PUBLISHED FOR SISSA BY 4) SPRINGER

pr

RECEIVED: November 13, 2024
ACCEPTED: February 11, 2025
PUBLISHED: March 5, 2025

cymyc: Calabi-Yau Metrics, Yukawas, and Curvature

Giorgi Butbaia™,” Damian Mayorga Peiia™,’ Justin Tan®,° Per Berglund ©,*

Tristan Hiibsch®,? Vishnu Jejjala®™¢ and Challenger Mishra®¢

@ Department of Physics and Astronomy, University of New Hampshire,

Durham, NH 03824, U.S.A.

bYCAMSGD, Department of Mathematics, Instituto Superior Técnico, Universidade de Lisboa,
1049-001 Lisboa, Portugal

¢ Department of Computer Science & Technology, University of Cambridge,

Cambridge CB3 OFD, U.K.
4 Department of Physics and Astronomy, Howard University,

Washington, DC 20059, U.S.A.

¢ Mandelstam Institute for Theoretical Physics, School of Physics, NITheCS,

and CoE-MaSS, University of the Witwatersrand,

Johannesburg, WITS 2050, South Africa

E-mail: Giorgi.Butbaia@unh.edu, damian.mayorga.pena@tecnico.ulisboa.pt,
jt796Qcam.ac.uk, Per.BerglundQunh.edu, thubsch@howard.edu,
v.jejjala@wits.ac.za, cm2099Qcam.ac.uk

ABSTRACT: We introduce cymyc, a high-performance Python library for numerical investiga-
tion of the geometry of a large class of string compactification manifolds and their associated
moduli spaces. We develop a well-defined geometric ansatz to numerically model tensor
fields of arbitrary degree on a large class of Calabi-Yau manifolds. cymyc includes a machine
learning component which incorporates this ansatz to model tensor fields of interest on these
spaces by finding an approximate solution to the system of partial differential equations
they should satisfy.

KeEYywoRrDS: Differential and Algebraic Geometry, String and Brane Phenomenology,
Superstring Vacua, Superstrings and Heterotic Strings

ARX1v EPRINT: 2410.19728

OPEN AccEss, © The Authors.

Article funded by SCOAP? https://doi.org/10.1007/JHEP03(2025)028


https://orcid.org/0009-0007-8041-0147
https://orcid.org/0000-0003-4364-4650
https://orcid.org/0009-0003-3935-0331
https://orcid.org/0000-0003-1675-4133
https://orcid.org/0000-0003-2026-7813
https://orcid.org/0000-0003-2603-6717
https://orcid.org/0000-0001-7920-0897
mailto:Giorgi.Butbaia@unh.edu
mailto:damian.mayorga.pena@tecnico.ulisboa.pt
mailto:jt796@cam.ac.uk
mailto:Per.Berglund@unh.edu
mailto:thubsch@howard.edu
mailto:v.jejjala@wits.ac.za
mailto:cm2099@cam.ac.uk
https://doi.org/10.48550/arXiv.2410.19728
https://doi.org/10.1007/JHEP03(2025)028

Contents

1 Background 1
2 Approximating tensor fields 3
2.1 Procedure 3
2.2 Geometric ansatz 3
3 Examples 5
3.1 Metrics with vanishing Ricci curvature 6
3.2 Neural network discretisation 9
3.3 Harmonic forms on Kéahler manifolds 10
4 Implementation and examples 12
4.1 Usage 12
4.2 Example 1: mirror of P°[3, 3] 13
4.3 Example 2: mirror of P7[2,2,2,2] 17
4.4 Example 3: a Tian-Yau quotient 18
4.5 Moduli dependent curvature 21
5 Outlook 24
A Moduli space investigations 25
A.1 Kodaira-Spencer theory 26

1 Background

Calabi-Yau manifolds are Kéhler manifolds with vanishing first Chern class. In one complex
dimension, a smooth Calabi-Yau manifold is an elliptic curve. In two complex dimensions,
Calabi-Yau spaces are K3 surfaces. Any two K3 surfaces are diffeomorphic to each other
as real manifolds, as established by Kodaira. In complex dimension three, there exists an
unknown large number of topologically distinct Calabi-Yau threefolds.!

For over four decades, Calabi-Yau manifolds have been an active area of research for
mathematics and theoretical physics. This is mainly owed to the appearance of Calabi-Yau
manifolds in superstring theory, which serves as the arena for an intriguing symbiosis between
physics and geometry. In its original formulation, spacetime is ten-dimensional. To account
for the missing six dimensions, spacetime is thought of as being locally the product of the four-
dimensional observable Minkowski spacetime, R'3, and a six-dimensional compact space with
a small characteristic length scale. This yields an lower-dimensional effective theory which
emerges as the low-energy limit of a consistent unification of quantum mechanics and gravity.
Importantly, the observable physics of RY3 is encoded in the geometry of the extra dimensions.

!There are 30,108 Hodge diamonds for manifolds constructed from the 473,800,776 four-dimensional reflexive
polytopes in the Kreuzer-Skarke list [1].



Physical considerations [2, 3] mandate that, to leading order, these manifolds must be
Einstein, and satisfy the equations of motion of general relativity in the vacuum.? The most
widely studied class of compactification spaces satisfying these properties are Calabi-Yau
manifolds in three complex dimensions. To answer questions about the geometry of these
spaces, one requires a Riemannian metric. From a physical standpoint, privileged metrics on
X are those with vanishing S-function to lowest order, which implies zero Ricci curvature.
Mathematically, one would like to find the Kéhler-Einstein metric on X where we prescribe
the Ricci curvature to vanish. Yau’s theorem [4] demonstrates the existence and uniqueness
within each Ké&hler class on a Calabi-Yau manifold of these special metrics, which we shall
refer to as the Ricci-flat Calabi-Yau metric. Unfortunately, Yau’s theorem is non-constructive,
and an analytic form of the Ricci-flat metric remains unknown for any non-trivial compact
Calabi-Yau to date. This motivates the study of numerical approximation algorithms to
construct such metrics, an effort which has a long history, originating in the works of [5, 6].
The current state of the art is achieved using machine learning [7-17].

In three complex dimensions or higher, the choice of Calabi-Yau X is far from unique —
fairly realistic low-energy models may be conceived from a large class of compactification
scenarios (see e.g. [18]). In fact, the set of possible string vacua, referred to as the ‘landscape,’
is enormous, yet believed to be finite [19]. Suppose a specific compactification model
has been selected. The parameter, or moduli space of the chosen compactification data
carries a rich geometrical structure. Informally, the moduli describe the size and shape
of the compactification manifold. Once again, questions about observable physics may be
formulated in terms of the moduli space geometry, and one would like to understand the
metric structure on these spaces.

In this work we present cymyc: a computational toolkit to address questions about the
geometry of Calabi-Yau manifolds and their associated moduli spaces. The codebase and
accompanying documentation is made available at https://github.com/Justin-Tan/cymyc.

This package enables researchers to:

e Model tensor fields of interest on Calabi-Yau manifolds, including the Ricci-flat Calabi-
Yau metric, by approximating solutions to the relevant system of partial differential
equations (PDEs) they should satisfy.

o Evaluate the metric on complex structure moduli space via Monte Carlo approximation.
o Numerically explore the geometry and topology of these spaces.

e Compute numerical canonically normalised Yukawa couplings for Calabi-Yau manifolds
realised as complete intersections in products of projective spaces in the standard
embedding. This is done using two independent methods, the first is approximation
free and the second makes use of machine learning; both exhibit excellent agreement.

