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Abstract— We consider the problem of ensuring stability in
a DC microgrid by means of decentralized conditions. Such
conditions are derived which are formulated as input-output
properties of locally defined subsystems. These follow from
various decompositions of the microgrid and corresponding
properties of the resulting representations. It is shown that
these stability conditions can be combined together by means
of appropriate homotopy arguments, thus reducing the conser-
vatism relative to more conventional decentralized approaches
that often rely on a passivation of the bus dynamics. Examples
are presented to demonstrate the applicability and the efficiency
of the results derived.

I. INTRODUCTION

The increasing integration of renewable energy in recent
years has strengthened the interest in microgrids. Compared
to AC microgrids, DC microgrids have been recognized as
a natural and simple solution to integrate renewable energy,
see [1]. For instance, DC microgrids allow connecting DC
components directly for a simple integration of renewable
generation devices and storage units. Moreover, in addition
to being compatible with modern consumer loads, DC micro-
grids allow to reduce unnecessary power conversion losses.
Thus, DC microgrids have become an attractive option not
only for providing support to remote communities, but in
many other applications: mobile grids on ships, aircrafts,
trains, efc., see [2].

A DC microgrid is a power network that consists of
small subsystems or buses (generation units, storage units,
flexible loads, efc.) interconnected via power lines. As each
subsystem is usually designed to operate in stand-alone
conditions, interconnecting the different buses together may
decrease the overall performance and it may even lead to the
microgrid instability. Another factor that may lead to network
instability is the load type. Briefly speaking, in contrast to
constant impedance loads and constant current loads, which
normally do not induce stability degradation, constant power
loads can lead to network instability due to their negative
impedance characteristics.

To establish network wide stability results, existing re-
sults [3]-[7] often consider specific cases ranging from
neglecting the power line dynamics and considering them
purely resistive to considering specific type of loads which
do not have a destabilizing effect such as constant impedance
and/or constant current loads. Moreover, even in the pres-
ence of ZIP loads, assumptions on the amount of con-
stant impedance and constant power loads present are often
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imposed to guarantee the passivity of the bus dynamics
and deduce thus stability of the microgrid. Therefore, new
approaches that can reduce the conservatism in the analysis
are of high relevance in the analysis of DC microgrids.

In this paper, we focus on the derivation of decentralized
conditions through which asymptotic stability of the DC
microgrid can be established. The analysis is carried out on
models that allow higher order dynamics for the buses (with
general loads) and the lines connecting them.

The microgrid representation plays a central role in this
paper as the notion of a subsystem is not unique. In partic-
ular, any derived stability conditions are inevitably going to
be only sufficient when these are decentralized. Therefore,
different representations of what constitutes a subsystem can
lead to stability results with varying conservatism. Analogous
to our previous paper [8] on AC grids, we consider various
decompositions for the microgrid including ones that take
into account the interconnections with neighbouring buses.
Using these representations we present different decentral-
ized conditions for stability (passivity, small gain, efc.),
which are formulated as input/output conditions on locally
defined subsystems. A main contribution of this paper is
to show that these conditions derived from different de-
compositions can be combined using appropriate homotopy
arguments thus reducing the conservatism in the analysis.

The paper is structured as follows. Section II presents
some graph theory elements, the DC microgrid model and
the problem setting. Section III presents the main results
of the paper while Section IV presents numerical examples.
Conclusions are drawn in Section V.

