their previous design of a 2-DoF system.

Soon after, a proof of concept for mass sensing, displacement sensing, and charge

sensing using mode localisation in DETF, Free-Free beam, and ring resonators was shown by

Thiruvenkatanathanet al. [63, 23, 29, 34]. Their work also included the use of a negative

electrical coupling spring instead of a mechanical coupling spring that allowed the tuning of

theveeringgap and the sensitivity [23]. They were able to achieve 2-3 orders of magnitude

improvement in sensitivity by measuring the shift in eigenstates compared to resonant

frequency shift sensing. They also characterised many inherent features of mode localisation

and concluded that the sensors were less likely to be affected by temperature and pressure

drifts due to common mode rejection. Although in its early stages, this work paved the way

for many others to investigate mode localisation in MEMS structures for various applications.

Mode localisation in MEMS resonators was extended to 3-DoF identical spring-mass

systems to increase sensitivity (an order of magnitude more compared to 2-DoF) [64, 65]. It

is generally not advantageous to have more than 2-DoF coupled system for mode-localised

sensor applications since fabrication tolerances result in inherent asymmetries that deter

the practicality of the sensor. This is due to the requirement of electrostatic tuning using

the electrical spring softening effect to compensate for the asymmetries [23]. Thus, an

increase in the number of resonators that need tuning, reduces the practicality of the sensor.

Furthermore, sensing more than two amplitudes in such a system is impractical due to the

noise and complexity added by the interface circuitry for each of the amplitudes. To address

this issue, many groups have used M-DoF mode-localised systems but with only two output

amplitudes for sensing. Zhaoet al. proposed a novel approach at a 3-DoF system by making

a middle resonator to have at least double the stiffness compared to the other two adjoining

resonators [66, 67]. This increased the sensitivity by 2 orders of magnitude while utilising

measurement schemes for only two resonators. His research also compared the output metrics

of the eigenstate shift, frequency shift and amplitude ratio shift and concluded that amplitude

ratio shift is the most sensitive [64].

Although there has been considerable work on characterising mode-localised devices

in open-loop con�gurations, there has not been a concrete suggestion for the use of a

self-oscillating loop compatible with the system so far. A self-oscillating loop maintains
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the resonator at the necessary resonating frequency, making it one of the fundamental

requirements of building a practical sensor [49]. Zhaoet al. developed a transfer function

method to theoretically recognise that the self-oscillating loop con�guration for a 1-DoF

sensor can be also used for a 3-DoF mode-localised sensor [68]. An advanced version of this

con�guration [69] is presented and implemented in this work.

The key application for mode localisation has been its application in developing ac-

celerometers. The �rst implementation of such a sensor was by Zhanget al. who charac-

terised the accelerometer in an open-loop circuit condition [28]. They used a differential

perturbation con�guration instead of a single perturbation con�guration employed by their

predecessors and showed that the sensitivity to amplitude ratio sensing can be increased

twofold. Although they were able to achieve a sensitivity of 1.233/g, they had a meagre reso-

lution of 0.619 mg. They attributed this resolution to the noise of the electronic measuring

system. Eventually, a closed-loop oscillation loop was also realised by Yanget al. using a

Phase Locked Loop (PLL) con�guration [70]. After their closed-loop implementation, the

same group proposed multiple accelerometers designs with 3-DoF [71], and even 4-DoF

[72] resonator systems that were designed to increase the sensitivity of the mode-localised

resonators. The group has also consistently optimised its system and has shown improvement

in stability achieved, with their latest work showing157mg. Although they show noise �oors

of a fewmg, the methods they use to calculate the noise �oor is contentious and not consistent

with the stability values presented. Accurately calculating the amplitude ratio noise has been

elaborated in Chapter 5.

Concurrently, modelling on the ultimate resolution offered by mode-localised resonators

was being carried out. Juillardet al. [33, 73] showed through modelling that in a system

dominated by thermo-mechanical noise, the resolution does not improve with a reduction in

coupling stiffness; contradicting what was previously predicted by Thiruvenkatanathanet al.

[74]. However, the analysis lacked any experimental evidence and the model hinged on a

derived relation between the individual resonator amplitude noise and the amplitude ratio

noise. Similarly, the method used by Juillardet al. has been discussed in Chapter 5 while

introducing the transfer function method of deriving amplitude ratio noise.

Currently, methods used to model the noise of the amplitude ratio output metric rely on

assuming its relations with the noise of the individual resonator amplitude and can only be

regarded as an estimate of the amplitude ratio noise. The most accurate way of describing the

amplitude ratio noise is by analysing the ratio of the two resonator amplitudes in real time

and performing power spectral density (PSD) analysis to retrieve the true noise performance

of the output metric. This method is pursued in detail in this work.
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Other than their use for sensing, coupled resonators have been used as �lters. Both active

and passive electrical coupling have been realised to implement bandpass �lters at various

frequencies [75–77]. A particular advantage of using coupled resonators quoted by these

works is the ampli�cation of quality factor possible in coupled resonator array �lters over

single resonator �lters. Furthermore, coupled resonators have also been used as vibration

amplitude ampli�er [78]. To realize this, arrays of 8 resonators are used and vibration

ampli�cation is noticed when the energy is heavily localised to one of the resonators due to

the disorder in the system.

The ever increasing competition in the �eld has led to rapid increase in the development

of research acumen in mode-localised devices and as the �eld grows, the potential of mode-

localised MEMS devices is revealed.

2.2 Theory

Several different approaches have been previously studied and implemented to model mode

localisation. The Classical Perturbation Method and Modi�ed Perturbation Methods were

used to predict modes of weakly and strongly coupled M-DoF systems for decades. Although

these methods remain pertinent in modelling the mechanical behaviour of such systems, they

are less useful when building an integrated model for practical applications. MEMS devices

require models that capture both the mechanical and the electrical behaviour (including

electronic interfaces). Thus, it is essential that the models used for MEMS devices can

encapsulate the �uidity between the mechanical and electrical domains. Furthermore, since

the focus in this work is on MEMS sensors, the models need to be able to predict key metrics

of the MEMS-based sensor such as scale factor and noise �gures.

In this section, three different models are assessed in the context of the mode-localised

resonator system. First, an eigenanalysis is considered for the basic dynamics of the curve

veeringphenomenon and the trend of the amplitude ratio variation with stiffness perturbations.

For simple systems, eigenanalysis remains the simplest method to predict the eigenvalues and

eigenvectors of a coupled system upon the application of a perturbation. Next, the transfer

function method of modelling is described. By reducing the mechanical dynamics of the

resonators to a transfer function, individual amplitudes of vibration of the two resonators can

be predicted at various perturbation states. This method is instrumental in predicting noise

processes that occur in mode-localised resonators. Finally, a Butterworth Van-Dyke (BVD)

electrical model of the resonators is derived so that they can be incorporated in a system

with readout electronics and a closed-loop oscillator circuit to sustain their oscillations. A
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combination of these three modelling approaches is proposed to predict the behaviour of a

practical MEMS sensor.

2.2.1 Eigenvalue solution

Mode localisation in its simplest form is seen in an unforced 2-DoF mass-spring system

coupled with a weak spring (as seen in Fig. 2.1). The two masses represent the intrinsic

masses of the two resonators and springs represent their corresponding stiffness. They are

both assumed to be similar (i.e.m1 = m2 = m andk1 = k2 = k). The coupling spring is

assumed to be far weaker than the springs of the resonators themselves(kc � k). The disorder

is applied to the system by tuning the stiffness of one of the resonators and is represented

by Dk on one of the springs. It is to be noted that in this work,Dk acts as a proxy for a

measurand when being implemented into a sensor. The equations of motion of the unforced

system can be outlined as follows:

Fig. 2.1 Lumped unforced spring-mass model of 2-DoF coupled system

mẍ1 + kx1 + kc(x1 � x2) = 0 (2.1a)

mẍ2 + ( k+ Dk)x2 + kc(x2 � x1) = 0 (2.1b)

The eigenvalues can be solved for by arranging the system of equations into a matrix

form:

"
m 0

0 m

#"
ẍ1

ẍ2

#

+

"
k+ kc � kc

� kc k+ Dk+ kc

#"
x1

x2

#

=

"
0

0

#

(2.2)

Assuming harmonic displacement,[x1 x2]T = une(iwt)(n = 1;2) andDk = 0 for the

unperturbed case, the matrix can be simpli�ed to:

"
� w2m+ k+ kc � kc

� kc � w2m+ k+ kc

#"
x1

x2

#

=

"
0

0

#

(2.3)
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The eigenvalues of the system can be found by equating the determinant of the system to

zero.

�
�
�
�
�
� w2m+ k+ kc � kc

� kc � w2m+ k+ kc

�
�
�
�
�
= 0 (2.4)

From there, the two eigenvalues of the unperturbed system can be calculated as follows:

w2
1 =

k
m

; w2
2 =

k+ 2kc

m
; (2.5)

The eigenvalue for the in-phase mode is independent of the coupling stiffness since the

two masses are moving in the same direction. However, in the anti-phase mode, the coupler

impacts the dynamics of the system and shifts the eigenvalue by a factor proportional to itself.

If the two masses were not coupled, the eigenvalue of the two subsystems would be identical

(having their natural fundamental mode shape) and dependent on their individual mass and

stiffness. However, due to the coupler, the eigenvalue of the anti-phase mode occurs either

after or before the in-phase mode depending on whether the two masses are connected with

positive (mechanical) or negative (electrical) coupling respectively.

