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5 Abstract: We highlight an overlooked source of equilibrium multiplicity in mon-
etary economies subject to a zero bound on nominal interest rates. In environ-
ments with sufficient endogenous propagation, depressed contemporary eco-
nomic conditions must directly lower expectations of future output and inflation.
A current recession followed by gradual convergence back to steady state may

10 then be an equilibrium outcome, without any exogenous impulse. We present
this mechanism heuristically in partial equilibrium, and in two computed exam-
ples of New Keynesian economies. Expansionary fiscal policy makes the reces-
sionary equilibrium more severe at the margin, but commitment to a sufficiently

large expansion can rule out multiplicity.
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1 Introduction

Understanding the precise implications of the zero lower bound (ZLB) constraint for macroe-
conomic dynamics has been an important priority for research in the recent, post-crisis
decade. The resulting literature has provided extensive lessons regarding the optimal policy
response to liquidity traps, as well as conflicting perspectives on the effectiveness of fiscal
policy and the implications of supply shocks at the zero bound. Yet some implications of
the ZLB remain under-explored. The purpose of the current paper is to identify and analyse
an overlooked risk of non-fundamental recessions that can arise because of the zero bound,
and to place these in the context of existing debates.

The specific issue that we identify is that a strong structural link between contemporary
and future economic conditions — through the economy’s endogenous propagation mecha-
nism — can give rise to non-fundamental recessions. Suppose that a contraction in output in
the current period directly implies lower future output and inflation. Under rational expec-
tations, this link will be anticipated. If there is a limit to how far nominal interest rates can
be cut, the anticipation of future stagnation, together with low or negative future inflation,
may be sufficient for a collapse in current output to be an equilibrium outcome.

This dynamic is reminiscent of, but distinct from, the well-known deflationary traps high-
lighted by Benhabib, Schmitt-Grohé and Uribe (2001), and developed more recently by
Mertens and Ravn (2014) and Aruoba et al. (2018) among others. In these authors” work,
the economy becomes trapped in an inefficient equilibrium in the present, because of pes-
simistic expectations for the future. Agents anticipate low future inflation and output, at
least probabilistically, and this depresses their current demand. With the nominal interest
rate constrained at zero, the policymaker is powerless to provide stimulus. A low-output
equilibrium is sustained, until some non-fundamental shock recalibrates expectations to a

more benign outlook.!

More specifically, ‘sentiment’ is an exogenous random variable in Mertens and Ravn (2014) and Aruoba
et al. (2018). A state of pessimism must be sufficiently persistent for the deflationary trap construct to
work. Benhabib et al. (2001) used a perfect-foresight approach, equivalent to pessimism persisting with
probability one.
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An important lesson from this deflationary trap literature, therefore, is that economic per-
formance could be improved by a concerted effort to coordinate expectations on more pos-
itive future outcomes. This is the key policy lesson drawn by Uribe (2018), for instance.
Depressed conditions arise because there is a belief they will persist. If perfect foresight is
assumed, convergence can only be to a low-output steady state.

Our paper studies a separate problem. When the economy contains a non-trivial endoge-
nous propagation mechanism, any rational beliefs about future outcomes must be sensi-
tive to current economic developments, regardless whether expectations as a whole encode
optimism or pessimism. Even when beliefs are consistent with certain convergence to a
non-deflationary steady state in the future, for all inherited conditions, this sensitivity itself
opens the door to multiple current possibilities. A current recession must worsen expec-
tations about future outcomes because of the endogenous propagation dynamic. In itself
this will serve to incentivise saving, and reduce aggregate demand. When the propagation
mechanism is sufficiently strong, this channel is enough to support the current recession.
The zero bound is important to the construct, because it rules out cuts to nominal interest
rates that would otherwise counteract the process.

The bulk of our paper is concerned with exploring the conditions under which this form of
multiplicity may arise, and the equilibrium dynamics that it implies. As with many analyses
of outcomes at the zero bound, the main intuition can be communicated by reference to the
consumption Euler equation. This is the purpose of Section 2, which presents a stylised
within-period equilibrium problem, assuming a given — not necessarily rational — mapping
from current to expected future outcomes. This provides some simple analytical results
that can help make sense of the computed examples that follow later in the paper, where
expectations are fully rational.

Having established the foundations for our multiplicity problem, Section 3 then provides
a first simulated example, with the multiplicity arising in a fully-specified, recursive rational
expectations equilibrium. The setting is a nonlinear version of the canonical dynamic New

Keynesian model, with Rotemberg pricing. The only significant departure from convention
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is to assume that the monetary policymaker feeds back aggressively on real GDP growth, in
addition to inflation. This is a deliberately direct way to impart the necessary persistence
into the well-studied New Keynesian environment. It allows a particularly simple form of
recessionary equilibrium to arise without any exogenous impulse. This lasts for just one
period, and the recession dynamics are independent of the initial state. Intuitively, a fall in
output in the present period generates expectations of a relatively tight monetary policy in
the future, as growth will be positive along the recovery. This means that future inflation
and output expectations are rationally a function of current output. A sufficiently large fall
in current output can worsen expectations so that the incentives to save rise by enough to
support the low-output equilibrium.

Building on the intuition provided in Section 2, we show that the multiplicity problem
can be interpreted by reference to an equilibrium Euler equation that has two solutions.
This graphical representation, and the simplicity of the environment, are particularly help-
tul for understanding comparative statics when standard policy experiments are conducted.
To this end, in Section 4 we show that conditional on a recession occurring, committing to
small increases in government expenditure when the zero bound binds will always make our
recessionary equilibria more severe. That is, the marginal fiscal multiplier is negative, condi-
tional on the recessionary equilibrium being chosen. Yet we also show that commitment to a
sufficiently large fiscal expansion at the zero bound is sufficient to eliminate the recessionary
equilibrium. Thus our equilibria provide a qualified case for credible commitment to fiscal
intervention at the zero bound, so long as the promised intervention is substantial.

Section 5 provides a second example of the multiplicity problem, in a version of the stan-
dard New Keynesian model with consumption habits and shocks to labour productivity.
Here, lagged consumption is the source of persistence. A reduction in consumption in the
current period reduces the marginal value of consuming in the future. This implies that
future aggregate demand will be relatively low, reducing expected inflation and output.

Again, this endogenous link between current outcomes and expectations can result in two

current equilibria arising, and we chart the corresponding policy functions. An interesting
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feature of multiplicity in this case, however, is that it is only arises when the economy is al-
ready relatively depressed, and operates at the zero bound whichever equilibrium is chosen.
The two distinct equilibria then correspond to two distinct exit paths from an existing zero
bound episode. The low-output equilibrium involves a deeper recession and a longer stay
at the zero bound. In this regard we provide novel support for Blanchard’s (2014) assertion
that economies close to the ‘dark corners’, where the zero bound binds, may behave quite
differently — and more unpredictably — than those in more conventional territory.

To justify the possibility that the initial consumption level may be low, we augment the
setup with a stochastic process for technology. This additionally allows us to place our re-
sults in the context of the well-publicised “paradox of toil” that can arise at the zero bound.
As emphasised by Eggertsson (2010), it is possible for a persistent increase in households’
marginal willingness to work to be contractionary at the zero bound in a New Keynesian
model, because of the negative impact it has on future marginal costs, and hence inflation ex-
pectations. An isomorphic result arises for a positive productivity shock. More recent work
by Boneva, Braun and Waki (2016) has cast doubt on the relevance of this result, arguing that
it only arises in a relatively small region of the possible parameter space. Wieland (2018) pro-
vides further grounds for scepticism, based on empirical analyses of supply shocks at the
zero bound.

Consistent with this, the model of Section 5 predicts that productivity improvements can
be recessionary even when a conventional equilibrium is selected, but only for a very small
region of the state space. Equilibrium multiplicity exists, by contrast, across a much greater
region. In the multiplicity region, a positive productivity shock may be either expansionary
or contractionary, depending on equilibrium selection. Taken as a whole, these results sug-
gest that recessionary productivity improvements may be more likely than the most recent
contributions have suggested, but as the product of a coordination failure rather than an
economic inevitability at the zero lower bound.

