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1 Introduction

The yield curve, or the term structure of interest rates, describes how interest rates vary with maturity.
The curve reveals the level of current interest rates, but it also carries critical information about the
expectations of market participants regarding future movements of interest rates. It is one of the main
factors driving financial and economic decisions, at both the private and public level. The yield curve is
instrumental in monetary policy decisions, because it serves as an indicator of the future interest rate level
formed by current market expectations. Furthermore, it can serve as a touchstone for financial market
participants to identify any abnormality in newly issued and traded bond prices. We refer to Piazzesi
(2005), Ang et al.| (2006), Dai et al.| (2007) and Bjork (2004) for more detailed discussion. The statistical
analysis of the yield curve lies at the heart of empirical finance.

Estimation and inference about the yield curve poses several issues. The yield curve is not directly
observable in practice due to the lack of zero coupon bonds for time-to-maturities longer than one year; it
needs to be estimated from the prices of traded coupon paying bonds. There are two general approaches
to estimating the yield curve at a point in time: parametric and nonparametric. [Nelson and Siegel (1987)
propose a parametric model for the forward curve that is nonlinear in one parameter; estimation is based
on nonlinear least squares for the implied discount function (the forward, yield, and discount functions
are in one to one relation, see (Anderson et al. (1996, pp 12-13) compared with observed coupon bond
prices. Svensson (1994)) extends this model by adding an extra term. In the parametric case, standard
asymptotic theory can be used to derive the limiting distribution of the estimator and to justify confidence
intervals obtained from this. Following the seminal work of McCulloch (1971)), an alternative approach
is to use nonparametric curve fitting methods. [McCulloch| (1971} [1975) uses regression splines for the
discount function, Chambers et al. (1984) use polynomials for the yield curve, |Vasicek and Fong| (1982)
uses exponential splines for the discount function, and Fisher et al. (1995)) use a general variable roughness
penalty approach (VRP). Tanggaard| (1997) uses kernel smoothing, which was extended in [Linton et al.
(2001)). Both classes of methods are well represented in central bank toolkits: the nonparametric spline
approach is used for example by the Bank of England and the Federal Reserve Board, whereas the ECB
primarily uses Nelson-Siegel, see BIS (2005) and [Nymand-Andersen et al.| (2018). Diebold and Li (2006))
and Héardle and Majer| (2014) provide good discussions of the shortcomings of existing approaches.

There is an almost separate literature that focuses on time series modelling of yield curves under
continuous time equilibrium models. The equilibrium approach derives the yield curve from the dynamic
evolution of the time series of instantaneous spot rates and perhaps other state variables under the
equilibrium condition. In the empirical literature usually a small dimensional vector of ”pre-calculated”
yields are taken as given. The fact that these are estimated from data is not usually acknowledged. In
this literature, the spot rate modelling has been a focus of particular attention: |Ait-Sahalial (1996) rejects
the usual parametric framework and advocates a semiparametric model. Recently, there has been some

work modelling the cross-sectional quantities of the yield curve evolving dynamically over time, utilizing



both cross-sectional and time series data; see e.g., Diebold and Li (2006), Kargin and Onatski (2008),
Christensen et al. (2011)), Hays et al.| (2012), [Hardle and Majer| (2014)) and reference therein.

We focus on the panel data framework that combines both cross-sectional and time series information.
In particular, we develop new econometric methodology to estimate time varying yield curves nonparamet-
rically from discrete time (daily) panel data on bond prices and cash flows; we also provide the means to
conduct inference about the yield curves. Our model incorporates the standard present discounted value
assumption from the cross section of bonds at a point in time (it is static arbitrage free), and allows the
discount function to change over time either deterministically or driven by a vector of observed covariates.
We suppose that the observed prices are subject to some measurement error. This could be associated
with market microstructure issues or with irrational behavioural errors; either way, this generates sampling
error in our estimation procedures. We compute our estimator from quoted prices and cash-flow informa-
tion of both zero-coupon and coupon bonds issued by a government at a series of discrete time points.
Our model is nonparametric so that the point in time discount curve is not restricted by functional form,
and the way the discount curve evolves over time or state is also not restricted, except that we require
the drivers to be observed. In some sense the dynamic parametric models of Diebold and Li| (2006)) are a
special case of our approach.

Our main goal is to derive a robust inferential procedure for the curve: starting from traded assets
we estimate the yield curve time period-by-time period. We do not impose a particular functional form
nor do we explicitly impose the dynamic no-arbitrage condition in the time dimension (even if this were
possible in our general class it would require making a number of additional strong assumptions on the
state variable dynamics for example, which we do not feel are justified). Our purpose is different from
Ang and Piazzesi (2003) and |Ang et al. (2006), whose aim is forecasting the yield curve inside the class
of affine models. They explicitly enforce the dynamic no-arbitrage restriction inside their continuous time
model. We do not make any such assumption about the continuous time evolution of the curve. Of course,
ignoring this aspect might entail efficiency loss when the restriction is valid—e.g. when the underlying
data generating process has a specific affine parametric form, when the stochastic discount factor is an
affine exponential martingale and the time-varying risk-premium has an affine structure. Nevertheless,
we emphasize that, from our stand point, the potential efficiency gain obtained imposing the modelling
restriction needed to satisfy the no-arbitrage condition must be weighed against the possibility of inducing
an estimation bias, due to model misspecification. Our model is very general in terms of functional form of
the yield curve and unlike the models considered in the above-mentioned papers, our inferential procedure
does not involve the affine structure. We flag that if the no-arbitrage condition is approximately satisfied
in the analyzed data set- some have argued that this is likely the case for the U.S. Treasury bill market, as
remarked by Diebold et al.| (2006) (although the treasury flash rally episode of 20141015 surely suggests

some caution on this) - it will also likely be approximately satisfied by our estimates, as our model is



quite flexible and provides a good fit to the datal] It is an interesting topic for our future research how
to impose the dynamic no arbitrage restrictions on our model, |Cheng and Tehranchi| (2018)) provide some
work in this direction. Our approach has an advantage in comparison with other methods in terms of
residual analysis and model diagnostics; we illustrate this aspect in Section

We use kernel-based nonparametric methodology to estimate the unknown discount function, gener-
alizing |Linton et al. (2001). We establish the properties of our procedure when both the cross-section
and time series dimension are large. In particular, we establish consistency, the rate of convergence, and
the asymptotic normality of our yield curve estimator. We also propose a statistical procedure to define
confidence intervals, deriving a consistent estimator for the asymptotic covariance of our estimator. In our
view, this is a key aspect of our estimation method: extant procedures have not clearly addressed how
to construct confidence intervals for proposed estimators of the discount/yield curve and its dynamics;
see, e.g. Diebold and Li (2006) and [Yallup| (2012). Indeed, in practice, our estimated yield curve can be
applied to evaluate the meaningful impact of implemented monetary policies on the economy and identify
any significant discrepancy between observed bond prices and the estimated prices so as to price new issues
or establish and evaluate investors’ trading strategies. Given that the yield curve needs to be estimated,
such purposes can be accomplished in a fully informative way only when a theoretical device is available to
quantify the uncertainty in the estimates. Confidence intervals provide helpful tools to achieve this goal.

The development of this theory encounters several challenges. We use a panel dataset of daily prices
of bonds along with their nominal cashflows, and there seems to be no good reason to restrict the cross-
sectional or time series dependence of the error process. Bonds traded in the same market are likely to
experience common factors in their liquidity and hence pricing errors. Existing asymptotic results for
yield curve estimation are available either for the (independent observations) cross-sectional set-up only,
e.g. Linton et al. (2001) or for the time series set-up only, e.g. [Koo and Linton| (2012)). We develop new
asymptotic techniques that allow a general correlation structure over the cross-sectional units and over
time in a unified framework.

The remainder of this paper is organized as follows. In Section [2| we introduce the model and the
related framework along with our estimation procedure for the yield curve dynamics. Section 4| develops
the large sample distribution theory. The Monte Carlo exercises reported in Section [5| provide numerical
evidence that our nonparametric estimation method ensures the degree of flexibility required to match
several time-changing shapes of the yield curve. Application results are reported in Section [6] Section

concludes. The mathematical proofs are provided in the supplementary Appendix.

IFor a discussion on this point, we refer to |Diebold et al.| (2005)), page 417. See also the report on the treasury flash rally,
Treasury| (2015)).



2 The Model

Most bond markets do not possess zero coupon bonds for useful spans of maturities. The discount function
must therefore be extracted from the prices of coupon bonds instead. Coupon bonds generate several
payments at future dates, and in an efficient bond market, the present value of these future payments
should, apart from a small error, be equal to the trading price. We observe a panel of Government bonds,
in particular their prices p; and their promised cashflows for ¢ =1,...,n; and t =1,...,T. We consider
the following discrete time semiparametric model for the bond prices:

Mgt

Dit = Zcit(Tij)d(TijaXt) + €it, (1)

Jj=1

where c;(7;;) are the cash flows at future payment dates (known at time ¢) attributable by holding the
j=
the cash flows as nonstochastic; each bond may have a different expiry date and different cashflows. We

bond ¢ to maturity, where payment dates are {7;;}""% with 7;; < -+ < Ty, for each bond i. We treat
suppose that X; € RE, with L < n(= min; n;), are some (possibly stochastic) covariates or factors that
are observable at time ¢ and are known to drive the evolution of the yield curve over time, while g is
a conditional (on X;) mean zero pricing error associated with the bond i at time tE] The function d is
unknown but is assumed to be a smooth function of its arguments, it is the object of interest. For each
value of z, d(7,z) is the discount function corresponding to maturity 7 when the covariate equals z (this
allows counterfactual analysis or extrapolation to different z). For the realized value X;, the function
d(-, X;) in is the discount function d;(-) pertaining at time ¢ that reflects the idealized arbitrage free
world where cash flows are known and bond prices are the present discounted value of future payments,
i.e., pi = Y Cit(Ti;)di(7i5). In this idealized world (under some restrictions on d such as monotonicity)
there are no ”static arbitrage opportunities” that are available for trading bonds at time ¢, since all bonds
are perfectly priced reflecting their coming cash flows. Unless there are further restrictions on d, there
may be dynamic arbitrage opportunities available for trading bonds over time (in the absence of ). We
will discuss this issue further below.

The factors X; could include deterministic time and stochastic determinants of the yield curve dynamics
such as the short rate or macroeconomic variables. The special case where X; = ¢/T € [0, 1] implies that d
is deterministic and the yield curve changes slowly over time in an orderly fashion. While this special case
provides useful (and effective) statistical descriptions of the yield curve dynamics in the high frequency case,
some other factors such as macroeconomic variables give some insights into the nature of the underlying
economic forces that drive the movements of yield curves over the longer horizon. This type of modelling
is common in financial econometrics. For instance, Engle and Rangel (2008)) incorporate macroeconomic

factors to explain the underlying long run trend in a multiplicative volatility model, while Koo and Linton

2Note however that d is not the regression function of prices on maturities and state variables. The model is a type of

weighted additive regression model with varying number of components.



(2015)) consider a deterministic time component for the long run trend. We allow for both deterministic
and stochastic X;.

We suppose that the pricing error €;; is mean zero, stationary, and affects price in an additive fashion.
The error term is needed to reconcile the different observed bond prices corresponding to identical cash
flows. This type of model for microstructure noise is common in equity modelling using high frequency data,
see Foucault et al.| (2013). The noise represents microstructure features such as price discreteness, bid-ask
bounce, and liquidity issues in the trading process. The pricing error can also reflect short term irrational
behavioural pricing errors, Lamont and Thaler| (2003)); we do not distinguish or need to distinguish between
these two sources of pricing errors. We emphasize that we adjoin the errors to the price process rather
than to yields as has been assumed in some studies. We allow the error process to be heterogeneous and
correlated across bonds and over time in a general fashion. We may suppose that the pricing error is quite
small so that the no-arbitrage condition is not violated after transactions costs and market impact costs
are taken into account, although this is not necessary for the statistical theory.