This note is structured as follows. In section 2, we review a general procedure for
modeling tensor fields on a general manifold. Section 3 gives an explicit construction of the

2Taking higher-loop corrections into account, the compactification space remains topologically Calabi-Yau
but no longer Kéhler-Einstein.
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aforementioned method in the context of string compactification on a Calabi-Yau manifold,
wherein we introduce a novel method for constructing tensor fields of arbitrary degree on
a Calabi-Yau. Section 4 describes the eponymous library — as proof of principle for our
methods, we compute moduli dependent phenomenological data resulting from three different
choices of compactification geometry: the mirror of P°[3, 3], the mirror of P7[2,2,2,2] and
a Zs quotient of the Tian-Yau manifold. We further examine the distribution of curvature
invariants induced by metrics of vanishing Ricci curvature in distinct Kéhler classes for a
Calabi-Yau hypersurface with "' = 2. We conclude in section 5 by describing possible
mathematical and physical applications of the ideas outlined here.

2 Approximating tensor fields

2.1 Procedure

An important problem in numerical differential geometry is the approximation of tensor fields
7 on manifolds X which satisfy certain PDEs. On manifolds of nontrivial topology, any
approximation 7 to 7 should be a well-defined geometric object in its own right which
respects the ‘twistedness’ of X. In order words, it should be a global section of the tensor
bundle 7 X == Q" TX @ ®° T*X, as opposed to merely being a local section. This implies
7 should transform coherently under a change of coordinate chart.

Denote the system of PDEs governing the evolution of .7 as {F = 0}. The below general
procedure may be used to find globally defined approximations 7 to the solutions of {F =0}

1. Via some geometric ansatz, reduce the problem to learning a (possibly vector-valued)
function v € C*(X) s.t.

F (u(x), ou(z),... ,8(”)u(az)) =0, locally. (2.1)

2. Develop a variational® formulation such that finding a solution to the system of PDEs
is equivalent to minimisation of some loss functional .Z over some function class U,

F =0<= min.Z(u) . (2.2)

ueU

3. Discretise the problem by parameterising u by some flexible ansatz ug. Minimise the
variational objective in the parameter space © of the restricted function class,

T = argmin Z(--- ;0) . (2.3)
0cO

2.2 Geometric ansatz

There are two classes of geometric ansédtze which satisfy the first property by construction;

3This is possible when the PDE system governing .7 arises as the Euler-Lagrange equations associated
with some functional. If this is not the case, one may attempt to optimise the residual |F| directly, which we
group together with bona-fide variational approaches by slight misuse of notation.



o The first is to construct a basis of sections* {e’};c; for the relevant tensor or vector
bundle. Take the hypothesis .7 to be a linear combination of sections, where the
coefficients are parameterised by a vector-valued function,

T =€l . (2.4)

Here ‘- denotes the appropriate contraction over the multiindex I. Then T is manifestly
globally defined. Constructing the hypothesis 7 as a linear combination of global
sections can be thought of as a generalisation of an expansion of a function in a basis
of eigenfunctions of differential operators. This method has been fruitfully applied in
the context of finding solutions for the metric (respectively, connection) of Einstein
(respectively, Hermite-Einstein)-type PDEs on manifolds of nontrivial topology [16, 20—
24].

e The second is applicable when attempting to find distinguished representatives of the
cohomology class HP(X). Here one appeals to the machinery of differential forms and
constructs the hypothesis as an exact correction to a reference representative in the
cohomology, o € HP(X) which is easily computed. Schematically,

T =a+dp, BecHYX). (2.5)

The (dis)advantage of this ansatz is that the hypothesis remains cohomologous to the
reference representative. The challenge here is finding the representative a in the correct
class — the exact correction df of any degree is readily obtained, provided any metric
on X is known and is easily computable. Given v € H*(X), any other class in the
complex is accessible via judicious application of the exterior derivative, its adjoint,
and Hodge duality,” at some computational cost. It then suffices to consider the exact
form v = d¢ € H'(X), where ¢ € C*°(X) is a global function.

The two approaches above are not mutually exclusive, and may be combined. For
example when modelling bundle-valued forms in I’ (/\k "X ® V). Here one may use the
first method to parameterise sections of V', the second to parameterise the differential k-form,
and tensor the resulting hypotheses together.

We are under no pretenses that the optimisation procedure (2.3) will reliably converge
to the true solution 7. In general tensor fields must satisfy geometric conditions beyond
being globally defined — if any one of them is violated, then existence and uniqueness
theorems for solutions of PDEs will not apply. In the situation where all requisite conditions
on 7 are satisfied by construction, one may be maximally optimistic and grant that the
true solution lies in the restricted function class considered in (2.2). Even in this case, any
realistic discretisation of the problem will introduce a non-convex optimisation procedure in
the parameter space — scuppering any claims to convergence.

This program of research is founded on the belief that the ‘correctness’ of the solution is
an ‘open condition’ — in the sense that hypotheses T sharing similar values of the variational

40r, failing this, to construct a sufficiently large set of independent sections.
5Note that * interchanges closed and co-closed forms.



function .Z exhibit similar macroscopic properties and hence may be used as a substitute for
the true solutions .7 in downstream computations. For the case of the approximate Ricci-flat
Calabi-Yau metric, we find numerical evidence that this is indeed the case [25, 26].

3 Examples

We now turn to two examples on Calabi-Yau geometries relevant to string compactification
scenarios. In the sequel, we let (X, g,w) denote a Calabi-Yau equipped with Ricci-flat
metric g and corresponding Kéahler form w. We denote smooth complex-valued differential
forms of type (p, q) as elements of QX7 with HP%(X) denoting the corresponding Dolbeault
cohomology. The Kéhler form induces a volume form which we denote as dyug := “;L—T By
Q) € H™(X) we denote the nowhere vanishing holomorphic (n,0)-form on X. This induces
a canonical volume form, which we denote as dug := Q A Q.

To set the stage, we first introduce a general method, novel to the best of our knowledge,
that will allow one to algorithmically construct globally defined sections of the tensor bundle
T()(X) on a Calabi-Yau embedded in ambient projective space, ¢ : X < A = P".

The core idea is to construct a basis of sections for algebraic O(1)-twisted forms on
the ambient projective space and subsequently pullback to X. To achieve this, consider
the dual of the twisted Euler sequence [27],

0 — Qpn(1 —>@(’)—>(9() —0.
7=0

This yields an overcomplete basis for Qpn (1), expressed in homogeneous coordinates Z as:

{,Bij = 7170 — 7947 i £ ]} 5
7]

One subsequently pulls back via the inclusion map ¢ : X < P" to obtain a basis of O(1)-
valued forms on X,

a=1P; addz = (Zi(dL)i) - Zj(dL)i) dz" . (3.1)

Latin and Greek indices run over coordinates in A and X, respectively. There exists a natural
generalisation when the ambient space A is a product of projective spaces P™ x --. x P"K,
In this case, one considers the tensor product of the twisted one-forms above and uses the
injective Kunneth-like map obtained by pullback from the projections mx : X x Y — X,
my : X XY — Y,

Oy (m) — @ ¥ (m) 2P (m) . (3.2)
i+j=k

This enables us to construct a collection of twisted holomorphic one-forms in Qpri x...xprx (1),
which will generically not be a basis. We may now untwist the forms by tensoring with
sections of the appropriate degree line bundle O(k).

This furnishes us with a basis of sections for the holomorphic cotangent bundle 7(H9)* X .
Applying the musical isomorphism, using any metric — it is most convenient to use the



restriction of the ambient Fubini-Study metric, yields a basis of sections for T X. Taking the
appropriate tensor products and (anti)symmeterising as necessary enables us to construct a
globally defined ansatz for sections of the (r, s) tensor bundle on X, and subspaces thereof.

We close by noting that having a globally defined ansatz 7 isnot merely a mathematically
desirable property, but crucial for correctness of downstream computations using 7. In the
context of approximations to the metric in string compactifications, we find that modelling
the metric as a local, rather than global section results in nonsensical results in subsequent
calculations of physical observables [14, 26]. Concretely, when using the approximate metric
to compute topological invariants such as the Euler characteristic, in addition to geometric
quantities such as the spectrum of the moduli space metric, metrics realised as global sections
are significantly more accurate than their local section counterparts. This effect becomes
particularly pronounced close to singularities in moduli space, where local approximations
badly diverge from known, numerically exact results — well-defined approximations do not
suffer this malus in the examples we have considered.