Before concluding, we use Section 6 to provide a more formal discussion of the difference

between our multiplicity problem and more the conventional liquidity traps in the spirit
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of Benhabib et al. (2001). We emphasise here the difference between multiplicity in the
set of possible rational expectations mappings, and multiplicity that exists even when the
expectations mapping is fixed. As we explain, one feature of our equilibria is that they
remain possible even after learning dynamics have generated convergence in expectations

to a mapping that is consistent with the non-deflationary steady state.?

2 Partial equilibrium intuition

The main intuition behind our results can be understood by considering a within-period
consumption-savings equilibrium problem, assuming — for now — an exogenous mapping
from current to expected future outcomes. The message is simplified by giving this mapping
an analytical form, though clearly this convenience will not usually be available in a full
rational expectations solution. In the fully solved examples of Sections 3 and 5, we will show
that the qualitative properties of equilibrium expectations match those that are assumed

here.

2.1 Setup

We consider equilibrium within some period ¢ for a simple dynamic economy where a repre-
sentative consumer is choosing between consumption and savings. There is no investment
and no government, so consumption is the only source of aggregate expenditure. Consump-
tion preferences are isoelastic, and equilibrium thus requires a standard Euler condition to

be satisfied in period t:

Yy 7= (1 i) B [YSI )

where [E; denotes the consumer’s expectations operator, Y; is aggregate output in ¢, IT; 1 is

gross inflation at t + 1, B is the household’s discount factor, and ¢ is the inverse EIS.

The issue of learning, and whether expectations might converge to the low-output equilibrium, remains
central to debates in the liquidity trap literature. Arifovic et al. (2018) is a recent contribution challenging
conventional results. See also the useful discussion in Mertens and Ravn (2014).
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We do not model the economy’s supply side explicitly, except to assume that the supply
relation admits a range of possible values of Y; in the neighbourhood of a “full capacity’ level
Y, which is normalised to 1. Different Y; values may induce different current inflation rates
I'l;, but since I'l; need not otherwise affect equilibrium in ¢, we leave this in the background.
The central bank targets Y = 1 as its desired output level, with feedback on the deviation of

output from this level, subject to a conventional zero bound:
(1+ i) = max {ﬁ_lYf‘,l} (2)

for some & > 0. B~! > 1 is interpreted as a ‘neutral’ nominal interest rate.> Notice that this
implies a threshold condition on Y}: the zero bound binds if and only if Y; < ,8%

Equilibrium outcomes in period t + 1 and subsequently are not modelled, except to as-
sume that they generate consumer expectations of future output and inflation that respond
to the current level of output. As explained above, this link is specified exogenously. We
assume a simple isoelastic form for it:

iof [Y“’I‘I_l

—(op+0
t+1 t+1] =Y, (e+2) 3)

where p can be interpreted as the autoregressive persistence of log output, and ¢ as the
explanatory power of log output in f for inflation in # + 1. It does not matter for the argument
whether condition (3) is interpreted as the rational expectations mapping that emerges from
a proper specification of the economic environment in subsequent periods, or an arbitrary
non-rational conjecture. The closed analytical form will be helpful for illustrating our point,
but the most important feature is that the perceived marginal value of savings, which (3)
captures, is increasing as Y; falls.

With this expectations mapping, the Euler condition becomes a restriction on period-t

3This form lacks the conventional inflation feedback term of a Taylor-type rule, again to avoid complicating
the analysis with a process to determine current inflation. Alternatively, the output feedback term can be
interpreted as subsuming inflation feedback, after I'l; has been eliminated via the supply relation.
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outcomes alone:

Y, =B (1+i) Y, T (@)

2.2 Equilibrium multiplicity

An equilibrium in period t is a value of Y; such that C; = Y; is optimal for the consumer,
given the expectations and nominal interest rate that Y; implies. Depending on the mag-
nitude of Y}, this equilibrium may or may not feature a binding zero bound. Combining

conditions (2) and (4), the two possibilities are:

Y7 O — Jand v > Ba (5)

Yot g1 — 1and Y, < Ba (6)

In words, equilibrium requires the representative consumer’s marginal rate of substitu-
tion (MRS) between consumption and savings to equal their relative cost, which is unity.
The MRS is the object on the left-hand sides of equations (2) and (4).* It gives the ratio of the
marginal utility of consumption to the marginal utility of savings in ¢, as Y; varies.

The MRS embeds three endogenous channels. The first is the direct effect of lower Y; on
C:. This raises the current marginal utility of consumption, increasing the MRS as Y; falls.

The second channel is the impact of lower Y; on current nominal interest rates, so long as
the zero bound does not bind. Active interest rate cuts reduce the relative marginal value
of savings as Y; falls, increasing the MRS. Once Y; falls to ,B%, the zero bound binds and this
channel ceases to operate.

The third channel is the indirect effect of lower Y; on the expected value of future re-
sources. So long as op +J > 0, this increases the relative marginal value of savings as Y; falls,
causing the MRS to fall. This channel can be further subdivided into ‘income” and ‘substi-
tution” components. For p > 0, lower Y; reduces expectations of future income, reducing

optimal consumption in all periods and thus increasing savings. For § > 0, lower Y; also re-

. . 1
“Note that this is continuous at the kink point Y; = Bx.
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duces inflation expectations, and this increases the real interest rate, generating substitution
towards savings.

The three channels correspond directly to the exponents on Y; in (5) and (6). Their strength
is given, respectively, by —c, —a, and op + 6.

It is clear by inspection that Y; = 1 solves condition (5), and so is one possible equilibrium.
Moreover, since the left-hand side of (5) is monotone in Y}, this is the only within-period
equilibrium that is consistent with the expectations in (3) so long as the zero bound does not
bind. However, the absence of an interest-rate feedback channel at the zero bound means
that a second, low-output equilibrium cannot be ruled out. It is easy to confirm that this
occurs whenever:

—0—a+(op+9) <0< —0+ (0p+9) )

It is always possible to choose « large enough for the left-hand inequality here to be satis-
tied. The right-hand inequality will be true if and only if p + g > 1. Intuitively, this means
that as Y; falls below the zero bound threshold ,B%, the combination of worsened income
expectations (in proportion p) and intertemporal substitution (in proportion g) outweigh
the direct effect of lower current consumption on the relative desire to save. A low-output
equilibrium becomes possible, where once more the MRS is equal to 1.

Figure 1 illustrates this possibility. It graphs the value of the MRS as income varies, for
an illustrative set of parameter values.” So long as the zero bound does not bind, reductions
in output raise the relative value of current consumption versus saving: the MRS schedule
is negatively sloped. But the active policy of the central bank is crucial to this. When the
nominal interest rate reaches zero, the strength of the expectation channel means that further
falls in output raise the relative value of saving: the MRS schedule is now positively sloped.

For our parameterization there are two equilibria where the MRS equals 1. The first is at
Y; = Y = 1. The second is an ‘undesirable’ equilibrium, with Y; around 5 per cent below Y.

This outcome is accompanied by a binding zero bound on the nominal interest rate.

5Specifically, c = 1,0 =0.9,5 = 0.2, « = 1 and 8 = 0.995.
P \/ %
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Figure 1: The value of the consumption-saving marginal rate of substitution as current output, Y, varies.
Equilibrium obtains at the two Y; values where the MRS equals one.

3 Equilibrium multiplicity in general equilibrium

In this section we provide a first rational expectations example to illustrate how this within-

period multiplicity problem can feature in a broader dynamic equilibrium environment.

3.1 Overview

The focus is on a non-linear version of the textbook New Keynesian model, deliberately cho-
sen to minimise complexity. Our only major departure from convention is that we assume
the central bank has a Taylor-style policy rule that feeds back on the growth rate of output,
rather than its level. This implies that rational expectations of future outcomes must depend
on current output, as modelled informally in Section 2. When the degree of policy feedback
on growth is high enough, multiplicity becomes possible. The intuition is that a collapse
in output in the current period implies growth back to steady state in the future. The cen-
tral bank’s feedback policy will therefore mandate relatively tight future monetary policy,

causing consumers to expect relatively low future output and inflation rates.

