Supplement to “Inference in
High-dimensional Online Changepoint
Detection”

In this supplementary material, we provide proofs of the results stated in the main text
(Section S1), auxiliary results and their proofs (Section S2), pseudocode for the ocd and ocd’
base procedures (Section S3), extensions of our results to sub-Gaussian and sub-exponential
settings (Section S4) and additional simulation results (Section S5). Throughout this sup-

plement, we use PP instead of P, g, when it is clear from the context.

S1. PROOFS OF MAIN RESULTS

Proof of Theorem 1. Fix r > 1 that satisfies the assumption (3) in the theorem, n > z,j €
[p], b € Band j' € [p]\ {j}. We assume, without loss of generality, that 67 > 0. The case
67 < 0 can be analyzed similarly. Recall that by, defined in Algorithm 1, is the smallest

positive scale in B U By, and write b/, := min{b € (BUBy) N (0,00) : b > 67'}. Then we
have Aﬁ;’bj + Z?;fﬂ X7 ti,b ~ N (67" min{n+ ¢ — 2, ti,b + (3, tf‘ljb +¢). Thus, recalling the



definition of S and ¥’ from Algorithm 1, we have

P({i € Sy {P ¢ (0,0))} N{N =nj = j.b=1b})
= E{P({j’ € S}y N {¥ ¢ (—buin, b} AN = 1, = j,b =

)

n+4
< E{P<Ai;’g + 3 X SO, O +di (), + 0|

i=n-+1

)}

n+/
+ E{P<Afwf + 3 X < bt + 0 —di (£, + )

i=n-+1

)

S E{((Why — 07) (L, + O+ di) } + E{((buuin + 07 ) (¢, + O + dy) }

< 20(dy). (S1)

Moreover, by a similar argument to (S22) in the proof of Proposition S1, for b € (0,67"),

we have

5

P(n — tf;b —dp /U > 2) < 2@(

267" — b/2)> < 28 (+/dy/2). (S2)

Combining (S1) and (S2), we have

]P’({j’ €S n{n—t;, — /() > 2} {N=nj=jb= b})

<P({j eSyN{t ¢ (0,6")YN{N=nj=3b= b})+ S 28(Vdy)2)

be(BUB,)N(0,69)

20(d,) + 21og,(4p) B (\/da/2) < 2log,(4p)e 7"/ (18slora2p))

where the last inequality follows from the choice of d; and dy in the statement of the

theorem and the standard Gaussian tail bound used at the end of the proof of Lemma S2.



By a union bound and (3), we have

P(z ¢ C) <P(N < 2) + IP’(N . Iiig{tgvj)j + %} > z)
<P(N<z)+P(N>z+r)

z+|r] p P

.S ZZZP(U eStn{n-t,, - (;?)2 > fN{N =nj=jb= b})

n=z+1 j=1 beB j'=1

<P(N < 2)+g(r; N) + 4rp? log§(4p)e’5’”52/(1851°g2(2p)) < a,

as required. O]

Proof of Theorem 2. Fix r > 1 that satisfies the assumption (3). Denote ¢y := 80r. Then
¢ > {y. Since the output of Algorithm | remains unchanged if we replace (Xt] :t € N) by
(—th : t € N) for any fixed j, we may assume without loss of generality that ' > 62 >
9/+/s1logy(2p). For j € {1,2}, we denote &/ := max{b € BUB, : b < 7} . Since ¥ > 3
and s < 2220 we have b > b > B/\/m =: b,. Denote

. 0o
" 80slog,(2p)

=rb? and 6:= )
* 2V + 0



Now define the following events:

Qo ={z<N<z+r}

Q= {tg\,’b <N-—z+ub?forall j€[p andbe BUBO},

N+4
0y = { A+ Y XU | <ay[th,+Cforallbe BUBy, j € [p)
1=N+1

and all j/ € [p] \ {j} with |¢7| < 5},
[
Qs = {t),; <N —z+1(/20}.
Finally, we denote event
Qg = Q1 UQyo,
with

Qui={j#1,1€8,b" >b'/V2}
Qo i={j=1,2€ 8,0 >v*/V2}.

We note that for j € {1,2}, on €y ;, we have b € BUBy. Then, on the event ﬂi:o Q, we

have

. ; dg 2(U + dQ) de
J _ A —
L= I;lelél{tN7gj + (53)2} AN<N-—z+ ) <3r+ ® < 8r.

*

Thus, it suffices to control the probability of Ui_ Q. First, we note that

P(Qg) < g(r; N) +P(N < z2). (S3)



On €2y, we have for any j € [p| and b € B U B, that

N N
t?&,b = sargmax Z b(Xij —b/2) < sargmax Z b(Xij —b/2)
O0<h<N  N_h+1 N—z<h<N,

= N — z + sargmax Z b(X! —b/2).