Finally, we remark that our dataset is an unbalanced panel since we observe a variety of bonds over
time but for a given day ¢, the number of bonds in the cross-section varies. Moreover, various bonds for
different payment structure and maturities are issued or expire on the different date. Nevertheless, as will

be shown later, our estimation method will accommodate this general data structure.

2.1 Connection with Diebold and Li (2006)

Recall that the discount function, yield curve, and forward curve satisfy the relations: d(7,z) = exp(—7y(7, x)
and f(r,z) = —d'(r,z)/d(7,x), where d'(T,x) = 0d(r,z)/0T, so that one can obtain from one of these
curves any of the others, in particular, given d(7, x) we obtain y(7,z) = —(logd(7, x))/7. In our case since

d is unrestricted in its functional form, so is y, and the yield curve can be upward sloping or downward
sloping for different values of x.

Nelson and Siegel (1987) specify a parametric model for the static forward curve. Let

fo(r) = Bo + (51 + 6 (Tlo)) exp (—Tlo) ,

where 0 = (B, 81, B2, 70)" are unknown parameters. This implies that the static discount function and

yield curve are:

do(7) = exp (=7 (o -+ (B + B2) (1 = exp(=7/m)) x 2 = Byexp(~7/m)) ) 2)

vo(T) = Y Bip;(Ti m0),
=0

where @o(7;70) = 1, ¢1(1;70) = (1 —exp(—7/70)) (10/7), and @o(7;70) = (1 —exp(—7/70)) (10/T) —
exp(—7/7p). This functional form is quite general and allows a combination of shapes for the long end and
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the short end of the yield curve. Exploiting the linearity of the static yield curve yo(7) in 8 = (8o, B1, 32)",
Diebold and Li (2006) allow the unknown parameters/latent factors 8; to evolve in a dynamic fashion
according to a VAR process, thereby generating a dynamic yield curve model in discrete time. They
develop estimation methodology to uncover the parameters of these processes. First, based on seventeen
yields (these were estimated by the Fama-Bliss method using a larger sample of bonds) at time ¢, they
estimate the parameters 3, (they peg 7 at some plausible value) by least squares. Second, they fit a time
series model to these ;. We argue that their model is a special case of our model if we allow X; to be the
unobserved dynamic parameters ;. In the case where X; are observed covariates, then we may consider

the following alternative but related model for y (or equivalently d)

v X0 = 3 B(X05(7), (3

where §;(.), ¢;(.) are smooth but unknown functions. This corresponds to a special case of the d function
in and is closely related to the Diebold and Li (2006) specification if further ¢;(7) = ¢,(7;7) and
Bj(X;t) = X, see Huse| (2011) and Hérdle and Majer (2014). Incidentally, the general nonparametric
version of (3)) is related to Breiman’s PIMPLE, Breiman, (1991]).

We do not impose the particular structure and allow the function d in to be unrestricted in its
second argument. We allow for arbitrary non-separability between maturity effects and calendar time or
the covariates driving evolution. The general model can be used as a starting point for testing or further
specification especially in the case where L is large where models like would be attractive.

The parameters f3; in Diebold and Li (2006) are interpreted as "level, slope, and curvature” aspects of
the yield curve. These aspects are usually measured by time series averages of yields or differenced yields,
Diebold and Li (2006, Table 1). In our framework we may define these quantities as functionals of y(7, x)
in a model-free fashion. In particular, the average yield curve can be defined as l(z) = [ y(7, x)w (7, z)dr,
where w is a weighting function. Likewise, we define the slope as the average slope of the yield curve for

a given covariate value x or averaged over the covariate, and likewise the curvature:

s(x) = /%w(ﬂx)dﬂ s = /Ww(ﬂx)dnlx. (4)

c(x) :/%w(ﬂﬂf)dﬂ c:/%w(ﬂ x)drdx. (5)

2.2 Dynamic Arbitrage Restrictions

Gouriéroux et al.| (2002)) consider a discrete time model of the term structure. They show how to impose
the absence of dynamic arbitrage on their model. They assume the compound autoregressive process
(affine Markov conditional characteristic function) for the observed state variables, which include both

endogenous state variables such as the short rate and exogenous state variables such as macroeconomic



variables. As they remark, in the discrete time framework the stochastic discount factor is not unique.
They assume that the stochastic discount factor is log linear in the current and past state variables, so
that after imposing the economic restrictions on it, they obtain M; .11 = exp(vo + v Xt + 73 X¢41) for
parameters 7;. In this case, in our notation, d;(7) = exp(alX;+b,), where a, and b, satisfy nonlinear first
order difference equations that are determined by the parameter functions in the conditional characteristic
function of the state variables and the parameters of the stochastic discount function. In their framework,
both time and maturity occupy the same time grid and so their d function is defined only on integers
apparently, but one can interpolate to d;(7) = exp(a(7)7X; + b(7)) for continuous functions a(7),b(7),
which is a special case of our model (3). [Duffie and Kanl (1996) work in a continuous time continuous
maturity framework; they show that the absence of arbitrage implies that a(-) and b(-) must obey certain
differential equations. Diebold and Rudebusch| (2013, Ch.3) show how to adjust the|Diebold and Li (2006))
model to satisfy the dynamic arbitrage restrictions. We could impose the|Dufhie and Kan| (1996) restrictions
on the functions a(-) and b(-) in the special case of our model d;(7) = exp(a(7)7X; + b(7)), but this is a
major undertaking computationally and merits a new paper.

In our general framework it is not clear how to impose the absence of dynamic arbitrage restrictions.
Cheng and Tehranchi| (2018) show how to impose these restrictions in a class of polynomial models, but
it remains an open question whether this can be extended to a “nonparametric class of functions”. In any
case, we have not assumed a particular form for the stochastic discount function, we have not assumed
that the yield curve is affine, and we have not even so far assumed that the state variables are Markov, let
alone having an affine log conditional characteristic function. We have not yet embedded our discrete time
model into a continuous time process that assumes continuous costless trading is possible. All of these

assumptions are questionable, and there is empirical evidence against them.

3 Estimation

We introduce our estimation methodology based on kernel smoothing or localized least squares. The
advantage of this method is that it requires only low dimensional optimization and its theoretical properties
are well understood allowing us to propose inference methods that are valid under quite general conditions.
We could apply the method in |Linton et al.| (2001) to each cross-section to extract a yield curve or discount
function d;(7) for each time ¢, and then estimate the relationship between d;(7) and the covariates X; using
the time series information. Instead, we propose to use both cross-section and time series information
simultaneously in our joint smoothing method. There are reasons to think that this is more efficient
than doing first cross-section estimation and then time series estimation when the structure is correct, see
Andreasen et al. (2017). Kernel methods are discussed in Hérdle and Linton| (1994) and |Li and Racine
(2007)).



3.1 Local constant smoothing

The model is a kind of structural nonparametric regression model with a varying number of additive
components that are identical apart from known scaling factors due to the cash flows. We employ a
nonparametric kernel estimation method that generalizes Linton et al.| (2001)). The idea is to start with
a smoothed objective function and then to derive feasible estimating equations from that. Mammen
et al. (1999)) introduced this class of methods for the estimation of additive nonparametric models and
argued why it has superior theoretical performance to methods that start from approximating first order

conditions. Define the following smoothed sample least squares objective function for any smooth function

d(.)

t=1 =1

QnT Z Z/ {pzt - ZZt:Czt 7'” T@k, )} ﬁ {Kh(Tik — Tij)dTik} ICh(x — Xt)d]}, (6)

where Ky(s) = [[=, Kn,(si) with a bandwidth parameter h; and Kj,(-) = K(-/h;). For the sake of

notational simplicity, we henceforth set hy = ... = h; = h. The estimator of the discount function is the
minimizer of Q,r () such that
d(.) = arg min Q,,7(d) (7)
d(-)eD

where D is the class of all functions for which Q(-) is well defined. The objective function Q,r(d) can
be thought of as expectation, with respect to the kernel density estimate of the ”density” of 7, X, of the
conditional least squares error brought about by a candidate function d.

We next obtain the first order condition that defines d(.). Let d(r2)(+,+) be the two-dimensional
Dirac delta function at (7,x) such that [ ., fyew O(ra)(y,7)g(y, r)dydr = g(7,x) for any generic func-
tion g(-,-) continuous at the point (7,z). Note that by definition, d¢; ) (-,*) = 0()(*) Hle d(z;)(+), where
r = (x1,...,21). Let d(-,-) = d(-,-) + n(r2)(-, ), and differentiate Q,r(d) with respect to 7 at the point
of 7 = 0. The first order condition for @ yields d(r, ) which is obtained by

Zzzlczt sz Kh Tz])lch(x - Xt Zzzlpztczt sz Kh Tij>lch(~r - Xt) (8)
t=1 =1 j=1 t=1 =1 j=1

ng Mgt Myt

— Z Z Z Z Cz’t(Tij)cit<Tip)Kh(T - Tij)’Ch(iC - Xt) /62(7'/7 x)Kh(T/ - Tip)dT/'

t=1 i=1 j=1 p=1
PF]

Therefore, the first order condition can be further simplified as the following integral equation,

d(r,z) = d(r,z) + / H(r, 7, x)d(', z)dr', 9)



where:

7 _ Zthl ZZ1 Z;n:ltl pitcit(Tij)Kh<T - Tij)’Ch(x - Xt)

d(r,2) = T ny mit 2 (10)
Doim1 Qi 2jey Cit(Tig P K (T — 73 ) Ch (2 — Xy)
H(r, 7 z) = _ZtT:1 D it 2ge Doy Cit(Tig ) it (Tip) K (T — 735) K (77 — 73 ) K (2 — Xt)‘ an

Sy Yoy SO (72 Kn (T — i) K (2 — Xy)

Details regarding the derivation of and @D are provided as Lemma [2|in the Appendix. It is important
to note that d(7, z) is a linear function of the observed prices.

In the special case where all bonds are zero-coupon bonds, this equation simplifies considerably and
one has a closed form solution for d(r, z). In general, however, @ involves the unknown function d(-, z)
in the left hand side and inside of the integral, which prevents exact solution and renders computation
tricky. This is also known as a Fredholm integral equation. See Riesz and Nagy| (1990) for more details.
One way of solving this type of integral equation is the backfitting approach or successive approximation,
see Mammen et al.| (1999). We define our estimator for the general case as follows. For a = 0,1,... let

CZ[G_H] (T, Z‘) = CZ<7—7 l’) + /H<T7 7—,7 (L’)CZ[Q] (T/7 .T)dT,, (12)

where the starting value dl(.) is equal to d(-). We iterate this until it converges. Each step of the update
involves simple linear operations. Some conditions that ensure convergence are given in Section {4 and
Appendix.

Following Mammen et al.| (1999), we also interpret the estimator obtained by @ as a projection of
the data in a suitable functional space. Indeed, as seen from , to ensure convergence of the successive
approximation method, the key set of regularity conditions is concerned with the operator # defined, for
every g € L?, as

Hy(r,z) = /fI(T, ' x)g(r', x)dr'. (13)
We also introduce the operator sup-norm of #g(-) such that

|#]| = sup
llgll=1

H||.
In Lemma (1 in the Appendix, we show that an application of the Neumann series yields:

d=(1-H)4d, (14)

which is well-defined if (1 — #) is invertible, namely provided that ||#|| < 1.
Once the estimate of the discount curve is available, we can easily estimate other related quantities,

exploiting the one-to-one mapping between the discount function d(7,z), the yield curve y(7,x) and the
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forward rate f(7,z), where 7 and x denote time-to-maturity and time. Thus, from the relationship

mentioned in Section [2.1] estimates of the yield curve and of the forward curve are defined as

~

g(1,2) = —In(d(1,2))/7 (15)
f(ra) = _fK,’l(t — s)d(s,z)ds (16)

[ Ky(t — s)d(s,z)ds

The level, slope, and curvature functionals can also be defined based on this.