10
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We focus on this mechanism for three reasons. The first is for ease of exposition: it is
the simplest and most transparent way that we have found to illustrate our main argument
in a rational expectations, general equilibrium setting. By design our mechanism requires a
model with nominal rigidities, so that the zero bound matters, and where low output can oc-
cur in equilibrium because of deficient aggregate demand. The New Keynesian framework
allows both of these. But our mechanism requires a non-trivial propagation mechanism, so
that current and expected future outcomes are rationally linked. The standard New Keyne-
sian model does not have this. Introducing feedback on the output gap delivers persistence
directly, without adding any new components or frictions to the model.

The second reason for focusing on this mechanism is that growth feedback has been found
to play a significant role in the policy rule in estimated DSGE models. The posterior mode
for the growth feedback coefficient estimated for the US economy in Smets and Wouters
(2007), for instance, is 1.16, compared to a feedback coefficient on the level of GDP of just
0.08. Our results suggest that growth feedback may add instability to an economy, once the
zero bound is allowed for. If observed central bank behaviour is consistent with such rules
being used, and if they pose a multiplicity risk, it seems important to understand this in
more detail.

Finally, a number of authors have recommended growth-feedback rules as normatively
desirable. Examples include Orphanides (2001, 2003), Orphanides and Williams (2002), Wood-
ford (2003) and Blake (2012). The arguments relate both to the greater transparency of output
growth relative to measures of the output gap, and dynamic commitment gains in response
to markup shocks.

Overall, therefore, output growth feedback is something that seems empirically plausible
as a description of how central banks do act, and has its proponents as a prescription for
how they should. Given this, it is of interest to understand multiplicity problems that it may

imply once the zero bound is incorporated.

11
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3.2 Model setup

We use a standard New Keynesian model without capital and with a version of Rotemberg
(1982) pricing. The basic elements are presented only. A representative consumer in period
t chooses a consumption plan in order to maximise the discounted present value of their
utility, given by:

00 Cl—a_l L1+v
E s—t S s 8
LT o i ®)

where L gives labour hours and C; is a standard Dixit-Stiglitz aggregate over differentiated
goods Cs (i). Government expenditure in s, G;, is aggregated in the same way as private ex-
penditure. The household problem gives rises to standard intertemporal and intratemporal

optimality conditions:

Ci1 ) T (1414)
1 = BE 9
PE: ( Ct IT; 4 ®)
W, LY
?: - c;t‘f (19

where I is the gross inflation rate in period t+1.

The monopolistic producer of good type i employs a simple technology that is linear in
labour Y; (i) = L (i) where Y; (i) is output of firm i and L; (i) its employment. The firm
chooses its price each period, subject to a convex adjustment cost, in the style of Rotemberg
(1982). In particular, it chooses price P; (i) to maximise the discounted objective:

s=t t

where O is a convex, differentiable function, with ® (1) = ©®’ (1) = 0. This cost term is mul-

tiplied by aggregate output Y; in period s, to preserve scaling.® Taking a first-order condition

®To prevent price adjustment from having an implausible impact on aggregate activity, we model these as
subjective “as-if” losses from changing prices, rather than real resource costs. This is equivalent to the firm’s
objective differing from its true profit function. An identical assumption is made in Hagedorn et al. (2018)
in their analysis of forward guidance. This modelling choice is irrelevant to the first-order dynamics of the
model. Boneva, Braun and Waki (2016) show, however, that modelling price adjustment costs as real losses
can substantially affect standard results at the zero bound when solving by global methods.

12
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for the firm’s optimal pricing decision in period t and imposing symmetric equilibrium gives

an aggregate supply relation:

—0
Vi

Ytl 1410 (I1i41) (12)

0= (1 — S) + 6m — Ht@l (Ht) + ,B]Et CH_l
Py Ct

where I; is the gross inflation rate in . The simulations that follow set © (IT) = § [log (I0))?,
where 0 is a parameter capturing the size of adjustment costs.”

Aggregate market clearing will require:
Ct+Gr=Y; (13)

and production is linear in labor:

Yy =Ly (14)

Equations (9) to (14) provide five dynamic equilibrium conditions in the seven variables
{Ct, L, Y:, 11, %t, i, Gt}. A policy rule for the nominal interest rate and some specification
of government expenditure, together with terminal conditions, will be sufficient to close
the model. As explained above, we will assume interest rates follow a feedback rule that
responds to the growth rate of output. This is the simplest way to generate the sort of

multiplicity that is our focus:

(1 + i) = max {ﬁ_lﬂ‘t"” (%)%1} (15)

Note that this rule implicitly targets a steady-state gross inflation rate equal to 1.
For government expenditure we initially simply assume a fixed value G. Section 4 con-

siders the effects of expansionary fiscal policy at the zero bound.

"To first order this function is equivalent to the more common form % [IT— 1]2, but it has slightly more ap-

pealing global properties. It implies the cost to a firm of changing from price P; to P, is identical to the cost
of changing from P, to P;.

13
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3.3 Equilibrium definition

We will focus our attention on recursive rational expectations equilibria in this setting. These
are equilibria in which expectations can be described by a time-invariant mapping from the
current natural state vector only — here, just Y;. The restrictiveness of this is to rule out dy-
namic paths where the outcome of within-period equilibrium selection is history-contingent,
independently of Y;. This can eliminate some interesting equilibrium possibilities, includ-
ing perfect-foresight dynamics in which recessionary episodes play out over many periods.
The advantage is to keep transparent the independence of our multiplicity dynamic from
persistent exogenous coordination devices.

Given the earlier distinction between multiplicity in the expectations mapping and mul-
tiplicity for a given mapping, we take some time to formalise these concepts in the current
context. Equilibrium will be defined by reference to a policy function for the model’s en-

dogenous variables, and an expectations mapping. The policy function takes the form:
xp = g (Yi-1,0) (16)

where x; denotes the vector [Ct, L, Y, 14, %, it, Gt] /, and o is a binary random variable, iid
through time, that takes value 1 with probability p, and 0 with probability (1 — p).® This is
treated as a public signal, and plays the role of coordinating device between the different
possibilities when more than one outcome is consistent with equilibrium.” Specifically, a
realisation ¢; = 1 is normalised to imply coordination on the equilibrium with the lowest
value for current output Y;. If equilibrium is unique for the computed expectations map-
ping, then the policy function is invariant in ;. The probability p will affect expectations
over future outcomes, and ultimately leaves a degree of freedom in equilibrium determina-

tion. This is discussed further in Section 3.4.1.

8Where needed, subscripts identify elements of g — for instance gy (Y;_1,0¢) denotes the policy function for
Y alone.

9 An analogous device is used to select between outcomes in the literature on self-fulfilling crises in markets
for sovereign debt — a multiplicity problem with formal similarities to ours. See Cole and Kehoe (2000).

14
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The expectations mapping is a relationship of the form:

Etf (x141) = ¢ (V) (17)

where f (x;,1) stacks as a vector the set of expectations over ¢t + 1 outcomes relevant to equi-
librium outcomes in t. In this case, f (x;11) = [(C;L‘Tll_[;ll) (CLG Y11 O (Ht+1)):| /,
since these are the two expectational terms that feature in the model equations. Notice that
expectations depend on the endogenous state vector, but not on the coordination device o;.
This follows from the fact that o; is iid over time. It highlights the feature that if there is
more than one possible outcome in period ¢, this is not because of a direct shock to expec-
tations themselves. This contrasts with the approach taken in Mertens and Ravn (2014) and
Aruoba, Cuba-Borda and Schorfheide (2018), where coordination traps depend on a persis-
tent sunspot process that shifts expectations between ‘optimistic’ and “pessimistic” for any
given realisation of the endogenous states.

