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Abstract

Rare events and dynamics in non-equilibrium systems

Lukas Takaaki Kikuchi

The matter of this thesis is divided in two parts, both of which are substantially
different from the other, but nevertheless belong to disciplines that lie within the purview
soft matter physics.

In the first part, we study the infinite-dimensional probability space of stochastic
differential equations. In particular, we study the transition path ensemble (TPE), the set
of transition paths between meta-stable states of Ito diffusions. In the limit of vanishing
diffusivity, the Freidlin-Wentzell action characterises the asymptotics of the path-probability
distribution over the TPE. We develop spectral Ritz methods to efficiently find minimisers
of this action, and to construct quasipotentials of steady-state distributions, and we
test our algorithm on a number of benchmark systems. To study the TPE in the finite
temperature regime, we develop an MCMC algorithm to sample the infinite-dimensional
space of transition paths, which we call the teleporter MCMC. The algorithm was designed
to efficiently sample the TPEs of [to diffusions with multiple competing transition channels,
avoiding the issue of slow-mixing common to MCMC schemes. We concluded this part
of the thesis by applying our MCMC method to study the temperature-dependence of
the TPE. Using two model systems, we show that the dominant transition channel does
not in general coincide with the most probable path of the path distribution, even in a
low-to-intermediate temperature regime.

In the second part of this thesis we develop a general theory of the geometric me-
chanics of a broad class of microstructured continuum systems. Specifically, we consider
systems with configuration spaces that are either Lie groups, or homogeneous spaces.
We demonstrate that this theory, which we call a generalised geometric Cosserat theory
(GGCT), can be seen as a unifying framework with which to study classical Cosserat
systems, and numerous non-classical variations. As a paradigmatic example we first study
the Cosserat rod model, we identify its configuration space as a curve in SE(3), the
Lie group of translations and rotations on Euclidean space, and use the Lie algebra-Lie

group correspondence to relate its configuration to curves in the Lie algebra. Using the



Euler-Poincaré theorem we then proceeded to formulate the dynamics of the Cosserat rod
on the dual Lie algebra. The resulting kinodynamical - kinematic and dynamic - theory of
the Cosserat rod is defined completely on the trivialisation of the tangent bundle of SE(3),
the Lie algebra se(3). We then constructed the GGCT by extrapolating these above steps
to systems with generalised configuration spaces. In the final chapter of this thesis, we
constructed geometric numerical integrators designed to preserve the qualitative features

of the system geometry.
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Introduction

This thesis explores two distinct topics. The first part concerns itself with the study
of transition events in stochastic differential equations, both in regimes where these are
ubiquitous and in those where they are rare. The second part develops a geometrical theory
of Cosserat materials [1], and further a generalised framework for studying continuum
systems with configurations taking value in Lie groups or homogeneous spaces. Whilst
substantially different, the two parts of this thesis share a common trait in that they
explore the geometry of spaces that possess an infinite-dimensional character. In essence,
the first part of the thesis quantitatively and qualitatively investigates the concentration
of path-probability measures, defined over the infinite-dimensional space of stochastic
transition paths. In the second part of this thesis, we consider systems with infinite
degrees-of-freedom; that is, the systems are Lie group-valued manifolds and we construct
a general kinematic and dynamical theory of such systems in terms of their intrinsic

geometry. Below we will separately introduce the two parts of this thesis.

Global methods for sampling rare diffusive events

Randomness is important on all scales in nature, and is ubiquitous in the mesoscopic
scales of soft matter physics. Rich phenomena in physical, chemical and biological systems
often emerge out of the interplay between stochastic and deterministic forces, as for
example in the nucleation of solids, the conformational changes in biomolecules, or shifts in
ecological balance [2-10]. Mathematically, many systems of this kind can be modelled as
overdamped Langevin dynamics, otherwise known as It6 diffusions [11-14]. The stochastic
trajectories of such random processes tend to concentrate around attractors of the dynamics
in state-space, determined by the drift-field, which for gradient dynamics correspond to
energetic minima. The influence of stochastic forces render the otherwise stable fixed points
meta-stable, such that transitions between points or regions of meta-stability have finite
probability. The set of all such transition paths between given meta-stable states is known
as the transition path ensemble (TPE) [15]. In Langevin models, the configuration of the
system is often a reaction coordinate or a particle configuration, and the characteristic

pathways and rate constants of transition events are the main object of study [16-21].
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However transition events often occur on time-scales much larger than those of the
dynamics itself [22-24]. For example, the molecular dynamics of proteins are orders
of magnitude shorter than the time-scale under which it unfolds [25]. In other words,
transitions are rare events for many relevant systems. Where analytical methods are
intractable, numerical methods must be used to sample the transition path ensemble.
However, it is in general not feasible to sample the TPE using standard stochastic
integrators or molecular dynamics simulations, due to the disparate time-scales of the
target sample space and the dynamics. The study of the TPE must be approached via
other means.

One such method is through the large deviation theory of Freidlin, Wentzell and
Graham [26, 27|, which studies the TPE in the limit of vanishing noise, the so-called
Freidlin-Wentzell limit. The exponential scaling of transition rates in the noise-strength
parameter can then be estimated by finding the global minimiser of an action functional.
This minimiser, known as the instanton, is the ‘least unlikely* pathway that the system
will take in transition events, and any deviation from this path is exponentially suppressed
in probability. However, for many real physical systems, the limit of vanishing noise is
unrealistic, and some qualitative features of the transition paths may only emerge at
finite temperatures [28]. In these regimes, sampling techniques must be used to sample
the functional probability distribution over the TPE. Prominent examples of sampling
methods are the transition path sampling (TPS) [15, 16, 23, 29, 30] and forward flux
sampling (FFS) [31-33] methods.

In this first part of the thesis we offer some contributions to the study of the transition
path ensemble of general overdamped Langevin systems, in both the Freidlin-Wentzell limit
and at finite temperatures. In Ch. 1 we develop global methods of numerically minimising
action functionals. The resulting method can be used to compute the quasi-potential of
general overdamped Langevin equations, which is a WKB-approximation of its steady-state
distribution [27, 34, 35|, as well as the Freidlin-Wentzell instanton.

In Ch. 2 we move on to consider transition path ensembles at finite temperatures. We
begin with a survey of recent developments in the field of functional MCMC methods. We
explain in detail the preconditioned Nicolson-Crank algorithm (pCN) [36-40], which is an
instance of an infinite-dimensional MCMC scheme. We apply this method to sample the
TPE by expanding stochastic trajectories in the Kosambi-Karhunen-Loéve basis [41-43]
of the corresponding drift-less free diffusion system, which is a method by which Gaussian
stochastic processes can be expressed in terms of an infinite series of independent Gaussian
random numbers. In doing so, we find that the spectrum of - non-Gaussian - Langevin
processes possess a band-structure, where only the lower-frequency band have non-trivial
statistics; that is, the infinite-dimensional space of stochastic transition paths, of a general

overdamped Langevin system, admits an effective finite-dimensionalisation. We utilised
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this band-separation to modify and improve the autocorrelation times of the pCN. The
main result of this chapter is the construction of the teleporter MCMC (TMC), which is
a combination of the pCN method and a set of independence samplers. The latter are
constructed, using a semi-classical expansion of the path-probability distribution around
the locally most-probable paths of the TPE. This in turn allows the MCMC to ‘teleport’
between dominant transition channels. The teleporter MCMC was designed to deal with
the issue of slow mizing [44], which is a common problem faced by MCMC methods that
sample target distributions where the local maxima lack mutual support in the sample
space. In the context of transition paths, we have that methods like the pCN will in
general fail to mix between multiple transition channels in a single run, thus generating
a biased sample. The TMC circumvents this problem by allowing the Markov chain to
intermittently teleport between the transition channels, using the independence samplers.
Finally, a section in this chapter is also dedicated to discuss the relation between the
mathematical notion of a path-probability measure (or law), and infinite-dimensional
path-probability densities (and path integrals) which are ubiquitous in physics. We show
that the latter, which are often understood by mathematicians and physicists alike to be
of dubious mathematical rigour, can be recontextualised and even be made rigorous by
understanding how they relate to well-defined mathematical objects.

In Ch. 3, the final chapter of this part of the thesis, we apply and extend the methods
of the previous chapter to study the concentration of competing transition channels
in the TPE, as a function of temperature. Using two model systems, we show that
the dominant transition channel does not in general coincide with the most probable
path of the path distribution, even in a low-to-intermediate temperature regime. We
construct a semi-analytical approximation of the TPE as mixture of Gaussian measures
using the semi-classical expansion of the path-probability distribution. We then apply
this approximate probability measure to estimate the relative probability of competing
transition channels. We verify the validity of these estimators using the MCMC methods
developed in the previous chapter. We also demonstrate, using the model systems, that the
interplay between fluctuations and drift can lead to the unintuitive result of energetically

unfavourable transition channels dominating over the energetically favourable channels.

Geometric mechanics of microstructured soft matter

Solids and liquids are generally viewed from a macroscopic perspective as continuous
materials that can continuously deform in time. In infinitesimal strain theory [45], the
deformations are assumed small enough to not significantly affect the overall shape.
However, this assumption does not hold for soft materials, that are often highly deformable

[46]. Furthermore, beyond the spatial extension of the continuum body, many systems
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relevant to soft matter physics [47-51] also have internal degrees of freedom, which we call
microstructure. The classical account of microstructured continuum mechanics was the
seminal work of the Cosserat brothers [1] in 1909. There, they introduced the notion of a
what is now called a Cosserat material: A continuum body M C E3, where there are n
deformable vectors, known as directors, attached at each point p € M. For such systems,
they derived the mechanical equation of motion of the spatial continuum body M as well
as the n director-fields on M. This formalism is applicable to many physical systems.
The shell of a cell membrane can be modelled as a mid-surface in Euclidean space, with
a single director that point towards and away from the inner and outer shell boundaries
respectively [47, 48]. The corresponding one-dimensional model is the Cosserat rod, which
consists of a center-line curve and two director fields representing the deformation of its
cross-section. Such models are prominently used in soft robotics [52-60], the modelling of
muscles and ligaments [49, 50], and three-dimensional Cosserat models are frequently used
in material science [61-69]. There are also many examples in nature of active filaments
[70-73], which are slender rods [74-76] that have internal configurations [77].

In contrast to rigid bodies, which we can only subject to external forcing, a continuum
system admits the notion of a stress. That is, the dynamics of continua are constitutive,
and force fields that arise due to internal stresses are functions not of the deformations
themselves, but their rate-of-change. For continua without microstructure, connections can
be made between continuum mechanics and standard concepts in Riemannian geometry.
For example, the rate of deformation can be related to a Lie derivative of the Riemannian
metric [78]. As the relevant dynamical quantities for constitutive continuum mechanics are
defined in terms the derivatives of their deformations, it may be convenient to parameterise
its mechanics in terms of its intrinsic geometry. Thorough geometrisations exist for the
case of systems without microstructure [78-83]. However, despite the wide use of Cosserat
theory, and microstructured models in general, there is no extensive literature on equivalent
geometrised theories for such systems.

The formulation in [84], analogous to the Riemannian approach, applies to Cosserat
media using a vector bundle construction. However there is a more natural geometrical
formulation. Namely, we can identify a Lie group structure in their kinematic configuration
spaces. Such approaches have been exemplified previously in [85-88]. There, a Cosserat
rod with a rigid-body cross-section was kinematically parameterised as a curve in SFE(3),
the Lie group of translations and rotations on three-dimensional Euclidean space. This
formulation naturally lends itself to formulating the kinematics and dynamics, which we
will abbreviate as kinodynamics [89, 90] henceforth, in terms of the corresponding Lie
algebra se(3), using the Lie group-Lie algebra correspondence. The resulting kinodynamic
equations of motion encapsulate the intrinsic geometry of both the external and internal

degrees of freedom of the Cosserat rod.
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In the second part of this thesis, we will construct a general theory of geometric
mechanics for a broad class of microstructured continuum systems. Specifically, we will
consider continua with configuration spaces that are Lie groups, as well as homogeneous
spaces'. We call these generalised Cosserat systems, and we call our theoretical study of
these a generalised geometric Cosserat theory (GGCT). This class of systems encompasses
and goes beyond the entire suite of possible Cosserat models. Mathematically, we will
show that the GGCT can be seen as a field theory, defined on arbitrary topological base
manifolds, and takes values in general Lie groups or homogeneous spaces. The kinodynamic
formulation of these fields are then derived in terms of the Lie algebraic structure of their
configuration spaces. In numerical simulations, the benefit of our geometric approach is
that constitutive dynamics can now be formulated without the need of triangulating the
configurational manifold of the system, otherwise known as finite-element methods (FEM)
[91].

In Ch. 4 we will introduce the classical theory of Cosserat materials. In particular, we
focus on the Cosserat rod, which we will treat carefully in the subsequent chapter. We
will also introduce the necessary mathematical formalism required for the GGCT. These
mathematical preliminaries will also serve as an introduction to the theory of sub-manifolds
of Lie groups and homogeneous spaces.

In Ch. 5 we study in detail the Cosserat rod and the filament, the corresponding
non-microstructured system. As in [85-88], we parameterise the Cosserat rod as a curve in
SE(3), and use the Lie group-Lie algebra map to construct a corresponding curve in the
Lie algebra se(3). We also provide additional mathematical context, identifying the Lie
algebraic kinematic configuration as the Maurer-Cartan form (MC), a Lie algebra-valued
1-form. The kinematic equations of motion are then found as a result of the Maurer-Cartan
equations, which enforce the integrability of the MC form. We then derive the conservative
and constitutive dynamics of the Cosserat rod using the Euler-Poincaré theorem [92, 93].
By constructing a generalised Lagrange-D’Alembert principle, we then derive the equations
of motion for generalised non-conservative dynamics. We will conceptualise the filament
as a kinematically constrained Cosserat rod, analogous to forming a homogeneous space
from the quotient G/H, of a Lie group G and a Lie subgroup H C G. Drawing on the
methods we already developed for the Cosserat rod, we then derive the full kinodynamic
equations of motion of the filament. In addition to the geometrised theory we provide
here, we will also derive and specify some physical models as applications of our theory.

In Ch. 6 we present and derive (in that order) our generalised geometric Cosserat
theory. The theory is largely constructed analogously as a generalisation of the treatment
in Ch. 5, and conceptually we use the Cosserat rod and filament as pedagogical devices to

understand generalised Cosserat systems with Lie group- and homogeneous configuration

1See Sec. 4.2 for a definition.
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spaces respectively. We conclude this chapter with a chapter on some applications of the
GGCT. We consider the classical cases of the Cosserat rod, surface and body, as well
as Cosserat rods on spheres and relativistic Cosserat rods. To illustrate the connection
between the GGCT and field theories, we also applied it to study the O(n) non-linear
o field theory (NLSM) [94]. Using our example systems, we aim to demonstrate the
generality of the programme, but also emphasise its relative ease-of-use.

Finally, in Ch. 7 we refine the GGCT for numerical applications. We begin by observing
that the right-hand sides of the kinodynamic equations of motion can be identified as the
action of a Lie algebra on itself. This allows us to formulate geometric integrators, designed
to qualitatively preserve geometric features in numerical simulations. We contextualise
our work as an application of Lie group integration theory [95-98], applied in the infinite-
dimensional setting of continuum systems. We apply our geometric integrators to show
that they successfully outperform standard PDE integrators in preserving the geometric

features of the system.
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Chapter 1

Ritz methods for

Freidlin- Wentzel-Graham actions

This chapter follow closely the results published in [99].

1.1 Introduction

The theory of Freidlin, Wentzell and Graham [26, 27, 100] gives asymptotic probability
estimates of rare events in dynamical systems perturbed by small noise [15, 101-103].
Specifically, Freidlin-Wentzell-Graham (FWG) theory yields estimates of the stationary
distributions and mean first-passage times. Both these quantities are determined, in turn,
by the asymptotic estimate of the probability of a stochastic trajectory to not deviate
from a smooth path by more than a given amount in a given interval of time. The key
result of FWG is that the limiting form of this probability, for small noise and small
deviations, is given by a non-negative functional of the smooth path. This functional is
known as the Freidlin-Wentzell action and its minimum, for fixed initial and terminal
states, determines both the stationary distributions and first-passage times. The smooth
path minimising the action is often called the Freidlin-Wentzell instanton. The theory is
applicable to dynamical systems of both gradient and non-gradient character and can so
be used to study a wide variety of equilibrium and non-equilibrium systems modelled by
It6 diffusions [3-9, 34, 104, 105].

Determining the minimum of the Freidlin-Wentzell action is a problem in the calculus
of variations. The Euler-Lagrange equations provide the necessary conditions for extrema
of variational problems and, unsurprisingly, have been the basis of the large literature
devoted to the numerical computation of Freidlin-Wentzell instantons [8, 24, 106, 107].
There exists, however, an alternative “direct” route for the solution of variational problems
in which the functional is reduced, through finite-dimensional parametrisations of paths,

to a multivariate function and then extremised by appropriate multivariate optimisation
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methods [108, 109]. To the best of our knowledge, the first use of the direct method for the
Freidlin-Wentzell action, discretised by finite-differences, appears in the work of Weinan,
Ren and Vanden-Eijnden [110].

Here we combine the direct method with a Ritz discretisation [108, 109, 111] to
minimize the Freidlin-Wentzell action. We analyse paths in a spectral basis of Chebyshev
polynomials and use spectral quadrature to express the action as a multivariate function
of the basis coefficients. Nonlinear optimisation is used to obtain coefficients that give the
least action from which the instanton is synthesised in the spectral basis. For minimisation
over paths regardless of their duration, this procedure is especially effective when applied
to a reparametrisation-invariant on-shell form of the action that follows from the time-
translational invariance of the Lagrangian. This generalises the scalar work functional
of Olender and Elber (for gradient dynamics) and the geometric action of Heyman and
Vanden-Eijnden [107] (for non-gradient dynamics). Our method is efficient enough to
robustly sample the logarithm of the asymptotic estimate of the stationary distribution,
i.e. the quasipotential, avoiding the alternative, but numerically delicate, route of solving
the Hamilton-Jacobi equation [112-114]. Our method is simple to use, converges rapidly,
and is applicable to both equilibrium and non-equilibrium problems. Its implementation
is freely available on GitHub as the open-source Python library PyRitz [115]. The results
presented in this chapter was the result of collaborative work published in [99], of which
the author of this text was the primary contributor.

The remainder of this chapter is organized as follows. In the next section, we recall
key results of Freidlin-Wentzell theory from dual perspectives of 1td stochastic differen-
tial equations and the corresponding Fokker-Planck equations. Sec. 1.3 we present the
derivation of the on-shell form of the Freidlin-Wentzell action in a manner reminiscent
of the Routh reduction procedure in classical mechanics and explain its relation to the
scalar work and the geometric action. In Sec. 1.4 we describe the direct method for the
minimisation of functionals, the Chebyshev spectral basis in which we construct smooth
paths, the spectral quadrature rule we use to evaluate the action, and the multivariate
non-linear optimisation methods we employ to find the minimum. In Sec. 1.5 we apply
the direct method to three well-known diffusion processes and demonstrate convergence in
each case.

A particular achievement of our approach is its relatively facile ability to calculate
quasipotentials. This can be done with a sufficiently high density of sample points to
construct effectively continuous maps of the quasipotential, which we do here for the same
set of benchmark problems. We conclude with a discussion on extending the method to

degenerate diffusion processes, systems with inertia and to the stochastic dynamics of
fields.
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1.2 Large deviation theory

We consider the autonomous dynamics of a d-dimensional coordinate X = (X*,..., X9)
in R? perturbed by configuration-dependent noise of intensity /¢ described by the Ito
diffusion equation [116, 117]

dX* = a*(X)dt + ea"(X)dW” (1.1)

governing the stochastic trajectory X (t), where a*(X) is the drift vector, y/eo#(X) is the
volatility, W*(t) is a d-dimensional Wiener process and repeated indices are summed over.
Eq. 1.1 is also often referred to as an overdamped Langevin equation.

The transition probability density of the process, Piji(z,t|zg) = P(X(t) = z|X(0) =
xg), obeys the Fokker-Planck equation 0;P(x|z¢) = LP(x|z¢) where the Fokker-Planck

operator is

L(zx) = ———a"(x)+ e O
o Oz 2 OxHozY

and 0" (x) = o) (x)o¥(z) is the diffusion tensor. We assume it to be non-degenerate,
positive-definite and invertible. The inverse, b,,(x), induces a Riemannian structure
in R? with a norm |z], = /b,a#a” that is distinct from the Euclidean norm |z| =
V(21?24 ... (z%)2. We use the subscript b to indicate this second “diffusion” norm. The
stationary density satisfies the time-independent Fokker-Planck equation LP;(z) = 0

and, when it exists, is reached asymptotically in time for arbitrary initial distributions,
limy o0 Prj1 (2, t|zg) = Pi(x). The stationary distribution is unique for ergodic systems
[118].

Associated with the It process is the Freidlin-Wentzell “action” functional [26, 27, 100]

Sl = 5 / i — (o) 2t (1.3)

which gives an asymptotic estimate for the logarithm of the probability of trajectories
X(t) to remain in the tubular neighbourhood of a smooth path x(¢) over the duration
0 <t <T. We write this as

Poel2(t)] = exp <—§S[x(t)]> (1.4)

which, in terms of limits, means

S[x(t)] = lim lim —eIn P [ sup | X (t) —x(t)], <6

d—0e—0 0<t<T

The limits must be taken in the order above as they do not commute. Eq. 1.4 is a large
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deviation principle for trajectories of Ito processes, due to Wentzell and Freidlin and
Graham [119]. This limit is often referred to as the Freidlin- Wentzell limit.
For reasons described below, it is of interest to obtain the mode of the tube probability

over the set of continuous paths
1 =A{2(t)[2(0) = 21, 2(T) = 22,0 <t <T)}

which have fixed termini x; and x5 and are of duration 7. This is equivalent to the
variational problem of minimising the Freidlin-Wentzell action. The minimum value of the

action,

Vr(xe|z1) = min S|x(t)], (1.5)

yr

is called the quasipotential. The path attaining the minimum,

xp(t) = arg min S[z(t)], (1.6)

T
is called the instanton. We emphasise that this path describes the smooth centerline of
the tube of maximum probability and not a non-differentiable trajectory of the diffusion
process. It is the most probable dynamical path connecting two points in configuration
space.

The instanton and the quasipotential are central objects in Freidlin-Wentzell-Graham
theory and relate to the eikonal approximation of the Fokker-Planck equation [35]. As-
suming the JWKB form of the transition density,

Py (z,t|zg) ~ exp [ Z&? On(x, 03 T ] ,

with prefactors suppressed, substituting in the Fokker-Planck equation and matching terms

gives a Hamilton-Jacobi equation for the lowest order contribution,
1w 1
8t¢0 + §b 8“8,,% +a a“¢0 =0. (17)

This corresponds to the Hamiltonian system

1
H(Qi,p) = ibwjpupu + aupu (18)
OH
it =+—=bv"p, + a"
Op,
. OH B o 8@”
pu——%— o Mpupx—a v
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whose solutions define an equivalent variational problem of extremising an action with the

Lagrangian

L(z, &) = pui" — H(z,p) (1.9)
= %(w“ —a")b,, (2" —a”)
1 . 9
= L - ()l

Thus, the rays of the Hamilton-Jacobi equation that determine the lowest order contribution
to the eikonal are local maxima of the tube probability, or in other words, ¢o(z, z;T) =
Vr(x|zg). The large-deviation principle of Freidlin and Wentzell and the theory of the
non-equilibrium potential of Graham [27, 100] thus appear as elegant reformulations of
the JWKB approximation [35].

The correspondence with the JWKB approximation yields the asymptotic form of the

transition density,

1
Pl‘l(l',T’iCo) = exp |:—EVT(I|I0)1| , (110)

and, in the T"— oo limit of the above, the asymptotic form of the stationary distribution,

Pi(z) = lim exp {-éVT(mO)} | (1.11)

T—o00

where z and x( belong to the same basin of attraction of an attractor A. As is indicated

by Eq. 1.11, it can be shown that this limit is independent of the initial coordinate,
lim Vip(z|zo) = VA(2), (1.12)
T—o0

swhere VA is equal, to within a constant, to the stationary quasipotential V. (z) in the
basin of attraction of A. For a system with multiple attractors A;, the global quasipotential
is

Vio(z) = min (VL2 (z) + C) (1.13)
where C* is an additive constant. The constants are fixed by requiring
VL (a0) + O = VL (al)) + O (1.14)

for attractors A; and A; with adjacent basins of attraction, where a:f;” ) is the saddle with
the lowest value on the separatrix between the basins [27, Eq. 7.14.6]. The stationary
quasipotential determines the mean persistence time of a trajectory in a basin of attraction

which generalises the Arrhenius law to systems out of equilibrium.
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The T" — oo limit involved in the definition of the stationary quasipotential presents
considerable numerical difficulties in the minimisation of the Freidlin-Wentzell action. A
more numerically amenable route to determining the stationary quasipotential is by the
minimisation of the action over paths that start at an attractor and end at a point in its
basin, regardless of the duration. We show in the next section that the solution of this
second variational problem does, indeed, yield the stationary quasipotential and derive an
alternative form of the Freidlin-Wentzell action that is adapted to computing instantons

regardless of their duration.

1.3 On-shell action

We consider the variational problem of minimising the Freidlin-Wentzell action over paths

with fixed termini but of arbitrary duration,

T
min min S[z(t)] = minmin/ L(x,2)dt, (1.15)
0

T YT T T
where both the initial and final points are in the basin of the attraction A and the

Freidlin-Wentzell Lagrangian following from Eq. 1.9 is

1 1
L(z,z) = 51)“1,:1':“30"’ —batt” + §bwa“a”. (1.16)

This variational problem can be solved by introducing a parametrisation u for both the

coordinate and time,

r=ux(u), 2 =dz/du; t=1t(u), t' =dt/du,

that allows the shape of the path,

o ={z(u)|z(u) = x1,2(u2) = vou1 < u < us},

to be varied independently of its duration,

T:/ t'du.

Coordinates = and time ¢ are dependent variables in the reparametrised action,

/

Sa(u)] = / YL, oy du, (1.17)
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in which the time-dependence appears only through the derivative ¢'. Therefore, ¢ is a
cyclic (or ignorable) coordinate and Noether’s theorem implies that the corresponding
conjugate momentum is conserved [120]:

oLty 1. ™™ 1

o 2t T Sbwaa” = E. (1.18)

This defines submanifolds of the dynamics labelled by the “energy” E which we shall call
shells. The bound 2F + |a|? > 0 for the energy follows immediately from the positive-
definiteness of the diffusion tensor.

Solving the first integral for ¢’ gives

’ dt ‘l’l‘b
_ _ (1.19)
du  \/2F + |a|?
from which the duration of the path is obtained to be
u /
Ts ey, (1.20)

B ur Y/ 2E+|CL‘12,

This shows that paths 7, (of duration Tg) are equivalent to shapes og (of energy F),
where the latter is the restriction of shapes in o to the shell of constant energy. Then,
minimisation over paths v regardless of their duration is equivalent to minimisation over

shapes o regardless of their energy, or

min n;l;n Slx(t)] = mEin n;uEn Slx(u)].

The action for shapes restricted to og is obtained by eliminating ¢ between Eq. 1.17 and
Eq. 1.19. This gives the “on-shell” form of the Freidlin-Wentzell action,

u2 E 2
Sglz(u)] :/ [ﬂ\xﬂb—b“”auaz; du,

V2E + |a|?

which is a functional of the shape z(u), a function of the energy E, and allows for

u1

independent variations of both. It is straightforward to see that the integrand and,
therefore, the action is minimised when F = 0. Therefore, most probable paths, regardless

of their duration, are obtained by minimising

Sole(w) = [ (ol — 1 0,.) du (1.21)

uo

over shapes restricted to the zero-energy shell. The duration on the zero-energy shell,

u /
Toz/ 1o 4, (1.22)

o als
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shows that paths that leave, cross, or terminate at points of vanishing drift, a*(z) = 0, are
necessarily of infinite duration. The corresponding shapes o' can then be taken to start
at a fixed point and end at another point x in the basin of attraction. The quasipotential

is determined by a minimisation over such shapes og!,

VA(z) = min Solz(u)], (1.23)
and the shape attaining the minimum,

xr (u) = arg mdi“n Solz(u)], (1.24)
99

is the stationary instanton. The time on the instanton path can be obtained by integrating
t' = |2'|p/|alp. The utility of the on-shell form of the action is that it provides the shape
of the path independently of its duration. The latitude of obtaining the shape from a
parametrisation over a finite interval, even for paths of infinite duration, is extremely
useful in numerical work.

The on-shell action is related to, but distinct from, the Jacobi action in mechanics
[121, 122], which, following a Routh reduction [120], would in this case be

Sla(u)] = /uz [\/QE + la|? |2]p — a‘%” du.

Though both the on-shell and Jacobi action agree on the zero-energy shell, only the former
supports the interpretation as least action for non-zero energies. Furthermore, variations
of the on-shell action have to respect the on-shell condition Eq. 1.19 (in other words, the
solutions of its Euler-Lagrange equations does not coincide with its extrema). On the
other hand, the Jacobi action can be varied using the standard Euler-Lagrange approach.

For gradient dynamics, that is a* = b*9U/0x", the on-shell action generalises the
“scalar work” functional of Olender and Elber [123] to non-zero energies and configuration-
dependent diffusion tensors. For non-gradient dynamics, where the drift cannot be so
expressed, the on-shell action generalises the geometric action of Heyman and Vanden-
Eijnden [124] to non-zero energies. The non-zero energy shell |z|? = |a|? + E admits the
most general path consistent with time-translation invariance, in contrast to the zero-energy
shell where the magnitude of the velocity is always equal to that of the drift, |z|? = |a|7.
Such general paths determine the quasipotential and the asymptotic form of the transition
density for finite times and will be examined in detail in future work. Accordingly, we
set £ = 0 below. The derivation of the on-shell action only requires time-translation
invariance of the Lagrangian and not, as in [123, 124], their positive-definiteness. Thus, it
can be applied to stochastic actions whose Lagrangians are not necessarily positive-definite,

as for example the Onsager-Machlup action [125, 126]. We now describe the Ritz method

28



by which we minimise actions.

1.4 Ritz method

The direct method in the calculus of variations consists of constructing a sequence of
extremisation problems for a function of a finite number of variables that, in the passage
to the limit of an infinite number of variables, yields the solution to the variational
problem. The two main families of direct methods are finite differences and Ritz methods
[108, 109, 111, 127]. In the latter, the solution of the variational problem is sought in a

sequence of functions
©1(t), @2(t), ... on(t), ...

each of which satisfies end point conditions. The path is expressed as a linear combination
of these functions
xn(t) = arp1(t) + ... + anpn(t) (1.25)

which transforms the action from a functional of the path into a function of the expansion

coefficients,
T
S(ag,...,qp) = / L(zy, @,)dt (1.26)
0
T n n
= / LY aipi Y oug | dt.
0 i=1 i=1
Action minimisation now becomes a search for a set of coefficients, o such that S(aj, ..., o)) <
S(a1,...,a,). The necessary condition for this is the vanishing of the gradient,
oS
=0 (i=12,... 1.27
G =0 (i=12..m) (1.27)

which is the Ritz system of non-linear equations. Coefficients satisfying these conditions
can be obtained by non-linear optimisation. The n-th approximation to the minimum
action path, z%(t), and the minimum value of the action, S[z}.(t)], are obtained from these
values of the coefficients. It is generally the case that this sequence of approximations
converges to the minimum of the variational problem as n — oo [108, 109].

The method, then, has three parts: first, the choice of basis functions ¢;(t); second,
the quadrature rule that integrates the Lagrangian to obtain the action as a function of
the expansion coefficients; and third, the optimisation that yields the coefficients at the
minimum. Since each part is only loosely dependent on the others, Ritz methods come in
many varieties [128]. Our choices are centered around Chebyshev polynomials as described

below. Approximation by Chebyshev polynomials and their optimality for the purpose are
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described in [129-131].
Basis functions: We consider a path x(u) that is a Lipschitz continuous function of the
parameter v in the interval [—1,1]. Then, it is has an absolutely and uniformly convergent

Chebyshev expansion,

x(u) = Zaka(u), ap = 2 (W) T(v) du

_; —1 \/1—u2

where T}, (u) are Chebyshev polynomials of the first kind and the integral must be halved
for K = 0. A suitable sequence of paths can be constructed from the first n terms of this
infinite series. However, it is computationally more convenient, for reasons that will be
clear below, to construct the sequence from n-th degree polynomials that interpolate the
path at the n + 1 Chebyshev points

u; = —cos(jm/n), (j=0,1,...n). (1.28)

The n-th degree interpolant can be expressed in standard form as a sum of Lagrange

cardinal polynomials ¢;(u) or as a linear combination of Chebyshev polynomials,

n

T () = Z ajli(u) = e Ti(u). (1.29)

k=0
The coefficients ¢, are aliased versions of the coefficients a;. Since the cardinal polynomials

have the property

L, j=k .
g](uk): (.]7]{::07"'7”)7
0, otherwise,
x,(ur) = ag, that is, the expansion coefficients «y, are path coordinates at the Chebyshev
points. Expressing the entire path in terms its discrete coordinates has the advantage that

end point conditions can be imposed by setting
ag = x(ug) = xo, o = x(up) = 7. (1.30)

Admissible paths of degree n are, then, parametrised by the n — 1 independent coefficients
Qi,...,0,_1. In contrast, imposing end point conditions in series form leads to a numer-
ically inconvenient linear dependence between the coefficients ¢;. The derivative of the

path is a polynomial of degree n — 1 that can be expressed in terms of the interpolant as

r,(u) = Z ol (u) = Zﬁj@(“) (1.31)
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with the two sets of expansion coefficients related by the Chebyshev spectral differentiation
matrix
Bj = DjkOék, Djk = Z;(uj) (132)

We use the barycentric form of the Lagrange polynomials [132]

0(u) = —3 /Z Tk (1.33)

u—ujl =y,
with weights [133]
1 .
29 J = 0
wj = (_1)J7 .]:17 n—1

This form is both numerically stable and, costing no more than O(n) operations, efficient
to evaluate. [134].

Chebyshev interpolants converge exponentially for analytic functions and algebraically
for functions with a finite number of derivatives. More precisely, for an analytic path,
||z — z,|| = O(p~™) for some p > 1 as n — oco. For a path with v derivatives and v-th
derivative of bounded variation K, ||z — z,|| = O(Kn™") as n — oco. These estimates
are in the supremum norm ||a||, that is, the maximum of the absolute value of a in the
interval [—1,1]. In contrast, finite-difference methods can only achieve polynomial, but
never exponential, rates of convergence, even for analytic paths [129, 130].

Quadrature: To reduce the action to a multivariate function of the coefficients it is

necessary to evaluate the integral

S(ozl,...,ozn):/ Lz, (u), z,(u))du (1.34)

1

using a quadrature rule. For instance, quadrature at the Chebyshev points u; gives
S(an, o an) = Y wiL(wa(uy), 2, (uy))
j=0
= w;L(a;, )
j=0
= w;L(aj, Djsoy)
5=0

where w; are the quadrature weights. However, standard quadrature rules at this set of n
Chebyshev points, which integrate a polynomial of degree less than or equal to n exactly,

will generally be inaccurate. The reason is that the Lagrangian has polynomial degree
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different from, and usually greater than, the polynomial degree of the path. For instance,
when b;; is a constant, the term quadratic in the velocities has twice the polynomial degree
of the path. Therefore, if the Lagrangian is to be integrated accurately, the order of the
quadrature must be different from, and in general greater than, the polynomial degree of
the path.

Therefore, we define a second set of n, > n Chebyshev points

v; = —cos(jm/n,), (j=0,1,...n,) (1.35)

and interpolate the path at these points. This is done efficiently by matrix multiplication
with a (n, + 1) x (n + 1) matrix

(% ) = ZBjkak’ (136)
k=0

v) = _ Bisfh, (1.37)
k=0

whose elements are derived from the barycentric interpolant

— _Uk/z — (1.38)

The Lagrangian is evaluated at these second set of points after which Clenshaw-Curtis

quadrature [129, 130] is used to evalute the action,
Slay,...,qn) = iij(xn(vj), z, (v;)) (1.39)
= ng kO, BinBr)
= ng Bjrag, BjpDioy)

—E Wg ]kalm jkak>

As with interpolation, Clenshaw-Curtis quadrature converges exponentially for Lagrangians
that are analytic in u and algebraically for Lagrangians with a finite number u derivatives.
Precise estimates are given in [131]. For fixed values of n and n,, the matrices B;; and C;; in

the above expression are constant and can be precomputed and stored. The multiplications
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require O(nn,) operations, and so there is a linear cost, for fixed n, to increase the order
of the quadrature. For Lagrangians of polynomial order n;, the number of quadrature
points must be n, > (n + 1)n.. For nonpolynomial Lagrangians, n, has to be chosen to
ensure that the n,-th Chebyshev coefficient is suitably small. Well-defined procedures
exist for the adaptive truncation of Chebyshev series [135] but here we use a simple rule of
thumb and set n, = 10n leaving the implementation of more efficient truncations to future
work. We note that in the direct finite-difference method, introduced in [110], the path is
interpolated at uniformly spaced points by a quadratic polynomial and the Lagrangian is
integrated using the trapezoidal rule. This combination can exactly evaluate the action
for Lagrangians that are at most quadratic polynomials.

Optimisation: To minimise the action over the expansion coefficients aq, ..., a,_1 we
use both gradient-free and gradient-based algorithms. For gradient-free algorithms we

provide Eq. 1.39 directly. For algorithms that require the gradient, the chain rule gives

; E w; L kOék jEOE
az aal [ J ) )

j=1

Z:: [(%"n (vj) it 83385 )C*}

(1.40)

where B}, = w;B;; and C}; = w;C;;. These matrices, too, can be precomputed and
stored and only the partial derivatives of the Lagrangian need to be computed for given
values of the coefficients. For the examples presented below, we use NEWUOA [136] for
gradient-free optimisation and SLSQP algorithm [137] for gradient-based optimisation,
both of which are implemented in the NLOPT numerical optimisation package [138]. For
non-equilibrium systems, instantons lose smoothness when passing through fixed points.
For such paths, convergence is still achieved but at less than spectral rates. Spectral
convergence can be recovered if paths are evaluated piecewise, taking care to isolate the
points of derivative discontinuities. This is feasible because fixed points are the only

locations where Freidlin-Wentzell instantons can lose smoothness [27].

1.5 Numerical results

In this section, we apply the Ritz method to three diffusion processes that are widely
used to benchmark rare event algorithms. The first is overdamped Brownian motion in a
complex energy landscape, the second is overdamped Brownian motion under the influence
of a circulatory force, and the third is a model of the weather. All three models have
configuration-independent diffusion tensors for which it is not necessary to distinguish

between covariant and contravariant indices. Python codes for each of these examples are
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Figure 1.1: Ritz method for overdamped motion in the Miiller-Brown potential, which has
three minima (crosses) and two saddle points (dots). The initial path is the straight line
connecting two minima and the instanton is the solid line, with broken segments showing
motion along the force. The instanton automatically locates and passes through both
saddles. A typical path before convergence to the minimum is shown as a dotted line. (b)
The value of the Lagrangian as a function of Euclidean arc-length of the instanton. The
action vanishes to machine precision on segments of the path where motion is along the
force. (c¢) The cosine of the angle 6 between the tangent and the force is always +1, i.e.
the instanton is a minimum energy path. The instanton is represented by a polynomial of
degree n = 10.

freely available on GitHub.

1.5.1 Brownian dynamics in a complex potential

Our first example considers the overdamped Brownian motion in a two-dimensional
potential with a constant friction. The usual equations of Brownian dynamics can be

recast into Ito form,

dX1 = —,u@lUdt + 2/JJ€ dW1
ng = —,anUdt + 2/1%:‘ dWQ,

where g is the mobility and € = kgT' is the temperature. The Freidlin-Wentzell action for

a smooth path with two-dimensional coordinate x = (x1, ) is

S[]—l/T L VU P
a=g ) otk
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where VU = (01U, 0,U). The minimum of the zero-energy action,

Sola] = / VUG)ldu + U]

provides the most probable shape and the stationary quasipotential. The second term

does not affect the minimisation and can be discarded. The resulting reduced action

Slz] = /_1 |VU||2'|du (1.41)

is of the same form as Fermat’s principle for optical rays, where |VU (x)| plays the role
of the refractive index and |2'|du = ds is the arc-length of the ray. In geometric optics,

Fermat’s principle is equivalent to Huygen’s principle and its “wavelet equation”
dlL’Z‘
ds’
This can be easily verified by differentiatiating it with respect to arc-length, to obtain the

o,U = |VU|

(1.42)

eikonal equation

atvul= 1 |jvo)%]

ds

which is identical to the Euler-Lagrange equation of the zero-energy action. The wavelet
equation implies that the tangent ¢ = dx/ds to the path is parallel to the gradient of the
potential, or equivalently, that rays are normal to contours of the potential. This is the
well-known condition for a minimum energy path and was first derived variationally from
the scalar work functional by Olender and Elber [123]. It provides a stringent test of the
fidelity of the paths obtained by minimisation.

Following [123], we choose the Miiller-Brown potential of [139] as an example of a
complex energy landscape. The potential and its stationary points are shown in Fig. 1.1.
The three minima are marked by crosses and two saddle points by dots. The instanton is
computed by requiring the path to start at the minimum on the top left and terminate at
the minimum on the bottom right. The initial straight line shape, an intermediate shape
and the converged instanton are shown in panel (a). The minimisation automatically
locates the two saddle points and makes the the instanton pass through them. The
action cost along the path is shown in panel (b), where the vanishing of the action on
segments of the path along the force is clearly seen. The cosine of the angle between
the tangent and force is shown in panel (c) and the condition for a minimum energy
path is clearly fulfilled. We emphasise that the condition is not imposed separately but
is satisfied automatically at the minimum. The Ritz method provides an alternative to
chain-of-states methods for finding minimum energy paths. It does not need the Hessian of

the potential, which makes it suitable for problems where such evaluations are expensive.
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Figure 1.2: Ritz method for overdamped motion in a circulatory (i.e. non-gradient) force
field. The instanton is in red with solid (dashed) segments showing motion against (along)
the force field. The instanton is reflected about the horizontal axis for motion starting on
the right, showing the inequivalence of fluctuational and relaxational paths for non-gradient
dynamics. (b) The quasipotential, computed using Eq. 1.13, with a caustic at the unstable
fixed point. (c) The value of the Lagrangian as a function of the Euclidean arc-length
of the instanton. As in the potential case, the action vanishes to machine precision on
segments where motion is along the force. (d) The cosine of the angle 6 between the
tangent and the force is, unlike in the potential case, not always 1. The instanton is
represented by a polynomial of degree n = 8.

Unlike [124], our parametrisation has no unit-speed constraint and the minimisation,
accordingly, is unconstrained. The method applies without change to dynamics with

configuration-dependent friction.

1.5.2 Brownian dynamics in a circulatory field

For our second example we consider, in contrast to the first, Brownian motion in a force
field that cannot be derived from a potential and, as such, necessarily has a non-vanishing

curl. Choosing the force field of Maier and Stein [34] gives

dX, =(X, — X3 — BX, X2)dt + \/edW,
dXy = — (1 + X7) Xodt + /edW,

for the overdamped motion of the two-dimensional coordinate X = (Xj, X5), where [ is
a parameter. The force field f(x1,22) = (v — 23 — Bxy22, —(1 + 22)x) is smooth, and
fi1 is odd in x; and even in x5, while for f, the converse holds. There are two stable
fixed points at x, = (—1,0) and 2, = (1,0), and a saddle point at z;, = (0,0). The
force field admits a potential only for § = 1, when it can be written as f = —VU, with
Uz, x2) = —2a3 4+ o1 + 5(1 + 27)23. The force field is shown in the first panel of
Fig. 1.2 for § = 10 together with the instanton moving from z, to z,. As before, solid
(dashed) segments represent motion against (along) the vector field. The instanton moving

from x;, to z, is obtained by reflection about the x;-axis showing that fluctuational and
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relaxational paths are not identical in a non-gradient field. In contrast to the Miiller-Brown
system, this system does not admit an Eikonal equation due to its non-gradient drift.
Correspondingly, we see that the instantons in Fig. 1.2 (a) are not parallel to the gradient
of the quasi-potential in the uphill (solid) parts of the path.

The middle panels shows the stationary quasipotential V2 (x) with respect to the
attractors at (—1,0) and (1,0) respectively. The quasipotential is sampled on a 128 x 128
grid by computing instantons between a point on the grid and the relevant attractor.
The contours of the quasipotential and its heatmap are obtained from these discrete
samples. To the best of our knowledge, all prior estimations of the quasipotential for this
problem (and more generally, for circulatory forces) have required numerical solutions of
the Hamilton-Jacobi equation. Our method of direct sampling provides an alternative to
this route of computing the quasipotential. The right panel shows the Lagrangian as a
function of arc-length along the instanton. As in the previous example, the Lagrangian
vanishes along segments of the path where motion is along the force. For motion against
the force, the tangent to the path is no longer parallel to the force, as shown by the
variation of the cosine of the angle # between the tangent and the force. We note that our
method is agnostic to the existence, or not, of a potential for the drift and treats both

these cases on equal footing.

1.5.3 Multistability in a genetic switch system

We continue with the dynamics of a two-dimensional coordinate x = (z!, 2?) in a non-

gradient field, but now of non-mechanical origin and non-polynomial form,

1

di' = | — A = ) dt + JedW?!
1+ (g) 7
(1.43)
2
dl’Q = % — -T_ dt + \/EdW27
L+ ()

where aq, as, 7, n, m, K7 and K5 are constants. This model is due to Roma et al [140] and
describes a multistable genetic network. In the region of configuration space we consider,
the vector field has two fixed points one of which is stable and the other a saddle. The top
panel of Fig. 1.3 shows the instantons moving between these fixed points. Unlike in the
previous examples, here the instantons move either entirely with (solid line) or entirely
against (dashed line) the flow. The bottom panel shows the quasipotential with respect
to the stable fixed point. The procedure to evaluate and plot it is as described above.
The quasipotential provides a quantification of the dispersion of the coordinate about the
stable fixed point and a measure of the non-equilibrium “temperature” on the state-space

of this non-mechanical system.
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Figure 1.3: Instantons for the genetic switch. (a) shows the instantons in red with solid (dashed)
lines representing motion against (along) the vector field. (b) shows the quasipotential with
respect to the stable fixed point (cross). Parameter values are a; = 156, ag = 30, 7 =1, n = 3,
m =1 and K; = Ko = 1. A polynomial of degree n = 10 was used to parametrise the path.

