




























































































































































































































































































































































































































































































































































































where

m(r) = / 4’ p(r") dr (7.261)
0
The pressure is found by solving the Oppenheimer-Volkov equation

o (ptp)(m(r) +47r’p)
p= o —om) (7.262)

subject to the condition that p(R) = 0, where R is the radius of the star. The remaining
term in A is then found by solving the differential equation

f'(r) _ _m(r) 4 4xr’p

1) " e —2m(m) e
subject to the constraint that
F(R) = (1 - 2m(R)/R)™*. (7.264)
Finally, a(r) is given by
a(r) = (fg) H(m(r)/r® + 4xrp). (7.265)
The complete solution leads to a Riemann tensor of the form
R(B) = 4rn[(p+ p)B-erer — pBx(erer)ered
—ng) (B + 3¢,e,Beer) (7.266)

which displays a neat split into a surface term, due to the local density and pressure, and
a (tractionless) volume term, due to the matter contained inside the shell of radius r.

The remarkable feature of thie solution is that (7.261) is quite clearly a flat-space
integral! The importance of this integral is usually downplayed in GR, but in the context
of a flat-space theory it is entirely natural — it shows that the field outside a sphere of
radius 7 is determined completely by the energy density within the shell. It follows that
the field outside the star is associated with a “mass” M given by

R
Mz/ 4 p(r") dr'. (7.267)
0

We can understand the meaning of the definition of m(r) by considering the covariant
integral of the energy density

E, = eti/ﬁ"l(dBm)p
R
= / arr(1 — 2m(r') 7)Y 2 p(r") dr. (7.268)
0
This integral is invariant under active spatial translations of the energy density. That

is to say, Fjp i1s independent of where that matter actually is. In particular, £y could
be evaluated with the matter removed to a sufficiently great distance that each particle
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making up the star can be treated in isolation. It follows that Ey must be the sum of
the individual mass-energies of the component particles of the star — FEy contains no
contribution from the interaction between the particles. If we now expand (7.268) we find
that

R
Ey ~ / 47r7"'2(p(r’) + p(r"Ym(r")/7") dr'
0
= M — Potential Energy. (7.269)

The external mass M is therefore the sum of the mass-energy Eo (which ignored interac-
tions) and a potential energy term. This is entirely what one expects. Gravity is due to
the presence of energy, and not just (rest) mass. The effective mass seen outside a star
is therefore a combination of the mass-energies of the constituent particles, together with
the energy due to their interaction with the remaining particles that make up the star.
This is a very appealing physical picture, which makes complete sense within the context
of a flat-space gauge theory. Furthermore, it is now clear why the definition of M is not
invariant under radial translations. Interpreted actively, a radial translation changes the
matter distribution within the star, so the component particles are in a new configuration.
It follows that the potential energy will have changed, and so too will the total energy.
An external observer sees this as a change in the strength of the gravitational attraction
of the star.

An important point that the above illustrates is that, given a matter distribution in
the form of 7 (a) and (more generally) S(a), the field equations are sufficient to tie down
the gauge fields uniquely. Then, given any solution of the field equation G(a) = 877 (a), a
new solution can always be reached by an active transformation. But doing so alters 7 (a),
and the new solution is appropriate to a different matter distribution. It is meaningless
to continue talking about covariance of the equations once the matter distribution is
specified.

Whilst a non-vanishing 7 (a) does tie down the gauge fields, the vacuum raises a
problem. When 7 (a) = 0 any gauge transformation can be applied, and we seem to have
no way of specifying the field outside a star, say. The resolution of this problem is that
matter (energy) must always be present in some form, whether it be the sun’s thermal
radiation, the solar wind or, ultimately, the cosmic microwave background. At some level,
matter is always available to tell us what the A and § fields are doing. This fits in with
the view that spacetime itself does not play an active role in physics and it is the presence
of matter, not spacetime curvature, that generates gravitational interactions.

Since our theory is based on active transformations in a flat spacetime, we can now
use local invariance to gain some insights into what the fields inside a rotating star might
be like. To do this we rotate a static solution with a boost in the e, direction. The rotor
that achieves this is

R = exp{w(r, 0)de;} (7.270)
where X
é = ey/(r sind). (7.271)
The new matter stress-energy tensor is
T (a) = (p+ p)a-(coshw e, + sinhw ¢)(cosh we; + sinhw ) — pa, (7.272)
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and the Einstein tensor is similarly transformed. The stress-energy tensor (7.272) can
only properly be associated with a rotating star if it carries angular momentum. The
definitions of momentum and angular momentum are, in fact, quite straight-forward.
The flux of momentum through the 3-space defined by a time-like vector « is 7 (a) and
the angular momentum bivector is defined by

J(a) = 2A\T (a). (7.273)

Once gravitational interactions are turned on, these tensors are no longer conserved with
respect to the vector derivative,

T(V)#0, (7.274)

and instead the correct law is (7.258). This situation is analogous to that of coupled
Dirac-Maxwell theory (see Section 6.3). Once the fields are coupled, the individual (free-
field) stress-energy tensors are no longer conserved. To recover a conservation law, one
must either replace directional derivatives by covariant derivatives, or realise that it is
only the total stress-energy tensor that is conserved. The same is true for gravity. Once
gravitational effects are turned on, the only quantity that one expects to be conserved is
the sum of the individual matter and gravitational stress-energy tensors. But the field
equations ensure that this sum is always zero, so conservation of total energy-momentum
ceases to be an issue.