Equilibrium requires that conditions (9) to (15) should hold for all admissible realisations
of the state vector. For notational convenience let these conditions be stacked in the single

vector restriction:

h (xt,lEtf (Xt+1) , thl) =0 (18)

As is standard, we analyse outcomes on a compact state space, denoted S C R. A recursive

rational expectations equilibrium is then defined formally as follows:

Definition. The policy function g, expectations mapping ¢ and probability p are together
consistent with a recursive rational expectations equilibrium if and only if forall Y; 1 € §

and o; € {0, 1}, the following three conditions hold:

1. [Equilibrium consistency]:

h(g(Yi-1,0t),¢ (gy (Yi-1,0t)),Yi-1) =0 (19)

15



| Parameter | Description | Value |

B Discount factor 0.981/4
o Inverse EIS 1

v Inverse Frisch 3

€ Elasticity of substitution 11

6 Rotemberg cost 30
- Inflation feedback 1.5
ay Growth feedback 2.5
Y% Steady-state govt spending share | 0.25

Table 1: Parameter values

315 2. [Rational expectations]:

¢ (Ye) = pf(g(Ye, 1)) + (1 —p) f (g (¥1,0)) (20)

3. [Boundedness]:

gy (Yi—q,00) €S

3.4 Calibration

Our simulations assume the following parameter values:
Most of these values are standard. The model frequency is assumed to be quarterly, so
»20 the discount factor implies roughly a 2 per cent steady-state real interest rate. A value of
30 for the Rotemberg adjustment cost parameter means that the marginal impact of higher
prices on adjustment costs becomes a relevant consideration in the firm’s marginal profit
calculation once nominal prices are rising by around 3 per cent.
The significant non-standard choice is the value for &,, which is set to 2.5. This is higher
»2s than reported in most empirical studies, whether of the single-equation kind or based on
a larger estimated DSGE model,'° but such a choice is necessary in order for the model to

exhibit the self-fulfilling recessions that are our focus. As indicated by the parameter re-

190rphanides (2003) reports values of &, in the region of 0.5 based on single-equation estimates from post-
1980s US data. In their structural Bayesian analysis, Smets and Wouters (2007) find a, = 1.16 at the poste-
rior mode. This is significantly higher than the prior mean.

16
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strictions in Section 2, in order for self-fulfilling recessions to occur we need a model with
either a high degree of endogenous persistence in output, or a strong link from low current
output to low future inflation, or some combination of the two. The textbook New Keyne-
sian model has no endogenous propagation mechanism: absent feedback on growth, with
Rotemberg pricing there is no endogenous state. This means that all of the propagation in
the model that we simulate will be injected via the policy rule. Thus the large value for a,
may be viewed as proxying for the richer sources of persistence that a larger model might

include.

3.4.1 The probability of recession

As already noted, there is no equilibrium restriction pinning down the probability of a zero
bound episode, p. It must be set exogenously. A range of alternative values is possible, and
variations in p will change the model’s preditions because they change expectations about
the future likelihood of a recession. This means that there is an indeterminacy in the model,
which follows as a direct consequence of the finite multiplicity problem.

In the computed examples that follow we will focus on cases where p is arbitrarily close
to zero, so that expectations match those that would arise were our multiplicity problem not
present, or not anticipated. This makes transparent the fact that our multiplicity exists even
when expectations are consistent with perfect-foresight convergence to a non-deflationary
steady state. Indeed, this highlights a significant technical difference between our equilibria
and conventional liquidity traps, in the spirit of Benhabib et al. (2001). There, the zero
bound can only bind in period t so long as there is a sufficiently high probability of the same
occurring in t + 1. Perfect-foresight exit from the zero bound is not possible.!! The main
conclusions are not sensitive to increases in the value of p, so long as expectations remain

sufficiently optimistic for the zero bound not to bid when ¢; = 0.

Hgpecifically, Mertens and Ravn (2014) show that the probability of the zero bound episode persisting must
exceed around 0.6 in all periods in a standard New Keynesian setting. Our computed equilibria will exhibit
time periods where the zero bound binds in ¢, but the probability of it doing so in t + 1 is zero.
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3.5 Solution method

We solve the model by iterating on the expectations mapping ¢, which is projected on a grid

of values for Y. The algorithm works as follows:

1. Initialise ¢ (Y') to the non-deflationary steady-state outcomes for f (x) atall Y.

2. Forall Y, solve for two candidate equilibrium outcomes, given the mapping ¢, 1 (Y’):
one in which the zero bound binds, and one in which it does not. In each case, verify
that the resulting outcome is consistent with the policy rule (15) — so that if the ZLB is
imposed, confirm it is indeed binding, and when it is not imposed, check that i remains

positive.

3. Use these two equilibrium outcomes and the exogenously specified value for p to gen-

erate a new mapping ¢, (Y).

4. Repeat from step 2. to convergence in the ¢ mapping.

With a single state variable convergence is fast. We check ex-post that the equilibrium with-
out a binding zero bound corresponds to the conventional non-deflationary New Keynesian

steady state. Setting p to zero guarantees this is exactly the case.

3.6 Results

3.6.1 Two policy functions

Figure 2 charts the two equilibrium policy functions that we find for aggregate income Y}, as
a function of lagged income Y;_1. The blue function maps the case when there is coordina-
tion on a ‘normal’ equilibrium, with no zero bound binding. This corresponds to gy (Y;—1,0)
in the notation above. The green function corresponds to gy (Y;—1,1): coordination on a
zero bound episode. Both functions report solutions to the model’s equilibrium conditions,
given an expectations mapping ¢ (Y;) that is itself consistent with these policy functions be-
ing adopted in the future, with respective probabilities (1 — p) and p. A 45-degree line is

additionally plotted, to clarify the dynamics.
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Figure 2: The two equilibrium policy functions for current output, Yy, as a function of the state, Y;_1. At
each Y;_1, either outcome is consistent with the model’s equilibrium conditions and equilibrium
expectations mapping.

The figure shows that Y; is an increasing function of Y;_; in a ‘normal” equilibrium, with
0y = 0. This is because low values of Y;_; imply a higher growth rate in t for any given Y,
and this induces a contractionary monetary policy response. The zero bound does not bind
in the normal equilibrium for the range charted. So long as the normal equilibrium is played
in all periods, there will be straightforward convergence to a standard zero-inflation steady
state for the New Keynesian model, given any initial Y;_; in the range shown. This steady
state corresponds to the flexible-price equilibrium outcome, and differs from an efficient
equilibrium only because of the market power distortion to firm pricing.

Yet even though the equilibrium expectation mapping ¢ effectively places unit probability
on this convergence dynamic in the future, there remains a possibility that the economy will
reach equilibrium at the zero bound in ¢, without any exogenous impulse. If Y; falls to the
value given by the lower policy function, the zero bound will bind, and expectations of fu-
ture economic outcomes will worsen, consistent with the equilibrium mapping ¢ (Y;). This
deterioration of expectations allows the low output level to be consistent with equilibrium

in the savings market.
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Note that the level of output attained in the zero-bound equilibrium is independent of the
lagged value of output. This is because Y;_; only enters the equilibrium problem through its
impact on the policy rule. The policy rule is no longer active at the zero bound, so outcomes

become invariant.

3.6.2 The marginal rate of substitution

Figure 3 confirms that the intuition provided by the partial equilibrium analysis in Section 2
remains applicable here. It is a solved, rational expectations equivalent to Figure 1 in Section
2. The figure plots the marginal rate of substitution between consumption and saving as
the current level of output Y; is varied, allowing for the endogenous responses of both the

nominal interest rate and future equilibrium expectations to Y;. That is, it plots the object:

C—(T
t
B (1+ir) B, C oTT Y

MRS := (21)

as a function of Y;. Recall that equilibrium requires this fraction to equal 1, so that the Euler
equation holds. The objects in both numerator and denominator are allowed to respond to
Yi: we have C; = Y; — G, i; responds to Y; through the policy rule (15),'2 and the expected
future values in the denominator are determined from the equilibrium ¢ function.