The eigenvalues are then substituted into Eq. 2.3 and the unperturbed normalised eigen-

vectors can be calculated as:

u01 =
1

p
2

h
1;1

i
; u02 =

1
p

2

h
1;� 1

i
; (2.6)

For the unperturbed state, the two modes are: the two masses moving in-phase with each

other and the two masses moving out-of-phase with each other. In a 2-DoF system, the

amplitude ratio (AR) is de�ned as the ratio of the two resonator amplitudes when the system

is operated in either of those modes. In the unperturbed case, the amplitude ratios of the two

modes are as follows:

AR01 = 1 AR02 = � 1 (2.7)

The modal amplitudes provide a good scalar representation of the localisation of vibra-

tional energy between the two resonators. In the unperturbed state, the system is symmetric

and the vibration energy in equally distributed. Therefore, the mode shapes are symmetric,

corresponding to an amplitude ratio of 1. As the system is perturbed from its symmetry

with a positiveDk, it should be noticed that the vibrational energy is con�ned to one of the

resonators in the mode of operation whereas, with a negativeDk, energy is con�ned to the
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other resonator. This is seen when the same eigenvalue problem (in Eq. 2.3) is solved with a

non-zero perturbation term added to the second spring-mass system.

�
�
�
�
�
� w2m+ k+ kc � kc

� kc � w2m+ k+ Dk+ kc

�
�
�
�
�
= 0 (2.8)

Again, the eigenvalues and eigenvectors of the system can be found by equating the

determinant to zero:

w2
i =

2k+ 2kc + Dk�
p

Dk2 + 4k2
c

2m
(i = 1;2) (2.9)

u1 =
xi2

xi1
=

Dk�
p

Dk2 + 4k2
c

2kc
(i = 1;2) (2.10)

(a) Eigenvalue variation with stiffness perturba-
tions.

(b) Amplitude ratio variation with stiffness per-
turbations.

Fig. 2.2 Analytical representation of the two output metrics in the two modes of 2-DoF
coupled resonator system.

The above relations are plotted in Fig. 2.2. The values ofk = 1080N/m, kc = 0:05N/m,

� 0:5 N/m< Dk < 0:5 N/mandm= 4:36� 10� 10 Kg are chosen to provide a representative

set of parameters corresponding to the resonators used in the experiments. Fig. 2.2a shows

the variation of the eigenvalues of the two modes upon applying stiffness perturbations.

The eigenvalue for the unperturbed case represents the symmetrical case where the two

eigenvalues are separated by a factor proportional to
kc

k
. This can be derived from taking the

difference of the two eigenvalues:
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w2
0;2(Dk = 0) � w2

0;1(Dk = 0) =
k+ 2kc

m
�

k
m

=) (w0;2 + w0;1)(w0;2 � w0;1) = 2
kc

m

=) 2w0;1(w0;2 � w0;1) = 2
kc

k
w2

0;1

=)
(w0;2 � w0;1)

w0;1
=

kc

k

(2.11)

From that symmetrical case, a negative perturbation in stiffness results in theveering

of mode 1 away from mode 2 andvice versafor positive perturbation. It is interesting to

note that the two eigenvalues never intersect each other. This phenomenon is known as mode

veeringand it is seen in conjunction with mode localisation as predicted by Pierre [39].

Fig. 2.2b shows the relation between the magnitude of amplitude ratio and the applied

stiffness perturbation. The symmetric case shows the amplitude ratio of the two resonators

for mode 1 and mode 2 to be equal to 1. As mentioned before, this operating point signi�es

the case where the vibration energy is shared equally between the two modes. With a negative

perturbation from the symmetric case, the amplitude ratio of mode 2 increases while that on

mode 1 reduces, showing that vibration energy is now localised to mode 2. For a positive

perturbation from the symmetric case, the reverse is noticed with vibration energy localised

to mode 1. This localisation effect can be used for sensing purposes where the output metric

is the amplitude ratio and the input stiffness perturbations can be caused due to a measurand

such as acceleration, displacement or charge.

The advantage of mode localisation for sensor design is evident when the comparisons of

the sensitivities of the modal ratio shift and the frequency shift are made in the same device.

Analytically, the two sensitivities around the symmetrical case simplify to:

SAR =

�
�
�
�
ui � u0i

u0i

�
�
�
� =

�
�
�
�
Dk
kc

�
�
�
� (2.12a)

Sw =

�
�
�
�
wi � w0i

w0i

�
�
�
� =

�
�
�
�
Dk
2k

�
�
�
� (2.12b)

Eq. 2.12 shows that if the condition ofj kc j<
k
2

is ful�lled in the system, amplitude ratio

measurements trump the resonant frequency shift measurement in terms of their relative sen-

sitivity to stiffness perturbations. In designing mode-localised sensors, two kinds of coupling

exist – mechanical, where the two resonators are coupled mechanically and electrical, where
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the two resonators are coupled capacitively using electro-elastic coupling. In both cases,

practical values of the coupling constant in the order of10� 2 � 10� 3 times smaller than the

stiffness of the resonators can be readily achieved. This enables a 2-3 orders of magnitude

increase in sensitivity in comparison to the eigenvalue shift sensing method.

2.2.2 Transfer function solution

A transfer function solution of the mode-localised system needs to be obtained to integrate

the mechanical and electrical behaviour in a uni�ed system level model. This method allows

for simulating the complex noise processes within the system and the trends of the individual

vibration amplitude variation to input perturbations. The model for a 2-DoF system can setup

by considering the forced spring-mass-damper system in Fig. 2.3 as a system of equations.

Fig. 2.3 Lumped spring-mass-damper model of 2-DoF coupled system

The equations of motion of the two resonator system can be expressed as follows:

m1ẍ1 + c1 �x1 + k1x1 + kc(x1 � x2) = F1 (2.13a)

m2ẍ2 + c2 �x2 + k2x2 + kc(x2 � x1) = F2 (2.13b)

In the Laplace domain, these equations are expressed as:

m1s2x1(s)+ c1sx1(s)+ k1 + kc)x1(s) = F1 + kcx2(s) (2.14a)

m2s2x2(s)+ c2sx2(s)+ ( k2 + kc)x2(s) = F2 + kcx1(s) (2.14b)

This can be simpli�ed to

H1(s)x1(s) = F1(s) � kcx2(s) (2.15a)

H2(s)x2(s) = F2(s) � kcx1(s) (2.15b)

where

H1(s) = m1s2 + c1s+ ( k1 + kc) (2.16a)
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H2(s) = m2s2 + c2s+ ( k2 + kc) (2.16b)

Using Cramer's rule, the displacement of each resonator in response to each one of the

forces can be derived as follows:
"

H1(s) kc

kc H2(s)

#"
x1

x2

#

=

"
F1

F2

#

(2.17)

x1 =

�
�
�
�
�
F1 kc

F2 H2(s)

�
�
�
�
�

�
�
�
�
�
H1(s) kc

kc H2(s)

�
�
�
�
�

;x2 =

�
�
�
�
�
H1(s) F1

kc F2

�
�
�
�
�

�
�
�
�
�
H1(s) kc

kc H2(s)

�
�
�
�
�

; (2.18)

x1 =
F1H2(s) � kcF2

H1(s)H2(s) � k2
c
;x2 =

F2H1(s) � kcF1

H1(s)H2(s) � k2
c
; (2.19)

Using Eq. 2.19, the transfer function of the displacement of resonatori due to force on

thejth resonator can be described as

xi =
2

å
j= 1

Hi j Fj (2.20)

where transfer functions(Hi j ) for various inputs and outputs can be described as follows:

H11 =
H2(s)

H1(s)H2(s) � k2
c
;H12 =

� kc

H1(s)H2(s) � k2
c
;

H21 =
� kc

H1(s)H2(s) � k2
c
;H22 =

H1(s)
H1(s)H2(s) � k2

c
;

(2.21)

This analysis can be used to simulate the response of the individual amplitude of vibration

of the two resonator system upon the application of stiffness perturbations. Ideally, the

transfer function and the eigenvalue method of calculating the amplitude ratio should result in

the same curve. However, since a �nite quality factor is used in the transfer function method,

there is a slight variation between the damped transfer function solution and the undamped

eigenvalue method. Practically, the system can be excited either by using a Double Ended

Drive (DED) method, where forcing is applied on both resonators or, by using a Single

Ended Drive (SED) where forcing is only applied on one of the resonators while the second

resonator is driven synchronously through the coupler. The expression of the individual

amplitudes under SED can be shown by using only one of the force terms (F1 or F2) in Eq.
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2.19 and setting the other to be equal to zero. This produces a slightly different amplitude

variation pro�le as compared to that produced by DED as shown in Fig. 2.4a.

(a) Vibration amplitudes of the two resonators (b) Amplitude ratio

Fig. 2.4 Comparison between amplitude and amplitude ratio output metrics variations with
stiffness perturbations in Single Ended Drive (SED) and Double Ended Drive (DED).

Furthermore, SED and DED in�uence the pro�le of the amplitude ratio variation pro�le

with the application of stiffness perturbations. Fig. 2.4b shows the amplitude ratio pro�le

of SED, DED and the analysis of the unforced system using the eigenanalysis approach are

compared to each other. Either of the SED and DED methods can be employed. However,

in the test structures fabricated for the experiments performed in this thesis, the DED is

impractical due to the shortage of electrical ports for applying stiffness perturbations. Thus,

throughout this work, only SED is used and the sensitivity plots shown in this work will

re�ect this behaviour.