3.1 Metrics with vanishing Ricci curvature

The first example is to find Calabi-Yau metrics on X with vanishing Ricci curvature. Recall
the unique Ricci-flat metric in each Kéhler class on X should be Kéhler, positive and a globally
defined tensor field. We pause to note that approaches based on Donaldson’s algorithm [15, 28]
satisfy all these conditions by construction. Donaldson’s algorithm constructs an ‘algebraic
ansatz’ for the local Kéhler potential K governing the metric on ¢ : X — P™ in terms of a
basis of global sections of some ample holomorphic line bundle £ over X. Schematically, the
algebraic ansatz for the Kéhler potential assumes the form

K®) ~ log (saHaBEE) , (3.3)

where the s € HO(X, £LZ*) form a basis of sections for the power £L&* and H is a positive
definite Hermitian matrix encoding the degrees of freedom in the ansatz. This construction
provably converges to the underlying Ricci-flat metric on X as the tensor power k — oo.
However, the dimension of the basis grows as O(k™), and working with the algebraic ansatz
quickly becomes computationally intractable for a general Calabi-Yau manifold.

dd® ansatz. We illustrate the procedure outlined in section 2.1, starting with two possible
geometric ansétze. The first approach frames the problem in terms of finding the distinguished
Ricci-flat representative in a given Kéhler class on X, first introduced in [13], and extended
to a well-defined global ansatz in [14]. In the following we will regard the metric g and its
associated Kéhler form w as interchangable. The dd®-lemma states that the Kédhler metrics of
class [w] € H%(X) are parameterised by a single scalar function — given a choice of reference
form wyes € HY1(X), one searches for the unique cohomologous Ricci-flat representative via
an dd-exact correction. The dd° ansatz (2.5) takes the explicit form,

Q= Wef +100p, ¢ € CP(X) . (3.4)

Here ¢ must be a globally defined smooth function for the hypothesis w to be globally defined.
If this is the case, then @ is closed and cohomologous to wef by construction. wyr is typically



taken to be the pullback of the ambient Fubini-Study metric. However, positivity of @ is not
guaranteed — meaning the bilinear form may degenerate at certain points on X. In practice
any sensible optimisation procedure should encourage the volume form associated to w to be
non-vanishing over X and the absence of positivity by construction does not appear to be an
insurmountable issue. Another, perhaps more serious shortcoming is that it may be difficult
to construct the reference form wyer for all elements of the Kéhler cone — this is only possible
in the ‘favourable’ case where the entire Kéhler cone descends from the ambient space.

Section ansatz. To illustrate the global section construction, we propose an approach which
assembles the metric from global sections of the holomorphic cotangent bundle (3.1). Here we
search for a metric of vanishing Ricci curvature considered as a section s € I’ (Sme(T*X )),
i.e., in the space of symmetric (0,2) tensor fields over X. The space of Riemannian metrics
on X is an open subset of I (Sym2(T*X)). From the set of twisted forms on X (3.1), one
may construct such a section by symmetrising the tensor product a ® @ and untwisting as
appropriate. In local coordinates in the chart U C X,

1 ij =kl | —=tj Kkl = 2
=) - O - . dz!edz¥ eI (S T™X) . 3.5
sly 2HZH4¢UM (O‘u oy, + o O‘u) P ®dz ( ym ) (3.5)

Here ;i > 0 is a vector-valued positive global function defined on X. This is positive
semi-definite by construction as the space of positive semi-definite matrices forms an open
convex cone. A manifestly positive ansatz is obtained as a low-rank update to the pullback
of the ambient Fubini-Study metric,

g:=1"grs +5 . (3.6)

Positivity and global well-definedness are guaranteed by construction, meaning this is a bona
fide Riemannian metric on X. It is also not constrained to lie in the cohomology of the
chosen Fubini-Study metric (depending on the application, this may be disadvantageous).
However, the associated form @(-,-) = g(J-,) is not necessarily closed, meaning g may not
define a Kéhler metric on X. In the case where X is embedded in a product of projective
spaces, one generates the appropriate sections via the pullback of (3.2).

Variational objective. There are a plenitude of geometric functionals on X whose unique
global minima in each Kéhler class yield Kéhler-Einstein metrics of vanishing Ricci curva-
ture [23]. The minimal choice would appear to be the Einstein-Hilbert action,

SEH =/ dug R, (3.7)
X

However, Sgy vanishes for any Kéhler metric on a Calabi-Yau space as the condition of
vanishing first Chern class is topological. Furthermore, this action is unbounded below for non-
Kahler metrics. To construct a well-behaved functional, regard (3.7) as an energy functional
on the space of Riemannian metrics G, equipped with the canonical inner product (dg, dg) g =
Jx dpg Tr (g_légg_lég). Taking the first variation along some trajectory parameterised by
t and removing total divergence terms,

d . dgﬂp B 1 >
SEH = < dt 7R,u1/ 2Rg/w .



Along the gradient flow of Sgy, we may regard the Einstein tensor as a tangent vector
dg € T,G, and minimise the functional

LE = /X dpg i 09up "7 6gov (3.8)

The global minimum within each Kéhler class (unique up to diffeomorphism) of (3.8)
recovers the Einstein equation. Although this is a computationally demanding fourth order
PDE in the Kéhler potential, we find this functional significantly more stable than those
constructed from the Ricci scalar or contractions of the Ricci curvature, both of which
possess spurious local minima.

The Kéhler structure of X provides a simpler alternative to (3.8) through the remarkable
fact that the Ricci curvature is expressible in terms of a single scalar function,

R,z = 0,07 (logdet g) .

The vacuum Einstein equations now read 99 (logdet g) = 0. This is still a fourth order
PDE, but now one invokes the fact that the volume forms induced by w and 2 are identical,
up to a constant function,

w?’l

—=h(z)QAQ, heC®X). (3.9)

n!

Invoking the maximum modulus principle shows that A must be a constant function, h = k €
C*. Kéhler geometry and triviality of the canonical bundle of X permits the passage of a
fourth-order PDE to an equivalent second order elliptic PDE of Monge-Ampeére type in the
Kéhler potential — such a boon would not be afforded to us in more general compactification
geometries. The Kéahler form w solves (3.9) if and only if w has vanishing Ricci curvature,
and the corresponding functional acts as a proxy for Ricci-flatness.

1 dpg

1
e (3.10)

LA ;:/ dpg
X

Prescribing the constant factor x is equivalent to choosing a particular normalisation of the

Kahler class. Otherwise, it may be taken as the ratio of volumes ‘\’/f)ll‘;

respective volume forms. Owing to its computational simplicity, all prior work on numerical

computed using the

Calabi-Yau metrics that we know of utilise the Monge-Ampeére functional, or some convex
variant, as part of the variational objective [10, 11, 13, 15, 20, 23, 26].

Each variational objective is in principle compatible with either anastz. However,
computing the Einstein tensor for the dd® ansatz (3.4) would require four nested derivatives
of the function ¢ — no computationally trivial task! We exclusively utilise the Monge-
Ampere functional (3.10) for the dd®-ansatz, fixing k to the volume normalisation given
by the reference form wyes.

Note that o corrections will modify the classical geometry. While supersymmetry
guarantees the quantum geometry remains Kéhler and in fact topologically of Calabi-Yau
type, the corrected metric will have non-vanishing Ricci curvature. A similar approximation
scheme for the quantum corrected metric appears to unavoidably introduce higher-order
derivative terms into (3.9) and (3.10).



