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Groups acting acylindrically on trees
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Abstract. We develop a notion of groups that act acylindrically and non-elementarily on
simplicial trees, which we call acylindrically arboreal groups. We then prove a complete
classification of when graph products of groups and the fundamental groups of certain
hyperbolic 3-manifolds are acylindrically arboreal, and use these classifications to provide
examples of acylindrically hyperbolic groups that have actions on trees but have no non-
elementary acylindrical actions on trees.

1 Introduction

The definition of an acylindrical action on a tree was first formulated by Sela [37],
and later generalised by Weidmann [42] to the following.

Definition 1.1. Let G be a group acting by simplicial isometry on some simplicial
tree T and let k � 0 and C > 0 be integers. We say that the action of G on T is
.k; C /-acylindrical if the pointwise stabiliser of any edge path in T of length at
least k contains at most C elements.

A third definition was formulated by Bowditch [5] to give a property of an
action on a general metric space, which is more coarse-geometric. The definition
of Bowditch can be shown to agree with that of Weidmann in the context of actions
on trees, in a result essentially due to Minasyan and Osin [27] (cf. Theorem 2.17).
Groups that act acylindrically non-elementarily (cf. Theorem 2.3) on hyperbolic
spaces are a well-studied generalisation of hyperbolic groups. Such groups are
called acylindrically hyperbolic.

The class of acylindrically hyperbolic groups is very broad – such a large num-
ber and variety of groups are acylindrically hyperbolic that it can be difficult to
discern whether they have certain properties in general. For example, it is still an
open problem whether the property of being acylindrically hyperbolic is preserved
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under quasi-isometry [35, Question 2.20 (a)] or even passes to finite index over-
groups [28, Question 2], although some progress was made on the latter question
by Balasubramanya [4].

It is natural to ask which acylindrically hyperbolic groups act acylindrically
non-elementarily on simplicial trees. Indeed, it is a well-known result of Bala-
subramanya that all acylindrically hyperbolic groups admit acylindrical actions on
quasi-trees [3], and further restricting to trees allows us to make use of a wide range
of strong theory. All actions will be by isometry, and all trees will be assumed to
be simplicial with the natural edge metric. We make the following definition.

Definition 1.2. Let G be a group. Then we say that G is acylindrically arboreal if
G admits a non-elementary acylindrical action on some tree T .

Many groups are already known to be acylindrically arboreal, although we be-
lieve that this terminology is novel. For example, Wilton and Zalesskii show that if
a closed and orientable irreducible 3-manifold M is non-geometric, then the split-
ting of �1.M/ given by the JSJ-decomposition ofM induces an acylindrical action
on the associated Bass–Serre tree [43, Lemma 2.4], so such groups will either be
acylindrically arboreal or virtually cyclic by [34, Theorem 1.1] (cf. Theorem 2.3).

The vast majority of other examples arise from a result of Gitik, Mj, Rips and
Sageev [13, Main Theorem] that implies that a splitting of a hyperbolic group over
a quasi-convex subgroup will induce an acylindrical action on the associated Bass–
Serre tree. The study of quasi-convex splittings of hyperbolic groups has proved
very fruitful (see [16, 45], for example).

The acylindrical action on a tree rather than on a generic hyperbolic metric
space makes studying the properties of acylindrically arboreal groups much sim-
pler than studying the properties of acylindrically hyperbolic groups in general.
For example, the following are properties of acylindrically arboreal groups that
are either unknown for acylindrically hyperbolic groups in general (even for those
which split) or have a much more satisfying solution in our restricted class.
� Quasi-isometry: It is very simple to see that acylindrical arboreality is not pre-

served by quasi-isometry. For example, the .2; 3; 7/-triangle group has property
(FA) (cf. Definition 2.13) by a well-known result of Serre [38, Corollary 2 of
Theorem I.6.26] (cf. Theorem 2.11), and this property will naturally prohibit
any action on a tree from fulfilling the non-elementary requirement in the def-
inition of acylindrical arboreality. However, this group is virtually a hyperbolic
surface group, which is acylindrically arboreal by considering cuts along simple
closed curves.

� Growth rates: Using the fact that, in a non-elementary acylindrical action on
a tree, we are guaranteed to find loxodromic elements in words of length at
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most two over any generating set (cf. Corollary 2.12), we can learn much about
the growth properties of acylindrically arboreal groups. In particular, Kerr [23,
Proposition 1.0.9] and Fujiwara [12, Theorem 1.1] prove strong results about the
growth rates of acylindrically hyperbolic groups where we can find loxodromics
quickly. It is however worth noting that the Fujiwara result requires equational
Noetheriality in an essential way, and it is still very much open when an acylin-
drically arboreal group is equationally Noetherian (see [40, Theorem 1.9] for
a strong condition under which equational Noetheriality will hold).

� Explicit constructions in bounded cohomology: Monod and Shalom explicitly
use the acylindrical action on a tree to show that all acylindrically arboreal
groups are in the class Creg (see [29, Theorem 7.7, Corollary 7.10 and Re-
mark 7.11]), which is equivalent to the second bounded cohomology with coeffi-
cients in the regular representation not vanishing (see [30] for a formal treatment
of this property). Their proof is via an explicit construction of the desired non-
boundary cocycle, and although subsequent results have shown that all acylindri-
cally hyperbolic groups are in Creg (see [17, Corollary B], [22, Corollary 1.7]),
the constructions in the general case are much less explicit.

An acylindrical action on a tree also has strong implications for the Farrel–Jones
conjecture, as shown by Knopf [25].

Our main results are complete classifications of two very important classes
of groups, those of graph products of groups and fundamental groups of com-
pact and orientable hyperbolic 3-manifolds with empty or toroidal boundary. The
acylindrical hyperbolicity of groups in these classes was considered in [27], and
while all manifolds considered in this paper have relatively hyperbolic fundamen-
tal groups which must then be acylindrically hyperbolic [34, Theorem 1.2 and
Proposition 2.12], the results of this paper relating to graph products of groups
should be compared to those in [27, Section 2.3].

First, if GP .�;G / is a graph product, we will say that a pair of vertices a and
b of � are separated (with respect to the graph product GP .�;G /) if the �-edge
distance between a and b is at least 2 and the subgroup generated by the vertex
groups corresponding to link�.¹a; bº/ is finite, or equivalently that the set of ver-
tices adjacent to both a and b induces a complete subgraph of � and are all labelled
with finite groups.

Theorem 1.3. Let G D GP .�;G / be a non-degenerate graph product of groups
such that diam.�/ � 2. Then G is acylindrically arboreal if and only if G is not
virtually cyclic and there exists a pair of vertices a; b 2 V.�/ that are separated.

Here diam.�/ is the graph theoretical diameter (cf. Definition 2.8). It is worth
noting here that we have no restrictions on the vertex groups of G D GP .�;G /,
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and the condition that G is not virtually cyclic is not overly restrictive. Indeed, if
diam.�/ � 2, then we have that G is virtually cyclic if and only if � is a com-
plete graph minus one edge e, all vertex groups of � are finite and the endpoints
of e are both copies of Z=2Z, and more generally, a group that is virtually cyclic
cannot admit a non-elementary action on any hyperbolic space, even allowing for
non-acylindrical actions, as it cannot contain multiple independent loxodromic el-
ements.

In a similar vein, we prove a similar sufficient condition in Corollary 3.13 for
a subgroup of a graph product of groups to be acylindrically arboreal, which should
be compared with [27, Theorem 2.12].

A group may fail to be acylindrically arboreal by having no action on a tree that
is sufficiently complex. We make the following definition.

Definition 1.4. Let G be a group. We say that G has the weakened (FA) property,
denoted (FA−), if wheneverG acts on a tree T , it must either fix some point p 2 T
(not in the boundary of T ) or fix some bi-infinite geodesic L � T setwise.

This is similar to the definition of property AR defined by Culler and Vogtmann
[9] for groups acting on real trees, excepting that they only allow the action of the
group on the fixed line to be by translation.

We will see that property (FA−) prohibits acylindrical arboreality in the sense
that a group with (FA−) can never fulfil the non-elementary condition when acting
upon a tree, but that the reverse implication is not true – there exist many acylin-
drically hyperbolic (or even hyperbolic) groups that do not have (FA−) but which
are not acylindrically arboreal. For example, let Q be a finitely presented but not
hyperbolic group with an action on a tree with no fixed points or lines, such as
the Baumslag–Solitar group BS.2; 3/ Š ha; b j ab2a�1b�3i. Using the Rips con-
struction of Ollivier and Wise [32, Theorem 1.1], it is possible to extend Q by
an infinite group N with Kazhdan’s property (T) (see [46], for example) to obtain
a hyperbolic group G, which will have an infinite normal (T) (and therefore (FA−)
by [41], or [31, Theorem B]) subgroup. Such a subgroup prohibits the acylindrical
arboreality of G by the fact that, as with acylindrical hyperbolicity, acylindrical
arboreality is inherited by infinite normal subgroups (Lemma 2.18 (3); see [34,
Lemma 7.1] for the original proof for acylindrically hyperbolic groups). However,
G=N Š Q admits an action on a tree with no fixed points or lines by construction,
so G will not have (FA)− as it will act on the same tree via the quotient map.

Using Theorem 1.3, we will obtain the following result.

Proposition 1.5.There exists an acylindrically hyperbolic right angled Artin group
G that is not acylindrically arboreal but does not have property (FA−). Further-
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more, we can construct G such that it has no non-trivial normal subgroups with
property (FA−).

Our second main theorem, Theorem 1.6 below, provides a complete classifi-
cation of when the fundamental group of a compact and orientable hyperbolic
3-manifold with empty or toroidal boundary is acylindrically arboreal – see Sec-
tion 4 for the relevant definitions.

Theorem 1.6. Let M be a compact and orientable hyperbolic 3-manifold with
empty or toroidal boundary. Then �1.M/ is acylindrically arboreal if and only if
M contains an embedded 2-sided incompressible closed subsurface † that is not
isotopic to any boundary component of M , and such that the image of the natural
inclusion �1.†/ ,! �1.M/ is geometrically finite.

Along with the proof of a result of Minasyan and Osin [28, Theorem 3], Theo-
rem 1.6 restricted to the closed case may be used to give a complete classification
of the acylindrical arboreality of the fundamental groups of closed and orientable
3-manifolds.

Many hyperbolic groups are already known to be acylindrically arboreal, but it
is unknown in general whether all acylindrically arboreal hyperbolic groups admit
a quasi-convex or malnormal splitting. We thus ask the following question.

Question 1.7. Let G be an acylindrically arboreal hyperbolic group. Does G nec-
essarily admit a non-elementary splitting over either a quasi-convex or finitely
generated malnormal subgroup?

Using Theorem 1.6, we provide a partial answer to this question.

Theorem 1.8. Let G D �1.M/ be the fundamental group of a closed and ori-
entable hyperbolic 3-manifold. Then the following are equivalent.