Oshsz i ht1

Thus, by Lemma S2 (taking 4 = —b/2) and a union bound, we have
P( N Q) < 2plog,(4p)e™/® = 2plog,(4p)e"V*/5. (S4)

Now observe that, for all z <n < z+rbe BUBy,j € [p| and j' € [p] \ {j}, we have

+4
J'g S J'
An,b + Xz

1=n-+1

tZL.b ~ N(@j’{ﬁ + min(tf%b, n— z) }, tf;”b + €>. (S5)

Hence, when ‘Hj" < 4, we have that

n++¢
P(Ai’,% Yo XU\ zay /b, 1 tz;.b) <P(|Vi] > a) <2P(Y; > a) < e/ (S6)
i=n+1

where Y7 ~ N(dv/n—z+£,1), and where the last inequality follows from the relation
a = 20y/7 + £. Thus, by a union bound, we have

P(Q N Q) < 2rp” logy (dp)e™/%. (S7)



Recall that u = £yb?/80. We therefore have for any z <n < z+r,j € [p| and b € B that

P({N =n} N0 N {Q), = @, } 0 {th, > n—z+4/20} | X{,X4,..)

< P( U (B> B

F{N =n}n QN Qn{tl, >n—2z+10/20}

X{,Xg,...)

J'elp\ i}
107" |>6
< S (B2 1B b0 {n-s <, <n-s+t/50)
J'elp\ 4} . o
075 N{t, >n—z+6/20) ‘ x{,x,..)
+ > IP({|EJ Y= B n{t, <n—zhn{th, >n—z+6/20} ) Xi X, .. )
i'elP\ i}
103" |>6
05? la?
= v S8
pexP( 960) peXp( 3840(r+£))’ (58)
where the final inequality follows from Lemma S4(a), applied with U = >~7 g, 4+ XJ
b
V:ZZL;”? XZJaY:Z:L+:+1XJ _Hjl,¢1_z_n+tnb* gbg—z—n—i—tnb,
$3 =n—=z —i—€ and Kk = 6/80, as well as Lemma S4(b), with U = >°7 g, 1Xf LY =

Z?tf g, +1 = ZZ Zif Xj La=060" ¢ = z—n+tfub, O3 = ﬁ—l—tnvb*7 Oy = n—z—tfub*
and k = ¢/80. Observe that QJ > QJ . Thus, by a union bound, we have

P(Q N QN QN Q)

z+r]

<ZZ Z GNZn}ﬂQlﬁQ?ﬂ{Q}i,bZQ{L,b*}m{ti,b>”—Z+€/20}>

7j=1 beB n=z+1

la? g
<2 tosa(2o)esp (g ) <20 sl (59)

where the last inequality follows from r = £,/80 < ¢/80. Recall that d? = 5rb?/9 <



(b1)20/144. Thus, on Q4 N Q3, we have

j

Hey SN —2+0/20 <r+0/20 < /16,
Hence, for any z <n < z-+r,j € [p| \ {1} and b € B, we have

P(QN{N=n,j=jb=bn05, | X{.X],...)

< ]P’({tf%b <016} { B~ 0\ (8, + /2 < i} ’ Xixi, ) < %ed§/2'

(S10)

Here, in the final bound, we have used the facts that Eljb \ t ~ N(0' min{(n + ¢ —
2)(t, + 072 (8, +€)'/?},1) and that

0' min{(n+0—2)(t], + 072 (t , + 07} = b/ (£, +1)/2
4010 DNI1TE b
> — >
V1T 42 — 6

Z 2d17

when tfl,b < £/16, as well as the standard Gaussian tail bound used at the end of the proof

of Lemma S2. By a similar argument, we also have for any 2z <n < z+r and b € B that

~

P(Qsn{N=n,j=1b=0b}NO5, | X{,X;,...)

gP({t;bgz/lG}m{ VA t;b+€)/2<d1}‘X Xgl,---)g

e di/2,

N | —

(S11)



Thus, by a union bound, we have

P(Q N Q3 N Q)

P(Q N Q3N QG NQY,)

p 2+|r]

S>> PN {N=nj=jb=bN05,)

j=2 beB n=z+1

IN

z+|7|
+3 Y PN {N=mn,j=1b=b}N0,)
beB n=z+1
<rp log2(2p)e_5rb’2f/18. (S12)

Hence combining (S3), (S4), (S7), (S9) and (S12), we conclude that
P(L > 8r) < g(r; N) + P(N < z) + 4rp?log, (4p)e* /3338 4+ 3rplog,(4p)e /% < a,

where the last inequality follows from the choice of a with a sufficiently large universal

constant C' and (3). O

Proof of Theorem 5. Fix r > 1 that satisfies the assumption (3).
(a) For j/ € 85, we have |09'| < buin, so the event {|b7'| < 67|} is empty. Thus by (S1), we
have, for n > z,j € [p], b € B and j' € S§, that

P({j’ € S} N{N =n,j = j,b=1b}) < 2d(dy).



Hence, by a union bound, we have

P(S ¢S5) <P(N < 2)+P(N > z+7)

2+r] p

+ 3 S S Y P eS8 n{N=nj=jb=0})

n=z+1 j=1 beB j’GSE

<P(N < 2) +g(r; N) + 4rp* logy(2p) ®(dy) < a,

as required.