We close this section by noting that it is common to construct an objective functional as
a convex combination of separate functionals [13] — each of which has a global minimum that
is attained precisely when the ansatz satisfies a certain property. For example, the functional
(dw, dw) has a global minimum when @ is closed. While this may be a necessary crutch to
encourage the ansatz to recover the desired properties, it introduces spurious local minima
into the optimisation procedure (2.3) and should be avoided where possible.

3.2 Neural network discretisation

The choice of geometric ansatz determines the function class which we seek to minimise
the variational functional over. While an in-depth treatment of neural networks and their
associated moduli space would take us too far afield, for an introduction for physicists,
see [11]. We content ourselves by noting that a neural network ansatz lives within a flexible
parameterised function space. A generic element of this space consists of a composition of
linear algebraic operations A’ and fixed non-linear elementwise functions 77,

fan=A"07"0 A" o iorto AL, fyn : REn — R (3.11)

Typically the operation A* € Hom (V4, V3) is taken to be an affine transformation between
the vector spaces Vi, Va. In the case where V; ~ K9, this consists of multiplication of the
input vector by a ‘weight’ matrix, together with addition of a ‘bias’ vector — these form the
parameters of the neural network. Collate all parameters into the set § € © C RP, D > 1.
The optimisation procedure (2.3) entails the minimisation of the variational objective £ in the
parameter space ©. This is typically achieved using a first-order gradient based method. The
use of a neural network ansatz is typically justified by the universal approximation theorem.
This states that, for n > 2, the family of functions parameterised by the ansatz (3.11) is dense,
with respect to the uniform norm, in the space of continuous functions between compact
subsets of Euclidean space [29]. In this context, this means that it is theoretically possible to
attain the minimiser of (2.2) via a neural network ansatz, but we are generally prevented
from doing so owing to the complexity of the non-convex optimisation procedure (2.3).

We wish to note an obvious but salient point regarding the use of neural network
approximation schemes on a general manifold X. Choose a patch U C X and a chart
p: U — C". Given a function f o :U — C", it is possible in theory for a neural network
ansatz (3.11) to achieve a pointwise approximation to f with arbitrary precision over U, i.e.
|f ow(z) — fan o ()| < eV € U. However, this is a purely local statement — if the
cohomology of X is nontrivial, there is no reason a priori why the same ansatz fyny should
generalise to a different coordinate presentation. This makes it essential for the ansatz to
respect the topology of X by construction on curved spaces.

We use a neural network to parameterise the global scalar function ¢ € C*°(X) in the
form ansatz (3.4), and the global vector-valued function v;; in the section ansatz (2.4). The
modelled functions are global by design due to the spectral network construction we outline
in section 4, where we discuss the practicalities of the implementation.

Putting everything together, the above approaches to learning Calabi-Yau metrics may
be framed as the following respective optimisation problems in the parameter space © of



a neural network,

(-3 0) = Wref +100¢( - 3 0), 0 = argmin Aua(0) (3.12)
0'cO

g(+;9) =1"gps +s(-;0), ¥ = argmin ZE (') . (3.13)
PASC)

Note the role that an appropriate geometric ansatz plays in the reduction of the degrees
of freedom in the problem. This recasts the task of directly modelling tensor fields on X, to
modelling global functions on X, a significantly easier task. Firstly, one does not have to
estimate all n? independent real elements of the Hermitian Ricci-flat metric at each point
on X. Secondly, by incorporating a subset of the conditions that the metric should satisfy
into the ansatz by construction, we do not have to rely on the neural network to recover all
geometric properties inherent to the metric tensor tabula rasa. Indeed, it is likely that these
global properties, which should hold irrespective of the choice of chart, may be obscured
in a local coordinate presentation.

3.3 Harmonic forms on Kahler manifolds

A harmonic form n € H*(X) is one which is annihilated by the Hodge-de Rham Laplacian,
Agn = (dd +dtd)n=0. (3.14)

The harmonic condition Agn = 0 arises as the Euler-Lagrange equation of the functional

2l = [ lldnl>+ ),

making this a natural variational objective. Another natural formulation comes from the
fact that harmonic representatives of a given cohomology are those which minimise the Lo
energy., but here we only consider the former.

We now consider approximation of bundle-valued harmonic one-forms on a Calabi-Yau
X. In the context of the Fg x Eg heterotic string, this corresponds to finding zero modes of
the Dirac operator on X, which yields the matter spectrum of the four-dimensional effective
field theory upon compactification. We defer further discussion of the geometrical and
physical setting until section A.

We will be concerned with modelling V-valued (0, k) forms, n € Qgék ® V. The relevant
cohomology will be the Dolbeault complex of the holomorphic vector bundle V' — X. This
carries a natural differential operator, dy. Endowing V with a Hermitian structure, one may
construct the bundle Laplacian Ay analogously to (3.14).

We consider the case where the bundle is taken to be the holomorphic tangent bundle
Tx — the ‘standard embedding’ in physics parlance. Here the metric on X supplies the
Hermitian structure on T'x. The deformation theory of Kodaira and Spencer [30] provides a
remarkable connection between the complex structure moduli space of the Calabi-Yau X
and the Dolbeault cohomology H*(X;Tx). This is already suggested at by considering the
interior product ¢,$2, which induces an isomorphism H'(X;7Tx) ~ H?»!'(X) — indicating
that the number of Tx-valued harmonic (0,1) forms on X is given by the dimension of the
complex moduli space. One may explicitly compute representatives ® € H'(X;Tx) for each

,10,



member of the first Dolbeault cohomology via the Kodaira-Spencer map — for the full story,
we refer to [25, 27, 30]. We seek a method to parlay the Kodaira-Spencer representatives
into harmonic representatives, in order to find a basis of canonically normalised matter
fields in the effective theory.

Ansatz. Let H : HP(X;Tx) — HP(X;Tx) denote the projection map sending representatives
of HY(X;Tx) to their unique harmonic counterparts with respect to the Ricci-flat metric
on X. Then the problem reduces to finding the cohomologous harmonic projection for each
element of H'(X;Tx), This is given by a dy-exact correction to ®,

HP = D + Jys, (3.15)

with s a non-holomorphic section of the holomorphic tangent bundle T'x. Using the set of

twisted sections of the holomorphic cotangent bundle defined in (3.1), it is straightforward to

construct global sections of Tx — one simply applies the musical isomorphism given by the

restriction of the Fubini-Study metric and tensors with the appropriate line bundle sections.

We then take a linear combination of the untwisted sections to define our geometric ansatz:
ol 2k w0

§:= wijszgFS s I'(Tx) . (3.16)

As before, Latin and Greek characters index ambient and local coordinates on the Calabi-Yau,
respectively. The coefficients 1);;1; are again given by a vector-valued globally defined function
on X, parameterised by a neural network ansatz. Unlike the Kéhler form w, for the purposes
of approximating the harmonic projection (3.15), there are no special geometric properties
s should possess a priori other than being globally defined.

Variational objective. Let (—, —) denote the natural pairing on bundle-valued forms, and
7 =~ HP be the approximant to the harmonic projection. This problem admits a simple
variational formulation: parameterise s as above and solve:

A(-50) =@+ 0ys(-;A), A= argmin (7, Ag7) . (3.17)

NeA

Where A is the parameter space of the neural network ansatz. As the approximant 7 €
H'(X;Tyx) by construction, one only needs to enforce co-closure, reducing the problem to a
second order equation for g. Minimisation of the norm of the codifferential is equivalent to
minimisation of the Laplacian, defining our final variational objective .Z(\),

20 = (9ha.00a) = [ olinwvola, . (3.18)

Lastly, we note that each independent direction in complex structure moduli space
induces a different reference form ®% € H'(X;Tx) via the Kodaira-Spencer map. For
Calabi-Yau manifolds where h(23) > 1, we efficiently approximate the harmonic projections
{Hq)(l)}l for each element of H'(X; Tx) simultaneously by regarding the sum of the respective
independent harmonic losses (3.18) as a single objective.