(1) The group G admits a non-elementary quasi-convex splitting.

(2) The group G is acylindrically arboreal.

(3) The group G does not have property (FA−).

An example of an acylindrically arboreal hyperbolic group with no quasi-con-
vex splitting would require a rather pathological construction, although we are
inclined to believe that such an example will exist. For example, the double of
a hyperbolic group G over a finitely presented subgroup H will be hyperbolic
only if H is undistorted [6, Theorem I.� .6.20], so a counterexample using the
doubling construction would require a subgroup of a hyperbolic group which is
finitely generated but not finitely presented. Such examples are poorly understood
in general, and tend to have large normalisers in the ambient group [44].
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2 Preliminaries

2.1 Acylindrical hyperbolicity

We will define a hyperbolic metric space to be a geodesic metric space satisfying
any of the standard equivalent conditions, for example the thin triangles condition
for ı-hyperbolicity due to Rips [6, Definition III.H.1.1]. We have the following
coarse-geometric definition of acylindricity due to Bowditch.

Definition 2.1. Let G be a group acting on a metric space .X; d/ by isometry. For
all � � 0, x; y 2 X , we define the pointwise quasi-stabiliser PQStab�G.¹x; yº/ to
be the set ¹g 2 G j d.x; gx/ � � and d.y; gy/ � �º. We say that G acts acylin-
drically on X if, for all � � 0, there exist constants R.�/;N.�/ � 0 such that, for
all x; y 2 X with d.x; y/ � R.�/, we have jPQStab�G j � N.�/.

We have the following ways in which elements of a group can act upon a hy-
perbolic space.

Definition 2.2. Let G be a group acting on a hyperbolic space X by isometry, and
let g 2 G. Then we say that

� g is elliptic if g has bounded orbits;

� g is loxodromic if, for any x 2 X , the map Z! X given by n 7! gnx is a quasi-
isometric embedding.

We will require some results pertaining to acylindrically hyperbolic groups,
which we will include without proof for brevity. We first have the following clas-
sification theorem due to Osin. A similar classification for generic actions on hy-
perbolic spaces was originally proved by Gromov in [15, Section 8], with more
possibilities, but these may be disregarded as they will not occur in the acylindri-
cal case.

Theorem 2.3 ([34, Theorem 1.1]). LetG be a group acting acylindrically on a hy-
perbolic space X . Then G satisfies exactly one of the following conditions.

(1) The orbit of any element x 2 X under the action ofG is bounded. In this case,
we say that the action of G on X is elliptic.

(2) The group G is virtually cyclic and contains at least one loxodromic element.
In this case, we say that the action of G on X is lineal.

(3) The group G contains infinitely many independent loxodromic elements. In
this case, we say that action of G on X is non-elementary.



Groups acting acylindrically on trees 7

Definition 2.4. Let G be a group. We say that G is acylindrically hyperbolic if G
admits a non-elementary acylindrical action on a hyperbolic space X .

Example 2.5. It is well known that any finitely generated hyperbolic group acts
acylindrically on its Cayley graph, which is a hyperbolic metric space. This ac-
tion will have bounded orbits if and only if G is finite, and so if G is an infinite
and non-virtually cyclic hyperbolic group, it must be acylindrically hyperbolic by
Theorem 2.3.

Further examples include the mapping class groups MCG.†g;p/ of closed sur-
faces of genus g with p punctures unless g D 0 and p � 3, Out.Fn/ for n � 2 and
one-relator groups with at least three generators (see [34, Section 8], for example).

2.2 Groups acting on trees

We recall some graph theoretical notation, which we will use throughout.

Definition 2.6. Let � D .V .�/; E.�// be a graph. Then � is said to be finite if
jV.�/j <1, and we say that � is simple ifE.�/ contains no loops or multiedges.

For a vertex v of a finite simple graph � , we define the link, denoted link�.v/,
of v to be the set of vertices u 2 V.�/n¹vº such that there exists an edge e 2 E.�/
incident on both u and v. For a subset A of V.�/, we define link�.A/ to be the
intersection link�.A/ D

T
v2A link�.v/. We define the neighbourhood of a vertex

v 2 V.�/ to be N�.v/ D link�.v/ [ v, and the neighbourhood of a set of vertices
A to be the union N�.A/ D

S
v2AN.v/.

Example 2.7. We will refer to the following standard collections of graphs.

(1) We say that � D .V;E/ is a complete graph if E contains every possible un-
ordered pair of distinct elements in V , and we say that � is discrete if the edge
setE is empty. If jV j D n, we denote these graphs asKn andOn respectively.

(2) We define the n-path Pn for n � 2 to be the unique (up to isomorphism) con-
nected graph on n vertices with n � 1 edges and maximum vertex degree two,
and the n-cycle Cn for n � 3 to be the unique (up to isomorphism) connected
graph on n vertices with n edges such that the degree of every vertex is two.

Definition 2.8. Let � D .V;E/ be a finite graph. For a graph � D .V;E/, we de-
fine the graph theoretical diameter diam.�/ to be the metric diameter of the V.�/
when endowed with the edge metric. We will therefore have that diam.�/ D1 if
and only if � is disconnected.

For a subset A � � , we define the diameter diam.A/ to be the diameter of the
subgraph of � induced by A, which can be infinite even if � had finite diameter.
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Remark. The graph theoretical diameter will often differ from the metric diameter
of the entire graph. For example, the metric diameter of the cycle C5 is 2:5, but
diam.C5/ D 2.

We will assume the reader has some familiarity with Bass–Serre theory, and for
a more detailed discussion, we refer to [10, 38]. Let .�;G/ be a graph of groups,
where � is a connected directed graph that may not be finite or simple and G is
the following data:

� to every vertex v 2 V.�/, we assign a vertex group Gv, and to every edge
e 2 E.�/, we assign an edge group Ge;

� to every edge e 2 E.�/, we assign monomorphisms

d0WGe ! Gi.e/ and d1WGe ! Gt.e/;

where i.e/ and t .e/ are the initial and terminal vertices of e in � respectively.

We will use a slight abuse of notation to consider each vertex group Gv as a sub-
group of the fundamental group �1.�;G/ along the natural inclusion. Similarly,
we will consider each edge group Ge to be the subgroup of the fundamental group
given by the image of d0.Ge/ in the vertex group Gi.e/. We call a graph of groups
trivial if there exists some v 2 V.�/ such that Gv D �1.�;G/, or non-trivial
otherwise. We say that a graph of groups .�;G/ is a graph of groups decompo-
sition or splitting of a group G if the fundamental group �1.�;G/ is isomorphic
to G. We denote by T .�;G/ the Bass–Serre tree associated to the splitting, on
which G acts naturally by isometry with respect to the edge metric and without
inversion [38, Section I.5.3].

The assumption that any action on a tree is simplicial and without inversion is
easy to guarantee, so we will assume from now on that all actions on trees are by
simplicial isometry and without inversion.

As in [38, Section I.5.4], an action on a tree will give rise to a quotient graph of
groups decomposition .T=G;G) of G, where the vertex or edge group of a vertex
or edge of T=G is defined to have the isomorphism type of the stabiliser of any
preimage of that vertex or edge in T , and the edge monomorphisms are defined
similarly.

The following lemma is a restating of [38, Proposition I.2.10] and its corollary
which allows us to remove any ambiguity as to the definition of an elliptic action
in the context of simplicial trees and which we include without proof.

Lemma 2.9. Let G be a group acting on a tree T . Then the following conditions
are equivalent:
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(1) the G-orbit of at least one point x 2 T is bounded in T ;

(2) the G-orbit of every point in x 2 T is bounded in T ; and

(3) there exists some point x 2 T fixed by the action of G on T .

We use this to make the following definition.

Definition 2.10. Let G be a group acting on a tree T . We say that G is acting
elliptically, or that G is elliptic, if the action of G on T has a fixed point.

We say that a subgroup H � G acts elliptically on T , or that H is an elliptic
subgroup, if the induced action of H on T is elliptic. Similarly, we say that an
element g 2 G acts elliptically on T , or that g is an elliptic element, if hgi � G is
an elliptic subgroup.

It follows from the fundamental theorem of Bass–Serre theory that an action on
a tree is elliptic if and only if the quotient graph of groups is trivial.

Remark. In the context of acylindrical actions on trees, these definitions will agree
with those in Definition 2.2 and Theorem 2.3 by the above lemma, although it is
important to note that, in general, elliptic acylindrical actions on hyperbolic spaces
(in the sense of Theorem 2.3) need not have fixed points.

We will refer to the following well-known result from Bass–Serre Theory with-
out proof.

Theorem 2.11. [38, Corollary 2 of Theorem I.6.26] Let G be a group generated
by a finite number of elements s1; : : : ; sm and let T be a tree on which G acts by
isometry. Assume further that, for all distinct pairs 1 � i; j � m, we have that si ,
sj and sisj act elliptically on T . Then G must act elliptically on T .

The following corollary is immediate.

Corollary 2.12. Let G be a group acting on a tree T generated by an arbitrary set
of elements S . Assume further that, for all distinct pairs si ; sj 2 S , we have that
si , sj and sisj act elliptically on T . Then the action of G on T has no loxodromic
elements.

Note that this will hold even in the case when S is uncountable, as any loxo-
dromic element would have to appear as a finite word over the elements of S , so
would sit in a finitely generated subgroup where we can apply Theorem 2.11.

By Theorem 2.3, Corollary 2.12 implies that if the action is also acylindrical,
then G must act elliptically, so must have a global fixed point.

We have the following definition due to Serre [38, Section I.6.1].



10 W. D. Cohen

Definition 2.13. We say that a group G has property (FA) if every action of G on
a tree is elliptic, or equivalently, if every graph of groups decomposition of G is
trivial.

In the context of acylindrical arboreality lineal actions, those actions that fix
bi-infinite geodesics setwise are also prohibited. This leads us to the following
definition.

Definition 2.14. We say that G has the weakened (FA) property (FA−) if, for every
action of G on some tree T , we either have that G acts elliptically on T or that the
action of G on T fixes some bi-infinite geodesic L � T setwise.

2.3 Acylindrically arboreal groups

In this section, we formally define acylindrical arboreality and obtain some initial
results.

Definition 2.15. We say that a group G is acylindrically arboreal if G acts acylin-
drically non-elementarily on some tree T . This action will give rise to a quotient
graph of groups decomposition of G, which we will call a non-elementary acylin-
drical splitting of G.

Any acylindrically arboreal group is acylindrically hyperbolic, as any simplicial
tree is a 0-hyperbolic metric space, but working with a simplicial tree allows us to
use a much more combinatorial definition.

Definition 2.16 ([42, Introduction]). Let G be a group acting on some tree T and
let k � 0 and C > 0 be integers. We say that the action of G on T is .k; C /-
acylindrical if the pointwise stabiliser of any edge path in T of length at least k
contains at most C elements.