2.2.3 Butterworth Van-Dyke (BVD) model

An equivalent electrical circuit model for the MEMS will translate the mechanical parameters

of spring, mass, and damper into equivalent electrical counterparts of capacitance, inductor,

and resistance respectively. This will aid simulations of the MEMS device and front end

electronics in the electrical domain. Electronic circuits are usually simulated using SPICE

(Simulation Program with integrated Circuit Emphasis) based simulation softwares. Having a

BVD model of the resonator system helps simulate the practical integration of the resonators

with the front-end electronics that use transimpedance ampli�ers (TIA) and band pass �lters

(BPF). A model of a 1-DoF resonator system is presented in Fig. 2.5 representing the RLC
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circuit for the MEMS device with the various parasitic capacitances leading to leakage

currents included.

Fig. 2.5 BVD model of a 1-DoF resonator system.

Individual spring, mass, and damper values of the resonator can be converted from

mechanical domain to electrical domain as follows:

Lr =
me f f

h 2 (2.22)

Cr =
h 2

ke f f
(2.23)

Rr =

p
ke f fme f f

Qh 2 (2.24)

where,me f f is the effective mass of the resonator,ke f f is the effective stiffness of the

resonators,Q is the quality factor of the resonator that is related to the damping constant, and

h is the electro-mechanical transduction coef�cient. For a symmetric capacitive transduction

system, the electro-mechanical coupling coef�cient depends on the area of the electrode

(Aelec), transduction gap (gelec), drive voltage (VD), and the permittivity (e) of the operating

medium. It can be modelled to be:

h = e
Aelec

g2
elec

VD (2.25)

Additional parasitic capacitances are added in the form ofCf t , Cpd andCps as feedthrough

capacitance from the drive port to the sense port through the resonator body, parasitics from

the drive and sense pads to the grounded substrate respectively. Generally, the effect ofCf t is

a more signi�cant thanCpd andCps [79] and therefore, for this simulation,Cpd andCps are

ignored. The circuit shown in Fig. 2.5 is simulated in LTSPICE software with representative

values of motional parametersRr = 0:1 MW, Lr = 500H, Cr = 1 fF andCf t = 100fF. Using
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dimensions of the capacitive actuation similar to the experimental values shown in Tab 2.1,

and a transduction voltage of 20 V, the equivalent mechanical parameters can be calculated

from Eqs. 2.22-2.25 aske f f = 82N/m, me f f = 41ng, andQ= 7000. The frequency response

of the two different scenarios are shown in Fig. 2.6b.

(a) No feedthrough current. (b) With feedthrough current.

Fig. 2.6 Simulated frequency response from the 1-DoF BVD model.

As seen in Fig. 2.6b, the feedthough current distorts the frequency response curve of

the resonator by contributing an anti-resonance. The direction of the feedthrough current

determines whether the anti-resonance occurs before or after the resonance peak. Although

small amount of feedthrough current is to be expected in the physical systems, badly designed

devices could have high amounts of feedthrough capacitances. This could potentially distort

the phase and amplitude of the resonator and effect the design of oscillator systems, or

accurate amplitude/frequency measurements.

This simple system can be converted into a coupled mode-localised resonator topology

by adding the components for the second resonator and a coupling capacitance. The coupling

capacitance must be small to ensure that the two resonator systems are weakly coupled. A

circuit including the two parasitic capacitances is shown in Fig. 2.7.

The system of mode-localised resonators is simulated again in LTSPICE with test values

of R1r = R2r = 0:1 MW, L1r = L2r = 500H, C1r = C2r = 1 fF, Cc = 1 pF, andCf t = 100fF.

The frequency response of the system is shown at the symmetric condition (C2p = 0 F) and

the asymmetric condition (C2p = 200fF) in Fig. 2.8. Using dimensions of the capacitive

actuation similar to the experimental values shown in Tab 2.1, and a transduction voltage

of 20 V, the equivalent mechanical parameters can be calculated from Eqs. 2.22-2.25 as

ke f f = 82 N/m, kc = 0:082N/m, Dk = 0:4 N/m, me f f = 41 ng, andQ = 7000. The arrow
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Fig. 2.7 BVD model of a 2-DoF resonator system.

indicates the measured motional current which is the representative current produced by the

resonator when it is resonating at its natural frequency. The �rst mode is described to be the

in-phase mode and the second as the anti-phase mode due to the phase conditions seen at the

output of each resonator. Localisation is clearly seen in the motional current measurement of

each resonator between the symmetrical (Fig. 2.8a) and asymmetrical state (Fig. 2.8b). The

effects of modal overlap and feedthrough currents clearly affect the amplitude measurements

and are further addressed in detail.

(a) Symmetrical condition (C2p = 0F). (b) Asymmetrical condition (C2p = 200f F).

Fig. 2.8 Frequency response of the coupled resonator system

Modal overlap

A salient feature seen in Fig. 2.8a is that the two modes of vibration are on the verge of

overlapping with each other due to the limited quality factor of the resonators. Modal overlap

is detrimental to the closed-loop applications of the coupled resonators and needs to be

avoided. The modal overlap depends directly on the difference between the natural frequency

of the two modes (w01 andw02) and the quality factor of the two resonators in question. As
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seen in Fig. 2.8a, that the closest the two eigenfrequencies approach each other is in the

symmetrical case, or theveering zone. So if the two eigenvalues are distinguishable at the

veeringpoint, they should be distinguishable at any other point along the symmetry breaking

conditions. The key condition to be ful�lled for this is:

w02 � w01 �
Dw01

2
+

Dw02

2
(2.26)

WhereDw is the width of each modal spectrum that is dependent on the quality factor.

Now, if the quality factors of both these modes are assumed to be similar and the two

frequencies are close enough so thatw01 � w02, Eq. 2.26 can be approximated to be:

w02 � w01 �
w01

Q
(2.27)

Hence, there is a direct relationship between the modal overlap and the quality factor.

This means that the quality factor of the resonators needs to be high enough for low modal

overlap. One of the dominant causes of quality factor reduction in capacitive devices is the

presence of �uid damping. In order to reduce �uid damping, these devices need to be either

operated in a vacuum chamber or sealed in hermetic packaging for practical applications.

If low Q factor devices need to be used, feedback control can be used to introduce stable

negative damping to avoid expensive packaging [80].

Feedthrough current

Another feature seen in Fig. 2.8 is the detrimental effect of feedthrough on the frequency

response of the resonators. As the system is transduced in a SED, the feedthrough in the

driven resonator is much higher than in the other. In this case, the feedthrough current limits

the dynamic range of the sensor if it exceeds the motional current. Furthermore, in such a

case, the phase conditions required for the oscillation loop by the Barkhausen conditions are

not met. To ensure that that the dynamic range is not limited, high feedthrough currents are

not desirable. Some ways to reduce parasitic capacitance are to have the drive and sense pads

far from each other with suf�cient separation between parallel metallic traces for drive and

sense purposes. Additionally, once the sensor is mounted on to a chip carrier and a printed

circuit board (PCB) is used for the motional current readout, the electrical feedthrough from

the traces on the PCB will also add to the parasitic capacitance. To reduce those parasitics, the

sense signal tracks should be isolated from the drive signal traces and the channels measuring

the two motional currents should be kept on separate sides of the PCB.
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2.3 Experiment

The simulations outlined here capture the dynamics of the coupled resonator system. A

representative experiment is now shown to validate the results of the simulation and to

understand the issues underlining mode localisation in coupled resonators from a practical

standpoint.

The device used for this experiment is an electrically coupled Double Ended Tuning Fork

(DETF) resonator system. It is manufactured using SOIMUMPS® process, a commercial

foundry process using silicon-on-insulator (SOI) wafers by MEMSCAP Inc. Durham, NC,

USA. The device parameters and key experimental quantities are outlined in Tab. 2.1.

Fig. 2.9 Micrograph of an electrically coupled DETF resonator system

Table 2.1 Device parameters

Parameter Dimensions
Beam Length 350mm
Beam Width 6mm
Electrode Length 260mm
Electrode Width 6mm
Device Layer Thickness 25mm
Proof Mass (2 for each DETF) 40mm � 40 mm
Electrode Gaps 2mm
Computed Resonator Stiffness (k) 1080 N/m
Computed Resonator Mass (m) 0.45mg
Computed Resonance Frequency (f0) 245 kHz
Experimental Quality factor (Q) 10000
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In this experiment, only an open-loop characterisation is carried out with a SED con�gu-

ration. A SED is chosen due to the restrictions on the number of electrodes available on the

device. A Zurich Instruments HF2LI is used as the signal generator and as a two channel

frequency response analyser. The coupling stiffness is realised by applying DC voltages

on the two resonator bodies. In this case,VDC1 is set to0 V whereasVDC2 is set to10 V to

realise a coupling voltage ofVc = 10V. Resonator 1 is always de�ned as the resonator that is

being driven directly by the HF2LI and Resonator 2 as the resonator that is driven through

the coupler to which perturbations are being added. Perturbations are added to Resonator

2 in the form of a voltage on the perturbation electrode. This voltage is converted into a

negative perturbation due to the presence of the capacitor between the resonator electrode

plate and the perturbation electrode [23].