A. Symbols and notations

The sets of real and complex numbers are denoted by R
and C respectively. The extended real line [—oo, +00] is
denoted R and R., is the set of real positive numbers includ-
ing 0 and 4oo. The imaginary axis is denoted by jR. where
j = +/—1. The right half-plane including the imaginary
axis is denoted by C, and its closure is denoted by C,.
The set RHZX? is the set of p x ¢ real rational transfer
functions without poles in C,. For a matrix F € Cn*"
its transpose and conjugate transpose are denoted by F7T
and F'* respectively. The identity matrix is denoted by [ and
its dimensions are deduced from the context. The Kronecker
product of two matrices F; and F} is denoted by F; ® F};. The
direct sum of matrices F; with ¢ = 1,...,n is denoted by
@i, F;. Finally, in order to ease the notation, for matrices
X, 111,119, IT59 with compatible dimensions and € > 0, we
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II. NETWORK MODELS AND PROBLEM SETTING

use X € QC (I, ¢), with IT = ( ) to denote

A. Algebraic graph theory and microgrid signals

The microgrid is a power system comprised of n; buses
and n, power lines. We assume that each bus includes a
DC-DC converter with its controller and load.

We represent this microgrid as a connected graph (N, £)
where NV = {1,2,...,n,} is the set of nodes (buses) and
E={1,...,ng} €N x N is the set of edges (lines). A
direction is assigned to each edge which can be arbitrarily
chosen. The corresponding n; X ny incidence matrix is
denoted by A and it is given by

+1 if edge k leaves bus j,
Aj, = —1 if edge k enters bus j,
0 otherwise.

For each node j € NV, the set & = {k € £: Aj, # 0} is
the set of edges connected to node j.

Given the aforementioned microgrid settings, we define
the following signals.

« The input current at bus j is denoted by i;(¢) and its
voltage is denoted by v, (¢).

e The current through line k is denoted by i, (¢) (this
denotes the current with the same direction as that of
the edge k).

o The vector of all bus voltages and the vector of all line
currents are denoted by V'(¢) = (v;(t)) ., and I(t) =
(ie, (t)),ce respectively.

B. Line dynamics

We model the power lines as RL components. By applying
Kirchoff’s voltage law on the k*" power line ¢, with k € &,
we obtain

dig, (t) —rk. 1

= — t —oVy, (t 2
where 7, > 0 and Il > 0 are the resistance and the
inductance of k' line and 5V}, (t) is the voltage difference

across line /.

C. Bus dynamics

We consider now a general bus model to account for a
broad class of DC-DC converters, controllers and loads.

DC-DC converters (buck, boost, buck-boost, SEPIC, ezc.)
are composed of three main stages: DC stage (battery stage),
switching stage and DC output stage (output voltage stage).
Some assumptions are usually made in the literature to derive
simpler models that can be used for control design.

Assumption 1 The DC stage is equipped with sufficient
energy reserves and the switching is performed at a fre-
quency much higher than the natural frequencies of the
converter. Furthermore, the power generated on the battery
stage is transferred to the output voltage stage without
switching losses.

Under Assumption 1, it is possible to use an averaged
converter model to design controllers satisfying appropriate
requirements: output voltage regulation, load sharing, efc..

We consider that each converter is already equipped with
its controller and is connected to its load. The converter
dynamics as well as the controller dynamics vary depending
on the DC microgrid voltage level (low, medium and high),
model complexity, control strategy, efc.. Therefore, the con-
verter and the controller dynamics will be kept in a general
representation for analysis and particular implementations
will be discussed in the examples of Section IV. For the
load, we consider a general ZIP load model which includes
constant impedance, constant current and constant power
loads.

A general form of the j*" bus dynamics can be described
as single input single output dynamical system with i;(t) as
input and v;(t) as output. These dynamics are represented

as follows (1)
oy
# = fi(z;(t),15(t))

vi(8) = g; (2 (), 4;(1))
where z;(t) € R""s is the state vector at each bus (includes

converter, controller, and load states), f; and g; are functions
of the form f; : R"" xR — R"" and g; : R"* xR — R.

3)

D. Microgrid small-signal model

The bus model (3) is in general nonlinear due to the
converter and load dynamics even when considering linear
controllers; hence the microgrid model is also nonlinear.
Equilibrium points can be found by setting the time deriva-
tives in (2)-(3) to zero and then solving the resulting system
of equations. Thereafter, a linearization can be performed
using an obtained equilibrium. For this purpose, we require
the following assumption.