If, however, a global time-like symmetry is present, one can still sensibly separate
the total (zero) energy into gravitational and matter terms. Each term is then separately
conserved with respect to this global time. For the case of the star, the total 4-momentum
is the sum of the individual fluxes of 4-momentum in the e; direction. We therefore define
the conserved momentum P by

P / BT (e) (7.275)

and the total angular momentum J by
= / Pz AT (e,). (7.276)

Concentrating on P first, we find that
P = M, e (7.277)

where

Mo = 27 /0 “ /0 " d017sin0 [p(r) cosh®w(r, 8) + p(r)sinh’w(r,0)] . (7.278)
The effective mass M,,; reduces to M when the rotation vanishes, and rises with the

magnitude of w, showing that the internal energy of the star is rising. The total 4-
momentum is entirely in the e; direction, as it should be. Performing the J integral next,

we obtain

R ™
J = —io3 27r/ dr/ dfr®sin® 0 (p(r) + p(r)) sinh w(r, ) coshw(r,d), (7.279)
0 0
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so the angular momentum is contained in the spatial plane defined by the de, direc-
tion. Performing an active radial boost has generated a field configuration with suitable
momentum and angular momentum properties for a rotating star.

Unfortunately, this model cannot be physical, since it does not tie down the shape of
the star — an active transformation can always be used to alter the shape to any desired
configuration. The missing ingredient is that the particles making up the star must satisfy
their own geodesic equation for motion in the fields due to the rest of the star. The simple
rotation (7.270) does not achieve this.

Attention is drawn to these points for the following reason. The boost (7.270) produces
a Riemann tensor at the surface of the star of

Mrot
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R(B) = —

(B + 3e,(coshw e; + sinhw qB)BeT(coshw e; + sinhw (;AS)) , (7.280)

which is that for a rotated Schwarzschild-type solution, with a suitably modified mass.
This form is very different to the Riemann tensor for the Kerr solution (7.240), which
contains a complicated duality rotation. Whilst a physical model will undoubtedly require
additional modifications to the Riemann tensor (7.280), it is not at all clear that these
modifications will force the Riemann tensor to be of Kerr type. Indeed, the differences
between the respective Riemann tensors would appear to make this quite unlikely. The
suggestion that a rotating star does not couple onto a Kerr-type solution is strengthened
by the fact that, in the 30 or so years since the discovery of the Kerr solution [90], no-one
has yet found a solution for a rotating star that matches onto the Kerr geometry at its
boundary.

7.4 Conclusions

The gauge theory of gravity developed from the Dirac equation has a number of inter-
esting and surprising features. The requirement that the gravitational action should be
consistent with the Dirac equation leads to a unique choice for the action integral (up to
the possible inclusion of a cosmological constant). The result is a set of equations which
are first-order in the derivatives of the fields. This is in contrast to general relativity,
which is a theory based on a set of second-order partial differential equations for the met-
ric tensor. Despite the formal similarities between the theories, the study of point-source
solutions reveals clear differences. In particular, the first-order theory does not admit
solutions which are invariant under time-reversal.

The fact that the gauge group consists of active Poincaré transformations of spacetime
fields means that gauge transformations relate physically distinct situations. It follows
that observations can determine the nature of the A and € fields. This contrasts with
Yang-Mills theories based on internal gauge groups, where one expects that all observables
should be gauge-invariant. In this context, an important open problem is to ascertain
how the details of radial collapse determine the precise nature of the A and ) fields around
a black hole.

A strong point in favour of the approach developed here is the great formal clarity that
geometric algebra brings to the study of the equations. This is illustrated most clearly in
the compact formulae for the Riemann tensor for the Schwarzschild and Kerr solutions
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and for radially-symmetric stars. No rival method (tensor calculus, differential forms,
Newman-Penrose formalism) can offer such concise expressions.

For 80 years, general relativity has provided a successful framework for the study of
gravitational interactions. Any departure from it must be well-motivated by sound phys-
ical and mathematical reasons. The mathematical arguments in favour of the present
approach include the simple manner in which transformations are handled, the alge-
braic compactness of many formulae and the fact that torsion is perhaps better viewed
as a spacetime field than as a geometric effect. Elsewhere, a number of authors have
questioned whether the view that gravitational interactions are the result of spacetime
geometry is correct (see [94], for example). The physical motivation behind the present
theory is provided by the identification of the & and Q fields as the dynamical variables.
The physical structure of general relativity is very much that of a classical field theory.
Every particle contributes to the curvature of spacetime, and every particle moves on
the resultant curved manifold. The picture is analogous to that of electromagnetism, in
which all charged particles contribute to an electromagnetic field (a kind of global ledger).
Yet an apparently crucial step in the development of Q.E.D. was Feynman’s realisation
(together with Wheeler [95, 96]) that the electromagnetic field can be eliminated from
classical electrodynamics altogether. A similar process may be required before a quantum
multiparticle theory of gravity can be constructed. In the words of Einstein [97]

... the energy tensor can be regarded only as a provisional means of represent-
ing matter. In reality, matter consists of electrically charged particles . ..

The status of the h and § fields can be regarded as equally provisional. They may simply
represent the aggregate behaviour of a large number of particles, and as such would not
be of fundamental significance. In this case it would be wrong to attach too strong a
physical interpretation to these fields (i.e. that they are the result of spacetime curvature
and torsion).

An idea of how the 7 field could arise from direct interparticle forces is provided by the
two-particle Dirac action constructed in Section 6.3. There the action integral involved
the differential operator V!/m! + V2/m?, so that the vector derivatives in each particle
space are weighted by the mass of the particle. This begins to suggest a mechanism by
which, at the one-particle level, the operator 2(V) encodes an inertial drag due to the
other particle in the universe. This is plausible, as the A field was originally motivated
by considering the effect of translating a field. The theory presented here does appear
to contain the correct ingredients for a generalisation to a multiparticle quantum theory,
though only time will tell if this possibility can be realised.
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