1.5.4 Transitions between limit cycles

To demonstrate that our method is not limited to fixed points, we constructed a simple

but non-trivial system:

dr = (14 cos® ) f(r)dt +dW"

(1.44)
df = r(1 +sin? 0)dt + dW*’

where f(r) = —ir(r — s1)(r — s2)(r — s3), and s = [1,3,5]. We have an unstable fixed
point at r = 0, stable limit cycles at » = s; and r = s3, and an unstable limit cycle at
r = $o. The trigonometric factors in the drift breaks the circular symmetry of the system,
but preserves the concentric circular limit cycles. We consider instantons moving from the
inner stable limit cycle r = s; to the outer limit cycle r = s3. Let I'; = {(r,0) |r = s;}
for i = 1,2,3, be the set of points comprising the three limit cycles. For a given path
x(t), let x; € I'; be the points along the path located along the respective limit cycles.
Since a,(x;) = 0 and agy(z) is positive definite, the system can move to any point within a
limit cycle without incurring any action cost. Therefore the starting, intermediate and
end points x1, x5 and x3 should be varied freely within their respective limit cycles during
the minimisation. We can split the instanton z*(t) into an “uphill” path z3(¢), moving
between I'; and T'y, and a “downhill” path x}(¢), moving between I'; and I's. The downhill
path follows deterministic relaxational dynamics, and does not contribute to the action,
and therefore the only non-trivial part of the problem is the uphill path a:?(t) One issue

with limit cycle problems is that instantons in general have infinite arc-lengths. In the
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Figure 1.4: An approximate instanton of the concentric limit cycle system with S & 3.65053.
The instanton moves from the inner stable limit cycle at » = 1 to the unstable limit cycle

at r = 3, and then moves hetero-clinically along the drift to the outer stable limit cycle at
r=4.

case of the relaxational path x7} (), this can be verified to be the case using an ODE solver.
The system will not only relax to the attractor in infinite time, but the system will also
undergo an infinite number of cycles before reaching the stable limit cycle I's. We would
expect similar behaviour for diffusive paths leaving stable limit cycles. Paths of infinite
Euclidean arc-length are not possible to parametrise exactly in the Chebyshev basis, so
only an approximate finite-length instanton can be found, as shown in Fig. 1.4. As we

increased the arc-length the action of the candidate instanton converged to a value of
S ~ 3.65053.
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Figure 1.5: Instantons and quasipotentials of the Egger model. The instantons are shown
in red with solid (dashed) lines representing motion against (along) the vector field. The
left and right panels are forward and reverse instantons. Isosurfaces of the quasipotential
with respect to each attractor is shown in the respective panels. Isovalues increase from
light red to blue in the range {1,7,11,16,21,26,31,36}. Parameter values are k = 2,
B8 =125 ~v=2 Uy=10.5 and H = 12. The instanton is represented by a polynomial of
degree n = 10.

1.5.5 Egger model of weather

Our final example is a reduced model of the weather for a a three-dimensional coordinate
X = (X1, Xo, X3) that has a circulatory drift,

dX, = [kXZ (X3 — ﬁ) — ”yXl} dt + v/edW,

k2
HX
dXy = [le (% - X3) —Xs + ’ 3] dt + /edW,
Xy = [~3HEX; — (X5 — Up)] dt + /edWs (1.45)

where k, 8, v, Uy and H are constants. This model is due to Egger [141]. It is not
particularly illuminating to visualise the three-dimensional vector field describing this
dynamics but we note that it has two stable fixed points, marked by crosses in Fig. 1.5,
and a saddle fixed point marked by a dot. The instanton moving between these points is
shown as before in the left and right panels of the figure. Also shown are isosurfaces of the
quasipotential with respect to the stable fixed points, with isovalues increasing from red to
blue. To the best of our knowledge, this is the first computation of the quasipotential for
this model. We provide this example primarily to demonstrate the feasibility of sampling

quasipotentials in dimensions greater than two with our method.
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Table 1.1: Convergence of the action S,, for a path of polynomial order n. The abbreviations
M-B and M-S refer to Brownian dynamics in the Miiller-Brown potential and the Maier-
Stein force field respectively. The first table shows the difference S,, — 5,11 while the
second table shows the difference S,, — S59. A tenth-order polynomial typically gives at
least six digits of accuracy.

1.6 Numerical convergence

We briefly recall the convergence properties of the Ritz method, comprising that of the basis
functions, the quadrature, and the optimisation. The Chebyshev interpolant converges to
the most probable path, assuming that it is Lipschitz continuous, at a rate that increases
with the number of derivatives the path admits and is exponential for a smooth path.
Likewise, the Clenshaw-Curtis quadrature is guaranteed to converge to the minimum of
the action, assuming that the Lagrangian is Lipschitz continuous. The optimal number
of quadrature points for accuracy to machine precision can be obtained by following
the decay of the Chebyshev coefficients of the Lagrangian and truncating at that value
beyond which the coefficients vanish to machine precision. The optimisation has lesser
theoretical guarantees than the interpolation and quadrature, as is generally the case with
search in high-dimensional spaces. However, the residual of the Ritz system provides an
empirical measure for how closely the minimum has been located. In all three examples
(and in others not presented here) we have found both gradient-free and gradient-based
optimization to robustly locate the minima, and gradient-based methods to yield faster
convergence. We note that for equilibrium problems, the gradient-free method does not
require the Hessian of the energy function, which can be of significant computational
advantage. In Table 1.1 we show the spectral convergence of the action with increasing

polynomial order of the path for each of our examples.

1.7 Conclusion

We have presented an efficient and accurate numerical method for computing most
probable transitions paths and quasipotentials of rare diffusive events. The method directly

minimises the Freidlin-Wentzell action and thus provides a unified approach for transition
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dS[x] =0 S(«)
l lv
Discrete E-L Ritz system

Figure 1.6: Inequivalence of the direct and Euler-Lagrange routes to numerical action
minimization. Here, § — functional variation, P — finite-dimensional projection, and
V — function minimisation. On the left branch, the action is first varied to obtain the
Euler-Lagrange equation and then projected onto a finite-dimensional basis for numerical
solution. On the right branch, the action is first projected onto a finite-dimensional basis
and then minimised to obtain the Ritz system. The finite-dimensional projection of the
Euler-Lagrange equations is, in general, not identical to the Ritz system.

paths in both equilibrium and non-equilibrium systems in the zero-temperature limit.
Our reparametrisation-invariant form of the action, derived using a Noether symmetry,
is well-suited for numerical work and is a generalisation of the geometric action. This
frees us from the constraints of the commonly used arc-length path parametrisation and
offers the maximum flexibility in choosing the space of polynomials in which action is
minimised. Thus our method is not limited to the Chebyshev polynomials in [—1, 1] used
here but easily admits trigonometric polynomials and, more generally, any global basis.
Numerical quadrature reduces the action to a multivariate function of coefficients of the
path polynomial whose minimum is obtained by both gradient-free and gradient-based
optimisation. This gives, simultaneously, both the minimum value of the action and
the most probable path. This efficiency of the method allows us to repeatedly compute
minimum action paths between an attractor and a point in its basin of attraction and,
thereby, map out the quasipotential. The quasipotential in a non-equilibrium steady state
has the same significance as the Gibbs distribution in equilibrium and our method provides
a robust way of obtaining it without the need to numerically solve the Hamilton-Jacobi
partial differential equation.

The direct method used here consists of a discretisation of the action followed by a
search for the minimum in the resulting finite-dimensional space, expressed schematically in
Fig. (1.6). In contrast, the majority of methods impose the vanishing variation of the action
and then search for the solution of the Euler-Lagrange equation in a finite-dimensional
space. The resulting discretised Euler-Lagrange equations is, in general, not identical to
the Ritz system; in other words, these two methods of reducing an infinite-dimensional

problem to a finite-dimensional one are not equivalent. In contrast to mechanics, where
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Newton’s equations of motion are considered primary and the action derived, here it
is the tube probability and hence the Freidlin-Wentzell action that is primary and the
Euler-Lagrange equation for the most probable path that is derived. It appears more
natural to us to discretise the primary, rather than the derived, object directly. Our
approach is algorithmically simple and the only adjustable parameters are the polynomial
order n and the quadrature order n,. This simplicity does not compromise accuracy or
efficiency, as confirmed by our examples.

In subsequent chapters we will move beyond the Freidlin-Wentzell regime, which
corresponds to the limit of zero diffusivity and infinite duration, to study transition
paths in systems at finite temperatures and of varying durations. In this setting, the
Ritz methods developed here can be applied to find finite-temperature instantons of the
Onsager-Machlup action. Although in this regime the action does not admit a on-shell

form, as was the case for the Freidlin-Wentzell action.
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Chapter 2

Monte Carlo methods on path spaces

2.1 Introduction

In a large deviation limit, the dominant transition pathway of an Ito diffusion equation
between fixed points of its drift field is given by the minimiser of the associated Freidlin-
Wentzell action, which is known as the instanton of the system. Physically, we found
the instanton in a limit of vanishing temperature. Although useful for many applications
(as discussed in the introduction of the previous chapter), in any real system the zero-
temperature limit is un-physical. There may be multiple locally most-probable paths - local
instantons - and at finite temperatures the fluctuations around these become increasingly
relevant [142-145]. Furthermore, in some noise-regimes the sample realisations of the
system will follow stochastic trajectories that do not necessarily concentrate around nor
coincide with the instantons. There may be multiple competing transition channels (as will
be a major topic in Ch. 3), or no clearly defined transition channels whatsoever. Therefore
at finite temperatures, it is of relevance to consider the transition path ensemble (TPE),
the set of all transition paths of a system given fixed end-points.

Due to the fixed end-points, it is often inefficient to use stochastic ODE solvers (like
the Euler-Maruyama integrator [146]) to sample the transition path ensemble, as they
only allow for specifying initial conditions. In low-diffusivity regimes, sampling using
such methods is intractable. In this chapter we will apply some recent mathematical
developments in the field of infinite-dimensional Markov-Chain Monte Carlo (MCMC)
methods [36-40], to sample the transition path ensemble (TPE) of 1t6 diffusion equations.
The resulting algorithm, known as the pCN algorithm, is an MCMC procedure which can
evaluate probabilistic path-integrals over the space of stochastic paths. Using Kosambi-
Karhunen-Loeve (KKL) theory [41-43], we develop a fast implementation of the pCN
using Fast-Fourier Transforms. In Sec. 2.3.4 we investigate the band structure of stochastic
paths in the KKL expansion. We provide both analytical and numerical evidence that

general Ito diffusions with additive noise undergo a band separation in KKL mode-space,

45



and that only the statistics of the lower band is non-trivial, whilst the higher band is
indistinguishable from that of free diffusion. In Sec. 2.3.5 we exploit the band structure
of Ito diffusions to construct adapted step-sizes in the pCN method, using which we
improved autocorrelation times. In Sec. 2.3.6 we provide a proof-of-concept of how to
sample transition path ensembles of trajectories with generalised end-point conditions.

Further developing the algorithm, in Sec. 2.4 we present the teleporter MCMC (TMC),
an extension of the pCN geared towards effectively sampling TPEs with multiple competing
transition channels. We use semi-classical expansions [147-152] of the path-probability
measure to approximate the distribution over the transition path ensemble around local
instantons, and combine these local Gaussian distributions with the pCN algorithm to
allow for the Markov chain to ‘teleport’ between segregated regions of high probability
in path-space. Similar schemes have been proposed previously in [153], where the chain
can teleport between local uniform distributions around the the maxima of the target
measure, and in [154] where a sequence Markov chains are run simultaneously. Our main
innovation is that our algorithm uses the semi-classical Gaussian approximations, and that
the algorithm is defined directly on the infinite-dimensional space of stochastic trajectories.
Our implementation of the algorithm, which was used in the all numerical applications in
this chapter and Ch. 3, can be found in [155].

Other well-known techniques of sampling the TPE are the transition path sampling
(TPS) [15, 16, 23, 29, 30] and forward flur sampling (FFS) [31-33]. One of the main
differences in our proposed method is that it is defined for general 1t6 diffusions with
additive noise, whilst the TPE tend to require that the system drift and noise satisfy the
detailed balance condition, such that the dynamics is reversible. As our method is defined
for arbitrary drift-fields, it can sample the TPEs of both equilibrium and non-equilibrium
systems. Another point of difference is that we parametrise stochastic paths in a global
basis, where the TPE and FFS use a uniform discretisation of stochastic paths. Specifically,
we expand the stochastic paths of Ito diffusions in the Kosambi-Karhunen-Loeve basis of
Brownian bridge processes. As will be discussed in Sec. 2.3, we find that the statistics of
the TPE separates into distinct low- and high-frequency bands in the KKL basis, where
the higher band is completely decorrelated and behave is near that of a Brownian process.
We find that the non-trivial statistics of the TPE is wholly contained in the lower band.
Furthermore, our choice of basis also allows great freedom in the choice of initial- and
final-conditions of the TPE. As for the TPS and FFS, we can choose paths to start and
end in open regions in state-space. However, the pCN and TMC also admits fixed start-
and end-point configurations. The TMC, which will be discussed in Sec. 2.4, also allows
for sampling multiple transition channels in the TPE simultaneously. Without recourse
to techniques such as [156, 157], which requires a costly hierarchical sequence of MCMC
algorithms running at different temperatures, established methods and traditional MCMC
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methods will often fail to sample all transition channels. This is referred to as the slow
mizing [44] of the modes of the target probability distribution. Finally, another point of
difference is that the pCN and TMC algorithms are mathematically formulated directly
on the infinite-dimensional space of stochastic paths, whilst the TPE and FFS are defined
on discretised path-spaces that approximate the true system under refinement of the
discretisation-mesh.

In the next section, we will offer a brief review of the necessary mathematical theory
for path-space MCMC methods. This will simultaneously also serve as an introduction to,
and discussion of, the transition path ensemble and path-integral approaches to study this
infinite-dimensional space of stochastic paths. In particular we aim to show that path-
integrals, which are often described as the ‘formal limit’ of a finite-dimensional discretisation
[126, 150, 158], can be understood without recourse to discretisation. Furthermore, in
Sec. 2.3 we will see that this mathematical rigour is the necessary theoretical understanding
that enables the construction of path-space MCMC methods. We will also discuss the
distinctions between two common expressions for the path-integral approach: the Freidlin-
Wentzell and the Onsager-Machlup path-probability densities, of which the former was
discussed in Ch. 1. The main purpose of the treatment below is to explain the relevant
mathematical concepts, as well as to recontextualise concepts familiar to the mathematical
community to a physics audience. We will therefore eschew rigour whenever it facilitates

more pedagogic explanations. The reader can see the references for more details.

2.2 Path-measures and densities for stochastic pro-

cesses

Physically, the broad class of systems we consider are described by overdamped Langevin

equations, which are often written as [11, 13]
X = uF(X) + V2D¢ (2.1)

where X(t) is a vector in R? representing the state of the system at time ¢, d is the
dimension of the system, F : R — R is a force-field on the system, p € R%¥*? is the

mobility, £(¢) € R? is a white-noise realisation with correlation function

(&(1)&;(t)) = 2Ddy6(t — 1) (2.2)

and where D is the diffusion matriz. The diffusion constant is often written as D = uf,
where 6 is the temperature, in which case the prefactor of ¢ in Eq. 2.1 is a matrix square-

root. In general the diffusion matrix can be state-dependent D(X), in which case we call
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the noise multiplicative, and if it is not state-dependent we call the noise additive. In the
following we will focus on systems with additive noise. We will also assume D is diagonal
with constant entries, as this can always be achieved with coordinate transformations.
This is equivalent to assuming that the mobility p is a scalar constant.

The notation in Eq. 2.1 is highly formal, as the time-derivative of a stochastic process
X is not well-defined, and realisations of a white-noise process £ are not functions, but
distributions. However, the Langevin equation is equivalent to the Ito diffusion equation

with additive noise

dX = b(X)dt + V2DdW (2.3)

which represents the stochastic displacement dX in a time interval dt, subject to a drift-field
b and Brownian displacements cdW, where W is the Wiener process and o € R%*? is
the volatility matriz. Equation 2.3 and Eq. 2.1 can be related by setting b = pF and
o = v/2D. Formally, we may relate W and & as W = €. Equation 2.3 can be understood

as a short-hand for an alternative integral representation of the It6 diffusion equation
t t
X (t) = / b(X(£))dt + V2D / AW (1) (2.4)
0 0

where the second term is an Ité stochastic integral [116, 117] with respect to the stochastic
increment dW.

Let C°([0,T]) be the set of continuous paths x : [0,7] — R? and furthermore let
C2 ([0, T]) € C°([0, T]) be the subset of paths that satisfy x(0) = xo, where xg € R? is the
star-point of the path. The transition path ensemble EXT([0,T]) C C ([0,T7]) of Eq. 2.3 is
the subset of paths that satisfy x(0) = x¢ and x(T) = xp, where x7 € R? is the end-point
of the path. Realisations of Eq. 2.3 are elements X € C} ([0,77]), and we will often refer
to these as stochastic paths. Given an end-point X7, a transition path is a stochastic path
that is an element X € EX7([0,T]). Transition paths can thus be considered realisations
of a pinned 1t6 diffusion, where we condition on the end-point X(7') = x7.

Consider some measurable subset of stochastic paths U € C3 ([0,T1]). The law Px of
a stochastic differential equation like Eq. 2.3 is a probability measure over C3 ([0,77]). The
probability of observing a stochastic trajectory in a measurable subset U C CJ ([0,77) is
then Px (U). We will refer to Px as both a law and a path measure interchangeably. In the
physics literature Px (U) is often written in a path-integral formulation as [147, 159, 160]

Py (U) = /U Px[x]Dx (2.5)

where
Px[x] o< exp(—S[x]) (2.6)

48



represents a path-space probability density over CY ([0,T]), and the exponential scaling-
factor of the density S[x] is called the stochastic action. In Eq. 2.5 we expressed the law
Px in terms of the path-probability density Px. Dx represents what would be a volume
measure over the infinite-dimensional space of stochastic paths. Mathematically, one
would call Dx an infinite-dimensional analogue of a Lebesque measure (although as we
will discuss below, such an analogue does not exist). Equation 2.5 applies equivalently to
subsets A C EX7([0,T]), by simply conditioning Eq. 2.6 on the end-point. Accordingly,

we can compute the expectations of observables as

(O[X]) = O[x] Px [x|Dx (2.7)

0
G

where O[x] is a functional of stochastic paths x € Cy representing an observable. Equiva-
lently, we can compute the expectations of observables in TPE by computing the integral
over EXT([0,T]).

There are two well-known expressions for the action. The Freidlin-Wentzell (FW)
action functional is [26, 119, 160, 161]

Sewlx] = [ 551 — b0 (25)

and the Onsager-Machlup (OM) action functional is [125, 160, 162-166]

Som[x] = /OT {%\x —b(x)]* + %V : b(x)} dt. (2.9)

Note that Eq. 2.8 is not interpreted here as a large deviation principle in a zero-temperature
limit, but rather defines a path-probability density via Eq. 2.6 for arbitrary temperatures.
This seeming contradiction, along with the fact that there are two stochastic actions,
yielding ostensibly two different path-probability densities, has been a point of confusion
[160, 167]. In [160] it is shown that the actions are equivalent for the purposes of sampling
the path-probability distribution. In other words, formally Eq. 2.5 yields the same value for
the probability Px (A) regardless of what action is used. However, in [167] it is shown that
if one considers the subset Cy ([0, T]) C C2 ([0,T7]) of paths with at-least one derivative,
then the appropriate action functional is the Onsager-Machlup action. Therefore if one
wants to consider most-probable paths, which are always piece-wise smooth, the Onsager-
Machlup action is to be preferred over the Freidlin-Wentzell action. Note that in the limit
of vanishing noise, which is the regime in which we worked in Ch. 1, the Onsager-Machlup
action converges to the Freidlin-Wentzell action.

In terms of path-probability densities, there is in fact an infinite family of equally valid
stochastic actions [167]. This is due to the right-hand side of Eq. 2.5 being ill-defined
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unless an explicit discretisation scheme is prescribed

x — X; = x(iAt), (2.10)
such that
. Xi+1 — X
— 2.11
where ¢ = 0,1, ..., Ny and 6t is the time-step of the discretisation. Under such a discreti-

sation the path-space volume density is replaced with

Nr
Dx — [ [ dx:. (2.12)

1=0

We thus replace the path-space probability density Px[X] with a finite-dimensional prob-
ability density p(xi,Xa,...,Xn;). The discretised probability distribution approximates
the statistics of the true process X, and this approximation is improved with increasing
Nr. However, we should note that the limit Ny — oo does not exist. That Eq. 2.5 is not
well-defined on the space continuous paths can be seen by evaluating any of the actions on
an un-differentiable stochastic path, which then diverge due to the %|X|2 term. Eq. 2.5
should therefore only be interpreted as a formal expression for the path-probability.

Mathematically, the root of the problem stems from the non-existence of the ‘path-space
volume measure’ Dx. Consider some probability measure p with density p over a finite-
dimensional space R™. Probabilities can then be computed using integrals p(U) = fU p(z)dz
for a measurable subset U C R™. Here, dz is a volume measure on the space R?, and
is known in the mathematical literature as a Lebesque measure. In particular, Lebesgue
measures have the desirable property of translation-invariance.! Intuitively we can see
that Dx formally plays the role of an infinite-dimensional Lebesgue measure from Eq. 2.12.
However, it is a theorem that there exists no infinite-dimensional analogue of a Lebesgue
measure [162, 168].

Although not a Lebesgue measure, there is a measure that is well-defined on general
infinite dimensional spaces, known as the abstract Wiener space construction [168, 169]. If
the sample space is C’QO([O, T]), then the corresponding probability measure Py is called
the classical Wiener measure [170, 171]. As its name suggests, Pw is the law of the Wiener
process. If we consider the Wiener process as an Ito diffusion with the drift-field set to

zero b = 0, we can write the Wiener measure using Egs. 2.5, 2.6 and 2.8 (or Eq. 2.9) as

Pw(U) = /U Pw[x]Dx (2.13)

IFor example, the measure dz is translation-invariant under uniform coordinate transformations
z — z + v, where v € R is some constant vector.
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where A C CY ([0,T7]) and

Py [x] o exp(—Sp[x]) (2.14a)

T
1
S x=/ — |%|?dt 2.14b
obd = | g5l (2.14b)

with the understanding that Eq. 2.13 is to be interpreted formally in the sense described
above. Under any finite-dimensional discretisation, the resulting probability density
becomes a multi-variate Gaussian. We thus call Pw a Gaussian measure, and indeed W
is an example of a Gaussian process.

Formally, we can now decompose the path-space probability density Eq. 2.6 as

Px[x] = (Px/Pw)Pw
 dPx (2.15)

= m[X]PW[X}

where we have identified Px/Pw as the Radon-Nikodym derivative of Px with respect to

]Pw. We find
dPx

dPw

and ®[x] = Spw(x]—Sp[x] is the relative action, which is equivalently ®[x] = Sonm[x]— So[x].

[x] ox exp(—P[x]) (2.16)

Intuitively, we can understand % as the probability density of Px with respect to the
Wiener measure Pyw. Compare this with Px, which we formally understand to be a
probability density with respect to the fictitious path-space volume measure Dx. In other
words, 1%% can be seen as a re-weighting of the probability distribution over stochastic
Wiener realisations W to the realisations X of the [t6 equation, whilst Px re-weights the
‘uniform distribution’” over the space of continuous paths.

We now introduce some notation which will be of use in the subsequent section. For any
two probability measures P and Py defined on a sample space C, if the Radon-Nikodym
derivative ijI; exists, we say that P has a density with respect to Py. Furthermore, the
existence of Cg‘% implies that P is absolutely continuous with respect to Py, which means
that

Py(A) = 0 = P(A) = 0 (2.17)

for all measurable subsets A C C, where = signifies implication. We write this as P < Py.

As opposed to Px, the density jg% can be evaluated on un-differentiable stochastic
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paths. To see this, consider

(I)[X] = Spw[X] - So[X]

_ /OT {%]b(x)ﬁ - %b(x) x} dt (2.18)

T 1 ) X7 1
= —|b dt — —b(x) - dx.
| spimeorar— [ b0 - ix
The integrals in the third line are well-defined for un-differentiable paths. Therefore, the
second term of the relative action becomes a stochastic integral if we evaluate it on a

realisation of the Ito6 process

B[X] /0 %|b(X)|2dt— XT%b(X)-dX. (2.19)

X0

Like any integral Eq. 2.19 has to be discretised in order to be evaluated numerically.
However, in contrast to the finite-dimensional approximation p(Xy, ..., Xy, ) of the path-
probability density P[x], the discretisation of Eq. 2.19 has a well-defined limit at Ny — oc.
As before, both the Freidlin-Wentzell and Onsager-Machlup forms of & are statistically
equivalent. Furthermore, as showed in [167], an infinite family of expressions of equivalent
®, which include the OM and FW forms, can be derived from Eq. 2.19 depending on the
discretisation scheme.

We can now rewrite Eq. 2.5 in terms of well-defined quantities. Since

Px(U) = /A Px[x|Dx — /U %[X]PW[X]DX (2.20)
we get P
Py (U) = /U T P (2.21)

where we have identified Pw[x|Dx = dPw/[x]. Although Eq. 2.21 was derived via our
ill-defined formal path-integral expressions, the resulting expression we have arrived at is
nevertheless correct [37-39).

Just as Py serves as a measure over the space Cy, ([0, 7)) of stochastic paths, we can
similarly find a well-defined measure over the transition path ensemble EX7([0,T7]). Let B
be the Brownian bridge process, which can be defined as a Wiener process conditioned as

B(0) = x¢ and B(T') = x7. In other words, we can write it as

B = (1 - %) W + %(XT — Xp) (2.22)
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if we let W(0) = x¢. Then the law Pg is defined over EX7([0,77]), and we have that [37]

Px(U) = / %[X]CHDB [x] (2.23)
v are
where Px is here to be understood as the law of the pinned It6 diffusion, where realisations
X are conditioned as X(0) = xo and X(7") = x. Note that we have used the same symbol
Px for the law of both the unpinned and pinned processes. Henceforth, Px will denote to
law of latter, unless explicitly stated otherwise.

Despite the fact that densities over path-spaces are ill-defined, we will continue making
use of the path-integrals with respect to the fictitious infinite-dimensional Lebesgue measure.
This is primarily due to the ubiquity of the path-integral in the physics, and because it is
often intuitively easier to understand densities with respect to a uniform volume density.
Mathematically, this will not cause any issues as long as we understand that ill-defined
path-integrals correspond to well-defined integrals with respect to the Wiener measure, as
in Eq. 2.21 and Eq. 2.23.

This concludes our mathematical review of path measures and densities. The above
discussion can be seen as an interpolation between the physicist’s and the mathematician’s
understanding of probability. The former is familiar with the notion of a probability
density p(x), defined on a sample space C, where x € C' represents a possible outcome.
On the other hand, in the mathematics literature probabilities are as frequently described
in terms o probability measure; functions between measurable subsets of C' into [0,1]. It
is a theorem that in the infinite-dimensional setting, there is no well-defined notion of
probability density analogous to that of the finite-dimensional setting. Despite this fact,
path-space densities are ubiquitous in physics. We showed how the notion of a path-space
density can be understood, and how they can be related to well-defined infinite-dimensional
measures. The above discussion thus has some utility beyond outlining the necessary
mathematical exposition for the results of the subsequent sections. Namely, our aim was
to show that formal path-integral expressions can be used with impunity, as long as they

can be rooted in terms of well-defined path measures.

2.3 Path-space MCMC methods

In this section we will discuss and apply the preconditioned Nicolson-Crank (pCN) algorithm
to sample the transition path ensemble of It6 diffusions with additive noise. In Sec. 2.3.1 we
begin with an overview of Markov chain Monte Carlo methods, and proceed to reproduce
the derivation of the general pCN algorithm in [36-40]. We will frequently express
probabilities in terms of fictitious path-space probability densities with respect to Lebesgue

measures, as this is the predominant mathematical language used in the physics literature.
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The reader may refer to the references for a more rigorous approach. In Sec. 2.3.2 we
expand stochastic paths in the Kosambi-Karhunen-Loeve (KKL) basis of the Brownian
bridge process, and develop a sampling algorithm using Fast-Fourier Transforms. In
Sec. 2.3.4 we analyse the band structure of It6 diffusions through the lens of the KKL basis,
and in Sec. 2.3.5 we exploit the band-structure to improve the autocorrelation times of the
MCMC algorithm. The results of this section will lead up to and be further developed in
Sec. 2.4, where we extend the pCN algorithm to simultaneously sample multiple transition

channels.

2.3.1 The preconditioned Crank-Nicolson algorithm

Markov chain Monte Carlo (MCMC) methods refers to a general class of methods of
sampling a target probability measure [P, wherein one constructs a Markov chain that has
P as its steady-state measure. P is equivalently called the target measure of the MCMC
protocol, and the invariant measure of the Markov chain. The key idea is that as the
Markov chain is simulated, each state in the chain will asymptotically sample P as we
simulate for sufficiently many steps.

Here will consider MCMC methods to sample a general target measure P with sample
space C'. We will begin by first discussing general MCMC procedures, and then proceed
to define the precondition Crank-Nicolson algorithm. Let P be the probability density of
P with respect to the Lebesgue measure, and we write this relation as P ~ P. We will in
general consider C' to be an infinite-dimensional functional space, in which case P is a
fictitious density in the sense discussed in the introduction of this chapter. We also assume

that P is absolutely continuous with respect to a measure Py, such that we can write

P(U) = / A ol dPofx] (2.24)

v dPo
for any measurable subset A C C'. We furthermore assume that Py is a Gaussian measure,

and we refer to it as the Gaussian reference measure of P. We express the densities Fy ~ Py
and P ~ P as

Py[x] o< exp(—Sp[x]) (2.25a)
Plx] «x exp(—Sy[x]| — ®[x]) = Py[x] exp(—P[x]) (2.25Db)

where Sy[x] is the Gaussian action of Py[x] and ®[x] is the relative action, which satisfies

% x exp(—®[x]). In subsequent subsections we will apply the MCMC method to sample
the probability measure Px over the sample space EX7([0,T]), which has a density with
respect to the Gaussian measure Pg.

The aim of the MCMC is to generate samples from the target measure P. In applications,
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this is often for the purpose of estimating expectations like Eq. 2.7. Let x™, n=1,..., M

be M samples from the target measure P. Then expectations can be approximated as

<0M%iLOM%£hW%BWM#%§:OM- (2.26)

for any observable O[x]. In the limit M — oo, the right-hand side will converge to the
true expectation.

Consider a Markov chain with states x™ € C, where C is the sample space of a target
measure P. If x(™ € E is the current state of the Markov chain, its next step x™*1) is
drawn from the transition kernel T[x™ — x;,1], which is a probability distribution in
x("*t1) e C. If Px is the invariant measure of the Markov chain then the transition kernel

satisfies
LPMTh%yDX:Hﬂ. (2.27)

For any given target measure P there is an infinite family of possible Markov chains,
defined by a transition kernel T'[x — y| that has IP as its invariant measure. The particular
prescription by which T'[x — y] is constructed given P is what defines the MCMC.

A popular MCMC variant is the Metropolis-Hastings scheme[172, 173], which defines
the Markov chain in terms of a a proposal kernel Q[x — y| and an acceptance kernel

Alx,y]. These are constructed in such a way that the transition kernel satisfies
P|T[x —y] = Ply|Tly — x]. (2.28)

which in physics is known as a detailed balance condition on the Markov chain with respect

to P. The transition kernel is written in terms of the proposal and acceptance kernels as

ﬂx%ﬂ:Qh%thyhﬁh—ﬂ/ﬂ—A@ﬂ@h%ﬂDz (2.20)
c
where §[x] represents a Dirac-delta distribution on functional space. Formally, we may

write
oo, ifx=0
d[x] = (2.30)
0, otherwise.
By substituting Eq. 2.29 into Eq. 2.28 we find the following expression for the acceptance

probability

_ [ VY]
Alx,y] = min {1, W} (2.31)
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where

Vix,y] = Px|Q[x — y]. (2.32a)
Vixy] = PlylQly — x| (2.32b)

are probability densities over (x,y) € C' x C' with respect to the measures V ~ V and
VT ~ VT, and we will refer to them as the forward and backwards kernels respectively. In
general Eq. 2.31 is only well-defined if V7 vanishes whenever V vanishes. In other words,

we must have that V7' <V, in which case we can rewrite Eq. 2.31 as

Alx,y] = min {1, %[X’ y]} ) (2.33)

We see that the MCMC protocol is only well-defined if the proposal kernel Q[x — y]
is such that the forward and backward kernels satisfy the absolute continuity condition
V' < V.

Rather than by trying to parse Eq. 2.29, the Metropolis-Hastings algorithm can be

more easily understood by summarising it algorithmically as follows:
1. Choose an initial state x(¥ € E.
2. Draw a proposal state y from the distribution Q[x™ — y].
3. Compute the acceptance probability A[x™,y].
4. Draw a random number V from Unif([0, 1]).

o If V< Ax™, y] then set x"*V =y,

e Otherwise set x(® D = x(™),
5. Repeat step 2.

where Unif([0, 1]) is the uniform distribution over the unit interval. After M steps, we
have a chain of states Ly, = {x@ x(M . . x)}  Asymptotically, as M — oo, the set
Ly will converge towards a sample of the target distribution IP. The rate of convergence
will in general depend on the implementation of the Metropolis-Hasting rule.

The remaining degree of freedom in the Metropolis-Hasting algorithm, which is to

choose the proposal kernel Q[x — y]. A common choice is the update rule
Yy =X+ KW (2.34)

where k is a step-size parameter, x is the current state of the Markov chain, y is the proposal

state, and w is a sample drawn from the Gaussian distribution Py. The corresponding
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kernel density can be written in terms of the density Py ~ Py of the reference measure as

Qrvw[X — y] o< exp(—Sp[x — y]/k?) (2.35)

Eq. 2.34 defines the Gaussian random-walk Metropolis-Hastings scheme (RWM) [172, 173].

In practice to use the RMW in numerics, or any MCMC, we must prescribe some
discretisation procedure on the functional space C'. In general this will mean parameterising
sample space elements as x = x(a) € C, where a € RY and N is the discretisation order.

Effectively, this induces a target measure PV on the sample space
CN ={x(a) : acR"} cC (2.36)

which is a finite-dimensional subset. Accordingly, the proposal and acceptance kernels now
become densities over finite-dimensional distributions Q(a — b) and A(a, b) respectively.
For any finite NV, the resulting MCMC algorithm is well-defined and will asymptotically
sample P when running the Markov chain for sufficiently many steps. Furthermore, the
larger the N, the better will the discretised target measure PV approximate the true target
measure P. However, it is well-documented that standard MCMC schemes like the RMW
suffer the curse of dimensionality [174] for infinite-dimensional systems [36, 40]. That is,
as N is increased the algorithm suffers a curse of dimensionality, so that the number of
steps required for the Markov chain to converge onto the target PV diverges with N.

The root cause of the divergence of the convergence-times of the RMW when increasing
N is that the protocol is not well-defined in the N — oo limit. In other words, the RMW
is not a well-defined Markov chain on infinite-dimensional spaces. This can be seen by
noting that the backwards kernel measure V7 is not absolutely continuous with respect to
the forward kernel measure V. If V7' < V, then from Eq. 2.17 we would have that

/ V[x,y]DxDy =0 = VT, y]|DxDy =0 (2.37)
UxU’ UxU’

where U x U" C C' x C. However, if we substitue Eq. 2.35 into Eq. 2.37, using Eq. 2.32,
we find that absolute continuity fails. Due to the symmetry of the RMW proposal kernel
it is clear that Eq. 2.37 does hold for arbitrary U x U’.

Recent work by [36-39] have developed and formalised the theory of MCMC methods
so that protocols can remain well-defined on infinite-dimensional functional sample spaces.
One of the main results of this work was the preconditioned Crank-Nicolson (pCN)
algorithm. In contrast to the RMW, and most other common MCMC protocols, the pCN
is defined directly on the space of functions. This guarantees that, upon discretisation,
the algorithm remains well-defined under mesh refinement N — oo.

The pCN algorithm overcomes the degeneracy suffered by the RMW by imposing that
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its proposal kernel Qpon[x — y]| is in detailed balance with a Gaussian reference measure
that the target measure is absolutely continuous with respect to. For example, as P < P
we may impose

Po[x]Qpen[x — y] = RolylQponly — x| (2.38)

which ensures that V7' < V. To see this, define the measures Vo ~ Py[x]Qpon[x — y] and
VI ~ Pyly]Qpeny — x], which from Eq. 2.38 clearly satisfy mutual absolute continuity.
VT <V then follows from P < Py, and using the transitivity of absolute continuity. We

can solve for the proposal kernel density to find
Qpon[x — y] o exp(—Sp[V1 — k2x — y]/K?). (2.39)

Compare Eq. 2.35 with Eq. 2.35. We see that the pCN differs from the RMW in that it
does not draw from a Gaussian that is centered around the given current state, but rather
around a superposition of x and y, depending on the variance k2. We therefore have a
1-dimensional family of proposal kernels with x € [0, 1], that satisfies the detailed balance
condition Eq. 2.38.

The corresponding proposal update rule is
y =V1— kXX + KwW. (2.40)

From Eq. 2.31 and Eq. 2.32 we find that the resulting acceptance probability has the

elegant expression
Apen[x, y] = min {1, exp (¢[x] — @[y])}. (2.41)

Now as opposed to P[x| and Py[x], since ®[x] is the exponential factor of the well-defined
density %}; it must in-turn also be well-defined for all x € C. Therefore Eq. 2.41 is also
well-defined. This should be compared with the acceptance probability of the RMW. For
any discretisation of the path-measure PV, the acceptance probability of the RMW goes
to zero as N — oo. Practically, this means that the convergence times of the RMW
degenerates for increasing N. In contrast, the pCN remains well-defined in the limit
N — oc.

Sampling any discretised path-measure using the We therefore see that the pCN is a
well-defined MCMC on path-space. That is, the

We can now state the pCN algorithm in its entirety:

1. Choose an initial state x(©.

2. Generate a proposal state

y =V1—r2x"™ + kw (2.42)
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where w is drawn from the reference measure Py.
3. Compute the acceptance probability A cx[x™,y].
4. Draw a random number V' from Unif([0, 1]).

o If V < A,on[x™,y] then set x("TD) =y

e Otherwise set x("t1) = x(™)

5. Repeat step 2.

2.3.2 Kosambi-Karhunen-Loéeve expansions of stochastic trajec-

tories

In the previous subsection we outlined the pCN algorithm, which was defined directly
on general infinite-dimensional functional sample spaces. Here we specialise to transition
paths of pinned Ito diffusions. The sample space is now EX7([0,T]), the transition path
ensemble, and the target measure is the law Px. Henceforth we will abbreviate the
transition path ensemble as F' = EX7([0,T]). As shown in Eq. 2.23, Px has a density
with respect to the Brownian bridge law Pg, and we will consider the latter the reference
Gaussian measure.

In the second step of the pCN algorithm, we must sample the reference Gaussian
measure to generate the proposal state. One method by which to sample Pg is using the
Kosambi-Karhunen-Loéve (KKL) theorem [41-43], which is a representation of a stochastic
process as an infinite linear combination of orthogonal basis functions ¢ (t). The KKL
representation is found by solving a homogeneous Fredholm integral equation of the second
kind

/ Ky (5, 8)61(s)ds = Aidss(#) (2.43)

where Ky (s,t) is the covariance function of a given, in this case one-dimensional, stochastic
process Y. If Y is centered (in other words, if (Y (¢)) = 0 for all ¢ € [0,77]), then the KKL

expansion of Y is

Y () => vV eZedr(t) (2.44)

where ¢;(t) are pairwise orthonormal functions on [0, 7] and Z; are pairwise uncorrelated
random variables with zero mean and unit variance. If Y is a Gaussian process, then
the random coefficients 7, are independent normal random variables distributed as
Zy, ~ N(0,1), in which case Eq. 2.44 can be used to sample the process. ¢, and
A are respectively the eigenfunctions and eigenvalues of the operator Ty, defined as

Ty f = [ Ky(s,t)f(s)ds. Therefore, as centered Gaussian processes are specified entirely
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given their covariance functions Ky, we can see the KKL expansion as a diagonalisation
of Y.

The solution to Eq. 2.43 for the one-dimensional Brownian bridge process is known.
The result, trivially extended to a d-dimensional Brownian bridge process with diffusion

constant D, can be written as
t o0
B(t) = X + (XT — XO)T +v2D Z Zk\/ Ak¢k(t) (245)
i=1

where Z, € R?, k = 1,...,00 are independent d-dimensional normal random variables
distributed as Zj ~ N (0, 1), and where

or(t) = \/gsin(t/\/)\_k) (2.46a)

A = :;—;, (2.46b)

and where ¢ (t) satisfy .
/0 oL(DA (1) = by (2.47)
for all k,1 = 1,...,00. We will write the components of the random coefficients as

Zi = (Zy);, 1 =1,...,d, and each component is then distributed as Zy, ~ N (0,1). The
first two terms in Eq. 2.45 are a result of the fact that Brownian bridge, as we have defined
it, is not centred and has mean (B(t)) = xo + (X7 — Xo)=.

In the numerical algorithm, we will make use of Eq. 2.45 to generate samples of
the Brownian bridge process using, by truncating the sum to N terms and sampling
the dN independent random variables Z;, ~ N(0,1). The law Pg therefore becomes a
dN-dimensional probability measure PY. Furthermore, we note that ¢ also forms an
orthonormal basis for the TPE. Therefore we will also expand transition paths X" € E in

the same truncated KKL basis of the Brownian bridge process as
y N
XN(t; A) = xo + (xp — Xo) o + V2D Y T Apv/Nigi(t) (2.48)
k=1

where A = (A} Ay ... Ay) € RV is a matrix where the columns Ay € R k=1,..., N
are the coefficients of the expansion. We will refer to A}, as the modes of XV (t), A as the
mode matrix and N the mode truncation. We have thus introduced a parameterisation

X(t; A) of transition paths, which in turn defines the subspace

EN ={X(t;A) : AcR™NI CE (2.49)
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of the transition path ensemble. The dN-dimensional probability measure P¥ over EV is

found by projecting Eq. 2.23 onto £V, and we have

Py

M(A) x exp(—®[X(t; A))). (2.50)

Accordingly, the pCN acceptance probability would then be
Apox[A, A'] = min {1, exp (B[X(t; A)] — ®[X/(t; A')])} (2.51)

for a given A, A’ € R™N . We note that the integral in Eq. 2.18 of the relative action ®
must be computed using a quadrature scheme in numerical applications.
Finally, the pCN rule defined on the KKL. mode-representation of transition paths can

now be stated as
=V1- FGQAEZ) + KikZik (2.52)

foreachi=1,...,d and k =1,..., N, where Z; is sampled from A (0,1). In contrast to
Eq. 2.42, the pCN update rule on functional space, here we have introduced a tuneable
step-size matrix k; for each individual mode coefficient. In Sec. 2.3.5 we will discuss how
to use the band-structure of the KKL expansion to find a step-size matrices that improve
the MCMC correlation time.

There is an analogous expansion to Eq. 2.48, if we were to instead sample CY, ([0, T7),
the set of stochastic paths starting at x, with open end-point conditions. In that case, the
appropriate expansion of stochastic paths would be the KKL basis of the Wiener process.

This would in turn induce an N-dimensional subspace of paths, analogous to Eq. 2.49.
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2.3.3 Numerical algorithm

We can summarise the pCN sampling algorithm projected onto the truncated Brownian

bridge KKL expansion as follows:

1. Choose the mode truncation parameter N.
2. Choose an initial state A®) ¢ RN,

3. Generate a proposal state
h=V1- /12141('2) + KikZi, (2.53)

foreachi=1,...,dand k =1,..., N, where Z;;, is drawn from N (0,1) and k; is

the step-size matrix.
4. Draw a random number U from Unif([0, 1]).

o If U < Aycn[A™, A7), then set APHD = A,
e Otherwise set AMTD = A(M),

5. Repeat step 3.

In practice, if the algorithm was run for M iterations, it is often prudent to discard some
portion of the first Mg < M of the samples {A™}M . This is due to the fact that A© is
in general not a representative sample from the target distribution Px. We thus let the
MCMC ‘burn, in’ for Mg iterations, and discard {A™}E . In all numerical experiments
in this text, we use a burn-in of Mg/M = 0.3.

Recall that in the definition of the acceptance probability Eq. 2.51 we must either use
the Onsager-Machlup or the Freidlin-Wentzell form of the relative action ®. As discussed
in the introduction, for the purposes of sampling Px there is no difference between the two
actions. In all numerical results that follows we have used the Onsager-Machlup action,
where we have also verified that the Freidlin-Wentzell action lead to the same result.

The evaluation of the acceptance probability A,cn involves the calculation of the
integral Eq. 2.19, which necessitates that we evaluate the expansion Eq. 2.48 of truncated

sample paths X (t) and their derivatives XV (¢). Let XY = XN(Atk) for k=0,..., N+1,

where At = L= Similarly, let XN = XN(Atk) for k =0,...,N + 1. Then Eq. 2.19
can be approximated using a trapezoidal rule. If done naively, evaluating all XY is an
operation that scales as O(NN?). However, we can exploit the fact that Eq. 2.48 is a similar
to a discrete Fourier transform of the mode coefficients A;.

Let DSTy and DCTy be the Discrete Sine Transform of type I and the Discrete Cosine

Transform of type I respectively, as defined in [175, 176]. Let ¢ € RY¥*2 be a vector,
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and we denote its components as ¢, £ = 0,...,N + 1. The result of the Discrete
Sine Transform is then a vector DSTi(c) € RY¥*2 and we denote its components as
DSTi(c)g, k=0,..., N+ 1. Let the equivalent hold for DCTy. It is then possible to show
that

X, = Ty, + DSTy(c")p1, k=1,...,N (2.54a)
Xk = Tik, k=0,N+1 (2.54b)
Xy = DCTy(d")y, k=0,...,N+1 (2.54c¢)
where Z; = (20); + ((z7); — (70);) 2%, and ¢’ and d' are defined as
ch=Ccyy =0 (2.55a)
. /T 1
. 1 )
dB = T(ii(N—i-l) - ,’fio), d?VJrl =0 (255(3)

) 1
& =\ = Ay, k=2 .. N 2.55d
k oy ik (2.55d)

As the DSTy and DCTy can be computed efficiently using Fast-Fourier Transforms, Eq. 2.54
enables us to reconstruct transition paths from their coefficients with a time-complexity of
O(Nlog N).