The Figure again highlights the role that the zero bound plays in allowing multiplicity. As
output falls below the steady-state level, the initial implication is for the relative marginal
value of consumption to rise by comparison with savings. This is because lower output
and the associated lower inflation both cause the central bank to cut nominal interest rates.
This dominates other effects, and reduces the relative incentive to save. But once the zero
bound is reached, the outcome becomes a horse race between the direct effect of lower C; on
the marginal value of consumption, and the effect of lower current output on the marginal
value of savings through the expectations channel. At the chosen calibration it is the savings

channel that dominates: the line becomes upward-sloping, and this ensures the existence of

12Lagged output is set to its steady-state value. The policy rule also requires a value for I1; as an input. Given
Y;, this is inferred from the Phillips Curve relation (12).
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Figure 3: The marginal rate of substitution between consumption and saving as Y varies. Higher values for
the MRS correspond to a higher relative value placed on consumption. Equilibrium obtains at the
two points where the MRS equals one.

the low-output equilibrium.
Clearly the qualitative analysis here closely mirrors that in Section 2. The main difference

is that unlike Figure 1, the expectations that give rise to Figure 3 are now fully rational, and

model-consistent.

3.6.3 A recessionary episode charted

Figure 4 charts the dynamics of output, inflation, the expected real interest rate and the nom-
inal interest rate during a self-fulfilling recessionary episode under the assumed parameter
values. The charts are constructed by assuming the coordinating variable ¢; takes an initial
value of 1 followed by 0 in all periods thereafter. There is no exogenous impulse.

The general pattern is of a textbook demand-driven recession: there is a short, sharp de-
cline in output and prices, with nominal interest rates reaching the zero bound but real rates
nonetheless spiking — driven by decreased inflation expectations. Irrespective of the state
vector, the economy’s stay at the zero bound lasts just one period. This is a reflection of

the weak propagation mechanism that is present in this model, deriving entirely from the
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Figure 4: Impulse responses of output, inflation, and the nominal and real interest rates in a self-fulfilling
recession episode. Interest rates are annualised.

lagged output term in the policy rule. In richer economies the zero bound may bind for

many periods during equivalent episodes, as the case studied in Section shows.

3.6.4 Income versus substitution channels

The partial equilibrium example in Section 2 focused on the role of two distinct expectations
effects in ensuring self-fulfilling recessions were possible. The first was an income effect:
given persistence in economic conditions, a current recession implies low future earnings,
and thus low current demand. The second was a substitution effect: low current output
implies low future inflation, and thus a high real interest rate — again reducing current de-
mand. In Section 2 the strength of the two channels was fixed exogenously by parametric
assumptions.

In the present example a direct parametric decomposition is not possible, because expec-
tations do not have an explicit solution. But it is possible to provide a quantification of the

two effects along similar lines. Consider again the Euler condition, which can be written as:

1

E[camh]] (22)

S

C=[p(A+i)]
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The threshold condition p + g > 1 in Section 2 ensured the elasticity with respect to Y;
of the expectations term on the right-hand side of (22) exceeded the direct elasticity with
respect to Y; of C;. The p parameter corresponded to the impact of current output on future
output, and hence consumption; § corresponded to the impact of current output on future
inflation, and ¢ (the inverse EIS) in turn determined the impact of inflation expectations on
savings.

Section 3.6.2 illustrated that an equivalent qualitative requirement is being met here: lower
Y; raises the relative value of saving. But it is helpful to gauge to what extent this is due to
the income and substitution channels respectively.

To provide an indicative answer to this, we seek numerical equivalents to the values
of p and J in the current context. Specifically, we analyse numerically the elasticities of
[lEt [C ; +1H v and []Et [ ; +1] ] v with respect to C; —based on a similar off-equilibrium ex-
ercise to Section 3.6.2. These elasticities can be associated loosely with p and g respectively,

_1
I “H ? (the covariance

though clearly this is an incomplete decomposition of []Et [C 1

between future consumption and future inflation provides a further incentive to save that
will not be captured).

Figure 5 plots the quantities of interest: the difference in the log of [E; [C.%]] 7 from
its deterministic steady-state value, relative to the corresponding difference in the log of C;
(blue); and the difference in the log of []Et [ ; HH e relative to the log of C; (red). These
are plotted against the log deviation in C; from its steady-state value.'®

As the figure shows, it is the substitution channel that appears to play a greater role in
inducing higher savings in this model. Graphically this follows from the fact that the blue
line is uniformly below the red. For every percentage-point fall in C; there is around a
0.77 percentage-point fall in []Et [Ht +1} } K , whilst the fall in [E; [C %] ] ~7 is in the region
of 0.42 percentage points. Hence the model is capturing an autoregressive coefficient in
log consumption of around 0.42, but a much stronger pass-through from current output

to future inflation. As the figure shows, these elasticities approximately constant as the

BThat is, the value for C; that obtains in the equilibrium with no binding zero bound, when no recession has
hit for a large number of periods.
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Figure 5: The elasticities of future consumption expectations (in blue) and real interest rate expectations (in
red) with respect to current consumption, plotted against different values for the fall in current
consumption.

underlying deviation in C; changes.

The importance of inflation expectations in driving consumption at the zero bound re-
mains a source of debate, with some suggestions that observed responses are smaller than
policy models assume.!* It is clear from Figure 5 that an inflation expectations channel is
important to the results of this section, but it should also be clear from the preceding discus-
sion that there is nothing necessary about this. A model with a stronger structural link from
current to future income, replacing the inflation expectations channel, would be equally ca-

pable of generating multiplicity.

4 Fiscal policy

An important focus of the literature on macroeconomic outcomes at the zero bound has been
the potential for fiscal policy to mitigate recessions. The influential papers by Christiano,

Eichenbaum and Rebelo (2011) and Eggertsson (2011) have shown that the government ex-

4Contrasting perspectives are provided by Bachmann, Berg and Sims (2015) and D’ Acunto, Huang and Weber
(2018).
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penditure multiplier can be very large in a “fundamental’ liquidity trap —i.e., one that arises
due to a negative shock to the natural rate. The main reason for this is that a promise to
keep government spending high so long as the liquidity trap lasts — the experiment that
the two papers consider — has a positive impact on inflation expectations, and thus stiumu-
lates current spending through an intertemporal substitution channel.!® In their benchmark
experiment in a model without capital, Christiano et al. find a government expenditure
multiplier of 3.7.

Against this, Mertens and Ravn (2014) have shown that the multiplier is generally less
than one in a non-fundamental liquidity trap of the Benhabib, Schmitt-Grohé and Uribe
(2001) type. For low persistence in the sunspot process that drives beliefs, they even report
the possibility of a negative multipler. But this is limited to a small region of the parameter
space, and is not their benchmark case. The reason for the low multiplier is that a confidence
trap relies on a large negative output gap in order for deflation to persist. Were output to
increase one-for-one with government spending, the result would be reduced deflationary
pressure. To offset this, and preserve the high real interest rate that the liquidity trap de-
mands, output must fall back somewhat — ultimately increasing less than one-for-one with
government spending.

In this subsection we conduct an identical experiment to Christiano et al. (2011) and
Mertens and Ravn (2014), raising government expenditure above G for so long as the zero
bound remains binding. Provided the increase in government spending is sufficiently small,
the effect is to increase the depth of the self-fulfilling recession, by a quantitatively large
amount. That is, there is a large negative fiscal multiplier at the margin for our recession-
ary equilibria. We provide graphical intuition for this result below, clarifying that it does
not depend qualitatively on the chosen calibration. In this regard our results are a stronger
counterpoint to the conventional finding of large multipliers even than Mertens and Ravn

(2014). Rather than small and occasionally negative, our marginal multipliers are consis-

15Rendahl (2016) shows that with persistent unemployment higher government spending may further boost
current consumption in a liquidity trap via an income effect. By keeping workers employed, the govern-
ment raises expected future earnings, and this increases current consumption.
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tently negative, and large.

However there is an important qualification to this. As we show, a sufficiently large fiscal
expansion at the zero bound can rule out our low output equilibrium entirely. Intuitively,
this happens once the candidate zero bound equilibrium would deliver a value for Y; so
low that the zero bound would also be binding at ¢t 4 1, even in the ‘normal” equilibrium
consistent with 031 = 0. Since the zero bound equilibrium is independent of the state and of
time, this would imply the zero bound binding indefinitely. Our equilibrium is constructed
based on expectations of long-run convergence back to a ‘normal’ steady state. This would

no longer be possible.