Fig. 2.10 Experimental setup of the open-loop readout circuit

The AC drive voltage from the HF2LI is passed through a Bias-T (a three port method of

setting a DC bias point at the sense node of the sensor without disturbing the AC component

of sense current) with a DC polarising voltage of 20 V. The motional current from both

resonators is �rst passed through a transimpedance ampli�er (Analog Devices ADA4817)

to convert it to a voltage and then through a buffer before being recorded by the frequency

response analyser of the HF2LI. A Bias-T is also used on the output node with a DC voltage

of 60 V for a good transduction of the motional sense current.
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Fig. 2.11 Open-loop frequency response curves of the two resonators at different states of
symmetry due to applying perturbation voltage.
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2.4 Results

2.4.1 Open-loop frequency response

The frequency is swept around the vicinity of the resonant frequencies using the HF2LI

and the response of each channel is recorded. The stiffness of Resonator 2 is changed by

increasing the perturbation voltage resulting in vibration mode localisation. The results are

plotted in Fig. 2.11 with 11 different perturbation voltages highlighting the energy transfer

that occurs between the two modes as well as the two resonators in the same mode. It

is to be noted that the resonators are not perfectly matched due to fabrication tolerances

and accordingly need a high voltage to be brought to the symmetrical state (in this case

� 33 V). It can be clearly seen that when the perturbation voltage is increased, amplitude

of mode 1 (in-phase mode) of Resonator 1 decreases whereas that of mode 2 (anti-phase

mode) of the same resonator increases. As expected of the SED con�guration, the amplitude

of Resonator 2, on the other hand, increases for both modes together until the symmetric

condition (achieved� 33V) and before reducing again. In this case, the feedthrough current

is quite low and allows for a wide range of operation between amplitude ratios of 1 to 4 for

mode 1 and amplitude ratios of 0.5 to 3.5 for mode 2. Any further change in the symmetry

results in the motional current of one of the resonators to be comparable to the feedthrough

current and therefore rendering it impractical to be used for sensing purposes. In practice,

either mode can be used in a sensing context but for this study, mode 2 (anti-phase mode)

will be considered.

Fig. 2.12a illustrates the frequency and amplitude at the peaks of each of the modes

of the frequency response curves shown in Fig. 2.11 plotted with respect to the applied

perturbations. The resonant frequencies of the two modes plotted this way leads to the

veeringplot which has been described widely in coupled systems. As the perturbations are

added, it is seen that the two resonant frequencies come close to each other until theveering

zone at which point they veer away from each other. Theveeringzone is described as the

region in the plot with the smallest difference between the two resonant frequencies. This

is an important value since it allows us to estimate the real coupling stiffness that is being

generated by the coupling voltage applied to the system. The theoretical estimation of the

coupling voltage in the test device can be derived by equating the mechanical and electrical

forces in a capacitive plate as:

kc;analytical = �
e0Acap

g3
elec

V2
c = � 0:72N/m (2.28)
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(a) veeringof the two resonant frequencies (b) Output voltages of the anti-phase mode

Fig. 2.12 Eigenfrequencies of the in-phase and anti-phase modes and amplitudes of the
anti-phase mode varying across different perturbation stiffness.

Furthermore, the experimental calculation of the coupling stiffness (kc) can be estimated

by taking a frequency difference of the two resonant frequencies in the symmetric condition

as is seen at theveeringzone (as shown in Eq. 2.11). The frequency difference around

veeringis seen to be170Hz and the resonant frequency is seen to be247kHz. The stiffness

(k) is calculated to be 1080 N/m and through this relation, the experimentalkc is estimated

to be� 0:743N/m. This is quite close to the calculatedkc and it can be concluded that the

fabrication tolerances are minimal. This method of calculating coupling stiffness is useful in

mechanically coupled devices where the theoretical estimation of the coupling stiffness is

complex.

Fig. 2.12b displays the output voltages of the two resonators of the anti-phase mode

(mode 2). These can be regarded to be synonymous with the vibration amplitudes. As

expected of the SED con�guration, the amplitude of the driven resonator (Resonator 1)

increases with the increase in perturbations whereas that of Resonator 2 increases to the

symmetrical condition and then decreases with the further increase in perturbations. Since

theveeringzone is representative of a symmetric resonator system, it is expected to see an

amplitude ratio of 1 there. In ideal systems, theveeringwould occur atDk=k = 0. However,

here it occurs atDk=k = 0:006which can be associated to the fabrication tolerances that lead

to the production of an asymmetric system of resonators.
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2.4.2 Amplitude ratio and sensitivity

The amplitude ratio (AR) can then be calculated for each of these perturbation values by

taking the ratio of the amplitude of the Resonator 1 and Resonator 2. The result of this is

plotted in Fig. 2.13a against input stiffness perturbations.

(a) Amplitude ratio of mode 2 varying across
added stiffness perturbations.

(b) Localised sensitivity variation across the dif-
ferent operating amplitude ratios.

Fig. 2.13 Amplitude ratio variation with input perturbation stiffness and the localised sensi-
tivity to input perturbation.

Three main regions can be highlighted in this plot – theveeringregion (around AR� 1),

the region where AR>1 and the region where AR<1. The region where AR>1 is where the

energy gets localised to the driven resonator (in this case Resonator 1) and the variation of

amplitude ratio with respect to stiffness perturbations is linear. Theveeringregion is where

the two resonators are matched in stiffness and the energy tends to be equally distributed

between the two resonators. The amplitude ratio here tends to vary nonlinearly with input

stiffness perturbations. The region of AR<1 is where the vibration amplitudes of both

resonators are low and from the perspective of the signal to noise ratio is not an ideal

operating region. Thus, this region is not considered for analysis.

Fig. 2.13a shows the nonlinearity in the variation of amplitude ratio is also plotted

in reference to the constant sensitivity of the system at AR>1 (in this case929=(Dk=k)).

The nonlinearity in the scale factor is very small at high amplitude ratios and gradually

increases as the amplitude ratio decreases. It is generally expected of sensors to have a linear

variation in the output metric resulting in a constant scale factor. If a constant scale factor

is paramount, operating at a higher amplitude ratios might be considered. However, there

are many advantages to working around theveeringzone (especially with optimising the
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noise) that will be discussed in later chapters. Hence, a plot showing the local sensitivity

is illustrated in Fig. 2.13b to aid the understanding of how the sensitivity changes with the

operating amplitude ratio. The sensitivity at large amplitude ratios shows an asymptotic

behaviour which is consistent with Fig. 2.13a. The sensitivity atveering(AR� 1) is a lot

lower than that at higher amplitude ratios and analytically is half of the sensitivity at the

constant sensitivity region. The sensitivity below AR� 1 reduces further until it is no longer

viable for use as a sensor due to the low signal to noise ratio, low sensitivity and low linearity

of the amplitude ratio variation. Although it is desirable to operate in the constant sensitivity

region, operating around theveeringis not a great hindrance. The system can be run in a

feedback loop to keep the resonator system operating around a particular amplitude ratio or

the sensitivity can be calibrated so that the nonlinear variation in sensitivity is no longer an

issue.

The process of �nding an optimum operating amplitude ratio requires much thought

and will differ depending the speci�cations needed for the sensor. Since the mode-localised

sensor is versatile, it can be operated at different amplitude ratios for various applications.

Optimum operating points will be detailed in later chapters from the perspective of sensitivity,

resolution, bandwidth, and building an oscillator.

Summary

This chapter discusses the basic operation of weakly coupled mode-localised resonator with

an emphasis on establishing the dynamics of a coupled resonator system from a modelling

and experimental perspective. Various modelling techniques reveal different aspects about

the dynamics of the coupled resonator topology. A simple eigenanalysis is helpful in

understanding the variation of the amplitude ratio and eigenfrequencies with input stiffness

perturbations as a measurand. The transfer function approach is useful to model the variation

of the amplitude of each resonator, and for estimating the noise in each resonator (discussed

later in Chapter 5). The BVD model allows us to understand the electrical aspect of sensing

the two resonator amplitudes and highlights potential issues with the feedthrough current.

From the experimental open-loop analysis, frequencyveeringis observed in the frequency

response curves and is critical in experimentally estimating the coupling stiffness. The

amplitude ratio variation trend with input stiffness perturbation is intrinsically nonlinear at

low amplitude ratios (around AR� 1) whereas it becomes linear at higher amplitude ratios.

Localised sensitivity around a chosen amplitude ratio is important to characterise to facilitate

the operation of the sensor at different amplitude ratios depending on the application. Future
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chapters focus more on the choice of particular operating amplitude ratios and coupling

stiffness for a variety of applications.





Chapter 3

Designing a Mode-localised Sensor

The path to building an integrated mode-localised sensor requires the incorporation of the

mechanical sensor components with the front-end electronics and a self-sustaining oscillator.

This chapter describes the necessary considerations for building a practical mode-localised

sensor. For the scope of this study, the sensor modules comprising of weakly coupled MEMS

resonators, front-end electronics including low noise TIA and a band pass �lter, and a self-

oscillating loop are considered. The design process of each of these components is detailed

with explanations on the rationale behind them.

3.1 Mechanical design summary

The core of the sensor is the micromechanical resonator system that is manufactured using a

silicon-on-insulator (SOI) process. The fabrication process is outlined in Appendix A.