3.2 Shape Restrictions

We can incorporate restrictions on the shape of the discount curve. For example, it is natural to assume
that the discount function be monotonically decreasing in the maturity. To impose this restriction we
define our estimator as the minimizer of Q,r(d) in (6), where the minimization runs now over a suitably
constrained class of functions. Let us denote by aAlconstr the estimate resulting from the solution to @
This solution has an interpretation in terms of Hilbert spaces theory: it represents the projection of d in
onto the constrained class with respect to the norm

HQHQ = ZZ/ / {ZZ Cit(ﬂ'ﬂ')gi(ﬂ‘k,ﬂi)} 1_1 {Kh(ﬂ'k — Tij)d'fik}}ch(l' - Xt)d:IJ

t=1 =1

for the n-tuples of functions g = (g1, 92, - - -, gn). Namely, we have:

czconsr:ar min ||d — d||?
i« = argin |d — d|

~ arguph ié//{gct(@) (d(Tik,x)—cZ(Tik,x)>}2

mit

X H {Kn(Tix, — 7ij)dmir } Kn(x — Xy)dz,

k=1

where the minimization runs over the constrained class of functions d.

3.3 Local constant exponential smoothing

Many empirical studies try to directly model the relationships between bond yields and macro variables;
see e.g. |Ang and Piazzesi| (2003)) and |Ang et al. (2006) for applications in the case of affine term structure
models. Rather than using local constant smoothing and then defining a yield curve estimates as in (1)),

here we propose to fit directly local exponential functions, which directly extracts the yield curve.
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We define the estimator of the yield curve, by the minimization, with respect to y(-), of the following

objective function:

Qur(y ZZ / {pzt 5 cmj)eXp{—nkym,x)}}

mit

X H {K (T — 1ij)dmir } K (2 — Xy)d. (17)
k=1

Theoretically this is hard to analyse as the first order condition is a nonlinear integral equation.

3.3.1 Imposing Affine Yield Curve

A special case of our model is consistent with the affine structure. We may further assume the affine
structure y(7,z) = a(7) +b(7)z for some unknown functions a(-), b(-), see Gouriéroux et al.| (2002)). In this

case, we do not need to smooth against X, that is, we minimize the smoothed objective function

mit

Qr(a,b) ZZ/ {pzt Z Czt(Tz‘j)eXP{—Tz‘k(a(Tz‘k)+b(Tz’k)Xt)}} 11 En (i = 7)dr

t=1 =1 k=1

with respect to a(-), b(+), similar to Gouriéroux et al. (2002)). An alternative and simpler way of imposing
affinity is to proceed in two steps, i.e., find the closest affine yield curve to our unrestricted nonparametric
yield curve based on some simple objective function. For example, [ (§(r,z) — a(r) — b(1)x)? dw(r, z),
where w is a weighting function. One could use the minimized objective function to deliver a statistical

test of affinity.

3.4 Forecasting Future Bond Prices and Yields

We next discuss forecasting of future yield curves within our model framework. There are several ap-
proaches here depending on the choice of covariates, which itself is partly determined by the sampling
frequency of the data, and the treatment of the error term. We first consider the case where the error
term is considered unforecastable given the past state and prices.

We first consider the case where X; = /T, in which case the yield curve evolves deterministically,

although the form of d in this case is unknown to the econometrician. We have by Taylor expansion

T+k k k?
d(T, T ):d(T,l)—l—dg(T,l)T—I— —das (T, l)ﬁ—l—o(l{;QT )

where dy (1,2) = 9d(7,2) /0z and dop (7,7) = 0*d(7,x) /Ox?. This suggests that we can forecast the
discount function (and hence the yield curve) at period T+ k by d(7,1), by d(7,1) 4+ ds (7,1) £, or even

by d(7,1) 4+ ds (T, 1) 1d22 (7,1) & depending on the horizon k and the accuracy required, Robmson

T27

12



(2012). This amounts to: constant, linear, or quadratic interpolation of the curve. In practice one has to
replace d (1,1), ds (7,1), and day by estimates. The special case as in corresponds to

y(r,t)T) = Z Bivps (T (18)

where the quantities 5;; = (;(t/T) are deterministic and change slowly over time, in particular, 8; =
Bjt—1+0;t, where B, = B(t/T) and d;; is a small deterministic update factor or ”error term”. This should
be compared with the |Diebold and Li (2006) model in which 5; has an autoregressive form with stochastic
error term. This kind of “local trend model” in is an alternative to dynamic specification, see [Starica
(2003) and |Vogt and Linton| (2014)). Engle and Rangel| (2008)), Hafner and Linton| (2010) and Koo and
Linton| (2015) combine the slowly varying nonparametric trend with a short run dynamic model.

A second way of forecasting uses predictive regression, whereby the stochastic X; that enter d, and
hence y, are taken to be lagged values. This changes the interpretation of the discount function somewhat,
but is otherwise an approach that is widely used.

A third approach is to specify a dynamic model for the covariates or rather restrict the dynamics
somewhat. Specifically, suppose that X; follows a first order Markov process with time invariant transition
density m(z,2) (it is common practice to assume a VAR for X;). We can forecast the future coupon bond
price P, 41 given the data set {Pit,Xt, =1,...,n,, t = 1,...,T} as follows. First, estimate d(7,z) by
our method. Second, estimate g(7,z) = [ d(r,a’) (a:’ ,x)dz’ by smoothing the estimated discount function

against lagged values of Xy, i.e., let

3(r,z) = tT:_ll Zﬁl Ki(1 —73) K (2 — Xt)cz\(Tia Xit1)
’ S K — ) Kn(x — X))

Then our forecast of P, r; is
mg 41

Pirir = > cijrag(my, Xr), (19)

j=1
where we use the known payment scheme for bond ¢ prevailing at time 7"+ 1. Because the model is linear
in the discount function, this gives an approximately unbiased forecast of future prices. Likewise we could
forecast future yields by smoothing our estimated y(7, X;11) against lagged X. A prediction interval for
d(1, Xy11) or y(7, X;41) can be obtained by estimating the corresponding conditional c.d.f. given X, under
the Markov assumption.

Finally, if one is willing to make further restrictions such as linear covariate effect in the yield curve

then one can obtain much simpler forecasts. Suppose that

T Xt Z tij
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where ¢;(7) are smooth but unknown functions of maturity only, which corresponds to the Affine class.
Further suppose that for some L x L matrix A, X; = AX, 1 + n;, as in Diebold and Li| (2006). This is a
special case of our model. We may identify ¢;(7) nonparametrically by ¢,(7) = dy(r,z)/0x;, j =1,..., L.
Then we would forecast y(7, X74x) by

(r, Xr) =Y (;A%X7) 5(7), (20)

j=1
where e; is the j unit vector. In practice we have to replace A and ¢;(7) by estimates. In this case, the
persistence in the yield curves is driven by the persistence in the observed factors.

We have so far supposed that there is no information about future prices in the current and past values
of the error terms. In fact, pricing errors are serially correlated and it is possible in principle to use this
information to better predict future bond prices. Suppose that €;; = pigi¢—1 + 1, where n;; is i.i.d. with

mean zero. Then we may add to a term such as p;&;r, where hats indicate estimated quantities.

4 Large Sample Properties

In this section, we provide the Central Limit Theorem for the local constant estimator of the discount
function. As described in the previous section, our approach involves nonparametric estimation over two
dimensions, i.e., time-to-maturity and covariate, e.g., time. This pooling of information allows for more
precise estimation of the common structure.

Our estimator is the solution of a linear integral equation , and successive approximation such as
the backfitting projection algorithm is required for solution. Therefore, we require regularity conditions
for the solution to to converge, which we will discuss in detail in this section. We impose high level
assumptions on the error structure {e;}, the operator # and its norm ||H¥|| for & > 1. In the following, ¢

is a generic constant, which may be different at different places.

4.1 Asymptotic distribution

Assumption A

(A1) Model holds. Furthermore, the discount function d is twice boundedly continuously differentiable
in T;; (time-to-maturity) and in each component of the L-dimensional X, (factors). Each factor

Xy, fori=1,...,L, is stationary and has finite second moment.

(A2) For each time point t, the error variables {e;}*, represent bond specific errors. They are het-
eroskedastic and possibly cross-sectionally correlated in a sense that their variance changes propor-
tionally with time to maturity and common sources for pricing errors are accommodated. Further-

more, for a given bond type i, there exists time dependence, which exponentially decays. In particular,
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(A3)

(A4)

(A5)

the error variables {e;}1, have the following structure: for i =1,...,ny and t =1,...,T,
T ng
Eit = Z Z Wijis€js (21)
s=1 j=1

where {€js}j=1,..nyus=1,.1 are independent of {X,}, independent and identically distributed random
variables, with mean zero and Ele;s|**S < oo for any arbitrary positive value (. Each Wijs remains
general and unspecified: it captures the cross-sectional correlation between the bond types i and j

and their temporal dependence at time point t and s.

Let the operator H be as in . There exist a constantc and p < 1 such that, for k > 1 and n
large enough, | 1|, < ¢ and |H¥||, < p when p = 2.

The following conditions hold:

max / < / A T',x)Rk,s(T',x)dT')sz — o, (R (22)

1<k<ny;1<s<T
/]:I2(T, ' x)dr <c (23)
where X; € RY and

St 2oty Wikss Y004 €ar(737) Ko (7 — 737) Kn (2 — X,)
(nT)~1 Z?:l Z Zm” Czt<TZJ) K (1 — TZJ)ICh( Xt)'

For all t, 7 € x and = € RY,

Ry s(1,2) =

/‘ H(1, 7', )Ry (7', x)dr’

<, (24)

; / H;—xﬁ(T, 7, %) Ry (7, 2)dr'|| < C, (25)

where C' < oo.

The quantity
> it (7)) K (T — 7)) K (2 — X)

S D S (7 )2 K (T — T ) Ko (2 — X3)

is uniformly bounded in (7,r) € RETL,

wir(T,2) = (26)

Let us comment briefly on these assumptions. Assumption (A1) is concerned with the model and the

main object of interest in our estimation. It also ensures that the discount function is smooth enough for

us to employ a nonparametric kernel estimation method. We maintain here that the factor is stationary
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but the theory can easily be extended to allow the more general local stationarity property, Vogt and
Linton| (2014).

Assumption (A2) involves the error structure. The error in our model involves two indexes: one for the
bond type and one for time. Note that the error structure implicitly assumes the double array, i = 1,...,n;
andt =1,...,T. Although (22), (24), and are affected by the structure of W, via R..(-,-), the exact
form of W5 is not required for the derivation of the asymptotic theory. However, for the development of
inference tools it is helpful to impose additional structure, as shall do in Section [4.2]

In what follows, for the sake of simplicity, we treat W;;;; as a deterministic function of the relative
distance between the ordered bonds at different time points. Assumptions (A4) and (Ab) is needed to
prove the consistency and asymptotic normality of the proposed estimator, with (A5) guaranteeing the
existence of the estimator variance.

Additionally, for the validity of our kernel estimation and its asymptotics, we assume:

Assumption B

(B1) The kernel K(-) is a bounded symmetric around zero function such that: (i) it is continuously

differentiable up to order r on R with 2 < r; (i) it belongs to L?, /\K(u)]du < 00, /K(u)du =1,

and the support of K is contained in [—1,1]; (i) p;(K) = /uiK(u)du =0,i=1,...,r—1, and:

/u”K(u)du #0, /|u|T|K(u)|du < 00, H l‘i‘m ||u||[K (w) =0; (iv) K(-) is Lipschitz continuous, i.e.
Uu||—o0

|K(u) — K(u)| < Cllu—1| for all u,u’ € R.

(B2) Let h be the bandwidth and n = mingne. ; (i) T = O(n) ; (i) as T — oo, h — 0, Th — oo and
nThi — co.