(b) We use the events g, 21, Q9,3 defined in the proof of Theorem 2. Recall from the
argument immediately below (S9) that we have tiv,i; < 0/16 and d; < minjes [67'[v/¢/12 on
Qo N €23. Recall also the definition of Eﬁ:bj from Algorithm 1. Then, for any z <n < z+r,
j€lpl,7 €S\{j}and b € B, we have

P(QsN{N=mn,j=34b=0bj ¢S} |X{ X] .. )
— P(Qg NN =n,j=j,b=b} N {|E] < buiur [t + L+ i} | Xg,xg,...)
< P({tﬁb < 016} 0 { B = bua [y + £ < i}

where, in the final bound, we have used the facts that EZL/bJ | ti,b ~ N (67 min{(n + ¢ —
2)(t, + 07V (8, + €)1/?},1) and that

S 1
X{,Xg,...) < Ee—d?/{ (S13)

167 | min{(n + € — 2)(t,, + 0 (&, + 0/} - bmin\/tf;,b + ¢
4107 |Vl bV 1TC |07V
> — >
V17 442 6

Z 2d17



when tiL’b < (¢/16. Hence

P(SU{j} 2 S)
< P(Qg) + P(Q N Q) +P(Qo N Q) + P(2o Ny N Q2 NQS)

z+r] p

S Y P@n{N=nj=jb=bj¢8)})

n=s+1j=1 beB j'eS\{j}

< g(r; N) +P(N < z) + 4rp? log2(4p)e_“2/3888 + 3rp? 10g2(4p)e_’"52/(881°g2(2p)) < aq,

where the penultimate inequality follows from (S3), (S4), (S7), (S9) and (S13), and the
last inequality follows from the choice of a with a sufficiently large universal constant C

and (3). O

Proof of Proposition /. Fix N € 7T,,, and ¢ € Jy. We denote by Pg?) the restriction of
P, o to the filtration F,,, := o(Xy, ..., X,,). Denote

0= {0 €R”: ¢/ € {0,1/(8v7)}, |supp(8)| = m},

and let ©,, C © be an (m/4)-packing set with respect to the symmetric difference metric
defined above, i.e. for any 6,0 € ©,,, we have d(supp(@),supp(é)) > m/4. We also have
KL(PUS™, PE™) = [l — 013/2 < m/64.

Enumerate ©,, = {9(1)79(2)""76(|C3>pa|)}' Let ¢ := sargmin, e | d(w,supp(ﬁ(k))).

10



Note that ¢* is also Fy-measurable. Then for any z € Ny,

|Opal
m
su - 0d (1, su P.o. supp(6 > —
eeng ,0 (¢ pp 8|®pa| Z 0 )( w pp( (k) )) 8>
|9pd\
> ]P)zek (b 7ék)
8|®pa| Z (k)
|Opal
= P.o, = k)
Tl B 2 Pl }

|Opal

m (3
)z P =k N<
8{4 6] & Z w0y (07 = F Z”)}

v

I@pa\

)2 P& :k:,N<z+r}. S14
=3- EMP LR LTI SCD

Now set
- o i N<z+r

1 ifN>z+r.

Then ¢* is F.+~measurable and by Fano’s inequality (Yu 1997, Lemma 3), we have

|Opal |Opal

1 24 1 z+r
e Z Z;(k)((ﬁ _kN<Z+ ) Z Zé:k))<¢ _k)
1Opa| & S
_ ®pa z+r z+r
log 2+ |6y, 2 10, KL(PS,”, PY)
B 10g|@pa|
log 2 64
< log2+m/64 (S15)
log [Opa]

11



By Massart (2007, Lemma 4.7), there exists an (m/4)-packing set with
log |©pa| > m/8. (S16)

Combining (S14), (S15) and (S16), we conclude that

m (3 log2+ m/64)
su E.gd(¢,supp(d)) > — - — —+——
N tton (4 supp(®)) 8 (4 m/8
m(3 8log2 1 m
> (S22t ) >
— 8 \4 m 8) — 32
where we have used the assumption that m > 15 in the final inequality. O]

Proof of Proposition 5. Following the proof of Chen et al. (2022, Theorem 1(b)) up to, but
not including, (16), we have for every j € [p|, b € BU By that

]P( max (bAz;Jb . thgl’b/2) > Tdiag) <1-— (1 B e,Tdiag)z < Zedeiag' (Sl?)

1<n<z

It follows by a union bound that

P 8 ) s s g 08~ e 2 )

1<n<z 1<n<z j€[p] beBUBy

7Tdiag

< 2p|BU Bole ™™ < % (S18)

Next, for every 7 € [p|,j" € [p] \ {j},b € B and n € [z], we have Ai‘;’g | TNN(O,TT];’b), SO

12



.