The device considered for the test structure is an electrically coupled MEMS resonator

system. Due to the high quality factor and low anchor losses, a DETF con�guration was

chosen for the experiments over simple clamped-clamped beam resonator. Before fabrication,

an analytical model of the DETF resonator was created to aid with the design process (detailed

in Appendix B). The two DETF resonators are coupled using an electrostatic coupling instead

of a mechanical coupling. Since the coupling stiffness can be tuned simply by controlling the

voltage between the two resonators [23], electrostatic coupling offers the �exibility needed

in test structures for a variety of experiments. Furthermore, electrostatic coupling can offer

lower absolute values of coupling spring constant than mechanical coupling [23] for realising

highly sensitive mode-localised sensors.

The resonator needs to be compatible with the front-end electronics and the oscillator

topology. The dimensions of the DETF are governed by several conditions that must be met
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from the perspective of oscillator choice, power handling of the resonator, and transduction

method.

Oscillator requirement

A direct feedback oscillator is chosen in this implementation of a closed-loop sensor. This

topology is chosen due to its simplicity and is apt for the �rst implementation of an oscillator

for mode-localised sensor. More complex oscillators can be proposed in the future to optimise

different aspects of the sensor. The direct feedback oscillator works best when the resonator

has a high power handling ability, a low resonant frequency, and low feedthrough current.

Power handling

The power handling ability is a measure of the energy stored in the resonator. This ability

reduces when the size of the resonators is decreased. Since the direct feedback oscillator

requires a greater power handling ability, narrow beams are avoided when designing the

DETF resonators. The aspect ratio of the length to width of the resonator is set to 100:1 by the

manufacturing process. This guides the design of the length of the resonators. Furthermore,

to avoid stiction issues with fabrication, long beams are avoided. All these factors are

considered when designing the DETF resonators.

Transduction method

Electromechanical transduction in SOI resonators is done capacitively. The most common

kinds of capacitive transduction employ either a parallel plate capacitor or a comb-drive

capacitor. A parallel plate capacitor allows for greater transduction force but is inherently

nonlinear in its operation; whereas comb-drive transduction offers lower drive force but is

linear in its behaviour. The higher the drive force, the larger the amplitude of vibration, and

higher the motional current. However, if the drive force is too small, the motional current of

the resonator would be too low, and the signal to noise ratio would be affected. Therefore, a

parallel plate con�guration with a large sensing electrode and a small transduction gap is

desired since it increases the motional current being sensed.

These are some of the main factors that need to be considered in the process of designing

the micromechanical resonator system. Signi�cant optimisation needs to be performed to

tune these parameters and some compromises need to be made in arriving at the �nal design.

These optimisations are done using �nite element modelling (FEM) using COMSOL®. The
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details of the COMSOL®simulation including the mode shapes, eigenfrequencies and the

sensitivity estimations of the device are shown in Appendix C.

The dimensions of the device were derived from previous operating designs that showed

resonant frequencies and quality factors consistent with the requirements for this work. These

were con�rmed using FEM simulations as shown in Appendix C. An optical micrograph of

the device is shown in Fig. 3.1 and the dimensions are described in Table 3.1.

Fig. 3.1 Optical micrograph of the device.

Table 3.1 Device parameters

Parameter Dimensions
Beam Length 350mm
Beam Width 6mm
Electrode Length 260mm
Electrode Width 6mm
Device Layer Thickness 25mm
Proof Mass (2 for each DETF) 40mm � 40 mm
Electrode Gaps 2mm
Computed Resonator Stiffness (k) 1080 N/m
Computed Resonator Mass (m) 0.45mg
Computed Resonance Frequency (f0) 245 kHz

3.2 Electrical circuit design

The interface circuit is closely tied with the design of the MEMS resonator. A key component

of the front-end electronics includes the circuitry that converts the motional current of the
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resonator into voltage using a trans-impedance ampli�er (TIA) and then a band pass �lter

(BPF) to reduce the broad band noise in amplitude measurements. Additionally, to sustain

the oscillation of the resonators, an oscillator needs to be designed to conclude the integration

of all the components needed for a mode-localised sensor.

3.2.1 Interface circuit

The interface circuitry is used for preliminary experimental analysis about the various

characteristics of the resonators and sensors. In this process, the resonant frequencies,

amplitude of the modes and quality factors of the devices are measured. The design and

simulation results of the TIA and the BPF are detailed further.

TIA con�guration

A dual stage charge ampli�er circuit using ADA4817-1 and OPA656 for the �rst and second

stage operation ampli�ers is chosen as the TIA. A schematic of such a circuit is shown in Fig.

3.2. In the schematic, the resonator is illustrated as a current source; the parasitic capacitance

due to bond wires and packaging is chosen to be 10pF; the gain resistor is chosen to be1GW;

and the parasitic capacitance between the pads of the gain resistor is chosen to be 150f F.

Fig. 3.2 Dual charge ampli�er TIA using ADA4817-1 and OPA656

Using SPICE simulation, the circuit above can be simulated for its noise performance and

its gain values. Fig. 3.3 shows the results of the simulation for the TIA circuit. The resonators

in this work have a resonant frequency in the range of 250 kHz which has been marked as the

operating region. A charge ampli�er is chosen for the TIA con�guration for the high gain

and the low noise it offers as compared to conventional TIA. High gain allows for higher

output voltages without the need for high drive voltages that could lead to nonlinear effects

in the resonator. Furthermore, high output voltages are crucial in amplitude measurements

since the signal to noise ratio in the case of an electronic noise dominant system is entirely
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(a) Gain of the TIA. (b) Output and input noise of the TIA.

Fig. 3.3 Simulated properties output noise, gain and, input-referred noise of the charge
ampli�er TIA con�guration.

dependent on the magnitude of the sense voltage. The �rst stage maximises the gain; but, the

charge ampli�er does not have a �at gain or phase around the frequency of interest. Thus,

the second stage of a differentiator is added to shift the phase by� 180o and �atten the gain

around the operating region. The gain and phase response of the TIA is shown in Fig. 3.3a.

The noise of the circuit is also simulated and the results are plotted in Fig. 3.3b. The output

noise describes the voltage noise seen at the output of the TIA. The input-referred noise

is acquired by dividing the output noise with the gain of the ampli�er. This metric gauges

the equivalent current noise that is added to the motional current before the ampli�er stage.

The output noise is seen to be0:85 mV/
p

Hz whereas due to the high gain the input-referred

current noise is only 77 fA/
p

Hz.

The current noise in Fig. 3.3b decreases at lower frequencies with a corner frequency

around100kHz. If the resonant frequency of the device was below that corner, the noise could

be reduced by 5 times. Therefore, this TIA con�guration is best suited for operating at under

100 kHz. However, it provides the best noise performance for the range of operation and the

bandwidth required for this implementation. Future breakthroughs in the TIA technology

could potentially improve the noise �oor, leading to higher resolution measurements.

Band pass �lter

Band pass �lters are quintessential in amplitude measurements to restrict the amplitude

noise. A simple second order band pass �lter as shown in Fig. 3.4 is implemented to allow

for a small bandwidth around the resonant frequency with sharp cut-off. The frequency
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Fig. 3.4 A second order band pass �lter using ADA4898 OPAMP

Fig. 3.5 Gain and bandwidth of the TIA

response of the band pass �lter is shown in Fig. 3.5. The center frequency of255 kHz

is achieved with the closest available commercial resistor and capacitor values; besides, a

bandwidth of35 kHzis chosen to have a quasi-�at gain in the operation range while ensuring

the out-of-band components are heavily suppressed.

The noise models and the properties of the interface circuitry used in SPICE simulations

are helpful in the initial design of the electronics. However, they need to be experimentally

veri�ed for their accuracy. Therefore, an experiment is conducted after assembling the

electronics for the noise and gain of the interface electronics. A wide frequency band is

chosen for gain measurement (shown in Fig. 3.6a) to capture the effect of the band pass �lter.

A �lter bandwidth of 40 kHz is measured around a center frequency of 250 kHz. The gain

measured from the interface circuit is almost double of what was seen from the model of the

TIA. This can be attributed to the variation in the parasitic capacitance around the pads of the

gain resistor and variability of the real components from the ideal ones used in the model.
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There is also a difference in the gain of the two channels and this is attributed to the variation

in the parts used for the two channels.

(a) Experimental gain (b) Experimental input-referred noise

Fig. 3.6 Experimental characterization of the gain and noise of the interface cirucit.

The experimental noise of the interface circuitry is shown in Fig. 3.6b. The noise band

between 245 kHz and 250 kHz is chosen as the operating region. The noise in the two

channels differs from the SPICE model by about 30%. However, the model only captures

the noise from the TIA and not the noise introduced by the band pass �lter as well. There is

also a difference of 20% between the two channels that can be attributed to the error in the

component values used in both the channels.

These experimental results prove that the models used in the SPICE simulations were ac-

curate for providing insight into the behaviour of the interface circuit. They were instrumental

in simulating all of the circuitry presented in this work.

3.2.2 Closed-loop circuit

To develop a self sustaining loop, the main criteria to be ful�lled is the Barkhausen criteria

[81]. Fig. 3.7 shows the role the feedback control loop plays in sustaining oscillations from

the resonator system. The resonators and the ampli�er form the open-loop pathway and have

already been described in the previous section.