4.1 A large, negative marginal multiplier

The first exercise we conduct is to increase G by 1 per cent of its value when the zero bound
binds, equivalent to a spending increase of just 0.25 per cent of steady-state GDP. Figure 6
compares the equilibrium policy functions for output in this case, against the benchmark
of no fiscal expansion. We again focus on the limiting case when the probability of 0} = 1
approaches zero, so that consumers effectively anticipate that they will be on the upper,
blue policy function with certainty. This policy function is not affected by the change in
government spending when the zero bound binds.

The impact of the additional expenditure is to shift the policy function corresponding to
the zero bound equilibrium downwards. Conditional on ¢; = 1 being drawn, the level of
output in the economy is thus lower. The magnitude of the change is, moreover, substantial.
Output is lower by well over a full percentage point when the negative shock hits. The mul-
tiplier is -5.3, and this just on impact. As discussed at the start of this Section, the existing
debate on the size of the zero bound multiplier has principally focused on the question of
whether this multiplier is greater than or less than one — and thus whether consumption
increases or decreases in response to greater government spending. Small negative multi-
pliers were found to be possible by Mertens and Ravn (2014) in a liquidity trap equilibrium,

but only at the extreme end of the range of possible values for their sunspot persistence
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Figure 6: Changes to the model’s policy functions when a fiscal expansion of 0.25 per cent of GDP is commit-
ted to at the zero bound. The recessionary policy function shifts from the green to the red line in this
case, worsening the non-fundamental recession.

parameter — and even then, of a magnitude far smaller than here (-0.2 at most).

Why does this outcome arise? The main intuition can be understood again by reference to
the equilibrium consumption-saving decision. Figure 7 plots the marginal rate of substitu-
tion between consumption and savings defined in (21), in the benchmark case and with the
tiscal expansion. Away from the zero bound the model does not change, and the functions
coincide.’® At the zero bound, however, higher government spending induces a discrete
increase in the relative marginal value of current consumption C; for any given income level
Y;. The reason for this is straightforward. Product market clearing implies Y; = C; + G¢, so
at each candidate Y; value consumption must fall. Expected outcomes in t + 1 are entirely
unaffected by the choice to use fiscal policy at the ZLB, because the zero bound is expected

not to bind with probability 1 thereafter. Thus the only impact on the MRS object:

C, 7

B (1+i) B, CoTT Y

at the zero bound is to raise its numerator. It is immediate from the chart that this must

16The ‘fiscal expansion” line is not plotted on this range, as it coincides perfectly with the benchmark case.
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Figure 7: Changes to the plot of the marginal rate of substitution verus Y; as expansionary fiscal policy is
used at the ZLB. Current consumption is now relatively more valuable at each Yy, but this worsens
the recessionary equilibrium.

imply a lower output level, conditional on 0} = 1.

Thus we obtain the apparently paradoxical conclusion that the multiplier is negative at
the margin in the recessionary equilibrium precisely because it increases consumers’ imme-
diate incentives to spend. Given this, the zero bound outcome can only now arise if the

incentives to save are raised by an offsetting amount, and in turn requires the magnitude of

the recession to be greater.

4.2 Non-existence for higher expenditure

A finding that the marginal fiscal multiplier is negative and large in our zero bound equi-
libria clearly appears to count against fiscal policy at the zero bound. However, there is
an important qualification to this. If the government commits to a sufficiently large expan-
sion in spending once the zero bound binds, the recessionary equilibrium can be ruled out
entirely, and the ‘normal” outcome becomes the only within-period possibility — given an
expectations mapping that is consistent with it.

Figure 8 helps provide intuition for the nonexistence result. For cases where we do have
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Figure 8: Increases in the fiscal expansion at the ZLB push the recessionary policy function downwards. It
must intersect the 45-degree line at a value for Y;_1 where the ZLB would not bind in a normal
equilibrium. Nonexistence obtains when this is no longer possible.

existence, it shows how the ZLB policy functions for output change as the level of extra
government spending at the zero bound increases progressively, from zero to 0.2 and then
0.4 per cent of steady-state GDP. The policy function in the ‘normal’ equilibrium is also
plotted, and is shown to intersect the (green) ZLB policy function with no discretionary
spending at the lower end of the range. This occurs at a critical value of Y;_1, say Y - roughly
1.003 in the example charted. When Y; = Y, the ZLB binds in ¢ regardless of the value of ;.
For higher values of Y;_1, the zero bound does not bind in the normal equilibrium. Recall
that the fiscal expansion policy does not affect outcomes away from the zero bound, so the
blue policy function is relevant to all three expenditure alternatives.

Comparison with the 45-degree line shows that for all three possibilities, if the recession-
ary equilibrium arises in period t, the implied value of Y; will be consistent with the ZLB not
binding in t + 1 under a normal equilibrium. That is, at the zero bound Y; > Y.17 But raising
the size of the fiscal expansion brings Y; closer to this critical value.

Now suppose that the recessionary equilibrium were to imply Y; < Y. The policy func-

7Geometrically, the ZLB policy functions intersect the 45-degree line to the right of the intersection between
the green and blue functions.
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tions are stable over time, so in this case a recessionary equilibrium in t would guarantee
that the zero bound would also have to bind in t + 1 — regardless of realisation of ¢;;. But
since the zero bound outcome is independent of the state Y;, if output at the zero bound is
below Y in period ¢, the same also must be true in ¢ + 1. The zero bound would therefore
also have to bind in t + 2, and (by identical logic) in all subsequent periods. In sum, no
equilibrium could exist in which the zero bound binds for just a finite number of periods,
followed by an exit dynamic of the type charted in Figure 4.

As Benhabib et al. (2001) showed, ‘liquidity trap” equilibria in which the economy remains
permanently stuck at the zero bound are certainly possible in the environment we consider.
But this requires a very different set of expectations from our recessionary episodes. The
zero bound policy functions computed for Figure 8 rely on expectations that the economy
will return to the conventional zero-inflation steady state in the medium run. These expec-
tations can only be rational if a visit to the zero bound is temporary. Sufficiently high fiscal
expenditure at the zero bound makes this feature impossible.

To summarise, the initial question: Which expectations mapping ¢ (Y;) will the economy settle
on? is not affected by greater government spending at the zero bound. It is still possible
that pessimistic expectations will place the economy in a liquidity trap, and whether this
occurs is not the main focus of our paper. But the question: Given ¢ (Y;) consistent with a
normal equilibrium, what are the possible outcomes? is affected. A sufficiently large expenditure
programme at the zero bound guarantees just one within-period equilibrium, ruling out the

recessionary possibility.

5 Habits and recessionary productivity improvements

The economy studied in Sections 3 and 4 was deliberately constructed to illustrate the fea-
tures of our equilibrium in the most straightforward environment possible. The only source
of endogenous persistence was the dependence of interest rates on lagged output, through

the growth term in the policy rule (15). In this Section we analyse exactly the same type of
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multiplicity problem in an economy with a non-policy-derived, structural source of persis-
tence, namely consumption habits.

Consumption habits are interesting objects of study at the zero bound, because they de-
liver endogenous changes in the marginal value that consumers place on current versus
future consumption. As discussed in the introduction, the bulk of the zero bound literature
assumes that the basic disturbance driving interest rates to zero is an increase in the discount
factor B — that is, an exogenous shock to the value of consumption in different periods. With
consumption habits, this variability in intertemporal preferences has an endogenous source.
The lower consumption was in period t — 1, the greater is the relative preference for saving

in t.

As we show, this property can expose economies with consumption habits to non-fundamental

recessions at the zero bound. The logic is very similar to the example in Section 3. A fall in
output, and thus consumption, in t causes consumers to expect lower consumption demand
and lower inflation in t + 1. At the zero bound, this can be enough to justify the initial fall
in output.