We employ this method to identify the desired basis of canonically normalised matter
fields corresponding to the harmonic representatives for each element of H'(X;Tx). This
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allows us to derive masses and coupling constants for a range of heterotic models in the
standard embedding [26]. Importantly, for the standard embedding, it is also possible
to conduct this computation using deformation theory and the geometry of the complex
structure moduli space, as described in appendix A. Both computations match closely for
all heterotic models considered, even in the vicinity of moduli space singularities. This
concordance provides evidence that one may move beyond the standard embedding and
extract realistic phenomenological data for arbitrary holomorphic bundles V' — X without
any known analog to deformation theory.

4 Implementation and examples

In this section, we briefly describe the intended usage of cymyc and the design choices made
during its conception. We next illustrate three examples where we numerically compute the
phenomenological data of the effective theory arising from compactification of the heterotic
string on different Calabi-Yau geometries in the standard embedding.

More specifically, we approximate the necessary geometric data necessary to compute
the physical (27)% Yukawa couplings arising from heterotic compactification on general
Calabi-Yau manifolds, as a function of complex structure moduli. In the standard embedding,
the auspices of special geometry mean that the physical normalisation is quasi-topological
and may be independently computed using either the metric over the complex structure
moduli space or the internal Ricci-flat metric on the Calabi-Yau X [26]. As the former metric
is independent of the Kéhler moduli space metric, this computation still holds in the large
radius limit, which may not be true in general for other choices of holomorphic bundle over
X. We demonstrate that the Ricci-flat computation is consistent with the results expected
from classical deformation theory, even close to singularities in the complex structure moduli
space. Of course, we expect the sigma model description to breakdown as one approaches a
conifold point, and non-perturbative quantum effects must enter the picture.

4.1 Usage

cymyc is based on Jax, a Python library which is, at its core, a framework for composable
program transformations. Chief among this are automatic differentiation, vectorisation,
and just-in-time (jit) compilation of functions. The first two are indispensable routines
in computational geometry, while jit compilation on hardware accelerators facilitates a
significant speedup of semantically equivalent code in pure Python or written in numerical
libraries using an imperative paradigm.

When using Jax for scientific computing, one is usually not writing code to be directly
executed by the Python interpreter, but rather specifying a sequence of operations on data,
which is subsequently traced to extract a computation graph. The graph is then jit-compiled
for an accelerator, with execution times typically orders of magnitude faster than regular
Python code, and significantly faster than imperative frameworks. This comes at a price, as
the compilation procedure constrains the program logic relative to other frameworks.

One significant point of departure of Jax from the Python scientific computing stack is
that idiomatic Jax is functional — the fundamental computation model is to express programs
as transformations of immutable data structures using pure, referentially transparent functions.
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This makes it possible for the library and compiler to automatically analyse, and subsequently
optimise or transform these programs. In cymyc, most of these complications are abstracted
away by the interface, although users intending to extend the library are recommended to
adhere to a functional style.

The libraries cyjax [15] and cymetric [13] also provide approximations of metrics of
vanishing Ricci curvature on Calabi-Yau manifolds. The first is largely complementary to
cymyc, using an algebraic model ansatz based on Donaldson’s algorithm [20] on a restricted
class of compactification spaces. We build upon the conceptual work of the second library to
study the geometric and topological properties of Calabi-Yau manifolds and their associated
moduli spaces, in addition to their influence on observables in the effective low-energy physics.

cymyc is able to handle any complete intersection Calabi-Yau X realised as the zero locus
of the collection of homogeneous polynomials {f;}r=1,. x embedded in the product of I
projective spaces P! x - - - x P™ ., Let [Zoi) D Z,(L?} denote homogeneous coordinates on the
i-th projective space factor, then f; € (C[Z(gl), cee Z,(l?]. Given the defining equations {fx},
which completely specify the complex moduli, our codebase is able to automatically sample
points on the corresponding zero locus using a well-established numerical procedure [13, 31].
These points may be used to approximate various tensor fields of interest on X, including
the Ricci-flat Calabi-Yau metric.

In the case where H'!(X,Z) is spanned by Kihler forms descending from the ambient
projective space, we are able to approximate the Ricci-flat metric for each Kéhler class on
X — see an extended discussion of this point in section 4.5. If further supplied with a basis,
or any subset of integrable complex structure deformations for X, we are able to compute
the Weil-Petersson metric over the corresponding directions in complex structure moduli
space using either the deformation theoretic computation or via the zero modes of the bundle
Laplacian defined by the Ricci-flat metric. The library cymyc facilitates the subsequent
numerical computation of geometric and topological properties of these spaces, as outlined
in the existing documentation and examples.’

4.2 Example 1: mirror of P?[3, 3]

We now turn to concrete examples. We emphasise that our approximation algorithm knows
nothing of special geometry, and is able to independently recover the results obtained via
the latter method. We will illustrate the methods described above using the one-parameter
family of complete intersections of two cubics:

2

> 23— 3 ZsZsZs = Z 73— 342072175 =0, (4.1)
a=0 a=3

where Z, are coordinates on P° (cf., [32, 33]) and 1 € C deforms the complex structure. Each
member of this family is a Calabi-Yau threefold with A"! =1 and h?! = 73. Their mirror is
a blowup of a finite quotient of the same zero locus, and has AL = 73 and A2 = 1.
Firstly, we approximate the Ricci-flat Calabi-Yau metric in the Ké&hler class of the
pullback of the ambient Fubini-Study Ké&hler form at the point ¥ = 0.05 in moduli space,

Shttps://justin-tan.github.io/cymyc/.
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Model o-measure Gyg (V) | Gy (xv) Kapypap X
dd° ansatz (3.4) | (47+1.2) x 1073 | 8.00 £ 0.02 | 8.00 = 0.02 | (7.9+0.4) x 102 | —140+4
Section ansatz (3.6) | (3.9£2.1) x 103 | 8.02%0.06 | 8.03£0.05 | (7.5 04) x 102 | —143+3
Special geometry — 7.96 +0.07 — (7.840.4) x 1072 —

Table 1. Flatness measure and physical predictions from different ansitze on the P?[3, 3] mirror. We
show the average of five independent optimisation runs on independently sampled data consisting of
2 x 10° points on X, together with the associated 95% confidence interval. The Weil-Petersson metric
is computed in two different ways — using the intersection pairing (A.2) (U), or the generalised Hodge
star (A.1) (xy). The two methods agree provided the metric is Ricci-flat. We also include the values
of the Weil-Petersson metric and Yukawa coupling computed using special geometry to exhibit the
typical Monte Carlo integration error.

using both geometric ansatz described in section 2.1. This is a particularly challenging
choice of complex moduli as it lies close to the infinite-distance point at ¢ = 0 (figure 2),
where the manifold singularises and the moduli space metric diverges. We optimise the
section ansatz (2.4) using the variational objective given by the metric norm of the Einstein
tensor (3.8), and the dd® ansatz using the Monge-Ampere functional (3.10) with  set by
the volume normalisation implied by the ambient Fubini-Study metric. The evolution of
various properties of the metric over the course of optimisation is shown in figure 1. We
evaluate the o-measure over an independent set of samples from X to evaluate the deviation
of the final model from Ricci flatness, defined as,

a::/ dpg
X

As another check of correctness, we utilise both models to compute bundle-valued

1 volg djug

4.2
voly dug (4.2)

one-forms which are harmonic with respect to the Ricci-flat metric using the procedure
outlined in section 3.3. We subsequently compute the moduli space metric and subsequently
derive the Yukawa couplings at this point in moduli space. Here the moduli space metric is
computed in two distinct ways — using either the natural inner product on bundle-valued
forms (A.1), or the intersection pairing on H"~11(X) (A.2). The two computations agree
provided the bundle-valued forms are harmonic with respect to the Ricci-flat metric. The
procedure is repeated for five independent runs on independently sampled data, and the
results and exhibited in table 1.