Define the following quantities:

ok

Bi(1,2) = @3(7, x) + By(t,x),

Sy oty S (7 d(7ig, Xo) — d(7, ) K (7 = 7i5)Kn(z — X))
S L2 Ca(Tig ) K (T — T ) K (7 — X3)
By(r,x) = Eet 0 X T Cit(Tij)Cit(Tip)Kh(T — 7ij)Kn(x — X4) [ Kn(7" = 7ip) [d(7ip, @) — d(7', )] d7’
o S i S (1) K (7 — 1)K — Xy)

Vi(r,x) = (nTh**)var [ZZW“(T’ x)sit] , (27)

t=1 =1

%’2(7’, x) =

I

where wi (T, ) is given in (26).
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Theorem 1. Suppose that assumptions (A1)-(A4) and (B1)-(B2) hold. Then,
VAT (7, )12 (CZ(T, ©) — d(r, x) — Bi(r, 1:)) 4 (0,1). (28)

Following and (1)), the asymptotic properties of the related estimators (g(7, z) for the yield curve
dynamics and f (1, ) for the forward curve dynamics) can be obtained by applying the delta-method to
the results in Theorem . For instance, regarding the estimator for the yield curve dynamics, g(7, ), the

following asymptotic properties can be derived.

Corollary 1. Suppose that all assumptions for Theorem[1] hold. Then,
VT hE Y (7, 2) V2 (4(r, x) — y(r, @) — Bi(r,2)) S A(0,1),
where B (1, x) = (1d(T, 93))’1%3(7, z) and V5 = (1d(1,2)) "2V (7, x) with ¥;(7,x) specified in (27).

The rate of convergence is fast, upto order (n7)~'/3 for the case L = 1 and twice continuously differ-
entiable d, reflecting the fact that both time series and cross-sectional information are used to estimate
the function d. The estimated yields y;; = y(7;, Xy) = y(7;, X¢) + &, where the error terms & r are

correlated over time and yield, under our assumptions, and are small.

4.2 Asymptotic variance estimation

The availability of an asymptotic distribution as in Theorem [1| represents one of the advantages of our
method, since vVnThL+! <CZ(T, x) —d(t,z) — B(T, x)) A N(0,34(T,x)), where

T nt
. 1
Zd(T’ [E) = 11mn,T—>oo var \/W Z Z wit<7-7 x)git . (29)

t=1 =1

where lim,,, 7, represents the short hand notation for the limit taken as n and 7" diverge.
Thus, if a consistent estimator of the asymptotic variance in is available, then we can compute

consistent pointwise confidence intervals for the estimated discount curve. To achieve this inferential goal,

A

™t

we propose the following two steps: first, we obtain &; = py — > i cit(1ij)d(Ti5, Xt); second, we define

ne n

T T
VJ(T, T) = ﬁ Z Z Z Z Wit (T, ) wis (T, )€€ js-

t=1 s=1 j=1 i=1

Because the error structure specified in (A2) and (A4) is quite general, it is difficult (if not impossible)
to obtain a consistent estimator of 3 ;(7,x) without any further restriction, either on the bandwidth or
on the weight {Wj,s} as in . Therefore, we need to impose more structure on {W;s}. Among the

possible solutions, we choose to impose a restriction on both cross-sectional dependence and temporal
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dependence. Thanks to this additional assumption, we can prove that Vj(r,z) = X;(r, ), as n and T
diverge.

We suppose that there exists some relabelling of the cross-sectional bonds, whose generic index we
denote by i, such that the cross sectional dependence decays with the bond economic distance, which
is a function of |i — j|. This approach has been adopted, e.g., in |Lee and Robinson| (2016) and in Ma
et al| (2017) in the context of spatial panel data models. In our setting, it is natural to obtain the
data ordering according to the maturity: two bonds are similar and close if they have similar string of
cash flows. To elaborate further, we introduce the ¢-mixing coefficient on the error term. For S;,5; C
1,...,n] x[1,...,T], let

(51, 52) =sup{|P(A|B) — P(A)| : A € o(ey, (i,t) € S1),B € 0(gjs, (j,5) € Sa)},
where o (+) denotes a o-field. Then, for any k € N, the ¢-mixing coefficient of {e;;} is defined as
(k) = sup{¢p(S1, Ss) : dp(S1,S2) > k},

where

dB(Sl,Sg) = mln{\/|t — 8|2 + |Z —j|2 : (i,t) < Sl, (j,S) € SQ},

represents the economic distance between ordered bonds.

Then, we introduce the following:

Assumption C

(C1) The stochastic process {ei} is a random field of ¢-mixing random variables, where for each i and
t, Ellei]*°] < oo, for ¢ > 0. The ¢-mizing coefficient of {e;} satisfies ¢(k) < ce™* for ¢, \; > 0.

For each given i, {ey} is a strictly stationary sequence.

(C2) The asymptotic variance resulting from Theorem[1] and as in (29) is such that X y(t,z) # 0, for every
(1,z) € REFFL,

Assumption (C1) complements the error structure given in Assumption (A2), ensuring that errors are
marginally cross-sectional mixing, and marginally temporally mixing. This type of dependence is assumed
in much literature on spatial and temporal processes; see e.g. (Connor and Korajczyk! (1993)), (Conley] (1999)
and Lee and Robinson| (2016)), among many others. Loosely speaking, we assume that, as the distance
between points in time gets larger, the temporal dependence decays at the exponential rate. Likewise, as
the types of bonds under consideration become more heterogeneous, say a short-term treasury bill and
a long-term treasury bond, the cross-sectional dependence between them gets smaller at the exponential
rate. Thus, to account for dependence in the time-to-maturity space, we may set Wj;, o exp 1li=il - for
some b; > 0, as suggested by Rebonato and Cooper| (1997) (see Table 1 in that paper), whilst we may set

Wijts o< exp2It=3l for some by > 0, to account for temporal dependence, as it is customary in the time
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series literature. This is a mathematically convenient choice which helps in proof of the consistency of the
proposed estimator of ;. We emphasize that this additional specification is needed only for the estimation
of the asymptotic variance: some other specifications can be considered at the cost of a more complicated
proof for the consistency of the proposed asymptotic variance estimator; see Linton et al. (2001)), page
202 for a related discussion. Assumption (C2) is standard and it guarantees that the asymptotic variance
admit an inverse; see, e.g., Assumption (B5) in (Conley (1999).

Finally, we state the following.

Theorem 2. Suppose that assumptions (A1)-(A4), (B1)-(B2) and (C1)-(C2) hold. Then, as n,T — oo

Vi(r,2) & (7, @).

Theorem [2| justifies the use of VJ(T, x) in the definition of asymptotic confidence intervals, pointwise in
(7,7) € REFL for the estimated yield curve. The confidence intervals are useful when considering scenarios
for the yield curve based on different values of the state variables and maturities, since we should take

account of the estimation uncertainty in the presentation.

5 Monte Carlo Study

5.1 Simulation design

We illustrate the performance of our nonparametric estimator in a simulation study. We consider a time
horizon of about 10 years of bi-weekly data (namely, 3750 days), We set the number of bonds to n = 23
and for each bond (either zero coupon or coupon bearing) the face value (paid at the expiration date) is
set to one. We consider zero coupon bonds issued with original time to maturity of 1-12 months, while
coupon bonds have 2, 3, 5, and 10 years maturity. We keep the number of bonds constant over time: to
achieve this goal, we adopt a rotating panel structure. Specifically, the bonds are repeatedly observed over
time, until their expiry. Then, we replace each expired bond with a new one, having the same maturity
and the same cash flow payment schedule (just for the sake of simplicity) as the expired one, but with a
different identification number.

For a given day ¢, bond prices are generated by the model in with €;; having Gaussian distribution,
zero mean and variance increasing over duration (therefore, bonds having longer maturities display larger
variability). The noise term is uncorrelated between bonds.

We generate the initial yield curve using the Nelson & Siegel model (Nelson and Siegel, [1987), a model
which has been applied in several empirical studies of term structure estimation (see, e.g., Bliss (1996));

Dahlquist and Svensson! (1996)). We choose the extended version
1 —exp(—7/T 1 —exp(—7/T
p(—7/ 1)} +52{ p(—7/7)

y oy —exp(—7/72) (30)

y(r) = Bo + A {
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and we derive the corresponding discount curve. We select the parameterization: [, = 0, 5 = 0.05,
By = 2,71 = 0.75 and 75 = 125, which is such that the curve has a stationary point; see [Linton et al.
(2001)). The yields generated by define the initial (at time 7) yield curve. To incorporate the time
(in t) dynamics, we introduce two deterministic trends for the yield curve: the first is a cubic trend
having equation —0.55¢% 4+ 0.55t> — 0.55¢ 4+ 0.1, while the second is a quadratic trend having equation
—0.85t2 4+ 0.85t — 0.1. Both trends affect the initial Nelson & Siegel yield curve and induce, over time,
a cubic or parabolic pattern in the simulated discount curve, respectively. Within these two different
settings, we obtain bond prices using two coupon rates: we set ¢;(7;;) = 2.5% (annualized), Vi, j, ¢ for the
cubic trend, while ¢;(7;;) = 7% (annualized), Vi, j, t for the quadratic trend.

The selected design resembles closely the structure of the US Treasury market, over the last 50 years.
Indeed, T-bills (zero coupon bonds) are issued with original time to maturity of 1-12 months. US Treasury
notes (coupon bearing bonds) are issued with original maturities of 2, 3, 5, and 10 years. When a bond
expires, a new one with similar characteristics is issued to replace it. Moreover a cubic/parabolic dynamics
is observable in the US market in the period 1976-1989, which includes the so called Volcker’s period,

characterized by a sharp interest rates increase (from 1979-1981) and a subsequent down trend.
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Figure 1: Cubic time-dynamics of the discount curve.

Top panels: in each plot, we display the true cubic dynamics of the discount rate (continuous line) and the estimated cubic
dynamics of the discount rate in each of the 1000 Monte Carlo runs (to each run corresponds a continuous light grey line), over
rescaled time (x-axis). Bottom panels: actual (central thick line) and estimated discount curve (each grey line corresponds

to a Monte Carlo run), over all considered maturities (x-axes), for three different time rescaled points.
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Figure 2: Parabolic time-dynamics of the discount curve.

Top panels: in each plot, we display the true parabolic dynamics of the discount rate (continuous line) and the estimated
parabolic dynamics of the discount rate in each of the 1000 Monte Carlo runs (to each run corresponds a continuous light
grey line), over rescaled time (x-axis). Bottom panels: Each plot displays actual (central thick line) and estimated discount
curve (each grey line corresponds to a Monte Carlo run), over all considered maturities (x-axes), for three different time

rescaled points.

5.2 Outputs

Before commenting on the results, a few implementation details are in order. In general, a constant band-
width over the time-to-maturity space does not perform well. This is due to the simulation design, which
is such that the payments distribution is far from uniform over the considered maturities. Accordingly, we
use a nonconstant bandwidth over the time-to-maturity space, for both the cubic and parabolic dynamics.
To be more precise, for a given trading day ¢, the selected bandwidth is proportional to the duration of
each considered bond. The Epanechnikov kernel is employed.

In each Monte Carlo simulation and for each day ¢, we estimate the discount curve using the method
of Section 3 In Figure[I] we display the results for the cubic dynamics. In the top panels we focus on the
time evolution. Specifically, we select three time-to-maturities (5, 10 and 40 months) and we compare over
rescaled time (¢/7', on the x-axes) the actual discount rate dynamics (continuous line) with the estimated
discount rate. For each maturity, we plot the time evolution of the discount rate, as estimated in the

1000 Monte Carlo runs (to each estimate correspond a grey continuous line and the collection of whole
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grey lines creates the shaded area). The plots show that our method captures the discount curve cubic
(upward) dynamics over time.