=7 Tg,b < X?. Thus, by another union bound, we have
off > OH) — Ej/,j 2 o > off
Plugy s 2 7") ~P(maymanay 35 G aryen 2T
J'elp\s}

< P(maxmaxmax max |Eﬁl,g| > &)
nelz] jelp] beEB jelp\{j}

< 2p?|Ble /2 < %. (S19)
From (S18) and (S19), we deduce that
P(N < 2z2) < a/2. (S20)

On the other hand, for a sufficiently large universal constant C’ > 0, we have

C'slog,(2p) log{pya ' (672 V 1)}
24T°% log, (2p) 12a%slogy(2p) , 24T**5s10g,(2p)
> { 5= V 5 \Y, 7 } + 2.

T1 —|—2

Thus, by Proposition S3 and by increasing the value of C' if necessary, we have for every

r > ry that
2
- N 4 21 2 4 —rB2/(8slogy(2p)) <5 21 2 4 . Tﬁ
g(r; N) + 4rp”logy (4p)e < 5rp”logy(4p) expy — o o g, (29)
< 240sp? log3 (4p) 32 r3?
expy ———————
- ok 48slog,(2p) 48slog,(2p)
2713 2
< 240sp* log, (4p) expl r < g,
32 965 log,(2p) 4
(S21)

13



where the penultimate inequality follows from the fact that xze™ < e~*/2 for > 0. The
desired result follows by combining (520) and (S21). O

S2. AUXILIARY RESULTS
Proposition S1. Let Xy, Xs,... be independent random wvariables with Xq,..., X, s
N(0,1) and X,11, X140, ... X N(0,1). Assume that 0 < b < 0 and let tnp be defined
as in (1) for n € N. Then for any a € (0,1), and any stopping time N satisfying
P(N < z) < a/2, we have that the confidence interval

Ao (1 - a/9)}?

Co = N —tNJ, — b2 y

N

satisfies P(z € Cp) > 1 — a.

Remark. We could also replace 4{® (1 — «/4)}?/b* by 8log(2/a)/b* in the confidence
interval construction, if we apply the final bound from Lemma S2 in (S22) of the proof

below.

Proof. For n € N, define R,,;, := max{R,_1 + b(X,, — b/2),0}, with Ry, = 0. By Chen
et al. (2022, Lemma 2 in the supplement), we have ty, = min{i : 0 < i < N, Ry_;j =
0} = sargmaxo<pey oy nis 0(Xi —0/2). Let Uny i= 377 (X, — b/2) for n € N, with
Uop :=0. Then R, > bU,, for all n € N. Hence, for y € [0, 00), we have

P(N—tyy—y > 2) < IP’( inf Ry = 0) < IP’( inf U, < o) < 2&»(\/@(9—5/2)),

neNg:n>z+y neNg:n>y
(S22)

where the last inequality follows from Lemma S2. Thus, if we choose y = 4{®1(1 —
a/4)}?/b*, then we are guaranteed that P(N — ¢y, — y > z) < a/2. Combining this with

14



the assumption that P(N < z) < /2, the desired result follows. O

Lemma S2. Let Y1,Ys, ... N(p,1). Define U, := > Yi for n € Ny, and let £ :=

sargmin,, .y, uUy. Then, fory € [0,00), we have

P& > y) <P( _inf pl, <0) < 28(yglul) < e 2,

neNg:n>y

Proof. The first inequality holds since pUs < ulUy = 0. For the second and third inequal-
ities, we may assume without loss of generality that p > 0, since the result is clear when
=0, and if g < 0 then the result will follow from the corresponding result with x4 > 0 by
setting Y/ := —Y; for i € N. Note that (U, — nu)nen, is a standard Gaussian random walk
starting at 0. Let (B;)ic[o,0) denote a standard Brownian motion starting at 0. Then, we

have for any y € Ny and v > 0 that

1 < = < 1 < — < —2up
P(nelif?:fmzy U, <0 ‘ U, u) < P{tel[gr;l,go)<Bt +tpu) <0 ’ B, u} <e (S23)
where the final inequality follows from Siegmund (1986, Proposition 2.4 and Equation
(2.5)). Thus, for y € [0, 00), we have

]P’( inf U, < 0) =P(Up, <0) —HEJ{]P’( inf U,<0 ‘ Um)ﬂwwo}}

n€Ng:n>y neNgn>[y]

(u—[y1w)?

@(\/Wu>+/ooo \/ﬁe_ 2l o2k gy

= 25’( Hﬂu) <2B(\/ypu) < eV,

IN

where the first inequality follows from (S23) and the fact that Ur,; ~ N (Jy|u, [y]) and the
last inequality follows from the standard normal distribution tail bound ®(z) < e/ /2

for x > 0. L]

15



In Proposition S3, we assume the Gaussian data generating mechanism given at the
beginning of Section 3, and show that for the ocd’ base procedure, the quantity g(r; N)

from (2) has essentially the same form as the final term in (3).