Assumption 2 The system (2)-(3) admits an equilibrium.
Moreover; the vector functions f; and the functions g; in (3)
are Lipschitz around the considered equilibrium of (2)-(3).

Under Assumption 2, the system (2)-(3) can be linearized
about the equilibrium being considered. In order to analyze
this linearization, let G(t) = ¢(t) — ¢leq denote the deviation
of any quantity ¢(¢) from its equilibrium value. We denote
the microgrid equilibrium by ¢|., given by

T
q|eq = ((I)T7 (V)T’ (xj)jGN) |eq (4)
Furthermore, we assume that the dynamics (3) when
linearized are stabilizable and detectable. Finally, we adopt
an input-output representation of the small-signal model of
microgrid (2)-(3), and we introduce the following two sets
of transfer functions:
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Fig. 1:
model (5).

the small-signal

e Ly (s) is the transfer function of the line dynamics (2),
from the input 0V, (t) to the output i, (t);

 Bj(s) is the transfer function of the linearized version of
the bus dynamics (3) from the input 7;(t) to the output

75 (t)-

Note that the different Lj(s), obtained from (2), are in
RH, as —rl;, " < 0.

We will derive conditions on the frequency response of
locally defined subsystems under which stability of the power
system (2)-(3) about the equilibrium (4) is guaranteed. To do
this, we introduce the following assumption.

Assumption 3 For each j, B;(s) € RHy, with a stabiliz-
able and detectable state-space realization’.

Let V(t) = (vj(t));en and I(t) = (igk(t))keg, then
v, (t) = (af)" V(t) and ij(t) = — a? Tr(t) where af
and a are the k" column and the j** row of the incidence
matrix A respectively.

The small-signal model of the microgrid (2)-(3) can
be represented as a negative feedback interconnection of
input-output systems as illustrated in Fig. 1 and is given by

I(s)= L(s) AT V(s)

with B(s) = @©}2,B;(s) and L(s)
B;(s) € RHqo and Lk( ) € RH

= @t Li(s) where

III. MAIN RESULTS

The following theorem gives sufficient conditions for
the local asymptotic stability of the equilibrium (4) of the
DC microgrid (2)-(3) based on input/output conditions on
the subsystems in (5).

Theorem 1 Under Assumptions 1-3, the equilibrium (4) of
the power system (2)-(3) with its small-signal model (5) is
locally asymptotically stable if for all w € R at least one
of the following two statements is satisfied.

I'The stabilization and the detectability assumptions ensure that there are
no pole/zero cancellations in C_ in the transfer function.

o Statement 1: For every j € N, there exist scalars
Yj1(w) > 0 and vj2(w) > 0 and ep,;(w) > 0 such that

B;(jw) € QC (%1(W)Hfj +--

. (6)
- 2 () (), e, (@)
where 0 )
B; _
-0 )
e —JB.(j 0
HQBJ (.]w) = < BJéJW) JB‘(jw)_1> (8)
with

I, (w) =| > LiGw)|+ > ILsGw).  ©

k:ke&; k:ke&;

o Statement 2: For every j € N, there exist scalars
53‘1((4]) > 0, 5j2(w) >0, 5j3(W) > 0 and €aG, (UJ) > 0
and scalars 1%, (jw) = (H’fl(jw)) <0, H12(Jw) and
5, (jw) = (115, (jw))* > 0, with k , M, satisfying
—I1f, (jw) — I (jw)* + 2 15, (jw) such that

G;(jw) € QC (F (@) + da(w)lIS” +

=1,
<0,

, (10)
st §j3(w)H3GJ (jw)v €G; (w))
where G (jw) = (B2, Li(jw)) (a ;)T Bj(jw) af and
_ (12 ) (11)
:( e 1W> (12)

(@Z‘ JIE (o

Ny k (3
i Hk? o * @k—l]'_‘[lQ(Jw)). (13)

Dty 155 (jw)

Proof The complete proof can be found in [9]. A main
feature of the proof is that it uses a homotopy argument
to combine different conditions that have been derived for
locally defined subsystems in two different network decom-
positions.