Both models agree closely with the exact result, up to integration error, obtained from
the special geometry calculation. The convergence of two different functional ansétze, using
different variational functionals, suggests ‘correctness’ of the Calabi-Yau metric is in some
sense an open condition. While both models arrive at different ‘microscopic’ properties at the
conclusion of optimisation (figure 1), the ‘macroscopic’ properties (table 1) are broadly similar.

We now conduct a larger scale scan across the complex structure moduli space. For
the mirror of P°[3, 3], and a handful of Calabi-Yau manifolds with h*! < 2, it is possible to
compute the moduli space metric G s by numerically solving the Picard-Fuchs differential
equations involving the periods of X using a hypergeometric expansion around singular
points in moduli space [33, 34]. We do this on a fine grid along the J(¢)) = 0 axis, for
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Figure 1. Evolution of various geometric quantities over the optimisation process for the Ricci-flat
metric on the P5[3,3] mirror at the point ¢ = 0.05 in complex structure moduli space. Clockwise
from top left: average Ricci scalar over X, Lo norm of Ricci curvature, Lo metric norm of Einstein
tensor (3.8), Euler characteristic, o-measure (4.2), average (dw, dw) over X. The solid lines indicate the
average of five independent experiments, and the semi-transparent bands indicate the 95% confidence
interval.

¥ € [0,2]. We select a coarser grid over the same region and evaluate four different numerical
methods for computing G o

1. Non-harmonic representatives (red) obtained from representatives of H'(X;Ty) ob-
tained via the Kodaira-Spencer map. The values shown are the result of the computation
in (A.2) without the harmonic projection.

2. The special geometry computation (blue) (A.4). This is numerically exact up to
integration error.

3. The harmonic representatives (green) obtained via the optimisation procedure (3.17).

4. The non-global harmonic representatives (violet) are the output of an identical computa-
tion as the harmonic representatives, except the hypothesis for the T'x-section s in (3.17)
is not inherently globally defined but is instead the direct output of a neural network.
To enforce agreement on the overlap of local coordinate patches {U;};, we augment the
objective function with a transition loss which enforces the glueing condition:

= |p® =3 TO=®) (p(j)) @
j
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Figure 2. Weil-Petersson metric (top), and normalised Yukawa coupling (bottom) for the mirror of
P°([3, 3] along the J(z)) =0 line in complex structure moduli space; the singular case of (4.1) at ¢ =0
is at infinite distance in the moduli space. The two insets in the top figure exhibit the behaviour of
the moduli space metric approaching the ¢ = 0 pole.

Here j indexes the different possible coordinate presentations on X, n®) denotes the
bundle-valued form on the patch Uy, and TW=®) . 7 7 — GL(n; C) denotes the transition
function between the j-th and k-th coordinate patches.

Equipped with the moduli space metric, we compute the evolution of the single canonically
normalised Yukawa coupling over the same region in moduli space. In order to approximate
the Ricci-flat metric at the given points in moduli space, we utilise the dd® ansatz (3.4) and
the Monge-Ampeére variational functional (3.10).

We demonstrate the results in figure 2. The computation involving the globally defined
approximate harmonic representatives is in excellent agreement with the special geometry
computation and the exact period integral computation, even close to both moduli space
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Figure 3. Weil-Petersson metric for the P5[3, 3] mirror, close to the infinite-distance point in moduli
space at 1) = 0. Note the discrepancy of the non-globally defined ansatz from the true value worsens
as one approaches the pole.

singularities, with errors of order ~1%. The non-global constructions do not fare as well, and
behave poorly around moduli space singularities, and this divergent behaviour is exhibited in
figure 3. This serves to demonstrate the importance of geometric ansétze which are globally
defined by construction. While it may be possible for the non-global harmonic representatives
to converge to the true values through sufficient tuning of the relative weighting in the loss
functional, this is clearly an undesirable position and should be avoided if possible. Once
again, the ability of the approximate tensor fields to correctly model physical phenomena
is an encouraging development for phenomenological studies.

4.3 Example 2: mirror of P7[2, 2, 2, 2]

As a more complicated example, we consider the complete intersection Calabi-Yau embedded
in P7, defined as the zero locus of the following homogeneous polynomials, where 1 € C,

Py=2Z3+ 7% — 202y 73
Py =73+ 73 — 207475
Py=73+ 72 — 0 Zs 77
Py =72+ 72 - 20207, .

Here, the moduli space metric may again be recovered in an expansion around the singular
points. We repeat the same scan across the J(1)) = 0 axis as in section 4.2, omitting
the non-global ansatz, and exhibit the results in figure 4. The geometric ansitze again
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Figure 4. Weil-Petersson metric (top), and normalised Yukawa coupling (bottom) for the mirror of
P7[2,2,2,2] along the J(¢)) =0 line in complex structure moduli space around the conifold point at

=1

closely reproduce the exact numerical computation, while the computation of G s using
non-harmonic representatives exhibits qualitatively similar behaviour to the exact result
away from singularities in the moduli space.

4.4 Example 3: a Tian-Yau quotient

The final example we consider is the one-parameter family of Tian-Yau manifolds [35] with
the defining equations [36]:

3

1 1 3 3
X = {3 E xzzg E Y2 = g xaya—i—eg :vaya:()}, (4.3)
a=0

a=0 a=0 a=2

,18,



ab

>
>

RRRSRE

S

100,

107!

REREL O

o9 a9aa

10 + Singular
4 Harmonic

1073

Figure 5. Spectrum of the Weil-Petersson metric (top), and normalised Yukawa coupling (bottom) for
the Tian-Yau quotient along the J(¢)) =0 line in complex structure moduli space, removing degenerate
eigenvalues by lexicographical priority. Note the behaviour of the eigenvalues around the singularities,
indicated by the grey dashed lines.

where z, and y, are coordinates on the ambient space P3 x P3. The Hodge numbers are
hb' =14 and h*! = 23. Letting w3 = e*™/3, there is a freely acting Zs-mapping:

(20, 21,2, 73) = (w0, w3 21, WaTa, Wars),

L, (4.4)
(y07 Y1, Y2, y3) = (y07 w3y1, Wy 1927 wg 1@/3) .

Quotienting out this discrete symmetry yields a quotient manifold with y = —6 and h>! = 9.
Famously, in the standard embedding, the number of generations at low-energies is |x|/2, and
this construction yields a three generation model [37]. The freely acting Zs action must be
embedded into Eg. This produces two choices for invariant subgroups, either SU(6) ® U(1) or
the more appealing trinification group SU(3)c ® SU(3);, ® SU(3)g. From this point onwards
we will focus on the trinification model, whose low-energy phenomenology is discussed at
length in [36, 38—40]. As discussed in appendix A, we will approximate the zero modes of
the Dirac operator in the H!(X;Tx) cohomology, which correspond to the four-dimensional
left chiral superfields. By Kodaira-Spencer theory, these correspond to complex structure
deformations and hence, to certain homogeneous monomial deformations of (4.3). Out of
the 23 harmonic (2,1) forms, 9 are invariant under the action (4.4), 7 transform as wy, and
the remaining 7 transform as (w;)2. In the trinification model the 27 of Eg decomposes as
27 =(1,3,3) 9 (3,3,1) ® (3,1, 3). For example, leptons lie in (1,3,3) and correspond to
deformations invariant under (4.4), while deformations with charge w3 and w2 correspond to
quarks (); and antiquarks Qf, respectively. The surviving matter of the free quotient reads,

Ai:(1,3,3), i=1,...,9 (4.5)

Qi:(3,3,1), i=1,...,7
Q5:(3,1,3), i=1,...,7.