Computing an example in which this logic applies enables us to illustrate some potential
properties of our equilibria that were not present in Sections 3 and 4, as well as linking what
we do to the well-known literature on recessionary productivity improvements. Two gen-
eral points are worth highlighting. First, we show that in this example equilibrium multiplic-
ity only exists for certain regions of the state space — specifically, when lagged consumption
is sufficiently low, such that the zero bound is already binding. In a finding reminiscent of
the “dark corners’ that Blanchard (2014) warned against, we thus find that economies at the
zero bound may be more susceptible to coordination traps than those away from them.

Second, and related to this, we find that non-fundamental recessionary equilibria can in-
duce multi-period stays at the zero bound. Thus the single-period ZLB episode analysed in
Sections 3 and 4 is not indicative of the general possibilities associated with our equilibria.

One way to motivate the economy’s initial state falling in the multiplicity region is to

incorporate a fundamental stochastic process that will take it there. The simplest example
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is a stochastic process for technology. We allow technology to follow a two-state Markov
process, with long periods of high productivity interrupted by occasional, persistent slumps.
In this context, we show that the economy is exposed to deep non-fundamental recessions
in time periods when productivity has just recovered. These are periods when consumption
demand remains low through the habits channel, and the zero bound will be binding in any
equilibrium.

This outcome shares many parallels with the idea of recessionary productivity improve-
ments at the zero bound, and the closely connected ‘paradox of toil’.18As there, the basic
setting is one in which fundamental dynamics have driven the economy to the zero bound,
at the same time as an improvement in productivity has occurred. However, our emphasis
is on the possibility of recessions in this context, not their inevitability. Boneva, Braun and
Waki (2016) have recently shown that recessionary productivity improvements will only
emerge for a small region of the parameter space, using the conventional equilibrium so-
lution. Wieland (2018) provides parallel empirical grounds for scepticism. Consistent with
this, we find that the policy function corresponding to ‘normal” equilibrium delivers higher
output when productivity increases, except in extreme regions of the state space. By con-
trast, the region in which multiplicity can occur is much broader.

Overall, we are thus able to provide a contingent defence of recessionary productivity im-
provements. According to our results, higher productivity can leave the economy exposed

to very deep recessions, but coordination on this outcome is by no means inevitable.

5.1 Setup

The basic economy that we consider is similar in most aspects to that in Section 3, and we

only discuss the changes. The most significant of these is to the consumer utility function,

8Eggertsson (2010) first expounded the idea of a paradox of toil, whereby an increase in the relative willing-
ness of workers to supply labour could reduce equilibrium employment at the zero bound. In models with
simple production structures, including the current, this is isomorphic to an improvement in productivity
reducing output.
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which now features an external habit term, becoming;:

IEtZIB57t 1—0c 14+v (23)

s=t

co [(cs ~hCq) -1 L

where C,_1 is the average value of consumption across all agents in s — 1, and  is a param-
eter reflecting the strength of habits. In equilibrium, Cs_1 = Cs_1. This changes conditions

(9) and (10) respectively to:
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and the Phillips curve (12) becomes:
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Notice in equation (24) that a reduction in the value of C;_; has a qualitatively similar
effect as an increase in B. Both imply a reduction in the natural real interest rate. Thus,
as explained above, consumption habits provide an endogenous route for engineering a
‘fundamental’ liquidity trap.

The other changes from Sections 3 and 4 are more minor. We include a productivity pa-

rameter A; in the production function, so that it becomes:
Y: = ALy (27)

We set a, = 0 in the policy rule (15), so that monetary policy is now a conventional feedback
rule on inflation alone. Since the focus is no longer on fiscal policy, we also set government
spending to zero for simplicity.

The equilibrium definition is unchanged from Section 3.3, subject to these alterations to

the model structure. Common parameters are likewise kept at the same values, with the
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exception of ;. The habit strength parameter / is set to 0.6. This is not a particularly large
value compared to the range considered in the literature, and the main qualitative results
are not sensitive to increasing or lowering it at the margin.

The productivity parameter A; follows a two-state Markov process, switching between
values of 0.98 and 1. Conditional on being in the low-productivity state in ¢, the probability
of remaining there in ¢ 4- 1 is 0.95. Given the high state in ¢, the probability of remaining in
the high state in ¢t 4 1 is 0.99. This means that the unconditional probability of the high state
is g.

As in Sections 4 and 5, the model is solved by iterating to convergence on an expectations
mapping, allowing for an iid sunspot variable ¢ to resolve within-period multiplicity wher-
ever it emerges. Once more, we graph policy functions for the limiting case in which the
equilibrium probability that consumers assign to a non-fundamental recession approaches
zero. Because multiplicity only emerges in some regions of the state space, this assumption
keeps the policy functions smooth, but qualitative results are again robust to relaxing it.

Since income and productivity are sufficient to describe the natural state space, the expecta-

tions mapping takes the form ¢ (Y;, A¢).

5.2 Results

5.2.1 Multiple policy functions

Having solved for an equilibrium-consistent expectations mapping ¢ (Y, A¢), in Figure 9 we
plot the relevant policy functions for output consistent with this mapping.!” When produc-
tivity is low, we find just one equilibrium on the range of values for Y;_; plotted.?® This
corresponds to the green policy function in Figure 9. When productivity is high, either one
or two within-period equilibria exist, depending on the value of lagged output. If lagged

output was sufficiently high — within around 1.5 per cent of its steady-state value for high

9The functions have noticeable kinks. These arise as the length of time the economy must stay at the zero
bound changes, as a function of the inherited state.

20Qutside of this range, a standard equilibrium with convergence to the non-deflationary steady state does
not exist.
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Figure 9: Policy functions for current output Y; as Y;_1 varies in the habit model. The green function corre-
sponds to a low productivity draw, whilst the blue and red functions are the multiple possibilities
when productivity is high. Multiplicity obtains over a far wider range for Y;_1 than the region
where productivity improvements are recessionary, neglecting the red policy function.

productivity — then there is a unique high-output equilibrium, traced out by the blue policy
function. But if lagged output was sufficiently low, then a low-output equilibrium addi-
tionally becomes consistent with the expectations mapping. This is given by the red policy
function. It would drive output up to four percentage points lower, and induce a substan-
tially longer stay at the zero bound.

Figure 9 confirms that recessionary productivity improvements are a possible feature of
the standard equilibrium concept in this setting. Graphically, when Y;_; is sufficiently low,
the green policy function lies above the blue. This means that for these values of Y;_; the
short-run implication of an increase in productivity from low to high would be a lower Y;
than otherwise. The intuitiuon is as explained in Eggertsson (2010) and elsewhere. Higher
productivity reduces expected future inflation in ¢, and this increases the real interest rate
by enough to contract aggregate demand — despite the positive income effects of higher
productivity. Cuts to the nominal interest rate could offset this channel in principle, but the
zero bound prevents this.

Notice, however, that this outcome only emerges when Y;_; is outside of the range that
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could be generated by the productivity shock process alone. If the red policy function is
neglected, output is limited to fluctuate in the range bounded by the values where the green
and blue policy functions respectively intersect the 45-degree line. In this range, productiv-
ity improvements are always expansionary — assuming the normal equilibrium outcome.
By contrast, the additional recessionary equilibrium exists for a much wider range of Y;
values, including the value of Y;_; that would emerge if productivity had previously been
low for many periods. It follows that a recovery in productivity after a sustained slump will
leave the economy exposed to a deep recession. Whether this recession is realised depends

on which of the two within-period equilibria economic agents coordinate.

5.2.2 Discussion

Two features of the equilibrium multiplicity in this model set it apart from the version stud-
ied in Sections 3 and 4. The first is that the mutliplicity problem arises in regions of the state
space where the ‘normal” equilibrium also sees a binding zero bound on nominal interest
rates. That is, rather than one equilibrium with the zero bound binding and one without,
here there are two possible outcomes at the zero bound. The second feature is that the mul-
tiplicity problem is not universal on the state space.