The following theorem is essentially due to Minasyan and Osin [27]. We include
a brief proof demonstrating how to use the cited lemma to obtain this result.

Theorem 2.17 ([27, Lemma 4.2]). Let G be a group acting by isometries on
a tree T . This action is acylindrical (in the sense of Definition 2.1) if and only
if there exist constants k � 0 and C � 1 such that the action of G on T is .k; C /-
acylindrical.

Proof. As in the statement, let G be a group acting by isometries on a tree T .
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First assume that this action is acylindrical with constants R.�/ and N.�/ as
in Definition 2.1. The action of G on T must be .dR.0/e; N.0//-acylindrical by
definition of acylindricity.

For the other direction, assume that the action of G on T is .k; C /-acylindrical
for some constants k and C . Let � > 0, and set

R.�/ D k C 2� C 6; N.�/ D 2.2� C 1/C:

Let x; y 2 T such that dT .x; y/ � R.�/, and let u and v be the closest ver-
tices to x and y respectively on the geodesic Œx; y� such that u and v are at
distance at least � C 1 from x and y respectively. Thus the distance from x to
u is bounded above by the distance from x to the nearest vertex on Œx; y� plus
d1C �e D 1C d�e, so

1C � � dT .u; x/ � 1C 1C d�e � 3C �:

The distance dT .v; y/ is similarly bounded, and by the triangle inequality,

dT .u; y/ � dT .x; y/ � dT .u; x/ � k C � C 5 > �:

Similarly dT .v; x/ > �, and again by the triangle inequality, we have that

dT .u; v/ � dT .x; y/ � dT .u; x/ � dT .v; y/ � k;

so it follows that dT .u; v/ � k and dT .¹u; vº; ¹x; yº/ > �, and we can invoke
[27, Lemma 4.2] to see that the pointwise quasi-stabiliser PQStab�G.¹x; yº/ is con-
tained in at most 2.2� C 1/ cosets of PStabG.¹u; vº/, the pointwise stabiliser of
¹u; vº. By construction, the geodesic path between u and v must use at least k
edges and so jPStabG.¹u; vº/j � C by definition of definition of k and C . It fol-
lows that jPQStab�G.¹x; yº/j � 2.2� C 1/C D N.�/. Thus our action was acylin-
drical with constants R.�/ and N.�/.

The class of acylindrically arboreal groups has the following set of inheri-
tance properties, claim (3) of which follows immediately from a restriction of
[34, Lemma 7.1] to actions on trees.

Lemma 2.18. LetG be an acylindrically arboreal group. Then the following hold.

(1) Any extension of G along a finite kernel must be acylindrically arboreal.

(2) Any quotient ofG by a finite normal subgroup must be acylindrically arboreal.

(3) [34, Lemma 7.1] Let H � G be s-normal, i.e. for all g 2 G, gHg�1 \H
is infinite. Then H is acylindrically arboreal. In particular, any finite index
subgroup of G is acylindrically arboreal.
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Proof. We prove each claim separately. LetG be an acylindrically arboreal group,
so G admits a non-elementary acylindrical action on a tree T .

(1) Let E be an extension of G such that the natural projection E ! G has
finite kernel K. Then E acts on T through this quotient, and given that, by Theo-
rem 2.17, the action ofG on T was .k; C /-acylindrical for some k and C , we must
have that the action of E on T is .k; C jKj/-acylindrical, and thus acylindrical in
the sense of Definition 2.1 by Theorem 2.17. The preimage of any loxodromic
element in G must be a loxodromic element in E so the action of E on T is not
elliptic, and E cannot be virtually cyclic as G was not virtually cyclic. Thus the
action of E on T must be non-elementary by Theorem 2.3, so E is acylindrically
arboreal as claimed.

(2) Let K be a finite normal subgroup of G. Then the action of K on T must
have a fixed point x by Lemma 2.9. Let T 0 be the convex hull of the orbit of x in T
under the action ofG, on whichG still acts non-elementarily acylindrically. Then,
by the normality of K, it must fix the entire orbit of x pointwise, and hence fix all
of T 0. The action of G on T 0 must therefore factor through the quotient G=K, and
thus G=K is acylindrically arboreal as claimed.

(3) This claim follows immediately from a restriction of the proof of [34, Lem-
ma 7.1] to the case of acylindrically arboreal groups.

Further, the following lemma is simply a restriction of a result of Osin to the
case of acylindrically arboreal groups.

Lemma 2.19 ([34, Corollary 7.2]). Let G be a group acting acylindrically on a
tree T , and let H Š H1 �H2 be a subgroup of G that decomposes as the direct
product of two infinite groups. Then H must act elliptically on T .

Finally, using the combinatorial definition of acylindricity, we prove the follow-
ing useful result.

Lemma 2.20. Let G be a finitely generated acylindrically arboreal group. Then
there exists a non-elementary acylindrical splitting .�;G/ of G where � has ex-
actly one edge.

Proof. Let .� 0;G 0/ be a non-elementary .k; C /-acylindrical splitting of G with
Bass–Serre tree T 0 D T .� 0;G 0/, and let e 2 E.T 0/ be an edge in T 0. We may
assume that no proper subtree of T 0 is fixed setwise by G. Let G � e be the G-orbit
of e in T 0, and define a tree T with

V.T / D ¹vU WU � .T
0
� .G � e// is a connected componentº

and an edge between any two vertices whose labels are joined by an edge of G � e.
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Then G acts on T with one orbit of edges, and there is a natural G-equivariant
map �WT 0 ! T which is a bijection when restricted to the interior of G � e, and
which is Lipschitz, i.e. for all u; v 2 V.T 0/, dT .�.u/; �.v// � dT 0.u; v/. It thus
follows from equivariance and the bijectivity of the restriction of � above that the
action of G on T is .k; C /-acylindrical.

It only remains to show that this action is non-elementary. Since G cannot be
virtually cyclic by assumption, we need only show that the action ofG on T has no
fixed point, but if the action of G on T were to have a fixed vertex vU , the action
on T 0 must fix the subtree U � T 0 setwise, contradicting our assumption on T 0.
The action of G on T is therefore non-elementary acylindrical as required.

3 Graph products of groups

In this section, we prove Theorem 1.3 and explore its consequences. We recall
some definitions.

Definition 3.1. Let � D .V;E/ be a finite simple graph, and let G D ¹Gvºv2V be
a collection of groups enumerated by the vertex set of � . We define the graph
product GP .�;G / to be the group hG j ŒGu; Gv� for ¹u; vº 2 Ei. Thus GP .�;G /
is the quotient of the free product of the groups G by the normal closure of the
commutators of those pairs of groups whose labels appear in the edge set of � .

We call each group Gv 2 G the vertex group of v. We call a graph product of
groups GP .�;G / degenerate if it has any trivial vertex groups or if � has only one
vertex, and we say that GP .�;G / is non-degenerate otherwise.

If � is complete, we recover the direct product of the vertex groups, and if � is
discrete, we recover the free product of the vertex groups. The graph product can
therefore be considered as a generalisation of these two concepts.

Example 3.2. Some of the most well studied examples of graph products are right
angled Artin groups (RAAGs), where every vertex group is a copy of Z, and right
angled Coxeter groups (RACGs), where every vertex group is a copy of Z=2Z.

We will use a concept of standard form for an element of a graph product
G D GP .�;G / originally formulated by Green [14], although our discussion will
follow that of Antolín and Minasyan [1, Section 2].

For any element g 2 G, we can write g as a word W D .g1; : : : ; gn/, where
g D g1 � � � gn and each gi is an element of some Gv 2 G . We will call each gi
a syllable of the word W . We say that n is the length of the word W . We say that
two syllables gi and gj of W with i < j can be joined together if either syllable
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is 1 or if there exists some Gv 2 G such that gi ; gj 2 Gv and, for all i < k < j ,
gk 2 Guk

with uk 2 N�.v/. In such a case, gj commutes with all such gk in G,
so W represents the same element of G as the word

.g1; : : : ; gi�1; gigj ; giC1; : : : ; gj�1; gjC1; : : : ; gn/;

whose length is strictly smaller.
A word W D .g1; : : : ; gn/ is called reduced if it is empty or if gi ¤ 1 for all i

and no two distinct syllables of W can be joined together.
Let W D .g1; : : : ; gn/ be a (not necessarily reduced) word in a graph prod-

uct G D GP .�;G /. For consecutive syllables gi 2 Gu, giC1 2 Gv with ¹u; vº an
edge of � , we can interchange gi and giC1. This is known as syllable shuffling.

We will refer to the following result of Green without proof.

Theorem 3.3 ([14, Theorem 3.9]). Let G D GP .�;G / be a graph product. Then
every element ofG can be represented by a reduced word. Moreover, if two reduced
words represent the same element of G, then one can be obtained from the other
by applying a finite sequence of syllable shuffling.

Let g 2 G D GP .�;G / and let W D .g1; : : : ; gn/ be a reduced word repre-
senting g. We define the length jgj� D n and the support of g to be

supp�.g/ D ¹v 2 V.�/ j there exists i 2 ¹1; : : : ; nº such that gi 2 Gvº:

For a subset X � G, we define supp�.X/ D
S
g2X supp�.g/.

Finally, we define lV�
.g/ and fV�

.g/ to be the sets of all u 2 V.�/ such that
some reduced word for g ends or begins with a syllable from Gu respectively
(here f and l stand for “first” and “last”). All of these concepts are well defined by
Theorem 3.3.

3.1 Full and parabolic subgroups of graph products of groups

We define a full and a parabolic subgroup of a graph of groups as follows.

Definition 3.4. Let GP .�;G / be a non-degenerate graph product of groups, and
let A � V.�/. We define the full subgroup on A, GA, to be the subgroup of G
generated by the vertex groups associated to the vertices of A, and by convention
define G; D ¹1º. We say that a subgroup H � G is parabolic if it is conjugate to
a full subgroup.

Remark. The full subgroup GA is always isomorphic to the graph product of
groups given by the subgraph of � induced by the vertex set A, with vertex groups
inherited from � .
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This section will list without proof a collection of results of Antolín, Minasyan
and Osin [1,27] on the subject of full and parabolic subgroups that will provide us
with the tools to study acylindrical splittings of graph products of groups.

Lemma 3.5 ([1, Lemma 3.2]). Let G D GP .�;G / be a non-degenerate graph
product of groups. Suppose U � V.�/ and g; x; y are some elements of G such
that x is non-trivial, gxg�1 D y, supp�.y/ � U and lV�

.g/ \ supp�.x/ D ;.
Then g can be represented by a reduced word .h1; : : : ; hr ; hrC1; : : : ; hn/, where
h1; : : : ; hr 2 GU and hrC1; : : : ; hn 2 Glink�.supp�.x//

.