Proposition S3. Assume that 0 has an effective sparsity of s := s(6) > 2. Then, the
output N from ocd’, with inputs (X;)ien, 0 < 8 < 9, @ > 0, T4 > 0 and T°T > 0,

satisfies
pAr—1) }

]pzﬂ,E(N >z + r)é pexp{—m
2

off ~2 dia
for all > {24T 1;‘;32(2?) \ L2a sllgzgz(Zp) v 24T g;glogz(%)} Y

Proof. For 6 € RP with effective sparsity s(), there is at most one coordinate in 6 of mag-
nitude larger than ¥/v/2, so there exists b, € {3/+/s(0)log,(2p), —3/+/5(0)log,(2p)} C B
such that

J = {j elpl: 07 /b, > 1 and |¢7] < 19/\/5}

has cardinality at least s(f)/2. Note that the condition ¢’/b, > 1 above ensures that
{67 . j € J} all have the same sign as b,. By Chen et al. (2022, Proposition 8), we have
on the event {N > z} that

- 8T8 5 10g, (2
¢(X1,..., X..0) = max{tl, :jeT} < SBS‘%( 28 (S24)
We now fix
24T°F log,(2p)  12a%slogy(2p)  24T98510g, (2
,> { Q9(;{%( p) |, 12a 87902g2( P\, 852053;2( p) } 2 (825)

16



For 5 € J, define the event

V= {t, 0 > 2071/}

By applying Chen et al. (2022, Lemma 2) to t we have for 7 € J that

z+[r],bs?
) z+|r] ' z+|r] ‘
s, = sargmax 3 bu(X] = b./2) > sargmax Y bu(X] —b./2)
0<h<z+|r] =zt [r]—ht1 0<h<|r] it ] —ht ]
z+|r|—h ‘ 2th ‘
= sargmax Z —b (X] —b./2) = |r| — largmax Z —b (X] —0./2).
Oshslr] it Oshslr] ;=11

Recall that X7, X7 ,, ... " N(67,1). Hence, by applying Lemma S2 with = |b,|/2 and
y = |r]/3, we have for each j € J that

P{(2)°} = ]P(tiﬂrj,b* < %)

< P(largmax i —b.(X] = 0./2) > ﬂ)

0<h<|r] ;11 3

z+h ‘
< p( sup Y —sgn(b)(X] - b,/2) > 0) < exp(—b%[r]/24). (S26)

h=>lr] /3,241

We now work on the event Q. for some fixed j € J. We note that (525) guarantees that
r > 2, and thus ti—l—LrJ,b* > [2[r]/3] > 2. Then, by (S24) and (S25), we have ro > 3ti7b*,
and hence by Chen et al. (2022, Lemma 9),

e 3t b < 3(tLy, +7)

<

!
3 T2 ST STy STy

IN

7]
3

17



We conclude that
2/3 < [r]/3 <7l 4 < 7).

Recall that A'Z’itr b € RP? records the tail CUSUM statistics with tail length Tg +

TJ 7b* :

(S27)

We

observe by (S27) that only post-change observations are included in A;iLr Lbe- Hence we

have that
A

7j
z+ 7] ,bs

j ind ¢ (it j j
it ~ N O T 6 T .)

for 7/ € [p] \ {j}. By the definition of the effective sparsity of #, the set

Jo._ ./ 167 L
L= {] €I\ 107] > 510g2(2p)}

has cardinality at least s — 1. Hence, by (S27), for all j' € L7,

) ] 192 I‘TJ a
Iy J CAl s o =
| \ Tt lr) s 3s 10g2(2p) ¢

We then observe, from (525), that

a, > 2a.

Hence, from (S28), we have for all 7/ € £7 that

. ) 1~ ]

j 1 —az/8
;j—i-LrJ,b*) = _26 7
We denote

. g 1. /7
U’ = m {’AifLT‘J,b*| 2 50'7" Ti+[r],b*}'

jleLs

18

(S28)

(529)

(S30)



Thus, by a union bound, we have

P(Q) N (U7)°) < ge*ﬁ%/? (S31)

Moreover, on the event Q4 N U7, we have

(AJ] Iy )2 A]] )2

z+[r > z—l{r] [
V1 {lAzﬂrJ b*|>a\/Tz+m b*} - Z

jleLs z+|_rj by
~2 2

4

D

J'€lpl:g'#J Z+LTJ ba

> Toff

_— 2
— 24log,(2p) — ’ (832)

where the penultimate inequality uses the fact that [£7] > s — 1 and the last inequality

follows from (525). We now denote

3 2
[ o ( z—‘rl_rj ) _ Toff
' {] e%;;eg z+LrJ b V1 {|Az+m b*|>“m}
y (532), we have Q4 N £ C QI N (U7)°. Thus, by (S26) and (S31) we have that

P(N>z+7r)<P(N>z+|[r]) < (ﬂ EJ) < m1nP(EJ)
jeT

< minfP((07) N12) + (@)}
P P2 (r—1) B(r—1)
< §exp{—m} + eXP{_M}
< e {_M}
=POXPY T g log,(2p) |
as desired. -

Lemma S4. Let U ~ N (0,¢1), V ~ N (0,02 — ¢1), Y ~ N(ags, ¢3) and Z ~ N (agy, d4)
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be independent random variables.