Fig. 2.1 shows the result of M = 10® iterations of the pCN algorithm to a benchmark
problem, with burn-in Mg/M = 0.3. We sample the TPE of a 1-dimensional overdamped
Langevin dynamics of a particle moving between the minima of an asymmetric double-well
potential. See Appendix A.1 for a figure of the potential and a detailed specification of the
model. Fig. 2.1a shows a sample of 50 trajectories from the TPE, simulated at temperature
0/0y = 2, where 0y is a reference temperature. The reference temperature 6y is defined such
that at § = 6, the thermal fluctuations equal the characteristic energy scale of the confining
potential energy (See Appendix A for details on the non-dimensionalisation of the model
system). In Fig. 2.1b we show the maximiser of the path-probability density functional
Eq. 2.5 (which we call the instanton), as well as a sample of 10 trajectories from the
TPE simulated at a temperature 6/0, = 0.01. The duration of the transition paths were
T /Ty = 2, where Tj is a reference time-scale. We computed the instanton by minimising
the Onsager-Machlup action of the model system, using a Ritz method as described in
Ch. 1. Note that, as mentioned in the introduction, at finite temperatures the instanton
must be computed using Onsager-Machlup action, as opposed to the Freidlin-Wentzell
action [160, 167]. At temperatures 6 > 6, where thermal fluctuations (represented by the
noise term in the Langevin equation) dominate over the potential, and we see in Fig. 2.1

(a) that the sample paths transition between the two minima several times. On the other
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Figure 2.1: Simulation of the 1-dimensional asymmetric double-well system (defined in Appendix
A.1) using M = 108 iterations of the pCN algorithm with burn-in Mg/M = 0.3. We sampled
transition paths of duration 7'/Ty = 2 between the minima at xy/Lo = —1 (red dashed lines) to
the minima at xo/Lo = 1 (blue dashed lines), and with mode truncation N = 200(7"/Tp). (a)

Shows 50 transition paths at temperature 6/6y = 2. (b) Shows 10 transition paths at temperature
0/0p, and the instanton (green line).
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Figure 2.2: Simulation of the 1-dimensional asymmetric double-well system using both
the pCN and the Euler-Maruyama methods. The resulting samples of the latter were
projected onto the KKL basis of the Brownian bridge process, and the figure shows the
marginalised distribution over the coefficients A, of the sampled TPE. In each sub-plot,
the green line are the distributions of a centred normal with unit-variance Z ~ N (0, 1),
which corresponds to the modes of the Brownian bridge process. The parameters of the
simulation are the same as those of Fig. 2.1 (a).

hand, at temperatures 6 < 6, where we would expect that transition events are rare, the
TPE is concentrated around the instanton.

To verify that our implementation of the algorithm correctly sampled the TPE, we
verified our results using a standard Euler-Maruyama integrator [146]. Using the latter,
we generated samples 10° of the TPE by collecting trajectories with end-points within
a small interval Z(T) € [1 —¢,1 + €] around the right minima, where ¢ = 1072. We
used a temperature /6 as in Fig. 2.1a, as it is unfeasible to use the Euler-Maruyama
algorithm to sample the TPE for temperature regimes where transition events are rare. We
projected the resulting sample paths onto the KKL basis of the Brownian bridge process,
and compared the sample with the result of the pCN method. The results are showed in
Fig. 2.2, where we plot the marginalised histograms of the mode distributions against each
other.
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Figure 2.3: The absolute normalised covariances pr, = (ArA;)/+/(A2)(A2) of the first 100
modes of the transition paths of the 1-dimensional asymmetric double-well system. As
pre = 1, k=1,... N by definition, we have excluded the diagonal from the plot. We
sampled the TPE using the pCN algorithm, with parameters T//Ty = 2, /0y = 2 and
N = 200(T/Tp) with M = 10® iterations. We see that there is a band separation between
the low and high mode-numbers, where modes beyond the the k € [0,40] quadrant are
largely uncorrelated.

2.3.4 Mode-space band structure

In Fig. 2.2 we see that the marginalised distributions of the modes of stochastic trajectories
in the TPE (blue lines) increasingly coincide with normal distributions of unit variance
(green lines) at higher mode orders. The latter corresponds to the modes of the Brownian
bridge process, as was established in Sec. 2.3.2. Fig. 2.3 shows the absolute normalised
covariances py = (Ax A1) /\/(A2)(A?) of the modes. Here we see the modes also rapidly
decorrelate, and are numerically negligible beyond the first 30 modes. Fig. 2.2 and Fig. 2.3
are a first indication that modes of transition paths are approximately distributed like
a Brownian bridge process for large mode orders k. As we discuss and show below, this
holds for any Ito diffusion with additive noise, regardless of the drift-field b.

The law Px over the TPE of an It6 diffusion can be seen as a non-linear transformation
of Pg, the law of the Brownian bridge process. They are related via Eq. 2.23 in terms of
the density Eq. 2.16, where the latter is an expression entirely in terms of the drift-field.

Therefore, the difference in statistical ‘information’ contained in Px relative to Pg is
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Figure 2.4: Tlustration of the spectral decomposition of stochastic transition paths, in
the Kosambi-Karhunen-Loeve basis of the Brownian bridge process. Stochastic paths can
be seen as the superposition of low-frequency modes, which resemble smooth trajectories,
and zero-mean high-frequency noise. The general shape of the path is thus encapsulated
in the former, whilst the latter adds roughness to the path. These same arguments can be
made for a stochastic trajectory open end-point conditions, where the underlying Gaussian
reference measure is then the Wiener process.

exactly the drift-field b.

Furthermore, the difference in distribution between Px and Py is located in the lower-
end of the mode-spectrum. For the 1-dimensional benchmark problem, in Fig. 2.3 we can
see a division in mode space between a low-frequency and high-frequency band, where
the division between the two bands can be conservatively assigned to around k| = 40.
The low-frequency band thus correspond to the first k modes in the expansion Eq. 2.48,
and the high-frequency band correspond to all modes k& > k. We can consider the
low-frequency modes the ‘smooth’ and the high-frequency modes the ‘rough’ parts of a
stochastic trajectory, as visualised in Fig. 2.4. The high-frequency noise is also centred,
such that it does not effect the overall trajectory. The underlying shape of the path is
thus only encoded in the low-frequency modes. In the dynamics of an Ito diffusion Eq. 2.3,
the stochastic term odW dominates over deterministic drift-field b at short-time scales.
In other words, b only affects the system on long time-scales. Therefore we would intuit
that stochastic realisations X, of the It6 diffusion equation, look like they are undergoing
drift-less free diffusion as we ‘zoom in’ on the trajectory. Therefore, if b is smooth, we
would expect that Px and Pg only behave differently in the ‘smooth’ low-frequency band,
and behave identically in ‘rough’ high-frequency band. Further numerical evidence of the
band separation is provided indirectly in Sec. 2.3.5 and in later sections in Fig. 2.10 and
Fig. 2.9, in addition to the results already discussed for the 1-dimensional asymmetric
double-well system above.

The band separation of the sampling method serves as an explanation for why the pCN
method does not suffer from a curse of dimensionality as N — co. As modes k& beyond
some cutoff k| are approximately independently distributed normal random variables, the

effective dimension of the target sampling space is dk|, regardless of any choice of mode
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truncations N > k.

Statements analogous to the above would apply if we instead considered the spectrum
of the law of an unpinned It6 diffusion, with sample space C3 ([0, T]), the set of stochastic
paths starting at xy with open end-point conditions at ¢ = T". In that case, using identical
arguments, we would find that the spectrum of the Px resembles Pyw in the high-frequency
band, where the latter is the law of the Wiener process. Below we will provide an analytical
argument for the case of an unpinned It6 diffusion.

In the following we expand a unpinned Langevin processes of the form Eq. 2.3 in the
KKL basis of the Wiener process W. For simplicity we only consider the 1-dimensional
case, but the results below readily generalises to higher dimensional processes. The KKL

expansion of the 1-dimensional Wiener process is
W(t) =xo+ V2D Y Ziy/Vix(t) (2.56)
k=1

where Zp, k = 1,...,00 are independent d-dimensional normal random variables dis-
tributed as Zj ~ N (0, 1,), and where

Xk(t) = \/gsin(t/\/y_k) (2.57a)

T2
(2.57b)

and where i (t) satisfy (xx, X1) = g1, where we have defined

(f.g) = / F(t)g(t)dt. (2.58)

for any two functions f, g : [0, 7] — R. We begin with the integral form of the It6 diffusion
equation Eq. 2.4

X(t) = /0 (X (#))dt + V2D /0 W) (2.59)

where b : R — R is the drift-field, ¢t € [0,7] and the second term of Eq. 2.59 is an Ito6
integral. We assume, without loss of generality, that X (0) = 0. We now expand the

Wiener process in its KKL expansion, and truncate the sum up to order N to approximate
Eq. 2.59 as . .
XN(t) = / (XN ())dt' + / AW (t) (2.60)
0 0
where W is the truncation of Eq. 2.56, X* is the truncated stochastic process, and where
the second term in Eq. 2.60 is now a Riemann-Stieltjes integral. It is a theorem (known as
the Wong-Zakai theorem) [177-179] that as N — oo the sequence of solutions to Eq. 2.60
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converges uniformly in probability to the solution of Eq. 2.59%.

We we will expand XV as
N
X¥0) = VED'S Ay, (2.61)
k=1

As XN (t) and W/ (t) are smooth for finite N, we can take the derivative of Eq. 2.60 to
find
XN () = b(XN (L) + WN(t). (2.62)

We can expand the X (t) and W (t) as
XN(t) =v2D Y Apin(t) (2.63a)
k=1
WN(t) =vV2D Y~ Zypi(t) (2.63b)

where
Vi(t) = Vxe(t) = \/%COS(t/W_k)- (2.64)

As (g, Y1) = g1, we have that 1y, forms an orthonormal basis over the space of paths. We

can therefore expand the drift-field as
N
DX (1) = V2D Y ba(t) (2.65)
k=1

where

1 N _ r N
b = ==, X)) = /0 G (t)b(XN (8))dt. (2.66)

From Eq. 2.62, and the orthonormality of ¢, we get
Ap = b + Zs, (2.67)

where £ = 1,..., N. This is a spectral version of the Ito diffusion equation, where we
have projected Eq. 2.59 onto the truncated KKL spectrum of the Wiener process. Here
the mode coefficients A, are random variables expressed in terms of the drift modes b
and the modes of the Wiener process Z. From Eq. 2.66 we see that b, = bi(A) is in
general a non-linear equation in terms of the mode coefficients A = (Ay,..., Ax). We note

that Eq. 2.67 can in principle be used to sample the It6 diffusion equation, by drawing N

2Note that the Wong-Zakai theorem holds for the Stratonovich formulation of Eq. 2.59. However, for
additive noise the It6 and Stratonovich formulations are equivalent.
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random numbers Z;, ~ N (0,1) and then solving Eq. 2.67 for A.

Any finite choice of the number of modes N will lead to truncation errors, but for
increasing N Eq. 2.67 will probabilistically converge to the true infinite-dimensional
distribution. For a given XV, b;, can be seen as the Fourier coefficients of b. Now, using

the known convergence properties of Fourier expansions, we have that

C(D,T)

|br| < 3

(2.68)
where C'(D,T) is some function of the system parameters. As Zj is always of order 1,
Eq. 2.67 tells us that

Ay = 7, (2.69)

for k > k for some value of k|, and sufficiently large N > k. We thus see that for a
given system, there are always only a finite number of physically relevant modes distinct
from free diffusion dynamics. Therefore, the effective dimensionality of the target sample
space is dkj, for a general d-dimensional Ito diffusion. In general k| be dependent on the
drift-field b, and from Eq.2.66 we see that it will be an increasing function of the duration
T and the diffusivity D. This latter fact is intuitive, as the influence of the drift-field in
the dynamics increasingly dominates over the noise as the noise-amplitude /2D is lowered

and T is increased.

2.3.5 Mode-dependent step-sizes

The band-structure of the mode-spectrum of Ito6 processes can potentially be exploited
to improve the sampling algorithm. Here, as a simple first attempt, we will use the
band-structure to adapt the step-sizes in the pCN algorithm for each individual mode. To
construct an adapted step-size matrix k;;, we need to first have a method by which to
estimate the extent to which each mode is distributed like a Gaussian. Note that if x;, = 1
for a given i, k, then the proposal Eq. 2.53 at each iteration is an independent random
sample from N(0,1).

Consider a modified pCN algorithm that, at each iteration step n, only updates a
single mode A;; at a time. The algorithm updates the mode in sequence, such that after
dN iterations all of the modes A;,, 1 =1,...,d, k= 1,..., N will have been updated
once. Let r;, be the modal acceptance rate of the iterations of the mode A, which is the
ratio of accepted proposals to the number of iterations M/(dN), where M is the number
of iterations of the whole algorithm. Similarly, let r be the acceptance rate of all modes in
the regular pCN algorithm. Figure 2.5 plots the modal acceptance rates (blue line) for
the 1-dimensional asymmetric double-well system, with system parameters identical to
those in Fig. 2.1a, mode truncation N = 1000 and iterations M = 1000N. We see that
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Figure 2.5: (Red line) The modal acceptance rates r3° for the 1-dimensional asymmetric
double-well system, with system parameters identical to those in Fig. 2.1a. (Blue line) A
sigmoidal step-size profile xy.

rr ~ 1 for modes k > 50. Therefore we may consider a sigmoidal step-size profile

Rmax — Fmin

Kk = Kmin + & exp (—on(k — 1) (2.70)
With Amin = 0.4, Amax = 1, k| = 50 and o,, = 0.05, which is plotted in Fig. 2.5 (blue line).
The base-line step-size ki, was computed by finding an approximate constant ki = <

that yielded an acceptance rate r ~ 0.3 in the regular pCN algorithm.
We benchmarked MCMC runs with adapted step-size profiles against runs with constant
steps-sizes by considering their relative auto-correlation times. Let O[X] be some observable,
and X, n=1,..., M the result of an MCMC run. Then the expectation (O[X]) can

be estimated using Eq. 2.26, and the variance as

M
.
Var(O[X]) = ((O[X] - (O[X]))*) = MO > (0X™] - (0[X]))?, (2.71)
n=1
where 7o is the integrated autocorrelation time for the chain O[X(”)], n=1,..., M. It

carries the interpretation of the amount of iterations required for the MCMC to ‘forget’
where it began, such that the effective number of samples is M/7o. See [180, 181] for
detailed definitions and how to estimate 7. In Fig. 2.6 we show the results of the

benchmark runs. For mode truncations varying between N = 400 and N = 2000, we
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Figure 2.6: The auto-correlation times 7o of MCMC runs of the asymmetric double-well
system at temperatures 6/60y = 2,1/5,1/20 with adapted and unadapted modal step-sizes
k;, for varying mode truncations V.

computed the auto-correlation times for MCMC runs with an adapted step-size ki as in
Eq. 2.70, as well as an unadapted step-size ki = Kpin. We ran simulations at temperatures
0/00 = 2,1/5,1/20, with ki, = 0.4,0.35,0.3 respectively, and fpax = 1, k| = 50 and
0. = 0.05 for all temperatures. We see that the adapted step-size runs enjoy lower
autocorrelation times.

The above is a modest attempt at utilising the band-structure to improve autocorrelation
times. A more promising avenue would be to apply a multi-level MCMC algorithm [182—
185], which consists of a series of My, chains with a hierarchy of mode truncations
Niyi = 1,..., My such that N; < N;;. The MCMC can be efficently run on the
lowest-dimensional chain, and then be upsampled via the multi-level scheme, such that we

generate samples of the highest N, .-dimensional system.

2.3.6 (Generalised end-point conditions

So far we have considered transition path ensembles with fixed end-point conditions. We

may consider a TPE of a more a general form
ERr([0,T]) = {X : X € Cx,([0,T)) and X(T) = xr where xo € Ry, xr € Rr}. (2.72)

In other words, E};}g([o, T]) is the set of stochastic paths that start in By C R? and end in
Rr C R% In applications, Ry and Ry may, for example, be chosen to lie within the basins
of attraction of fixed points of the drift-field b.

A probability measure over EﬁOT([O,T]) can be constructed by simply grafting a
probability distribution over the initial condition onto the path-probability measure Px.

Let my be a probability measure over Ry, with density py ~ m. Let Px be a probability
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measure over E]?OT([O, T1), defined in terms of the density Px ~ P

Px[x] o< po(x(0)) Px[X] (2.73)

where we have restricted the domain of Px[x] to paths that satisfy x(0) € R, and
x(T) € Ry.

We can modify the pCN algorithm to sample Px. In addition to the coefficient matrix
A = (a; az...ay), the MCMC state will now also be specified by the starting- and

end-points of the transition path x; and xr respectively. We define the new update rule

a, =1 — r2a™ + KkZ; (2.74a)
Draw x; from m (2.74b)

Draw x/ from 7 (2.74¢)

where 77 is a distribution over Ry that must be specified. Let pp ~ 7, then the transition

kernel density is

QX = Y] = po(Y(0))pr(Y(T))Qpox[X — Y]. (2.75)
From Eq. 2.31 we find the acceptance probability

A —mi oix)—oy] Pr(X(T))
A[X,Y] = min {1,6 X2 }m}, (2.76)

where transition paths are expanded as
; N
XN(t’ A, X, XT) = Xqo + (XT — XO)T + V 2D Z az\/)\_zqﬁl(t) (277)
i=1

The update rule Eq. 2.74 has not been numerically tested, but is rather offered here as
a proof-of-concept to show that it is possible to implement generalised initial- and final
end-point configurations using the pCN method. Equation 2.74b and Eq. 2.74c are here
independent samplers, and in practice implementing random-walk procedures in Ry and
Ry might lead to better convergence.

Finally, some applications may require that we let r of the d degrees of freedom have
open end-point conditions (In other words, Ry = RY). Let X; be the components of the
stochastic process X, and we consider transition paths where we let X;, ¢ = 1,...,r have
open end-point configurations. We may then adapt the pCN algorithm of Sec. 2.3.3 by
expanding X;, j =7 +1,...,d in the KKL basis of the Brownian bridge process as before,
and expanding X;, ¢ = 1,...,r in the KKL basis of the Wiener process.
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(a)

Figure 2.7: MCMC samples of a 2-dimensional distribution with two segregated regions of high
probability. (a) An illustration of an RMW scheme that fails to mix between the two regions.
(b) An illustration of the TMC scheme, that ‘teleports’ between the two regions to sample both
simultaneously.

2.4 Sampling multi-modal transition path ensembles

Many applications of MCMC methods involve state-spaces that consist of large or very
complicated probability landscapes. In particular, the target probability measure may
be concentrated around several local maxima that are far-removed from each other in
state-space. In such cases, one of the major difficulties that MCMC methods face is either
the slow or complete failure of the chain to mix between the local maxima of the target
measure. Inherently, the issue stems from the fact that the samples generated by the
MCMC are not independent, but correlated. That is, a future state X1 will often lie
within the general vicinity of the current state X in the chain. If X is in a region
of locally high probability in state-space, then the likelihood of the chain to traverse to
another local maximum is low if the two regions are separated by regions of low probability.
In this section, we will develop an algorithm which allows for simultaneously sampling
multiple local maxima. We will begin by first defining the algorithm for finite dimensional
spaces, and then in subsequent subsections we will develop the necessary theory to define
the method on the transition path ensembles of Ito diffusions.

As a motivating example, consider a target measure with a 2-dimensional state space
with two local maxima. If the support of the measure is heavily concentrated around the
two maxima, and if the two regions are sufficiently segregated from each other, then we
expect slow mixing to be likely during sampling. Fig. 2.7a illustrates an example of an
RMW sampling such a distribution. Whilst the chain will thoroughly sample the locally
connected region, it might only rarely traverse between the two regions. The resulting
sample will not be representative of the target measure, as it is incorrectly skewed towards
one maximum at the expense of the other.

The issue of slow mixing can be mitigated via a simple modification of the MCMC
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proposal rule. Consider a general target measure P with density P ~ P over R?, and an
MCMC scheme defined by the transition kernel T'(x — y), which has P as its invariant
measure. Furthermore, let preeport € [0, 1] and let Tp(x — y) be an additional MCMC
scheme with the same target measure we will define below. We define the superposition of

the two schemes as

TTMC(X — y) = (1 - pteleport)T<X — y) +PTTT(X — y) (278>

Equation 2.78 defines a Markov chain with P as its invariant measure, that, with probability
Dteleport transitions using 7Tr(x — y), and with probability 1 — pPrejeport transitions using
T(x — y). The key idea behind the algorithm is to fashion Tr(x — y) such that the
MCMC can ‘teleport’ between segregated local regions of high probability, will therefore
call Tr(x — y) the teleportation kernel. Let Pt be a probability measure we call the
teleportation measure, with density Pr ~ Pr, that we can efficiently draw independent
samples from. We now construct Tr(x — y) using the Metropolis-Hastings scheme

Eq. 2.29, with proposal kernel

Qr(x —y) = Pr(y), (2.79)
and from Eq. 2.31 we find the acceptance kernel

Ply|Pr(x) }

PIPrly)’ (2:80)

Ar(x,y) = min {1,
The second term of Eq. 2.78 thus draws proposal states independently from Pt. Now if Py
is some suitable choice of teleportation measure that concentrates around the local maxima
of the target measure P, the resulting MCMC scheme Eq. 2.78 will be able to ‘teleport’
between maxima with some probability at each iteration. We call this the teleporter
MCMC scheme (TMC). Similar algorithms have been proposed in [153, 154]. Fig. 2.7b
shows an illustrative example of a TMC run.

Note that the TMC requires knowledge of the extrema of the distribution. However,
as numerical optimisation is in general computationally cheaper than MCMC sampling,
finding the maxima of the target measure is often feasible. In the case of paths-spaces,
Ritz methods of the kind described in Ch. 1 can be used. Once the maxima have been
found, there are in principle many choices for Pr. However, from Eq. 2.80 we see that
care must be taken so that the teleportation measure does not generate proposals that are
probabilistically unfavourable.

One way to ensure the suitability of the teleportation measure is by constructing it as
a superposition of multi-variate Gaussians, that each locally approximates P around each

maximum. Let V(x) = log P(x) be the exponential scaling of the target measure density,
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and let xI, o = 1,..., K be the K local maxima of P(x). Then we can approximate

P(x) around x*! by Taylor expanding V(x) to second order. We get

o3 1 1 a a «
Pé}[x] = ] OXP <—§(x—x[ N (x — xl ])> (2.81)

where Z[l is a normalisation constant and

HY = (9,0,V) (2.82)

|x:x[a] .

The Hessian matrix H® is, in this context, known as the precision matriz of the multi-
variate Gaussian IP’[((; 3 Correspondingly, we have that (H!°))~! is the covariance matrix, such
that we can write ]P’[g] ~ N(x (He)=1). Using Eq. 2.81 we construct the teleportation

measure as

Pr(x) =Y wa P (x) (2.83)

where w, are tuneable weights that must satisty Zle we = 1.

In the following subsections, we will be generalising the TMC to infinite-dimensional
path-spaces. In this setting, our aim is to effectively sample the TPEs of systems that
have multiple competing transition channels. At low diffusivity (low temperature), these
channels concentrate around the local instantons x1* of the Onsager-Machlup action. The

majority of the treatment below will revolve around generalising Eq. 2.83.

2.4.1 Second-order variational expansions of stochastic action

functionals

In the finite-dimensional case, we locally approximated the target measure by Taylor
expanding its logarithm to second order around a local maximum, which resulted in a
Gaussian distribution A/ (x[®, (Q))~1) centred around the maximum. Here, we apply the
analogous procedure to approximate Px, the path-probability measure over the transition
path ensemble. This will result in a Gaussian distribution on path-space, i.e. Gaussian
processes. Analogously to the finite-dimensional case, Gaussian processes can be expressed
as N(x,H™'), where the path x is the mean of the process, H is a self-adjoint linear
operator known as the precision operator, and H =" is the covariance operator. The density
of such a Gaussian process, with respect to a fictitious infinite-dimensional Lebesgue

measure, can then be written as

P[x] o exp (—%(x—i,?—[(x—i)}) (2.84)
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where (f,g) = >, fo fi(t)gi(t)dt. Note that (x —X) is not an argument of H in Eq. 2.84).
Rather H is acting on (x — X) as a linear operator. We will thus approximate path-
probabilities as Gaussian processes using a variational approach. From the path-integral
perspective, this is often known as a semi-classical approximation [147-152]. A non-
variational approach was previously shown in [145], which approximates non-Gaussian
processes by minimising a Kullback-Leibler divergence between the target process and the
approximating Gaussian.

Recall that we expressed the path-probability density Eq. 2.6 of an It6 diffusion in terms
of its exponential scaling, which had either the Freidlin-Wentzell and Onsager-Machlup
forms. For what follows, either of the stochastic actions can be used?, for the same reasons
discussed in the introduction. However, it is important to note that all local instantons
must be computed using the OM action.

We write the action in terms its integrand as

Six(t)] = /0 L(x(t), x(t))dt (2.852)

1 1
L(x,%) = ﬁb’( —al* + 5V-a (2.85b)

By Taylor-expanding the integrand Eq. 2.85b, we can in turn construct a second-order

expansion of the action. Firstly, we introduce the notation that 8L o2 (x, x) is the vector-

. . 2
function with components (g—L) = gf and B(chLx

X
2 2 .
OL) = 0L where X is a given reference path. We will henceforth suppress
Ox0x ij O0x;0x;’

the arguments of Eq. 2.86. We can expand the action as

(%,%) is the matrlx—functlon with compo-

nents <

S[% + 5x] = S[%] + J[ox] + %H[éx] + 0(5%). (2.86)
where
(oL oL }
T[ox] = /0 { xSk di (2.87a)
- P21 oL . 0L }
H[(SX]/O {5x 8X8X6X+25X 8X8X5X+6X 8XT8XT5X dt (2.87b)

Equation 2.86 is a variational expansion of the action around the reference path X(t),
expressed in terms of a variational test-function éx. We will now recast Eq. 2.86 in terms
of self-adjoint operators using integration-by-parts and 6x(0) = éx(7") = 0. We also note
that (f, P4g) = — (£ (PTf),g), for any matrix function P(t) € R**¢ which we use to

31n all numerical results presented in this text we used the OM action.
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symmetrise the second term in Eq. 2.87b. We get

1
S[x + ox| = S[x(t)] + (j,Ix) + 5(5}(, Hox) + O(6x7) (2.88)
where
o oL d oL
M) = —= - —=— 2.
0= 5% ~ Tk (289)
_ 1 d d
X _ _ - 2 il
H et 2Adt + B (2.90)
and A;; = %, i = ajjaLx - %aﬁj@ﬁw where closed brackets indicate an anti-

symmetrisation over indices. The matrix-functions A and B are, given the reference
path X, functions of time. H can be seen as the infinite-dimensional Hessian operator of
the expansion. In this context however, we will refer to it as the precision operator. For
brevity we will henceforth omit the superscripts for Eq. 2.89 and Eq. 2.90.

By completing the square, we can rewrite Eq. 2.88 as
1
S[x + 0x] = S[x] — (H 7', H 1) + 5(5){ +H 5, HOx +HY)) (2.91)

where the first two terms are constants, for a given reference path X. From Eq. 2.84
we thus see that in this expansion the variations dx is a Gaussian process, which is
distributed as N'(—=H1j, H™!). We write the measure of the process as IED[((;], with density
Pg} [0%] oc exp(—2 (0x+H 1, H(ox+H 1)) ~ IP’[GO‘}. For systems with gradient dynamics

b = —VU, the asymmetric term in Eq. 2.90 vanishes, and the form of the precision
operator simplifies to
1 d?
= ———+ B(t). 2.92
H = —= 2+ Bt (292

If the reference path is a local instanton of the transition path ensemble, then it is a
local minimiser of the Onsager-Machlup action. It therefore solves the Euler-Lagrange
equation of Eq. 2.85, and j = 0. In this case the Gaussian process simplifies to Pg‘] [0x] ox
exp(—3(0x, Hox)).

We now reintroduce the superscript for the precision operator. For a purely diffusive

process b = 0 the precision operator is

1 d

H() - —5@

(2.93)
Using integration-by-parts it can be shown that Sp[6x] = 1 (dx, Hodx), where Sy is the

stochastic action for the Brownian bridge process. Therefore Eq. 2.93 is the precision

operator of the Brownian bridge process (or equivalently, of the unpinned diffusions, the
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Wiener process). Now, as H¥ = Hy + 244 + B we can write

AP

Pn, [0x] = (28 /2B)Lexp (—%((5}(, IC[’_%X)) (2.94)

where X is a local instanton of the OM action, and where we have defined

KB = {3y = QA% +B (2.95)
which can be seen as a relative precision operator with respect to the precision operator H,
of the Brownian bridge process. In Eq. 2.94 Z¥ and ZB are the ‘normalisation constants’
of Pg‘] and Pp respectively. These are divergent quantities by themselves, but their ratio is
well-defined [142]. We call ZX/ZB a regularised normalisation constant, and in Appendix
B we derive a method by which to compute them. However this result will not be necessary

for the purposes of this chapter.

2.4.2 The Teleporter MCMC method

We will now use the results of the previous subsection to apply the TMC for sampling the
transition path ensemble of Itd diffusion equations. Let xl*, o =1,..., K be the local
instantons of the system, given end-points conditions X(0) = xo and X(7') = xp. Let
H! be the precision operator of the variational expansion around x*, and we define the

Gaussian probability measure Pl over the TPE with density
o 1 [0}
PYIX] = 2 exp (—§(X — xll lel(x — XM») ~ P (2.96)

We construct the teleportation measure as
K
Pr=>) w,Pg (2.97)
a=1

where w,, are tuneable weights that must satisfy Zi(:l we, = 1. We must now compute
the teleporter acceptance kernel Eq. 2.80. Firstly, we note that as P([;a] [X] is an un-centred

Gaussian with mean x[®, and can be factorised in terms of a centred density as

o 1 1 1
PIX] = 219 x exp (§<X,’H[°‘]x[°‘]> = () lIx) — §<X[a177{[a}x[a}>>

(]

X exp <—%<X,H[°‘]X>> (2.98)

where the second factor can thus be seen as a Radon-Nikodym derivative, and is an

instance of the Cameron-Martin theorem [170], which describes how infinite-dimensional
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Gaussian measures transform under translation. The density of Pl*) with respect to Pg is
thus, using Eq. 2.95

d]P)[g] (o] By—-1 [a]
o= (2 /ZB) ' exp (—¥[X]) (2.99)
such that P [X] = €2 [X]Pg[X], and where

1 1 1 1
Plel[x] = —§<X,H[04x[a1> — §<x[°4, HIIX) + 5<x[°“1, Hlelxlely 5 X KEIX) . (2.100)

Using integration-by-parts we find

1 T 1
pll[xX] = 5(>c[a1,’H[°4><[a1> + /O {Ek[“]TdX + XTAllgX + 5XTBWXdzt} (2.101)

where the first term is a constant dependent on x!* and the first and second terms in the

integrand are stochastic Ito integrals. Substituting Eq. 2.100 into Eq. 2.80 we find

(2.102)

=min < 1 Px[Y]P5[X] 25:1 wa(Z[a]/ZB)_le—‘If[al X]
— ) [ ]PB[Y] Zle wa(z[a}/ZB>_1e—\P[°‘][Y} .

SN wa (2l 2B) e V]
> oney Wa(Zlel/ ZB) e~ VY]

Ar[X,Y] = min {1,exp((l>[X] — dY)) } . (2.103)
Equations 2.103 and 2.97, together with Eq. 2.78, where we use the pCN transition kernel
Toen[X — Y] for the first term, completely specified the teleporter MCMC algorithm
defined on the TPE. However, we must now discretise the algorithm to make it usable
in numerics for the pCN method. As in Sec. 2.3.2, we expand sample paths in the KKL
basis of the Brownian bridge process as Eq. 2.48. The resulting TMC algorithm will thus
be defined on the d/N-dimensional space of mode coefficients A, where N is the mode
truncation order. Furthermore, though the distributions P! are Gaussian and it is possible
to construct independence samplers for them, in what follows we will instead be using the
results of Sec. 2.3.4 to construct simplified finite-dimensional measures.

[g] as a

For each o = 1,..., K we approximate the variational Gaussian measure P
multivariate Gaussian by expanding its precision operator H!* in the KKL basis Eq. 2.45
of the Brownian bridge process. The resulting dL-dimensional multi-variate Gaussian has
precision matrix

H'[I(:,]jl = (e, H[a]ej¢l> (2.104)

()
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fori,5 = 1,...,L, k,l = 1,...,d, where, e, is a constant vector with one non-zero
component (eg); = d and ¢ (t) is given in Eq. 2.46. Though Hi[,‘:}ﬂ is written with four
indices, it should be seen as a square matrix, with two multi-indices 7,k and j,I. As we
discussed in Sec. 2.3.4, we would expect H [k]ﬂ to increasingly resemble the corresponding
discretised precision matrix of the Brownian bridge process for high mode numbers k£ and
[. That is, for some k| we have that

gle]

ik,jl = <el¢k7 Hoe]¢l> 61]5kl (2105)

2D>\
where k,1 > k| and Ay is given in Eq. 2.46. Using this fact, we construct an approximation

of Eq. 2.104 up to dN dimensions as

AL = 2DV N/ Nleson, Hle ), k<L (2.106a)
YL = 6,60, k,l>L (2.106b)

where we have multiplied each entry of the matrix with a factor of 2D+v/A\;v/\; to normalise
the diagonal variances. The approximation is accurate if L > k. This is equivalent
to constructing a ‘grafted’ Gaussian process, where modes k,l < L are distributed like
the Gaussian process ]P’ , and modes k,l > L are distributed like Pg. This defines a

o] ,N,L

dN-dimensional measure IP’[G on mode-space with density

o],N,L 1
g A] = -
\/ (2m)dN det (FTlel)
A (2.107)
com (5 32 3 Cha - A - )
1,j=1 k,l=1
where AE (gbk, T; > are the mode coefficients of the instantons x/°). Due to the fact that

H! is unit-diagonal for k,l > L, the determinant can be computed using only the first
dL x dL sub-matrix. Constructively, we can sample the stochastic paths of this process

using the expansion
N
GIl(t) = xI(t) + V2D > 2/ Aon(t) (2.108)
k=1

where (!, ... Z1) are sampled from the dN-dimensional multi-variate Gaussian N(0, H).
Note however due to H being diagonal for £ > L, we have that that Z , k> L are
independent and are all distributed as N'(0,1). The result of all of the above is that we
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have now have a finite-dimensional transporter measure
K
PR =3 w P (2.109)
a=1

The corresponding teleporter acceptance kernel is now

K 7o — _\lel
gl A, A = min L1, #1040 Dot Wal(det(HID) 1] )
| | Zf:l wa(det(H[a}))*lef\IJ[a] (4]

where .
TOlA] = O+ 3N A Ay + Z Z A KL Ay (2.111)
i=1 k=1 i,7=1k,l=1

where we have defined

cll = Z Z A Al (2.112a)

i,j=1 k,l=1

Kz‘[lj,]jl = ﬁl[?}]l — 040k (2.112D)

where K Z[?]ﬂ are discretised relative precision matrices with respect to the precision matrix
of the Brownian bridge process. Note that Al* and C* are constant, and only need to be

N,L

evaluated once given the instantons x[. Due to the fact that ]P)[Ga}’ are spectrally grafted
in the manner described above, the complexity of sampling teleporter paths using Eq. 2.107
and Eq. 2.108 scales as O(L?) and not O(N?). Furthermore in practical applications, L
is often a fixed value much smaller than N. As the value of L does not affect the target
measure we sample, we can in general choose L < k|. Numerically, this also means that
Eq. 2.111 will not diverge as N — oo, and nor will det(H).

This completes the mathematical inventory necessary for the transporter MCMC
defined on the transition path ensemble. In the next subsection we will summarise the

algorithm and present benchmark results.

2.4.3 Numerical algorithm

We can summarise the teleport MCMC method for sampling the transition path ensemble

as follows:
1. Choose the mode truncation parameter N.

2. Find the K local instantons of the Onsager-Machlup action Eq. 2.9

x1°) = argmin, Sou([X] (2.113)
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where a = 1,..., K, and project them onto the KKL basis of the Brownian bridge
process
Al — (g, 2l (2.114)

3. Choose the truncation parameter L for the teleporter measure, the teleportation

probability pr and the teleportation weights w,, a =1 K.

g ey

4. Compute the discretised precision matrix H!® using Eq. 2.106 and relative precision
matrix K19 using Eq. 2.112b for each o = 1,..., K, and let

We = (det(H )", (2.115)

5. Choose an initial state A© e R4V,

6. Draw a random number V' ~ Unif([0, 1])

o IfV > pr:

(a) Generate a proposal state
Al = VT —R2AMY 4 ki Zs, (2.116)

foreachi=1,...,dand k =1,..., N, where Z;, is sampled from N(0,1)

and k; is the step-size matrix.
(b) Draw a random number U from Unif([0, 1]).
— If U < Apon[A™ A'], then set AHD = A7,
— Otherwise set A+ = A,
e Otherwise:
(a) Draw a random integer v from {1,..., K}, with probabilistic weights
{Wy, ..., 0k}

(b) Generate a proposal teleportation state
A =z (2.117)

where ZD is drawn from the multi-variate Gaussian A (0, H°1).

(¢) Draw a random number U from Unif([0, 1]).
— If U < Ap[A™) | A], then set A"TD = A,
— Otherwise set A+ = AM),

7. Repeat step 6.
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Figure 2.8: The switch potential U(xy,x2), defined in Appendix A.2. There are two
main transition channels between the fixed end-points x¢/Lo = (—1,0) (hollow red circle)
and xr/Ly = (1,0) (filled red circle). The potential has a higher curvature in the upper
channel relative to the lower one, which can by seen by the wider contour regions in the
lower half of the plot. The upper (green solid line) and lower (green dashed line) local
Onsager-Machlup instantons were computed at temperature 6/0, = 0.1 and duration
T/T, = 3.

As a benchmark problem to test the TMC algorithm on, we have defined a system
we call the switch. We consider the motion of a particle in a two-dimensional energy
landscape given by a potential function. The potential U(x) is a deformed Mexican hat,
with a maximum at the origin and a manifold of minima on the circle of radius Ly around
the origin. See Fig. 2.8 for a plot of U(x), and Appendix A.2 for a detailed specification of
the model. We consider the TPE of paths of duration 7', which start at x,/Lo = (—1,0)
and end at xr/Ly = (1,0). This ensemble features two competing transition channels,
namely along the upper and lower semi-circle, which we denote by I'" and I'"; by design
the potential along I'* is narrower as compared to along I'~.

We used the TMC to sample the TPE of the switch system. For temperature /6, = 3.36
and duration T/T, = 3, we computed the instantons x*) and x[~! lying in the upper
and lower transition channels respectively. We then followed the steps outlined above to
implement the TMC. Let w, and w_ be the teleportation weights of the teleporters of
x[*) and x[7) respectively. We ran two simulations, with different choice of teleportation
weights. In scenario 1 we used equal weights w, = w_ = 0.5, and in scenario 2 we biased
in favour of the upper channel w; = 0.9 and w_ = 0.1. The two simulation scenarios lead
to the same mode distributions. The results are depicted in Fig. 2.9 and Fig. 2.10. We
also see the same spectral band separation we discussed in Sec. 2.3.4. Further discussion

and analysis of the switch system will be done in Ch. 3, where it will be used to probe
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Figure 2.9: The marginalised mode distributions of two simulations of the TPE of the
switch system using the TMC method with 6/6y = 3.36 and T/Ty = 3 and M = 10®
samples, and the modes of the Brownian bridge process (green solid lines). The first (TMC
1, blue solid lines) was computed using equal teleporter weights w, = w_ = 0.5 for both
channels, and the second (TMC 2, dashed red lines) was biased in favour of the upper
channel w; = 0.9,w_ = 0.1. We see that the mode distributions of the two simulations
agree. The mode distribution of A, reflects the fact that transition paths concentrate
along the upper and lower transition channels.

the relation between transition channels and diffusivity. The results of Ch. 3 will also
show that the TMC is robust at low diffusivity regimes, sampling both transition channels,
where standard MCMC methods (including the pCN) are intractable.

2.5 Conclusion

In this chapter we applied some recent mathematical developments in the field of functional
Markov chain Monte Carlo methods to study the transition paths of stochastic processes.
We begun with an overview of probability theory over infinite-dimensional sample spaces,
and showed that the formal notion of a path-space probability density can be understood
rigorously using the classical Wiener measure. Using these mathematical foundations we

then described the preconditioned Nicolson-Crank algorithm and used it to sample the
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Figure 2.10: The absolute normalised covariances pi ji = (A Aji) //(A%) (AF) of the first
60 modes of the transition paths of the switch system. As pjrie =1, i =1,2, k=1,...,N
by definition, we have excluded the diagonals from the plot. We sampled the TPE using
the TMC algorithm, with parameters 0/6, = 3.36, T//T, = 3 and N = 200(7"/Tj) with
M = 108 iterations. We see that mode rapidly de-correlate for high mode numberes.

transition path ensemble of a general It6 diffusion equation with additive noise.

A suitable reference Gaussian measure of a pinned It6 diffusion is the Brownian bridge
process, and we thus expanded transition paths in the Kosambi-Karhunen-Loeve (KKL)
basis of the Brownian bridge. We provided numerical and analytical evidence of a band
separation in the KKL mode-space of a general It6 diffusion with additive noise. The
modes of the KKL expansion decouple in the high-frequency band, and statistically behave
indistinguishably from that of Brownian motion. The only non-trivial statistics of an Ito
diffusion is thus encapsulated by the joint distributions of the lower-band modes. We used
this band separation to construct an adapted step-size matrix for the pCN algorithm, and
we demonstrated improved autocorrelation times.

The main result of this chapter was the teleporter MCMC (TMC). In the most general
sense, the TMC is a Metropolis-Hastings scheme that interpolates between a given MCMC

scheme and an independence sampler, where we called the latter the teleportation measure,
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and is constructed so that the proposal states concentrate around the maxima of the
target measure. Our main innovation was to define such a sampler on the transition path
ensembles of It processes. Using a semi-classical expansion of the path-probability density,
we constructed approximate Gaussian measures around the maxima of the path measure.
These formed the basis of the teleportation measure, and the resulting algorithm allowed
for sampling TPEs with multiple dominant transition channels.

There are a number of promising future directions. We showed some results that the
band separation of Ito processes in KKL mode-space could be exploited to moderately
improve autocorrelation times. However, further work can be undertaken to combine the
KKL expansion with a multi-level MCMC method [182-185]. Briefly, we can coarse-grain

the system in a series of mode truncations Ny < Ny < ... Ny,

multi

By running the pCN at
the lowest-dimensional chain, we can then upsample via the multi-level scheme to generate
samples on the highest-dimensional chain. We would use the band structure of the KKL
expansion to engineer upsampling proposals adapted to the system.

Finally, we can consider extending the pCN and TMC to study higher-dimensional
settings. The purview of this chapter was the sampling of stochastic transition paths
X(t). Here, t € [0,7] is an index over a time domain, and the trajectory itself is a map
t — X(t). In general, we could consider stochastic processes with two or more indices
(t,u) — X(t,u), where u € M is here a spatial coordinate, that takes values in some
n-dimensional topological space M. Examples of such systems are the stochastic field
theories prominent in soft matter physics [186-190]. We will provide a brief sketch of the
necessary steps required to sample the transition path ensemble of such systems. As a

first example we could consider Model A [191]
OF
B = gt V2D¢ (2.118)

where ¢ = ¢(t,r) is a scalar field defined on M, 5% is the functional derivative and £ is

space-time white noise, and F is a free energy functional. A typical choice of F is the ¢*

free energy
a5 b4 kK 2
Fl¢] = —¢"+ —¢" + =(Vo)” | dr. (2.119)
L 27 TP T
Removing the ¢* term leads to the Ohrnstein-Uhlenbeck (OU) [192] field equation

9,0°V = —pu(ag®V — V2¢°Y) + V2D¢. (2.120)

Now, if we expand paths in a Fourier basis as ¢ o< > q ¢8Ueiq'r, we get decoupled stochastic

equations of motion for each Fourier mode

atgbf;U = —p(a+ qu)gbgU +V2DE. (2.121)
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We see that the Fourier modes of the ¢®Y process behave like decoupled 1-dimensional
OU processes. Now, it is clear that the OU field is a form of Gaussian process. If we
presume that the field-probability measure of a general Model A system has a density
with respect the OU field, it would be possible to construct a pCN scheme analogous to
the ones describes in this chapter by expanding ¢ in the KKL basis of ¢°Y. The latter
would require a generalised KKL expansion for fields, which have been discussed in [193],
as well as a closed-form expression for the KKL basis of OU bridge processes, which were
given here [194]. Finally, we note that such a generalisation of our MCMC methods would
be applicable to the general class of continuum systems we treat in the second part of this

thesis, if we include stochasticity in the latter.
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Chapter 3

Diffusivity dependence of transition

paths

This chapter follow closely the results published in [195].

3.1 Introduction

The fluctuating dynamics of many physical, chemical and biological systems are commonly
modelled by stochastic differential equations expressed in Langevin or It6 forms [11-14].
In such systems it is often of great interest to identify the typical pathways that stochastic
paths take to transition from an initial to a final state [2-10]. Typically, such transition
paths cluster around multiple pathways in the space of configurations and the relative
probability of one or the other of these pathways depends on the drift, the diffusivity, and
the duration allowed for the transition to take place [125, 165, 196, 197]. As transitions are
often rare events, direct simulations are not always practical and other means, analytical
or numerical, are required to study them. Methods that allow for a full exploration of
the space of transition pathways in stochastic dynamical systems, then, are of substantial
theoretical and practical importance.

The theory of large deviations [26, 126, 198, 199], the topic of Ch. 1, provides an
analytical method for obtaining transition pathways - instantons - in regimes dominated
by the drift and for very long durations of path. Experimental systems, however, are
typically not in a regime where the diffusivity is asymptotically low and durations are
asymptotically long [167]. While the relevance of including finite-temperature fluctuations
around the instanton [142] is increasingly recognized [143-145], the physical implications
of these fluctuations are far from being understood.

In this chapter, we show that the competition between drift and diffusion in transition
pathways can be studied using the semi-classical expansions of the path measure of the

stochastic dynamics introduced in Sec. 2.4. We use a mixture of Gaussian measures to
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approximate the path measure around its local instantons. This allows us to demarcate and
transcend the boundaries of the low diffusivity regime, without recourse to sampling the
TPE directly using MCMC methods. We demonstrate this explicitly for a two-dimensional
overdamped mechanical system, with both conservative and non-conservative forces. For
this system we uncover a counterintuitive phenomenon where typical transition paths do
not concentrate around the most probable path, even at low-to-intermediate diffusivities
where the Gaussian approximation is still valid. To validate our results numerically,
and to study the TPE at high-diffusivity regimes, we use the teleporter MCMC (TMC)
method developed in Ch. 2, that allows for simultaneous exploration of multiple transition
pathways. We find excellent agreement between the semi-classical expansion and numerical
results for a large range of diffusivities and path durations. The results presented in this
chapter was the result of collaborative work published as a pre-print in [195], of which the

author of this text was the primary contributor.