Remark. This result holds for trivial x by (somewhat counter-intuitively) defining
the link of the empty set in a graph � to be the entire vertex set. The result in such
a case is completely trivial, so we have opted to exclude it so as to highlight the
interesting case.

Lemma 3.6 ([1, Lemmas 3.3, 3.4, Corollary 3.8], [27, Lemma 6.4]). Suppose that
G D GP .�;G / is a graph product of groups. Then the following hold.

(1) Let S be an arbitrary collection of subsets of V.�/. Then
T
S2S GS D GT

for T D
T
S2S S � V.�/.

(2) If U;W � V.�/ and g 2 G, then there exist some subset P � U \W and
h 2 GW such that gGUg�1 \GW D hGPh�1.

(3) IfU;W � V.�/ and g1; g2 2 G are such that, for all u 2 U ,Gu is non-trivial
and such that g1GUg�11 � g2GW g

�1
2 , then U � W .

(4) If P is an at most countable collection of parabolic subgroups of G, thenT
P2P P must itself be parabolic.

We use these lemmas to make the following definitions.

Definition 3.7. Let G D G.�;G / be a non-degenerate graph product of groups.
Suppose that P D gGUg�1 with U � V.�/ and g 2 G, so P is a parabolic sub-
group of G. We define the essential support esupp�.P / to be the set U . This is
well-defined by Lemma 3.6 (3).

Given an arbitrary subset X � G, we define the parabolic closure Pc�.X/
to be the intersection of all parabolic subgroups containing X , which is itself
parabolic by Lemma 3.6 (4). We extend the definition of essential support by defin-
ing esupp�.X/ D esupp.Pc�.X// for all X � G.

The following definition will be crucial to the proof of Theorem 1.3.
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Definition 3.8. Let G D G.�;G / be a non-degenerate graph product of groups.
We say that a pair of vertices u and v of � are separated (with respect to the graph
product GP .�;G /) if the edge distance between u and v is at least 2 and the full
subgroup Glink�.¹u;vº/ is finite.

Example 3.9. If G D G.�;G / is a graph product of groups with diam.�/ � 3,
then we will always have a pair of separated vertices. Indeed, if a; b 2 V.�/ are
edge distance three apart, then link�.¹a; bº/must be empty, and so induces a trivial
full subgroup.

3.2 Acylindrical hyperbolicity of graph products

In this section, we recall results of Minasyan and Osin which provide a condition
for a graph product of groups to be acylindrically hyperbolic. Recall that a graph
� is irreducible if its graph theoretical complement – the graph obtained from �

by replacing every edge with a non-edge and every non-edge with an edge – is
connected.

Theorem 3.10 ([27, Theorem 2.12]). Let G D GP .�;G / be a non-degenerate
graph product of groups with � irreducible. Suppose that H � G is a subgroup
that is not contained in a proper parabolic subgroup of G. Then H is either virtu-
ally cyclic or acylindrically hyperbolic.

The following corollary is then immediate,.

Corollary 3.11 ([27, Corollary 2.13]). Let G D GP .�;G / be a non-degenerate
graph product of groups with � irreducible. Then G is either virtually cyclic or
acylindrically hyperbolic.

It is also a clear corollary of Theorem 3.10 that if H is a subgroup of a non-
trivial graph product of groups GP .�;G / and if the essential support ofH induces
an irreducible subgraph of � , we have thatH is either acylindrically hyperbolic or
virtually cyclic.

3.3 Proof of Theorem 1.3

We restate the theorem here for clarity.

Theorem 1.3. Let G D GP .�;G / be a non-degenerate graph product of groups
such that diam.�/ � 2. Then G is acylindrically arboreal if and only if G is not
virtually cyclic and there exists a pair of vertices a; b 2 V.�/ that are separated.
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GA GB

gGB

hGA

GC

gGC

hGC

Figure 1. A generic 3-path in the Bass–Serre tree of the amalgam GA �GC
GB can

be assumed to use Gc as its middle edge as the action is edge-transitive and by
isometries.

Proof. Let G;� be as in the statement. For the if direction, assume that there
exists a pair of vertices a; b 2 V.�/ that are separated and that G is not virtually
cyclic. Let N D N�.a/ \N�.b/ D link�.¹a; bº/, which must induce a finite full
subgroup GN of G by choice of a and b. Let A D � � b, B D � � a, and let
C D A \ B , so thatG Š GA �GC

GB . We claim that the action ofG on the Bass–
Serre tree of this splitting is .3; jGN j/-acylindrical.

Let T be the Bass–Serre tree associated to this splitting, and let P be a path in T
with three edges. We may assume without loss of generality that the middle edge is
labelled GC , so there exist g 2 GA �GC , h 2 GB �GC such that the other two
edges in P are labelled gGC and hGC , as shown in Figure 1.

We first consider the subgroup gGCg�1 \GC . If lV�
.g/ contains any vertex of

C , we can replace g with g0 such that jg0j� < jgj� and such that gGC D g0GC ,
a process which will terminate by the assumption that g … Gc . We can thus assume
without loss of generality that lV�

.g/ \ C D ;.
If gGCg�1 \GC contains only the trivial element, then PStabG.P / is triv-

ial and we are done, so assume that there exists y 2 gGCg�1 \GC that is non-
trivial. Then y 2 GC and y D gxg�1 for some non-trivial x 2 GC . Since x is sup-
ported in C , we have that supp�.x/ \ lV�

.g/ D ; and we can invoke Lemma 3.5
with U D C , which shows that g is supported in C [ link�.supp�.x//. Thus if
supp�.x/ contains a vertex outside of N�.a/, then g is supported in B , contra-
dicting the fact that g 2 GA �GC which is disjoint from GB . It follows that x is
supported in N�.a/, and so y 2 gGN�.a/g

�1 meaning that

gGCg
�1
\GC � gGN�.a/g

�1:

Similarly,
hGCh

�1
\GC � hGN�.b/h

�1;

and thus

PStabG.P / D gGCg�1 \GC \ hGCh�1
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D .gGCg
�1
\GC / \ .hGCh

�1
\GC /

� gGN�.a/g
�1
\ hGN�.b/h

�1:

This last set is conjugate to .h�1gGN.a/g�1h/ \GN.b/, and by Lemma 3.6 (2),
there exist some f 2 G and N 0 � N such that

f GN 0f
�1
D h�1gGN.a/g

�1h \GN.b/:

It follows that jPStabG.P /j � jf GN 0f �1j � jGN j, which is finite by assump-
tion. Thus the action of G on the Bass–Serre tree T given by GA �GC

GB must be
.3; jGN j/-acylindrical, and so must be acylindrical by Theorem 2.17.

It remains to show that the action of G on T is non-elementary. The subgroup
GC is not equal to GA or GB as GP .�;G / is non-degenerate, so the splitting
G D GA �GC

GB is non-trivial and the action of G on T cannot be elliptic. The
groupG is not virtually cyclic by assumption, and so it follows thatG is an acylin-
drically arboreal group as required.

For the only if direction, being virtually cyclic clearly prohibits G from being
acylindrically arboreal by definition of non-elementary, so assume that � contains
no pair of separated vertices. We will show in such a case that if G acts acylindri-
cally on some tree T , then this action must be elliptic.

By Example 3.9, we must then have that diam.�/ < 3, so by assumption, we
have that diam.�/ D 2. Assume that G acts acylindrically on some tree T , and
fix the generating set S of G to be the union of a collection of generating sets of
its vertex groups. Let a; b 2 V.�/ be distinct vertices. We separate into two cases
based on whether or not a and b lie in an induced P3 subgraph of � .

If a and b lie in an induced P3, then if u and v are the endpoints of this
P3, the full subgroup G¹a;bº is entirely contained in the full subgroup Gƒu;v

,
where ƒu;v WD ¹u; vº [ link�.¹u; vº/. The group Gƒu;v

is the direct product of
Glink�.¹u;vº/ and G¹u;vº, both of which are infinite as u and v are not neighbours
in � by construction and u and v are not separated. Thus, by Lemma 2.19, Gƒu;v

must act elliptically, and so must G¹a;bº as a subgroup of Gƒu;v
.

If a and b do not lie in an induced P3, they must then be adjacent by the fact
that diam.�/ D 2, so we have three subcases.

(1) Both Ga and Gb are finite, so G¹a;bº is finite and must act elliptically.

(2) Both Ga and Gb are infinite, so G¹a;bº is the product of two infinite groups
and thus acts elliptically by Lemma 2.19 as above.

(3) Exactly one of Ga and Gb is infinite. Without loss of generality, assume that
Ga is infinite and Gb is finite. Assume for contradiction that G¹a;bº contains
a loxodromic element g. We claim that this implies that � is a complete graph.
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We have that link�.a/ D link�.b/ to avoid inducing a P3 containing a and b.
Similar to above, let ƒa;b D ¹a; bº [ link�.¹a; bº/. The group Gƒa;b

is the
direct product of Glink�.¹a;bº/ and G¹a;bº, so Glink�.¹a;bº/ must be finite by
Lemma 2.19 as Ga � G¹a;bº is infinite and we are assuming that G¹a;bº con-
tains a loxodromic element. Thus link�.¹a; bº/ must either be a complete
graph with finite vertex groups or the empty graph as the graph product over
any non-complete graph is infinite, and so the subgraph induced by ƒa;b is
complete.

Assume for contradiction that there exists v 2 V.�/ �ƒa;b . We may assume
without loss of generality that v is neighbour to some element of ƒa;b by
the fact that diam.�/ D 2. If v is a neighbour of one of a or b, then it must
also be a neighbour of the other to avoid inducing a P3 on v; a; b, and so
v 2 link�.¹a; bº/, contradicting our choice of v. It follows that v is a neigh-
bour of some element of link�.¹a; bº/. However, we then have that a; v is a
separated pair as link�.¹a; vº/� link�.a/� link�.¹a; bº/ which corresponds
to a finite full subgroup, providing the desired contradiction. It follows that
V.�/ D ƒa;b , and � is complete as claimed.

This contradicts the assumption that diam.�/ � 2, so we find that no such
loxodromic element g exists and G¹a;bº must act elliptically.

Now letw 2 V.�/ be a vertex. Since diam.�/ D 2, there exists some vertex x 2 V
distinct from w. The full subgroup G¹w;xº then embeds in an elliptic subgroup
of G as above, so is itself elliptic, and it follows that Gw must act elliptically
on T .

Finally, let g1; g2 2 S be generators contained in the vertex groups Gv1
and

Gv2
respectively. The full subgroup G¹v1;v2º

must act elliptically on T as above,
and so g1 and g2 must share a fixed point. All conditions of Corollary 2.12 are
therefore satisfied, so the action of G on T contains no loxodromic elements and
must be elliptic by Theorem 2.3.

It follows that every acylindrical action of G on a tree T must be elliptic, so G
is not acylindrically arboreal as required.