(a) Assume that min{¢q, ¢3}/4 > Kk > ¢1 > 0 for some k > 0. Then

P(|U+V+Y|> |U+Y|><ex (_fﬂ?)
Vo + @3 T o1 +03) T P 6 )

(b) Assume that min{¢,, ¢s}/4 > Kk > ¢pg > 0 for some k> 0. Then

U+Y + Z| Y] ka?
> <exp| —— |-
Vo1 + o3+ o0~ Vo3 12
Proof. The case o = 0 is trivial in both cases, so without loss of generality, we may assume

a > 0 throughout the rest of the proof.
(a) Let

Wii= (Vo2 + 03— Vo1 +63)(U+Y) = /o1 + 03V,

so that

Wi ~N<a¢3(\/¢2+¢3— Vor+o3), {(V 2+ ¢ — \/¢1+¢3)2+¢2—¢1}(¢1+¢3))-

Hence, by the standard Gaussian tail bound used at the end of the proof of Lemma S2, we

have

e’/ (un) (S33)
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. $1t9¢3 P2—¢1
where wy := P (1+ (\/¢2+¢3_\/¢1+¢3)2). Then

w, =

_ O1t 3 <1+ (\/¢2+¢3+\/¢1+¢3)2>

3 P2 — D1
5 (V8K +v5r)"\ _ 3
< 16—,{(1 R ) <= (S34)

where the first inequality holds because w; is increasing in ¢; and decreasing in both ¢o
and ¢3. Hence, using the fact that —(U+V +Y) < U+V +Y, as well as (533) and (534),

we have

U+V +Y]| |U+Y|> ({ U+Y U+V+Y} >
P P U+V+Y >0
( Vorre “viaia) P\ Vame S Vaaa UtV Y20

—i—]P’({ U+Y < U+V+Y

Vot 65~ Voat o
<2P( U+Y < U+V+Y)

Vor+d3 = Vda+ o3
2
= 2P(W; <0) <exp <—%),

}m{U+V+Y<0}>

as required.
(b) Let

W o= (V1 + &5 + ¢4 — V3)Y — Vs (U + Z),

so that

Wy ~ N<Oé¢3v 1403+ b4 — a3 + ¢4)\/%7 {(\/ P1+P3+ s — \/@)2 +¢1+ ¢4}¢3)~

Note that the assumption guarantees that E(WW,) > 0. Hence, by the standard Gaussian
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tail bound used at the end of the proof of Lemma S2, we have

P(W, < 0) < —e 7/ (u2), (S35)

l\DI»—

where

(Vo1 + ¢34+ o4 — V/93)? +¢1+¢4
(v 3(d1 + ¢35 + da) — ¢3—¢4)

Wo =

Calculating the partial derivatives of wy with respect to ¢, ¢3 and ¢4 and simplifying the

expressions, we have

Qwy _ (¢34 Pa)V D3 — (P34 204)V/P1 + d3 + s <0
OO /o1 + 05+ 0a(V/03(01 + 63 + 0a) — b3 — ¢)°
Owy (\/¢1+¢3+¢4—\/_) [3¢1+¢4+(v¢1+¢3+¢4—\/_”

<0,

O3 21/3(h1 + b3 + 64) (V/03(1 + B3 + b1) — 63 — )’

Ows _ 201 (2V/P1 + b3 + 1 — Vb3)" +3(d3 + 62) (VI T B3 + b1 — VP3)
lon 2(¢1 + @3+ 01) (VP3(d1 + 3+ ¢1) — @3 —¢>4)3
. (91 + ¢4)(¢3 + ¢4) >0
5 > 0.

2(d1 + ¢34 ¢4) (V/ P3(d1 + P34 d1) — 3 — b4)
Thus ws is increasing in ¢4 and decreasing in both ¢; and ¢3 and hence
6
2 < . (536)

Hence, using the fact that —(U+Y + Z) <4 U+ Y + Z, as well as (535) and (S36), we
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have

U+Y+2 |Y|) {y U+Y +7 } >
P P U+Y + 7
(¢—¢1+¢3+¢42f¢3 SPW\VE S VorTaaa WY rZ2=20
Y U+Y +27
HP({@S_ ¢1+¢3+¢4}Q{U”+Z<0})

(Y U+Y +7 )
Vo1 + @3+ ¢4

2
=2P(Wy <0) < exp (—%),

as required. N

S3. THE ocd AND ocd BASE PROCEDURES

Algorithms S1 and S2, which are taken from Chen et al. (2022), provide two options for
a base online changepoint detection procedure. The ocd algorithm is recommended for
practical use, while its variant, the ocd’ algorithm, satisfies the key condition (3) that
underpins our theoretical results in Section 3.