—

We choose a subset of nine polynomial deformations representing the fields of interest
{X5,Q1,Q3,Q4,Qs5,Q5,Q%, Q5, Q5} [36], compute the Weil-Petersson metric corresponding
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Figure 6. Unnormalised and normalised Yukawa couplings of form QQ°\ for the Tian-Yau quotient
showcasing the effect of physical normalisation on the right, and exhibiting e-variable hierarchies near
the conifold points along the J(¢) = 0 slice in the shaded red region at € € {—1, —1 —271/3 2 —1 —
21/31 omitting degenerate couplings. Diamonds indicate the prediction made by the approximate
harmonic forms, while crosses indicate the prediction arising from the cohomologous Kodaira-Spencer
representative.

to the chosen directions in moduli space, and thereby compute the canonically normalised
nonzero Yukawa couplings between couplings of the form A\;@Q;Qf. To study the moduli
space dependence of the Yukawa couplings, we compute results arising from special geometry
on a fine grid along the J(¢) = 0 axis. On a coarser grid, we overlay the predictions made
from the approximate zero modes in H'(X;Tx), observing the same close agreement to the
one-parameter families considered previously.

The spectrum of the Weil-Petersson metric G ; is exhibited in figure 5. Note the Tian-Yau
manifold singularises along the real € line for e € {—1, —1 — 2713 9 -1 — 21/3}. Near
these singular points, our numerical results indicate that eigenvalues of the Weil-Petersson
metric may diverge or approach zero. Interpreting G ; as the Kihler matter field metric in
the low-energy effective action, a vanishing eigenvalue corresponds to a static mode (auxiliary
field) that may be integrated out.

In figure 6, we illustrate the moduli dependence of the selected couplings, noting that the
physically normalised couplings are significantly different from the holomorphic couplings,
even in qualitative terms. One observes the development of e-variable hierarchies and crossover
points of couplings which are absent in the purely topological computation.

While the Tian-Yau quotient is clearly a phenomenologically unrealistic model, it is
interesting to note that nontrivial features of the low-energy physics — such as the development
of moduli dependent hierarchies, and vanishing of couplings are readily exhibited by numerical
investigation. Furthermore, these appear to be fairly generic phenomena in the examples we
have studied, despite the fact that no known symmetries forbid the couplings that vanish. The
ubiquity of vanishing Yukawa couplings in string theory models has been partially attributed
to a diverse range of geometrical structures arising within the compactification data, and may
allude to some hitherto undiscovered physical mechanism [41-43]. A larger scale numerical
study of Calabi-Yau compactifications for more general vector bundles V' — X may serve
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to build a ‘codebook’ linking compactification data to their resulting phenomenological
consequences, with the aim of deciphering the relation between the two.

4.5 Moduli dependent curvature

Consider the deformation family of Calabi-Yau threefolds with configuration matrix

3|4 2,86
pilo , (4.8)
x=—168
wherein we focus on the Dwork-like pencil, X, carved out by
2o (u3+ui) + 21 (g+207) + 25 (5 —vi) + 23 (u5—297) — Azorizamayoyr,  (4.9)

where z, and y, are coordinates in the ambient space factors, P2 and P!, respectively. This
Dwork-like pencil of ‘quarti-quadrics’ is singular at eight 1)-locations where 1*=—1 or
1* = —9, at each of which the hypersurface (4.9) has 64 singular isolated points. For all
remaining 1) < oo values, the hypersurface (4.9) is smooth, with H?(X,,Z) generated by
Ji, Jo, the Kéhler forms descending from P3 and P!, respectively. The nonzero topological
(1, 1)3—Yukawa couplings and co-evaluations of the Kéhler form t1J1+t2.Jo are:

K111 =4 = 2K112 SO /(tJ)3 = 2t%(t1+6t2), and ca2 N\ (tJ) = 4(11t1+6t2). (410)
Xy Xy

Geometrically, a choice of moduli amounts to selecting variations dgq;, such that the
metric remains Ricci-flat, Ric[g 4+ dg] = 0, modulo diffeomorphisms. The Ké&hler moduli
enter through metric variations of type (1,1). The Ricci-flatness condition together with an
appropriate gauge-fixing condition is equivalent to (Adg),» = 0 [44], and the moduli space of
Ricci-flat Kéhler metrics is parameterised by the harmonic representatives of H%!(X). The
Kéhler structure deformation may be expanded in a basis of harmonic representatives {n®},

Bl
09w = Zt“nfm, t*eR.
a=1

The basis {n?} is easy to compute for ‘favourable’ manifolds where H:}(X) is spanned by
the Kéhler forms descending from the P™ factors of the ambient space. Whereas only 4896
of the 7890 configuration matrices in the original list of Calabi-Yau manifolds realised as
complete intersections in a product of ambient projective spaces (CICYs) are favourable,
for all but 48 of the remaining 2994 CICYs there exist embeddings in appropriately larger
embedding spaces where the Kéhler forms of the embedding space span the Kéhler cone of
the Calabi-Yau threefold [45]. In turn, the remaining 48 cases are all realised as hypersurfaces
in products of two (almost) del Pezzo surfaces [45, 46], to which the computational methods
presented herein do not apply directly. For the purposes of this section, members of the
chosen family (4.8) are indeed favourable, allowing access to any element in the Kéhler cone.

We now compute the unique Ricci-flat metric parametrised by ¢-J for four values of the
Kéhler moduli spanning the Kéhler cone, (¢1,%2) € {(1,1),(2,1), (12,12),(12,6)}. The form
of the ansatz (3.4) guarantees the resulting Kéhler form is cohomologous to the reference class
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Figure 7. Euler density ¢ (left, numerically x = —169.68 & 1.35) and ¢y A [t - J] (right, numerically,
Jx c2 AN [t-J] = 68.38+0.12 for (t1,t2) = (1,1)) as a function of Kéhler moduli with complex structure
fixed to ¥ = 0.2. Note the presence of very heavy tails in both distributions. For the Euler density,
the distributions with the same ¢, /t2 ratio are virtually identical. For the ¢2 A [t - J] distributions, we
normalise the value by (Vol(t))l/ % to render the histograms on the same scale.

[t-J] by construction. We compare the nonzero induced curvature invariants cz,ca A [t - J]
and the Kretschmann scalar |Riem|? pointwise over an independent dataset consisting of
2 x 10° points as a function of the Kéhler moduli (note h! = 2), with the complex structure
moduli fixed to a given value of ¥. In figures 7-10, we plot the resulting distribution of
the curvature invariants.

We empirically observe that the (importance weighted) distribution of each curvature
invariant only depends on the Kéhler class and not the magnitude of the moduli within
each class. This is to be expected from the schematic form of the curvature two-form,
R ~ g~ '0g, from which the various Chern classes are constructed. Interestingly, for each
of the curvature invariants considered, we observe extremely heavy tails — the bulk of the
distribution is concentrated at O(10) values, but the second moment is an order of magnitude
larger, leading to a minority of points having a disproportionate influence on the Monte
Carlo approximation to the relevant integral. This effect is particularly evident for the metric
on X induced by the ambient Fubini-Study metric. We observe that prescribing the Ricci
curvature to vanish appears to concentrate the distribution of curvature invariants around
the median, away from the tails.

Our library cymyc efficiently facilitates the detailed study of curvature invariants com-
puted with respect to the Ricci-flat metric for a broad class of Calabi-Yau manifolds. Fixing
the Kéahler moduli, it would be of interest to numerically investigate the validity of the o

expansion across complex structure moduli space by scanning for high curvature regions
on X [47, 48].
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(left) and the pullback of the induced ambient Fubini-Study metric (right) with complex structure
fixed ot ¥ = 0.2. Note that prescribing vanishing Ricci curvature concentrates the values of the
Kretschmann scalar, whereas the non-flat metric exhibits heavy tails in the distribution.
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5 Outlook

In this note we have:

e Proposed a general method for constructing well-defined numerical approximations of
sections of the tensor bundle on a Calabi-Yau.

e Verified the correctness of the above using an independent, numerically exact computa-
tion for the scenario of the standard embedding.

e Described an open source implementation of this method.
o Illustrated these ideas for different heterotic compactification geometries.