Barkhausen criteria suggests that for oscillations to be sustained the following two

conditions must be met:

• The gain of the open-loop and feedback network must be greater than or equal to 1

(a ( jw) � b( jw) � 1).
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Fig. 3.7 Control loop including the resonator, ampli�er and the feedback network.

• The phase lag in the loop must be a multiple of 2p

The feedback network includes a soft limiter gain control instead of the conventional

amplitude gain control. This allows for a gain control that reduces nonlinear effects including

higher order harmonics. In addition to that, a phase shifter is included in the loop to tune

the phase to ful�ll the Barkhausen criteria. This oscillator is apt for operating the sensor in

the region where the output amplitude of the feedback resonator remains constant across

the operating region. If Resonator 1 is used in the control loop, then the operation region is

limited to high amplitude ratios (AR> 5). Contrarily, if Resonator 2 is used in the control loop,

then the operation region is limited to theveeringrange (0:9 < AR< 1:5) since amplitude of

Resonator 2 in SED remains relatively constant in that region. Therefore, the operation region

is con�ned to where the amplitude being controlled is constant across stiffness perturbations

as seen in Fig. 2.4a. To implement an oscillator at a greater range of working region, a phase

locked loop (PLL) should be preferred instead of a direct feedback oscillator topology.

Soft limiter gain control

A schematic of the soft limited circuit employed for the amplitude gain control is shown in Fig.

3.8. The soft limiter has two diodes to limit the positive and negative parts of the amplitude

of sine wave. When the output voltage (Vout) is small, the two diodes are off. The soft limiter

behaves as a simple voltage ampli�er with a gain of� R2
R1

. When starting the oscillations up,

the noise in the system gets ampli�ed and drives the resonators to continuously get higher

and higher amplitudes at resonance in this operating region. When the amplitude becomes

comparable toVlim (with the positive threshold ofVL+ and a negative threshold ofVL� ), the

diodes start to conduct. The thresholds of these voltages can be de�ned with respect to the

forward voltage of the diode (Vf ) and the reference voltage as follows:

VL+ =
R6

R5
5V +

�
1+

R6

R5

�
Vf (3.1a)
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VL� = �
R4

R3
5V �

�
1+

R4

R3

�
Vf (3.1b)

Fig. 3.8 Soft limiter circuit

When the threshold is reached and the input voltage tries to increase further, more current

is injected into diodesD1 andD2 whereas,VA andVB stay at the forward voltage of the diode

(Vf and� Vf ). The current throughR5 andR3 remains constant and the diode current �ows

throughR6 andR4 thus, reducing the gain in this region to:

GL+ = �
R2jjR6

R1
(3.2a)

GL� = �
R2jjR4

R1
(3.2b)

These two regions are described in Fig. 3.9. Notice that increasing the value of the

feedback resistorR2 increases the gain in the linear region but does not impact the limitsVL+

andVL� .

The full circuit implementation with the values for the components are shown in Fig. 3.8.

The values are chosen after setting the gain of the TIA to achieve an output voltage of200

mV. Using a diode 1N4148 with a forward voltage of 0.7 V, and the reference voltage of� 5

V, the voltage is limited to1:27Vpk. The drive voltage feeding into the resonator needs to be
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Fig. 3.9 Soft limiter operation

much lower for linear operation so a voltage divider is introduced at the drive port to reduce

this voltage by a factor to 10 before driving the resonator.

Phase shifter

A phase shifter is used to maintain the Barkhausen criteria of having a zero phase in the loop.

An example of a simple phase shifter is implemented as the schematic in Fig. 3.10 suggests.

Because the nodes of the two input terminals in an operational ampli�er are at the same

voltage, the transfer function of the voltage from input to output node can be determined as

H( jw) = 1� jwRC
1+ jwRC. The gain of the operation ampli�er is de�ned byR3 andR1 and since they

are equal, the ampli�er has unity gain. The phase of the operational ampli�er is de�ned as:

f (w) = arctan(� wRC) � arctan(wRC) = � 2arctan(wRC) (3.3)

Assuming that the capacitor (C1) is going to remain constant, the phase needs to be

adjusted by adjustingR2. Knowing the amount of phase that needs to be changed, a resistor

R2 can be chosen as follows:

R=
� tan( f

2 )
C1w

(3.4)



3.2 Electrical circuit design 41

Fig. 3.10 Phase shifter circuit

The phase lag in the circuit can be simulated but since the circuit components tend to

vary from their nominal values, it is prudent to experimentally determineR2 at the prescribed

operating range. The circuit components in Fig. 3.10 are chosen for operation at 250 kHz to

induce a phase lag of 60o.

The fully integrated mode-localised sensor is realised on a printed circuit board (PCB). A

picture of this is shown in Fig. 3.11.

Fig. 3.11 Mode-localised sensor integrated with the electronics on a PCB
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3.2.3 Closed-loop implementation using lock-in ampli�ers

The Zurich Instruments MFLI and HF2LI are off-the-shelf lock-in ampli�ers with built in

PLL controller that can close the loop on the resonator system. By doing so, the PLL locks to

the oscillation frequency to ful�ll a particular phase condition. The MFLI is a single channel

system lock-in ampli�er while the HF2LI offers a dual channel lock-in ampli�er option.

Both systems calculate the control values using the model of the resonator with a particular

resonant frequency and quality factor. A set of PI values are created using this model which

contribute towards sustaining oscillations by minimising phase error between sense and drive

signal. An added advantage is that the phase of the drive signal can be changed to facilitate

nonlinear frequency analysis by mapping unstable regions. This system is instrumental in

prototyping and is detailed in many of the experiments outlined in the thesis.

Unlike the direct feedback oscillator outlined previously, this method can be applied

to close the loop in a greater range of amplitude ratios. This is made possible as it does

not require the signal amplitude to be constant in the operating region. Either the output

voltage of Resonator 1 or 2 can be used in the loop for a large operating conditions. However,

it should be noted that the low amplitudes of vibration (<10 mV) increase the noise in

the system and limit the resolution of the sensor. Ultimately, the phase conditions being

ful�lled by the PLL will determine the resonator in the loop. Resonator 1 output shows the

same phase with respect to the drive voltage in both the in-phase mode and the anti-phase

mode; contrarily, Resonator 2 shows a phase difference ofp between the two modes. Thus,

Resonator 2 is preferred because of the unique phase conditions it ful�ls for either mode of

operation across a range of operating amplitude ratios.

3.3 Experiment

The experimental setup is shown in Fig. 3.12. The two resonators are weakly coupled

with negative stiffness by applying a DC voltage across the gap between the resonators.

The two sense electrodes were biased at the same DC Voltage and were used to sense the

vibration amplitudes (X1 andX2) of the resonators. A negative stiffness perturbation relative

to Resonator 1 was applied on the perturbation electrode in the form of voltage difference for

sensitivity measurements. The direct feedback oscillator topology is employed to sustain the

oscillations of the MEMS device.

The oscillator for the sensor was created using cascade drive con�guration. The loop was

closed using the output current of Resonator 1. This motional current was �rst converted
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Fig. 3.12 Schematic of the experimental setup.

into voltage through a transimpedance ampli�er (TIA), then passed through a soft limiter

circuit, and a phase shifter to satisfy the Barkhausen criteria. Resonator 1 was driven with a

combination of a DC polarising voltage and an AC excitation voltage and Resonator 2 was

driven synchronously through the coupling.

3.3.1 Sensitivity analysis

To achieve high sensitivity,VDC1 was set to 0 V andVDC2 was set to 5 V thereby applying

a coupling voltage of 5 V. The voltage difference for the drive and sense transduction

is maintained at 35 V to maintain equal drive and sense polarisation voltages. Stiffness

perturbations were applied to Resonator 2 by applying a voltage to the perturbations electrode.

The perturbation voltage were swept from� 5 V to � 15 V with increments of 2 V. The

amplitudes and frequency were �rst measured in open-loop setup with the Zurich Instruments

lock-in ampli�er, and then in closed-loop with digital multimeters (Keithley) and frequency

counters (Keithley) respectively. Each measurement was averaged over a period of 1 min.

The results are plotted in Fig. 3.13.

Fig. 3.13 shows the sensitivity of various output variables in both open-loop and closed-

loop con�gurations. Since the operation point of this sensor is away from theveeringzone,

the amplitude of Resonator 1 stays relatively constant while that of Resonator 2 increases
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(a) Amplitude of Resonator 1. (b) Amplitude of Resonator 2.

(c) Amplitude ratio (d) Resonant frequency of the anti-phase mode.

(e) Resonant frequency of the in-phase mode.

Fig. 3.13 Sensitivity of various output metrics to stiffness perturbations in closed-loop (Black)
and in open-loop (Red) con�gurations
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with increased stiffness perturbations. Additionally, the observed change in amplitude

ratio over stiffness perturbations is linear while the frequency shift for this mode is almost

negligible due to the operating regime. The difference in the values of the open-loop and

closed-loop measurements can be attributed to different loading conditions observed over the

measuring devices. Furthermore, due to the low resolution of the open-loop measurements,

the frequency trend is not consistent with closed-loop measurements.