To validate our method further, we investigate the ability of our method to capture also the shape
of the discount curve, on a given day. To this end, in the bottom panels of Figure [I| we select three
rescaled times and for every considered maturity (expressed in months, on the x-axes), we plot (for 1000
Monte Carlo runs) the actual and the estimated discount curve. The central thick line represents the true
discount curve, while, for each Monte Carlo run, a grey line corresponds to the estimated discount curve:
the collection of whole grey lines creates the shaded area. The plots illustrate that the model captures the
shape of the actual discount curve. Similar considerations hold also for the parabolic dynamics. In Figure

2, we show that the method captures the behaviour of the yield curve, for the selected rescaled times.

6 US yield curve evolution

We apply our methodology to US bond data. We establish the confidence interval for the US discount
function when other factors including time and three-month treasury bill rates are its drivers. We dis-
cuss the in-sample fit and the out-of-sample forecasting performance of our estimation in comparison
with the widely used method of Diebold and Li (2006). This section starts with our data and real-data

implementation issues before we report our estimation results and comparison studiesﬁ

6.1 Data description

Our dataset consists of daily US treasury data obtained from the Centre for Research in Security Prices
(CRSP) US Treasury Database. CRSP provides extensive historical data related to all US treasury bonds
including each bond’s issue date, its type (say, treasury bill, note, bond), its maturity, its historical bid
and ask price quotes with corresponding accrued interests, a history of its coupon payments and payment
dates. Note that when a bond is sold, the actual price the buyer pays is the quoted price plus the interest
amount accrued until the transaction day. Each bond is characterized by its unique identifier. There are
nine different types of issues depending on whether it is callable or not and tax related issues. Note that
callable bonds contain an intrinsic option of redemption to the issuer and tax would affect yield curves,
which are not captured by our model. Therefore, for our analysis, we select noncallable bonds and notes,
treasury bills. Almost all of coupon payments are made biannually except for a few bonds that pay the
first coupon in less than a half year and paid biannually thereafter. The data covers the seven-year-period
from Jan. 2001 to Dec. 2007 We provide several statistics in relation to the data for our estimation in

Table 1l

3All our computations are conducted with the r programming language. Codes are available upon request.
4The entire period ranges from Jan. 1970 to Dec. 2007. The results of the same analyses for the other periods are not

different from those reported in this paper. Results for the other periods are available upon request.
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Table 1: Summary Statistics of CRSP Bonds Data

| 2001 | 2002 | 2003 | 2004 | 2005 | 2006 | 2007 |

Average No. of Daily Quotes | 162 149 143 150 | 160 171 182
Time to Maturity® 10963 | 10636 | 10271 | 9906 | 9539 | 10956 | 10964
Ratio of Treasury bills( 0.34 | 0.38 | 0.38 | 0.38|0.36| 033 | 0.32
Ratio of Treasury notes® 044 | 042 | 042 | 045 | 048 | 0.52 | 0.53
Ratio of Treasury bonds® 0.21 0.21 0.2 0.18 | 0.16 | 0.15 0.15

Notes: (1) Longest days from the quote date to maturity for each year.

(2) calculated as the number of each type over the number of entire set of bonds for each year.

We generate a price data matrix p; for a bond 7 at time ¢ using the average of bid and ask quotes
of bond 7 and corresponding accrued interest for each quotation day. We calculate time-to-maturity of
each bond as a calendar-day between the quotation day and its maturity for each time, . Similarly, we
calculate payment dates of each bond, 7;; for j = 1,...,m;; as the calendar day between the quotation
day and payment dates. Based on these, we calculate the cash flows ¢;(7;.) for the bond ¢ by combining a
history of coupon payments and their payment dates over different quotation days.

We use deterministic time (u = ¢/7T") and three-month treasury bill rates (r) as factors (x = (u,7)T)
for our estimation. Three month treasury bill rates (secondary market rate) are obtained from FRED at
the Federal Reserve Bank of St. Louis. We plot them in Figure 3| for each time grid in 2007 with Treasury
Bill factor grids in the dotted lines.
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Figure 3: Three-month Treasury Bill Rates (Secondary Market)
Three-month Treasury bill rates (2007) used for one of factors are plotted in solid line in each estimation window. Dotted

lines denote the grids set for each estimation window (33% and 66%).

6.2 Implementation of nonparametric estimation

We estimate d(7,z) and H(r,7',z) given as in and ([L1)). The estimate for the discount function,
d(r,z) is obtained via ([©). The corresponding yield curve, §(7, z) is estimated indirectly from the one-to-
one relationship between the discount function and the yield curve as in (L5)). The variances of d(r,r) and

y(1, x) are calculated from Theorem [2{and Corollary In doing so, there are several issues worth noting in
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the empirical implementation. First, although the discount function of interest is infinite-dimensional and
is assumed continuous over an interval in R™, discrete grids for factors and time-to-maturities need to be
selected for the estimation in practice. Moreover, intrinsically, there exists the data sparsity for the longer
time-to-maturities because bonds with more than ten-year maturity are scarce. This incurs significant
estimation challenge so that we pay close attention to bonds with longer maturities so as to ensure the
data for longer time-to-maturities are enough for reliable estimation. That is, we cannot choose equally-
spaced grids for the time-to-maturity. Rather, it is crucial to choose grids for time-to-maturities in such a
way that a decent number of data points are available in the window around each selected grid while the
window around each selected grid covers the decent local coverage of the corresponding time-to-maturity.

Second, since we obtain estimates of the function of interest only for finite trivariate discrete grids
(time, treasury bill rate, time-to-maturity), interpolation of estimates for between grid points is required.
Furthermore, the three dimensional grids chosen for time, treasury bill rate and time-to-maturity are
not necessarily equally spaced but rather irregularly or/and regularly spaced for the maximum precision
and efficiency, which renders interpolation tricky. Many interpolation techniques are available including
multilinear interpolation, cubic spline interpolation and local polynomials interpolation. We use equally
spaced grids for time and treasury bill rate whereas we use irregularly spaced grids for time-to-maturity
due to the first issue mentioned in the previous paragraph. For the interpolation method, we use the local
polynomials interpolation for time-to-maturity and linear interpolation for time and treasury bill rate.

Third, there are three different bandwidths required for the estimation: ones for the time-to-maturity
h,, the treasury bill rate h, and the time h,. As is the usual case with nonparametric kernel estimation,
choosing appropriate bandwidths, in particular one for the time-to-maturities leads to better estimation
results. This is very much so in that the structure of bond data is very diverse according to the time-
to-maturities. A lot of data are available for the shorter maturity, in particular zero coupon bonds and
coupon paying bonds about to expire (less than 6 months) account for more than 50% of price data for any
given day whereas the number of middle- and long-term bonds with more than twice coupon payments left
are relatively very small. Consequently, we set smaller bandwidths for the shorter time-to-maturities while
we set larger bandwidths for the longer time-to-maturities, which ensures reliable and robust estimation
results. For h, and h,, we employ the rule of thumb bandwidth selection.

Here, we choose equally spaced time grids such that u;y; — u; = 0.2 where u; = ¢;/7T. That is, for
the entire period of k years, we have N (= 5k — 2) number of grids since we have five time grid points for
each year except for the beginning and the end of the entire period. The bandwidth for each chosen time
grid is h, = 0.2 with the Epanechnikov kernel. For the treasury bill rate, we choose r grids as the ones
corresponding to 33 percentile and 66 percentile of treasury bill rates in the window in the vicinity of time
point u. As mentioned, the bandwidths for the chosen r grids are selected following the rules of thumb/[|

On the other hand, we employ an automated selection of grids for the time-to-maturities in such a way

5Although the choice for h, and h, follows the rules of thumb, we tried finer or wider u and r grids with different

bandwidths but results are quite similar if not worse.
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that we choose a grid with a maximum number of data while there exist enough price and cash flow data in
the windows around the selected grids where each window is determined by the corresponding bandwidth.
For instance, when the grid in the vicinity of 10 years in time-to-maturity domain needs to be chosen, we
check the number of data available for each candidate of time-to-maturities in the window where enough
data reside say at least 5, say from 3600 days to 3700 days and select the grid, say 3640 if that time-
to-maturity day has the maximum number of data available for the estimation. Based on the selected
trivariate grids, we calculate d(7,r) and H (1,7',z) and finally J(T, x). Regarding the interpolation, we
employ an r-package called loess for the interpolation of estimates for our application although other

interpolation methods readily available could be used without much issue.

6.3 Estimation results

Estimation results for the discount function and yield curve for the year 2007 are reported in Tables
and [3], respectively. We report the curve at five different days in 2007 for a range of maturities while the
treasury bill rates () is fixed at 33 percentile in each estimation window, along with the pointwise standard
error in parentheses. We also provide the corresponding graphical representation of the estimated discount
function and yield curve along with their corresponding pointwise confidence bands via interpolation in
Figure[d] and Figure [j]respectively. Figures[6al and [6b|report three-dimensional shapes of discount functions
and yield curves over time-to-maturity and time from Jan. 2004 to Dec. 2007 respectively while r is fixed
at 50 percentile of three month treasury bill rates in each estimation window.

Table 2: Estimates of Discount Function (2007)

Grid (u,r) | 3 Months | 6 Months | 1 Year | 3 Years | 5 Years | 10 Years | 15 Years
2007 0.984 0.973 0.952 | 0.871 0.796 0.626 0.475
u:0.0, 1:4.94 | (0.002) (0.004) | (0.004) | (0.004) | (0.004) | (0.004) | (0.004)
2007 0.984 0.973 0.953 | 0.872 | 0.797 0.624 0.471
uw:0.2, 1:4.90 | (0.004) (0.004) | (0.004) | (0.004) | (0.004) | (0.004) | (0.004)
2007 0.985 0.974 0.952 | 0.868 | 0.789 0.610 0.454
w0.4, :4.75 | (0.006) (0.004) | (0.004) | (0.006) | (0.006) | (0.006) | (0.006)
2007 0.986 0.976 0.955 | 0.875 | 0.797 0.616 0.456
w:0.6, r:4.08 | (0.008) (0.01) (0.01) | (0.008) | (0.008) | (0.008) | (0.008)
2007 0.990 0.981 0.963 | 0.893 | 0.822 0.641 0.475
u:0.8, 1:3.33 | (0.008) (0.008) | (0.008) | (0.008) | (0.008) | (0.008) | (0.008)

Notes: (1) Values in parentheses denote standard errors.
(2) The following calendars correspond to the time point u we consider: 2007-01-02 (u = 0.0),
2007-03-15 (u = 0.2), 2007-05-24 (u = 0.4), 2007-08-06 (u = 0.6), 2007-10-17 (u = 0.8).

(3) Three month Treasury bill rates (r) is fixed at 33 percentile in each estimation window.
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Table 3: Estimates of Yield Curve (2007)

Period 3 Months | 6 Months | 1 Year | 3 Years | 5 Years | 10 Years | 15 Years
2007 0.043 0.045 0.046 0.048 0.049 0.053 0.058
w:0.0, 1:4.94 | (0.016) (0.008) | (0.004) | (0.002) | (0.002) | (0.001) (0.001)
2007 0.018 0.033 0.041 0.048 0.05 0.055 0.06
w:0.2, 1:4.90 | (0.016) (0.008) | (0.004) | (0.002) | (0.002) | (0.001) (0.001)
2007 0.022 0.034 0.04 0.045 0.047 0.052 0.058
w:0.4, r:4.75 (0.02) (0.01) (0.006) | (0.002) | (0.002) | (0.001) (0.001)
2007 -0.023 0.009 0.026 0.039 0.043 0.051 0.057
w:0.6, r:4.08 | (0.036) (0.018) (0.01) | (0.004) | (0.002) | (0.002) (0.002)
2007 -0.023 0.011 0.028 0.041 0.045 0.053 0.059
uw:0.8, 1:3.33 | (0.034) (0.018) (0.01) | (0.002) | (0.002) | (0.002) (0.002)

Notes: (1) Values in parentheses denote standard errors.
(2) The following calendars correspond to the time point v we consider: 2007-01-02 (u = 0.0),
2007-03-15 (u = 0.2), 2007-05-24 (u = 0.4), 2007-08-06 (u = 0.6), 2007-10-17 (u = 0.8).