In order to help make the paper self-contained, and to aid interpretability, we remark
that the input parameter a represents a thresholding level employed in the definition of the
quantity Qg in Algorithm S1 and Q{, in Algorithm S2 that is designed to ensure that we only
aggregate over signal coordinates. The input parameters 74 and T°% represent critical
values for the diagonal and off-diagonal statistics S4% and S°% respectively, both defined

in these algorithms. In other words, we declare a change as soon as either S48 > Tdiag or

Soﬁ 2 Toff .
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Algorithm S1: Pseudo-code of the ocd algorithm

Input: X;, X,,... € RP observed sequentially, 3 > 0, @ > 0, 7928 > 0 and 7°% > 0

b — B — .
Set: bmln — \/QUOgQ(?PH 10g2(2p)’ BO - {ibmln}a

B = {:I:Qm/Qbmin m=1,..., UogQ(Qp)J}’ n=0, A, =0 € RP*? and
tb:OERpforalleBUBo

repeat
n+<—n-+1

observe new data vector X,

for (45,b) € [p] x (BUBy;) do

ttl+1

A~ A7+ X,

if bAJ? — b?t] /2 < 0 then
Lti(—OandA;)’j%O

j (Ajlyj)2
B compute @y, < Zj’é[p]:j’sﬁj t§v1 1{|Ag"-f\za\/t_g}
S8 max(j e« susy) (0477 — 01/2)

SO 4= max(jpepp 5 Q)

until Sdiee > Tdiag o Goff > off.

Output: N =n
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Algorithm S2: Pseudo-code for the ocd’ algorithm, a slight variant of ocd

Input: X;, Xs,... € RP observed sequentially, 5 > 0, @ > 0, 7928 > 0 and 7°% > 0

A 8 - .
Set- bmln - \/2L10g2<2p” 10g2(2p)’ B - {ibmln}

B = {2 by, :m=1,..., [log,(2p)] }, n =10, Ay = A, = Ay = 0 € RP*P
andtb:Tb:ﬁ,:OE]RpforalleBUBo

repeat
n<n+1
observe new data vector X,
for (],b) [p] x (BUBO) do

t‘7<—t]—|—1 and AJ<—AJ+X
set 0 =0 if tj is a power of 2 and § = 1 otherwise.
Tb<—Tb(5+ FH(1—6)+1 andN Ay = NS+ A (1 =6) + X,
7 <« (7] )5 and A7« (A7 + X,,)0.
if bAJY — thi/Q < 0 then

tl 1 7 0

A T A A 0

T A ]/(T Vv 1)1/2

2

Qb 2 E[p]\{]}(‘_'b ’) 1{@ >}
Sdlag < max(;, b)€lp] x (BUBo) (bAjJ — bzti/Q)
st = MaX(jb)e[p]xB Q3
until Sdias > Tdiag op Goff > Joff.
Output: N =n
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S4. RESULTS UNDER SUB-GAUSSIAN AND
SUB-EXPONENTIAL ASSUMPTIONS

This section provides justification for the claimed theoretical results in Section 3.4. We
will rely on the following three propositions, the first of which is standard (e.g. Wainwright
2019, Proposition 2.5 and (2.18)).

Proposition S5 (Hoeffding-type and Bernstein-type tail bound). (a) Let ay,...,a, € R
and let X1,...,X, be independent sub-Gaussian random variables with variance parame-

ter 1. Then

P(Z a; X; > a:) < exp (——2 2?21 a?)

i=1
for all x > 0.
(b) Let ay,...,a, € R and let Xy, ..., X, be independent sub-exponential random variables

with variance parameter 1 and rate parameter A > 0. Then

. 72 Az
IP( X 2> > S — i al
Za > x| < eXp{ mln(Q Zi:l a2 QmaXie[n} |(L,|) }

i=1 ¢

for all z > 0.

One special case where we apply this proposition frequently is with a; = ... = a, =
n~1/2. The two bounds are then e~*"/2 and e *(*"Vn)/2 regpectively.
The following proposition can be used in place of Lemma S2 to control excursion prob-

abilities of sub-Gaussian and sub-exponential random walks with drift.

Proposition S6. Let p € R and let Y1,Ys,... be independent random wvariables. Define
Unp =1, Y; forn € N with Uy := 0, and let £ := sargmin,, ¢y, pU,.
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(a) Assume that Yy — p,Ys — i, ... are independent sub-Gaussian random variables with

variance parameter 1. Then

P(§>y) < IP’( inf U, < 0> <3(p 2V 1)e v

neNg:n>y

fory € 10, 00).
(b) Assume that Yy — pu, Yo — p, ... are independent sub-exponential random variables with

variance parameter 1 and rate parameter A > 0. Then

1 1
P& > <]P’< inf Un<()) <3(_\/_\/1> —yp(pnA)/2
€=y < neé{){nzyu < A e

fory €10, 00).

Proof. Following the same argument at the beginning of the proof of Lemma 52, it suffices
to only prove the latter inequality for both results for g > 0.