3.2 The transition path ensemble

The general class of systems in consideration is the d-dimensional overdamped Langevin

equation with additive noise, which we write here again in It6 form as
dX = pFdt + vV2DdW. (3.1)

This represents the stochastic displacement dX in a time interval dt of a particle with
coordinate X subject to a force field F and Brownian displacements cdW, where W is
the Wiener process. The particle mobility is p, the diffusion constant is D = p/f, and the
temperature is 0 with 7! = kg6, and kp the Boltzmann constant. We are interested in
realisations X(¢) of Eq. 3.1 that are of duration 7" and have fixed terminii X(0) = x, and
X(T) = x7. These trajectories form the set of continuous paths that we have called the
transition path ensemble (TPE), and denote as £ ([0,77). We will study the temperature
dependence of the TPE using both the TMC algorithm presented in Ch. 2, as well as
the semi-classical approximation of the path-probability measure, which are developed in
Sec. 3.3.

3.2.1 Model system

The methods we will develop in subsequent sections will be applied on the switch system,
which was previously used in Sec. 2.4.3, and is defined in detail in Appendix A.2. The
model consists of a particle in d = 2 dimensions in a potential force field F = —VU(x),
depicted in Fig. 2.8 and Fig. 3.1a. The potential U(x) has two prominent transition

channels, the upper and lower semi-circular channels which we denote as I't and '™
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respectively. The potential has a continuous manifold of minima along I'" and I'~, such
that the purely energetic cost of traversing either channel is the same. However, by design
the potential has a larger curvature along I'" relative to I'". Therefore, the lower channel
is wider than the upper channel, as can be seen in Fig. 2.8. As an additional model, we
add a non-conservative circular force F® to the switch system. This force works as a bias in
favour of the upper channel, by decreasing the energetic cost of traversing it, and increases
the energetic cost of the lower channel. The models have been constructed so as to study

the interplay between the deterministic drift and diffusivity.

3.3 Semi-analytical approximations of stochastic path

measures

Here we derive an approximation of the path measure Px of the Ito diffusion process with
additive noise. In Sec. 3.3.1 we construct a global approximation of Px using a weighted
sum of the Gaussian distributions derived in Sec. 2.4.1, where the latter approximated
the path measure around given local instantons. We then use this result in Sec. 2.4.1
to derive estimates of transition channel probabilities, which serve as a measure for the
concentration of the TPE around a given transition channel. Our method is a combination
of the semi-classical approach to study path-integrals [147-152] and a standard technique
in statistical data analysis [200-204], wherein a target probability measure is estimated as
Gaussian mixture distribution.

We will begin by first giving some intuition by drawing an analogy in the one-dimensional
case. For a one-dimensional probability density p(z) = Z 'exp(—V (x)), where Z is a

normalization constant and where the potential V' (x) has well-separated relative minima

To, a =1,..., K, we can approximate p(z) around z, using a Gaussian approximation
1 1" Za
p(ac) s ze—V(xa)—V (za)(T—20)2/2 _. ?G—V(xa)p[a}(x) (32>

with a normalised Gaussian distribution pll(z) := Zle~V"@a)@=2)*/2 and where Z, =
\/27/V"(z,). Equation 3.2 is a local approximation of p(z) around x,. If p(z) is highly
peaked around its maxima (for example if V(z) describes a Boltzmann distribution
V(z) = U(x)/(kpf) at a low temperature 6), a global approximation of p(z) is the

Gaussian mixture

ple) =3 wapl(z) (3.3)

where w, = e V@) Z,/ 25:1 eV(@) Z_ are constants that weight the local Gaussian

distributions. The weight w, is the size of the support of pll relative to the other local
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Gaussian. From Eq. 3.3 we see that the support of pl* is determined by an interplay of the

V(@a) “and the ‘width’, which is measured by the normalisation

‘peak’ of the distribution e~
constant Z.,.
Equation 3.3 can be used to approximately evaluate any expectation value. In particular,

the probability of being in well « (i.e. around z,,) is given by

oo K o
Pz € wella) = (xa) = / dx xo(2)p(z) ~ ZW5/ dz Yo (2)pP (z) (3.4)
—00 B=1 —00
oo fV(xa)Z
R~ wa/ dzpl(z) = w, = Le - (3.5)
—00 27:1 e Vi) Z,

where the indicator function x,(x) is 1 if x is in well o and zero otherwise, and where we
assume that the potential wells of V() are well-separated so that x(x)pl? (z) is negligibly
small whenever o # 3. In the following we apply the same steps as above to the case of

the TPE.

3.3.1 The Gaussian mixture approximation

We use the quadratic expansion of the stochastic action derived in Sec. 2.4.1 to construct
an approximate probability measure over the TPE. Let xl, o = 1,..., K be the local
instantons of a given Langevin system. For each local instanton we have the Gaussian
measures IP’[(‘;] with mean x/* and precision operators H[®, which locally approximates
the path measure around x/*. We use these local approximants to construct a Gaussian

mixture measure with density

K

. 1

Px[X] = gl We €XP <—§(X — xl (X — x[a])> (3.6)
with corresponding measure P ~ P. We now impose that Px[x[*] = Px[x[)] for each

a=1,..., K. We get
e—Soubd™]( Zlal  Z1)

25:1 e~Somlxl( Zb / Zg)

Wo = (3.7)
where Z1% and Zg formally represent the normalisation constants for the path-densities
for the Ito process and Brownian bridge process respectively. Whilst divergent on their
own, their ratio Z*/Zg is finite, and we derive a formula with which to compute them
in Appendix B. The measure Px serves as an approximation of the true path-measure
Px. The underlying assumption is that Px concentrates around its local instantons. In
sufficiently low diffusivity-regimes, Px will be a good approximation for Px.

The sequences of steps taken to construct Eq. 3.6 is standard technique from statistical
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data analysis [200-204], where we have applied it here in the infinite-dimensional path-space

setting.

3.3.2 Approximations of transition channel probabilities

We now derive estimates of transition channel probabilities using the Gaussian mixture
approximation of the TPE EX ([0,T]). Let El*l c EX ([0,T]), @ = 1,...,J, which are

disjoint open sets in the TPE, be the J transition channels under consideration. We define
6, T) = Px[EN] (3.8)

which is the probability of observing a transition path X € E, C E¥ ([0,T]). The quantity
pld(0,T) can be seen as an observable, and the expectation on the right-hand side of
Eq. 3.8 will be computed by sampling the TPE using MCMC methods. However, here we

will also approximate pl® (6, T') using the Gaussian mixture measure as

PO, T) ~ pf = Px[E")] (3.9)
where we have defined the approximate transition channel probability p[g].

At sufficiently low temperatures we can assume that Px (U, F [a]) ~ 1, i.e. approximately
all stochastic paths travel via one of the transition channels. We also assume that the
transition channels concentrate around the local instantons of the path measure. That is,
J = K, where K is the number of local instantons, and that xl) € E,. Furthermore, we
assume that each local Gaussian approximate measure IP’[C?] lacks support on transition
channels other than E that is IP’[S}(UW@E 1) 2 0. Under these assumptions pl(0, T) is

well-approximated by ,o[Ga}, and we have

e—Soulb™]( zlel ) z )
25:1 e—SomxM( 20/ Zg)

PO, T) = w, = (3.10)

According to Eq. 3.10 the relative channel probabilities are determined by an interplay

xlo]

between the instanton probabilities, as quantified by e~5oMX*] and the amplitudes of the
Gaussian fluctuations around the local instantons, measured by Z®/Zg. We see that it
is possible for a transition channel to be dominant despite its local instanton having a
low probability, if the ‘width’ Z*l/Zg compensates for it. It is instructive to compare

p[GO‘](Q, T) with another estimator

P (0, T) = e=Sombx™ll Z e~ Som[x] (3.11)
v

in which only the instanton probabilities are retained.
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To use Eq. 3.10 in practice, we retrieve the instantons x[® using a Ritz variational
method as discussed in Ch. 1. We subsequently evaluate the regularised normalisation
constants Z[°! /Zp using the method described in Appendix B. Note that the instantons

x[® and the regularised normalisations Z%/Zg are both dependent on @ and 7.

3.4 Results

We now consider the transition behavior of the 2D system depicted in Fig. 3.1a. For a
range of temperatures # and total transition times 7" we first generate ensembles of 10®
sample transition paths per tuple (0, T) using the TMC. Let 7p(0) = L*/(ukp6), which is
the diffusive time-scale at temperature #. We also introduce fixed reference temperature
and time-scales 0y = Uy /kp and Ty = 1p(6p), where Uy is the energetic well-depth of the
potential. Our parameter range is such that T < 7p, for each temperature # in the range
considered. Each sampled ensemble thus describes a rare transition event. Let p*(0,T)
and p~(0,T) be the upper and lower transition channel probabilities respectively, satisfying
pt(0,T) =1—p*(6,T). Furthermore, let x*(¢;0,T) and x*(¢;0,T) be the upper and
lower local Onsager-Machlup instantons respectively at temperature 6 and duration 7',
from which we also compute the approximate channel probability pf (0, T).

For a total transition time 7'/Ty = 3, and for each of the two temperatures 6/6, = 0.047
and 0/6y = 0.004, we show 50 randomly chosen TMC sample paths in Fig. 3.1a. We
observe that while for the higher temperature the paths are evenly distributed between
the two channels, for the lower temperature the lower channel is preferred. In Fig. 3.1b we
show the numerical evaluation of p*(6,T) using the TMC as a function of both § and T
Consistent with the /6, = 0.047 data from Fig. 3.1a, we observe that for large enough
temperature p* (0, T) ~ 1/2 (white region), so that upper and lower channel are equally
probable. That at large temperature the asymmetry in U becomes irrelevant for the TPE
is expected, as in this limit the random force in Eq. 3.1 dominates over the deterministic
force. As 6 is decreased, the channel around I'™ becomes dominant, so that p*(0,7) — 0
(blue region in Fig. 3.1b, c.f. 8/6, = 0.004 data in panel (a)). The exact temperature at
which the crossover from the diffusivity-dominated regime to the drift-dominated regime
occurs decreases with increasing 7'; this is clearly seen in Fig. 3.1c where vertical sections
of panel (b) are shown for several values of T'.

We now compare our numerical TMC results for p* (6, T) with the Gaussian mixture ap-
proximation p. Figure 3.1a shows that this approximation is valid in the low-temperature
regime (plus signs). This is consistent with the assumptions underlying the Gaussian
approximation, as we expect the probability distribution in path space to be dominated by
the neighborhoods of the local instantons only for sufficiently low temperature. As Fig. 3.1c

shows, p&(6, T) quantitatively captures the beginning of the crossover from drift-dominated
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Figure 3.1: Diffusivity-dependence of the transition path ensemble for the conservative switch
system. Panel (a) shows 50 stochastic trajectories sampled using the TMC method for overdamped
dynamics in the potential U(z) (see Appendix A.2). The dashed blue (green) lines are upper
(lower) instantons between initial (circle, x¢) and final (filled circle, x7) points. Upper and lower
channels are equally populated at temperature 6/6y = 0.047 (green) but the lower channel is
preferred at the lower temperature 6/6y = 0.004 (red). Trajectories of duration T'/Ty = 3 are
sampled with NV = 200(7"/Tp) modes. Panel (b) is a pseudocolor plot quantifying the variation of
the upper channel probability ng with temperature and duration, as obtained from TMC. The
plus signs show regions where the Gaussian mixture approximation pg, defined in Eq. 3.10, is
within a 5% margin of error of the simulated value. The red and green dots correspond to the
same color-coded simulations in panel (a). Panel (c¢) compares the upper channel probability
plel(0,T), computed using the TMC, with the Gaussian mixture and instanton approximations
to the upper channel probability as function of temperature for a range fixed durations of path

T.
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to diffusivity-dominated transition behaviour for all values of T' considered.

For capturing this 6-dependent crossover, the prefactors 2t = Zl0 z- = zl@ in
Eq. 3.10 are essential. This becomes apparent by considering p; (6, T'), which only depends
on the relative probabilities of the two local instantons. In Fig. 3.1c we see that for high
enough temperatures p; (0,7) ~ 1, meaning Som[x"(t;0,T)] < Som[x~(¢;6,T)] [160].
This limit is understood by comparing the two terms in the action Eq. 2.85a. While the
first term scales as 1/6, the second term is independent of 6; for fixed 7" and large enough
0 the second term thus dominates the action. This second term is smaller for the channel
around I'*t than for the channel around I'~, because the former channel is narrower leading
to to a smaller value of V- F. As @ is decreased for fixed T the first term in Eq. 2.85a
becomes dominant. Figure 3.1c shows that this leads to a crossover to p; (6,T) = 0,
meaning x~ (¢; 0, T') becomes more probable than x*(¢;0,T). While this low-temperature
limit is consistent with the numerical results, the temperature at which we observe the
crossover in p; (6, T) is smaller as compared to p* (0, T). For example, we see in Fig. 3.1c
that for T'/Ty = 2.4 the crossover of pf (0, T) is at 6/6y < 1072, whereas the crossover for
pT (0, T) occurs at 6/6y > 1072, In particular this implies that for 8/0;, = 1072 the most
probable path goes along I'*, while most transition paths go along I'". This highlights
that even at intermediate-to-low temperatures, where the Gaussian mixture approximation
p&(6,T) is already valid, the probabilities of the local instantons alone are insufficient to
obtain the actual transition behaviour. Instead it is the prefactors Z* in Eq. 3.10 that
dominate the crossover behaviour in Fig. 3.1b; these Gaussian normalisation constants
are, in a sense, an entropic contribution, as they measure the effective volume in path
space of the support around the respective local instanton. Even though for T'/Ty = 2.4,
0/6y = 1072 the instanton x*(¢;0,T) is more probable than x~(¢;6,T'), this is more than
offset by the larger number of paths that behave similar to x(¢;6,T).

For the non-gradient forms of the drift, the prefactors Z* can also drive the crossover
behaviour of the system, as we show now by adding a force of strength 7 that acts
perpendicular to the radius vector in the clockwise direction. For positive force strength
n, this non-conservative force biases towards the upper channel I'". In Fig. 3.2a we
show numerical results for p*(6,T,n) as a function of n and @ for T'/Ty = 3. For small
N/ feq — 0, where foq is the characteristic strength of the gradient force (see Appendix
A.2 for more details), we recover the results from Fig. 3.1b and Fig. 3.1c. Thus at small
but finite temperature the dominant transition channel is the one where particles travel
againt the weak non-conservative force. As 7 is increased to 7./ foq = 0.00387, we observe
a crossover from I'"-channel dominated transitions to I'"-channel dominated transitions in
the low-temperature regime. This switch is also captured by the Gaussian approximation
(plus signs in Fig. 3.2a). On the other hand, throughout the parameter regime considered
in Fig. 3.2a, we find that p; (0, T,n) ~ 1, meaning that the local instanton x*(¢; 0, T) is
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Figure 3.2: Diffusivity-dependence of the transition path ensemble for the non-conservative
model system. Panel (a) is a pseudocolour plot of the probability of the upper channel p* (6, T, n),
computed using the TMC, for the non-gradient system with 7'/Ty, = 3, as a function of the
temperature 6 and the circular force-strength 7. The black plus signs show regions where the
variational approximation pg(ﬁ, T,n), defined in Eq. 3.10, is within a 5% margin of error of the
simulated value. The dashed line shows the crossover force strength 7./ feq ~ 0.00387, where
feq is the characteristic strength of the gradient force. Panel (b) Compares the upper channel
probability pl®(,T) with the Gaussian mixture and instanton approximations to the upper
channel probability as function of temperature for 7//Ty = 3 and a range of values for 7.

always more probable than x~(¢;0,T) for finite . This again highlights the relevance of
considering Gaussian fluctuations around the instantons for determining the dominant

transition pathway.

3.5 Conclusion

For a system with two competing transition pathways, we have studied how the dominant
transition pathway depends on both the temperature and the total duration. To quantify
the relative importance of the competing pathways, we have constructed semi-analytical
approximators which are valid in the low-to-intermediate temperature regime. We have
validated our approximators via comparison to a continuous-time MCMC method that is
dimensionally robust and efficiently samples systems with multiple reactive pathways.
Our results show that even in the low-to-intermediate temperature regime the global
instanton, or most probable path, itself is not sufficient to determine the dominant transition
pathway. Rather, it is vital that fluctuations around this path be incorporated. This
has a simple one-dimensional equivalent: For a probability density p(x) ~ exp(—V(x))
for some potential V' (z) with relative minima z,, the probabilistically most relevant

minimum is not the global one, but that with the largest well probability, i.e. the x, that
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maximizes P(well around z, ) ~ e~V (@), /27 /V"(x,), where we use a quadratic Taylor
approximation of V' around xz,. The most probable well is thus determined by an interplay
of €=V (@) (which corresponds to the instanton probability e~ou [X[a]}) and \/m
(which corresponds to the regularised normalisation constant Z[).

In this chapter we considered a paradigmatic example system with two competing
transition pathways. We would expect that the entropic effects studied here generalises to
systems in more complex potentials. For instance, in systems where there are intervening
local minima between the fixed end-points, the concentration of competing transition
pathways will depend not only the geometry of the potential, but the energetic differences
between the extrema. Whilst we exclusively focused on the geometric effects, this interplay
would be an interesting avenue for future work.

The method of instantons is an established technique in theoretical chemistry and
statistical physics [99, 106, 110, 124, 161, 205-208], and the method of Gaussian mixtures
presented here scales as O(d?) with the number of degrees of freedom d. Tt is therefore
feasible to apply the methods we developed here to more realistic many-particle systems
to study e.g. nucleation pathways [106, 209, 210] or conformational rearrangements in
macromolecules [157, 211-213].

Our quantification here of the finite-temperature breakdown of instanton theories is
important for relating such theories to experiments, which are always at finite temperatures.
Our insights into path-space probability distributions for diffusive stochastic dynamics,
together with our MCMC method, will therefore be valuable for going beyond the regime
of asymptotically low diffusivity in both large deviations theory [26, 124, 213] and the
study of rare events [214].
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Chapter 4
Preliminaries

Here we give an account of the classical theory of microstructured materials, as well as some
mathematical preliminaries, to lay the foundation of the geometric mechanics that will be
developed in the subsequent chapters. In Sec. 4.1 we introduce our paradigmatic model
system, the Cosserat rod, which will be geometrised in the subsequent chapter, and then
further generalised in Ch. 6, culminating in what we call a generalised geometric Cosserat
theory (GGCT). In Sec. 4.2 we introduce the necessary mathematical tools required for
the construction of the GGCT. In so doing, Sec. 4.2 will serve as a crash-course on the

intrinsic geometry of sub-manifolds of Lie groups and homogeneous spaces.

4.1 Classical Cosserat theory

Classical continuum mechanics study elastic materials as manifolds M C E3 of point-
continua x € M, where E3 = R3 is 3-dimensional Euclidean space. Point-continua have
three translational degrees of freedom, and the elastic response to displacements away
from the rest configuration is determined by the symmetric Cauchy stress 2-tensor o. The

momentum transport within the continuum is given by the Cauchy momentum equation

Dv

where p is the mass density, v is the flow velocity field, f are body forces per unit volume
(e.g. gravity f = pg), and D/Dt the material derivative. Eq. 4.1 is a non-linear PDE in
three spatial dimensions and time. In the treatment of a given system, these equations of
motion must thus be satisfied at each material point x € M as well as obey necessary
conditions at the boundaries OM of the body.

However, many systems have geometric properties that make them amenable to
simplified treatments. Slender systems, for instance, are ‘thin’ in one or more spatial

dimensions. This often makes it feasible to model slender shells in two spatial dimensions
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Figure 4.1: Illustration of the kinematics degrees of freedom of the Cosserat rod. The
black line is the center-line r = r(u) where u € [0, Ly] is the material coordinate along
the length of the rod, where Lg is a positive real number. When specifying constitutive
dynamics, Ly often becomes the rest-length of the rod. Two cross-sections at u = u; and
u = ug are shown with the material frame attached £ = (e; ey e3), which are the red,
green and blue arrows respectively, of which the latter two are the directors of the rod.
Note that having two directors, as opposed to a single director normal to the cross-section,
allows for a twisting degree of freedom as can be seen in Fig. 4.2d.

and time, and slender rods in one spatial dimension and time. In such cases the continuum
configuration of the bulk can then be suitably substituted with other, model-specific,
internal degrees of freedom.

The suite of models proposed by the Cosserat brothers [1] in 1909 are one of the more
prominent approaches by which one can study slender materials. Their approach is that
of an extended continuum theory that, in addition to the manifold of point-continua
M, included a set of directors (three-dimensional vectors) at each point x € M. We
thus refer to these systems as directed media, as opposed to the undirected media of
classical continuum mechanics. The physical interpretation of the directors are a matter
of constitutive modelling. For three-dimensional continuum bodies, the directors could
represent polar continua which has been used to study the properties of asymmetric Cauchy
stress tensors, as in the case of liquid crystals [215]. Directed media is an example of
a more general notion of microstructured media, which refers to systems with internal
degrees of freedom.

When M is a lower-dimensional sub-manifold of R?, the polar continua would then
often represent the substitutive internal degrees of freedom of the neglected bulk continuum.
In the elastic theory of shells, a single director can model the material fibre running across
its thickness, and for rods two directors are used to model the material fibres through the
cross-section. We now continue to define the latter in detail.

A Cosserat rod can be defined as a curve in Euclidean space r(u) € E3, u € [0, L],

known as the center-line and where Lg is (in a dynamical setting) the rest-length of the
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(e) Bending Cosserat rod (f) Bending, shearing and twisting Cosserat rod

Figure 4.2: Examples of deformations of the Cosserat rod. The transparent gray body is the
bulk of the Cosserat rod, with the center-line (black line) running through its radial center.
The material frame and cross-section are shown at intermittent points along the center-line,
along with the surface fibres traced out by the directors es and eg, green and blue respectively.
The tubular radii of the rods depicted were exaggerated in size for illustrative purposes. (a) A
straight Cosserat rod suffering no deformation. (b-f) Examples of extension, shearing, twisting
and bending deformations.
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rod, and an orthogonal triad E(u) = (el(u) es(u) eg(u)>. The material frame E(u)
represents the rigid-body cross-section of the rod at each material point u along the
center-line. The vectors ey(u) and es(u) are the aforementioned directors of the Cosserat
rod, which can vary in length and represent the semi-minor and semi-major axes of the
cross-section at u. The vector e;(u) is normal to the cross-section at u and is defined as
e1(u) = (ez(u) x ez(u))/|ea(u) x es(u)|, where x is the 3-dimensional cross-product and
| - | is the standard norm in Euclidean space.

The deformations and rotations of the center-line and material frame comprise the full
kinematic degrees of freedom of the Cosserat rod. Often in applications the cross-section is
approximated to be of constant shape along the rod, in which case we restrict the directors
to be inextensible and orthogonal, and thus £(u) is then an orthonormal triad. See Fig. 4.1
for an illustration of a Cosserat rod with circular cross-section. In the literature this class
of Cosserat rod is known as a special Cosserat rod [63, 216, 217]. Henceforth, unless stated
otherwise, by Cosserat rod we mean a special Cosserat rod.

The kinematic degrees of freedom of the rod are thus: smooth translations of the
curve r and smooth rotations the material frame-field £. In other words, the center-line
can bend, and the cross-section can shear and twist around the center-line and extend
tangentially across its length, as is illustrated in Fig. 4.1. The extension of the rod can be
captured by the scalar h(u) = % ‘, which can be seen as the square root of the metric on
the center-line induced by the Euclidean metric on R3. h relates the material coordinate u

to the arc-length coordinate s as
ds = h(u)du (4.2)

such that | 2| =1 for all s € [0, L] where

Lih(u)] = /0 () du (4.3)

is the total arc-length of the center-line. Thus any point v for which h(u) = 1 is not
suffering an extension. Shear and twist deformations can be distinguished by noting that
the former denotes the orientation e; of the cross-section deviating from being parallel
to the center-line, whilst the latter denotes rotations of the material frame around e;(u).
Henceforth we will also distinguish the length elements ds and du as the length element
and material length element respectively.

We now add time to the picture, and consider the motion of the Cosserat rod as the

result of arbitrary translational and angular velocity fields. Let the center-line r(t,u) and
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the material frame e;(t,u) be functions of time, then the temporal evolution of the rod is

P=V (4.42)

from initial boundary conditions at t = 0, and where V = V(¢,u) and 2 = Q(t,u) are
arbitrary translation and angular velocities.

Dynamical equations of motion for the Cosserat rod are found by imposing balance
laws on the momentum and moments of the polar continua. For undirected media, the
conservation of mass and linear momentum balance are used to determine the dynamics,
given constitutive and body forces. For directed media, in addition to the above, further
conservation laws must be imposed to establish the director dynamics.

For a Cosserat rod with mass density pj and cross-sectional area A in its reference
configuration, the linear momentum of the rod is P = pj AV, as is the case in classical
continuum mechanics. We also introduce the director angular momentum L = €2, where
I € R¥3 is a moment of inertia matrix for the cross-section. As will be shown in Sec. 5,
imposing the conservation of the linear momentum of the rod and the director angular

momentum leads, as was first derived in [1], to

P=F +f (4.5a)
L=M +1r' xF+m, (4.5b)
F=0 atu=0and u= Lo (4.5¢)
M=0, at u=0and u= Lo (4.5d)

where F' are the constitutive forces acting on the rod, f the body forces per unit material
length, M the constitutive director moments and m the body moment per unit material
length. Eq. 4.5a is in a form familiar to classical continuum mechanics, which can be seen
by comparing it to Eq. 4.1, whilst Eq. 4.5b is particular to the setting of directed media.
Equation 4.5 and Eq. 4.4 together form a closed set of first-order equations in time and
space for the kinodynamics of a Cosserat rod.

We note here that up to this point we have considered an open Cosserat rod where
r(0,t) # r(Lo,t). The dynamics of a closed Cosserat rod, for which the center-line and
frame are periodic functions of u, are identical with the exception of the omission of the
boundary conditions Eq. 4.5¢ and Eq. 4.5d.

Equation 4.5 can be derived directly from the balance laws of classical continuum
mechanics, as shown in [217, 218], under the kinematic assumption that the cross-sections
traced out by the directors correspond to the bulk of a three-dimensional rod of undirected

point-continua. For illustrative purposes this kinematic assumption deserves further
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elaboration. In precise mathematical language, let M C E and let x : D — M be the

material coordinate function from the domain
D ={(X1,X,X3) : X7+ X]=R?and X3 € [0, Ly} (4.6)

where R is a given fixed tubular radius of the Cosserat rod. Given a Cosserat rod

configuration (r, E), we define M via the material coordinate function as
X(X) = I'(Xg) + Xjej, j = 2, 3 (47)

such that M is the image of x. Here the material coordinate X3 corresponds to the
coordinate u. We see how the Cosserat rod can be viewed as the result of a coarse-graining
procedure from the full three-dimensional continuum setting, replacing the cross section at
each u with two directors, thus reducing the spatial coordinates of the system from three
to one.

We now conclude this section with some remarks, prefacing the discussions in subsequent
chapters, on the geometric properties of the Cosserat rod. The kinematic equations of
motion Eq. 4.4a and Eq. 4.4b shows explicitly that the rod moves according to infinitesimal
translations Vdt and rotations €2 x e;dt respectively. This entails that we can identify the
kinematic structure of the Cosserat rod with the Lie group of Euclidean transformations of
translations and rotations SFE(3) [219, 220]. In particular the rod itself can be parametrised
as a sub-manifold of SE(3). From this formulation, as will be the main subject of Ch. 5,
we can derive geometricised kinodynamical equations of motion. In Ch. 6 we generalise
this procedure to continuum systems in arbitrary number of material dimensions and
topologies, and with arbitrary Lie group microstructure. In the following section we will

introduce the necessary mathematical tools required for this theoretical development.

4.2 Mathematical preliminaries

As will be further discussed in Ch. 5, directed media can be seen as either sub-manifolds of
homogeneous spaces or sub-manifolds of Lie groups. Through this lens, a fully geometricised
and non-coordinate form of the equations of motion of such systems can be derived. This
section serves primarily to establish establish the mathematical foundation and rigour of
the programme, and therefore has a level of mathematical abstraction higher than that of
the subsequent chapters. The reader not interested in these details may proceed to Ch. 5,
and return to this section intermittently to fill gaps in notation and conceptual knowledge.
For a fuller treatment of the concepts introduced in this section the reader can consult the

following references for further exposition [92, 93, 221, 222].
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4.2.1 Differential geometry

This will be an abbreviated exposition of differential geometry. See [223] for more details.
Let M be a set. A chart on M is a pair (U, ¢) where U C M and ¢ is a bijective map
from U to a subset ¢(U) C R™. The atlas A is the set of all charts on M. If for any two
charts (Uy, ¢1), (U, ¢2) € A we have that the map ¢y 0 7" : ¢ (U N Uy) — ¢o(Uy N US)
is a smooth function, then M is called an n-dimensional smooth manifold. Henceforth by
manifold, we will mean a smooth manifold.

A function f : M — R is smooth if fo¢~! is a smooth function for any chart (U, ¢) € A.
A curve v : [0,1] = M in M is a smooth curve if ¢ o v is smooth for any chart (U, ¢) € A
along the intersection v([0,1]) N U.

Consider a map ¢ : M — N, where M and N are m- and n-dimensional manifolds
respectively, and a smooth function f : N — R™. Then the pull-back *f : M — R™ of f

under v is defined as
VU f = for. (4.8)
Let f: M — R be a smooth function and let v : [0, 1] — M be a smooth curve, and
let v(ap) = p, where ag € (0,1). The tangent vector to y at p is defined as

X,(f) = - fr(a) (19)

a=ap

which is a linear map from the space of smooth functions on M to R. The tangent space
T,M is the set of all such linear maps at a point p € M, which forms an n-dimensional

vector space [223]. The set of all tangent spaces
TM = {(p,X,) : pe M, X, e T,M}. (4.10)

is known as the tangent bundle.

A wector field X : M — TM is a map that assigns a tangent vector X (p) € T,M at
each point p € M. For any smooth function f : M — R and a vector field f, we define
Xf: M — R as the function defined by

p = Xp(f)- (4.11)

Therefore X f should be seen as a differentiation of f. If the function X f is smooth for all
smooth functions f, then we say that X is a smooth vector field. We denote the space of
all smooth vector fields by I'(T'M).

Given a chart (U, ¢) € A, which we write in component form as

¢(p) = (21(p), 22(p), - - -, 2a(p)) (4.12)
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then we can expand vector field locally on U as [223]

.0
X=X (4.13)

where X% : M — R are smooth functions we call the coefficients of X.

4.2.2 Exterior calculus

In calculus, the differential of a scalar function f : R?® — R is often written as
df = z=dv + =dy + 5=dz. (4.14)

This can be generalised for smooth manifolds. Let M be a smooth d-dimensional manifold,
p € M a point on the manifold, X € I'(T'M) a vector field on M and f € C*®(M) be a
smooth function on M. We define the map df : TM — R as

(df (X)) (p) = Xp(f)- (4.15)

Here df is an example of a scalar-valued 1-form. Analogously, scalar functions f € C°°(M)
are known as scalar-valued 0-forms. Scalar-valued p-form are linear maps [[?_, TM — R,
where [ [ signifies the repeated Cartesian product. The operator d is the exterior derivative,
which in general maps p-forms to (p + 1)-forms. Any (p + 1)-form that can be written
as the exterior derivative of a p-form is referred to as ezact. Conversely, any p-form ¢
that satisfies d¢ = 0 is closed. Locally, closed p-forms are always exact, which is known as
the Poincaré lemma. As 1-forms ¢ are maps ¢ : TM — R, we will often refer to them as
covector fields. We write ¢ € I'(T'« M) and ¢(p) € T*M.

Let ' : U — R, i =1,...,d be coordinate functions for some neighbourhood U C M.

Then df can then be locally expressed in in U as

_9f

= 5 (4.16)

df

such that df(X) = 2Ldr'(X) = 2LX?, where X € T(TM). Not all 1-forms are closed,
and can thus not be written in the form of Eq. 4.16, but they can always be expanded in
a coordinate basis as ¢ = a;dz’, where a; € C°°(M), i = 1,...,d are the coefficients of ¢
in this basis.

The symmetric product of a p-form x and ¢-form y is written as z ® y. For p=q =1,

we have

(z®y)(X,Y) = o(X)p(Y) (4.17)

where X, Y € I'(T'M) are two vector fields. For a general 1-form, its exterior derivative
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can be expressed locally as
do = da; A dx'. (4.18)

where A is the wedge product. Let x and y be a p-form and a ¢-form respectively, then

z Ay is a (p+ q)-form defined as

TANY=2Ry—yx (4.19)
and satisfies
yANzx=(—1)PzAy. (4.20)
and
dlz Ny) =dx Ny + (—1)Px A dy. (4.21)

The wedge product of a sequence of forms can be written as

/\ Z=d NdPE A N d" (4.22)

=1

where each 2° is a pi-form. Due to the anti-symmetry of the wedge products of 1-forms,
we have that df Adf = 0 for any f € C>*(M). If z and y are two 1-forms, then the
product z Ay is a mapping T'M x T'M — R, and can be evaluated on two vector fields
X, Y €e'(M) as

(z Ay)(X,Y) = 2(X)y(Y) — 2(Y)y(X). (4.23)

We will now derive a coordinate-free expression for the exterior derivative of a 1-form.
Let us first define the Lie bracket of vector fields [, -], which is

(X YI() = XY () = Y(X() (4.24)
and can be expressed in component form as [223]

[(X,Y](f) = (X70,Y" = Y79; X", f. (4.25)
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Now, let ¢ = a;dx*, then

dop(X,Y) = da;(X)Y" — da;(Y)X

. 8ai kx i 8@1 k vi
= o XY = VY
) : oY ) #0X
(Xk ok (Y — a; X" o k) (Y’“ oo (@ XZ) a ) (4.26)
_x 2 —(a;Y") — Y’“i(a XY — -(Xk —Yk )
Ok Oxk "

= X(o(Y)) = Y(o(X)) = o([X, Y]).

Intuitively, a 1-form can be seen as measuring an infinitesimal oriented length. A 2-form
can be seen as measuring an infinitesimal oriented area. A p-form measures an infinitesimal
oriented p-dimensional volume. There is therefore a natural notion of integrals of p-forms.
In general, a p-form ¢ defined on a manifold M can be integrated on a p-dimensional
sub-manifold of M.

If M is d-dimensional, then the integration of d-forms and 1-forms coincides with
the usual notion of integration in multi-variate calculus. Let U C M with coordinates
' : U — R and let v C U be a 1-dimensional sub-manifold of U, and let ¢ = h;dz’ be a
general 1-form and ¢ = g /\?:1 dxz® a general d-form then

L ¢ = /7 hidx’ (4.27a)
/UQ/J = /Ug/d\da:i = /Ug dxtdx? ... dz? (4.27b)
i=1

where the right-most term in the equalities is the standard multi-variate integral. For
a d-dimensional manifold, a d-form like v is called a wvolume form. If V. C M is a

(p — 1)-dimensional sub-manifold and ¢ is a p-form, then it can be shown that

/ do= [ ¢ (4.28)
14 oV

where OV signifies the boundary of V. Eq. 4.28 is called Stokes’ theorem.
Consider a 1-form expressed locally as ¢ = a;dz’. Under change of coordinates, it

transforms as

a;dr’ = a;

P (4.29)

From Eq. 4.29, it can be shown that d-forms transform as

f/\d:p = (det[ ] )/\d (4.30)
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where g—i; is the Jacobian matrix of the coordinate transformation.

4.2.3 Lie groups

Here we will define and state relevant results on Lie group theory, which will be used
extensively throughout this text. For many of the systems we consider, we will identify
their configurations with elements of Lie groups. Here we will only give a brief overview of
theory. See [221, 224, 225| for a more detailed treatment.

A d-dimensional Lie group is a set G that is both a group and a smooth manifold of

dimensions d, where the multiplication map G x G — G
(g,h) — ghe G (4.31)

and inverse G — G
g9 (4.32)

are smooth maps.

For all Lie groups G under consideration in this text the group elements in GG can be
represented as invertible matrices. In other words, there is a map II : G — GL(V'), where
GL(V) is the Lie group of linear operators with non-zero determinant acting on some
n-dimensional vector space V. Such a map is called a representation of GG. For all Lie
groups there is a canonical fundamental representation g : G — GL(R™), and we will often
identify the image g(G) = G with the Lie group itself. Henceforth, unless explicitly stated
to be otherwise, we will use the shorthand g € G, identifying the Lie group elements in
their fundamental representation with the Lie group elements themselves.

For each element g € G, the left multiplication map L, : G — G is defined as Lyh = gh
where h € G. Similarly, the right multiplication map R, : G — G is defined as R4h = hg.
For maps between smooth manifolds ¥ : M — N, we define its derivative at p € M as the
mapping DV, : T, M — Ty, N given by the formula

DY, (v)(f) =v(fo V) (4.33)

for v € T,M and f € C*°(N). In particular, the derivative of the left multiplication at
h € G is a mapping (DL,);, : T,G — T,,G, which can be shown to be equal to

(DLg)n(X) = gX (4.34)

where X € T;G. For any Lie group G there is an associated Lie algebra g, which is the
tangent space T.G at the identity, where e € G is the identity element. g is thus a vector

space of the same dimension d as GG. For any vector W € g, we can define a left-invariant

111



vector field W defined on each g € G as

W, = (DL)(W). (4.35)

Now let F;, © =1,...,d be a basis for g, then it can be shown that the corresponding left-
invariant vector-fields E; form a global basis for the tangent bundle 7'G. This implies that
the tangent bundle of Lie groups G are isomorphic to the Cartesian product TG = G x g.
Furthermore, it is notable that the global basis is constructed without specifying coordinate
functions on the manifold.

The exponential map exp : g — G relates Lie algebra elements to corresponding Lie
group elements, and for matrix Lie groups this is explicitly given by the matrix exponential.
Intuitively this mapping can be understood by considering the curve v(t) = exp(tV') € G,

where W € g. Differentiating the curve gives us

(1) = exp(tW)W )
= (DLexp(ew))e(W) = W,
The curve 7 is thus a flow-line of the left-invariant vector field .
The Lie algebra g also has a product structure known as the Lie bracket [-,-] : gxg — g
given by
(X, Y]=XY -YX (4.37)

for X, Y € g. To see its relation to the Lie group, we introduce the adjoint action of a Lie

group on its Lie algebra Ad : G x g — g given by
Ad,Y =gYg! (4.38)

for each g € G, Ad, is thus an automorphism of the Lie algebra. Let g(t) = exp(tX), with
Taylor expansion g(t) = I +tX + O(t?). The the infinitesimal action of the automorphism
Ad, can then be found by expanding it as

AdY =Y +[X, Y]+ O(t?). (4.39)

This motivates the definition of the adjoint action of the Lie algebra on itself ad : gxg — g
given by
adyY = [X,Y]. (4.40)

Let E,, a=1,...,d be a basis for Lie algebra g, then the Lie bracket can also be written
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in terms of its structure constants f;. € R

B, By = [GE., a,bjc=1,....d. (4.41)
The Lie algebra can be defined as a vector space g equipped with Lie bracket, where the
latter is fully specified by the structure constants. If GG is connected, then G is exactly
equal to the image of g under the exponential map.! This is known as the Lie algebra-Lie
group correspondence. We thus see that the structure constants encapsulates the full
geometry of the Lie group.
For a d-dimensional Lie group G, with Lie algebra g, a linear map [[/_, TG — g is
a Lie algebra-valued p-form. A general Lie algebra-valued 1-form X : TG — g can be
written as
X = alE,dx’ (4.42)

where E,, a =1,...,d is a basis for g, ' € C*(G), i = 1,...,d are global coordinate
functions on G, and a¢ € C*(G), i,a = 1,...,d are the coefficients of X in this basis.
The exterior derivative of a Lie-algebra valued form can be computed by simply applying
it directly on the scalars in the expression. For example, the exterior derivative of a Lie

algebra-valued 1-form is
dX = E, d(aldz"). (4.43)

Similarly, let Y = b¢ E,dx®, then the wedge product of two 1-forms can be computed as
X AY = E,Eyalt} da' A da’ (4.44)

where F,F), denotes ordinary matrix multiplication. Note that the wedge product of two
Lie algebra-valued forms is not necessarily Lie algebra-valued.

As with Lie group elements, Lie algebra elements can be treated as matrices. For
any Lie group representation Il : G — GL(V), there is a corresponding representation
p:g— gl(V) of the Lie algebra, that are related as exp(p(W)) € II(G) for any W € g.
As with Lie groups, there is a canonical fundamental representation of the Lie algebra as
linear maps gl(R"), and we identify this representation with g itself.

Given the fundamental representation of g, the dual Lie algebra g* is represented as
the set of matrices [225]

g={Y" : Yeg} (4.45)

Mathematically, g* should be seen as the set of linear maps on g, via an inner product
(-,-) : g* x g = R, which we will define in the main text. We will not delve any deeper

into the concept of the dual Lie algebra here, but we will instead let the exposition unfold

'f G is not connected, exp(g) is equal to the sub-group of G that is connected to the identity element
eeG.
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within the main text itself.

The following are some examples of Lie groups:

e The general linear group GL(V) is the set of linear maps with non-zero determinant

acting on a vector space V.

e The positive real numbers R* equipped with multiplication forms an abelian Lie

group, where all elements commute with each other.

e The orthogonal group O(n) which is the space of orthogonal n x n matrices. Its Lie

algebra o(n) comprises the space of anti-symmetric n X n matrices.

e The special orthogonal group SO(n) is the set of matrices R € SO(n) for which
det R = 1. Tts Lie algebra so(n) is equal to o(n).

e The translation group T'(V') is the Lie group of translations on a vector space V. We

denote T'(n) as the group of translations on n-dimensional Euclidean space.

e The special Euclidean group SE(n) is the group of translations and rotations

in n-dimensional space, and can be written as the semi-direct product SE(n) =
T(n) x SO(n).

4.2.4 Homogeneous spaces

Here we give a brief overview of the notion and definition of a homogeneous space.
Intuitively, a homogeneous space X is a set that is a space that ‘looks the same’ everywhere.
For example, spheres are self-similar under rotation, Euclidean space is self-similar upon
translation and rotation, both of which are examples of homogeneous spaces. See [221, 224]
for a more detailed treatment.

Let X be a set and G a Lie group. An action ¢ : G x X — X is a map that satisfies
d(e,z) = x and ¢(g,¢(h,x)) = ¢(gh,x) for all g,h € G and = € X. We abbreviate the
group action as ¢(g,x) = gr. We say that G acts transitively on X if the action is such
that for any pair of elements x,y € X, there exists a group element g € GG such that gxr = y.
If a set X admits a transitive action of a Lie group G, then X is known as a homogeneous
space, and G is called the symmetry group of X.

All homogeneous spaces can be expressed as the quotient of a Lie group GG and a Lie
subgroup H C G [226]. To define this notion, we first define left coset, which is the set

gH = {gh : heG}. (4.46)
Then the quotient space G/H is the set

G/H ={gH : geG). (4.47)
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Common examples of homogeneous spaces are Euclidean space E¢ =2 SE(d)/O(d) and the
d-sphere S" = SO(n)/SO(n — 1).
Given a homogeneous space GG/H, there is a natural projection map 7 : G — G/H
defined as
m(g) = gH. (4.48)

The triple (G, G/H, ) is known as a principal bundle, where G/H is called the base space
and G the total space.

4.2.5 The Maurer-Cartan form

We have seen that the Lie group G can be fully reconstructed using the structure constants
15, of its Lie algebra g. The same geometric information is also contained in its left-
invariant vector fields?> Eq. 4.35, which can be encapsulated using a Lie algebra-valued

1-form called the Maurer-Cartan form w : TG — g, which is defined as
w(v) = (DLy-1)4(v) (4.49)

for any v € T,G. The Maurer-Cartan form thus maps the tangent spaces at any point g
to the tangent space at the identity g.
Let X,Y € g and let vx = (DL,).(X) and vy = (DL,).(Y) be their corresponding

left-invariant vector fields. Then the Maurer-Cartan form satisfies
w([vx,vy]) = [X,Y] (4.50)

where the argument of w on the left-hand side is the Lie bracket of vector fields. Eq. 4.50
can be derived by noting that for any diffeomorphism ¥ : M — N, we have that
DY ([v,w]) = [D¥(v), DY (w)] where v,w € I'(T'M). By recovering the Lie bracket of the
Lie algebra from the Maurer-Cartan form, we thus see that it encapsulates all geometric
information about the Lie group.

From Eq. 4.26 we have that

dw(v,w) = v(w(w)) — w(w)) — w(|v, w]). (4.51)
If v and w are left-invariant, then v(w(w)) = w(w(v)) = 0, and we get
dw(v,w) + w([v,w]) =0 (4.52)

but as left-invariant vectors span the whole tangent bundle, this equation must also hold

2Equivalently, the right-invariant vector fields contains the same information.
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for arbitrary for all vector fields. Eq. 4.52 is known as the Maurer-Cartan equation, and
can be seen as the defining equation for w, and will be instrumental in future chapters.
For the applications in the coming chapters, it is more convenient to work in a matrix

representation of the Maurer-Cartan form, given by
w =g tdg. (4.53)

To explain the above expression, we temporarily reintroduce the distinction between
abstract Lie group elements z € GG, and their matrix representations g(z) € G. Eq. 4.53 is
more accurately written as w, = g(x) 'Dg, where z € G is here an abstract (non-matrix)
Lie group element. To see the correspondence between Eq. 4.49 and Eq. 4.53, we first
note that the derivatives of linear maps W : M — N, defined in Eq. 4.33, is equivalent
to the exterior derivative of a 0-form. Thus dg = Dg, and dg, : T,.G — Tg(gg)é, which is
computed as a matrix of 1-forms. Finally we then left-translate dg to get ¢g~'dg : TG — g.

Finally, we derive Eq. 4.52 in matrix form. We take the exterior derivative of Eq. 4.53

dw = d(g~"dg)
= —(g7'dgg™") Ndg + g~ d*g (4.54)
= —wg~' Adg,
to get
dv+wAw=0 (4.55)

where we have used the fact that dg is a matrix of closed 1-forms, so that d?g = 0, that
the wedge product commutes with matrix multiplication, and d(g~'g) = 0 to find an

expression for dg~!.

4.2.6 Sub-manifolds of homogeneous spaces

The exposition in this section follows closely that of [221]. The Maurer-Cartan form
and the Maurer-Cartan equation are particularly useful when studying sub-manifolds of
homogeneous spaces. If M C G/H, let & : W — M be a differentiable map, where W

is some n-dimensional manifold, where T" is the n-dimensional torus, for some n. The
pullback bundle ®*G of the principal bundle 7 : G — G/H is defined as

G ={(u,9) e WxG : d(u)=7(9)}, (4.56)

116



i.e. *G is a principal bundle over W, such that its fibre over u € W is equal to the fibre
of G over ®(u) € G/H. ®*G has the map ¢ : &*G — G

b(u,9) =g (4.57)
A lifting ® : W — G is a map that satisfies
(mo®)(u) = P(u), Yu e W. (4.58)

In subsequent chapters, ® will be identified with the space-time kinematic configura-
tion of a system, and the lifting ® a G-valued field on W that reconstructs ®. The
homogeneous space G/H is then the kinematic configuration space of the system, and
W = (time domain) x (material domain) will be referred to as the kinematic base space. To
make this analogy explicit, consider a Cosserat rod with material coordinate u € [0, Lo| and
temporal coordinate ¢ € [0,7], then W = [0, 7] x [0, Lo| and ®(¢,u) is the (G/H-valued)
configuration of the material point u at time ¢. The manifolds [0, Ly] and [0, 7] will be
called the material base space and the time domain respectively.