Remark 1 (Microgrid decomposition) The stability condi-
tions in Statement 1 and Statement 2 are decentralized
conditions that depend on local bus/line dynamics. They are
obtained using two different decompositions of the micro-
grid that lead to appropriate graph separation arguments
[10]. In particular, Statement 1 is derived by means of
the conventional microgrid decomposition into buses and
lines. Statement 2 on the other hand is based on a different
decomposition of the microgrid, analogous to the one used
in [8, 10], that leads to subsystems G involving each bus
B; and the lines L) connected to it as follows from the
sparsity structure of aj.

Remark 2 (Passivity and small-gain conditions) The dif-
ferent conditions of Statement I and Statement 2 can be
related to the usual passivity and small-gain conditions. In



particular, in Statement 1, having vj2(w) = 0 in (6) allows to
recover the usual bus B; passivity conditions while choosing
vi1(w) = 0 allows to recover a small-gain condition on
each bus Bj; scaled by J B;» where the latter depends on
the neighbouring line dynamics Ly. For Statement 2, we can
have similar interpretations as earlier but on systems G
this time. For instance, choosing dj2(w) = 0 and §;3(w) =0
in (10) allows to have a passivity condition on G; while
having 6;1(w) = 0 and 6;3(w) = 0 allows to recover a
small-gain condition on G;. Finally, it is worth mentioning
that in contrast to the passivity condition in Statement I,
the third component in (10) obtained with ;1 (w) = 0 and
dj2(w) = 0 allows to take into account the dynamics of the
lines as each TIF can be associated to each Ly

Remark 3 (Conservatism) Condition (6) allows to com-
bine passivity with small-gain conditions (see Remark 2),
thus reducing the conservatism of more conventional passiv-
ity based results often used in the literature. Conditions (6)
and (10) allow to reduce the conservatism by combining
passivity with small-gain conditions but also with other
conditions able to take into account the line dynamics (see
Remark 2). Note that when considered individually, neither
Statement 1 nor Statement 2 is less conservative compared
to the other. For instance, Statement 1 considers the more
commonly used bus/line decomposition and (7) and does
not take into account the ’strength’ of coupling among the
bus dynamics at each frequency. On the other hand, even
though Statement 2 allows to consider this coupling, it may
not always hold when the couplings are too strong. Hence
each statement has its own merits and a main contribution
of Theorem 1 is to show that conditions (6) and (10) can be
combined together pointwise over frequency by an appropri-
ate homotopy argument (see proof in [9]), thus reducing the
conservatism associated with these decentralized conditions.

Remark 4 (Control design) The stability conditions stated
in Theorem 1 can be used as design protocols for the
microgrid that need to be decided a priori, i.e. local design
rules at each bus which if satisfied ensures stability of a
general network. An approach when choosing such rules is
to consider different conditions in different frequency ranges.
For instance, the passivity conditions can be used in regimes
of higher gains as passivity holds for arbitrarily large gains
while small-gain conditions, or conditions that take into
account the strength of the coupling, can be considered in
regimes with weaker coupling and potential phase lags. It
should be noted that, the generalized KYP Lemma [11] can
be used to verify if the different required properties are
satisfied in the corresponding frequency ranges.

IV. EXAMPLES

To demonstrate the applicability of our results, we consider
two generic examples of DC microgrids where each bus
contains a controlled DC-DC converter connected to loads,
see for instance [12, 13].

In particular, we will consider configurations with param-
eters that have been chosen in the literature in a centralized

Yoo =e

Fig. 2: Simplified representation of the considered microgrid.

way to have good performance. We will then investigate
whether stability can also be verified via the decentralized
conditions derived in the paper. The significance of the latter
is that they can be used as a decentralized design protocol
for the network; i.e. the choice of frequency ranges where
the different statements in Theorem 1 are applied and the
corresponding multipliers (HiBJ and H?j ), can be used as
local design rules for the converters through which stability
of the network can be guaranteed.