3.4 Consequences of Theorem 1.3

Our first corollary is the following natural restriction to the case where all vertex
groups are infinite.

Corollary 3.12. Let G D GP .�;G / be a non-degenerate graph product of groups
with infinite vertex groups. Then we have that G is acylindrically arboreal if and
only if diam.�/ � 3.
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Proof. For the if direction, the diameter being at least three implies the existence
of a pair of separated vertices ¹a; bº by Example 3.9. The groups Ga and Gb
are both infinite, so G is not virtually cyclic and G is acylindrically arboreal by
Theorem 1.3.

For the only if direction, assume that diam.�/ � 2. If diam.�/ D 1, then G
is the direct product of infinite groups, which is not acylindrically arboreal by
Lemma 2.19. If diam.�/ D 2, then any pair of non-adjacent vertices share a neigh-
bour with an infinite vertex group, and thus no pair of vertices of � can be sepa-
rated. The group G therefore cannot be acylindrically arboreal by Theorem 1.3 as
required.

We can now prove Proposition 1.5, which we restate here for clarity.

Proposition 1.5.There exists an acylindrically hyperbolic right angled Artin group
G that is not acylindrically arboreal but does not have property (FA−). Further-
more, we can construct G such that it has no non-trivial normal subgroups with
property (FA−).

Proof. Let G be the RAAG on the graph � shown to the left of Figure 2. First we
observe that G is not acylindrically arboreal by Corollary 3.12 as diam.�/ D 2.

Next we show that G is acylindrically hyperbolic, and by Corollary 3.11, it
suffices to show that � is irreducible and that G is not virtually cyclic. The second
of these conditions is clear as G has a Z2 subgroup, and for the first, the graph
theoretical complement of � is the connected graph shown in Figure 2 (right), so
� is irreducible and G is acylindrically hyperbolic as claimed.

Finally, we show that G does not have property (FA−), and in fact has no infi-
nite normal subgroups with (FA−). A result of Antolín and Minasyan asserts that
any subgroup of a right angled Artin group is either free abelian of finite rank
or projects onto a free group of rank two [1, Corollary 1.6]. Thus G does not
have (FA−) as it is not free abelian. Further, any non-trivial (and thus infinite)

Figure 2. The underlying graph � of the right angled Artin group in Proposition 1.5
(left) and its graph theoretical complement (right).
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normal subgroup of G with property (FA−) would have to be free abelian as a pro-
jection to the free group of rank two would induce an action on a tree with no
fixed points or line. However, the fact that G is acylindrically hyperbolic implies
that G can contain no infinite normal (or indeed even s-normal) abelian subgroup
[34, Lemma 7.1]. ThusG has no normal subgroup with property (FA−) as claimed,
and so G has all properties required.

Remark. This example is by no means unique – indeed, the RAAG on a C5 graph
would also satisfy all required properties.

We can also consider subgroups of graph products using Theorem 1.3. Recall
that, for a graph product of groups G D GP .�;G / and a subgroup H of G, the
parabolic closure Pc�.H/ is the intersection of all parabolic subgroups of G that
contain H , and the essential support esupp�.H/ is the essential support of the
parabolic closure of H .

Corollary 3.13. LetG D GP .�;G / be a non-degenerate graph product of groups,
and let H � G be a subgroup of G. If the graph product induced by the full sub-
group on the essential support esupp�.H/ contains a pair of separated vertices,
then H is either acylindrically arboreal or virtually cyclic.

Proof. By a contrapositive argument. Let H be a subgroup of G that is not virtu-
ally cyclic and not acylindrically arboreal. We claim that the sub-graph product of
groups induced by esupp�.H/ contains no separated vertices.

Indeed, assume that this is not the case and esupp�.H/ contains a separated pair
a; b. We may assume up to conjugation that Pc�.H/ D Gesupp�.H/

. Then Pc�.H/
splits as GA �GC

GB for a 2 A, b 2 B as in the proof of Theorem 1.3. If T is the
corresponding Bass–Serre tree, H must act elliptically on T by Theorem 2.3, so
the action ofH has a fixed point by definition. It follows thatH must lie entirely in
some conjugate ofGA orGB , which are both proper full subgroups ofGesupp�.H/

.
This contradicts the definition of parabolic closure and thus esupp�.H/ contains
no such separated pair a; b.

Unfortunately, the converse does not hold in general. Once again using the sim-
ple case of right angled Artin groups, we can construct the following counter-
example.

Example 3.14. Let G be the RAAG on a P3 whose vertices groups are generated
by the letters a, b and c so that a and c generate a copy of F2. The subgroup
hab; bci is isomorphic to F2, so is acylindrically arboreal, but its essential support
is � , which contains no separated pair of vertices.
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4 3-manifold groups

In this section, we will consider the acylindrical arboreality of certain fundamental
groups of 3-manifolds, and provide a proof of Theorem 1.8. We will provide a geo-
metric condition on the fundamental group of a compact and orientable hyperbolic
3-manifold with empty or incompressible toroidal boundary which is equivalent to
acylindrical arboreality, where by hyperbolic we mean carries a complete metric
of constant negative curvature on its interior. For avoidance of doubt, all surface
embeddings will be assumed to be proper, i.e. if f WS ,!M is an embedding of
a surface into a 3-manifold M , then f �1.@M/ D @S .

4.1 Relative quasi-convexity and malnormality

LetG be a group, andH a subgroup ofG. We say thatH is malnormal inG if, for
all g 2 GnH , gHg�1 \H D ¹1º. The concept of malnormality is very closely
linked with acylindricity, and in the context of relatively hyperbolic groups, this
is very well studied, but it can be difficult to find malnormal subgroups. We will
instead use the related concept of relative quasi-convexity, for which we will use
the definition due to Osin [33, Definition 1.8]. For a more thorough treatment of
relative hyperbolicity and relative quasi-convexity, see [20].

Let G be a group hyperbolic relative to a collection of subgroups P , which we
will always assume to be closed under conjugation. We say that a subgroup H
of G is peripheral if H is conjugate into a peripheral subgroup P 2 P , and that
an element g 2 G is a peripheral element if g is an element of some peripheral
subgroup.

Intuitively, a subgroup of a group G hyperbolic relative to a collection of sub-
groups P is relatively quasi-convex if the inclusion of H into the Cayley graph
of G is close to being a convex subset once we have collapsed subsets correspond-
ing to the peripheral subgroups. More formally, we have the following definition.

Definition 4.1. Let G be a group hyperbolic relative to a collection of subgroups
P such that G is generated by the finite set X . We say that a subgroup H of G is
relatively quasi-convex with respect to P , or quasi-convex relative to P , if there
exists some constant � > 0 such that the following condition holds. Let f and g
be elements of H , and p a geodesic between f and g in the Cayley graph of G
with respect to the generating set X [P . Then, for any vertex w 2 p, there exists
a vertex v 2 H such that dX[P .v; w/ � �.

We have the following definitions and theorem that link relative quasi-convexity
to malnormality.
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Definition 4.2. Let G be a group and H a subgroup of G. Let g1; : : : ; gn 2 G be
a set of n elements inG. If g1H; : : : ; gnH is a set of disjoint cosets ofH inG, we
say that the conjugates g1Hg�11 ; : : : ; gnHg

�1
n of H in G are essentially distinct.

Now assume that G is hyperbolic relative to a collection of subgroups P . We
say that a subgroup H of G has finite relative height (in G) if there exists some
constant nH 2 Z>0 such that, for any set g1Hg�11 ; : : : ; gnH

Hg�1nH
of nH essen-

tially distinct conjugates of H in G, we have that
T
0<i�nH

giHg
�1
i is either

finite or is a peripheral subgroup of G.

Theorem 4.3 ([21, Theorem 1.4]). Let G be a group hyperbolic relative to a col-
lection of subgroups P , and H a relatively quasi-convex subgroup of G with re-
spect to P . Then H has finite relative height in G.

A special case of relative quasi-convexity occurs whenH is a subgroup of a hy-
perbolic group G (i.e. P contains only the trivial subgroup). In this case, we say
that the subgroup in question is quasi-convex. The restriction of Theorem 4.3 to
quasi-convex subgroups of hyperbolic groups was first proved in [13, Main The-
orem], and gives the stronger conclusion that the intersection of a certain number
of cosets of H must be finite, as we have no non-trivial peripheral elements. This
implies that the action of a hyperbolic group on a tree with quasi-convex edge sta-
bilisers and finitely many orbits of edges will be acylindrical, a fact that is well
known among experts (see [26], for example).

4.2 Splittings of 3-manifold groups and subgroup tameness

We will require some deep results from various authors in the field of 3-manifold
groups. We begin with some important definitions.

Definition 4.4. Let M be a compact and orientable 3-manifold and S a compact
surface embedded in M .

(1) We say that S is boundary parallel if there exists an isotopy of S onto some
boundary component of M .

(2) Assume S 6Š S2. A disc D �M is a compressing disc for S if S \D D @D
and this intersection is transverse. A compressing disc is non-trivial if @D does
not bound a disc in S . We say that S is compressible if it admits a non-trivial
compressing disc, and we say that S is incompressible otherwise.

By convention, a sphere S2 embedded in a 3-manifold M is considered to be
incompressible if it does not bound a ball, and a disc embedded in a 3-manifold
is incompressible if it is not homotopic into a boundary component.
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(3) We say that M is irreducible if every sphere embedded in M bounds a 3-ball,
or equivalently if M contains no embedded incompressible sphere.

(4) If S is incompressible, we say that S is 2-sided if there exists an embedding
hWS � Œ�1; 1�!M such that h.x; 0/ D x for all x 2 S .

We then have the following lemma.

Lemma 4.5 ([19, Corollary 6.2]). Let M be a 3-manifold and S a 2-sided incom-
pressible surface inM . Then the natural map i�W�1.S/! �1.M/ induced by the
inclusion i WS !M is injective.

The main reason that incompressible surfaces are relevant to the results in this
paper is the ability to construct such surfaces in three manifolds from splittings of
the fundamental group.

We say that a 3-manifoldM is fibred if it admits the structure of a surface bundle
over S1. In such a case, there exists a 2-sided incompressible surface S �M such
that �1.M/ Š �1.S/ Ì Z. We say that a subgroup H � �1.M/ is a surface fibre
subgroup of �1.M/ if it is finitely generated and if M admits a surface bundle
structure over S1 with fibre surface S such thatH is the image of �1.S/ in �1.M/.

We say thatH is a virtual surface fibre subgroup of �1.M/ if there exists some
finite sheeted cover M 0 of M whose fundamental group contains H as a fibre
subgroup. A finite sheeted covering of M corresponds to a finite index subgroup
of �1.M/, so �1.M 0/ will be a finite index subgroup of �1.M/ of which H is
a surface fibre subgroup.