The sensitivity of the amplitude ratio in terms of normalised stiffness perturbation,

dK = DK=K, is calculated as:

SAR =
¶AR

¶(dK)
= � 5250=dK (3.5)

The frequency shift in this operating region is insensitive to input stiffness perturbation

in comparison to other operating regions. It does not represent the maximum sensitivity

achieved with frequency shift sensing in this device. Due to the choice of the feedback

oscillator, the operating region is limited to the mode where the amplitude of Resonator 1 is

insensitive to stiffness perturbations. A by-product of this condition with electrically coupled

devices is that the frequency of the anti-phase mode (the mode being measured) remains

approximately constant. This is seen in Fig. 3.13d where the closed-loop frequency changes

by only 2 Hz over the range of the stiffness perturbations. However, in this operating region,

the sensitivity of the in-phase mode is maximum. Due to the symmetry of the system, the

in-phase mode stability can be assumed to be similar to the anti-phase mode stability. To

achieve the highest input-referred bias instability, the sensitivity of the in-phase mode (shown

in Fig. 3.13e) is used for calculations of input-referred stability.

Fig. 3.13e shows the measured open-loop sensitivity of the frequency shift of mode 2

in the same operation region. The slope describes the sensitivity with respect to normalised

stiffness perturbation,dK, and it is calculated as:

Sf =
¶ f

¶(dK)
= � 73715 Hz=dK (3.6)

3.3.2 Stability analysis

To investigate the long-term stability of the system, the sensor was placed in the closed-loop

con�guration with the DC perturbation voltage set to� 10V while amplitude and frequency

data was collected for 12 hours. The Allan deviation of the amplitude ratio and the frequency

data was then calculated to indicate the stability of the two output metrics. Fig. 3.14a shows

the absolute stability of the amplitude ratio measurements. The trend of the curve shows
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(a) Amplitude ratio stability. (b) Frequency stability.

Fig. 3.14 Modi�ed Allan variance of the measured a) amplitude ratio and b) frequency
stability.

that the amplitude ratio output metric is more stable at higher integration times with the

best stability (sAR) of 4:32� 10� 4 achieved at 500 s. In comparison, Fig. 3.14b plots the

Allan deviation of the output frequency data. In this case, the trend of the curve shows that

the stability decreases with larger integration times signifying a poor long-term stability.

Nonetheless, a best stability (s f ) of 0.6 mHz (2.7ppb) is achieved at 0.2 s integration time.

Although output stability is an important metric, the input-referred stability governs

the resolution of the sensor. In terms of normalised stiffness perturbation,sdK, the input-

referred stability signi�es the minimum normalised perturbation that can be sensed by the

mode-localised system. This can be calculated for amplitude ratio and frequency as follows:

sdK;AR =
sAR

SAR
(3.7)

sdK; f =
s f

Sf
(3.8)

Using the above relation, the input-referred stability of both the amplitude ratio and the

frequency shift are compared in Fig. 3.15. The trend of the output stability is retained in the

input-referred stability as well. Normalised perturbationsdK can be resolved very well by

frequency as an output metric for shorter integration times. The turnover point (in this case

at t = 100s) signi�es the integration time after which, the amplitude ratio measurements

provide better stability than frequency measurements.
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Fig. 3.15 Experimental Input-referred stability.

3.3.3 Bandwidth

The bandwidth of the mode-localised sensor in the closed-loop setup has been characterised

by applying alternating perturbations. A square wave with maximum and minimum ampli-

tudes of� 5 V and� 10V was applied to the perturbation electrode at various frequencies.

The frequency was swept from 0.1 Hz to 10 Hz with appropriate steps in between them.

Similar to the sensitivity test, the amplitudes and the frequency were measured and recorded.

(a) f = 0:1 Hz (b) f = 1 Hz

Fig. 3.16 Real-time monitoring of the amplitude ratio for different input perturbation frequen-
cies (a)f = 0:1 Hz and (b)f = 1 Hz. The DC values of amplitude ratio for those particular
perturbation voltages are shown in red.
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Fig. 3.17 Measured amplitude ratio, normalised to DC amplitude ratio, at different frequencies
of perturbation.

The real time response of the amplitude ratio to such perturbation is shown in Fig. 3.16.

The two examples show the switching between the perturbation stages of� 5 V and� 10V

at 0.1 Hz and 1 Hz. The amplitude ratio at both these frequencies track the DC values of� 5

V and� 10 V indicating that these frequencies are well within the bandwidth of the sensor.

Upon further increasing the frequency of perturbations, it is seen that the amplitude ratio

values change from the DC values seen above. To calculate the bandwidth of the sensor, the

RMS value of the amplitude ratio is taken for different perturbation frequencies. This gain is

normalised to the DC gain and plotted in decibels in Fig. 3.17. The 3dB bandwidth of the

system under test as shown in the �gure is 3.5 Hz which is representative of the maximum

frequency of perturbation that can be sensed by this system without losing information about

the perturbations. Theoretically, the bandwidth of the system should be equal or close to

the mechanical bandwidth of the resonator (29.3 Hz) but the limiting factor to achieving it

can be attributed to the oscillator and electrical circuit. This oscillator has been designed for

near DC perturbation frequency and is not optimised for higher frequency perturbations; but

future work on oscillators for mode-localised systems can result in the system working at

higher frequency perturbations.
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Summary

In this chapter, the design of an integrated mode-localised sensor is shown with a detailed

description of the mechanical device design and the open-loop readout circuit including a

transimpedance ampli�er and a band pass �lter. Furthermore, a closed-loop implementation

is developed with a direct feedback topology and a PLL topology with Zurich Instruments

lock-in ampli�er. The sensitivity, stability and bandwidth of the sensor were all characterised

using the direct feedback closed-loop topology. The stability results show that the input-

referred stability of the amplitude ratio output is better than the frequency shift output at

large integration times (in this case att > 100 s).

This work also demonstrates the potential practical bene�ts of the amplitude ratio sensing

over the conventional frequency shift sensing. However, there are many parameters that

affect the stability of the measured amplitude and those need to be studied thoroughly to

improve the stability of the system in both short and long integration times. The next chapters

discuss some of these factors that affect the resolution of the mode-localised resonators.





Chapter 4

Practical Limits to Common Mode

Rejection in Weakly Coupled Resonators

Common mode rejection is the ability of a sensor to reject effects caused by undesirable

sources that couple into the output metric being sensed. In silicon MEMS resonant sensors

such as accelerometers and gyroscopes, long-term stability in the output metric is highly

desirable. Differential frequency output in resonant accelerometers can reject common mode

changes in the ambient temperature that lead to frequency drifts in frequency measurement.

Amplitude ratio measurement in mode-localised sensors also provides such common mode

rejection that makes it superior to frequency shift-based sensing. This chapter delves into the

details of understanding the different mechanisms that play a role in de�ning the practical

limits to common mode rejection of temperature �uctuations in both electrically coupled and

mechanically coupled mode-localised resonators.

4.1 Temperature �uctuations and MEMS resonators

One of the key issues affecting resonant silicon MEMS devices is the high temperature

coef�cient (TCF) of the resonant frequency. This effect is primarily caused due to the intrinsic

temperature sensitivity of (Young's Modulus) of silicon. In the context of resonant sensors,

highTCF results in undesirable frequency drifts in devices that restrict them from achieving

good long-term stabilities.

Several technical approaches have been researched to address this issue. Two widely

used methods are – oven control of the device [82–85], and temperature compensation of

the device by either using passive [86, 87] or active methods [88, 89]. Oven control involves

controlling the temperature in the vicinity of the MEMS chip so that the chip temperature
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is nominally independent of ambient conditions. Though some implementations of this

method [83, 82] have shown high thermal stabilities, the bulky nature of the setup and the

associated high power consumption undercut the advantages that MEMS devices offer with

the miniaturisation.

Temperature compensation involves the correction of the response of the frequency

measurement to temperature by using a calibrated dummy resonator with a knownTCF to

sense the temperature. Once the temperature variations are accurately measured, they can

be used to compensate for the �uctuations seen in the frequency output of the device using

external circuitry [88, 89]. This requires additional electronic circuitry that consumes power

and an independent measure of the temperature that is impractical for many low power

applications. A passive method that is used in inertial sensors [57, 90, 8] is a differential

frequency output where two identical resonators are used to measure inertial forces and a

difference of the frequency output leads to rejection of common mode effects including

temperature. However, due to fabrication tolerances, theTCFsof the two resonators may not

be perfectly matched leading to an imperfect cancellation of temperature �uctuations.

On the other hand, an eigenstate or amplitude ratio shift metric in mode-localised weakly

coupled MEMS resonators has shown exceptional common mode rejection capabilities to the

�rst order when exposed to temperature or pressure changes in comparison to the frequency-

based readout [24, 25, 91]. Additionally, it also provides an increase in the sensitivity to input

measurand by 2-3 orders of magnitude in comparison to the conventional frequency shift

method of sensing [23, 32, 28, 92]. Typically, a temperature coef�cient for frequency-based

readout of approximately� 30ppm/oC has been measured that is dominated by temperature

induced variation in elastic modulus of silicon. Thus, the promise of an output metric

rejecting temperature variations is highly desirable for sensor applications.

In this chapter, a detailed investigation of the common mode rejection in weakly coupled

mode-localised resonators is presented. Previous work on this topic focuses on a study

con�ned to electrically coupled resonators biased to a particular working range [24] or

to a study restricted to a mechanically coupled resonator operating at one vibration mode

[93]. However, no coherent study has been done encompassing both modes, large range of

amplitude ratio operating points, and different coupling topologies. Furthermore, it has been

established and shown that the amplitude ratio measurement demonstrates greater common

mode rejection capabilities than a frequency shift output but, an apt comparison has not been

made to a differential frequency shift output which is the convention with resonant sensors.