Similarly to how the Maurer-Cartan form can be shown to contain the geometrical
information of a Lie group G, we will now also show that it can play a similar role for
. Let @ : W — G be a differentiable map and let £ = d*w be the pull-back of the
Maurer-Cartan form onto W. As w : TG — g, we have that £ : TW — g. To derive the

matrix expression for £ we note that for any v € T,WW and u € W we have

£(v) = 'w(v) = w(DP(v)) = (DL~ )i (D2(v))

L (4.59)
= O(u)” (DP)y(v)
where the definition of the Maurer-Cartan form Eq. 4.49. We can thus write
£=31dd
(4.60)

=g 'dg, g€ W)

where used D® = d®. The following lemma will show that all information in @ is

encapsulated by &, up to global transformations ¢ € G.

Lemma 4.2.1. Let W be an n-dimensional smooth manifold, and let <I>1, (132 W — G be
two differentiable maps, and & = <I>;-‘ , 1 =1,2. Then there exists a g € G such that

Dy (u) = gPy(u), YueU (4.61)

if and only if & = & where w is the Maurer-Cartan form of G.

Proof. The following is a reproduction of results in [221], but where we have relaxed the
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condition that dim(W) = n < dim(G/H), to allow for arbitrary n. There exists a function
f W — G such that
®y(u) = f(u)Py(u), YueW. (4.62)

Differentiating the above, we get
d®, = df Dy + fdD, (4.63)
Thus we have . y 3
£ = Olw = & 1dd,
= &)fl(dféz + fdd,)

. - - . (4.64)
= Ol df Oy + O f DD, D,
= & df Dy + &,
from which it follows that & = & if and only if df = 0. m
The same steps taken to derive Eq. 4.54 can be repeated to find that £ satisfies
dE+ENE=0. (4.65)

which are in this context also sometime referred to as the Maurer-Cartan equations. More
precisely, they can be seen as the pull-back of the Maurer-Cartan equations on to W. The
above lemma, along with Eq. 4.65, are the corner-stones of the general kinematic theory
of directed continuum materials, whose kinematic configuration space is a Lie group or
homogeneous space, which we will develop in the subsequent chapters. It tells us that all
geometric information in ® is encoded in &, subject to global transformations Eq. 4.61,
and furthermore that £ is invariant under said transformations.

In Cartan’s theory of moving frames, the Maurer-Cartan form is utilised to establish
the equivalence of sub-manifolds of homogeneous spaces [221, 227-229]. For a given
homogeneous space G/H, d-dimensional sub-manifolds can be characterised by a set of
differential invariants, which are scalar functions defined on the sub-manifold. These
differential invariants capture the intrinsic geometry of the sub-manifold, and are invariant
under transformations in H. For example, space-curves 7 : [0,1] — R?® can be seen as
sub-manifolds the homogeneous space SE(3)/SO(3) = R3. Any such curve is uniquely
determined, up to global rigid-body rotations in SO(3), by its torsion 7(u) and curvature
k(u), where u € [0,1]. The equations that recover « from the two scalar differential
invariants are the celebrated Frenet-Serret equations. In the language of physics, such a
space curve is called a filament, and will be treated in Ch. 5.

However, the relevance of the above results go beyond being a mathematical nicety. In
simulations, working directly with Lie group-valued objects like ® can be impractical. As

all Lie groups G will in practice be represented as a sub-Lie group of GL(R™*"), numerical
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errors will in general take values in the space of n-by-n matrices. Let h € R™*" represent
the error accrued in a single time-step, and let g € G represent the current state of a
simulation. Then it is clear that g + h € G in general. This is inherently due to the
non-linearity of the space G. In the later chapters, we will instead use the Mauer-Cartan
form to formulate the kinodynamics of sub-manifolds of GG in terms of its Lie algebra g.
The state of the system thus take values in a linear space, as do the errors, which ensures
that in simulations the system never falls out of the correct space.

We have considered a map ® and showed its relation to the pullback of the Maurer-
Cartan form £. In applications we will most often have some ¢ : W — g and then

reconstruct its corresponding ®. From Eq. 4.60, we have
dd = PE. (4.66)

This is a matrix ODE that can be solved numerically.

Note that for many systems the kinematic configuration space will be an entire Lie
group G (e.g. a Cosserat rod), rather than a homogeneous space G/H (e.g. a filament,
without a material frame). In this case we can use that G = /e and all of the above
will still apply. Consequently, we must have ® = ® as G = G /H. Conversely if H is not
trivial there is an infinite dimensional space of admissible ® for a given ®. This latter fact

will later be described as a gauge freedom in the kinematic description of the system.

4.2.7 Notation

The set of positive real numbers is denoted R, the set of m x m matrices as R™*™ and the
set of positive definite matrices as R"*™. We will denote 3-dimensional Euclidean space as
R3. We will adopt two different sets of notation for elements of Euclidean space. Bold-face
vectors v € R? denote vectors in a spatial frame of reference. We write the corresponding
vector in a mowing frame of reference as ¥ € R3. An example of a moving frame is a
time-dependent basis E : [0, T] — R**3 of orthonormal triads E(t) = (e (t) ex(t) es(t)),
such that F(t) is a basis for R? at any given time t. Now, any vector v € R? can then be
expressed as v = v;e;, where v; = vle;, i = 1,2,3. In other words, v; are the components

of v in the moving basis, and we will succinctly write this as
v = Ev, (4.67)

where ¢ : [0, 7] — R? is now in general a time-dependent vector. Throughout this text,
Eq. 4.67 will be used to transform between the spatial and moving frames. In the context
of rigid bodies and Cosserat rods, the moving frame will often be referred to as the body

frame of the system, as F will in these instances be identified with their orientation.
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Correspondingly, let B = (b; by bs) be a fixed basis for R®. Then we may resolve any

vector as v = 9;b;, where 0; = vl'b,;. Analogously, we may then write
v = Bv (4.68)

where we have introduced the notation @ = (9, 0y ¥3)7. Thus, for any vector v € R3, we
have that v = Bt = E¥. Throughout most of this chapter we will let B = 133, such
that v = 0. However, we will briefly suspend this identification in the beginning of our

exposition in Sec. 5.1.

4.2.8 Vector and matrix operations

We conclude the mathematical preliminaries with a list of some useful vector and matrix
operations, that will be used frequently throughout this part of the thesis. In three-
dimensional space, there is a natural isomorphism between 3-vectors and anti-symmetric
3 x 3-matrices. This isomorphism is known as the hat map. For a vector 7 € R3, the

corresponding anti-symmetric matrix v is defined as

0 —7V3 Vo
TA] = (%] O —U1 . (469)
—V2 U1 0

Conversely, for a given anti-symmetric matrix b € R¥3, we denote the inverse hat-map as
U, given by
b= (bsy byg byy)" € R®. (4.70)

Further, we identify anti-symmetric matrices b as elements of the Lie algebra s0(3) of
orthogonal group in 3-dimensions in the fundamental representation.

The fundamental matrix representation of an element Y € se(3) of the special Euclidean

Y = (9 6f> (4.71)

where @, € R? and 0 € R3, and we write this in short-hand notation as Y = {a;m}.

transformations in 3-dimensions as

Similarly, for Z € se(3)*, we write

Z = {b:i}* = (9 gT) . (4.72)

0 n

Throughout the text we will often differentiate scalars with respect to vectors and matrices.
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We carry out matrix derivatives using the numerator-layout convention. For any scalar
function y : RP*?7 — R, with matrix arguments X € RP*? which we write as y = y(X), its

derivative is

9y 9y 9y
0X11 0X21 e 0Xp1
P Oy 9y 9y
) _ 0X12 0Xoo =~ °° 0Xp2 (4 73)
0X :
Oy 9y Oy
0X1q 0X2q ~°7° 0Xpq

For any scalar function y : RP*?9 — R, with vector arguments # € R¢, which we write as

y = y(Z), its derivative is

Oy
Ox1
9y
dy Fr
29 _ 2 4.74
oE: : (4.74)
Oy
Oxp
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Chapter 5

Cosserat rod models and geometric

mechanics

We begin our study of geometric mechanics with the Cosserat rod. At any material point
along its length, we will identify the configuration space of the material point with the
group of translations and rotations of three-dimensional Euclidean space SE(3). We then
use the Lie group-Lie algebra correspondence to construct a Maurer-Cartan form £ that
encapsulates the kinematic configuration of the Cosserat rod. By imposing integrability
conditions on &, we find kinematic equations of motion defined on the Lie algebra. The
dynamical equations of motion are then found using the FEuler-Poincaré theorem. For
general non-conservative and non-constitutive dynamics, we derive the dynamical equations
of motion from a generalised Lagrange-D’Alembert principle. The result is a formulation
of the kinematics and dynamics of a Cosserat rod in terms of its intrinsic geometry.
Borrowing a term from robotics, we call the combined study of kinematics and dynamics
kinodynamics [89, 90]. The formulation of conservative and constitutive kinodynamics of
a Cosserat rod have been presented previously in [85-88]. In Sec. 5.3 we then illustrate
the usage of the Cosserat rod in physics in some example settings. In Sec. 5.4 we study
filaments, which are formulated as Cosserat rods under kinematic constraints. These are
also known as Kirchhoff rods [74-76]. The results presented here on the filament, as well
as the Cosserat rod, will serve as paradigmatic examples of the generalised geometrised
mechanics which is the main topic of discussion in Ch. 6.

Before we study the kinodynamics of Cosserat rods, we first consider the case of a free
rigid body which undergo translations and rotations. We will begin by formulating the
Lagrangian mechanics of the rigid body, expressing it in terms of its kinematic configuration
space SE(3). We then construct a reduced Lagrangian density that take values in the
corresponding Lie algebra se(3). The canonical example of this procedure is the rotating
free rigid body [92, 230, 231], which we here generalise to include translation. We can

consider the rigid body, which is a finite-dimensional system, a ‘Cosserat point’. Therefore,

123



Figure 5.1: Illustration of the mapping from the reference configuration F; to the current
configuration F(t) of a rigid body. The configuration of the rigid body is specified via a
translation of the center-of-mass r (green), and rotation R (red), relative to a reference
configuration with a center-of-mass located at 0. Material points X in the reference
configuration are thus mapped to x(X) = r + RX. An observer that sits on the rigid body
and moves with it will have a frame E = (e; e, e3) (blue), which rotates relative to the
fixed frame of a still observer B = (by by bs) (orange) as F = RB.

it will serve as a useful foundation for the study of Cosserat rods.

In the main, this chapter serves as a pedagogical introduction and stepping-stone
towards the generalised framework presented in Ch. 6. However, we will nevertheless
present a number of original contributions. The geometric mechanics of Cosserat rods in
the conservative and purely constitutive case has been formulated previously in [85]. In
Sec. 5.2.2 we present a generalised Lagrange-D’Alembert principle for both non-constitutive
and non-conservative dynamics. In Sec. 5.4, we connect the literatures of Cosserat rods
with filaments. The geometric formulation of the kinodynamics of the latter is well-known
[232], and here we show how this formulation can be derived by kinematically constraining

a Cosserat rod.

5.1 Geometric mechanics of a rigid body

We consider mechanics in R?, starting from the point-of-view of some observer with a
fized or spatial frame B = (b; by bs) € R3*3. As we are working in Euclidean space, we
will make use of the isomorphism R?® =2 TR3. Let M C R3 be the reference configuration
of a rigid body, let X € M denote the material coordinates of M, and let py (X) be the
mass density per unit material volume of the rigid body at X. We define the material
coordinates to be in the centre-of-mass frame, such that [, py (X)X;d°X =0, i =1,2,3.

At time ¢ the location of the material point at X is given by x(X, ). The latter can
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be related to the former as
x(X,t) =r(t)+ Rt)X, XeM (5.1)

where r(t) is the location of the centre-of-mass and R(t) is the rotation of the rigid body

relative to its reference configuration. Now consider the second term in Eq. 5.1,

where e; = Rb; is the moving or body frame, which we write as £ = (e; ey e3) € R3*3
and satisfies F = RB, and is illustrated in Fig. 5.1. The configuration of the rigid body

can thus be written as a matrix
1 o7
F(t) = (5.3)
r(t) E(t)

and we can relate it to the reference configuration as

F(t) = Fo®(t) (5.4)
1 of
Fy = 5.5
; (O B) (5:5)
is the reference configuration and

1 o7
o) = (BTr BTR(t)B> (5:6)

is for each ¢ € [0, 7] an element of the special Euclidean group SE(3) of translations and

where

rotations. We will thus henceforth identify the configuration of the rigid body with ®, up
to a global rotation of Fj.

The form of Eq. 5.6 merits some explanation. BTr can be seen as the component of
coefficients of r expressed in the fixed frame B, and BT RB is then the rotation R in that
same basis. We therefore introduce the notation o = BTv for vectors v € R?. Similarly

we write
v=FETv (5.7)

where ¥ is a vector v € R3 expressed in the moving frame F, with components v; = e; - v.
We thus have that v = v;e; = 9;b;.
We now derive the kinematic equations of motion of the rigid body, parametrised as a

point () in the Lie group SE(3). The ‘velocity’ of the rigid body is ®(t) € Ty SE(3),
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a vector in the tangent space at ®(t), which incorporates both the translation of the
centre-of-mass and the rotation of the frame. As SE(3) is a Lie group, there is a natural
map from T SE(3) to its Lie algebra se(3) = T,SE(3) by left (or right)-translation

PP = N € se(3) (5.8)

where & := 9,®. Equation 5.8 allows us to express the kinematics of the rigid body in
terms of generalised velocities all taking values in the same Lie algebra. Equation 5.8 is an
ordinary matrix differential equation and can be solved to find ®(¢) given a velocity N(t).

We now derive the kinematic equations of motion of the rigid body in terms of more
familiar quantities. Let V be the translational velocity of the center-of-mass, and O the

angular velocity of the rigid body, expressed in the moving frame basis. We write NV as

0 07
N = (‘7 Q) (5.9)

where Q) € 50(3) is the angular velocity under the hat-map Eq. 4.69, which is the
isomorphism between 3-vectors and 3 x 3 antisymmetric matrices, and where so(3) is the
Lie algebra of the special orthogonal group SO(3). We can see N as a generalised velocity,
defined on the Lie algebra. The inverse of Eq. 5.6 is given by

o1 — 1 o7
~ \—-BTRTy BTRTB)’ (5.10)

We now evaluate the left-hand side of Eq. 5.8 to get

¢l =F1F = 0 0" .
BTRT+ BTRTRB

_ (5.11)
(0 07
ETt ETE
Equating Eq. 5.9 and Eq. 5.11, we get the kinematic equations of motion
r=V (5.12a)
E = E. (5.12b)

which describes the translational motion of the centre-of-mass and the rotation of the

126



frame F, respectively. Equation 5.12b can also be written as

& = el (5.13)
= x e;.

where 2 = Q;e;. Eq. 5.13 provides a clear interpretation of the angular velocity. At time
t the ith component of the angular velocity in the moving frame ;(¢) gives the rate at
which the rigid body rotates around the axis e;.

We note that the derivations above would simplify to some extent if we let the fixed
frame equal the identity matrix B = 1, in which case £ = R. In this section we will keep
the distinction so as to make the distinction clear between the moving frame E and the
fixed frame B. It is clear that F (and JFy) could also be considered Lie group-valued, and
indeed ®'® = F~1F. In the subsequent section we will make this identification.

We will now consider the dynamics of the rigid body. We will start with the FEuler-
Lagrange equations defined on the Lie group, and then show the corresponding action

principle defined on the Lie algebra. The kinetic energy of the rigid body is given by

1

K@) =5 | A EORKEOPy (5.14)

which is here written explicitly as a function of ®. To see this note that

(1) =707 (x)
= FodF; (5.15)
X X

and so x can be seen as a function of ®. The dynamical equations of motions of a free

rigid body with Lagrangian density L : SE(3) x TSE(3) — R
L(D, D) = K(D) (5.16)

are found by invoking Hamilton’s principle

5/T,c<<1><t), B(#))dt = 0 (5.17)

under variations ®(t) — ®(t) +0P(t), where 0P(t) is a variational test function which must
vanish at the temporal boundaries, and where T' is the upper-bound of the time-domain
considered. The resulting equations of motion will be second-order equations for ® in time.
This formulation is often undesirable, as in numerical simulations errors accrue such as to
push @ out of the sub-manifold SE(3) C R***. We will next formulate the corresponding

equations of motion on the Lie algebra instead.
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We have that . .
K@) = gmlif + 5 [ o OIRXPEX (5.18)
M

where we have used that [, pif (X)Xd*X = 0. Now, since

S

|RX| = |EBTX| = |EX| = |[ETEX| = |QX] = |0 x X] (5.19)

we see that the rotational kinetic energy is a quadratic form in terms of the angular velocity

Q. Furthermore, as |i| = |V| we can write

where I € R3*3 is the moment of inertia tensor, which is, unless the body is incidental to
a line, positive-definite. Eq. 5.20 is now a function of the Lie algebra-valued N € se(3).
We define the reduced Lagrangian density ¢ : se(3) — R

((N)=K(N) (5.21)
which coincides with the regular Lagrangian density £(®,®) = ¢(N) when ®~'® = N. To

find the corresponding Hamilton’s principle

5/T ((N)dt =0 (5.22)

defined on the Lie algebra, we identify the space of admissible variations ¢ N in terms of

the variations on the Lie group-level 6®. We vary Eq. 5.8 to find
ON = —d~150P 1D + 15, (5.23)

where we used §(®® 1) = 0 to find §®~1. We define the variational test function n = ®~16®,
which satisfies 1 = —Nn + &~16d. We get

0N =1+ [N,n] (5.24)
=1+ adyn.

As we will compute the corresponding variational principle for the Cosserat rod in the
subsequent section, we will not go through the detailed derivation here. If the variation

Eq. 5.22 is computed using Eq. 5.24, the resulting equations of motion are

dor_ .o

where ad}, : s¢(3)* — se(3)* is the dual of the adjoint action, defined on the dual se(3)*
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to the Lie algebra, and 38_16 is the matrix partial derivative which is carried out as in
Eq. 4.73. Equation 5.25 is the result of the Euler-Poincaré theorem [92, 93, 93], and is
also thus referred to as the Fuler-Poincaré equation. Further details, and its derivation in

the continuum case, will follow in the subsequent sections. Evaluating Eq. 5.25 leads to

<t
I

V x Q (5.26a)

=
OB
Il

I x €. (5.26D)

Eq. 5.8 and Eq. 5.26 together fully specify the kinodynamics of the free rigid body
respectively. Note that Eq. 5.26 is expressed in the moving frame, and reduces to V=0
and © = 0 in a non-moving frame.

We will now briefly consider the case of a rigid body under the influence of an external
force. As the more general case of a continuum of rigid bodies will be treated in the
following section, we will leave out many mathematical details, and only state some results
here to preface the results that will follow.

External forcing of the rigid body can be included by considering the more general

Lagrange-D’Alembert principle [92], which is, in integral form
T . T .
5/ L(D,D) dt+/ (T(®,®))(0P)dt =0 (5.27)
0 0

where £(®,®) is the Lagrangian density of the free rigid body, and 7 € T*SE(3) is a
covector, where its argument is the variational test function d®. 7T is here a generalised
external force on the rigid body, containing both the force and the moment applied on the
rigid body. As shown in [233], Eq. 5.27 in reduced form leads to

5/Te(zv) dt+/T<T, nydt = 0 (5.28)

where T is the generalised external force pulled-back onto the dual Lie algebra se(3)*, n
the variational test function defined on the Lie algebra, and (-, -) : se(3)* x se(3) — R is
an inner product. If we let the f and m be the external force and moment respectively,

the resulting equations of motion are

V=VxQ+f (5.29a)
16 = 163 % 6 + 1. (5.29b)

In the following section we will generalise these equations of motion for the Cosserat rod.
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Figure 5.2: Illustration of the mapping from the reference configuration Fy to the current
configuration F(u) of a Cosserat rod. The configuration of a Cosserat rod is specified by
the center-line r(u), u € [0, Lo] and a rigid body cross section attached at each wu, related
to a reference configuration Fy, via translation (red) and rotation (red) respectively.

5.2 Geometric Cosserat rod mechanics

5.2.1 Cosserat rod kinematics

General Cosserat media can be described as a micro-structured sub-manifold of Euclidean
space. At each point-continua on the sub-manifold n directors are attached, where each
director can in general vary in both magnitude and direction independently. The special
Cosserat rod is an example of a Cosserat system where the one-dimensional continuum
body is called the center-line r(u), with two orthogonal directors at each material point
u € [0, Lo], where Ly is the rest length of the rod, that are constrained to be inextensible
(constant magnitude) and orthogonal. Equivalently, we can thus see the special Cosserat
rod as a connected string of rigid body cross-sections. These cross-sections are represented
as orthonormal frames we call the material frames E(u) = (e;(u) ea(u) es(u)), which
rotate relative to each other along the material coordinate w. A pair (r(u), E(u)) is known
as a trihedron. See Fig. 4.1 for an illustration.

We will show that the kinematic configuration space of the Cosserat rod is the Lie
group of special Euclidean transformations SE(3), and then proceed to formulate its

kinematic equations of motion on the corresponding Lie algebra se(3).

Lie group—Lie algebra correspondence

The center-of-mass of the cross-section at u is given by r(u), and its orientation is specified
by the material frame F(u) = (e1(u) ex(u) es(u)), which is an orthonormal triad. As F
is a basis for E?, the vector of components in the material frame basis © = E7v will be

said to be expressed in the moving frame. The configuration of the Cosserat rod is thus
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specified by the center-line and material frame, which we write as

1 0"
Flbu) = (r(t, W B, u).> (5.30)

We can relate rod configurations to a reference coordinate system as

F(t,u) = Fod(t, u) (5.31)

1 of
A () .

is the reference coordinate system, and ®(¢,u) € SE(3) is the transformation between the

where

two. See Fig. 5.2 for an illustration. In contrast the previous section, here we set the fixed

frame to B = 13«3, to simplify the notation. Such that Fy = 1444 and

1 o’

2bu) = E) = (r(t W) E(t,u)

) € SE(3). (5.33)
where we have introduced the short-hand notation ® = (r; E') for SE(3) elements. We thus
have that F(t,u) = ®(¢,u), and we will henceforth identify the Cosserat rod configuration
with the group element ®(t,u). The kinematic motion of the Cosserat rod can thus
be fully specified by a space-time sheet ®(t,u) € SE(3) in the Lie group of special
Euclidean transformations. In other words, the spatio-temporal configuration of the
Cosserat rod can be described as a 2-dimensional immersion N C SFE(3), defined by the
map ¢ : W — SE(3), where we call W = [0,T] x [0, Ly] the kinematic base space, and
N = ®(W). Therefore we call SE(3) the kinematic configuration space of the Cosserat
rod, and ® the spatio-temporal configuration of the system. In other words, .4 can
be seen as a ‘sheet’ in SFE(3), and is parametrised by the function ® : W — 4", The
manifolds [0, Lo] and [0, 7] will be called the material base space and the time domain
respectively. Furthermore, we may draw a distinction between the internal configuration
space SO(3), corresponding to the material frame, and the external configuration space
E3 = SE(3)/S0(3), corresponding to the center-line.

At a point ®(¢,u) € A, we can consider velocities in the temporal and spatial directions

O(t,u) and ¥'(t, u) respectively. Thus by differentiating the map ® we get a vector field
dd = ddt + O'du (5.34)

as discussed in Sec. 4.2.5, where d®(t,u) € Tpu)A for all (t,u) € W. Here it is worth

clarifying a technical point to avoid confusion. Although we say d® is a vector field on
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N, we have written it as a 1-form on the kinematic base space W. These two notions
are compatible. Precisely, d® is a T A -valued 1-form on W. This is intuitive, as we
would expect velocities and spatial rates-of-change on a continuum system to be ‘densities’
with respect to t and u respectively. Therefore, vector fields on the Cosserat rod are
vector-valued differential forms.

Via left-translation, we can relate d® to a se(3)-valued 1-form on W
£=01dd (5.35)

where £ = ®*w, the pull-back ®*w of the Maurer-Cartan w form, as discussed in Sec. 4.2.6.
¢ contains all geometric information contained in ®, up to rigid body transformations, and
as a Lie algebra-valued object, & will turn out to be easier to work with than ® or d®. In
what follows, we will formulate the kinematics of the Cosserat rod entirely within the Lie

algebra using &.

Kinematic equations of motion

Equation 5.35 shows how to construct £ from the Lie group function ®. For our purposes it
will be more relevant to go the other direction: Given a &, is there a corresponding ®7 The
answer can be formulated in terms of integrability. As a motivating and intuitive example
from multi-variate calculus, consider a vector-valued function F : R?® — R3. There exists a

potential U : R® — R such that F = —V - U if and only if the differential ¢ = 2£da? is

exact. In R?, and for Lie groups, this is equivalent to! d¢ = 0. In Sec. 4.2.6, we showed
that there is a ® for which the right-hand side of Eq. 5.35 holds true if and only if
dE+ENE=0. (5.36)

This is an integrability condition on &, and is a Maurer-Cartan equation on the sub-
manifold 4. As we will show, Eq. 5.36 is in fact a concise expression of the kinematics of

a Cosserat rod. We expand £ in terms of its temporal and spatial components
¢ = Ndt+ Xdu (5.37)

where X (t,u), N(t,u) € se(3), which we write as

L 0 07
X ={0:7} = (q ) (5.3%a)
0 7

N={V:Q} = (9 6?) (5.38D)

IThis is known as the Poincaré lemma and holds true locally for arbitrary manifolds.
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Figure 5.3: Depicts the rate-of-change along u of the material frame located at r(u) (dashed
line). The spatial derivative of the center-line (solid black line) at u is @(u) = r'(u) (yellow
arrow), and 7, mp and 73 is the angular rate-of-change of the material frame around e;
(red), e, (blue) and e (green) respectively. The analogous description holds true for V
and Q, but in time ¢ rather than material coordinate w.

where 5(15, w), 7w(t,u), V(t, u), ﬁ(t, u) € R3 are vectors expressed in the material frame basis,
and where we have introduced the notation X = {5, 7} as a shorthand for matrices like
Eq. 5.38a. We will call X the spatial reconstruction field and N the generalised velocity

field. Following a similar derivation as in Eq. 5.11, we find

O 1dd = 0 07 (5.39)
 \ETdr ETdE]’ '

From Eq. 5.38 we then find that

dr = e;Vidt + e;0;du (5.40a)
dej = eZQUdt + eﬁrijdu (540b)
which we can also write as
dr = Vdt + 0du (5.41a)
dE = EQdt + Erdu. (5.41b)

We can thus identify V = EV = & as the translational velocity of the center-line,

0 = E0 = O,r as rate-of-change of the center-line along the material coordinate, and from
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Eq. 5.40b it follows that

éi =0 x €; (542&)
e, =7 X e (5.42b)

where €; := 0,e; and €, = 0,e;, which show that 2 = EQ and = E7 are the temporal
and ‘spatial’ angular velocities of the material frame respectively. The spatial part of
Eq. 5.40 is illustrated in Fig. 5.3. We can thus see IV as a generalised velocity in the Lie
algebra. Equation 5.40b also shows how derivatives of vector functions v(¢,u) can be

expressed in terms of ¥(¢,u) in the moving frame basis. We have

dv = d(eﬂ)i)
= €; dl)i + dei V;
(dve) + (dey) . (5.43)
= E(dv) + (E7 + EQ)v;
= E(D,7 dt + D, U du)
such that ETdv = D,¥ du + D,v dt, where
Dy =8, +Q (5.44a)
D,=0,+7 (5.44b)

are the spatial and temporal material derivatives respectively. We thus have that ETv/ =
D,0 and E'v = D,%.

For a given spatio-temporal velocity field N(¢,u), Eq. 5.36 imposes a condition on the
spatial reconstruction field X (¢,u). The resulting equations are the kinematic equations
of motion. Substituting Eq. 5.37 into the left-hand side of Eq. 5.36

dE +ENE = N'dt Adu+ Xdt Adu-+ XNdt Adu+ NXdt A du

. (5.45)
= (X = N'+ [N, X])dt A du,
we get
X =D,N, (5.46)
where we have defined
D, =0, +adx (5.47)

which we will call a generalised material derivative. Equation 5.46 is the kinematic equation
of motion for the Cosserat rod, which expresses the evolution of the spatial configuration

X, in terms of the generalised velocity N. To express the kinematics in terms of the
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non-generalised velocities, we substitute Eq. 5.38 into Eq. 5.46 to find

ST
I
<t

Dy
2

(5.48a)

D,
D%, (5.48D)

=1l
I

which are equivalent to Eq. 5.46 and are the kinematic equations of motion expressed in
the moving frame.

In the spatial frame, the corresponding equations are

F=V (5.49a)
& =Qxe (5.49D)

From the numerical standpoint, the benefit of Eq. 5.48b over Eq. 5.49b is clear. Errors in
integrating the latter can in general lead to |e;| # 1 and e; - e; # 0, whilst by errors in
Eq. 5.48b are by construction Lie algebra-valued. In other words, errors in Eq. 5.49b accrue
in R3*3, whilst errors in Eq. 5.48b accrue within the Lie group itself. Mathematically, this
is due to the fact that Eq. 5.46 is defined on the linear space W x se¢(3), as opposed to
Eq. 5.49 which is defined on the non-linear space G x T'G.

We should see, Eq. 5.46, or equivalently Eq. 5.48, as an integrability condition on X
and N. The latter is a generalised velocity, and the former can be seen as the generalised
‘strain’ of the system. The latter will evolve in time as a response to the former, and the
non-linearities of Eq. 5.46 fundamentally stem from the non-linearities of the geometry
of the Cosserat rod (that is, SE(3)). The specific manifestation of this non-linearity is
contained in the adjoint action ad : se(3) — se(3). Unpacking the adjoint led to Eq. 5.48.
The price of expressing the kinematics of the Cosserat rod in terms of its intrinsic geometry
are the geometric non-linearities of the covariant derivatives D; and D,,, which account for
the rotation of the material frame along ¢t and u respectively. Transforming these into the

spatial frame, we find the more easily interpretable Eq. 5.49.

Types of deformations

Fig. 4.2 shows the various types of deformations that are kinematically possible for the
Cosserat rod. Here we will describe how these deformations are encoded in § and 7. Since
6 = r’ we have that if §(u) o (1 0 0) then the material frame at u, pointing in the direction
e;(u) is aligned with the center-line. We thus see that 0 measures the shear of the rod.
Note that this is because 6 is expressed in the moving frame; @ does not contain any
information about the shear.

Twist is the rotation of the material frame around e, and the rate of twist along the

material coordinate is given by ;. Similarly, the rotation of the material frame around e,
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and e3 are given by 7o and 73 respectively, as depicted in Fig. 5.3.

In a non-moving frame the bending of the center-line is encoded in r, likewise 6. In the
moving frame it is encoded in both g and 7 simultaneously. For instance, if g is constant
along u and 7y or 73 are non-zero along w, then the rod is bending.

In general velocities V will cause the Cosserat to eztend. Locally, the extension is
described by the scalar h(u) = |r/| = |4], which can be seen as the square root of the
metric on the center-line induced by the Euclidean metric on R3. Using h we can define
an arc-length coordinate as

ds = h(u)du (5.50)

which relates the arc-length increment ds to the material length increment du. In the

arc-length parametrisation we thus have | 2| =1 for all s € [0, L] where

Lih(u)] = /0 () du (5.51)

is the total arc-length of the center-line. h(u) thus measures the local extension of the rod,
where h(u) = |f] = 1 indicates that the rod is not suffering an extension at w.
We define a unit-vector tangent to the center-line t = 0/|6|. The curvature of the

center-line is then a scalar defined as
k= |t'|. (5.52)

In the literature it is more common to define the curvature in terms of the arc-length

parametrisation, which we write as & = |0,t| = |0°r|.

Reconstructing the Cosserat rod from ¢

Solving Eq. 5.46, for a given velocity N, yields the Lie algebra-valued 1-form & which
contains, in infinitesimal form, information from which the Cosserat rod F can be recon-
structed. Firstly, recall that we can reconstruct ®, the representation of the Cosserat rod
as a space-time sheet in the Lie group, from ¢ using Eq. 5.35. Secondly, from Eq. 5.31
we note that ®1d® = F~'dF. Therefore we can reconstruct the Cosserat rod from & by
solving the equation

dF = F¢. (5.53)

We will now put the above into a form solvable as a matrix ordinary differential equation.

By expanding F~'dF into its components, and from Eq. 5.37 we find that

FlF =X (5.54a)
FlF=Y (5.54b)
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For fixed ¢ = t and given initial conditions Eq. 5.54a can be used to find F(¢,u) for
u € [0, Lo, and for fixed v = @ and given initial conditions Eq. 5.54b can be used to find
F(t,u) for t € [0,T]. We can therefore trace out and reconstruct F by repeatedly solving
Eqgs. 5.54a and 5.54b. Due to Eq. 5.36, which ensures that dF is an ‘exact’ differential,
the resulting spatio-temporal configuration is invariant with respect to the particular path
in (¢, u)-space taken to reconstruct it. Therefore, a suitable scheme to reconstruct F is to

first reconstruct the Cosserat rod in time along u = 0 by solving
F(t) = Ft)F (1), (5.55)

with initial condition F(0) = F*, where the latter corresponds to choosing values for
r(0,0) and E(0,0). Secondly, for any given time ¢ = ¢ we can reconstruct the Cosserat rod
in space by solving

F(u,t) = F(u, t)F(u,t), (5.56)
with initial condition F(0,%) = F(f). See Appendix C.1 for a detailed description of the
numerical algorithm.

Closed Cosserat rods

Thus far we have considered open Cosserat rods, for which r(0) # r(Lg) and E(0) # E(Ly).
For closed Cosserat rods the material coordinate u € [0, Ly] is periodic in its domain, and
the center-line and material frame must also be periodic and continuous in u. Although
seemingly complicated, the following derivations will result in showing that the case of a
closed Cosserat can be in practice treated equivalently to an open Cosserat rod.
A closed rod implies that
X(0) = X(Ly). (5.57)

However, Eq. 5.57 is only a necessary, but not sufficient, condition for the rod to close.

The sufficient condition is for the constraint
F(0,t) = F(Lo, ) (5.58)

to hold for all ¢. This is an integral constraint on X, as formally we can write

F(Lo,t) = F(0,t)% exp {/LO Xdu} (5.59)

where %/ denotes a u-ordered integral. The integral constrain on X is therefore

U exp {/OLO Xdu} = 1. (5.60)
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However, if N is a smooth function of u, the kinematic equations of motion will preserve
Eq. 5.60. This means that if the rod is initialised to obey Eq. 5.60 at ¢ = 0, it will continue
to do so for all t. In practice, in order to simulate a closed filament we must thus first
construct a periodic F(u,0), and then use Eq. 5.54a to find X (u,0) that obeys Eq. 5.60.

5.2.2 Cosserat rod dynamics
Constitutive dynamics

Thus far we have considered the Cosserat rod abstractly as a sub-manifold of SE(3).
Physically, we can see the the Cosserat rod as a kinematic approximation of a deformable
and slender three-dimensional rod. Let M = 2x 0, Lo] C R? be the reference configuration
of such a rod, where 2 C R? is the cross-section of the slender rod and is of arbitrary
shape. Let X € M denote the material coordinates of M, such that X; € [0, Ly| and
(Xo, X3) € 2 and for simplicity let pj be a constant mass density per unit material
volume at each X. At time ¢ the location of the material point at X is given by x(X, ),
which are the deformed coordinates. We define (X3, X3) to be in the centre-of-mass of the
cross-section, such that f@ X, dXodX3 =0, v=2,3.

The Cosserat rod models the slender rod under the kinematic assumption that the
material fibres that run radially from the center of D to its edge are fixed. In other words
we impose that

x(X,t) =r(t,u) + X e (t,u), v=2,3 (5.61)

where r(t,u) is the center-line of the rod and where u = X; is the material coordinate
along the center-line. The three-dimensional rod has thus been replaced with the Cosserat
rod, which only has one spatial dimension. In this coarse-graining, the two missing spatial
dimensions have been replaced by rigid body cross-sections attached at each u € [0, L],
with orientation specified by the two directors e; and ejs.

As in Sec. 5.1 we formulate the dynamics of the Cosserat rod via a Lagrangian
formulation. We will again be using a reduction of the Lagrangian to construct dynamics
defined on the Lie algebra. We derive the constitutive dynamics by first computing the
kinetic energy of the rod in terms of its generalised velocity N = {17, Q}

We assume that the dynamics is defined by a Lagrangian density of the form £(®,d®),

and that its kinetic energy term is given by

LO . 1
/ K(®) du = —/ py |X|* d*X (5.62)
0 2 Jm

where K is the kinetic energy density along the material coordinate u. Substituting in
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Eq. 5.61 we get

1

Lo . Lo 1
/ K(®) du = —/ polV|?du + ,00/ Ve, X, d*X + = / X, e, 2 X (5.63)
0 0

2 2/
where py = Apy is the mass density per unit material length, and A = [ p dX5d X3 is the
area of the cross-section, and we have used r = V. The second term in Eq. 5.63 vanishes
when the integral over 2 is evaluated. To evaluate the third term, let X = X, e,, and

note that e; = {2 x e;, and so

X e P =X, Qxe|?=|QxX?= B x X)P=|0x X (5.64)

— N

where we used (EQ) x (EX) = E(Q x )_Z') As [(© x X)|? is a quadratic form in O, we

can write

[

1 1R o
~py / |X, &, °d*X = = / QT IOdu (5.65)
277 Im 2 Jo

where I is the cross-sectional moment-of-inertia per unit material length. We can thus

L0 KC(N)du where

write the kinetic energy of the Cosserat rod as K(N) = |,

1 — 1 — —
K(N) = 5,oO|V|2 + §QT]IQ (5.66)

is the kinetic energy per material unit length, which is now explicitly a function of the
generalised velocity V.
Having established that the kinetic energy of the Cosserat rod has a reduced form, we

now assume that we have a reduced Lagrangian density of the form
((§) = K(N) —U(X) (5.67)

where U(X) is the potential energy per material unit length of a given spatial configuration
X = {07}, and £(€) is here a Lagrangian density defined on the Lie algebra. The reduced
Lagrangian density satisfies £(§) = L(®,d®) when £ = &~1dd.

The reduced Lagrangian density Eq. 5.67 is explicitly invariant under Galilean trans-
formations, as it is written in terms of the invariant quantities X and N. Physically,
the fact that a Lagrangian £(®,d®) admits a reduction £(§) entails that only differential
deformations couple to the dynamics. In other words the Lagrangian is really only a
function of the tangent space £(d®). We will henceforth omit the argument in ® when
the Lagrangian density admits a reduced form.

The generalised conjugate momentum of the Cosserat rod is

ol oK 0 PT
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where P = pOV and L = IQ). The matrix derivative is carried out using the numerator-
layout convention Eq. 4.73, such that S;; = 0¢/ON;;. The matrix representation of the
dual Lie algebra can thus be seen as the space se(3)* = {YT : Y € se(3)}. It will become
clear that P is the linear momentum of the center-line per unit material length, and L
is the angular momentum per unit material length of the material frame. We use the
short-hand S = {15, E}*, corresponding to matrices of the form Eq. 5.68. The matrix

derivative 59—]6 is evaluated only with respect to the non-zero components of N, for which
we have Sj; = %, and Sj; = 0 otherwise. S can be seen to take values in the dual Lie
ij

algebra se(3)*, which is the space of linear operators se(3) — R on the Lie algebra. To see
this, note that IC(N) can be written as

1
K(N) = 5(N, P) (5.69)
where (-, -) : s¢(3) x s¢(3)* — R is an inner product defined as
(ABY=a-b+m-i (5.70)

where A = {@;m} € se(3) and B = {b; it} € se(3)*. Similarly, we can define a generalised

stress, conjugate to the spatial configuration X, as

o

= —=. 71

Q=M (5.71)
We write its components as Q = {F; M}* where
ou

F, = 20, (5.72a)
ou

M; = 5.72b

o (5.72b)

are, as will be shown, the force on the center-line and the moment on the material frame
respectively.
To find dynamic equations of motion for P and (), we invoke Hamilton’s principle that

variations

5Aﬂ@ﬁAw (5.73)

must vanish, where ¢(§) is again the reduced Lagrangian density for the system. As for
the rigid body in Sec. 5.1, we must first derive the permissible form of the variations. We
first consider the Lagrangian density £ : SE(3) x T'SE(3) — R defined on the Lie group,
which satisfies £(®, d®) = £(£) when ®~1d® = £. The Euler-Lagrange equations are found
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by imposing
5/ L(®,dD) dt A du = 0 (5.74)
w

under variations & — ® + @, where 0®(u,t) € TSE(3) is a variational test function
which must vanish at the temporal boundaries. We will now assume that the Lagrangian
density can be written as a function £ = £(d®), purely in terms of the tangent vectors

d®. Repeating similar steps as in Sec. 5.1, we vary £ = @~ 1d® to get
6 = -0 150D 1dD + 1 5(dD). (5.75)

We define the variational test function n = ®~16®, which satisfies dnp = —Nn + &~15(dP),
to get
55 = dT] + adgn

= (n+ ady)dt + (7 + adxn)du (5.76)
=0Xdu+ dNdt

We now proceed to evaluate Eq. 5.73. We first note that since

Bl Rl
60 = ——6X;; + ——0N;;
0X; 7 0Ny (5.77)

= (5,0N) = (Q,0X),

we have

6 dt/\du—/ {(6N, S) — (6X,Q)} dt A du

H%\

/ 77+adzvn,> (' +adxn, Q)}dt A du
w

/W adN> S> - <n, (—(% - ad}) Q>} dt A du (5.78)
/ fan [ @

where we used integration-by-parts and where ad’; : se(3)* — se(3)* is the dual of the
adjoint action, defined as (ad’} B, C') = —(B,ad4C). We impose that the variation vanishes

at the temporal boundaries, to get

D;S =D:Q (5.79a)
Q=0, u=0,Lo (5.79D)
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where

D} = 0, + ady (5.80a)
D: = 9, + ady (5.80Db)

which was first derived in [85-88], where Eq. 5.79b arises from imposing that fOT (Q,m)] dt =
0 for arbitrary variations 7. We call D} and D}, the dual generalised material derivatives.
As Q = Q(X), Eq. 5.79b should be seen as a boundary condition on X. Equation 5.79 is
the local balance law of linear and angular momentum in the absence of external forces,
and together with Eq. 5.46 completely determines the constitutive kinodynamics of a
Cosserat rod. These equations are first-order partial differential equations in both time ¢
and space u. The corresponding equations of motion for a closed rod are identical, with
the exception that Eq. 5.79b no longer applies.

We now evaluate Eq. 5.79 in terms of the components of S, (), X and Y. To do this
we must first compute action of the dual adjoint ad. As adp is a linear operator, it can

be represented in matrix form as

n
[adA] =
O3x3

where A = {@: 7} and acts as [ada] B, where we have represented B = {b;m} as vectors

B = (b"mT)T € RS. Now we have

Q>

) € RS (5.81)

3

(B,ad,C) = BT[ad4)C

= —([ad%)B)'C (5.82)
= —B"[ad}]"C
We thus have that
A0
lad}] = —[ad,)" = (Z 3n3> € R%® (5.83)
where we used a’ = —a for anti-symmetric matrices. Using Eq. 5.83 we get
D,P = D,F (5.84a)
D,L =D M +0 x F (5.84b)
M =0, u=0,L (5.84c¢)
F=0, u=0,L (5.84d)

where we used the definitions of S, ), X and Y and the covariant derivative. In the
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non-moving frame the equations of motion are

P=F (5.85a)
L=M+r xF (5.85b)

where F = M = 0 at u = 0, Ly, which are the classical force and moment balance
equations for a Cosserat rod [1, 219]. Here we see explicitly that F and M is a constitutive
force on the center-line and a constitutive moment on the material frame respectively,
with dimensions of force and moment respectively. We can also identify P as the linear
momentum per unit material length of the center-line, and L as the angular momentum per
unit material length of the material frame. The second term in Eq. 5.85b is the moment
exerted on the material frame by the force. Note that linear force balance Eq. 5.85a is
the 1-dimensional analogue of the Cauchy momentum equation Eq. 4.1, where the force
that arise from constitutive stresses is here F. We thus see that the physical description
of the Cosserat rod is consistent with classical continuum mechanics. For a discussion
on how the dimensions of the kinodynamic quantities can be found, as well as how to
nondimensionalise the dynamics, see Appendix E.

We see that the intrinsic formulation of the dynamics led to covariant derivatives in
Eq. 5.84, where we had partial derivatives in Eq. 5.85. These arise due to the fact that
the momentum, angular momentum, stress and moments are all expressed intrinsically, in
the moving frame of the Cosserat rod. The differential operators D, and D; account for
this rotation along the material and temporal directions respectively.

The generalised momentum can be written in a compact form as
S =MN (5.86)
where

1 0
M — Polsx3 Usxs (5.87)
03><3 I

is a generalised mass matrix. Similarly, in many applications the constitutive potential

energy density can be written as a quadratic form
(X — Xo)'K(X — Xy) (5.88)

where K is a symmetric and positive-definite matrix, representing the elastic stiffness of

the rod, and X, is a given rest state. In which case the generalised stress can be written as

Q=KX (5.89)
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Henceforth we will write write S = MN and () = KX, where the action of matrices like M

are to be understood in the sense of Eq. 5.86.

Non-conservative dynamics

au
0X

In general, the dynamics does not have to be variational (i.e. derived from a potential IA).

In the preceding sections we considered a stress () = leading to conservative dynamics.
When this is not the case, we say that the dynamics is non-conservative. Furthermore
external or internal body forces and moments, like gravity and friction, are absent in
Eq. 5.79.

The following is a generalisation of the derivations in [93, 93, 233] for continuum
systems. We write the continuum analogue of the integral Lagrange-d’Alembert principle
as [92, 230]

5/ £(d%) dt/\du+/ (T(®,d®, ... ))(50) dt A du =0 (5.90)
w W

where T(®,d®,...) € T*SE(3) is a covector field we call the generalised body force
and can be an arbitrary function of ® and its derivatives, and where it is acting on
the variational test function 0®. Henceforth we will suppress its arguments and write
(T(®,d®,...))(0P) = T(0P). Analogous to previous section, we presume that the
Lagrangian density can be reformulated to a reduced form ¢(§). Compare with Eq. 5.27.
Note that the way T appears in the integral, as a density over the kinematic base space W,
shows that it is indeed a generalised body force. Eq. 5.90 is a generalisation of Hamilton’s
principle Eq. 5.74 that also incorporates body forces.