We have a rigidity result of Stallings that we can use to detect whether a sub-
group of the fundamental group of a compact and irreducible 3-manifold is a sur-
face fibre subgroup. This result is often called algebraic fibring.

Theorem 4.6 ([39, Theorems 1, 2]). Let M be a compact and irreducible 3-mani-
fold and let H E �1.M/ be a finitely generated normal subgroup. If

�1.M/=H Š Z and H 6Š Z=2Z;

thenM can be expressed as a fibred 3-manifold with fibre surface S . Furthermore,
we can choose S such that �1.S/ D H

A similar result holds for amalgams in the case whenM is closed, due to Scott.

Theorem 4.7 ([36, Theorem 2.3]). Let M be a closed and orientable irreducible
3-manifold, and suppose �1.M/ Š A �C B , where C ¤ A or B and C is iso-
morphic to the fundamental group of a closed surface S . Then there is an incom-
pressible embedding of S inM separatingM intoM1 andM2 with �1.M1/ D A,
�1.M2/ D B and �1.S/ D C .
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More generally, the following powerful result essentially due to Stallings, Ep-
stein and Waldhausen can be used to construct 2-sided incompressible surfaces
from any graph of groups decomposition of the fundamental group of a closed and
orientable 3-manifold. We will use the version that appears in [8].

Theorem 4.8 ([8, Proposition 2.3.1]). Let M be a compact orientable 3-manifold.
For any non-trivial graph of groups decomposition .�;G/ of �1.M/ with finitely
many edge groups, there exists a non-empty system† D ¹†1; : : : ; †nº of compact
2-sided incompressible surfaces embedded inM , none of which are boundary par-
allel, such that, for all i , Im.�1.†i /! �1.M// is contained in some edge group
of .�;G/ and, for all connected componentsMj ofMn†, Im.�1.Mj /! �1.M//

is contained in some vertex group of .�;G/. Moreover, if K � @M is a con-
nected component such that Im.�1.K/! �1.M// is contained in a vertex group
of .�;G/, then we may take all surfaces †i 2 † to be disjoint from K .

Remark. In the paper of Culler and Shalen, the authors do not conclude that the
surfaces they construct are compact. However, compactness is an immediate con-
sequence of their proof – the surfaces are constructed as the connected components
of the continuous preimage in the compact manifold of a closed set, so are them-
selves compact.

If we assume that M is hyperbolic, then the fundamental group of M will have
powerful properties. In particular, many of these arise in part from the following
powerful theorem.

Theorem 4.9 ([2, (K.18)]). LetM be a compact and orientable hyperbolic 3-mani-
fold with empty or toroidal boundary. Then �1.M/ is hyperbolic relative to the
conjugacy classes of the subgroups arising from the boundary components of M .

The following theorem and its corollary are well known and the arguments stan-
dard, although we include brief proofs for completeness.

Theorem 4.10. Let M be a compact and orientable hyperbolic 3-manifold with
empty or toroidal boundary. Then M is irreducible.

Proof. LetM be as in the statement. Then the universal cover of the interior ofM
is a copy of H3, which has vanishing second homotopy group as it is contractible.
It follows that the second homotopy group of the interior of M must also vanish,
and the boundary of M contains no spherical components, so M is irreducible as
required as it can contain no non-trivial sphere.
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Corollary 4.11. A compact and orientable hyperbolic 3-manifold M with empty
or toroidal boundary that contains an embedded 2-sided incompressible disc must
be a solid torus. In particular, as a consequence of Theorem 4.8, �1.M/ admits
a non-trivial splitting over a trivial subgroup if and only if M is a solid torus.

Proof. For the first part of this corollary, assume that M contains an embedded
disc, so there exists an embedding of a disc D into M such that the boundary of
D is a non-trivial curve embedded in some boundary component T ofM . We will
argue as in [18, page 14, (3)] that M is a solid torus.

Indeed, @D is non-separating in T by the assumption that it is non-trivial, so the
surgery of T along D can be used to create a sphere in M that must then bound
a ball B in M as M is irreducible by Theorem 4.10. This ball must lie on the
same side of T as D, as T is a boundary component of M , and so reversing the
surgery on T glues two discs in the boundary of B together, creating a solid torus
as required.

For the second part of this corollary, we first observe that if M is a solid torus,
then �1.M/ D Z, so does admit a non-trivial splitting over the trivial subgroup
given by the natural action on the real line. For the other direction, assume that M
admits a non-trivial splitting over the trivial subgroup. Then, by Theorem 4.8, M
contains an embedded 2-sided incompressible surface S with trivial fundamental
group. It then follows from the classification of surfaces that S is a sphere or
a disc, so must be a disc asM is once again irreducible by Theorem 4.10. ThusM
contains an embedded 2-sided incompressible disc, so M is a solid torus by the
first part of this corollary.

We have the following lemma for certain irreducible 3-manifolds, that we will
apply to compact hyperbolic 3-manifolds with empty or toroidal boundary using
Theorem 4.10.

Lemma 4.12 ([2, (C.2)]). Let M be an orientable, irreducible 3-manifold with
empty or toroidal boundary and infinite fundamental group. Then �1.M/ is torsion
free.

Many of our methods will rely on a powerful result known as subgroup tame-
ness to classify subgroups of the fundamental group of hyperbolic 3-manifolds.
For a full definition of the concept of geometric finiteness, we direct the reader
to the book 3-Manifold Groups by Aschenbrenner, Friedl and Wilton [2, Chap-
ter 5]. For our purposes however, we will be able to define geometrically finite
subgroups simply as relatively quasi-convex subgroups of hyperbolic 3-manifold
groups using the following theorem of Hruska.
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Theorem 4.13 ([20, Corollary 1.6]). LetG D �1.M/ be the fundamental group of
a compact and orientable hyperbolic 3-manifold with empty or toroidal boundary
and let H be a finitely generated subgroup of G. Then H is geometrically finite
in G if and only if H is relatively quasi-convex with respect to the subgroups of G
that correspond to the fundamental groups of the boundary components.

We have the following remarkable and deep result due to various authors.

Theorem 4.14 ([2, Theorem 5.2]). Let M be a hyperbolic 3-manifold and let
H � �1.M/ be a finitely generated subgroup. Then either

(1) H is a virtual surface fibre subgroup, or

(2) H is geometrically finite.

I-bundles

We will require some results about a special type of 3-manifold that is geometri-
cally “nice” in terms of its fundamental group. We will briefly define the concept of
an I -bundle over a surface, and include a strong result pertaining to 3-manifolds
whose boundary components induce finite index subgroups of the fundamental
group. For proof and further exposition, see [19, Chapter 10].

Definition 4.15. Let S be a closed surface and let I be the standard Œ0; 1� interval.
An I -bundle over S is a fibre bundle over S with fibre I .

Theorem 4.16 ([19, Theorem 10.5]). Let M be a compact 3-manifold which con-
tains no 2-sided real projective plane and let S be a compact, connected, incom-
pressible surface embedded in @M such that S is not homeomorphic to the disc
B2, the sphere S2 or the projective plane P 2. If the index Œ�1.M/W i��1.S/� is
finite, then either

(1) �1.M/ Š Z and M is a solid torus or Klein bottle;

(2) Œ�1.M/W�1.S/� D 1 and M D S � I with S D S � ¹0º;

(3) Œ�1.M/W�1.S/� D 2 andM is an I -bundle over a compact surface S , with S
a two sheeted cover of S . We call such an I -bundle twisted.

Remark. All manifolds we consider in this paper will be orientable, and thus can-
not contain 2-sided real projective planes due to the fact that if P 2 is the real
projective plane, P 2 � Œ�1; 1� is non-orientable. The condition that M has no
two-sided P 2 has however been included in the statement of Theorem 4.16 for
completeness.
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4.3 A geometric condition for acylindrical arboreality

In this section, we will provide a proof of Theorem 1.8.
We say that a manifold is closed if it is compact and has empty boundary, and

begin with the following lemma.

Lemma 4.17. Let M be a closed and orientable hyperbolic 3-manifold and H
a virtual surface fibre subgroup of G D �1.M/. If A is a subgroup of G that
contains H , then either A has finite index in G or is itself a virtual surface fibre
subgroup of G.

Proof. Let H be a non-trivial virtual surface fibre subgroup of G. Then, by def-
inition, H is finitely generated, and there exists t 2 G such that F D H Ì hti is
a finite index subgroup ofG corresponding to a finite sheeted cover ofM in which
H is a surface fibre subgroup. Let A be a subgroup of G that contains H . We sep-
arate into two cases.

Case 1:F \ A D H . In this case,H has finite index inA and is finitely generated,
implying that A is also finitely generated. Assume for contradiction that A is not
a virtual surface fibre subgroup of G. It then follows by Theorem 4.14 that A
must be geometrically finite as it is finitely generated, and so, by Theorems 4.13
and 4.3, we have that A has finite relative height in G with respect to the boundary
subgroups of G, which are trivial as M is closed. For all 0 ¤ j 2 Z, we have
that tj … A, so the set of conjugates ¹tjAt�j ºj2Z is essentially distinct, and the
intersection of all of these subgroups will contain H as every power of t fixes H
by conjugation. Thus H must be a peripheral or finite subgroup of G by the fact
that A has finite relative height, and all of our peripheral subgroups are trivial in
this case, soH must be finite. The manifoldM is orientable with empty boundary
and irreducible by Theorem 4.10, and G admits a non-trivial splitting, so it must
be infinite, so we may apply Lemma 4.12 to see that G is torsion free, and H
in this case must be trivial. However, by Corollary 4.11, �1.M/ admits a non-
trivial splitting over the free subgroup if and only if M is a solid torus, which
contradicts the fact thatM is closed. It follows thatH cannot be trivial, leading to
the desired contradiction. Thus, in the case where A \ F D H , we must have that
A is a virtual surface fibre subgroup.

Case 2: A \ F containsH as a proper subgroup. Then there exist 0 ¤ l 2 Z and
h 2 H such that t lh 2 A \ F , but h 2 A \ F by assumption that A contains H ,
and so we must have that t l 2 A \ F . It follows that A \ F contains the subgroup
ht l ;H i, which has finite index in H Ì hti, which in turn has finite index in G.
Thus, in this case, A contains the finite index subgroup ht l ;H i of G, and so A
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must have finite index in G. Thus, in both cases, either A is a virtual surface fibre
subgroup of G or A has finite index in G as required.

We obtain the following result which categorises all closed and orientable hy-
perbolic 3-manifolds whose fundamental groups have a non-trivial splitting over
a virtual surface fibre subgroup.

Theorem 4.18. Let M be a closed and orientable hyperbolic 3-manifold, and as-
sume that G D �1.M/ has a non-trivial graph of groups splitting over a virtual
surface fibre subgroup H . Then either M can be expressed as a surface bundle
over the circle, and we can choose the fibre to have fundamental group equal
to H , or M is a pair of twisted I -bundles identified along their boundaries with
H equal to the subgroup of the fundamental group corresponding to the boundary
component of either I -bundle. In particular, H is normal in G in both of these
cases.