This study �lls these gaps in the current state-of-the-art and sheds light on all the important
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factors impacting the common mode rejection capabilities of amplitude ratio readout metric

in mode-localised resonators.

4.2 Theory

In order to evaluate the limits to common mode rejection of amplitude ratio output metric

in mode-localised resonators, it is necessary to understand the different variables that affect

the amplitude ratio and frequency shift output metric. The three output metrics chosen for

this analysis are amplitude ratio in a coupled resonator system, frequency shift in a coupled

resonator system, and a differential frequency in uncoupled identical resonators representing

the current state-of-the-art. The temperature dependence of the variables that affect these

output metrics need to be studied with a discussion on the degree to which they affect each

of the output metrics. To aid the comparison with the same metrics, the analysis is limited to

common mode rejection in sensors. Furthermore, the measurand chosen for this analysis is

a perturbation in stiffness (DK) since it effects both the frequency and the amplitude ratio

output metric.

4.2.1 Temperature dependence of output metrics

Mode localisation in its most basic form can be represented by a 2-DoF lumped spring-mass

model. The two springs (k1) and masses (m1) are assumed to be the same. They are coupled

together with a weak coupling spring (kc). A perturbation in stiffness (Dk) is added to one

of the resonators to perturb the system from a state of symmetry. The analysis is done on

an undamped system. Thus,c1 andc2 are neglected. A detailed work on the variability of

the quality factor should be done in the future with special importance given to the type of

damping that dominates in different coupled systems. This causes a shift in the eigenstate of

the resonators proportional to the measurand and this is represented as the ratio of the two

amplitudes of vibration of the resonators.

Fig. 4.1 A coupled resonator con�guration used for amplitude ratio measurements
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Frequency shift in mode-localised resonators

The eigenfrequencies of the two modes of the coupled resonator system have already been

derived previously in Chapter 2.2.1 and can be written as:

w2
i =

2k+ ek + 2kc + Dk�
p

(Dk+ ek)2 + 4k2
c

2m
(i = 1;2) (4.1)

It is to be noted that the two resonators are assumed to be different in stiffness (k and

k+ ek) due to fabrication tolerances. Eq. 4.1 shows that frequency of a mode-localised

resonator has the following temperature (T) dependent components:

wi(T) = wi0 +
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DT (i = 1;2) (4.2)

Amplitude ratio in mode-localised resonators

Similarly, the expression for the amplitude ratio is also derived from Chapter 2.2.1. Thus,

amplitude ratios of the two modes can be expressed as:

ARi =
Dk+ ek �

p
(Dk+ ek)2 + 4k2

c

2m
(i = 1;2) (4.3)

It is also important to note that the fabrication imperfections (ek) in this case can be

merged with the stiffness perturbations (Dk) term since the fabrication tolerances can be

tuned electrostatically without affecting the drive or sense transduction. Therefore,Dk can be

used as a sole representative of the measurand. Considering all these factors, the temperature

dependent features of amplitude ratio measurements in mode-localised sensors are:

ARi(T) = AR0 +

 

ARi

�
¶kc

¶T

�
+ ARi

�
¶Dk
¶T

� !

DT (i = 1;2) (4.4)

Differential frequency shift in two uncoupled resonators

It is necessary to make comparisons to a differential frequency output from two single

resonator systems, representing the current state-of-the-art in resonant sensors. Thus, an

expression is derived for a frequency difference readout metric in two separate but similar

resonator devices undergoing a differential change in the measurand (i.e.Dk). Fig. 4.2 shows

the lumped spring mass damper model for two uncoupled resonators that can be used for

frequency difference measurements.



4.2 Theory 55

Fig. 4.2 Uncoupled resonators for differential frequency measurement

w2
1 =

k1 + Dk
m

;w2
2 =

k2 � Dk
m

(4.5)

where the frequencies of the two resonators are expressed asw1 andw2. The two masses are

assumed to be equal when resonating and any variation in it with temperature is assumed

to be negligible. The stiffness of the two resonators are assumed to be different to include

the cumulative effect of manufacturing tolerances. They can be reduced tok andk+ ek to

simplify the expression by including a term (ek) to represent fabrication tolerances. The

frequency difference as an output metric can be achieved from subtracting the expressions in

Eq. 4.5:

w1 � w2 = wd =

r
k+ Dk

m
�

r
k+ ek � Dk

m
(4.6)

Any variation ink with temperature is rejected in this output metric too. But, it can be

noticed in Eq. 4.6 that the frequency difference output includes theek term that ultimately

is the limit of common mode rejection. Even in this case, the fabrication tolerances can be

compensated by electrostatically tuning the resonators. But this generally hampers the drive

or sense transduction and requires continuous tuning [94, 90]. Thus, for the purposes of

this analysis, it is assumed that the fabrication tolerances are uncompensated and vary with

temperature. Therefore, the variables with temperature dependence in this output metric are:

wd(T) = wd0 +

 
¶ek

¶T
+

¶Dk
¶T

!

DT (4.7)

Although it might seem from an initial inspection that the amplitude ratio output metric

has similar number of temperature dependent terms in it, the mechanisms that cause this

temperature dependence are different in both these output metrics. Thus, it is prudent to

understand these mechanisms and their variation with temperature to highlight their individual

advantages.
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4.2.2 Variables with temperature dependence

The above section provided insight into the variables that affect the three output metrics

under question. These variables are discussed in detail here with emphasis on the various

mechanisms causing these changes in the different systems and output metrics.

Resonator stiffness (k)

The resonator stiffness is dependent on material parameters such as Young's modulus and

density, and structural properties. The Young's Modulus of single-crystal silicon varies with

temperature at� � 60ppm/oC [95] and affects the stiffness of the resonator. The thermal

expansion coef�cient of single-crystal silicon is� 2:6ppm/oC [96]. This induces a change

in the structural dimensions of the resonator with a variation in temperature which, in turn

affects the stiffness of the resonator. The temperature dependence of the resonator stiffness

affects only individual resonator frequencies. A differential frequency or an amplitude

ratio output eliminates common mode effects of the Young's modulus changes since both

resonators would be part of the same wafer with the same crystal orientation.

Stiffness mismatch (ek)

When the resonators are non-identical due to fabrication tolerances, it leads to a stiffness

mismatch in the resonators (ek). Thus, due to their geometrical imperfections, the resonators

exhibit different responses to a change in temperature. This mismatch in the variation

of stiffness with temperature forms the fundamental limit to the common mode rejection

capabilities of an output metric. Tuning this mismatch in a differential frequency output

metric using the electrostatic spring softening effect has been shown [97]. Varying the

voltage on either the drive, sense electrode or the body of the resonator can lead to tuning the

stiffness mismatch between the two resonators. The caveat here is that changing the voltage

also varies the transduction factor which is undesirable for sensor applications. An additional

port can also be designed for the sole purpose of tuning, but this would encroach on valuable

space around the transduction of the resonator. Mode-localised resonators enjoy the mode

shape extending between the two coupled resonators and rely on a sensing mechanism based

on the stiffness mismatch. Thus, electrical tuning voltages do not change the transduction

capabilities. Therefore, they have a less direct effect on the common mode rejection abilities

of the amplitude ratio output metric.
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Coupling stiffness (kc)

The variation of the coupling stiffness in mode-localised resonators affects the amplitude

ratio as well as the frequency output metric. Thermal effects will affect the coupling stiffness

in different ways depending on whether it is realised using a mechanical beam or electrical

capacitive coupling. In a mechanically coupled device, the coupling stiffness is susceptible

to changes in the material's Young's modulus. Additionally, any thermal expansions of the

beam will lead to stresses developing around the point of connection with the resonator. In

electrical coupling, there is no physical connection between the resonators. Hence, the effect

of temperature on the output metric is mainly due to thermal expansion effects modifying the

capacitive gaps. It is to be noted that the thermal expansion coef�cient is smaller than the

Young's modulus change by about an order of magnitude and thus it is prudent to expect a

proportional variation in the effectiveness of the common mode rejection between electrical

coupling and mechanical coupling in these devices.

Stiffness perturbations (Dk)

It should be noted that in analysing the thermal effects on the output metrics, the stiffness

perturbations include only the added perturbations for sensing purposes and not the stiffness

mismatch that is caused due to fabrication tolerances. There are two main ways of applying

perturbations to a capacitively transduced resonator system: one, by using the capacitive

gaps next to the resonators, and the other through axial stress application. In the experiments

carried out in this work, electrostatic spring softening effect using a capacitive gap has been

used. Thus, the magnitude of these perturbations will change with temperature due to the

thermal expansion of electrodes. This will lead to the capacitive gaps changing, therefore,

resulting in the change of stiffness perturbations added. This effect is much smaller than

the change in the other variables such as the coupling stiffness, resonator stiffness, or even

stiffness mismatch. Thus, it does not contribute greatly to the variation of the output metrics.

If the perturbations were added axially with the help of force ampli�cation levers as used

in resonant accelerometers [8], the perturbations would result from stress on the resonators.

These stresses could have a much greater variation with temperature. However, for the sake

of this analysis, only electrostatic sources of perturbations are considered.

These are some of the main temperature dependent variables that affect the three output

metrics under study. The experimental results are analysed by referring to the mechanisms

affecting each of these variables and ultimately each of the output metrics.
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