By the Euler-Poincaré theorem [233], the first term in Eq. 5.90 evaluates as previously

to Eq. 5.78. The second term can be written as

/ T(0P) dt A du = / T (®n) dt A du
= / T(Len) dt A du (5.91)

:/ (n,T) dt N du
W

where we used n = ®~1§®, and where T' = L} T is the generalised body force mapped to
the dual Lie algebra and is thus a map 7 : W — se(3)*, and L} : T3 SE(3) — se¢(3)" is a
mapping from the cotangent bundle to the dual Lie algebra defined as T (Lgn) = (L5 T, n).
The resulting dynamical equations of motion, which now include arbitrary body forces

and moments, are

DiS=D:Q+ T (5.92a)
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The analogous equation for non-continuum systems can be found Eq. 4 in [93] and Eq. 6
in [233]. Expressed in non-Lie algebraic terms, by setting T = { f:m}*, the equations of

motion in the moving frame are

D,P=D,F+ f (5.93a)
D,L =D,M +0 x F +1 (5.93D)

where f and m are the body force and moment respectively, with units of force and
moment per unit material length respectively, and F=M=0atuce 0, Lo as before.

Finally, in the non-moving frame, we have

P=F 4f (5.94a)
L=M+1'xF+m (5.94b)

where F = M =0 at u = 0, Ly. Note that f and m (and f and m) have dimension force
per unit material length and moment per unit material length respectively.

As the example of gravity highlights, in general body forces and moments can be
functions of the Lie group-level configuration ®, or indeed functions of space-time (¢, u)
or the Lie algebra-valued X and N, and any of their derivatives. In this general case
the dynamics are thus no longer defined purely on the Lie algebra. For simulations, this
mean that ® needs to be reconstructed from £ for every time ¢, in order to evaluate the
dynamics. In Sec. 5.2.1 we showed how to reconstruct ® from &.

Finally, we now consider non-variational constitutive forces. For a point particle, the
Euler-Lagrange equations can be shown to be a special case of D’Alembert’s principle
where the applied force derives from a potential energy function. Consider a point
particle with configuration space @), and a Lagrangian density £ : Q) x T'Q) — R given by
L(q,q) = K(q) —U(q), where q are coordinates on (). Then from Hamilton’s principle

§ [ £ =0 we find

T

oK ou

/ <— 0 — — - 5q> dt = 0. (5.95)
0 oq Jdq

We can identify P = % and F = ‘g—z as the inertial and external forces respectively, which

we also identify as covectors P, F € T*(Q as they contract with tangent vectors. Now if we

promote F; to be an arbitrary non-variational force, then we have

T
/ (P56~ F-6q)dt — 0. (5.96)
0
which is D’Alembert’s principle in integral form for a point particle.

By analogy to the previous example, we construct D’Alembert’s principle for the

constitutive dynamics of a Cosserat rod, which reduce to the Euler-Poincaré equations

145



when the forces and moments are conservative. As shown in Eq. 5.78, the variation of
S £ dt A du leads to

/ {(6N, S) — (6X,Q)} dt Adu =0, (5.97)
w

where previously ) = g—)U( was variational. However if we let () to be non-variational in

general, we can take Eq. 5.97 to be a D’Alembert’s principle for constitutive mechanics
in the absence of body forces. Thus we present a final generalisation of the integral

Lagrange-d’Alembert principle

/ (6N, S) — (6X,Q)} dt A du + / (., T) dt Adu=0 (5.98)

which incorporates both body and non-conservative forces and moments. The resulting
equations of motion are identical to Eq. 5.92, but where () is now an arbitrary function of
X.

Equation 5.98 should be compared with Eq. 5.28, which is the corresponding principle
for rigid bodies. As rigid bodies are in-effect modelled as oriented point particles, they
suffer no internal stresses. There is therefore no notion of a constitutive dynamics for a
rigid body, as there are for a continuum bodies. For the latter, the first term in Eq. 5.28 is
now instead the first term in Eq. 5.98, which accommodates for general non-conservative

internal stresses.

Explicit forms of the generalised body force

Here we explicitly compute the transformation 7'= L37. We will as before assume that

T is variational, and then proceed to relax this assumption. Let us write the components

of ® in its matrix representation as ®,,, pu,v € {1,...,4}.
Varying the Lagrangian we find £ = T.L0®,, + (0N, S) — (0X, Q), where S = 2% and
= % = % 1 = —6£ 1 —

Q = 5%, and where 7 = 5%, with components 7, 9%, Using the numerator-layout

convention. Now let b, € se(3), By € s¢*(3),k = 1,...,6 be a basis for the Lie algebra
and the dual Lie algebra respectively, satisfying (bg, B;) = 0. Then, as & = ®n, we can

rewrite the contraction as 7;5(5(1),“, = 7;'{,5@#0770,, = Tr[TOn] = nTx[TPbx) = (n, T). We
therefore have that

T = T, By € s¢(3)", (5.99a)

Here we see explicitly how the presence of generalised body forces breaks the symmetry of

the geometrised formulation of the mechanics, as 1" is an explicit function of ®.
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If we evaluate Eq. 5.99 explicitly, we find that

T = {f;m}*, (5.100a)
S oL
_ =

f=E== (5.100b)
3

m= ET ; g: X €. (5.100c)

We can interpret f = Ef: %—‘f and m = Em = Z?Zl g—é x e; as vectors in TR3, in the
spatial frame of reference, which are transformed into the body frame of reference using
ET.

From Eq. 5.100b we readily see how, for example, gravitational forces would arise.
Consider a term Ug(r) = gpobir in the potential, this would lead to a body force
ﬁ = —gpoETbs, where g is the gravitational constant. We see that the constant force
f, becomes state-dependent in the moving frame. In this context f is referred to as an
advected force [230, 234, 235]. Now, consider the case when the mass-density is distributed
non-uniformly across the cross-section of the Cosserat rod. Let 2 C R? signify the
material cross-section of the rod. Furthermore, let p' (x) be a mass density function, where
x(u, Xa, X3) = r(u) + e, X5 + e3X3, and where (X, X3) € 2 C R Then, we can write

the gravitational potential as

Uy(r,E) =g / pY (x)bixd X dXs. (5.101)
2

For a given cross-sectional disk &, this integral can be pre-computed. If pV(x) is non-

uniform, U, will in general lead to gravitational moments, which can be computed using

Eq. 5.100c.

5.2.3 Summary and discussion

Here we give a brief overview and summary of the steps taken to derive the kinodynamic
equations of motion of the Cosserat rod. In Eq. 5.31 we showed that the configuration
space of the Cosserat rod can be seen as the Lie group of special Euclidean transformations
SE(3), and its spatio-temporal configuration can thus be seen as a group-valued function
O(t,u) € SE(3), where t € [0,7] and u € [0, Log]. We referred to M = [0, Ly] as the
material base space, and W = [0,7] x M the kinematic base space. Through the Lie
group-Lie algebra correspondence, Eq. 5.35, the configuration of the rod can additionally
be described as a Lie algebra-valued function £(t,u) € se(3). The kinematic equations
of motion Eq. 5.46, formulated in the Lie algebra, can then be derived by imposing the
integrability condition Eq. 5.36.
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Dynamically, we modelled the Cosserat rod as a kinematic approximation of a slender
three-dimensional rod. We wrote down the general Lagrangian density for the constitutive
mechanics of the latter in Eq. 5.62, and then proceeded to derive the corresponding reduced
Lagrangian density defined on the Lie algebra Eq. 5.67. By performing Lie algebraic
variations of the reduced Lagrangian density, we arrived at the Euler-Poincaré for the
constitutive dynamics of the Cosserat rod Eq. 5.79. Finally, we derived a generalised
integral Lagrange-d’Alembert principle Eq. 5.98, that allows for both non-variational
(non-conservative) constitutive forces and moments, as well as body forces and moments.

The full set of kinodynamical equations of motion for the Cosserat rod can thus be

written as

X =D,N (5.102a)
D;S=D:Q+T (5.102b)
Q=0, u=0,L, (5.102¢)

and the equations close using P = MN. Using X = {5, 7}, N = {‘7, Q}, S = {}3, E}*,

Q= {ﬁ ; M }rand T =1 f, m}* the equations of motion in the moving frame become

D,§ = D,V (5.103a)
O, = D, (5.103b)
D,P=D,F+ f (5.103c)
D,L =DM +0 x F+mi (5.103d)

with F = M =0 at u = 0, Ly, and the equations close using P= pOV and L = ]IQ, and
D, and D; are defined in Eq. 5.44.

The equations of motion that would have resulted from varying the Lagrangian density
L(P,dP) in Eq. 5.74, defined on the Lie group, would led to equations of motion defined
on the non-linear space SE(3) x TSE(3) and SE(3) x T*SE(3). In contrast, varying the
reduced Lagrangian density Eq. 5.73 results in equations of motion Eq. 5.102 defined on
W x se(3) and W x se(3)*, which are linear spaces.? This drastic simplification of the
dynamics is inherently made possible due to the properties of a Lie group G, allowing for
the trivialisation G x TG = G X g.

When the dynamics is constitutive then it is notable that the above equations of motion
are entirely formulated within the Lie algebra. That is, the dynamical variables are the Lie
algebra-valued X and NNV, and all forces and moments are expressed as functions of them.
The invariance of the constitutive dynamics under rigid body rotations and translations is

inherent in Eq. 5.102, as all quantities in the equations are in themselves invariant.

2Note that this is not strictly-speaking true in general, if T is a function of ®
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In the next section we will consider kinematically constrained Cosserat rods, and in
particular the filament, which has as kinematic configuration space the homogeneous space
SE(3)/SO(3). The results of this and the next section will be generalised in Ch. 6 to
systems where the kinematic configuration space is a general Lie group or homogeneous
space, and the material base space is a general manifold.

We conclude this section with the remark that it is possible to view the mathematical
formalism that we have developed from a field-theoretic lens. The spatio-temporal con-
figuration ® can be seen as a SE(3)-valued field defined over the base space M = [0, Ly.
The kinodynamic equations of motion are then the field equations, defined in terms of the

Lie algebra.

5.3 Applications

Here we give a few examples of Cosserat rod models as applied in physics. In Sec. 5.3.1
we derive, from first principles, the constitutive dynamics of a coarse-grained slender rod.
Using the results of the previous section, we then approximate the kinodynamics of the
slender rod using the Cosserat rod. In Sec. 5.3.2 we discuss Cosserat rods under the
influence frictional forces. We formulate the equations of motion in both the underdamped
and overdamped limits. Finally, in Sec. 5.3.3 we derive the system of equations that
describe an inextensible Cosserat rod, in the overdamped limit. The derivations we present

are our own, but similar results can be found in Cosserat rod literature [63, 216, 217].

5.3.1 Hyperelastic slender rod

In many applications the conservative part of the constitutive dynamics arise from a
potential of the form Eq. 5.88 [236-239], where the potential U is quadratic in X, with
coefficients given by the symmetric and positive-definite stiffness matrix K € R%*¢. Here we
derive an instance of such a system, by a coarse-graining procedure of a slender hyperelastic
tube.

Hyperelasticity [240], also known as finite elasticity, describes materials with constitutive
mechanics that derive from a strain-energy density function. Such models admit geometric
non-linearities, such that they can accommodate finite deformations. Unlike linearly elastic
materials, hyperelastic materials can thus endure substantial deformations away from
reference configurations. Examples of such systems are rubbers, biological tissues and
soft plastics. The simplest of hyperelastic material models is the Saint Venant-Kirchhoff
model, with a quadratic and isotropic strain-energy density. This leads to stresses that
are linear in the strain, analogous to those of linear elasticity. Here, we will consider a
slender hyperelastic tube comprised of Saint Venant-Kirchhoff material. We will derive

a kinematic approximation of the tube as a Cosserat rod, by coarse-graining the system
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in two of its slender material dimensions. We will then proceed to do the same for its
strain-energy density function, resulting in a quadratic potential energy density over the
material length of the Cosserat rod.

We consider a straight rod M = 2 x [0, Ly] at rest, where Z is a disc of arbitrary
shape, and Lg is the length of the rod. As before, X is the material coordinate on M, and
we align X; € [0, Lo| along the length of the rod, and (X3, X3) € 2. We will use u = X,
and X interchangeably. Deformations of M are given by x(X), which we will refer to as

the deformed coordinate. The material and deformed coordinates can be related as
dx = PdX (5.104)

where P = g—)’z is here the deformation gradient tensor, and we write its components in the

moving frame P;; = e; - (g—;;ej). Following [45], we consider the change in infinitesimal

distances between two material points X; and X in the rod after a deformation. In the
undeformed state, the distance between X; and Xy is df* = [dX|?. After deformation we

have
dl” = |dx|* = (PdX)" (PdX)

= dX"PTPdX
(5.105)
= dl* + 2dX" EdX
= dX*(I +2E)dX
where . .
1 ( Ou ( ou ) ( ou ) ou
E=-|— — — | = 1
2 <8X+ ox) "\ox) ox (5.106)
is the Lagrangian strain tensor and u(X) = x — X is the deformation vector. For small
deformations, we can approximate Eq. 5.106 as E ~ % (g—; + (g—;)T>, in which case we

can express it as

1
E = §(P+PT—21L). (5.107)

The Lagrangian strain tensor can be seen as giving the relative deformations along the
principle axes of a material, where the latter are defined as the eigenvectors E. The elastic
energy density of the material in a deformed state is a function of F/, and we assume it to
be a quadratic form

W(E) = %CijklEz‘jEkl (5.108)
where Cjj; is a fourth-order tensor of elastic constants, which is known as the Saint
Venant-Kirchhoff constitutive assumption [240], and materials that are well-approximated

under this assumption are known as Saint Venant-Kirchhoff materials. If we assume that
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C is isotropic, in which case it has the form
Cz'jkl = Aéijékl + M((Sikéjl + 6i15jk) (5109)
then Eq. 5.108 can be shown to reduce to
2y, A 2
W(E) = uTr(E?) + §Tr(E) (5.110)

where A and p are known as the Lamé constants. The latter is also known as the shear

modulus of the material. The former is related to the bulk modulus, given by A + % [
We will now proceed to derive the potential energy per unit material length of a

Cosserat rod under the constitutive assumption of Eq. 5.110. We impose the kinematic

assumption Eq. 5.61, which we write again here as
x(X) =r(Xq)+eXe, £=2,3 (5.111)

which constrains deformations to preserve the area and shape of the cross-section at each

X;. Since
ox

X,

where we used Eq. 5.40, we have

= Qiei + eﬁrmXV, Y= 2, 3 (5112)

Pin = 0; + min Xy

(5.113)
Piy = 8.

The Lagrangian strain tensor £ can then be computed using Eq. 5.107, and since Eq. 5.113
is expressed entirely in terms of X = {5, 7}, we can express the energy volume density W
as a function of X as well. To find the energy density per unit-length (5, 7) of the rod,

we must integrate out the cross-section

U@, ) = /9 W (E)dXdXs. (5.114)
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For simplicity, we assume a circular cross-section, for which we have that

/ dA = T R?
9

/XadA:O
9

4
/ XoXgdd = 5
” 4

(5.115)
/ X, XpX, dA =0
9

WTR(S’ 052/8:’)/:5

[ XoXaX,XsdA = (o a= Band y =
9

24 7
TRS

T, a=~vandy=[
where «, 8,7,0 = 2,3 and R is the radius of the rod. From Eq. 5.115, Eq. 5.107 and
Eq. 5.110, the potential energy per unit material length evaluates to

_— k k €1 . €, . .
UE.T) = 5 (00— 1)+ (63 +05) + 57 + 5 (7 +73) (5.116)

where k; = TR\ + 2u), ko = ”TRZ)M, € = WTRLI/’L and €3 = “THI(A + 2u). Equation 5.116 is

consistent with the quadratic Cosserat free energies found in the literature [85, 217, 241].

For a non-circular cross-section we will in general have a potential energy of the form

€

1 €9
2

2

~

- k k k
U@, 7) = 31(01 —1)%+ 3263 + 3393 + i 224 %375. (5.117)

We can interpret the form of the potential energy by recalling how g and 7 encodes the
various kinematic deformations of the Cosserat rod, described in Sec. 5.2.1. The first three
terms in Eq. 5.117 penalises both shearing of the material frame, as well as extension of
the center-line. The m; term penalises twisting of the material frame along ey, and 75 and
73 penalises the rotation of the material frame along e, and e3 respectively.

The stiffness matrix of a hyperelastic Cosserat rod can thus be written as

KM 03,3
K = (ngg o (5.118)

where KM = diag {ki, ks, k3} and K® = diag {1, €3, €3}, with rest state

6o = (100)" (5.119a)
7y = (00 0)T. (5.119b)
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The resulting constitutive force and moments are

u L

F= 7 KW - 6y) (5.120a)
M = a—z’f =Kz (5.120b)
orn

We see that in this constitutive model, the force F acts on the center-line such as to
align with its material frame. In other words, if the material frame is shearing, then
the center-line will bend such as to be tangent to e;. If the material frame is rotating
along u, which corresponds to a non-zero 7, then the moment M acts so as to render
it non-rotating. We thus see that a shearing material frame induces bend. This effect
happens despite the fact that § and 7 do not couple in U, which is inherently due to the
geometric non-linearities in the kinematics of the Cosserat rod. Conversely, a bending
center-line which is aligned with the material frame will induce shear. Note that there
is no direct energetic cost for the bending of the center-line itself (as I is not a function
of the scalar curvature k). However, the energetic cost of shearing, combined with the
energetic cost of a rotating material frame, conspire together so as to straighten segments
of the rod that bend.

5.3.2 Dissipative and overdamped dynamics

Equation 5.93 allows us to model general dissipative dynamics. We consider the case of a

Cosserat rod that suffers both internal and external friction

X =D,X (5.121a)

D;S =D:Q —HX — GN (5.121D)

Q=0, u=0,L, (5.121c)

where we have set T = —HX — GN, and where H and G are positive-definite matrices

of damping coefficients of the internal and external friction respectively. Note that HX
in Eq. 5.121b is evaluated by substituting in Eq. 5.121a. If let the frictional matrices be

block-diagonal in the translational and angular components as

in O
H— <7T 3x3> (5.122a)

O3x3 VI
0
G=[ T (5.122b)
O3x3 VR
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where Y, v~y and g are positive-definite 3 x 3-matrices, we can write the equations

of motion as

D,§ =D,V (5.123a)
o, = D, (5.123D)
D,P = D,F — i — pV (5.123¢)
D,L = DM + 6 x F — 27 — () (5.123d)

where again 7;15 and 7%17? can be evaluated using the kinematic equations of motion, and
F=M=0, u=0,L,.

We can consider a limit where the dissipative forces dominate over the inertial forces
(which correspond to the left-hand side of Eq. 5.121b). In this limit, we set S ~ 0, or
equivalently P~0and L =1I0~0. The resulting equations are overdamped equations of

motion

X =D,N (5.124a)
GN =D:Q + HX (5.124b)
Q =0, wu=0,Lo. (5.124c)

where we must solve for N in Eq. 5.124b to compute Eq. 5.124a. In terms of the

translational and angular velocities, the equations of motion are

D,f = D,V (5.125a)
0,7 = D, (5.125b)
vV = DyFF — ~ing (5.125¢)
e = D M + 60 x F — 427 (5.125d)

where again we must solve for V and Q in the latter two equations and substitute them
into the kinematic equations of motion. We note that the overdamped equations of motion
are first-order in time ¢ and second-order in space u (as opposed to first-order in the
underdamped case). Furthermore, the degrees of freedom in the system are X = {5, Q}
The dynamical equations are therefore 6-dimensional, as opposed to 12-dimensional in the
underdamped case.

The presence of the internal friction HX significantly complicates the evaluation of the
overdamped dynamics. Substituting Eq. 5.124a into Eq. 5.124b we find a self-consistency
relation for N

GN =D,Q +HD,N (5.126)
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and formally we can write N as
N =7 'D:Q (5.127)

where &7 = G — H(0, + adx). In simulations, which invariably employ some discretisation
scheme, &/ becomes a matrix that can be inverted numerically. If, however, we neglect
internal dissipation we have N = G™! (9, — ad%) Q, and we can write the equations of

motion in a compact form as

X =D,[G'D,Q], (5.128)
or equivalently

D = Dy |pr D, F] (5.129a)

0% = Dy, |prDu M| (5.129D)

where pip g = fy;jq, which would be the overdamped equations of motion of a Cosserat rod

immersed in a viscous medium.

5.3.3 Overdamped and inextensible Cosserat rods

We will now consider applying the kinematic constraint of inextensibility to a Cosserat
rod in the overdamped limit. We will assume pp is a diagonal matrix and can thus be
treated as a scalar constant. As in [232, 242, 243], we enforce inextensibility by adding
a constitutive tension Fr along the direction tangent to the center-line. To simplify our
calculations, we will decompose the constitutive force as ﬁmt —F+ F}. AS 0 is a vector
pointing in the tangential direction, we will also let Fr = )\5, where ) is a scalar function.
Now, A must now be chosen such that the constraint r’-r' = 6 - @ = 1 is enforced. Now,

we have

I D= "5 = S0.075) = ;0.6 -6). (5.130)

where we used the anti-symmetry of Q. From Eq. 5.129a we therefore find that g7 Di(ﬁ +
Af) = 0. By expanding out the derivative, and using 8,(670) = 9,(670) = 0 and 670 = 1
we find

(0> — H)A = —0"D>F (5.131)

where have defined
H=—0"(0") +20"#(0') — 0T ##4. (5.132)

In numerical simulations, the non-linear 2nd order ODE Eq. 5.131 would have to be solved

at each time-step in order to compute the tensional force.
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Figure 5.4: (Left) A Cosserat rod, with configuration space SE(3). (Right) A filament,
with configuration space in SE(3)/SO(3) = E3.

5.4 Mechanics of kinematically constrained Cosserat

rods

Thus far we have considered the material frame F and the center-line r as independent
degrees of freedom, modelling a rod that can shear and twist in addition to bending and
extending. In many applications it suffices to consider pure center-line dynamics where the
cross-section does not shear [232, 243-247]. We shall refer to these systems as filaments,
and can be seen as a Cosserat rod model with a kinematically constrained material frame.
As we will show, kinematic constraints can often be implemented by first identifying an
appropriate Lie subgroup H C SE(3) such that the homogeneous space SE(3)/H is the
kinematically constrained configuration space. By making a ‘gauge choice’ h(u) € H, we
can then fix a parametrisation of SE(3)/H. For the filament, the appropriate configuration
space is E* = SFE(3)/S0O(3), which is the three-dimensional Euclidean space. The theory
we develop here is thus a way to model the kinodynamics of one-dimensional submanifolds
of E3. Notably however, the intrinsic geometry of the filament is expressed in terms of
the transitive action of the Lie group SE(3) on E?. The approach we take here can be
contrasted to that of [78-84], which formulates the geometric mechanics of continuum
systems using Riemannian differential geometry. In addition to the filament, we will also
consider the case of a twisting filament, where the cross-section is allowed to twist around
the center-line [218, 242, 248|.

5.4.1 Kinematic constraints and gauge freedoms

The configuration space of a filament can be found by ‘rotating away’ the material
frame F(u) at each u. Therefore the appropriate Lie subgroup is H = SO(3), and the
configuration space is SE(3)/SO(3) = E*, where E? is the three-dimensional Euclidean
space. Conceptually, that SFE(3)/SO(3) represents the configuration space of the filament

can be understood by recalling the definition of a homogeneous space. For any Lie group
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G and Lie subgroup H C G then G/H is the set
G/H ={gH : g€ G} (5.133)

where gH = {gh : h € G} is the left coset. Now consider the case when G = SE(3) and
H = SO(3). Let g1 = (r, E1) and g2 = (r, Ey) denote two cross-sections that are located at
the same point r, but have two different material frames F; and E5, and furthermore we can
trivially identify these as elements g1, g2 € SE(3). As E) is related to Fy by a rotation in
SO(3), we have that gy H = goH. In other words, in the homogeneous space SE(3)/SO(3),
g1 and g> belong to the same element g1 H = goH € SE(3)/S0(3). Therefore, a filament
can mathematically be described as a Cosserat rod where we have, for each u, identified
all material frames E(u) at r(u) as belonging to the same equivalence class. See Fig. 5.4
for an illustration.

Now let @ : W — SE(3)/SO(3) be the spatio-temporal configuration of the filament.

As discussed in Sec. 4.2.6, we can write ® as
d=7mo0d (5.134)

where o denotes compositions of maps and 7 : SE(3) — SE(3)/SO(3) relates elements in

SE(3) to elements in the homogeneous space and can be defined as
m((r; E)) =r, (5.135)

and ® : W — SE(3) is a framing, or an adapted frame field, of ® [221], and is a Lie
group-valued function on W that satisfies Eq. 5.134.

We can map any framing ® to a spatio-temporal filament configuration ® using
Eq. 5.134. Note however that this map is not injective. Let h : W — SO(3) be an
arbitrary SO(3)-valued smooth function and let ®; : W — SE(3) and &, : W — SE(3),
then if & (t,u) = h(t,u)®5(t,u) maps to the same ®. Any given choice of ® is called a
framing of ® [221]. There is thus a gauge freedom in the choice of P.

In principle, the kinodynamical equations for a Cosserat rod Eq. 5.102 apply to the
filament as well. We could initialise Eq. 5.102 with some ®(u,0) that maps to the true
initial condition ®(u,0), then simulate the equations of motion to find ®(¢,u), and then
finally use Eq. 5.134 to find ®(¢,u). In this case, it is important that all constitutive
stresses, body forces and moments only couple to the center-line r, and not the material
frame E. For example, for conservative constitutive dynamics we could have a potential
energy density U o< k%, where x is the scalar curvature of the center-line defined in Eq. 5.52.

However, the above would mean simulating equations of motion of higher-dimensionality

than the system in question, where the extra degrees of freedom (the material frame)
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are non-physical. In the following we will instead choose a particular gauge and form an
injective map between ® and ®. In other words, by choosing a gauge we choose a particular
prescription for how to frame a given space-curve. Beyond the fact that the resulting
dynamics will be defined directly on the lower dimensional SE(3)/SO(3) rather than
SE(3), it is also often easier to formulate constitutive dynamics given a particular framing,
rather than formulating it in terms of the degrees of freedom of a general Cosserat rod.
The programmatic construction of such gauges is better known as the theory of moving
frames [227, 249]. We note that the terminological use of ‘gauge’, although well-motivated
in this context, is not standard in the theory of moving frames.

All gauge choices are ultimately mathematically equivalent, however some choices are
more practically useful than others. Our procedure to construct a gauge will be to write
the material frame F = (e; e, e3) as a function of the center-line r. Thus a we form a
one-to-one map between ® and ®. As a first step towards finding an appropriate gauge,

we set ,
r

&=+ (5.136)
where h = |r’|, such that e; is a unit-vector tangent to r at u. This means that given e;

we can write the center-line as
r(t,u) =r(0,t) —|—/ heidu. (5.137)
0

There is now a remaining SO(2) gauge freedom in specifying the material frame vectors
e, and e3. In the gauges found in the literature [221, 250-253], most abide Eq. 5.136, and

are thus all related by an SO(2) gauge transformation of e, and es.

The Frenet-Serret gauge

In the Frenet-Serret gauge [254, 255], we set

e
. 5.138
€2 . ( )

where x = |€]] is the scalar curvature, such that es(u) is a unit-vector pointing in the
direction of the center-line r(¢,u) curves towards at time ¢. Eq. 5.138 fully specifies the
frame, as e3 = e; X e;. In this context e, e; and ez are called the tangent, normal and
binormal vectors respectively. co

Now recall the equations of motion of r and e; along u, given by Eq. 5.40, which we

write as

) (5.139a)
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Since r' = he; we have that

g=(h00)7, (5.140)
and as €| = ke, we have that 9 = —7T12 = Kk and 731 = —713 = 0. This leaves only one
more possible parameter o3 = —32, to which we assign the scalar parameter 7, known as
the torsion. We thus have

0 —x 0
=k 0 -7 (5.141)
0O 7 0

or, in vector form, @ = (7 0 k)T. Finally, we get the Frenet-Serret equations

e, = —kKe + Te3 (5.142)
e, = Te2

which together with Eq. 5.137 reconstructs the framing ® = (r, E), from which get the
filament configuration ® = r.

We see that by choosing a gauge, we have effectively constrained the spatial configuration
X to only take values in a subset V' C se(3), where X = X (h, k, 7) is now parametrised
by the three scalars (h, k, 7) that are functions of space and time. Note that V is not a
Lie subalgebra. This constraint establishes an injective mapping between V-valued fields
X : W — V and E3-valued fields ® : W — E3. In this context (h, x,T) are known as the
differential invariants of the filament, as they uniquely define the filament up to rigid body
transformations.

We should stress that in the mathematical literature, the purview of the theory of
moving frames are in general space curves (rather than space-time curves). Furthermore,
in that context the metric h along the center-line is of little importance (and is usually
not referred to as a differential invariant), and thus the arc-length parameterisation is

preferred. Fq. 5.142 is therefore more commonly written in terms of arc-length derivatives

8881 = /Z;eg
8562 = —kep + 7~'63 (5143)
Ose3 = Te2

where k = hx and T = h7 are the scalar curvature and torsion in the arc-length parame-
terisation.

Intuitively, we can visualise the motion of (r, E') as a function of w, for fixed ¢, in
the Frenet-Serret gauge as follows. We can imagine an airplane which is travelling in
the direction of e; and with the floor of the plane aligned with es. Its trajectory traces

out a center-line r(u), at ‘speed’ h. The Frenet-Serret frame corresponds to a plane that
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navigates pitching (at a rate k) and rolling (at a rate 7), but never yaws.
We now consider the kinematics along time ¢. The same kinematic equations of
motion Eq. 5.48 for the Cosserat rod still apply. However, substituting 6= (h 0 0)T and

7= (7 0 k)T into Eq. 5.48 we find the following constraints

Ql = (QgT - Qé)/lﬁ (5144&)
Qy = —h"Y(D,V)s (5.144b)
Qs = h= (D, V). (5.144c)

It is intuitive that the angular velocity of the filament, with a cross-section constrained to
be aligned with the center-line, is completely determined as a function of the differential
invariants and the translational velocity V. Eq. 5.144, together with Eq. 5.48, completely
specify the kinematics of the filament. Just as we have three scalar parameters (h, k, 7) that
determine the spatial configuration of the filament, the temporal evolution is determined
by the three scalars in V= (V4 Vo V3). Using Eq. 5.48 and Eq. 5.144, we can write the

kinematic equations of motion for the filament compactly as

h=V—kVs (5.145a)
o=+ 70, (5.145b)
7= — Kk (5.145¢)

(5.145d)

where Q is given by Eq. 5.144. The temporal evolution of the filament is thus specified
by the velocity field V alone. The derivation of the kinematic equations of motion of a

filament Eq. 5.145 from the integrability of £ have been previously found in [256].

The twisting filament

We can model a filament that can twist around its center-line by keeping the SO(2) gauge
freedom of (ey, e3) and promoting it to a kinematic degree of freedom. The resulting
degrees of freedom are then § = (h 0 0)T as before and 7 has all three of its components.

The resulting constraints on ) are then

Qy = —h~Y(D,V)s (5.146a)
Qs = h™1(D,V),. (5.146D)

160



instead of Eq. 5.144. The resulting kinematic equations of motion are thus

h

Vi — kV, (5.147a)
D,$ (5.147b)

-
I

The temporal evolution of the twisting filament is thus specified by the rate of twist {2,
and the velocity field V. In our airplane analogy, the twisting filament travels (again, as a
function of u for fixed t) by rolling (at a rate m;), yawing (at a rate my) and pitching (at a

rate 73).

5.4.2 Kinematically constrained dynamics

The formulation of the dynamics for kinematically constrained rods carries through less
programmatically than in the case of the Cosserat rod. In general, extra care must be
taken formulating the dynamics when the configuration space is a homogeneous space

G//H. Issues of under- or over-determination in the equations of motion may arise due to
the fact that dim(G/H) < dim(G) if dim(H) # 0.

Filament dynamics

For a filament, though its configuration space is SE(3)/SO(3) = E? rather than SFE(3) as
for the Cosserat rod, SFE(3) acts transitively on E3. By which we mean that for any two
elements x,y € E3, there exists an element g € SE(3) such that y = gx. As before, we
can define a Lagrangian density £ : SE(3) x TSE(3) — R, with reduction ¢ : se(3) — R,
or use the Lagrange-D’Alembert principle as the starting point. The derivation of the
dynamics then proceed as before in Sec. 5.2.2, and we find the same general equations of
motion Eq. 5.102.

However, issues arise as the dimension of the Lie algebra dim(se(3)) = 6 is larger
than the configuration space dim(E?) = 3. This is in principle partially ameliorated by
choosing a gauge, such as the Frenet-Serret gauge, but if this is done naively then the
resulting equations of motion are untenable. Consider the dynamical equations of motion

that would result if we consider a filament with the Frenet-Serret frame, starting from the

oK
ON’

kinetic energy IC of the Cosserat rod was derived in Eq. 5.66 and we repeat it here

Lagrange-D’Alembert principle Eq. 5.98. As before, we let S = where the reduced

1

1 — — —
K(N) = 5pO|V\2 + §QT]IQ. (5.148)

Consider now, in particular, the moment balance equation for the filament

—

D,L = D,M + 0 x F + 1, (5.149)



where L = I€). Due to Eq. 5.144, Q) is not an independent degree of freedom, but a function
of V and the differential invariants. Therefore Eq. 5.149 over-determines the system, and
is in general an intractable constraint.

To address this issue, we first note that it stems from the particular method by which
we have parametrised the filament. In the fixed frame, the dynamics of the filament can
be unambiguously written as

pot = F +f (5.150)

where we used P = pyr, which can be seen as the 1-dimensional analogue of the Cauchy
momentum equation in the Lagrangian point-of-view, where F would correspond to the
first Piola-Kirchhoff stress tensor in continuum dynamics.

In the geometric formulation presented here, we parametrise the filament in terms
of its intrinsic geometry x and 7, which corresponds to a given framing, rather than its
center-line r(¢,u) as in Eq. 5.150. This means that we must consider how the forces on
the filament corresponds to moments on the moving frame (e, ey, e3). However, as the
filament is ultimately described as a center-line, the model does not accommodate the
angular momentum of its frame as an independent degree of freedom. In the literature
the issue of Eq. 5.149 is avoided by taking the overdamped limit modelling a filament
immersed in a highly viscous fluid [232, 242-248], or by considering filament statics [218].
Here, we avoid this limit and present a derivation of inertial filament dynamics.

Let K(N) = %p0|‘7|2, so that we get S = {P;0} where P = poV, therefore implicitly
assuming the angular momentum of the filament to be negligible. The moment balance
equation then becomes

0= D,M +0 x F + . (5.151)

To find self-consistent constitutive dynamics, we consider moment balance in the absence

of external moments m = 0, to find

0= (D,M), (5.152a)
Fy=h"Y(D,M)s (5.152b)
Fy = —h~Y(D,M)s,. (5.152¢)

Thus we see that combined we can only independently specify three of the six force and

moment components in total. The kinodynamical equations of motion for the filament are
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thus

h=V —kV (5.153a)
=+ 70, (5.153b)
7= — Kk, (5.153¢)
D,P = D,F + f. (5.153d)

where the material derivatives are computed as before, using @ = (7 0 x) and € given by
Eq. 5.144, and where the force must obey the conditions Eq. 5.152. We note that M does
not appear explicitly in the dynamics, and we can indeed in theory write down the three
arbitrary constitutive force components F , which would induce a moment via Eq. 5.152
that has no impact on the dynamics. This is however not how the constitutive forces and
moments are defined in practice, as we will now show.

We now move on to treat conservative constitutive dynamics. As discussed in [227],
when the Lie algebra, that acts transitively on the configuration space, is of a higher
dimension than the configuration space the resulting Lagrangian dynamics (i.e. conservative
dynamics) is under-determined. For a Cosserat rod we have @ = g—% = {ﬁ M }* which
results in Eq. 5.72. In contrast, as 0 = (h 0 0)7 and 7 = (7 0 )7 for a filament, the only

components that are determined for a general constitutive U are

ou
F=— 154
1 h (5 5 a)
ou
M, = — 154
=5 (5.154b)
ou
M, = — .154
3 Ir (5 5 C)

leaving Ms, F5 and F3 undetermined by . However we see that by having chosen a
gauge, these force and moment components are given by moment balance Eq. 5.152.
The conservative constitutive forces and moments on a filament are thus determined by
Eq. 5.154 and Eq. 5.152 together. Note that it was necessary to let M;, F5 and F3 be
undetermined by U, rather than setting M; = F, = F3 = 0, which would conflict with
moment balance. The above is consistent with the force and moment balance equations
found for the filament in the overdamped setting [242] and in statics [218].

It is standard for filament dynamics to associate an energetic cost to the square of the
curvature and extension U = %e/@Q. From Eq. 5.154 and Eq. 5.152 we then find, expressed
in a non-moving frame

M = exes (5.155)

where € is the bending stiffness. Eq. 5.155 agree with classical Bernoulli-Euler beam theory

[242; 243, 246]. Note that as the notion of torsion 7 appears from the gauge choice, rather
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than representing a physical property of the filament, a 72 term is usually not included in
U. Therefore M; = M, = 0 for a filament in the Frenet-Serret frame in practice.

In the overdamped limit, the results of Sec. 5.3.2 and Eq. 5.125 applies as before, under
the constraints Eq. 5.140 and Eq. 5.141, Eq. 5.144 and Eq. 5.152. Setting f: —”yTV we
get

5.156d

h =V —kV (5.156a)
k= + 78 (5.156b)
= Q) — K (5.156¢)

)
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where i = v5.".

Twisting filament dynamics

For a twisting filament, the angular velocity component €2; is now a dynamic degree of
freedom, and we therefore permit angular momentum along the tangential direction. We
assume the principal axes of the moment of inertia I coincide with the moving frame
e;, © = 1,2, 3, and that the angular momentum is negligible along the normal and binormal
directions, setting L = (I 0 0)7, where IO is the eigenvalue of I along e;. The

resulting kinodynamical equations of motion are

h=V]—kV, (5.157a)
7= D8 (5.157b)
D,P=D,F+ f (5.157¢)
IVO, = (D,M); +my (5.157d)
where the constraints on the force are
Fy = h™'(D,M)s (5.1584)
Fy = —h™Y(D,M)s, (5.158h)

which should be compared with Eq. 5.153 and Eq. 5.152. For conservative constitutive we

now have the relations

ou
M= (5.159hb)
67'(1'
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5.5 Conclusion

We studied the kinodynamics of a Cosserat rod subject to constitutive and body forces
and moments. Kinematically, we identified its configuration space as the special Euclidean
group SFE(3) of translations and rotations on three-dimensional Euclidean space E3.
Using the Euler-Poincaré theorem we then found conservative force and moment balance
equations. Furthermore, we constructed a generalised Lagrange-D’Alembert principle from
which arbitrary non-conservative dynamics can be derived. The resulting kinodynamic
equations of motion were formulated in terms of a spatial reconstruction field X = {5, T}
and generalised momentum field S, which take values in the Lie algebra se(3) and its
dual se(3)* respectively. The configuration of the Cosserat rod is thus encoded in terms
of Lie algebraic quantities, as opposed to a more typical approach of expressing it in
terms of its center-line r and material frame E directly, where the latter correspond to Lie
group-valued quantities. We showed that the Lie algebraic formulation naturally leads to
kinodynamics expressed in terms of the intrinsic geometry of the rod. Derivatives of r
and F must be taken to find the shear and spatial rate-of-change of the material frame,
but are found directly in components of X itself. Moreover, the Lie algebraic formulation
offers a notable advantage in terms of numerical computations: Equations of motion in
terms of SE(3)-quantities will in general lead to errors that push the system outside of
the Lie group. For example, numerical errors will in general break the orthonormality of
the material frame E. On the other hand, as se(3) is a vector space, errors accrued in the
simulation of X and S can not push them out of the Lie algebra. Therefore, regardless of
numerical errors, X will always exponentiate to a SFE(3)-valued Cosserat rod configuration.

Continuing, we then derived some physical examples of Cosserat rod models. In
Sec. 5.3.1 we derived the constitutive stress energy of a three-dimensional but slender rod,
and through a coarse-graining procedure we approximated its kinodynamics as that of
a Cosserat rod. In Sec. 5.3.2 we formulated the dynamics of a Cosserat rod subject to
internal and external frictional forces, and derived the corresponding equations of motion
in an overdamped limit.

We concluded with a section on the filament model, which we modelled as a Cosserat
rod subject to kinematic constraints. We systematically derived its kinodynamic equations
of motion in both the underdamped and overdamped limits. The filament model, which
has a homogeneous configuration space E* = SE(3)/S0(3), is a paradigmatic example of
how non Lie group-configured systems can be obtained by imposing kinematic constraints.
In Ch. 6 we develop this further for general systems.

Chapter 6 will build and develop many of the concepts introduced in this chapter,
which will culminate in a framework to study the kinodynamics of general continuum

systems with Lie group- or homogeneous configuration spaces.
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Chapter 6

(Geometric continuum mechanics on
Lie group- and homogeneous

configuration spaces

In Ch. 5, we derived the kinodynamical equations of motion of the Cosserat rod and filament,
systems in one material dimension with configuration space SFE(3) and SE(3)/SO(3)
respectively. Here we extend this theory to systems with general material base spaces and
Lie group- and homogeneous configuration spaces, which we can call generalised Cosserat
systems. In this chapter we will study these systems and formulate their kinodynamics,
using the geometric approach of the previous chapter. We call the result of this work a
generalised geometric Cosserat theory (GGCT). Mathematically, the GGCT can be seen
as a field theory of Lie group- or homogeneous space-valued fields defined over topological
manifolds. To the best of our knowledge, these results are novel.

We have separated the exposition of the theory and its derivation, in Sec. 6.1 and
Sec. 6.2 respectively, as the latter requires a level of mathematical abstraction not necessary
in the presentation of the GGCT itself. The primary mathematical challenge stems from
allowing arbitrary topologies in the material base space, which entails that it longer admits
a global set of coordinates. An example of such a system would be a closed surface, like
the membrane of a cell. This necessitated further geometrical abstraction that was not
required in the case of the Cosserat rod.

In Sec. 6.3 we use the GGCT to derive the equations of motion for a set of example
systems. This section is called ‘Applications’, meant to be understood in the sense that
our general geometric framework is applied to derive the kinodynamic theories of the given
example systems. When these systems are well-established in the literature, we show that

our framework recovers the correct equations of motion.
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Figure 6.1: The relation between the spatio-temporal configuration ® and the adapted
frame field ® of a filament, where the latter can be seen as the spatio-temporal configuration
of a Cosserat rod. In the top-left and top-right we show the mapping of (t,,u,), a point in

the kinematic base space W, to ®(t,, u,) and ®(t,, u,), which are related by the projection
map 7.

6.1 Generalised geometric Cosserat theory

Here we generalise the results of Sec. 5.2 to systems with an arbitrary material base space
and Lie group- or homogeneous configuration space, which we call a generalised Cosserat
system. To aid understanding it will be helpful to reintroduce some nomenclature, and
to relate and contextualise the mathematical formulation of the Cosserat rod and the
filament to the general systems that we describe in what follows. This preamble will thus
serve as a brief overview of the results given in the subsequent subsections.

The material base space of an open Cosserat rod is the manifold M = [0, L], and its
kinematic configuration space is the Lie group SE(3). The spatio-temporal configuration
of the Cosserat rod is a map ® : W — SE(3), where W = [0,T] x M is the kinematic
base space and [0,T] the time domain. In Sec. 5.4 we showed that a filament can be
considered a kinematically constrained Cosserat rod, and its configuration space is the
homogeneous space SE(3)/SO(3). The spatio-temporal configuration of the filament
is thus ® : W — SE(3)/SO(3). However, the kinematics on the homogeneous space
SE(3)/S0(3) can be related to kinematics on the Lie group SFE(3) using an adapted frame
field (or framing) ® : W — SE(3) via the composition ® = 1o®, where 7 : SE(3) — SO(3)
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is the projection map and is defined as 7((r; £)) = r. A given Cosserat rod configuration
was thus seen as an adapted frame of the filament. This relationship is illustrated in
Fig. 6.1.

The mathematical formulation of the SFE/(3)-configured Cosserat rod, and its relation
to the SE(3)/S0O(3)-configured filament, is analogous to the more general setting we will
develop here. We first consider kinematic configuration spaces that is a general Lie group
G, and we will denote g as its Lie algebra. Secondly, we let the material base space M be
a general manifold. Thirdly, given a Lie subgroup H C G known as the stabiliser, we can
relate the kinodynamics of the G-configured system to a corresponding G/ H-configured
system by choosing a gauge in H. Therefore, as in Ch. 5, it suffices to at first consider the
kinodynamics of the G-configured system with material base space M. The corresponding
GG/ H-configured system can then be modelled by applying kinematic constraints on the
G-configured system.

The spatio-temporal configurations of the general systems in consideration are therefore
®: M — G,or®: M — G/H. We can thus see the generalised geometric Cosserat theory
as a general theory of G- or G/H-valued fields on topological manifolds M. The majority
of the mathematical technology we introduce is then for the purpose of formulating the
field equations of motion on the Lie algebra g, which locally acts transitively on G/H (and
on G, trivially).

In Sec. 6.1.1 and Sec. 6.1.2 we present the kinodynamic equations of motion of a general
G-configured system with material base space M, formulated in terms of Lie algebraic
quantities. In Sec. 6.1.3 we describe the procedure by which G/H-configured systems can
be modelled via kinematically constraining the G-configured system. We conclude with a
discussion of the GGCT in Sec. 6.1.4.

6.1.1 Kinematics

A physical system can be kinematically described using the GGCT if it is possible to
identify its kinematic configuration at a material point with an element of a Lie group G.
Alternatively, the programme is also applicable if the kinematic configuration space can
be identified with a homogeneous space, upon which G acts transitively. Respectively, the
Cosserat rod (Sec. 5.2) and the filament (Sec. 5.4) are examples of this respectively, and
further examples can be found in Sec. 6.3. We will first treat the case where the kinematic
configuration space is a Lie group, and then return to homogeneous configuration spaces
in Sec. 6.1.3.

We consider a system with a d-dimensional material base space M and kinematic
configuration space (G, where M is a general manifold and G is an n-dimensional Lie group
with Lie algebra g. Let the kinematic base space W be a (d+1)-dimensional manifold of the
form W = [0,7] x M, where [0,T7] is the time domain. The spatio-temporal configuration
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of the system is & : W — G.