Proof. Let H be a non-trivial virtual surface fibre subgroup of G. Then, by def-
inition, H is finitely generated and there exists t 2 G such that F D H Ì hti is
a finite index subgroup ofG corresponding to a finite sheeted cover ofM in which
H is a surface fibre subgroup.

Now assume that G splits non-trivially over H , so there exists a non-trivial
graph of groups decomposition .�;G/ of G with one orbit of edges, whose sta-
bilisers are conjugates of H . We split into two cases, based on whether � has 1 or
2 vertices.

Case 1: � has 2 vertices. In this case, we can express G as a non-trivial amalgam
A �H B of two subgroups A and B along H . In this case, we claim that the sub-
group H must have finite index in both A and B . Indeed, we first observe that, as
the amalgam decomposition A �H B is non-trivial by hypothesis on H , neither A
nor B can have finite index in G. Therefore, both A and B must be virtual surface
fibre subgroups of G by Lemma 4.17, so the normalisers NG.A/ and NG.B/ of A
and B inG must have finite index inG. By elementary properties of amalgamated
free products and non-triviality of the amalgam A �H B , the normaliserNG.A/ of
A in G must have that NG.A/ \ B D H , so it follows from the fact that NG.A/
has finite index in G thatH D NG.A/ \ B must also have finite index in B . Sim-
ilarly, H will have finite index in A, and the claim is proved.

The subgroupH is a virtual surface fibre subgroup, so it must be isomorphic to
the fundamental group of a closed surface, andM is irreducible by Theorem 4.10,
so we may apply Theorem 4.7 to realiseH geometrically as the fundamental group
of some incompressible surface† inM . The manifoldM cut along† then has two
components M1, with �1.M1/ D A, and M2, with �1.M2/ D B , both 3-mani-
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folds whose fundamental groups are virtually �1.†/. In particular, † must be
2-sided as it separates M , so by the remark after Theorem 4.16, † is not a real
projective plane, and more generally, neither M1 nor M2 can contain a 2-sided
projective plane by the same remark. Furthermore, if † were a disc, we would be
able to conclude by Corollary 4.11 that M were a solid torus, contradicting the
fact that M is closed, and if † were a sphere, then Theorem 4.10 would imply
that† bounds a ball, contradicting incompressibility. Thus† is not a disc, sphere,
or real projective plane. Therefore, using again the fact that M is irreducible and
so each of M1 and M2 must be irreducible, we may invoke Theorem 4.16 on M1

(and respectively on M2) to see that one of the following occurs.

(1) �1.M1/ Š Z and M1 is a solid torus or Klein bottle. This however cannot
occur, as in both of these cases the boundary fails to be �1-injective, whereas
we know by construction of † that the inclusion of † into M (and therefore
M1 and M2) is �1-injective.

(2) Œ�1.M1/ W �1.†/� D 1, which cannot occur as our original splitting was non-
trivial.

(3) Œ�1.M1/ W �1.†/� D 2 and M1 is a twisted I -bundle with boundary †.

Thus we must have that both M1 and M2 are twisted I -bundles with boundary †
as required. In this case,H has index two in both �1.M1/ D A and �1.M2/ D B ,
so is normal in both of these groups. Thus H must be normal in G D A �H B as
required.

Case 2: � has exactly 1 vertex. Call this unique vertex v. We can then express G
as an HNN extension of Gv along H , so call the stable letter of this extension 
 .
We claim that, in this case, the subgroup Gv must be equal to H , and must be
a genuine surface fibre subgroup of G, i.e. there exists some fibration of M over
the circle whose fibre is a surface with fundamental group Gv D H . Indeed, we
must have that either Gv is either finite index in G or that Gv is a virtual surface
fibre subgroup of G by Lemma 4.17. Since G is an HNN extension with base
group Gv, the subgroup Gv cannot have finite index, and so we must in fact have
that Gv is a virtual surface fibre subgroup of G. It follows that there exists tv 2 G
such that Fv D Gv Ì htvi is a finite index subgroup of G corresponding to a cover
of M in which Gv is a surface fibre subgroup.

Thus there exists some integer l > 0 such that 
 l 2 Fv, and so both 
 l and

�l normalise Gv. However, by definition of 
 as the stable letter in the HNN
extension of Gv along H and by elementary properties of HNN extensions of
groups, this can only occur ifH D Gv. It follows thatG D H Ì h
i,H is finitely
generated by definition of a surface fibre subgroup. Furthermore, G admits a non-
trivial splitting and is therefore infinite, so is torsion free by Lemma 4.12, so we
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have that H � G is torsion free and thus H 6Š Z=2Z. We may therefore invoke
Theorem 4.6 (algebraic fibring) to see that H D Gv is a surface fibre subgroup
of G. The claim is therefore proved, and so, in this case, H is a surface fibre
subgroup, so is normal by definition as required.

It follows that either the splitting has two vertices, in which case we have proved
that M can be identified with a pair of twisted I -bundles identified along their
boundaries withH equal to the subgroup of the fundamental group corresponding
to the boundary component of either I -bundle, or the splitting has one vertex, and
M is a fibred manifold where we can choose the fibre of M to have fundamental
groupH as required. Also as required, in both of these cases,H is normal inG.

We can now prove Theorem 1.6, which we restate here.

Theorem 1.6. Let M be a compact and orientable hyperbolic 3-manifold with
empty or toroidal boundary. Then �1.M/ is acylindrically arboreal if and only if
M contains an embedded 2-sided incompressible closed subsurface † that is not
isotopic to any boundary component of M , and such that the image of the natural
inclusion �1.†/ ,! �1.M/ is geometrically finite.

Proof. First assume that M is a solid torus. Then �1.M/ D Z, and so �1.M/ is
not acylindrically arboreal. The manifoldM also contains no 2-sided incompress-
ible closed surface, so the result follows in this case. We will thus assume from
now on that M is not a solid torus.

Now let G D �1.M/. Then, as M is hyperbolic, G admits a natural action
by isometries on H3 whose quotient is the interior of M . As such, we will refer
to an element of g 2 G as hyperbolic if it fixes exactly two points in the ideal
boundary @H3 or peripheral if it fixes exactly one point in @H3. By Theorem 4.9,
G is hyperbolic relative to the subgroups that arise from the boundary components
of M , so this definition of peripheral will agree with the definition of peripheral
above.

For the if direction, assume that M contains an embedded 2-sided incompress-
ible geometrically finite closed surface† that is not isotopic to any boundary com-
ponent ofM . Then† is not a disc as it is closed,† is not a projective plane by the
remark following Theorem 4.16, and† is not a sphere by Theorem 4.10, so �1.†/
(and hence G) is infinite by the classification of surfaces (see [24, Theorem 4.14],
for example). Furthermore, �1.†/ is finitely generated as † is closed. Since † is
geometrically finite, we have that H D �1.†/ is relatively quasi-convex by The-
orem 4.13, and so, by Theorem 4.3, there exists a natural number nH such that the
intersection of nH essentially distinct conjugates ofH in G is either finite or a pe-
ripheral subgroup of G. In fact, it follows directly from the definition of relatively
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quasi-convex and by considering the action of G on @H3 that H is hyperbolic
relative to the subgroups that arise as the intersections of † with @M , and that
all peripheral elements of G that are included in H are conjugate in H to some
boundary component of†. Since† is closed and therefore does not intersect with
@M ,H contains no peripheral elements and so the intersection of any collection of
nH essentially distinct conjugates ofH inG must be finite. However,G is infinite
and M is orientable and irreducible, and so Lemma 4.12 tells us that G and hence
H � G is torsion free, and thus the intersection of any collection of at least nH
essentially distinct conjugates of H in G must be trivial.

Let .�;G/ be the splitting of G induced by cutting M along †, T D T ..�;G/
its Bass-Serre tree, and let p be a path in T of length at least nH . The stabiliser for
this path will be the intersection of the stabilisers of its constituent edges, which
are essentially distinct conjugates of H in G, and so PStabG.p/ is trivial, and
the action of G on T is therefore .nH ; 1/-acylindrical. The group G is not virtu-
ally cyclic as it contains the fundamental group of †, a closed surface that is not
a sphere or a projective plane. Thus the action of G on T is not lineal by Theo-
rem 2.3, and to show that it is non-elementary, it only remains to check that it is
non-trivial.

Assume for contradiction that this splitting is trivial, so Gv D G for some ver-
tex v 2 V.�/. The graph � has one edge, which corresponds to†, and so � either
has one vertex or two vertices. The former of these cannot occur, else G would
be an HNN extension of Gv, so Gv ¤ G. We may thus assume that the splitting
.�;G/ is an amalgam decomposition G Š Gv �H A for some subgroup A, with
�1.†/ D H D A. Since † is 2-sided, it must locally separate M , and so, since
the cut along † induces an amalgam, we must have that † separates M into two
components M1 and M2 with A D �1.M1/ and Gv D �1.M2/. By assumption,
we have that �1.†/ D �1.M1/, † is a connected component of @M1 that is not
a sphere, projective plane or disc, andM1 contains no 2-sided projective plane as it
is a submanifold ofM which itself contains no such subsurface. Furthermore,M1

is irreducible as any incompressible sphere inM1 would represent an incompress-
ible sphere in M , and so we may apply Theorem 4.16 to see that M1 Š † � I .
This implies that M1 has exactly one other boundary component †0 that is iso-
topic to †, and we therefore have that † is isotopic to †0 in M . This gives the
desired contradiction, as † is not isotopic to any boundary component of M by
hypothesis.

It follows that this splitting is non-trivial, so the action of �1.M/ on .�;G/ is
non-elementary by Theorem 2.3 as required, and thus �1.M/ is an acylindrically
arboreal group.

For the only if direction, assume that �1.M/ is acylindrically arboreal and let
.�;G/ be a graph of groups splitting for G D �1.M/ such that the action of G
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on T D T .�;G/ is non-elementary and acylindrical, which by Lemma 2.20 we
can assume has exactly one orbit of edges. The structure of our argument can be
outlined in the following steps.

(1) First we will apply Theorem 4.8 to the splitting .�;G/ to construct a set
† D ¹†1; : : : ; †nº of closed and 2-sided incompressible surfaces in M .

(2) We will assume for contradiction that the fundamental groups of all of these
surfaces are individually virtual surface fibre subgroups of G, and we will use
this assumption to infer that at least one edge group of the splitting .�;G/
must have been a virtual surface fibre subgroup of G.

(3) Finally, we will apply Theorem 4.18 to see that such an edge group must be
normal in G. This will lead to a contradiction to the fact that our original
splitting .� 0;G 0/ was acylindrical.