(3) Three month Treasury bill rates (r) are fixed at 33 percentile in each estimation window.
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Figure 4: Estimates for the discount function GZ(T, x) with pointwise confidence intervals
Discount function given a time point with 95% and 5% confidence intervals. Given time grids (u = (0.0,0.2,0.4,0.6,0.8)
for a sample year, 2007) and time-to-maturities grids, we plot our estimates of the discount functions while r is fixed at 50

percentile of treasury bill rates in each estimation window for 2007 with the shaded pointwise confidence interval.
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Figure 5: Estimates for the yield curve ¢(7,z) with pointwise confidence intervals

Yield curve given a time point with 95% and 5% confidence intervals. Given time grids (v = (0.0,0.2,0.4,0.6,0.8) for a

sample year, 2007) and time-to-maturities grids, we plot our estimates of the yield curves while r is fixed at 50 percentile of

treasury bill rates in each estimation window for 2007 with the shaded pointwise confidence interval.

DISCOUI’\'CDI

10 2005
time-to-maturity 15

(a) Discount function 3-dim

0.06
0.04
Yield
0.02
5 2007
10 2006
time-to-maturity | _ 2005 Year
2004

(b) Yield Curve Dynamics 3-dim

Figure 6: 3-dimensional shapes of d(r, z) and (7, x)
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Figure 7: Cross-sections of ¢(7,z) at 6 month and 5 year time-to-maturities

Generally, as seen from Figures[land[5] discount functions seem to display smoothly declining shapes over time-
to-maturity but yield curves display various shapes over time-to-maturity depending on the economic conditions
in the neighbourhood of the time point. Meanwhile, the shape of yield curve over time given a time-to-maturity
is compatible with the movement of the other market interest rates, e.g. dynamics of six-month treasury bill rates
and five-year treasury constant maturity rates are comparable with cross-sections of three-dimensional yield curve
estimates at corresponding time-to-maturities, i.e. 7 = 0.5yrs and 7 = 5yrs respectively from Jan. 2004 to Dec.
2007 as seen from Figure 7] The confidence bands for the discount curve and the yield curve show the degree of
uncertainty about the actual value the curve takes given the data we have used. The confidence interval generally
widens with maturity for both discount function and yield curve; there is also quite a bit of uncertainty regarding

the spot yield.

6.4 FEvaluation of estimates of the US discount function

This section discusses the performance of the proposed nonparametric estimation of the discount function via its
in-sample fit and out-of-sample forecasting. We calculate the residuals as the difference between the observed
price (quoted price plus accumulated interest) and the corresponding theoretical price constructed from the first
principle that the asset price is the present value of all the cash flows generated from the asset &; = pit — Dit,
where p;; = Z;n:”l cl-t(n-j)c?(nj, X:) with X; as factors. We calculate the mean squared errors (MSE) by summing
the squared values of all residuals.

Likewise, forecasting errors are calculated via the difference between the h-period ahead observed price, p; 14,

and the price forecast constructed from p;(h) = Z;n:”l cit(nj)ci(nj, Xi¢tn), where Xy, is the forecast of factors.
The forecasting mean squared errors (FMSE) are calculated accordingly.

We provide the empirical distribution of the residuals and discuss some notable features of residuals in line with
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some of the assumptions we made for the asymptotic analysis. We also use the MSE criterion for the in-sample
fit and the FMSE criterion for the out-of-sample forecasting performance. Since we observe price quotes of an
array of different types of bonds per day, it is natural for us to calculate the MSE and the FMSE on a daily basis.

Then, for each year, we provide a summary of distribution of daily MSE and FMSE for concise presentation.

6.4.1 In sample fit: residual analysis

We next plot the empirical distribution of the residuals in Figure (8} different colours are used for different types to
highlight the magnitude of residuals over type. As seen from Figure [8] residuals for the long-term bonds and for
highly volatile periods are larger. This is consistent with our assumption that the variances of discount functions

and yield curves vary over time-to-maturity and time. We also report quantiles and mean of residuals for each
year in Table
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Figure 8: Histograms of residuals for the sample year

Different colours are used according to the bond type. Type 1, 2, and 4 denote treasury bonds, treasury notes and treasury
bills respectively.

Table 4: Percentiles of Residuals

| | 2001 | 2002 | 2003 | 2004 | 2005 | 2006 | 2007 |
min _|-3.5686-4.2374]-5.5520|-6.3623|-3.7558 | -3.5268 | -4.0874
25% |-0.1994]-0.6942[-0.8825[-0.4851] 0.0361 | 0.0826 | 0.1028
median | 0.2703 | 0.3626 | 0.1841 | 0.3190 | 0.2151 | 0.2609 | 0.3448
mean | 0.5164 | 0.4056 | 0.4418 | 0.4463 | 0.4017 | 0.4465 | 0.6578
75% | 0.9355 | 1.2126 | 1.2385 | 1.0053 | 0.5162 | 0.5604 | 0.9251
max [ 10.278 [ 7.8678 [ 10.658 | 8.2870 | 6.9790 | 5.0412 | 8.7145

In addition, we look at the correlations of residuals across different time-to-maturities and across different
points in time. Recall that our asymptotic theory is based on the several assumptions related to random pricing
errors €;;. The error structure assumed for the method is quite general in that it could be allowed to be hetero-

geneous and correlated across the bond type given the fixed time point ¢ and it might be dependent over time.
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Figure 9: Cross-sectional correlations
Labels denote identifiers of various bonds. The first eight digit (year-month-day) denotes the maturity of the bond and the

number following a dot denotes its type (1: bond; 2: note; 3: bill) and the remainder denotes its coupon rate.
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Figure 10: Temporal correlations
Labels denote the date of quote for various bonds.

Nevertheless, in Assumption (C1) for the asymptotic variance estimation, we assume that as difference in the
maturities between two different bonds ¢ and j gets bigger, say for a long term bond and a short term bond, the
cross-sectional dependence gets smaller and smaller and is expected to tend to zero when the distance tends to
infinity. Also, a similar type of assumption for the time series temporal dependence is made in that as time points,
t and s are far away each other, the temporal dependence gets smaller, for instance, mixing type of dependence.

It is difficult to identify the exact structure of random pricing errors but we can check whether there is a
tendency by graphically examining correlations over time-to-maturity and time. Correlations for cross-sectional
dependence and temporal dependence are plotted in Figure[d|and Figure [I0]respectively. More specifically, as seen
from Figures @ and the correlations between residuals with respect to short term bonds (type 4) or long term
bonds (type 1 or 2) are high, whether it is positive or negative. However, Figure [9c| shows that the correlation
between short term and long term bonds is close to zero. This is compatible with our assumption of cross-sectional
dependence. Meanwhile, Figure [10| shows the temporal dependence of residuals. Congruent with our assumption
of the temporal dependence of random pricing errors, high correlation between residuals with respect to the same
bonds with close points in time (close quote dates) is reported in Figure whereas lower correlation is reported

when the distance between time points gets larger, say 3 years in Figure
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6.4.2 Out of sample forecasting

Recall that we can forecast the discount function or yield curve based on the dynamics of factors incorporated in
our model. That is, d(7, X¢4+5) can be forecast by d(7, Xy15) and the dynamics of Xy .

We implement our forecasting study using the horizon, h = 30 days. Also, for the dynamics of factors, X;, in
our experiment (the three month Treasury Bill rates) an autoregressive time series model is used. The empirical

distribution of forecasting residuals for 2007 are reported in Figure Table B reports the summary of forecasting
residuals for each year from 2001 to 2007.
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Figure 11: Histograms of forecasting residuals for the sample year

Different colours are used according to the bond type. Type 1, 2, and 4 denote treasury bonds, treasury notes and treasury
bills respectively.

Table 5: Percentiles of Forecasting Residuals

| | 2001 | 2002 | 2003 | 2004 | 2005 | 2006 | 2007 |

min |-5.00|-5.19 | -12.8 | -8.49 | -6.21 | -11.5 |-8.85
25% 10.090|-0.783|-0.891 |-0.926 |-0.0599|-0.360 | 0.114
median [0.903 | 0.300 | 0.125 |-0.058| -0.197 | 0.199 |0.520
mean | 1.59 | 1.18 | 0.146 | 0.408 | 0.212 | 0.270 | 1.11
75% | 240 | 2.22 | 1.24 | 1.80 | 0.241 | 0.649 | 1.88
max | 13.3| 145 | 13.3 | 948 | 133 | 7.70 | 104

In the following section, we compare the estimation in sample fit and out of sample forecasting performance
of our method with those in Diebold and Li (2006]).
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6.5 Comparison studies

This section compares our results with those of Diebold and Li (2006). Using the same CRSP US data set, we

estimate discount functions and yield curves based on the following parametric specification:

1— e—)\tT 1— e—)\tT ayr
Y (1) = Pt + Pot <)\t7'> + B3¢ <)\t7' —e )

where y,(7) is the yield of bonds with the time-to-maturity 7, 5; for i = 1,2,3 are three common factors and X,
reflects the exponential decay rate.

The three common factors {3;}i—1,2,3 can be interpreted in terms of level, slope, and curvature respectively,
as how their respective loadings change represents the characteristics of long-term, short-term and medium-term:
the loading on (3 is a constant, the loading on (2 starts at one and decays to zero, and the loading on (3 starts
at 0, increases then drops to 0. Once \; is fixed at a prespecified value, then two factor loadings are computed
and from those computed factor loadings, three common factors are obtained via ordinary least squares. For more
details, see |Diebold and Li (2006).

Once all of 8s are estimated, the h-step ahead forecast of yield curve is achieved by

N ~ N 1— e—)\tT . 1— e_)\tT .
Gyt (T) = Bt + Boprnse v + B3,t4ht T €

where the factors have underlying AR(1) specification such that
Bit+n/t = Ci + Fibit

fori=1,2,3.

These results are reported in Tables @] and (7, Table @ reports in sample fit of Diebold and Li| (2006]) and our
nonparametric method. Overall, our method compares favourably against the method proposed by [Diebold and
Li (2006) Meanwhile, Table [7] reports the out-of-sample forecasting performance of both methods. Again, our

method performs competitively with the alternative.

7 Concluding Remarks

We propose a nonparametric estimation method that estimates slowly time varying yield curves from panel data on
bond prices and payments without imposing parametric restrictions. The method is straightforward to implement
and we illustrated our approach with a simulation study and an application to US data. We established the
consistency and asymptotic normality of our procedures and developed consistent confidence intervals based on
our theory. We allow throughout for general cross-sectional and temporal weak dependence in the error terms,

and show that our standard errors are consistent under these general conditions.
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Table 6: Summary of Distribution of Daily Prediction MSE
(In Sample Fit)

year | method | min 25% | median | mean | 75% | max
2001 NP 0.0445 | 0.257 | 0.548 | 1.22 | 1.30 | 15.0
DL 0.193 | 1.257 | 2.077 | 3.471 | 3.698 | 32.14
2002 NP 0.460 | 0.709 | 1.010 | 1.51 | 1.60 | 8.20
DL 0.330 | 3.638 | 7.83 | 10.31 | 14.43 | 37.97
9003 NP 0.513 | 0.818 | 1.21 249 | 290 | 18.1
DL 0.304 | 0.817 | 3.137 | 6.912 | 8.090 | 50.90
9004 NP 0.081 | 0.537 | 0.862 | 1.53 | 1.88 | 7.93
DL 0.325 | 1.136 | 2.359 | 4.125 | 5.200 | 17.80
2005 NP 0.024 | 0.092 | 0.252 | 0.548 | 0.624 | 4.38
DL 0.175 | 0.792 | 1.645 | 2.196 | 3.052 | 8.514
NP 0.022 | 0.127 | 0.303 | 0.433 | 0.611 | 1.83
2006 DL 0.084 | 0.573 | 2.068 | 2.498 | 3.727 | 8.763
2007 NP 0.045 | 0.158 | 0.389 | 0.677 | 0.856 | 5.39
DL 0.170 | 0.512 | 1.104 | 3.351 | 4.594 | 23.69

Note: NP and DL denote nonparametric and |Diebold and Li|(2006)

estimations respectively.