As the material base space M is a general manifold, it does not admit global coordinates
in general. Instead, we must have an atlas A that covers M. We denote its elements as
A= {(U,,u,) | a € I}, where U, C M and u, : M — R? and [ is an index set. Due
to the product structure of the kinematic base space W, A extends trivially to an atlas
Aw = {(U, x [0,T],%x,)| a € I} over W, where x, = (ul,... ,ud t). We stress that the

s
only kinematically relevant property of M is its topological character, as the kinematics
do not depend on any metric structure on M. Therefore, in practice, suitable choices for
M are often d-dimensional cuboids, spheres or toruses. Conceptually, we can see M as a
continuous multi-dimensional ‘index’ over the system.

The G-valued spatio-temporal configuration can be related to a g-valued 1-form as
£ = 1dd (6.1)

where £ = ®*w : W — g is the pull-back of the Maurer-Cartan w form onto W, and will
henceforth for the sake of brevity be referred to as the Maurer-Cartan form. In a local
chart (U,u) € A we can write

& = Ndt + X,du® (6.2)

where X, : [0,7] x U — g, a = 1,...,d are the spatial reconstruction fields and N :
[0,7] x U — g is a generalised velocity field. Locally, we will write functions on W in
terms of their coordinates, i.e. X, (¢, u).

It is important to note that the local expression of all 1-forms must transform correctly
under change of charts. If £ is written in a chart (U’,u’) € A as £ = Ndt + X/ du®, then
we must have G

X = XaaT“,ﬁ (6.3)
on [0,7] x (UNU’"). The g-valued X, thus transform as scalar 1-forms. If M does not
admit global coordinates Eq. 6.5 must be integrated consistently over a set of charts that
cover M.

The Maurer-Cartan form obeys the integrability condition
dE+ENE=0 (6.4)

from which we can find the kinematic equations of motion expressed in a local chart

0 Xy =DyN (6.5)
where a = 1,...,d, and the spatial integrability conditions
08Xo = Do Xp (6.6)
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where a =1,...,d—1and f=a+1,...,d, and where we have defined
D, = 0, + adx,. (6.7)

which we call the generalised material derivative along the ath material direction, and
where 0, = %. The d spatial reconstruction fields X, are not independent, as the
spatial integrability condition Eq. 6.6 must be obeyed at all times . However, as spatial
integrability is preserved by the equations of motions Eq. 6.5, it suffices that the initial
conditions satisfy Eq. 6.6 at t = 0. Spatial integrability also implies that the total number
of degrees of freedom is dim(G) = d.

To reconstruct the spatio-temporal configuration ® at a time ¢ from the Maurer-Cartan

form &, we integrate the spatial part of Eq. 6.1
0,2 =0X,, a=1,...,d, (6.8)

which can be integrated using a matrix ODE solver. Specifically, for a given material point
u and initial condition ®(¢,ug), to find ®(¢,u) we must integrate Eq. 6.8 at fixed ¢ along
some curve 7 : [0,1] — M, such that v(0) = ug and (1) = u. See Appendix C for details
on how to construct ®(uy, ?).

Due to the spatial integrability conditions Eq. 6.6, the result of integrating Eq. 6.8 is
independent of the shape ~, for fixed end-points. For details on reconstructing ® from
X, and N, see Appendix C. If the spatial reconstruction fields X, do not satisfy spatial
integrability, then solutions of Eq. 6.8 are no longer path-independent. Effectively, this
means that the map (¢,u) — ®(¢,u) is not single-valued. Instead ® is a functional
O[vy] of curves 7, : [0,1] — M satisfying v4,(0) = ug and 74(1) = u, along which
X, are integrated,! where ug is some material point at which initial conditions of the
exponentiation is specified.

Under the assumption that the generalised velocity field is a smooth function of u,
the kinematic equations of motion preserve the spatial integrability condition. However,

numerical errors in the spatial integrability will in general accrue in simulations. Let
ALt u) = 05 Xo — DaXp (6.9)

be the residual error in spatial integrability at time ¢ and material point u. In Sec. 6.2.1
we show that
atAg‘g = [Ag‘/g, N]. (6.10)

We thus see that the amplitude of the residual error at any material point on the system will

grow exponentially in time at any material point u, if Ay(f, 1) # 0. Standard integration

1See Appendix C for details.
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techniques like the Forward-Euler scheme will thus in practice suffer these failures of
spatial integrability. In other words, in such cases material defects may spontaneously
emerge due to the numerical integration scheme. In Ch. 7 we develop geometric integrators

that are designed to preserve Eq. 6.6.

6.1.2 Dynamics

The starting point for modelling the dynamics of a system using the GGCT is to identify
its kinetic energy density IC(®) in terms of the spatio-temporal configuration ®, and a
reduction (V) in terms of the Lie algebra-valued generalised velocity. The kinetic energy
is then used to define the generalised conjugate momentum. This was done systematically
for the Cosserat rod in Sec. 5.2.2. Secondly, the generalised stresses and body forces
on the system must be defined. As with Cosserat rod dynamics, we can consider both
constitutive and non-constitutive dynamics, as well as non-conservative dynamics. As
before, the conservative case can be derived as a special case of the non-conservative case.
We will be working in local material coordinates, in a chart (U,u) € A.

The dynamic quantities correspond analogously to those in Sec. 5.2.2. Let Q%, a =
1,...,d be the generalised constitutive stress fields, and 7" the generalised body force on the
system, which both take values in g* and are defined over M and can be time-dependent

in general. The generalised conjugate momentum field is given by

e

5= 9N

(6.11)

where K = K(N) is a kinetic energy density defined on the system, and S takes values
in the dual Lie algebra g*, which in its matrix representation can be seen as the space
g* = {YT . Y € g}. The matrix derivative is carried out using numerator-layout

convention Eq. 4.73. The general dynamic equations of motion of the system are then

D;S=D,Q“+T (6.12a)
n.Q@* =0, on JdM. (6.12b)

where n € T*M is a normal covector field that is tangent to the material boundary 0M

and where

D; = 0; +ady (6.13a)
D! = 0, + adya, (6.13b)

which we call the dual generalised material derivatives along time and the ath material

directions respectively. To give an intuitive example that illustrates the implementation of
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Eq. 6.12b, we can consider the case where M = [0, L}] x [0, L3] x - -+ x [0, Ld] and L§ € R,
Then from Eq. 6.12b we would have that ¢ = 0 on u* = 0, L. In physical applications
S is always related linearly to IV, and the kinodynamic equations of motion thus close by
solving for N = N(S). The total number of degrees of freedom of the system is thus 2d,
which are encoded in the spatial reconstruction fields X, and N.

Note that in general the generalised body force T is a function of the spatio-temporal
configuration ®. In this case we must reconstruct ® from the spatial reconstruction fields
X, to compute T at any time t. See Appendix C for a detailed algorithm.

For many physical systems we often care about formulating purely constitutive and
conservative dynamics. In this case the stress can be derived from a potential energy.
As we did in Sec. 5.3.1 for the Cosserat rod, the starting point would be to formulate a
Lagrangian density £(®,d®). If the dynamics is purely constitutive, then the Lagrangian
can not be a function of the global state ®. Rather, only deformations d® will contribute
energetically. Therefore the Lagrangian is only a function of the tangent space of G, and
we write it as £(d®). In such cases, L£(d®P) admits a reduced form £(§), that satisfies
(&) = L(d®) when & = d71dP. Often, the reduced Lagrangian can be written in the form

0(€) = K(N) — U(Xy). (6.14)

Applying the Euler-Poincaré theorem, we arrive at the same equations as Eq. 6.12 with

the body force absent and where the generalised internal stresses are given by

ol ou

Q=3¢ =9 (6.15)

which takes values in the dual Lie algebra g*.

An example of how to derive a body force is given at the end of Sec. 5.2.2, where we
incorporate gravity into the Cosserat rod model. In general, if the body force is a function
of the spatio-temporal configuration ®, then for all times ¢ we must solve the equations
0,P = ®X, for ® to evaluate the body force.

Note that in practice it is often the case that Lagrangians are formulated in coordinate-
form as densities, as was the case in Sec. 5.2. However, if M does not admit global
coordinates it is important that the densities are defined such that for any pair of charts
(U,u), (U',u') € A where UNU’" # () we have

L(®,dD) = |J| L(D,dD). (6.16)

and
(&) =[] £8). (6.17)
on [0, 7] x UNU', where J = |det [ 881111’] , and glll‘, is the Jacobian matrix of the coordinate
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transformation between the two charts.

6.1.3 Kinematic constraints

We will now consider implementing kinematic constraints on a Lie group-configured system
to a model a system that is homogeneous space-configured. The reader will notice that
this procedure is less programmatic than the Lie group-configured case. The process
of implementing kinematic constraints requires some care in order to develop consistent
and physical equations of motion. We will therefore describe the process of kinematic
constraints in as much detail as is possible whilst keeping the same level of abstraction.
We will repeatedly refer to the example of the filament, treated in Sec. 5.4.1, to illustrate
the discussion.

We consider a system where the kinematic configuration space is a homogeneous
space. Let ® : W — G/H be the spatio-temporal configuration, where H C G is an
r-dimensional Lie subgroup we call the stabiliser. The d-dimensional Lie group G is now
called a symmetry group over the homogeneous space G/ H, over which it acts transitively.

There is a natural projection map = : G — G/H from G to G/H, given by
m(g9) = gH (6.18)

which describes G as a principal bundle over G/H. In Sec. 5.4.1, we had G = SE(3),
H = SO(3) and the projection «((r; F)) =r.

An adapted frame field, or framing, of the spatio-temporal configuration is a map
® : G — G/H which satisfies ® = m o ®. The relation between ®, ® and 7 is summarised

by the commutative map
G
2N
W e » G/H

and Fig. 6.1. If the stabiliser is trivial H = {e}, where e € G is the identity element, then
the kinematic configuration space is G/H = G and ® = ®.

The projection map 7 allows us to describe the kinematics of the system in terms of Lie
group motions, using adapted frame fields. All the mathematical technology introduced in
Sec. 6.1.1 and Sec. 6.1.2 apply as before, but here in terms of the adapted frame field P
and its Maurer-Cartan form ¢ = ®~'®. The kinodynamic equations of motion are thus as
before Eq. 6.5 and Eq. 6.12 respectively.

Ostensibly the spatial reconstruction fields X,, a =1, ..., d and the generalised velocity
field N (or, alternatively, the generalised conjugate momentum S) together comprise 2d
independent degrees of freedom, once the spatial integrability conditions are factored

in. However, the kinematic configuration space G/H is (n — r)-dimensional, leaving r
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un-physical and superfluous degrees of freedom under-determined by the equations of
motion. In principle there is nothing that prevents us from modelling the G/ H-configured
system using a G-configured system (analogously, there is nothing that prevents us to
model the SE(3)/SO(3)-configured filament using the SE(3)-configured Cosserat rod),
although as the kinematics of the latter is not adapted to the intrinsic geometry of the
former formulating the dynamics can be difficult. Alternatively, we can eliminate the
r-superfluous degrees of freedom.

For a given @, the space of admissible frame fields ® is equal to the space of smooth

functions of the form h : W — H. Explicitly, if ®; is a framing of ® then

Dy(p) = h(p)®i(p), VpeW (6.19)

is also a frame. We call this a gauge freedom in the specification of ®. Only if H is trivial
and 7 = 0 is there a unique choice of ® for each ®.

Choosing a gauge is equivalent to prescribing a one-to-one map between spatio-temporal
configurations ® : W — G/H and adapted frames ® : W — G. In Sec. 5.4 this was
done by ‘locking’ e; and e, of the trihedron (r, ) : W — G = SE(3) to its center-line
r: W — G/H. Thus, we had the one-to-one map r — (r, E(r)). We then saw that
the choice of gauge on the Lie group-level induced a d-dimensional sub-vector space
V' C se(3) on the Lie algebra, where the spatial reconstruction field X only takes values in
V. However, note that in the filament case, we had ‘locked’ the spatial configuration of
the material frame to d,r, in principle it would also be possible to lock it to the velocity
o;r = V. See Sec. 6.3.4 for an explicit example of this.

In general, the choice of gauge will result in only n — r components of the Maurer-
Cartan form £ to be independent, which in turn means that the kinematic equations
of motion yields r constraints. See Eq. 5.144 for an example. Care must be taken to
ensure to eliminate superfluous dynamic degrees of freedom. In Sec. 5.4.2 we did this by
setting S;; = 0 for every vanishing component NV;; = 0 of the generalised velocity. In turn,
this will lead to r constraints on the generalised stress from the dynamical equations of
motion Eq. 6.12. These r constrains are consistent with the fact that we cannot specify n
generalised forces independently for a system with only n — r degrees of freedom.

Though all gauge choices are theoretically equivalent, some are more ‘natural’ than
others. In the case of the filament, a 1-dimensional sub-manifold of E?, we have the Frenet-
Serret, as well as the Bishop [250, 252], frames. A generalisation of natural moving frames
to arbitrary sub-manifolds of E? can be found in [227, 249, 257]. A further generalisation
of the theory of moving frames to arbitrary sub-manifolds of Lie groups can be found in
[228, 258-260].

175



6.1.4 Summary and discussion

The GGCT can be summarised programmatically. We can model a given generalised

Cosserat system by taking the following steps.

1. Identify the material base space M of the system. Only the topology of M is of
kinematic relevance. For example, if the system is a closed surface (like the membrane

of a cellular organism), then an appropriate material base space is M = S2.

2. Identify the kinematic configuration space. In general this will be a homogeneous
space G'/H. Then we must construct an adapted frame & : W — G/H such that
the spatio-temporal configuration is given by ® = 7o ®. If H is trivial then the

kinematic configuration space is the Lie group G, and ® = ®.

3. Relate the Lie group-valued adapted frame to the corresponding Maurer-Cartan
form &, using £ = @ 'd®. As was done for the Cosserat rod, we can expand & and
®1d® in terms of their constitutive sub-matrices in order to interpret the kinematic

equations of motion.

4. Write down the kinematic equations of motion Eq. 6.5 of the system, formulated on

the Lie algebra g.

5. Write down a kinetic energy density of the system in terms of d®, and its corre-

sponding reduction (). Compute the generalised conjugate momentum S = g_]i\c[.
6. Define the generalised stresses Q¢ and generalised body force T. The conservative
part of the constitutive dynamics can be derived by defining a potential energy

density U (0,®P), with reduction U (X, ). The generalised stresses are then Q* = 3‘97“&.

7. Write down the dynamic equations of motion Eq. 6.12 of the system, formulated on
the dual Lie algebra g*. Note that if the generalised body force T' is $-dependent,
then ® must be reconstructed from X, to compute 7" (see Appendix C for a detailed

algorithm).

8. If the stabiliser H satisfies dim(H) = r > 0, then kinematic constraints should be

applied to eliminate the r superfluous degrees of freedom.

Combined, the kinodynamic equations of the motion can be written as the system of

equations

8, Xy = DoN (6.20a)
DS =DiQ" + T (6.20b)
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that close under S = 5%, subject to the conditions

85Xa = DaXﬁ (621&)
n,Q* =0, ondM (6.21Db)

where o =1,...,d—1and 8 =a+1,...,d, which are spatial integrability conditions and
a boundary condition on the generalised stress. The differential operators in Eq. 6.20 and
Eq. 6.21 are defined as

D, = 0, + ady (6.22a)
D, = 0, + ady (6.22b)
D = 8, +ady (6.22¢)
D! = 0, + adl (6.22d)

which are the generalised material derivatives and their dualisations. In the rest of this
subsection we will discuss and offer some remarks on the GGCT.

Generalised and geometric kinematics and dynamics. The crucial difference
between the geometric kinematics of Eq. 6.20a, and that of classical continuum mechanics,
is the (comparatively) geometric triviality of the configuration space of the latter. The
point-continua of classical continua take value in Euclidean space, which is a linear space,
meaning that classical continuum mechanics suffers no geometric non-linearities. This
furthermore means that kinematic considerations can often be disregarded. Indeed, the
Cauchy momentum equation Eq. 4.1 is most often written purely in terms of the velocity
field v of the point-continua. This can be understood by considering the equivalent of
Eq. 6.20a for continuum mechanics 0;(9,X) = 0,v, a = 1,2,3, where x is the displacement
field of the system, which is course trivial as v = x.

For the more generalised continuum systems we consider here, the kinematic equations
of motion will in general suffer geometric non-linearities. These non-linearities are, upon
‘reduction’ from G to g, encoded in the adjoint action ad : g — g, as can be seen in
Eq. 6.22. The absence of geometric non-linearities in the kinematics of classical continuum
mechanics is explained by the fact that Euclidean space R? (or, more precisely, the Lie
group of translations on R?), is an abelian group, for which ad = 0. This turns all the
differential operators in Eq. 6.22 into partial derivatives.

Similar conceptual differences are at play in the dynamics. As is often discussed in any
introductory course in differential geometry, the linearity of Euclidean space obscures the
difference between tangent and cotangent vectors. In classical mechanics, these correspond
to velocities and forces respectively, and their inner product gives the differential work.

In continuum mechanics, velocities and strains are tangent vectors are tangent vectors,
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and stresses and body forces are cotangent vectors. In the geometrised framework we
have developed here, we are working in a ‘reduced’ description, where these become Lie
algebraic (X and N) and dual Lie algebraic fields (S and Q%) respectively. When G is
non-abelian, the distinction between g and g* becomes necessary. Keeping this in mind,
however, the dynamical equations of motion Eq. 6.20b can be directly compared with the
momentum balance equation of continuum mechanics, the Cauchy momentum equation
Eq. 4.1.

Internal and external degrees of freedom. Although not necessary for the
application of the GGCT, we can introduce some further conceptual distinctions for
systems with Lie group-valued kinematic configurations. For many systems there is a
natural distinction to be made between the external and internal degrees of freedom. For
a Cosserat rod the center-line r(¢,u), which take values in SE(3)/S0(3) = E?, and the
material frame E, which take values in SO(3), can be seen as external and internal degrees
of freedom respectively. The combination of the two, the trihedron (r, F'), takes values
in the combination of the two spaces SE(3). We can generalise this to arbitrary systems
with a configuration space G. If G admits some Lie subgroup H C G, then we may deem
it natural to designate the homogeneous space G/H as the external configuration space
and H as the internal configuration space, or vice versa. We should note that in general G
can contain many Lie subgroups, and the distinction between the external and internal
configuration spaces for a given system would be a matter of convention.

Dynamics on G/H vs. dynamics on g. It should be noted that in principle
the kinodynamics of a G/H-configured system could be formulated entirely in terms of
the G/H-valued spatio-temporal configuration ® and its derivative d®, as opposed to
on the Lie algebra g of its symmetry group G as we have done here. This is perhaps
the most common way of modelling many systems in classical continuum and Cosserat
mechanics [60, 67, 241, 242]. When simulating systems in this formulation, it requires the
discretisation of the G- or G/H-valued system configuration. As G and G/H are always
numerically embedded in R™, for some m > dim(G) or m > dim(G/H ), numerical errors
accrue in such a manner so that the configuration leaves the sub-manifold G C R™ or
G/H C R™. The benefit of the GGCT stems from the fact that it exploits the trivialisation
TG — G x g, which enables us to formulate the kinodynamics in terms of the linear vector
space g, as opposed to the non-linear space G.

Furthermore, the GGCT thus naturally leads to a formulation of the dynamics in terms
of the intrinsic geometry of the system. For constitutive dynamics, this is reflected in the
fact that the Lagrangian admits a reduction. The reduction procedure ‘subtracts’ all global
information from the dynamics, such that only differential deformations are energetically
relevant. These deformations are precisely encompassed in the Maurer-Cartan form &. To

illustrate the difference between a GG/ H-based approach and a g-based approach, recall the
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filament system defined in Sec. 5.4. A typical potential energy for a filament is quadratic

in its scalar curvature x and extension h [232, 246]
Lo
U= / (k(h —1)* + ex?)du, (6.23)
0

where k and € are constants. As we showed in Sec. 5.4, k is a component of the Maurer-
Cartan form £ once kinematic restrictions have been imposed. Equation 6.23 can be
rewritten in terms of the E* = SF(3)/SO(3)-valued center-line r(u). However as the
intrinsic geometry of a space-curve r(u) is translation-invariant, the resulting expression is

not a function of r but its derivatives d,r and d*r. We find

U:/O 0 {k(|0ur] = 1)* + €]0, (Dur/|0ur]) P} du. (6.24)

Aside from the fact that Eq. 6.23 might be aesthetically preferred over Eq. 6.24, the
evaluation of the latter will be highly sensitive to numerical errors due to the derivatives.

Time as a privileged axis. As our formulation of the GGCT is primarily geared
towards continuum mechanics, our notation has singled-out time as a privileged axis. To
remove this notational quirk, we could simply exclude the temporal part of the kinematic
base space W = [0,7] x M — W = M, and thus consider configurations ® : M — G/H.

The resulting system of equations that determines the system configuration are then

DIQ“+T =0 (6.252)
95Xo = DuXp (6.25)
n.Q@* =0, onJdM (6.25¢)

(6.25d)

where a = 1,...,d—1and f = a+1,...,d. Equation 6.20 and Eq. 6.25 are formally
equivalent. The former can be recovered from the latter by setting M = [0,7T] x M,
where M is then a given material base space. In Eq. 6.25 we do not explicitly privilege a
time-direction. However, note that we could in general consider the material base space
M to be some (d + 1)-dimensional space-time manifold.

Field theories and non-linear ¢ models. The GGCT can be viewed from a
field-theoretic lens, in which case the spatio-temporal configuration ® can be seen as
a G/H-valued field over the base space M. The GGCT is thus a formulation of field
dynamics in terms of the locally transitive action of the Lie algebra g, resulting in the
Lie algebraic field equations Eq. 6.25. Notably though, as opposed to the vector-valued
fields we often find in many field theories (e.g. electromagnetic field theory), ® takes

values ‘outside’ of the base space M. This is the reason why M does not necessitate a
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metric structure in the GGCT. In principle, however, it would be possible to imbue M
with a metric, and couple ® with dynamic vector fields defined on T'M in a Lagrangian
formulation of the dynamics.
As a concrete example to illustrate the field-theoretic perspective, consider a Lagrangian
density of the form
L= %’r]‘“’g(@u@, 0,P) (6.26)
where g is a (in general ®-dependent) metric on G/H and 7 is the Minkowski metric (or
the Euclidean metric for flat space-times). Equation 6.26 is a non-linear ¢ model [94, 261],
and in this context ® is a field that takes values in target manifold G/H. If Eq. 6.26
admits a reduction, then the GGCT can be applied to derive the equations of motion for
®. This would result in Eq. 6.25, with Q% = —%, where / is the reduction of £. In
Sec. 6.3.5 we use the GGCT to derive the field equations for the O(3) non-linear o model.

Furthermore, we note that Cosserat dynamics with a Lagrangian
L= §N MN + §X KX, (6.27)

of which the constitutive dynamics described in Sec. 5.3.1 is an example, is in the form
of Eq. 6.26. Lagrangian Cosserat dynamics with a quadratic potential energy is thus a
non-linear o model.

Soft modes. Consider the case when the dynamics of the system is described by a
constitutive Lagrangian £ which admits a reduction ¢(£). We can note that the existence
of the reduction ¢(£) implies that the Lagrangian can only be dependent on the tangent
space T'G. In other words, £ has only gradient terms, and no ‘mass’ terms. Note that the
components of the spatial reconstruction fields X, = ®~10,® are the 'gradients‘ of ®, and
therefore potential energies U (X,) are thus by construction ‘massless’. Consequently, each
kinematic degree of freedom in such systems behave like soft modes [262, 263|. This can
be understood intuitively by considering the Cosserat rod and the elastic energy derived
in Sec. 5.3.1. The elastic energy cost of long wavelength deformations of the rod (whether
twist, extension, bend or shear) go continuously to zero, as the wavelength is taken to
infinity. This gives rise to sound modes (from extension), shearing waves and curvature
waves.

Spatial integrability and numerics. If the spatial reconstruction fields X, do not
satisfy the spatial integrability conditions Eq. 6.21a, then the spatio-temporal configuration
® is not single-valued as a function of (¢,u). Physically, this would correspond to a
topological defect in the system. In principle, the kinematic equations of motion we
have presented can thus be used to study defects, although a careful treatment of this
topic is beyond the scope of this text. However, if the generalised forces that the system

is subject to are smooth, then no defects can spontaneously emerge. Nevertheless, as
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discussed in Sec. 6.1.1, though the kinematic equations of motion Eq. 6.20a preserve the
spatial integrability conditions Eq. 6.21a, any errors in numerical simulations will grow
exponentially as Eq. 6.10. In Ch. 7 we construct geometric integrators that preserve the

spatial integrability.

6.2 Derivation of the geometric kinodynamical equa-

tions of motion

Here we provide detailed derivations of the results in Sec. 6.1. For the sake of clarity, we
had presented the kinodynamics of Lie group-configured and homogeneous space-configured
systems separately, and had formulated the latter as a kinematically constrained version of
the former. Here, we will treat both cases simultaneously by considering a general system
with a homogeneous configuration space. Note that for a Lie group G and H = {e}, where
e € G is the identity element, then G/H = G. Therefore G is trivially a homogeneous

space.

6.2.1 Kinematics

Let the kinematic base space W be a (d + 1)-dimensional manifold of the form W =
[0,T] x M, where M is the d-dimensional material base space and [0,7] is the time
domain. The spatio-temporal configuration of the system is the map ® : W — G/H,
where G is an n-dimensional the symmetry group on G/H, with Lie algebra g, and the
stabiliser H C G is a r-dimensional Lie subgroup. The kinematic configuration space is
the (n — r)-dimensional homogeneous space GG/H, upon which G acts transitively.

Let A be an atlas over the material base space M, with elements A = {(U,,u,) | a € I},
where U, C M and u, : M — R? and I is an index set. Due to the product structure
of W, A extends trivially to an atlas Ay = {([0,T] x U,,X,)| @ € I} over the kinematic
base space W, where x, = (t,u},... u?).

Y a’ Y a

We define a projection map 7 : G — G/H as
m(9) = gH (6.28)

which describes G as a principal bundle over G/H. Given the projection 7, we can write
the spatio-temporal configuration as ® = 7 o ®, where we ® : W — G is then an adapted
frame field of ®. In general there is no unique choice of @ for a given ®.. In the case
where the stabiliser is the trivial group H = {e}, where e € G is the identity element, then
G/H = G and we must have ® = ®. This was the case for the Cosserat rod.

The kinematics will be formulated with respect to the frame field @, after which the
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projection m can be used to construct the spatio-temporal configuration ®. The goal
of this subsection is thus to formulate a mathematical programme with which we can
kinematically construct ®. That is, given initial conditions on the time-slice at the initial
time boundary, and a velocity field defined over W, we want to compute ® at all future
times. The vector field d® : W — TG contains the infinitesimal information required to
reconstruct ®. As discussed in Sec. 4.2.6, we can left-translate d® to relate it to the Lie

algebra-valued vector field
£=31dd (6.29)

where £ = P*w: W — g. Compactly, we write £ locally as
§=Z,dx" (6.30)

where v =0, ...,d, such that Zy = N and Z, = X,, a=1,...,d. As shown in Sec. 4.2.6,

the Maurer-Cartan form satisfies the integrability condition
dE+ENE=0. (6.31)

Substituting Eq. 6.2 into Eq. 6.31, locally we get the equations

X, = D,N, a=1,....d (6.32a)
(95Xa = DSan, a = 1, “o ,d — 1, (632b)
b=a+1,....,d,

where we used the linear independence of the 2-form basis du® A du” and du® A dt, and

where

Dy = 0a + ady, (6.33)

is the generalised material derivative along the ath material direction. Eq. 6.32 are a set
of (d+ 1)d/2 conditions on &, which must be simultaneously satisfied. Eq. 6.32b can be
seen as spatial integrability conditions on X, which must be satisfied at all times ¢, and

Eq. 6.32a are then the kinematic equations of motion. To see that Eq. 6.32b and Eq. 6.32a
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are compatible, we take the time-derivative of the former to get

0r (0 Xo — (0n + adxe ) Xp)

= 05Xa — 0a X5 — [Xa, Xp] — [Xa, X5]

= (aﬁ + adXB)Xa — (8a -+ aan)XB

= aﬂ({XOU N]) + [Xﬂ7aaN] + [Xﬁa [Xaa N]]

(6.34)
- aa([Xﬂ7 N]) - [XOM 85N] - [XOH [X57 N]]
= —[0a X, N+ [Xp, [Xa, N]|
+ [aﬁXow N] - [Xom [Xﬁv NH
= [05Xa, N| = [0aX3, N] + [[ X5, Xo], N]
where we used the Jacobi identity [A, [B, C|| = —[C, [A, B]] — [B, [C, A]]. Finally, we get
0,11, w) = [ALS, N]. (6.35)
where
Mt ) = 05Xa — DaXp (6.36)

is the residual error in spatial integrability at time ¢ and material point u. If X, satisfies
Eq. 6.32b at time ¢ = 0, then the right-hand side of Eq. 6.35 vanishes. Therefore we
see that the kinematic equations of motion Eq. 6.32a preserves the spatial integrability
conditions Eq. 6.32b at all future times. Equation 6.35 shows how that the amplitude of
the error in spatial integrability grows exponentially in time.

The frame field ® can thus be kinematically constructed by first integrating Eq. 6.32a
to find &, and then solving by Eq. 6.29. The spatio-temporal configuration can be found

using the projection map 7, as & =7 o P.

6.2.2 Dynamics

We now consider the dynamics of a general GG/H-configured system with material base
space M. The derivation requires a higher level of mathematical abstraction than that of
Sec. 5.2, as we are considering material bases spaces that do not admit global coordinates
in general.

We will begin by first treating the case of purely-constitutive and conservative dynamics,
and then proceed to include non-conservative dynamics and body forces. We will make use
of the celebrated Euler-Poincaré equation, which was first derived in [93, 93] to consider the
dynamics of G/H-configured point particles (that is, M is a zero-dimensional manifold).
Here we apply the Euler-Poincaré theorem to general G/ H-configured continuum systems.

This has previously been done in the specific case of the Cosserat rod in [85].
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As was analogously the case in Sec. 5.4.2 for the Cosserat rod and filament, there is no
difference in the form of the resulting equations of motion whether kinematic configuration
space is G or G/H. The dynamics is formulated with respect to the transitive action of G on
G/H, and therefore the generalised forces will always ostensibly be g*-valued. Consequently,
if kinematic constraints are not explicitly implemented, the resulting dynamical equations

of motion will be undetermined (as was also stated in [93, 93]).

Conservative dynamics

The conservative and constitutive dynamics of the system can be described by a volume

form L(d®) on W we call the Lagrangian. In local coordinates (U, u) € A we write
L(d®) = L(d®) dt A du (6.37)

on U, where L£(d®) is a Lagrangian density, where du = /\gll:1 du®.

Note that in contrast to Sec. 5.2, where we used Lagrangian densities, here the
Lagrangian is a volume form. However, in practice the Lagrangian is often defined locally
in terms of densities. These densities must follow the appropriate transformation law
under change of charts. Let (U, u), (U',u’) € A where UNU’ # (. Then we must have

L(dD) = |J| L(D,dD). (6.38)

on [0,7] x UNU', where J = |det [2%]

transformation between the two charts.

, and % is the Jacobian matrix of the coordinate

The dynamical equations of motion can be found from Hamilton’s principle

5 /W L(d®) = 0 (6.39)

under variations ®(t) — ®(t) 4+ 0P(t), where 0®(u,t) € TG must vanish at the temporal
boundaries. As before, we define an equivalent Hamilton’s principle in terms of the reduced

Lagrangian
5/ 1(6) =0 (6.40)
w

under permissible variations 66 = §(®~1d®), where [(£) is the reduced Lagrangian and a

volume form on W, and in local coordinates (U, u) € A is expressed as

1(§) = £(8) dx (6.41)

on [0,T] x U, where dx = dt A du. We have that ((§) = L(d®) when ¢ = ®~1dP.
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Analogously to Sec. 5.2.2, we find
0§ = dn+ aden (6.42)

where n : W — g is an arbitrary Lie algebra-valued test function. In local coordinates
(Uq,u,) € A we have

0 = 02, du” (6.43a)
0Xo=0m+adx,n, a=1,....d (6.43Db)
ON = 0+ adnn (6.43c)

on [0,7] x U.
To express Eq. 6.39 and Eq. 6.40 in terms of local coordinates, we assume there exists
a subset {(Uy,u,) | a € J} =B C A, where J C [ is an index set, such that

Ut.=m (6.44)

acJ

and U, N U, =0, a,b € J for a # b, where Uy, denotes the closure of the open set Uj,. In
other words, B is a patchwork of charts over M, known as a partition of unity, such that
their domains do not intersect but the union of their closures completely covers M. Then

Hamilton’s principle can be expressed in terms of local coordinates as

) / LD (dd) dx, = 0 6.45
Z S (d®) (6.45)

aeJ

or

5 (9(¢) dx, = 0. 6.46
Y BECEE (646

acJ
From the Euler-Poincaré theorem [92, 93, 93] we have that the two variational principles
Eq. 6.39 and Eq. 6.40 are equivalent, and we can thus use the latter to derive dynamical
equations of motion expressed in the Lie algebra.
Let us now consider evaluating the variation over a single chart (U ,u) € A. Let
ei, t=1,....,nand E;, 1t = 1,...,n be bases for the Lie algebra g and its dual space
g* respectively, so that we can write B = Bye; € g and C' = C;E; € g* in terms of their

components. We then have
5 () dx = / A06(7,)i dx
0,T]xU (0,T]xU

(6.47)
- / (67, A7) dx
[0,T]xU
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where we sum over the index 7, and where we have defined

ol

AV =
0z,

eg (6.48)
and where the inner product (-,-) : g x g* — R is given by
(B,C) = B,C; (6.49)

for B € g and C' € g*. We will now massage Eq. 6.47 into a coordinate-free form, so that
the variation can be performed without recourse to charts.

Whilst the topology of the material base space M is of kinematic importance, as it
dictates whether multiple charts are needed to parametrise the entire space, its differential
geometry is irrelevant to both the kinematics as well as the dynamics. Nevertheless, for the
following, we will require a volume form on M. For the derivation to proceed the choice is
arbitrary, but one natural choice is the reduced Lagrangian [. However, to emphasise that
the choice is arbitrary we will we consider a general volume form, which can be written in
a local chart ([0,7] x U,u) € Ay as w = wdx.

We define the g*-valued vector field

I'= uflA“’i

Oz (6.50)
=w! (8@, — Q")
such that .

irw = Z(—l)'YA7 /\ dx"

0 e (6.51)
= S@du, + ) (~1)*QW dt A (/\ du§>
a=1 a#B

where irw denotes the interior product of I' and w, and we have written S = A° and
QRY =A% a=1,...,d. It can be verified that Eq. 6.47 transforms as a vector under
change of charts, using Eq. 6.38 and Eq. 6.3.

We can now rewrite Eq. 6.47 as

/ (0 Nirw) =0 (6.52)
[0,T]xU
where we have defined the inner wedge product
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for g- and g*-valued 1-forms B and C respectively. Now as d§ and (6§ A irw) are 1-
and (d 4 1)-forms respectively, irw must be a g*-valued d-form. Since Eq. 6.52 is chart-

independent we can write Hamilton’s principle as

/ (0¢ Nirw) = 0. (6.54)
w
Now using Eq. 4.21 we have
d(n,irw) = (dn Nirw) + (n, dirw) (6.55)
with which we can perform integration-by-parts, to get
[ e nina) = [ (itdnnivw) + faden nirw)}
w W
= [ {dtn.ire) = {n.dir) — (0, a(ir0))
W

= [ v = [ {to, @+ adpyive)}
0

(6.56)

where we used Stokes’ theorem Eq. 4.28, and adp : g* — g* is the dual of the adjoint
action defined as (adpB, C) = (B,ad},C) for D, B € g and C € g*.
For arbitrary n that vanishes at the temporal boundaries, the integral Eq. 6.56 must

vanish. We first consider the boundary term in local coordinates

/W {(n, Sydu+> " (—1)*(n, Q*)dt A (/\ du5> }

a#p
:/ > (=1)%(n, Q%)dt A (/\ duﬁ) (6.57)
W a=1 ot
= Tdt (=1)%(n, Q%) )\ dv’
o e

where we used that n vanishes at the temporal boundaries. The integral over OW and
OM in Eq. 6.57 is an abuse of notation, and meant to be understood as an integral over
the boundary covered by the chart. Consider the tangent and cotangent spaces 1), M and
Ty M at a point p € 9M, and we trivially consider T,0M as a subset T,0M C T,M. Up
to scalar multiplication, there is a single covector n, € Ty M such that n,(v) = 0 for all
v € T,0M. We extend this to all p € M, to define the normal covector field n. Now let
us assume that the chart (U,u) € A is defined such that the coordinates of the boundary
satisfies u! = 0 and the interior u' > 0. In other words, we have that (u)~1(0) = OW NU.
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In these coordinates we have that ny = —1 and n, = 0, o # k. Eq. 6.57 can then be

[ [ ooy A

a#k

T
:/ dt/ (n, QY du®...... du® (6.58)
0 oM

T
—/ dt/ na(n, Q) du? ... du?
0 oM

where the integrals in the second and third lines are the standard integral in multi-variate

rewritten as

calculus, and we sum over « in the third line. As Eq. 6.58 must vanish for arbitrary 7, we
find the boundary condition
naQ" =0, (6.59)

in the given chart. To see that Eq. 6.59 is chart-independent, note that n, = %Z/f n'ﬁ and

that @), transforms as a vector density

ot o 9X oue

_ _ ) ou

Qa = ou

where J = det [%—‘ﬂ and we used Eq. 6.3 and Eq. 6.38. We thus have that n,Q, = |J|n.@",
which preserves Eq. 6.59 as |.J| # 0.
From the second term in the Eq. 6.56 we find

D*(irw) =0 (6.61a)
which are the dynamical equations of motion in invariant form, where we have defined
D* =d + adg. (6.62)

By substituting Eq. 6.51 into Eq. 6.61 we get the equations of motion in a local chart

D; P =D:Q" (6.63a)
naQ* =0, on M. (6.63b)

where we sum over o = 1,...,d, and have defined
D}, = 0y + ady, (6.64Db)

which we call the dual generalised material derivatives.
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Volumetric force forms and non-conservative dynamics

Here we generalise the above to include non-conservative constitutive dynamics and
volumetric forces. In Sec. 5.2.2 we called the latter the body forces and body moments on
the Cosserat rod. Here the analogous mathematical object is a covector-valued volume
form, which we call the generalised body force density on the system.

We start with the Lagrange-D’Alembert principle, by adding an additional term to
Eq. 6.39

5/WL(d<I>)+/W(T(d>,d<1>,...))(5c1>):0 (6.65)

where 7T is a T*G-valued volume form we call the generalised volumetric force, and is acting
on 0® € I'(T'G). Henceforth we will suppress its arguments and write (7 (®,d®,...))(0P) =
T (0®). The second-term in Eq. 6.65 is analogous to external forces in classical Euler-
Poincaré theory for point-particles [92, 93]. In particular, compare Eq. 6.65 with the
integral Lagrange-D’Alembert principle for point-particles in [92, Eq. 7.8.5].

As before we want to express Eq. 6.65 in reduced form. As in Sec. 5.2.2 we have that
T(6®) = (n,T), where T = LT = (®7)~'T is the generalised volumetric force and is a
g*-valued volume form, and L} : T3G — g* is a mapping from the cotangent bundle to
the dual Lie algebra defined as T (Len) = (L57T,n). From the reduced form of Eq. 6.65,
and following the same steps in Eq. 6.56, we get

| i) = [ tmavicay+ [ -0 (6.66)
ow W w
and the equations of motion

D*(irw) =T (6.67a)
with the same boundary conditions as before. In local coordinates we have

D;S =D, Q%+ T (6.68a)

n,Q* =0, on JdM. (6.68b)

The argument for how to include non-conservative constitutive dynamics mimics that

of Sec. 5.2.2. Here, we need only consider a more general Eq. 6.51, where ()% is non-

variational in general. We can thus write down a generalised Lagrange-D’Alembert principle

for continuum systems as

/W<<5€Az'rw>+/ (n,T)=0. (6.69)

w

where the generalised internal stresses Q% are non-variational in general for each a € I,
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and n must vanish at the temporal boundaries. In terms of local charts we have

[ - X Q@yaxs [ n1)=0 (6.70)
[0,T1xU 0,T)xU
where we sum over a = 1,...,d, and 0N and 60X, are given in Eq. 6.43, from which

general non-variational dynamics, including constitutive and body forces, can be derived.

6.3 Applications

Here we will apply the geometric framework derived in the preceding sections to derive
the equations of motion of various example systems. In contrast to the careful treatment
of the Cosserat rod in Sec. 5.2, we will not carry out derivations in details. Rather, we will
take the results of Sec. 6.1 as a given and apply them directly. In doing so we mean to
emphasise that our framework is programmatic, flexible and applicable to a wide variety
of systems.

Sections 6.3.1 and 6.3.2 derive the classical theories of Cosserat bodies and surfaces,
which are analogous to the Cosserat rod in two and three material dimensions respectively.
Furthermore, we show that when the internal angular momenta are neglected, these
models reduce to the theory of classical continuum mechanics, but expressed in terms
of the intrinsic geometry of the bodies. Sections 6.3.3 and 6.3.4 provide examples of
generalised Cosserat rods, where the external configuration spaces are not E2, but the
2-sphere and Minkowski space respectively. When appropriate, we will point out if there
is a natural division between internal and external degrees of freedom in the kinematic
configuration spaces. In Sec. 6.3.5 we present a final example where we apply the GGCT
to the O(IV) non-linear o model, as a showcase and illustration for the connection between

our formalism and field theory

6.3.1 Three-dimensional Cosserat media

In Sec. 5 we approximated the kinodynamics of a slender rod with the Cosserat rod model,
which in that setting was seen as a coarse-graining of a three-dimensional slender rod into a
one-dimensional deformable rod of rigid body cross-sections. In general however, classical
Cosserat media can exist in up to three spatial dimensions, and their point-continua can
have an arbitrary number of directors, as discussed in Ch. 4. Here we consider a Cosserat
body in three material dimensions (u, v, w) inM with two orthonormal directors, where the
latter will be represented as material frames attached at each material point (u, v, w). This
is thus analogous to the Cosserat rod in three material dimensions. However, here the the

micro-structure of the point-continua are not the result of a coarse-graining procedure, but
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rather represent true internal degrees of freedom. Examples of such systems include polar
liquid crystals? [264, 265] as well as electromagnetic and ferromagnetic media [266-268].

Let the material base space be a connected and bounded subset M C R3. For example
M =0, Lg] x [0, L] x [0, L] would be an appropriate material base space for a system
with a cuboidal rest configuration. As for the Cosserat rod, the total configuration space
is SF(3), and the external and internal configuration spaces are E? = SF(3)/SO(3) and
SO(3) respectively. Let u = (u,v,w) : M — R3 be global material coordinates on the
body, and let r : [0, 7] x M — E3? be the spatial configuration of the continuum body at
time ¢, and let E(t,u) = (e1,e2,e3) € SO(3) be the material frame at the material point

u at time t. As before, we have

O(t,u) = (r(t,u); E(t,u)) = (r(tlu) E((; u)) (6.71)

and we write the Maurer-Cartan form as

& = Ndt + X,du + X,dv + X,,dw (6.72)
where
N ={V:Q} (6.73a)
Xy = {0 7.} (6.73b)
X, = {0,; 7} (6.73¢)
X = {0u; 7} (6.73d)
From ®~!'d® = ¢ we find that
dr = Vdt + 0,du + 8,dv + 0, dw (6.74a)
dE = EQdt + E#,du + Efydv + Efydw. (6.74b)
From Eq. 6.5 we have that the kinematic equations of motion are
X, =D.N (6.75a)

where o = u, v, w, and where the spatial reconstruction fields X, must satisfy the d(d +
1)/2 = 6 spatial integrability conditions Eq. 6.6 at all times. As spatial integrability is
preserved by the forward equations Eq. 6.75, it suffices that X, satisfy Eq. 6.6 at ¢t = 0.

2Nematic liquid crystals could be modelled a system with configurations in two-dimensional projective
space PR?, which is the space of "lines” in R3. The corresponding symmetry group is PO(3), the projective
orthogonal group.
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Substituting Eq. 6.73 into Eq. 6.75 we get

Dy, = D,V (6.76a)
To = DS (6.76h)
where D, = 0, + and D, =0,+ Ty, @ =u,v,w.
From Eq. 6.12 we find the dynamical equations of motion
D;S=D,Q"+D,Q" +D;, Q"+ T (6.77a)
n,@Q% =0, on JM. (6.77b)
where ad® was given in Eq. 5.81, and where
oK -
=— ={P;L}*
S IN {P; L} (6.78a)
Q" = {F"; M"}* (6.78D)
Q" = {F"; M"}* (6.78¢)
QU = {Fv; M} (6.78d)
T = {f;m}* (6.78¢)
We now define the kinetic energy per unit material volume as
1 59 lzp =

where pg is the mass density per unit material volume and I is the moment-of-inertia
per unit material volume, and we have P = pOV and L = IQ). Substituting Eq. 6.73 and
Eq. 6.78 into Eq. 6.77 we get

D,P = D,F*+ f (6.80a)
D,L = D,M® + 0, x F* + 11 (6.80D)
ngF* =naM® =0, on OM (6.80c)

where we sum over repeated indices of a = u, v, w. Let L, T and M refer to the dimensions
of material length, time and mass respectively. The dimensions of all kinodynamic
quantities can be found by first noting that from Eq. 6.74 we have that [17] = LT},
0. = 1, [Q] = T-! and [7,] = L', As K(IV) has units of energy per unit material volume,
and P = % and [ = g—g, we have that [P] = ML™2T~! and [L] = ML~'T~!. Similarly, as
Fo = 88711 and M, = 867“& for conservative dynamics, we have that [ﬁo‘] = ML 'T2 and

[e%

[Z\7[ o] = MT~2. We thus conclude that P and L have units of momentum and angular
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momentum per unit material volume respectively, and Fe and M® force and moment per
unit material area respectively. The body force f and m have units of force and moment
per unit material volume respectively.

Equations 6.76 and 6.80 together completely determine the kinodynamics of the
Cosserat body, where the initial conditions must obey the spatial integrability constraints
Eq. 6.6, and are consistent with the equations of motion found in the literature [217]. The
equations close using P= pov and L = IQ).