Both of these properties can be understood by once more plotting the relative marginal
value of consumption versus saving for a consumer in a generic time period, as current

income varies. Given the habit structure, this is now given by:

(Ct — hCy_q)~°
B(1+iy) E, [(ct+1 —hCy)C H;}J

(28)

Figure 10 charts this object, assuming lagged output Y;_; equal to the long-run value that
it takes when productivity is low, but a high value for current productivity. Once more, there
is a high-output and a low-output equilibrium. As output falls this initially drives up the
relative value of current consumption — the direct effect of lower consumption on marginal

utility. The greater the reduction in output, however, the more the expectations channel
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Figure 10: The marginal rate of substitution between consumption and saving as Y; varies in the model with
consumption habits. Equilibrium obtains at the two points where the MRS equals one.

comes to matter. Low current output fuels expectations of depressed future conditions,
including lower future inflation. Eventually this comes to dominate, allowing a low-output
equilibrium to be realised.

The kinks in the schedule in Figure 10 are induced as the length of the economy’s expected
stay at the zero bound increases. If the recovery from a low-productivity episode involves
coordination on the standard, high-output equilibrium, the zero bound is nonetheless bind-
ing in t, for a single quarter. This is because consumption demand is held down by the habit
channel, given low productivity in the past, and this reduces the natural real interest rate.

A low-output equilibrium, by contrast, implies a far longer stay at the zero bound - four
quarters for this calibration, assuming no further disturbances. The increased expected
length of the zero bound episode worsens expectations of future income and inflation, and
this allows low output to be supported in equilibrium. The pessimistic expectations are
then justified even if the high-equilibrium outcome is played in all future periods, because
an economy with the assumed habit structure will take longer for its natural real interest
rate to return to positive territory, given the initial collapse.

Finally, note that a reduction in Y;_1, and thus C;_;, would cause the schedule in Figure
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10 to shift downwards monotonically, as it reduces the marginal value of consumption in ¢
through the habit channel. It is clear by inspection that this will have the effect of improving
the low-output equilibrium and worsening the high-output equilibrium. This intuition is
confirmed by the slopes of the respective policy functions in Figure 9.

It is also clear that if Y; 1 has fallen sufficiently low, there will not be any equilibrium
value of Y; consistent with the rational expectations mapping ¢ (Y, A¢) that we have found.
The marginal rate of substitution between consumption and saving would remain below
1 throughout.?! In Figure 9 this occurs when Y;_; falls to the left to the point where the
red and blue policy functions meet. It is this feature that stops multiplicity from existing
at higher values of Y;_;. Because Y; is decreasing in Y;_; in the low-output equilibrium,
once Y;_ibecomes large enough the low-output equilibrium value of Y; would fall so low
that equilibrium could no longer exist in t + 1. Hence the range of the low-output policy

function must be limited.

6 (Why) Is this different from BSU (2001)7?

It is well known that multiple non-explosive equilibria exist in dynamic rational expecta-
tions models with interest-rate rules, once the zero bound is incorporated. A natural ques-
tion to ask is how the mechanism in our paper differs from what is already known. In this
final brief section before concluding, we explore this issue in more detail.

The ‘non-fundamental” liquidity trap was first highlighted by Benhabib, Schmitt-Grohe
and Uribe (2001, hereafter BSU), originally making use of an endowment economy with
flexible prices. Only the dynamics of the price level and nominal interest rate remain to be
determined, with real income and consumption constant over time. In this setting the Euler

condition reduces to:

1=B(1+i) BJII Y (29)

21 An obvious question is what would happen in these circumstances. Equilibria may still exist with expecta-
tions that deliver convergence to a liquidity-trap steady state, or with a time-varying expectations mapping.
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The central bank is choosing an interest-rate rule that satisfies the usual Taylor principle,

subject to the zero bound:
o
(14 i) = max {;3111* (%) ,1} (30)

with & > 1 and IT* > 1. Any path for inflation and the nominal interest rate that satisfies
(29) and (30) in all time periods is consistent with equilibrium.

As set out in Section 3, we can describe recursive rational expectations equilibria in this
setting by reference to (a) an expectations mapping ¢, rationally describing the term IEtH;Lll
as a function of natural state variables in ¢, and (b) a policy function g, specifying endoge-
nous variables in t as a function of the inherited state vector from ¢ — 1 and any relevant
coordinating sunspots.?? The policy function solves the model’s structural equations, given
the expectations mapping.

Since the model described by (29) and (30) does not have any state variables, the expec-
tations mapping can take a simple invariant form. In a recursive equilibrium, expectations
will be a constant ¢, with IEthjrll = ¢ for all +.2 It is easy to show that two ¢ mappings exist
that are consistent with rational expectations. One is ¢ = IT*~!, and the other is ¢ = g~ 1.
These correspond directly to the two possible steady-state inflation rates emphasised by BSU
(2001).

Now suppose that we fix on the positive-inflation expectations mapping, setting ¢ =
IT*~!. As in Sections 3 to 5, we can then investigate the conditional problem: What is the
set of policy functions consistent with this mapping? It is trivial to see that there is just one
possibility. From equation (29), we have that (1 +i;) = B~'IT*, and this implies IT; = IT*
from (30). Thus current inflation equals expected, consistent with steady state.

The main point is that in the canonical BSU setting, the problem is that there is a multiplic-

ity in the set of expectations mappings. Once expectations are fixed to be consistent with the

22C.f. equations (16) and (17) above. Time-varying equilibria are also possible: these require time-varying
expectations mappings and policy functions.

ZThere will also exist ‘non-fundamental’ recursive equilibria where ¢ varies in I1;, inducing inflation dy-
namics in the neighbourhood of the liquidity trap steady state. By the usual determinacy argument, these
equilibria cannot be consistent with perfect-foresight convergence to the non-ZLB steady state.
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positive-inflation steady state, IT* becomes the unique possible inflation rate in the current
period too. The concern is that expectations may become trapped elsewhere, but so long as
this is avoided, the ‘perils’ of Taylor rules are averted.

Our paper has focused on an alternative result: there may be multiple policy functions
consistent with a given expectations mapping, even when this mapping otherwise implies
‘standard’ equilibria away from the ZLB in the future (equivalent to ¢ = IT*~! here). For
this sort of multiplicity to exist we need an economy with endogenous states, so that the
expectations mapping must depend on current outcomes. This mapping can place certain,
or near-certain, probability on convergence to a non-ZLB steady state over a known horizon
— that is, it can be the ‘desirable” expectations from a BSU perspective. Still, with sufficient
endogenous persistence a current recession that takes the economy to the zero bound cannot
be ruled out.

As discussed in Mertens and Ravn (2014), it is common to query the relevance of the BSU
liquidity trap equilibrium, based on arguments from the learning literature. The object of
learning in this literature generally is the ¢ mapping. Agents update their perception of the
link from current to future outcomes based on present observations. With standard least-
squares learning rules, a ¢ mapping that is consistent with the ‘desirable” steady state, away
from the ZLB, is stable under learning. The ¢ corresponding to a liquidity-trap steady state
is not.

By contrast, learning cannot be used as a criterion to select among the alternative equilib-
ria that we identify. Our multiplicity is conditional on the expectations mapping. It persists

after any learning dynamics have converged.

7 Conclusion

The general message from this paper is that macroeconomic models with sufficiently rich
propagation mechanisms can exhibit strong, temporary recessionary episodes at the zero

bound, without any exogenous impulse. This happens because a collapse in current output
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causes rational agents to expect low future output and low future inflation, which together
raise the marginal incentives to save. Without a zero bound the monetary authority would
be able to offset this effect by cutting rates, preventing any multiplicity problem. But when
there is a zero bound, sufficiently large falls in current output can be supported in equi-
librium, with the marginal incentive to save and the marginal incentive to consume just
balanced.

As a final point, note that we have focused throughout only on recursive rational expecta-
tions equilibria, where expectations are a time-invariant function of the natural state vector
alone. This focus is slightly restrictive. Adding persistence or history dependence into the
sunspot process that governs equilibrium selection is likely to open up a much greater set of
equilibrium possibilities, whilst still allowing for near-perfect-foresight convergence back to

a non-deflationary steady state. Exploring equilibria of this type is left for further work.
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