Step (1). The action of G on T has exactly one orbit of edges by assumption, so
we may apply Theorem 4.8 to see that there exists a non-empty system

† D ¹†1; : : : ; †nº

of compact 2-sided incompressible surfaces embedded in M , none of which are
boundary parallel such that Im.�1.†i /! �1.M// for all i is contained in some
edge group of .�;G/ and Im.�1.Mj /! �1.M// for all connected components
Mj of Mn† is contained in some vertex group of .�;G/. Furthermore, since the
boundary components ofM are tori, their subgroups are copies of Z2 and so must
act elliptically on T .�;G/ by Lemma 2.19 using the acylindricity assumption.
Thus, by the second part of Theorem 4.8, we can assume that all of our †i ’s are
disjoint from the boundary of M , and therefore closed.

Assume first that M has boundary, so any finite sheeted cover of M must also
have boundary. Thus if some cover M 0 of M fibres, it must fibre over a surface
with at least one boundary component. All virtual surface fibre subgroups ofG are
therefore the fundamental groups of orientable surfaces with boundary, so must be
free groups as such surfaces admit deformation retractions onto graphs. However,
each surface in † may be assumed to be closed by the previous paragraph, and
these surfaces are incompressible, so cannot be spheres by Theorem 4.10. The
fundamental group of any surface in † will therefore be a finitely generated (from
the fact that each surface is compact) group that is not a free group owing to the fact
that such groups have cohomological dimension 2 [7, Chapter VIII.2, Example 3]
but free groups have cohomological dimension 1 [7, Chapter VIII.2, Example 2]
(see [7, Chapter VIII] for a definition of cohomological dimension). Thus no sur-
face in † has a fundamental group that includes into G as a virtual surface fibre
subgroup, and so they must all be geometrically finite by Theorem 4.14. The case
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where M has non-empty boundary follows, and we will therefore assume for the
remainder of this proof that M is closed.

Step (2). Assume for contradiction that, for all i 2 ¹1; : : : ;nº, the subgroup �1.†i /
is a virtual surface fibre subgroup of G, and fix some i . By construction, �1.†i /
will be contained in some edge stabiliser of the action of G on T , which will be
some conjugate G0e of Ge, where e is the unique edge of � . The subgroup G0e
is an edge stabiliser in a non-elementary and thus non-trivial splitting, so cannot
have finite index in G, and therefore we may invoke Lemma 4.17 to see that G0e is
a virtual surface fibre subgroup of G, and then Ge is conjugate to G0e in G, so it
must also be a virtual surface fibre subgroup.

Step (3). We now observe that the splitting ofG overGe is a non-trivial splitting of
the fundamental group of a closed and orientable 3-manifold with empty boundary
over a virtual surface fibre subgroup, so we may invoke Theorem 4.18 to see that
Ge is a normal subgroup of G. Thus the stabiliser of any lift of e into T must
be equal to Ge, and since e is the unique edge of � , every edge of T is a lift
of e and Ge fixes every edge of T and must lie in the kernel of the action of G
on T . However, the tree T is unbounded as it is the Bass-Serre tree of a non-trivial
splitting, so this contradicts the acylindricity of the action.

It follows that our original assumption that, for i 2 ¹1; : : : ; nº, �1.†i / is a vir-
tual surface fibre subgroup of G was false, and so, by Theorem 4.14 (subgroup
tameness) and the fact that each �1.†i / is the fundamental group of a closed sur-
face and thus finitely generated, there must exist i such that �1.†i / is a geometri-
cally finite subgroup. The surface†i was constructed using Theorem 4.8, and so is
not boundary parallel, and M must contain an embedded 2-sided incompressible
closed geometrically finite subsurface that is not boundary parallel as required.

4.4 Proof of Theorem 1.8

In this section, we use Theorems 1.6 and 4.18 to prove Theorem 1.8, and then
briefly show that a similar strong classification result cannot extend to the case
where we allow boundary. Theorem 1.8 is restated as follows.

Theorem 1.8. Let G D �1.M/ be the fundamental group of a closed and ori-
entable hyperbolic 3-manifold. Then the following are equivalent.

(1) The group G admits a non-elementary quasi-convex splitting.

(2) The group G is acylindrically arboreal.

(3) The group G does not have property (FA−).
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Proof. Let M be a closed and orientable hyperbolic 3-manifold with fundamen-
tal group G. That (1) implies (2) is a standard result for hyperbolic groups (see
[26], for example), but we include a brief proof for completeness. Assume that
G admits a non-elementary quasi-convex splitting over some quasi-convex sub-
group H , with corresponding Bass–Serre tree T , and recall that, by Theorem 4.9,
G is hyperbolic relative to the trivial subgroup. Then H is by definition relatively
quasi-convex with respect to the trivial subgroup, and so, by Theorem 4.3, there
exists a natural number nH such that the intersection of at least nH distinct conju-
gates of H must be a finite or peripheral subgroup. However, all of our peripheral
subgroups are trivial in this case, so such an intersection must be finite, and by
Lemma 4.12 and the fact that G admits a non-elementary and thus non-trivial
quasi-convex splitting and is therefore torsion free, we must have that G is tor-
sion free. Thus the intersection of at least nH essentially distinct conjugates of H
is trivial. Now let p be a path in T of length at least nH . The stabiliser for this
path will be the intersection of the stabilisers of its constituent edges, which are
essentially distinct conjugates of H in G, and so PStabG.p/ is trivial, and the ac-
tion of G on T is therefore .nH ; 1/-acylindrical. This action was non-elementary
by assumption, and so it follows that G is acylindrically arboreal, and (1) im-
plies (2).

Now assume that (2) holds. By Theorem 1.6, M contains an embedded 2-sided
incompressible closed subsurface † that is not isotopic to any boundary compo-
nent of M , and such that the image of the natural inclusion �1.†/ ,! �1.M/

is geometrically finite. Therefore, by Theorem 4.13, �1.†/ must be relatively
quasi-convex with respect to the boundary subgroups of G. The manifold M has
empty boundary, so G is hyperbolic and �1.†/ is a quasi-convex subgroup of G.
It follows that the cut of G along † will induce a quasi-convex splitting of G.
This splitting will be non-trivial by construction of †, and will be acylindrical by
the proof that (1) implies (2). The group G is not virtually cyclic as it contains
a non-trivial surface subgroup, and so, by Theorem 2.3, the cut of M along †
induces a non-trivial splitting, which will then be a non-trivial quasi-convex split-
ting as required. It follows that (2) implies (1), and so (1) and (2) are equivalent as
claimed.

That (2) implies (3) follows by a simple contrapositive argument, so it only
remains to show that (3) implies (2). We proceed once again by the contraposi-
tive. As such, assume that G is not acylindrically arboreal, so by Theorem 1.6,
M contains no closed 2-sided geometrically finite incompressible subsurface. If
no non-trivial splitting of G exists, then G has (FA−), so assume that G admits
a non-trivial graph of groups decomposition .�;G/. Let T be the Bass–Serre tree
of this splitting. Similarly to the proof of Theorem 1.6, we will show that the split-
ting .�;G/must have at least one edge whose associated group is a virtual surface
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fibre subgroup of G, and then use the categorisation in Theorem 4.18 to show that
the existence of such an edge group guarantees a line L in T fixed setwise by the
entire action of G on T .

Let e be any edge of .�;G/ such that the splitting .� 0;G 0/ of G over Ge con-
structed in the proof of Lemma 2.20 is non-trivial. Then � 0 has exactly one edge
(labelled e) and either one or two vertices, so by Theorem 4.8, there exists at least
one compact 2-sided incompressible surface † in M that is not boundary parallel
such that �1.†/ � G is contained in some conjugate G0e of Ge.

The subgroup �1.†/ is the fundamental group of a compact surface, so is
finitely generated. Furthermore, by assumption and by Theorem 1.6, �1.†/ is not
geometrically finite, so therefore must be a virtual surface fibre subgroup by Theo-
rem 4.14 (subgroup tameness). Thus, by Lemma 4.17,G0e is either a virtual surface
fibre subgroup of G or has finite index in G. The latter case cannot occur as Ge
is an edge group in a non-trivial splitting and so is not finite index and hence not
conjugate to a finite index subgroup, and so G0e is in fact a virtual surface fibre
subgroup of G. Therefore, Ge is conjugate to some virtual surface fibre subgroup
of G and is therefore is a virtual surface fibre subgroup itself.

By Theorem 4.18, it follows that either M fibres over S1 with fibre equal to
a surface with fundamental group Ge, or M is a pair of twisted I -bundles M1 and
M2 identified along their boundary, with H equal to the subgroup of the funda-
mental group corresponding to the boundary component of either I -bundle, and in
both cases, Ge is normal in G. Thus Ge must act trivially on the convex hull G � e
of the orbit of e in T , the Bass–Serre tree of our original splitting .�;G/.

The action of G on T must fix G � e setwise, and the induced action of G on
the subtree G � e factors through the quotient G=Ge. In the first case, where Ge is
a surface fibre subgroup of G, this quotient will be a copy of Z by definition, so
must act on G � e � T with a fixed point or fixed line, and thus the action of G
on T will have a fixed point or fixed line. In the second case, where M is two
twisted I -bundles glued along their boundaries, we have that

G=Ge Š
��1.M1/

Ge

�
�Ge=Ge

��1.M2/

Ge

�
Š D1;

with the last congruence following from the fact that Ge has index two in both
�1.M1/ and �2.M/ by Theorem 4.16. The group D1 is virtually cyclic, so must
act on G � e � T with a fixed point or fixed line, and thus the action of G on T
will have a fixed point or fixed line.

Therefore, since .�;G/ was chosen arbitrarily, it follows that G must have
property (FA−) as required, and thus (3) implies (2) and all three conditions are
equivalent as required.
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We finish this section by showing by means of an example that Theorem 1.8
cannot be extended to include the compact case.

Example 4.19. Let M D S3 � 41, the figure 8 knot complement in S3, which
fibres over the circle with fibre homeomorphic to a punctured torus. Then M is
hyperbolic and has the following properties.

(1) By a result of Floyd and Hatcher [11, Theorem 1.1], all closed incompressible
embedded surfaces in M are isotopic to the torus boundary component. The
fundamental group �1.M/ is therefore not acylindrically arboreal by Theo-
rem 1.6.

(2) By the same theorem of Floyd and Hatcher, M does contain several incom-
pressible embedded surfaces, at least two of which are not isotopic to a fibre
of the above fibration.

(3) Finally, the first singular homology group of M is a copy of Z, so any in-
compressible surface that induces a splitting of M with a fixed line must be
isotopic to the fibre of the above fibration.

Properties (2) and (3) imply that �1.M/ does not have (FA−), as the cut along
the surfaces in M not isotopic to the fibre must give an interesting splitting. It
follows that M is a compact hyperbolic 3-manifold with toroidal boundary such
that �1.M/ is not acylindrically arboreal, but �1.M/ also does not have (FA−).
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