Table 7: Summary of Distribution of Daily FMSE
(Out of Sample Forecasting)

year | method | min | 25% | median | mean | 75% | max
NP 0.326 | 1.11 2.86 444 | 568 | 17.8
2001 DL 1.918 | 4.56 10.83 21.1 24.7 | 97.2
9002 NP 0.510 | 0.789 2.21 6.15 | 543 | 32.1
DL 1.631 | 3.290 6.84 8.03 | 10.7 | 38.9
9003 NP 0.537 | 0.826 1.47 7.26 | 14.1 | 27.6
DL 1.997 | 8.200 | 1743 | 23.61 | 36.5 | 81.0
2004 NP 0.752 | 1.99 4.26 4.15 | 5.87 | 9.94
DL 1.182 | 2.66 4.39 28.37 | 43.9 | 89.06
92005 NP 0.197 | 0.837 2.41 4.49 | 896 | 15.1
DL 0.757 | 1.899 | 4.17 5.66 | 811 | 19.6
92006 NP 0.078 | 0.718 1.75 1.88 | 2.73 | 5.89
DL 0.77 | 1.324 | 2775 | 7.301 | 10.52 | 59.4
2007 NP 0.078 | 0.273 | 0.981 2.11 | 3.57 | 11.0
DL 0.83 | 1.61 3.58 6.25 | 9.74 | 27.21

Note: NP and DL denote nonparametric and [Diebold and Li|(2006)

estimations respectively. (2) h = 30 days.
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Supplementary Appendix

A Appendix

A.1 Proofs of Theorems

Proof of Theorem [l By triangular inequality,

\d(7, z) — d(,z)| < |d(r,2) — Ed(r, 2)| + |Ed(7, z) — d(7, z)] (31)

(A1.1) (A1.2)

Let us start with (A.1.2). Recall that the sample criterion function for the estimation of the discount function is

given by
1 T ne Mt 2 Mt
Qnr(d =T Z Z/ / pi — > citlrig)d(mi, x) ¢ [ {En(mir — 7j)drie} Kn(x — Xi)dw.  (32)
=1 i=1 Y Tik;k=1,. x j=1 el

We henceforth set n = min; ny; and m;; = m; for notational simplicity without loss of much generality. Given that
CZ(', -) can be interpreted as least squares projection of the data in an appropriate function space affiliated with
, due to the model construction,

2
Ed(r,z) = arg mlnz Z // Z cit(7i5) [d(Ti5, Xi) — v(Tig, x)] H {Kn(Tite — 735)dTire } K (2 — Xy)dz
t=1 i=1 k=1

This implies that the bias component has the following representation,

Ed(r,z) — d(r, z)

2
= argmlnz Z // Czt (7ij) [d(7ij, X¢) — v(7ik, ) — d(7ik, )]
t=1 i=1
X H (K (g — mij)dmip} Kp(x — Xi)dz
. (33)

Due to Lemma [3] the first order condition for yields

Ed(r,z) — d(r,z) = B5(r,z) + / H(r,7,2) [Bd(r',2) - d(7',z)| dr. (34)
where
8 0, ) = o T 2t Sl Xo) — A )} (r — Ko = X0

Sy Sy o €in(i )2 K (1 — 7o) K (@ — Xo)
+ZtT:1 D it 2o Dopity e Cit (Tig )€t (Tip) K (7 — 735 ) Kn (2 — X3) [0 K (7" — 73p) [d(Tip, ) — d(7', 2)] d7”’
Yoy o 2 (i) 2K n (7 — 7ig) Kz — X0)
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and

Zt 1201 Z Zp 1,p#5 cit(7i5)€i(Tip) K (T — 73 ) K (2 — Xo) Kn (7" — 73p5)
Zt:l > i Zj:l cit(73) 2 Kn (17 — 7ij)Kn (2 — Xi)
Also, let the bias component (Ed(r,z) — d(r,z)) be B ;(1,x). From Lemma [l|it follows

H(r, 7, 2) =

= i 7:[’“%3(7, x). (35)
k=0

For the stochastic component (A.1.1),

2

d(t,z) — Bd(r, z) = arg mmZZ// ZC” (735)0(Tik, ) ﬂ {Kn(Tire — 7ij)dzig } K (x — X¢)dz (36)
k=1

t=1 i=1

Due to Lemma the first order condition for yields
d(r, 2) — Bd(r, z) = / A(r ) [ 2) ~ Bd(, )] .

where

S e = Sy oy 2 e (Tig) Kn(r — 7ij)Kn(w — Xy)
@ Yoy Yoty o can(7ig) 2K n (7 — 7ig) Kz — X3)

Again, due to Lemma |1} for the stochastic component .7;(7,r) = d(T, x) — EJ(T, x), we have

Fi(r,x) =Y HS3(r,2). (37)

k=0

We need to show that

VT hE L7y (r, z) 12 5 r(0,1) (38)

where ¥; = (nRTh™*1)var S wi(T, $)6it]- To begin with, we will show that (7, x) and .#7(7,z) are
of the same asymptotic order and this relationship is uniform in 7 and x. This allows us to focus on . d* (1,2)
instead of (7, x). Note that

) 1z
H(r, 7', x)dr’ ||Hk_1f5(7,x)||2 < cptU (39)

sup |7—A[k<5/;(7,:c)| < sup -

TEX
zeRE+H!

where U = |H.% f (7,2)||2/p? for p < 1. The first inequality comes from the Cauchy-Schwarz inequality with

in Assumption (A4). The second inequality comes from the fact that
[H* 75 (r, ) |la < p" M HS5 (7)1

due to Assumption (A3). Equation implies that

sup |.;(7, )| = sup ZH]“Y* (1,2) Z U = cU/(1—p) = o, ((nThLH)*1/2> (40)
z k=0 n
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due to in Lemma Equation implies
sup ’5‘(2(7‘, x) — L5 (T, x)‘ =0p ((nThL+1)_1/2) (41)
T

xT

due to Lemma (1, Because of , we have that

VnThi .7 (r, 1:)”// 4, A(0,1), (42)
and .
) = \/ AT Y "N " Ry o7, 7)€,
s=1 k=1
where

S o Wik > sy cit(Tig) Kn(T — 73 ) Kn (v — X3)
(nT) 1 iy Yoy S (i) 2K a (T — i) K — X3)
Therefore, the standard central limit theorem can be applied due to assumptions on the error structure and
normalisation with rescaling variance, “//dfl. Combining and completes the proof. O

Rkjs(T, .%') =

Proof of Corollary 1. For the asymptotic distribution of the estimator for the yield curve dynamics, §(7, ), notice
that, based on the usual A-method, for 7 > 0,

Z)(T?x) —y(T,.’L‘) = - — +OP(HJ(7—a I’) —d(T,iU)H)
Then, applying Theorem [1] yields the result. O

Proof of Theorem[3. We modify proofs of Proposition 3 in [Conley| (1999) under our setup. To begin with, we
define

n

T T n
V= (nTh ) Y0NS S war 2)wjs(r 2)eisss. (43)

t=1 s=1 i=1 j=1
This contrived quantity represents a device that we apply in our proof, whose strategy goes through three steps.
Step 1, we prove that V; TN E[V;], as n and T diverge; Step 2, we prove that E[V;] — ¥;; Step 3, we show
that VCZ 2 V5. For the sake of readability of the lengthy proof, we separate each step. In what follows we set
My = o((hET'n)Y/3) and My = o((h21T)Y/?), while C is a generic constant, which may be different at different

places.

Step 1. We have to prove that V; 2 E[V}]. First, we show that

(nThL'H Z Z Z szt 7, 2)wjs (T, T)ee s — Elwit (T, ©)wjs (T, ¥)eiejs] ¢ = 0,
t=1 s=1 i=1 j=1
via Chebychev’s inequality. For fix (7,z) € RFFL, we set
T n
Git = Z Z {wit (1, ) eiwjs (T, x)ejs — Elwir(T, x)enw;s (T, x)ejs] }

s=1 j=1
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and we have to prove that var(3r_, > | Gy) is bounded. To achieve this goal, let us notice that the triangle
inequality yields:

var (i Zn: Git) < zT: A” ‘_Z _Z IEG#Giv|
+3 33 [EGuGul
Y Y Y IEGaGul

1 i=1 |i—i'| <M [t—t'|> Mo

T
+) > Y |EGuGiwl,

t=1 i=1 |[i—i'|>M) |[t—t'|>Ma

where we split the sum into four terms, according to close/far economic distance and close/far time lag separatiorﬂ

The first term contains the quantities with close economic distance and close time lag separation, as obtained
by summing over the indexes |i —i'| < M; and |t —t'| < Ms. The maximum number of terms within the considered
region is (2M; + 1)(2M3 + 1). Therefore, letting || - ||, indicate the Ly-norm, we have

T n
Z Z Z Z |EGZtG ’t" <CTLT(2M1 + 1)(2M2 + )Sup HG”LtH2

t=1 i= 1|7, Z/|<M1 |t t/‘<M2 t

where L, = (M7 +1)?(Ms + 1)? the last inequality follows from the fact that Assumption (C1) and Minkowski’s
inequality imply that, for ¢ > 0,

sup 1Gitll31¢c < CLny. (45)
Z?

Thus, Holder’s inequality implies sup, ; [|Git||3 < CLyr.
For the second term, where |i —i'| > M; and |t — /| < My, we have

ZT:ZH: 2, 2, [BGuGi| <Cnl 2M2+1Z¢ 1)V 2B|Gal* |G [+ (46)

t=1 i=1 ‘7, 2/|>M1 |t t’|<M2
SCn(QMQ + 1) Z 67)‘1“171 /QE‘Git|2+CE|Gi/t/|2+C

2,7

<Cn(2M; + 1),

where the first inequality follows from the mixing inequality as in Corollary 14.5 in Davidson| (1994) and third
inequality follows from (C1), as in (45)).

6We refer to |Conley| (1999) and in particular to the remark after Eq. (A.5) in that paper.
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The third term is similar to the second term (but for the fact that we consider far time lag distances rather

than far economic distances) and hence the following relationship holds:

T n
S35 Y S EGuGar] <OT@M + 1) 6(|t — ) V2E|Gi [P E| G

t=1 =1 |i—i’|<Mj |t—t'|>M> 124
<OTEM; +1) S e M D2 Gy [FHE| Gy [
t,t

<CT(2M; +1).
The last term involves the quantities with far distances, say |i — /| > M; and |t — t'| > Ma, so:

ET:EH: > > [EGuGiv|

t=1 i=1 |i i'|>My |t—t'|>M>

<CLur |3 (i — ) /2B|Ga*HEG|*¢ [Z¢ Y1) 2E|Gu 2B G H]

4,3/

§CLnT Zef)q(Ii*jl)/QE‘Git’2+CE|Gjt‘2+C [ZeAl(tt’)/2E’Git|2+CE‘Git,’2+C]

t,s

| i
<CLppmax | Y e =D N =MD | sup B|Gy|*T¢ < C Ly, (47)
il it bt

with the last inequality following from (C1). Combining all the above results, Chebychev’s inequality yields, for
any positive number &,

nT hL+1 Z Z Git

> 5} < 52 (nThL+1 (Z Z G”)

t=1 i=1 t=1 i=1
<L [CnT(2M1 +1)(2My + 1)Lyp + Cn(2Ms + 1) + CT(2M; + 1) + CLnT}
- & (nTht+1)2 '
The summands in the RHS of the last inequality go all to zero and this implies
1 T n »
— T ; Z; Git 2 0. (48)

Now remark that

1 T n
Vi— BlVil = — e > ) G

t=1 i=1
thus lj yields V; L E [V5], as n and T diverge.

Step 2. We have to prove that £ [V] — X, as n and T diverge. Notice that, from 1} it follows

E[V.