(a) By a union bound and Proposition S5(a), we have

IP( i < > < e < —np) < —np? /2
nel\ll?:gZyuU <0 ZPU 0) ZIF’(U np < —np) < Ze
n=[y] n=[y] n=[y]
e~ UH?/2 e~ UH?/2 ) ,
- —yp?/2
S 1_€_N2/2 S 2 /\ 1 —3(/"L \/1)6 :
4log2

(b) Again, by a union bound and Proposition S5(b), we have

IP’( inf pU, < 0) < Z P(U, — np < —np) Z o (HAA) /2

neNg:n>
sy n=Ty] n=Ty]
1 1 _ A
< 3(_ Vv 1>e yu(pA )/2’
p* o pA
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where the last inequality follows from the last three inequalities in the proof for the (a)

part, with u(u A A) taking the place of p?. O

Our final preparatory result will be used to modify (S17) in the proof of Proposition 5,
which can be traced back to the proof of Chen et al. (2022, Theorem 1). Let b # 0, T488 > (

and let 7, Z,, ... be independent centered random variables. We define the stopping time
Ny := inf{n eEN: bZ(Zt —b/2) > Tdiag}, (S37)
t=1
iid

where ‘os’ stands for one-sided. When 7y, Z5 ... ~ N(0,1), we can use a sequential proba-

_Tdiag

bility ratio test argument to show that P(Nys < 00) < e . The aim of Proposition S7

below is to establish similar bounds under the sub-Gaussian and the sub-exponential dis-

tributional assumptions respectively.

Proposition S7. (a) Let b # 0, T4 > 0 and let Z,, Zy, . .. be independent sub-Gaussian

random variables each with variance parameter 1. Then Nos defined in (S37) satisfies

7Tdiag

P(Nys < 00) <e

(b) Let TYe > 0 and Zy,Z,,... be independent sub-exponential random wvariables with

variance parameter 1 and rate parameter A > 0. Let b € [—A, A] \ {0}. Then
P(Nys < 00) < e T

Proof. Without loss of generality, assume b > 0 in part (a) and 0 < b < A in part (b).
The following argument then holds for both cases. Denote S, := Y7 | Z; with Sy := 0,
Vi, = exp{(bS, — v’n/2) A T4} and F, = o(Z,...,Z,) with Fy defined to be trivial
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o-algebra. Then for n € N, we have
E[V, | Facd] =E[Valyy, | _oraiesy | Fact] #E[Valyy, | _oraiesy | Foi]
< E[Vnilebzn7b2/2I[{Vn71<eriag} | ]—"n,l} + E[eriag]l{vn,lzeriag} | ]__nil}

diag
™1

S Vn_l :H_{Vn71<eriag} + e {Vn—l:eriag} — Vn_l.

Hence (V,,)n0 is a supermartingale with respect to the filtration (F, )nzo. Since |V,| < 7"

for all n, we have by the Optional Stopping Theorem that
1 = E% Z IE"/v]\fos = E':VNDSH‘{NOS<OO} + VNosj”‘{Nos:OO}} 2 e,Tdiag]P)(]\]’OS < OO),

as required. O

The modifications to the proofs of Theorems 1, 2 and 3, as well as Proposition 5 that
are needed in the sub-Gaussian and sub-exponential settings are as follows. In (S1), (S5),
(S6), (S8), (59), (S10), (S11), (S19), (S30), (S33) and (S35), we apply Proposition S5 in
place of the Gaussian tail bounds; in (S2), (S4) and (S26), we apply Proposition S6 in
place of Lemma S2; and finally, we apply Proposition S7 to yield the bound corresponding
to (S17).

S5. ADDITIONAL SIMULATION RESULTS

Table S1 provides additional simulation results for the ocd_CI procedure under spatial
dependence. The data generating mechanisms and conclusions from these results are given

in Section 4.2.
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Table S1: Spatial dependence. Estimated coverage and average length of the ocd_CI confidence
interval and average detection delay over 2000 repetitions, with standard errors in brackets, under
a Toeplitz cross-sectional covariance matrix 3 with entries Y;, = P~ for j,k € [p]. Other
parameters: p = 100, 3 = ¢, v = 30000, z = 1000, a = 0.05, a = a = /2logp, ¢ = 0.5,

dy = cv/log(p/a), do = 4d3.

p s ¥ Detection Delay Coverage (%) CI Length
05 2 2 13901, 985(03) 35.51.0)
05 2 1 49.1(0.3) 99.0(0.2) 125.1(1.6)
05 2 05 17250 99.5(0.) 447.0(5.5)
05 10 2 21.9(0.1) 98.7(0.3) 42.0(0.0)
05 10 1 76.1(0.5) 98.8(0.2) 154.2(1 5)
05 10 05 266.71.5) 99.0(0.2) 566.9(3.0)
0.5 100 2 52.1(0.3) 98.3(0.3) 106.80.9)
0.5 100 1 187.7(1.3) 98.4(0.3, 399.5(3.5)
0.5 100 05 6553050 98503  1366.200.1)
075 2 2 13.900.1) 96.9.0.4) 51.1(2.6)
075 2 1 47903, 96.8(0.4) 146.0(3.3)
0.75 2 05 171504 97.7(0.3) 463.84.2)
0.75 10 2 21.8(0_2) 964(04) 48.6(1.7)
075 10 1 75.3(0.5) 96.7(0.4) 165.0(2.7)
075 10 0.5 266.3(1.0) 96.0(0.4) 558.9(4.5)
0.75 100 2 50.9(0.5) 96.80.4) 106.81.
0.75 100 1 184.8(1.4) 95.6(0.5) 401.83.5)
0.75 100 05  647.354 94605 131230119
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