In our analysis we will start with Statement 1,
i.e. the bus/line decomposition, and consider first
the more commonly wused bus passivity condition
B;(jw) € QC(Hfj,ij (w)). If this condition is not
satisfied for all/some frequencies, we test the small-
gain condition Bj;(jw) € QC(Hfj (jw),eB,(w)) at those
frequencies. If the previous condition is also not satisfied at
all/some of those frequencies, we make use of Statement 2
and we test if G;(jw) € QC(Hf-j,eGj (w)). If the previous
condition is still not satisfied at those frequencies, we test
G;(jw) € QC(Hsz,eG]. (w)) and we continue, if necessary,
by testing whether G (jw) € QC(HSGj (jw), €g, (w)) can be
satisfied for some choice of multipliers H3Gj (jw).

The examples we are considering deal with two common
situations.

¢ Microgrid with resistive loads where adjusting the con-
verter control parameters to passivate the bus dynamics
can result in a significant voltage deviation from the
nominal value.

o Microgrid with ZIP loads dominated by their constant
power components which can pose stability challenges.

Note that the numerical values used in these two examples
are taken from [14, 15].

The microgrid under consideration is composed of three
buses as illustrated in Fig. 2 where each bus is composed of
a controlled buck converter connected to a load.

The dynamics of each bus are given by

dic]iit) - Li (—vs, (t) = Ryij(t) +u;(t))
dvg,(t) 1 . _ (14)
a q (4 () — iLoag, (t) +iB, (1))

where ¢;(t) is the bus internal current (the inductor current),
ip,(t) is the bus injection current from the network, vp, (t)
is the bus output voltage and u;(¢) is the control input of the
buck converter. R;, L; and C; are bus filter resistance, induc-
tance and capacitance respectively. The control input w;(¢)
is given as the output of a double PI controller with the



following model, where zf, (t) is the controller state vector

dzgi;(t) = (K?vj 8) i (0 + (Kivj —01)@ 8)
u;(t) = (KP,,le(L,j KL,L]) Tr, () + ...

€y, (t
cee 4 (KPz‘LJKij KPiLj) (zLjEt§>
The gains K P, and K I, are the proportional and the in-
tegral gains, respectively, of the voltage PI controller (outer
controller) while K P, and K I, are those of the current PI
controller (inner controller). The signal e, (t) is the voltage
tracking error given by e, (t) = v, (t) —vg, (t) where v, (t)
is the desired bus output voltage which is adjusted according
to ip,(t) such that v, (t) = vr,,, + Raroop, is, (t) With vy,
the nominal voltage and Rdmop?, the droop coefficient.
The current ipoaq, (f) in (14) is the load current and its
expression depends on the load type as it will be shown in
the two cases below.

A. Microgrid with resistive loads

In this case, each bus is connected to a resistive load
Rioad; > 0 and idpoqq; () is given by

Z'Loadj (t) = R]jolad,- Uj (t)

To investigate the stability of this microgrid, we start with
the usual passivity argument of Statement 1 corresponding
to B;(jw) € QC(HJIBJ , €8, (w)). The analysis reveals that the
different buses are not passive over all frequencies especially
at high frequencies as it can be seen in Fig. 3(a).

A common approach to enhance bus passivity is to
increase the droop coefficients Rdmopj until we have

B;(jw) € QC(HlBj ,€p,(w)) at all frequencies. However, the
consequence will be an important output voltage deviation
from the nominal value v, which makes this approach non
practical for the operation of the microgrid.