In the future we intend on moving beyond the standard embedding to work with general
classes of holomorphic vector bundles, V' — X. The method of approximation of zero modes
of the Dirac operator (3.17) in this context will require a procedure for construction of a
basis of sections for a given holomorphic bundle.

The methods in this library supply a coarse map from compactification data to effective
phenomenological information. Thus far, such approximation schemes are the only known
avenue to compute the low-energy action induced by compactification on a general Calabi-
Yau. The sheer number of Standard Model-like string constructions arising from known
compactification geometries [49] precludes any systematic search through the landscape. Our
goal is to better understand the relationship between the compactification geometry, its
moduli space, and the resulting low-energy effective physics. To this end, computer-aided
examination of a judicious selection of examples may be a useful tool — by varying the details
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of the compactification and picking apart the question into smaller and more manageable
pieces, it may be possible to expose some underlying structure of the string landscape.
Phenomenology aside, the remarkable symbiosis between string theory and geometry [50]
means the ideas developed here may be used to test outstanding mathematical conjectures
regarding Calabi-Yau geometry. The two most famous are perhaps the Strominger-Yau-Zaslow
conjecture [51] (together with associated refinements proposed by Joyce [52]) and the related
Thomas-Yau conjecture [53]. In principle, these conjectures may be directly tested on any
Calabi-Yau X equipped with an explicit expression for the Ricci-flat metric, and some means
of computing the harmonic one-forms on any submanifold of X. Part of the obstruction to a
clear resolution of these conjectures is due to the lack of an analytic means of achieving either
— although it is likely that approximations to the necessary geometric data should suffice.
This note forms another strand in a long thread of work of physical computation in
string theory, stretching back to the seminal enumerative geometry calculation made by
Candelas-de la Ossa-Green-Parkes [54]. It is our hope that the ability to conduct concrete
numerical investigations will help to better orient ourselves in the string landscape.
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A Moduli space investigations

The geometry of the complex structure moduli space of Calabi-Yau compactifications, Mcs,
influences the field content of the effective four-dimensional physics [2, 38]. Computing
geodesics in moduli space is also of interest in the context of the swampland program via
associated distance conjectures [55, 56]. Motivated by this, we develop a method for computing
the canonical metric on M5 — the Weil-Petersson metric, on any complete-intersection Calabi
Yau [25] using methods from the Kodaira-Spencer theory of complex deformations [27, 30].

For Calabi-Yau manifolds defined as algebraic varieties, superfields in the low-energy
effective four-dimensional theory arise as zero modes of the Dirac operator acting on sections of
a holomorphic vector bundle V' — X with given structure group G C Eg. We will be interested
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primarily in the H'(X;V) cohomology, whose elements are in one-to-one correspondence
with the left chiral superfields. In the case where V = T, the ‘standard embedding’, the
superfields correspond to independent deformations of the complex structure over X.

It suffices for our purposes to note that the Weil-Petersson metric G ; is morally the
Zamolodchikov field metric in the low-energy effective action. Letting ®; denote the low-
energy chiral superfields, the Weil-Petersson metric enters the low-energy effective Lagrangian
via the kinetic terms

LErT D QGBCD“@E .

To understand the field content at low-energies, one needs to canonically normalise the kinetic
term by explicitly computing the Weil-Petersson metric and subsequently rotating to an
eigenbasis of G 7. The Weil-Petersson metric may be computed in terms of the canonical
inner product between harmonic Tx-valued forms a,b € H'(X;Tx) [57, 58],

G ;:/Xamgb, (A1)

The computation as presented requires a nontrivial degree of control over the Calabi-Yau
geometry — firstly the Ricci-flat Calabi-Yau metric on X, secondly, the splitting of the
complexified tangent bundle, TX ® C = Tx @ T, and lastly, the zero modes of the Dol-
beault Laplacian on bundle-valued forms. For a general holomorphic bundle V', the inner
product (A.1) is replaced by the generalised Hodge pairing [y a A *yb. To compute this,
one would additionally need to know the Hermitian structure of V. The Calabi-Yau metric
does double duty in the case of the standard embedding as it determines entirely the natural
inner product on Q°(Tx). One of the conclusions of Kodaira-Spencer theory is that the
Weil-Petersson metric may be computed by exploiting the existence of the Ricci-flat metric
without its direct invocation.

A.1 Kodaira-Spencer theory

We briefly sketch how the Weil-Petersson metric on M may be computed topologically
using Kodaira-Spencer deformation theory. For further details one may refer to [25, 26, 59].

The core idea is as follows: the space of deformations of the complex structure on a
compact complex manifold X is represented by the tangent space to Mcs at the point X.
The latter may be identified with the first Dolbeault cohomology group of the holomorphic
tangent bundle on X, H'(X;Tx). For X an algebraic variety in some projective ambient
space, independent deformations of the complex structure of X are realised as independent
deformations of the homogeneous defining polynomials of X. This is an immense simplification
from a numerical perspective, since one can model the data of a bundle-valued differential
form using only monomials in the local coordinates of the ambient projective space X is
embedded within.

Consider a complex analytic family [27, 30] (£, A, ) of Calabi-Yau manifolds over a
base B such that 0 € A ¢ C4mH' (XiTx) Here 7 : 2 — A denotes the projection map, and
we denote a fibre as X; := 7~ !(¢), where t € A denotes local coordinates on the base. We
define X := X, as the central fibre at ¢ = 0. The Kodaira-Spencer map is a C-linear map

ptTtA%Hl(X,TX) .
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For a complex analytic family of Calabi-Yau manifolds, due to a theorem of Kodaira-Nirenberg-
Spencer, p; is injective and furthermore dimc A = dim H'(X;; Tx,). Hence p; supplies a
one-to-one correspondence between complex structure deformations of X; and H'(X;; Ty, ).
Let H : HP(X;Tx) — HP(X;Tx) denote the projection map sending representatives of H*
to their unique harmonic counterparts, then we have the classic result for the Weil-Petersson
metric [58, 60]:

Gui ~ [, Hp(0/51) N UHAO]OF) (A.2)

Here, 2 (-) denotes the interior product with , which induces the isomorphism H'(X, T ) ~
Hgil’l(X ). Up to a topological prefactor, G ; coincides with the intersection pairing on
Q?{l’l. The computation (A.2) still depends on the Ricci-flat metric through the harmonic
projection. Let Q(t) be a holomorphic n-form on 2 which restricts to a non-zero holomorphic
(n,0) form Q; € H™°(X}) on the fibres. One may elide knowledge of the Riemannian structure
over X entirely in the computation of G ; by considering the effect of deformations of the
complex structure on ;. One may show that [59]:
d

T =0 € T on)eT(x,0n i), (A.3)
to

where ¢ € Im(p;) is an arbitrary representative of H'(X;; Ty,) that is not guaranteed to be
harmonic. This says that the variation of the canonical holomorphic form is not necessarily
of (n,0) type with respect to the complex structure on the central fibre. Both terms in
this decomposition may be evaluated in terms of Poincaré residues [25, 59]. Let (—,—)
denote the standard intersection pairing on HP4(X) with p+¢ =n: («,8) = [y a A . The
Weil-Petersson metric on the complex structure moduli space may then be obtained as [25]

th th 1 th th
. _ o miia e ki
gab < ) " (97 Q) ( 9 dta ) " ( ’ dtb )

dta’ dtb
The problem then reduces to the calculation of various integrals over X — these may be

(A4)

to

efficiently computed via Monte Carlo integration in local coordinates. This demonstrates that
the Weil-Petersson metric is quasi-topological, as it only depends on the complex structure
and not the choice of Kéhler metric. Given the form of the corresponding Kéhler potential,
this is perhaps not too surprising. In section 4 we demonstrate one may recover the results of
the quasi-topological computation (A.4) from approximations to the necessary local geometric
data required in the evaluation of (A.2).
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Code Availability Statement. This article has associated code in a code repository.
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