] = nThLJrl ! ZZZZE wit (T, T)enw;s (T, T)ejs), (49)

t=1 s=1 i=1 j=1
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thus, moving along the same lines as in Step 1, we have:

T n
1 T
E[Vy] — var (W Z sz’t(T, $)Ez‘t> < nThlLJrl [Zt:l >ic1 Z|i7i’\§M1 E|t7t’\§Mg [Eeiei|
t=1 i=1
T
+ 21 2im Z|i—i’|2M1 Z|t—t’|§M2 [Beieqy|
T
D im1 Dot Dt <My 2ot > 0 [EEiE Y]
T
+ 21 2im Z\iﬂ'szl Z|t7t/|2M2 ’Egitgi’t”}- (50)

We remark that Assumption (C1) and Minkowski’s inequality imply that, for ¢ > 0, sup;, i3 +¢ < CLyr;
thus, Holder’s inequality implies sup; , lleil|3 < CLyp. Therefore, moving along the same lines as in Step 1, we
apply the same arguments as in — to prove that the four summands in the RHS of the inequality
converges to zero, as n and 1" diverge. This yields E[V;] — ¥;, as n and T' diverge.

Step 3. Finally, we have show that VJ 2 V5, as n and T diverge. This result follows from Theorem in tandem
with the continuous mapping theorem.

The combination of the results in the three steps above concludes the proof.

A.2 Lemmata

Lemma 1 (Neumann series). Let H be an operator such that, for any square summable function g(-) € L?,
Hy(-) = fﬁ(-,t)g(t)dt with a square-summable kernel H(-,-) € L%. Also, we have an integral equation of the

following form.
ar) =g(r)+ [ Hrae

Then, provided that |H|| < 1, the above integral equation has the solution such that

where H* is defined by the recurrence relation such that H*g(-) = H(HF1g(-)).

Proof.
i@) = go)+ [ A0
@) - [ w030 = (o)
(I-M)g(x) = gla)
The desired result follows once you notice that the inverse of I — # has an infinite series of the polynomial of H

such that -
_ 1 -1 — y k‘
(1-#) kZO’H
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See Sections 66 and 67 in Riesz and Nagy| (1990) for more details. O

Lemma 2. Suppose

A~

d(1,2z) = argmin Q(d(r, z))
deD

2
/ Dit — Z Cit(Tij)d(Tik, x) H {Kh(Tz'k — Tij)dTik} /Ch((L' — Xt)dx. (51)
z =1 k=1

Then, (f(T, x) has the following representation.
d(r,z) = d(r,z) + / H(r, 7', a)d(r', z)dr’

where
dr.z) = Sty iy S piecin (73 K (7 — 7ij) Ko (@ — X3)
U X T X camig) 2En(r — g Ka(w — Xo)
B Sty S S S s cit(Tig e (Tip) K (T = Tig ) (7 — 7o) Ko (2 — X
Sy Sy S (i) 2 Kn (T — i) Kn(z — X)

ﬁ(T, ' r) =

Proof. We can think of the minimizer of Q(d) in a way that any slight deviation from the minimizer in any
direction would increase the value of Q(d). That is, the derivative of Q(d) with respect to any slight deviation
from the minimizer, say 7 must be zero in all direction. To formalize this, we consider a Gateaux derivative.
Let d(7j,x) = d(nj, ) + 10(7.2)(Tij, ¥), where 7 is any arbitrarily small positive number. Then, solving is
equivalent to solving the problem

2

T n m; mg
arg minz Z/ / pit — Z cit(Tig) [d(Tik, ) + 10 (7,2 (Tik, )] H { K (mi — 1ij)drp} Kp (o — Xy)dx (54)

n t=1 i=1 7T /T j=1 k=1
where fﬂ_ = Jrris . For the ease of notation, in the following, we drop 7;.. Take the derivative of equation

(54)) with respect to n at the point n = 0 yields the first order condition

T n myg m;g
ZZ //pit Z Cit(7ij) O (r,z) (Tiks ) H {Kn(7ik — 7i5)drig } Kn(x — Xi)dr
r Jj=1 k=1

=1 i1
T n m; m; mg

= Z Z // Z cit(Tij)0(Tik, 1) Z Cit (Tip) O (r,z) (Tip, T) H {Kn(Tire — 7ij)dmir } Kn(z — X¢)d.
t=1 i=1 =1 p=1 k=1

(55)
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Note that [ Kp (7, — 7j)dmi, = 1, [ 05(u) f(u)du = f(x) for any generic function, which is continuous at = and
S(zu) () = 0(2)(-)0(u) (+). From these facts, becomes

T n m, T n my
Z Z Cit Tz] T sz)lch(l' - Xt Z Z sztczt Tij Kh Tij)lch(w - Xt)
t=1 i=1 j=1 t=1 i=1 j=1
T n m; my;
= — Z Z Z it (Tij) it (Tip ) Kp (T — 735 ) Kp (2 — X¢) / d(r', 2)Kp(r" — 7ip)dr’
t=1 i=1 j=1 p=1
p#j
Rearranging it completes the proof. O

Lemma 3. The first order condition for 1S given as

Bd(r,z) - d(r, ) = B(7,7) + / A(r. ' ) [Bd(r 2) — d(.2)] d”

where
Bt (r.2) = S iy S cirlig) 2 d(ig, Xi) — (7, )] Kn (T = 7i5) K (@ — Xo)
o Sy oy T ean(7if) 2K n (7 — i) K (x — Xo)
Zt 1201 iy 2oty g Cit(Tig )it (Tig ) K (T — 7j) K — Xo) [ Kn(7" = 7ip) [d(7ip, 2) — d(7', )] d7’
Sy Sy S (1) Ka (7 — i) K (2w — X3)
and
1,-:[(7_ z) = Zt 121 Z Zp 1,p#£j cit(7iz)cit(Tip) Kn(T — 7ij)Kn (2 — Xo) Kp (7" — sz)

Zt 1220 Z] 1 Cit(7ig )2 K (T — 7ij) K (z — X)
Proof. Note that

Ed(r,z) — d(r, z)

— argmanZ// (ZC” i) [d(Ti5, X¢) — (Tik,w)d(ﬂ'k,iﬂ)])Q

t=1 i=1
X H {Kh(Tik: - Tij)dTik} ICh(;v - Xt)dl’ (56)
k=1

Replace v(7ik, ) with 9(7ik, ©) + 10(r.2)(Tik, ) and differentiate with respect to n at n = 0.

T n m; m; m;
>/ Zcﬁ )0 (i) | | citips X080y (i) | [T A (it — 735 drin} Ko — Xo)dr
t=1 i=1 T =1 p=1 k=1
T n m; m;
-/ Z%(Tz‘j)[d(np?{t)—d(%x)] S i ()30 (i @)
t=1 i=1 x | j=1 p=1

X H {Kn (i — 7ij)dmin } K (2 — Xy)dx.
k=1
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Using [ Kp(7ik — 7ij)dmi = 1 and [ 65(u) f(u

n m;

Jdu = f(x) for any generic function, which is continuous at x yields

ZZZCW Tl] U T, u Kh(T_sz)Kh(x —Xt)

t=1 i=1 j=1

mi My

T n
* ZZZZC“(TU)C#(T@)K}L( ng)’Ch(Uﬁ—Xt)/ o(r', ) K (1" — 7 ) dr”’

t=1 i=1 j=1 p=1
P#]

n m;

BRI

t=1 i=1 j=1

mq My

T/

le,Xt) — d(T,.%')]Kh(T — Tw’)K:h(u — ut)

T n
+ Y N NS cirlmi)eirlmip) Kn(T — i) Kn (2 — Xo) / [d(7ij, %) — d(7', 2)| K (7' — 7ip)dr”’

t=1i=1 j=1 p=1

where #(z,u) = Ed(z,u) — d(z,u) by construction. Arranging the above equation completes the proof. O

Lemma 4. The first order condition for @ 1S given as

~

where

S (7, x) =

d

and

d(r,x) — EJ(T, x)

= S3(1,2) —|—/]:I(7', 7, 1) |:CZ(T/,$) —Ed(r', z)| dr'.

St Yoiy gy cincin(Tig) Kn (T — 7ij)Kn(x — Xo)

Sy oy S (i) 2 Kn (T — i) K (@ — X)

~ Zt 1 Zz 1 Z ZJ 1,p#j c’Lt(TZ])c’Lt(TZp)Kh( Tij)lch(x - Xt)Kh(T, — Tip)

H(r, 7 z) =

Yoo iy o i (7 2K (7 — i) K (e — X)

Proof. The proof is identical to the one for Lemma [2Jonce you notice that the only difference between the objective

functions and is p;(uy) for and g5 respectively. O

Lemma 5. Consider ;(1,x) = J(T, x) — ECZ(T, x) and 5’5(7’, x) given in Lemma . Then, for any arbitrarily

small ¢ > 0,

where || f]l2 = (f f(T)QdT)l/Q.

Proof. Recall that e;; = ZS 1 Zk 1

[75 e = op ((nTHEH)72) (57)

sup (AT (r,@)| = o, (nTRFT)7Y2) (58)
TEX,ZE[S,1—¢]

Wik ts€ks Where €rg is an i.i.d random variable, and that

Sty oty Wikes Doy €in (7ig ) K (7 — 737 Ko (2 — X)

Ry s(1,2) =

(nT

-

DS Sy S iy )P K (T — i) Kn (2 — Xi)
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Then, by the definition of the operator H as in , we have

T T n
. .
E|HS5 (T, 0)l3 = nT)Z ZZ ///H 7,¢, ) H (T, p, )R +(q, ©) Ry, s (p, x)dp dq dT €prems
t=1 s=1 k=1
1 &
< 7 Z // 7,q,2)H(7,p, )Ry, (¢, 7) Ry 1 (p, x)dp dg dr Ele},]
t=1 k=1"T
2
< CT/ / T,q,% Rk,t(q,a})dq> dr = o, <(nThL+1)_1)
q

The first equality comes from the deterministic 7;;, Wijs, time, m; and cash ﬂowﬂ The second inequality comes
from Cauchy-Schwartz inequality. Finally, the use of (as in Assumption (A4)) completes the proof for .

For , note that

- 1 "
7‘[5% (1,2) = nT Z Z R, t€nts
t=1 k=1

where Ry, = ff[ (7,¢,2)Ry1(g, x)dg. Note that E?—l&’*(T, z) = 0.

Let S, 1 = Zt 1> he 1 Rty Sn1,1 = Zt 1 Zk 1R, and Sproq = tT:_ll > p—q Rk and so on. Then, due
0 (A4) and Chernoff’s bounding method, for a positive value ¢ and &,

Pr ((nThL“)l/?ﬂrzy;(T, z) > g) < E (exp {)\ [(nThLH)l/zﬁy;(T, z) — g] })

T n
< e ME <exp <)\(hL+l/nT)1/2 Z Z %k,tekt>>

t=1 k=1
T n—1
< e ME <exp <)\(hL+1/nT)1/2 Z Z %k,tekt)) eNcald
t=1 k=1
T-1n-1
< e NME (exp ()\(hL+1/nT)1/2 Z Z mk,ték;t)) Na /8N /8
t=1 k=1

< e—)\gez\Q(nciJrTc%)/S _ 67252/(nc?x+Tc%) _ Op(l),

where we set A\ = 4¢/(nc2 + T c%) and the feature of independent €; has been applied. Meanwhile, replacing
(nThL“)l/Q?:[Y;(T, x) by —(nThLH)l/z’}:[Y; (1, x) yields the following result

Pr ((nThL+1)1/27:[5”5(7',x) < —f) = o0p(1).

Combining results gives

Pr (myg(f, z)| > g) = o, ((nThL+1)—1/2) . (59)
Therefore, follows. ]

"This can be relaxed with relative ease to include also stochastic quantities. However the generalization will entail a much

more cumbersome nation, without yielding any additional insights. Therefore, we do not cover it here.
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