To go beyond the passivity condition using State-
ment 1, we investigate if the small-gain condition
B;(jw) € QC(Hfj (jw),eB, (w)) is satisfied at least at high
frequencies. The results presented in Fig. 3(b) affirm that

the latter condition is satisfied at high frequencies where
passivity failed. Hence, the microgrid of Fig. 2 with resistive
loads is stable since Statement 1 is always satisfied at each
frequency w € R as it can be seen in Fig. 3(c).
Therefore, a scalable control protocol when considering
such microgrids in a general network topology can be to
require the dynamics at each bus to satisfy
e B;(jw) € QC(Hfj,EBj (w)) at a prescribed low fre-
quency range w < We.
e B;(jw) € QC(Hfj (jw),€B, (w)) at higher frequencies
w > We.

B. Microgrid with ZIP loads

We consider now the case where the loads are not just
resistive and they also contain constant current and constant
power elements. The load current iy o4, (t) becomes

itoud; (1) = iLoud; + Zioga, V5 (1) + Ploaa, v ()

where iLoad;» ZLoad; = Rioad, > 0 and Ploa, > 0 are the
current, impedance and power of the constant current load,
the constant impedance load and the constant power load
respectively.

The presence of constant power loads has a destabilizing
effect on the bus dynamics since they behave as negative
resistance elements. To guarantee bus stability using a pas-
sivity argument, we require that at steady state, the effect
of the constant impedance loads is larger than that of the
constant power loads [16, 17], that is

Ur; (t) > PLoadj U:jl(t).

If the previous condition is satisfied, then it is possible
to certify the stability of the microgrid with ZIP loads
using Statement 1 in a similar way to the case of resistive
loads presented earlier. Nevertheless, in many practical cases,
the constant power loads can be larger than the constant
impedance loads. In this case, Statement 1 alone will not
be able to certify microgrid stability as it can be seen in
Fig. 4(a). Note that in contrast to the case of resistive loads,
the passivity condition does not hold at low frequencies while

-1
ZLoadj

1 1 - 1
= By = By E By
2 m By 7 s By & s By
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Fig. 3: Stability assessment results of the microgrid of Fig. 2 with resistive loads using: (a) passivity, (b) small gain and
(c) Statement 1 (passivity and small gain). Note that at each frequency, a value at 0 on the vertical axis means that the

considered test has failed while 1 means it has passed.
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Fig. 4: Stability assessment results of the microgrid of Fig. 2 with ZIP loads where P oad; Uy L) > ]:ozlidjvrj (t) using:
(a) Statement 1, (b) Statement 2 and (c) Theorem 1. Again note that at each frequency, a value at O on the vertical axis
means that the considered test has failed while 1 means it has passed.

the small-gain condition holds. Note also that none of these
conditions hold in medium frequencies, see Fig. 4(a).

Statement 2 allows to go beyond passivity and small-
gain conditions of the conventional bus/line microgrid de-
composition. In fact, the analysis reveals that by consid-
ering the small-gain condition in the new decomposition
G;(jw) € QC(HQGj,eGj (w)), Statement 2 is satisfied at
medium frequencies where Statement 1 failed, see Fig. 4(b).
Therefore, we have Statement 1 and/or Statement 2 satisfied
at each frequency w € R as it can be seen in Fig. 4(c),
and hence the microgrid of Fig. 2 with ZIP loads considered
(dominated by constant power loads) is stable.

To conclude, when considering such microgrids in a
general network topology, a scalable control protocol is to
design controllers able to satisfy

e B;(jw) € QC(Hfj (jw), e, (w)) in a prescribed low

frequency range.

o G;(jw) € QC(H?j,EGj (w)) in a prescribed medium

frequency range.

e Bj(jw) € QC(Hfj,ij (w)) at high frequencies.

V. CONCLUSIONS

We have derived decentralized stability conditions for
DC microgrids. Our analysis takes into account the line
dynamics and also allows higher order models for the DC-
DC converters at each bus. By exploiting various decomposi-
tions of the network, we have derived multiple decentralized
input-output stability conditions that also allow to exploit the
coupling of each bus with neighboring lines. We have used
appropriate homotopy arguments to combine these conditions
pointwise over frequency thus reducing the conservatism in
the analysis. The efficiency of the obtained results has been
illustrated through examples.
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