We will now show that Eq. 6.80 is consistent with the dynamics of classical continuum
mechanics. We can recognise Eq. 6.80a as the Cauchy momentum equation in Lagrangian
coordinates with respect to a reference configuration. This is especially clear in the

non-moving frame. We define V, = (9, 9, 9,)T and

L= (F F Fv) (6.81a)
S =EY=(F* F' F") (6.81D)

such that V., - 7 = 9,F, = EDaﬁa. Then Eq. 6.80a in the non-moving frame becomes
pot = Vo - T +f, (6.82)

which is the Cauchy momentum equation, written in terms of the first Piola-Kirchhoff
stress tensor . KEquation 6.80a can thus in turn be seen as the Cauchy momentum
equation in curvilinear coordinates. The first Piola-Kirchoff stress tensor is related to the
Cauchy stress tensor o as PX’ = det[P]o where P = Z& is the deformation gradient
tensor, using which we can relate Eq. 6.82 to Eq. 4.1 Analogously, Eq. 6.80b can thus also
be seen as a generalised Cauchy momentum equation for the internal angular momentum
of the system.

In Eq. 6.81 we see saw that the first Piola-Kirchoff in the moving frame was 3. Similarly,
if we define

©=(4, 4, 4, (6.83)

we have that P = FO©. We thus see that © is the deformation gradient tensor in the
moving frame. Furthermore we have that if I/ is the density of potential energy stored in

the system, then since in classical continuum mechanics [269]

Y = 2_72/; (6.84)
we have that Yy
Y= ET% =6 (6.85)
which recovers F’; = 57“.
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We have thus shown that conservative Cosserat body dynamics is consistent with
conservative continuum dynamics, and reduces to it when eliminating the internal degrees
of freedom through kinematic restriction. This elimination is trivial in the case of the
Cosserat body. As the material frame lies in the tangent space of the body at all points
e;(t,u) € T, r(tu)Eg; in other words, the frame is always adapted. Therefore one simple
gauge choice is to use a non-moving frame by setting 7@ = 0= 0, thus neglecting FEq.6.80b

Finally, we can also relate (9_; and 7, to well-known quantities in differential geometry.
Let d be a ‘spatial” exterior derivative, which we define such that dr = 0,du®. At time t,

the metric gos of the manifold r(M) C E? satisfies
dr - dr = gopdu®du® (6.86)

we can thus identify g,5 = 5255, or ¢ = ©70. Furthermore, in Euclidean space the
Christoffel symbols are defined as
daej =T" e (6.87)

we can thus identify (7,);; = I

%o and D, as the covariant derivative on r(M).

6.3.2 Cosserat surfaces

We consider a thin shell with reference configuration M = [—L{} /2, L{/2] x [0, L3] x [0, L],
material coordinates X € M and with constant mass density per unit material volume p, .
We assume that the body is slender along the first spatial dimension, meaning that L] is
small relative to L3 and L3. At time ¢ the location of the material point at X is given by
x(X, t), which are the deformed coordinates. We also define X; such that [, X;dX = 0.

As we did in Sec. 5.2.2 for a slender rod, we will now kinematically approximate the
thin shell with a Cosserat system of lower dimensionality. We consider a Cosserat surface,
with material base space M = [0, L] x [0, L3], and we denote its material coordinates
as (u,v) = (Xa, X3). A single inextensible director e; is attached at each material point
(u,v). Then, the Cosserat surface approximates the slender body under the kinematic

assumption that the fibres along e; are rigid bodies. In other words we have
x(X,t) =r(t,u,v) + Xie;. (6.88)

where X, € [—L}/2, L%/2] and r(t,u,v) is the mid-surface. Equation 6.88 is illustrated
in Fig. 6.2. Notably the Cosserat surface only has a single director, as opposed to the
two directors of the Cosserat rod. This means that the internal configuration space of
the Cosserat surface is 5% = SO(3)/SO(2) rather than SO(3). However, for the sake of
convenience we may add an additional orthonormal director e, such that we have a full

material frame F € SO(3). We thus introduce a guage freedom in the physical description
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Figure 6.2: The director field e;(u,v) (blue arrows) and the midsurface r(u,v) (brown
surface) of the Cosserat surface approximates a thin shell by constraining the material fibres
along the director to be fixed. The upper and lower boundaries of the shell (transparent
red surfaces) are given by r(u,v) + (L}/2)e;(u, v) respectively.

of the system, but due to the abelian nature of SO(2) this will not cause any issues in the
physical description of the system.
We write ®(t,u,v) = (r(t,u,v); E(t,u,v)) as before and

€ = Ndt + X,du + X,dv (6.89)
where
N ={V:Q} (6.90a)
X, = {0, 7 (6.90b)
X, = {0,: 7). (6.90c)
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From ®~1d® = ¢ we find

dr = Vdt + 0,du + 0,dv (6.91a)
dE = EQdt + E#,du+ E#,dv. (6.91b)

and from Eq. 6.5 we find the kinematic equations of motion

X, = D,N (6.92a)
X, = D,N (6.92b)

where the spatial reconstruction fields X,, and X, must obey the spatial integrability

conditions

8, Xy = Dy X, (6.93)

We now derive the dynamical equations of motion. Carrying out the analogous
derivation as we did in Sec. 5.2.2, we find that the kinetic energy density per unit material

area is ) )

where py = Lipy and T is the moment-of-inertia of the material frame per unit material
area.

From Eq. 6.12 we find the dynamical equations of motion

D;S=D,Q"+D,Q"+T (6.95a)
neQ* =0, on M. (6.95b)

where we sum over @ = u, v and ad” was given in Eq. 5.81, and where

S = g—]’i —{P; L} (6.96a)
Q" = {F"; M"}* (6.96h)
Q" = {F"; M*}* (6.96¢)

T = {f;m}* (6.96d)

and P = pOV and L = IQ. Substituting Eq. 6.90 and Eq. 6.96 into Eq. 6.95 we get

D.P=D,F* + f (6.97a)
D,L = Do M® + 0, x F* + 1 (6.97D)
ngF* = ngM® =0, on M (6.97¢)
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where we sum over repeated indices of & = u, v, and is consistent with the dynamical
equations of motion found in the literature [63]. Repeating the same dimensional arguments
as in Sec. 6.3.1, we can conclude that P and L have units of momentum and angular
momentum per unit material area respectively, and Fe and M force and moment per
unit material length respectively. The body force f and m have units of force and moment
per unit material area respectively.

Note that the component L; of the angular momentum of the material frame is
unphysical if the Cosserat surface is seen as an approximate model for a slender shell. For
conservative dynamics, this means that & should not couple to 7y, which is the rate-of-twist
of the material frame around e;. In general, this entails that M = m{ = 0.

In the above we have considered a rectangular material base space M. However,
in general for open Cosserat surfaces the material base space can be any bounded and
compact subset M C R2. Furthermore, closed Cosserat surfaces may have M = 52, in
which case the material base space no longer admits global coordinates. The kinodynamical
equations of motion above still apply in the case of a closed surface, but they must then

be simultaneously and consistently simulated over multiple charts that cover M.

6.3.3 Cosserat rods on 2-spheres

We consider the constitutive dynamics of a generalised Cosserat rod, lying on the 2-
dimensional surface of a sphere S? = {x € E* | |x| = r} where r is the radius of the
sphere. Some recent applications of such systems can be found in [270, 271]. The external
configuration space of the rod is thus S? = SO(3)/SO(2), and the internal configuration
space is SO(2). Let r(t,u) = rey(t,u) denote the center-line of the rod, where n(t,u) € E?
is a unit-vector, and u € [0, Lo, t € [0,T]. The material frame E = (e;(t,u), ex(t,u)) of
the rod are two orthonormal vectors that are tangent to S? at r, and can be seen as an
element of SO(2). We also have that the triad (n e; e2) are mutually orthogonal, and
n(t, u) is normal to S* at r(¢,u) and (e; e;) forms a basis for Ty(;.,)S?. Furthermore, as the
triad forms an orthogonal matrix with unit determinant we can identify it as an element
of SO(3), and will thus write ® = (n e; e3). The configuration space of the Cosserat rod
on the sphere is thus G = SO(3), with kinematic base space W = [0,T] x [0, L] which
admits a global basis. As in Ch. 5 we will distinguish between vectors v € E? in the fixed
frame and vectors ¥ € R? in the moving frame, and relate the two as ¥ = ®’v. We shall
write the components of vectors in the moving frame as 7 = (v,, vy, v2).

We shall write the Maurer-Cartan form as

€ = Ndt + Xdu (6.98)
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(a) Overdamped Cosserat rod relaxing to a ground-state (b) Potential energy

Figure 6.3: (a) Overdamped Cosserat rod on 2-sphere relaxing from a deformed initial configu-
ration (left) to a ground-state (right). Solid black lines are the rod center-lines, and the blue
lines are the directors ey. (b) Potential energy of the Cosserat rod.

where N(t,u), X (t,u) € s0(3), and we write

N = (Qn, =Va/r, Vi /r)T (6.99a)
X = (mn, —0y/r,0,/r)" (6.99b)
and
V =(0,V,Vs) (6.100a)
0 = (0,0y,0,)" (6.100D)
Q= (2,,0,0)" (6.100c)
7= (m,,0,0)7. (6.100d)

From ®~1d® = ¢ we find

dr = rdn = e;V;dt + e;0;du (6.101a)
= Vdt + 0du

de, = (Q,e2 — (Vi/r)n)dt + (m,e0 — (61/r)n)du (6.101Db)

dey = (—Qpe1 — (Vo/r)n)dt + (—mper — (62/r)n)du. (6.101c)

We can identify V (¢, u) € Ty, S? as the velocity of the center-line at r(¢,u) and likewise
0(t,u) € Tpu)S? as the rate-of-change of the center-line along the material coordinate
u. We can also identify €2, (¢, u) and 7,(¢,u) as the angular velocity and angular rate-of-

rotation of the material frame around n, and thus Q(¢,u), (¢, u) € s0(2).
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From Eq. 6.5 we can find the kinematic equations of motion

—

X =D,N

L (6.102)

=N +XxN

S-S AN
using [X, N] = X x N. We define the Lagrangian

L(dD) = K(D)) — U(D") (6.103a)

1 1
K= §pO|V|2 + 511@3 (6.103b)

where U is constitutive potential energy, py is the mass density per unit material length
and I, € R is the moment-of-inertia per unit material length of the material frame. In its

reduced form, the Lagrangian is

(&) =K(N)-U(X) (6.104a)
1 = 1
K = 5p0|V|2 + E]Inﬁ,%. (6.104b)
The conjugate moment and stress are P= % and Cj = —% respectively, and we get
P = (Ly, por, —p17)" (6.105a)
Q = (M,, Fyr,—Fyr)" (6.105h)

where F' = (0, Fy, F5)T and 7 = (0, poV4, poV2)” is the force on the center-line and its
linear momentum density per unit material length respectively, and where M = (M,,,0,0)
and L = (1,,,0,0)" are the moment on the material frame and its angular momentum

per unit material length respectively. From Eq. 6.12 we find the dynamical equations of

motion
0, +N)S= (0, +X)G+T (6.1062)
On =0, u=0,L. (6.106b)
where we used [adx] = X and [ad’] = —[adx]7, and where T is a generalised body force.

In the absence of body forces, and using the definitions of S, Q, N and X, we get

M +60xF (6.107a)
1
7”2

L

P

DF —cQxV+=Mx6 (6.107b)

where ¢ = py + L,/r?. § x F is the moment exerted on the material frame due to the
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force, %2]\2 x 0 is the force exerted on the center-line due to the moment, and —eIxV
can be seen as a Coriolis force that arises due to the rotating frame. Equations 6.102 and
6.107a together form a set of equations that completely determine the kinodynamics of
the system.

We will now consider the example of ‘overdamped’ Cosserat rod dynamics on the
2-sphere. We define the frictional body force T' = v, where v € R3*3 is a symmetric and

positive-definite matrix, and the constitutive potential
1 - - L.
U= 5e(X — Xo)TK(X — X)) (6.108)

where X, = (01 0)T and K € R3*3 is a positive definite matrix. We take the overdamped

limit, eliminating the inertial degrees of freedom Pr 0, to get

XN+ XxN (6.109a)
AN = (8, + X)@. (6.109b)

Fig. 6.3 shows the result of a simulation of Eq. 6.109, depicting the relaxation of an initial

deformed state to a ground-state that minimises Eq. 6.108.

6.3.4 Relativistic Cosserat rods

Here we derive the kinematic equations of relativistic motion of a Cosserat rod. We work
in units where the speed-of-light constant is set to unity ¢ = 1. The Minkowski vector
space M!'? is the vector space R* equipped with the Minkowski inner product {-,-)as :
M3 x M'¥ — R with signature (1,3). In other words, given some basis B = (bg, by, by, bs)
for R*, the Minkowski metric

mi; = (b, b (6.110)

has 1 negative eigenvalue and 3 positive eigenvalues. Henceforth we will assume that the
basis is defined such that
n =diag(—1,1,1,1). (6.111)

Any basis that diagonalises n as in Eq. 6.111 will be called an orthonormal basis. A
v € M'? is known as time-like if (v,v)y < 0, space-like if (v,v)y > 0 and light-like
if (v,v)y = 0. We can thus identify by as the time-like direction in this basis, and
(b, by, bs) as the space-like directions.

The space-time coordinates r(7) of an observer is a function r : R — M3 where 7 is
the time measured by clocks co-moving with the observer, known as the proper time. The
4-velocity of the observer is given by the time-like vector U = 0.r. The inertial frame of

the observer at proper time 7 is an orthonormal basis E(7) = (eg(7),e1(7),ex(7), e3(7))
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such that
U=E'U=(1000)". (6.112)

Intuitively, this corresponds to the fact that an observer is always stationary in its own
co-moving inertial reference frame. Such a basis can be found by setting eq = U, and the
remaining three basis elements (eq, ey, €3) specify the spatial orientation of the observer.
Vectors ¥ = E~'v are thus expressed in the inertial frame E. We shall use the notation ©
to refer to the spatial components of @, such that 7 = (vq v7)7.

Any two inertial frames E; and Es can be related by a Lorentz transformation
By = AE, (6.113)
where A € SO(1, 3), and where SO(1,3) is the Lorentz group on M'? and is defined as
SO(1,3) = {A e R | (Av,AV) 3 = (v, V) Vv € M>') (6.114)

which is the group of rotations in space and Lorentz boosts. The Lorentz group is thus the
set of linear transformations that preserves the Minkowski inner product. Combined with

the group of translations on M3, we have the Poincaré group

1 o’
M(1,3) = cR>™ |t e M AecSO(3,1) (6.115)
t A

of space-time translations and rotations.

Now consider a continuous ‘string’ of inertial observers with space-time coordinates
r(7,u) and inertial frames E(7,u), parametrised by u. If ey(7,u) = 0;U(7,u) then this
can be considered a relativistic Cosserat rod, where (e, ez, €3) is here the material frame
of the rod. In order to avoid confusing word ‘frame‘ in reference to both material and
inertial frames, we will henceforth refer to the former as the Cosserat cross-section. Given

a reference frame B and origin 0 € M'3, we can write the configuration of the Cosserat

rod as
F = Fyd (6.116)
where
1 of
r F

and Fy = (0; B) and ® = (B~ 'r; B"'AB), and where A satisfies E = AB. As in Sec. 5.2.1,
we now simplify our notation by letting B = 144, such that A = E € SO(1,3) and we

can thus write ® = F.
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We write the Maurer-Cartan form as
& = Ndr + Xdu (6.118)

where

N ={U;0} = (g 6T> (6.119a)

. 0 0F
X ={6,2} = (9_, _) (6.119b)
and N(7,u), X(7,u) € m(1,3) and O, Z € s0(1,3). From & 1d® = ¢ we find
dr = Udr + 0du (6.120a)
= eydT + Odu
des = ea0updr + €aZapdu, a,f =0,1,2,3 (6.120D)

where we used ey = U, which should be seen as a kinematic restriction on the Lie group-
valued @ (although note that it is not a kinematic restriction from the physical perspective,
as real inertial observers always are always stationary with respect to themselves). Because
we have parametrised the Cosserat rod with respect to the co-moving inertial frames,
we have that U(7,u) = (1 0 0 0)7. Therefore the kinematic movement of the rod is not
specified in U as in Sec. 5.2, but must instead be encoded in O.

The Lie algebra element O € so0(1,3) can be written as

0 a’
0= (a é) (6.121)

where @ = (aq, az, ag) and Qe 50(3). Henceforth the tilde will designate spatial 3-vectors.

To interpret these quantities, we first note that
dre; =eQy, i=1,2,3 (6.122)

from which we identify that Q(T, u) is the angular velocity of the Cosserat cross-section at

u in its inertial frame. Secondly, we can compute the 4-acceleration a = 9%r as
a — (9Tel- = €e;a;, 1= 1, 2, 3. (6123)

such that @ = E~'a = (0 a’)?, which is the correct expression for the co-moving 4-

acceleration in special relativistic kinematics [272, p. 99]. We thus see that a(r, u) is the
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acceleration of the Cosserat cross-section at u in its co-moving inertial frame. Therefore
the kinematics of the relativistic Cosserat rod is specified by the spatial acceleration a of
the center-line and the angular velocity Q of the cross-section. This stands in contrast to
the non-relativistic Cosserat rod, where we instead specify the velocity of the center-line.
We can understand this difference by noting that velocity is itself a kinematic degree of
freedom in special relativity, in addition to position and orientation. Only the latter two
are kinematic degrees of freedom in non-relativistic systems. Mathematically, we have
that the relative velocity of an inertial observer with frame F; with respect to another
observer with frame FEj is encoded in the Lorentz transformation that relates the two, as
in Eq. 6.113. This is therefore the reason why we must specify the acceleration of the
frame, as opposed to its velocity, in the kinematics.

The kinematic equations of motion are given by Eq. 6.5, from which we find

0.0 = —00 + =0 (6.124a)
8,2 = 0,0 + [2,0]. (6.124b)

tr
0= (f 7%) (6.125)

then the kinematic equations of motion can be written as

If we let

9.0y = a;b; (6.126a)
D, = —bpa+1 (6.126b)
D,t = D,a (6.126¢)
0.7 = D,Q (6.126d)

:>11>

where 1 = 1,2,3 and f)TzaTquzland D, =0, +

6.3.5 O(n)-NLSM field theory

Here we give an example of the GGCT as applied to a field theory. We consider a field
p: W — SN c RY, where W is the base space and §(p) is a unit-vector in RY for all
p € W. We call SN C RV the target manifold of the field theory. We let W = M"“¢, which

is the (d + 1)-dimensional Minkowski space, although what follows is easily generalisable

to Euclidean space or any arbitrary base space. We define coordinates (¢,u!,u?, ..., u?)
on M and we will write partial derivatives as 9., v = 0,1,...,d, where 9y = % and
8(1:%, a=1,...,d.
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The O(n) non-linear o model (NLSM) [94] is defined by the Lagrangian density

L= (0. (0.7) (6.127

which is expressed in some local coordinate chart of M, where 7 is the Minkowski metric
on M with signature (1, d).
Let the SO(n)-valued field ® : M%? — SO(3) satisfy p'= ®py where py € SV is some

constant reference vector. We can then rewrite Eq. 6.127 as
1 YK — \T —
L= 3" (0 ®po)” (0-Ppo) (6.128)
Now, we have
(0,20)" (0 Ppo) = (P10, Pp0)" (P~ 0. Ppo)
= (Z,50)" (Z0)
for all v,k = 1,...,d, where we have defined 27 = ®719,® € so(n). As before we will

be making use of the hat-map to convert anti-symmetric 3 x 3-matrices 27 to 3-vectors

(6.129)

Zﬁ,y. Let us now assume that the coordinates are defined such that n = diag(—1,1,...,1),
where the speed-of-light constant has been set to unity ¢ = 1. The Lagrangian then has a

reduced form

d
]_ — — ]_ — —

0(€) = —=N"NoN + = Y XINoX, 6.130

(§) = —5NTNoN + 2 ; o No (6.130)

where N = Zy and X, = Za, a = 1,...,d and Ny = 27y and we have used | 20| =

|Zy % pol = |02,
We can then readily apply the GGCT to the system, to get the field equations of

motion
O Xo = (0o + Xo)N (6.131a)
d
(0 + N)S Z (6.131b)
where p'= Zo, X, = Za, a=1,....d, S = and QY = . The spatial reconstruction

fields X, must satisfy the spatial mtegrablhty condltlons
0 Xo = Do Xp (6.132)

at all times ¢, wherea =1,...,d—1land f=a+1,...,d.
Note that only two of the three components of S are independently determined by
Eq. 6.131b, as Ny is only a rank 2 matrix. To see this let pop = (1 0 0)T such that
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No = diag(0,1,1). We then have that S = (0, N3, N3) and Q% = (0, Xo, X3). This reflects
the fact that rotations of p around its own axis is a gauge freedom in our formulation of

the O(n) non-linear o model.

6.4 Conclusion

In this chapter we presented a framework to formulate and study the kinodynamics of
generalised Cosserat systems, which are continuum bodies with configuration spaces that
are Lie groups G, or homogeneous spaces X. The result was a generalised geometric theory
of Cosserat rods (GGCT), which we built by extrapolating from the geometric features
of the Cosserat rod derivation, presented in Ch. 5. Specifically, our framework can be
seen as a generalised mechanics of microstructured continuum bodies, and from it we
recovered the kinodynamics of Cosserat rods, sheets and bodies, as well as that of classical
continuum mechanics. However, we also showed that its application as a theoretical
framework extended beyond this interpretation, as we further applied it to Cosserat rods
in Minkowski space, to a non-linear ¢ field theory and Cosserat rods on 2-spheres. In so
doing we aimed to show the ease-of-use, as well as the wide applicability of our approach.

In full generality, the broad of class of system we considered were G- and X-valued
fields on topological manifolds M. We called this field the spatio-temporal configuration
®. However, our equations of motions of were not formulated in terms of ®. Rather, the
field configuration was encoded in terms of Lie algebraic quantities X, which - via the
exponential map - integrate to ®. From this perspective, the GGCT is a framework using
which we can derive Lie algebraic kinodynamical equations of motion of G- and X-field
theories.

One of the main motivations for formulating the kinodynamics of a system on the
corresponding Lie algebra of its configuration space is that this naturally lends itself to
studying the system in terms of its intrinsic geometry. As opposed to finite-dimensional
systems, which do not admit the notion of a constitutive force, for any realistic continuum
system the intrinsic geometry must couple to the dynamics. That is, constitutive forces
are functions of the derivative d® € T'G, which is a vector field on G, rather than & itself.
Now, the tangent bundle T'G of any Lie group admits a trivialisation to the tangent space
at the identity, the Lie algebra. The cornerstone of the GGCT was to use this trivialisation
to express all vector and covector fields as Lie algebra-valued fields. In a reductive, albeit
simplified, manner of speaking: This allowed us to express kinodynamics directly in terms
of X, ~ d®, thus avoiding having to take the derivative d®.

Future work may involve several parallel lines of research. In this chapter we focused
primarily on constructing the framework itself, and we ‘applied’ it in the sense that we

used the framework to show that it yielded the correct kinodynamics of a variety of
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known (and new) systems. In future research we aim to add to the literature of active
continua [77, 273-275], in particular we aim to study activity on surfaces [47, 48, 242, 276].
The analytical and numerical challenges of such systems will be a testing ground for the
formalism developed in this chapter.

Notably, and in contrast to the first part of this thesis, we have only considered
deterministic dynamics here. One major avenue for theoretical research is to incorporate
stochasticity into the GGCT. Developments in this direction have been made as regards
to filaments and polymer chains [87, 277-279]. In the spirit of the programme outlined in
this text, we would characterise and carefully define stochasticity on Lie group continua
[280]. In particular, we would aim to generalise the notion of detailed balance to general
G- and X-configured continuum system. For example, it may be possible to accomplish
this by reformulating the dynamics from the Lagrangian to the Hamiltonian perspective,
of which the former was used in this text. Then, assuming that the statistics of the
system configuration is that of a Boltzmann distribution, we can derive the conditions
for detailed balance. This is analogous to how detailed balance is derived in stochastic
field theories [191]. Furthermore, we note that if our ambitions of constructing MCMC
methods to sample field theories come to fruition, then these could be used to sample the
configurations of the stochastic continua described here.

Finally, there is substantial work to be done in constructing geometric numerical
integrators adapted to G- and X-configured continua. There is already an extensive
literature on such integrators for finite-dimensional systems [95-98]. In the following
chapter we will derive the first instance of a geometric integrator defined on the general

continuum we have defined in this chapter.
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Chapter 7
Geometric numerical integrators

In numerics, the general class of systems considered in Ch. 6 are simulated by integrating
the kinodynamic equations of motion, which were stated in full in Eq. 6.20. One of the
simplest methods to use is the Forward-Euler integrator (FEI), wherein the equations are
linearised by means of a uniform discretisation in time. However, the geometric intricacies
of Eq. 6.20 are lost if such a scheme is applied. In particular, the adjoint action of the Lie
group G is prominent in the equations of motion, where G is either the symmetry group
of the configuration space or the configuration space itself. In this chapter we develop
numerical integrators that are built around the properties of GG, which are constructed
so that solutions retain the qualitative geometric features of their equations of motion.
As we show in Sec. 7.4, the resulting geometric numerical integrators preserve the spatial
integrability conditions Eq. 6.21a. There is an extended literature on similar integrators
to those that we derive here for finite-dimensional Lie group-valued Hamiltonian systems
[281-283].

The kinodynamic equations of motion Eq. 6.20 are all expressed in terms of Lie algebra-
valued, or dual Lie algebra-valued, quantities. Using the fundamental representation of
the Lie algebra and its dual, we get equations in terms of the R-valued components of
their matrix representations. Therefore we will begin by studying the most general form

in which our equations of motion appear
Ox =F + Az (7.1)

where = z(t,u) € R™ is the state of the system, and F' is a R"-valued drift-field and A a
R™™-valued linear operator acting on the components of x. In general, F' and A can be
dependent on x as well as its derivatives d,x, 92, including higher-order derivatives. Given
an initial condition x(ty) = o and Fy = F(2¢, 0aT|ozs,, - - - ) and Ay = A(xo, 0aZ|z=sgs - - - ),

then we can approximate z(tg + At) as

x(to + At,u) &~ FyAt + AgxoAt. (7.2)
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which is an approximate short-time propagator. This is the Forward-Euler integration
scheme, using which we can numerically approximate solutions to Eq. 7.1 on a uniform
time-grid ¢; = ¢At. Implicitly we have assumed that f and the product Ax, are constant in
the time-interval [to, to+At] in Eq. 7.2. We now relax the latter assumption, approximating
Eq. 7.1 as

Oy = Fy + Agx, t € [to,to + At]. (7.3)

where z(ty) = x¢. The right-hand side can be solved analytically [284], such that we get
At ,
z(ty + At,u) ~ eMog) + (/ (A=At MOdAt’) F,, (7.4)
0

which is an alternative short-term propagator to the FEI Eq. 7.3.

Now, let g be a a Lie algebra with representation p : g — gl(V), where V is an
n-dimensional vector space and gl(V') is the Lie algebra of the general linear group. If
we recast Eq. 7.1 such that A is an element of the given Lie algebra representation (that
is, A € p(g)), then x takes values in the vector space V that the Lie algebra is acting
on. Furthermore, the drift-field is now a function F': V' — V', and should be considered
to take values in t(V), the Lie algebra of the translation group® T(V') acting on V. The
right-hand side of Eq. 7.1 can thus be seen as a combination of a translation F' € (V)
and the g-action A € p(g) on the V-valued z. Therefore, the linear map

r— F+ Az (7.5)

can itself be seen as a representation of the product Lie algebra (V') x g. This can be

seen explicitly by rewriting Eq. 7.1 as

Bt
0 0
e (F A), 7)

where we identify M as a representation of t x g.

where

Now, if we repeat the same derivation we did previously to get a short-time propagator
for Eq. 7.6. Let x(tg) = xo and My = M|,—s,, we then have

1 A [ 1
(x(t LA, u)) e (x()) . (7.8)

~

Note that as the translation group is abelian it is isomorphic with its Lie algebra t(V) = T(V).
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Recall that the exponential map of a Lie algebra representation yields a representation of
the corresponding Lie group. Therefore we have that e2** is a representation of the Lie
group product 7" x G. Now, note that Eq. 7.8 must be equivalent Eq. 7.4. This tells us
that the right-hand side of Eq. 7.1 can be seen as the infinitesimal action of the Lie algebra
t(V') x g on the V-valued z, via the given representation. Eq. 7.4 thus ensures, using the
exponential map exp : t(V) x g — T x G, that we properly integrate the infinitesimal
action from the Lie algebra to the corresponding Lie group T(V') x G. In this setting, the
integrator Eq. 7.4 is known as a Lie group integrator (LGI) [95-98]. Both the FEI and
the LGI will suffer numerical errors. However, the errors of the former will accrue in such
a way that the ‘effective’ action of F' and A on = does not exponentiate to a well-defined
action on the Lie group-level. On the other hand, the LGI is defined so that errors accrue
within the Lie group itself [97].

In Sec. 7.1 we will use the results above to derive Lie group integrators for the
general class of GG/ H-configured systems considered in Ch. 6. We will then present results
for the specific cases of SO(3)- and SE(3)-valued configuration spaces in Sec. 7.2 and
Sec. 7.3 respectively. The results of these latter two sections also apply for systems with a
configuration space that is a homogeneous space for which SO(3) or SE(3) is the symmetry
group. Sec. 7.4 we show some numerical results for the Cosserat rod and Cosserat sheet,

simulated using the geometric integrators.

7.1 Geometric integrators for general configuration

spaces

We consider a generalised Cosserat system, with a d-dimensional material base space M
and configuration space G/H, where G is an n-dimensional Lie group with Lie algebra g
and H C ( is a Lie subgroup. The kinodynamic equations of motion of the system are

given in Eq. 6.20, which can be put into the form of Eq. 7.1 by setting

0, X, =F,+ AX, (7.9a)
oS =H+ BS (7.9Db)
where a =1,...,d and
F,=0,N (7.10a)
H=DQ"+T (7.10b)
and A = —ady, B = —ad}, where we used ady N = —adyX. We assume that all

quantities are expressed in a non-dimensionalised form. Now, as per the discussion in the
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introduction of this chapter, we recognise that the vector spaces in which X and S take
values in are g and g* respectively.? Furthermore, F' and H are translations acting on g
and g* respectively, and A and B are elements of the adjoint representation of g and its
corresponding dual representation, respectively. The adjoint representation ad : g — gl(g)
maps Lie algebra elements to linear maps on the Lie algebra itself. We will consider X and
N in their fundamental matrix representation X, N € R™*™ for some m, and we write
their indices as X;; and Ny;, 1,5 =1,...,m.

From Eq. 7.4 we find the short-term propagators
At /
Xa(to + At, u) ~ e*At adNXo + (/ ei(AtiAt )adeAt/> Fa,O (711&)
0
* At / *
S(ty + At,u) = e 2 adv gy 4 < / e (At=AL )adeAt’) Hy. (7.11b)
0

To use the short-term propagators the matrix exponentials and the integrals must be eval-
uated. Though as ady € R™>™* in matrix form, numerically evaluating the exponentials
of adjoint representations can be expensive. However, we can more efficiently compute
them using the identity [285]

Adyy = ™Y (7.12)

for any Y € g, and Ad is the adjoint action of the Lie group, defined as

AdY =gYg! (7.13)
for any g € G. We therefore have that, using (e¥)™! = eV
e AN X o = e AN X et (7.14a)
At At
( / e—<At—At’>adeAt'> Foo = / T BITAONE, e BAONGAY (7.14D)
0 0

where the right-hand sides are now expressed in terms of the exponentials of the Lie
algebra elements, which are computationally more convenient to compute. To find the
equivalent expressions for Eq. 7.11b, note that from e*% = e(d)" = (£20)T we have
that e*v = (Ad,v)T. To find the transpose of the adjoint action, we can write Eq. 7.13
in index form (Ad,Y);; = (Ady)ik 1Yk, where (Ady)u ;i = gikglgl, summing over repeated
indices. Then (Ady)f ;; = (Adg) ik = gi1gr; such that

(Ady)'Z = (g Zg" (7.15)

2That is, V = g and V = g* for Eq. 7.9a and Eq. 7.9b respectively.
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for any Z € g* and g € G. We thus find that

e—At adNSO —

At
(/ e(AtAt’)adj\,dAt/> Hy —
0

AT Gy (e AT (7.16a)
At
(e(Atht’)N)THO( —(At—At) )TdAZf

—~

o\,

At 4
/ (6_(At—At’)N)HOT(G(N—N’)N)dAt’> (7.16Db)
0

Yl

Comparing Eqs. 7.14 and 7.16, we see that they can be evaluated using the same sequence

of calculations. We define
At / /
Eq(At,N,Y) = / e~ (AAONY o(A=AON gAY/ (7.17)
0
where N,Y € R™*™ are constant matrices, such that we can rewrite Eq. 7.11 as

Xo(to + At,u) = e 2V X, 02N + EG(AL, N, Fo) (7.18a)
S(ty + At,u) = (AT Sy (e AT &5 (At, N, HI)T, (7.18b)

where the transposes in Eq. 7.18b can be understood by recalling the matrix representation
of the dual Lie algebra g* = {YT : Y € g} (see Eq. 6.11). We can thus treat Eq. 7.18b in
a manner identical to Eq. 7.18a by taking the transpose, to get

ST (ty + At,u) ~ e AN STAN 1 &5 (AL, N, HD). (7.19)

We see that in order to evaluate the short-term propagator we need to compute e~ 2V,

Sc(At, N, Fy) and &g(At, N, HL'). For many Lie groups, the exponential map is known in
closed-form such that e=»*V can be computed efficiently. If this is not the case, it can be

approximated using
- L,
il 7.20
e (7.20)

up to arbitrary precision by truncating the sum. Once an expression for e~V has been
found (whether it is analytic or approximate), we must compute &5 (At, N,Y'). In principle
this can be done using numerical quadrature, but in Sec. 7.2 and Sec. 7.3 we derive their
closed-form expressions for SO(3)- and SE(3)-configured systems.

This concludes the derivation of the geometric integrator for general G-configured
systems, as well as systems for which G is the symmetry group of their homogeneous
configuration space. Equation 7.18a is in essence the result of evaluating Eq. 7.8. That is,
we exponentiated the combined infinitesimal action of translations in g and the adjoint

ad, to their corresponding actions defined on the Lie group. In other words, if we see the
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right-hand side of Eq. 7.9a as the infinitesimal action of the product Lie algebra t(g) x g
in its adjoint representation,® then the right-hand side of Eq. 7.18a is the corresponding
action of T'(g) x G in its adjoint representation. Using the isomorphism between g and
g%, we then constructed the corresponding geometric integrator for the latter, resulting in
Eq. 7.18b. We note that the geometric integrator on the dual space could also have been
derived using the identity [285]

Adly = e (7.21)

for any Y € g, which shows that adj is the infinitesimal generator of the dual adjoint

action of the Lie group.

7.2 Geometric integrators for SO(3)-configured sys-

tem

Here we construct the short-term propagator for SO(3)-configured systems. The results
also apply to systems with homogeneous configuration spaces, like S?, of which SO(3)
is the associated symmetry group. The closed-form expression for the exponential map
eXPgo(s) 1 §0(3) = SO(3) is [286]

. sin|Y],  1—cos|Y|.,
expgoE)(Y) =13+ —=—Y + = Y
Y| Y2

(7.22)

where Y € R3 and Y € 50(3) is given by the hat map Eq. 4.69. Now using the identity
RYR™! = RY for any R € SO(3), we have

Esoe) (A, N,Y) = AtB(—AtN)Y (7.23)

where .

BY) :/ eXpSO(?))(O‘Y)dO‘
0

X +1—Eos\}7\y Y| —Hsin|}7|§/2‘
Y'|? Y3

(7.24)

For convenience we have let ggO(g)(At,N , Y) € R3 using the inverse hat-map. The

short-term propagator can then be written as

Xo(to + At,u) ~ expSO(?))(—AtN))?a,o + Esom)(At, N, Fio) (7.25a)
S(to + At, 1) ~ expgos) (—ALN) S + Eso (At, N, Hy). (7.25b)

3Here t(g) and T'(g) refers to the Lie group of translations on the vector space g.
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where ﬁa,() and Hy are computed using Eq. 7.10. As the exponential map Eq. 7.24 is
ill-conditioned for small |Y], it is often necessary to Taylor expand expso(g)(ozf/) and
550(3)(At,]\7,§7) to at least O(|Y'|®) when |Y] < 0.1.

7.3 Geometric integrators for SF(3)-configured sys-

tems

Here we construct the short-term propagator for SFE/(3)-configured systems. The results
also apply to systems with homogeneous configuration spaces, like E3, on which SFE(3) is
the associated symmetry group. We will only present the results here. See Appendix D for
detailed derivations. As for the Cosserat systems, we write the kinematic and dynamical
quantities of the equations of motion as X, = {6, 7o}, N = {V:(}, S = {P; L}* and
Q= {ﬁ, M }*. All quantities are assumed to be expressed in a non-dimensionalised form.

The closed form expression for the exponential map expgp) : s¢(3) — SE(3) is [286]

1 07
A A ) . (7.26)
m

)a €XPso(3) ()

CXPsE(3) Y) = <%<

In Appendix D we show that

0 07
(g)SE(Zi) (Ata N7 Y) = AN o o = 1 A (727>
AtB(—AtQ)a + (AL, m, V) Esop)(At,Q,m
where
1 <& o
F(At, N,m) = W R QU tmQi—ty (7.28)
ij=1
where O = Q/|€)| and
1
R=12 / daP =
0
%2 —1) + sin (¢) %2 +cos(v) —1
—1)cos (1) + sin (¢) _ (cos (¥)=1)7 (112’)_1)2 —1cos (P) — % + sin (¢) + sin (2¢) 512111) ,
%szsin(qp)fcos(w)le *%‘FQSHI(’IZJ)*M M
(7.29)

where ¢ = At|§]. Using Eq. 7.26 and Eq. 7.27, together with Eq. 7.18 the short-term
propagator for SE(3)-configured systems can be computed.
In practice we may want to work with the sub-matrices of the kinodynamic degrees

of freedom, rather than in their full matrix form. In Appendix D we also show that the
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short-term propagator can be written out explicitly as

ga(tﬁ + A757 U) ~ Uégo,a + AtUgf_(},a + gO(ﬁo,a) + F<At7 N07 f_(?,o) (7308’)
Ta(to + At,u) = UyTo.a + Esogs) (AL, Q, fg,a) (7.30b)
P(to+ At,u) =~ Ul By + AtUZRL + 55(Lo) + 7(At, Ny, h2) (7.30¢)
L(to + At,u) = Ut Ly + Esog (A, Q, h2). (7.30d)

where
Xa(t(), 11) = )(0706 = {9_‘0670; 7?0[,0} (731&)
S(to,u) := Sy = {Py: Lo}* (7.31b)
Fu(to,w) := Foo = {20 [ o} (7.31c)
H(to,u) := Hy = {h}; B2} (7.31d)

and

Us = expgos)(—At) (7.32a)
U2 = B(—At)) (7.32b)
So(m) = At(Un) x (U3V;) (7.32¢)

Note that as with the SO(3)-propagator, the exponential mappings involved are ill-
conditioned as their arguments go to zero. Therefore, in numerical applications expgp)(Y')
and &spe)(At, N,Y) should be Taylor expanded when the arguments are small.

Finally, in Appendix D.1 we also derive an alternative short-term propagator, that
exploits the fact that (9;, Ta, P and L can be integrated separately using the SO(3)-
propagator defined in Sec. 7.2. The resulting propagator enjoys a simplified form, and does
not require computing 7(At, N, m), which is the most costly operation required for the
full SE(3)-propagator. However, the simplification comes at the cost of not encapsulating
the full geometry of the equations of motion. We will compare the two version of the

propagators, as well as the Forward-Euler propagator, in Sec. 7.4.

7.4 Benchmark tests

Here we compare the performance of the Forward-Euler Eq. 7.2, the SE(3) and the
simplified SE(3) propagators in numerics. In simulations, we have observed that the latter
two propagators enjoy smaller errors in general during numerical integration. However,
the main benefit of geometric integrators are that they preserve the geometric structures

of the systems. We consider three systems: Overdamped Cosserat rod kinodynamics (see
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Figure 7.1: (a and b) The mean closure failure of a Ny, = 50 benchmark simulations of closed
Cosserat rods undergoing overdamped and underdamped dynamics respectively, as a function
the time-discretisation At, integrated using the given short-term propagators. We see that the
SE(3) propagator preserves the closed loop of the rod up to near-machine precision. (c¢) The
spatial integrability error A" as a function At of a Cosserat sheet, as a result of kinematically
propagating it using the given short-term propagators. We see that the SFE(3) propagator
preserves spatial integrability where the simplified SE(3) and the Forward-Euler propagators fail
to do so.
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5.128), underdamped Cosserat rod kinodynamics (see Eq. 5.123) and Cosserat surface
kinematics (see Eq. 6.92). Our implementation of the algorithms presented here, which we
used for the results shown here, can be found in [287].

For the Cosserat rod systems, we considered a random initial closed configuration
(see Fig. F.1 for an example), under the influence of randomly configured constitutive
forces and moments. We then simulated the systems until a time 7', and computed the
extent to which the rod fails to be closed at T. See Fig. 7.2a for an illustration. In other
words, if ®(u,t) is the spatio-temporal configuration of the simulated rod, we compute the
distance |®(Lg,T') — ®(0,7T)|, which is the closure failure of the rod. Due to numerical
errors, rods that are initially configured as closed will in general fail to remain so. For
a range of time-discretisations At, we simulated Ny, = 50 random configurations, and
found the resulting closure failures. We then computed sample means and variances of
the closure failures as a function of At. The results are shown in Fig. 7.1a and Fig. 7.1b
for the overdamped and underdamped systems respectively. We see that the simplified
S E(3) propagator outperforms the Forward-Euler, however the closure error for the SE(3)
propagator is vanishingly small and near machine precision. We also see that the SFE(3)
propagator is consistent in this regard, with its relatively small sample variances.

For the Cosserat surface, we considered an initial conditional of a flat sheet with
a constant perpendicular material frame, that is then subjected to a random velocity
and angular velocity profiles. We then computed the short-term propagator for a given
time-discretisation At. On the resulting propagated state, we computed the supremum of

int
uv

the residual integrability error A, given in Eq. 6.9 over the material base space. As for
the Cosserat rod, we performed Ny, = 50 random simulations for each At, and computed
the sample mean and variance of the error. The results are shown in Fig. 7.1c. Here we see
again that the simplified SF/(3) propagator has a slightly improved performance relative
to the Forward-Euler propagator. The full SE(3) propagator however preserves the spatial
integrability of the near machine precision for At <5 x 107°.

We will briefly recall the importance of the residual integrability error: If Al =£ ()
then the spatial reconstruction fields X, and X, do not satisfy the spatial integrability
conditions Eq. 6.6. In practical terms, this means that X, and X, do not integrate
to a unique spatio-temporal configuration ®. Rather ® is a functional & = ®[v, ,| of
curves in the material base space 7, : [0,1] — (u,v) satisfying v,.,(0) = (ug, vo) and
Yuw(1l) = (u,v), along which X, and X, are exponentiated (see Appendix C for details).
In such cases, the multi-valued configuration would be found by computing the image of ®
under the set of all possible curves 7,,. See Fig. 7.2b for an illustration. Furthermore,
in Eq. 6.10 we see that integrability errors suffer exponential growth. Thus, simulations
using non-geometric integrators will in general require intermittently stopping to spatially

re-integrate X, in order to maintain the errors. We thus see the importance and utility of
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(a) (b)

Figure 7.2: (a) Hlustration of the failure of a Cosserat rod center-line to remain closed during
numerical simulations. Given a closed loop initial condition ®y = (rg; Ep) (dashed blue line),
satisfying ro(0) = ro(Lg), simulating the kinodynamic equations may lead to numerical errors that
cause the final configuration to no longer be closed (solid red line). (b) Illustration of a Cosserat
surface with spatial integrability fields X,, and X, that do not obey the spatial integrability
conditions Eq. 6.32b. The plotted shape was the result of integrating the kinodynamic equations
of motion of a Cosserat surface using the FEI, which by the end of the simulation did not
satisfy spatial integrability. Due to the failure of integrability, the spatio-temporal configuraiton
® = (r; F) is not a single-valued function of the material coordinates v and v. Instead, the spatio-
temporal configuration must be considered a functional ® = ®[y,, .|, where v, , : [0, 1] = (u,v) is
a curve satisfying v,.,(0) = (uo,vo) and vy ,(1) = (u,v), and where ®[v, ,] is the exponentiation
of X, and X, along v (see Appendix C for details). The full configuration is then found by
computing the image of ® under the set of all possible curves v, ,. In the figure, we show the
resulting mid-surface found using two different reconstruction schemes. This resulted in two
non-identical mid-surfaces (green and red).
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constructing a geometric integrator for a given G-configured system.

7.5 Conclusion

The purpose of geometric integrators are to preserve the qualitative features of a system in
the numerical solutions of their equations of motion. For the class of systems considered
in this text, it is important to preserve spatial integrability. Failure to do so causes the
spatio-temporal configuration of the system to be multi-valued. Furthermore, we have
previously shown that errors in spatial integrability suffer exponential growth. In this
chapter we constructed geometric integrators for this purpose.

The geometric integrators we derived can be compared with the Lie-Poisson integrators
of [281-283], defined on finite-dimensional systems. The primary point of difference is the
presence of the translation terms F, and H in Eq. 7.9, which we take care to exponentiate
in combination with the infinitesimal action of the adjoint —ady and its dual —ad}
respectively. These translational terms arise due to the presence of generalised constitutive
and body forces (see Eq. 7.10). Whilst a finite dimensional system can be subject to the
latter, its finitude precludes constitutive dynamics (for example, recall the equations of
motion of a rigid body Eq. 5.25), whilst constitutive dynamics is a fundamental feature of
any real continuum system. It is therefore prudent to construct geometric integrators that
accommodates both terms in Eq. 7.9, and we gave numerical evidence of the importance of
doing so in Sec. 7.4. By carefully exponentiating the right-hand sides of the kinodynamic
equations of motion Eq. 6.20, we found expressions for geometric integrators for general
Lie group and homogeneous space-continua. We then applied our general result to consider
the special cases of SO(3)- and SE(3)-configured continua. The resulting geometric
integrators were shown in numerical experiments to preserve the spatial integrability, and
we compared their performance relative to non-geometric integrators.

Our work in this chapter can be seen as a contribution to the literature on geometric
integrators, where we have applied it in a continuum setting. There is an extensive
literature on which to draw on for future work [95-98, 281-283]. For example, whilst
the integrators we propose here successfully preserve the geometric properties of the
systems, errors still accrue within the sub-manifold of configurations that abide by spatial
integrability. Such errors can be reduced, for example, using Runge—Kutta—Munthe-Kaas
methods [281, 288], which generalise Runge-Kutta methods [289] to Lie group-configured

systems.
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Summary

The research presented in this thesis divides into two parts. In the first part, we studied
and developed methods for studying the transition path ensemble of It6 diffusion equations.
In the second part, we developed a geometric theory of continuum mechanics of systems
with Lie group- or homogeneous configuration spaces. Below we summarise the main
results of each chapter of the two research streams discussed in this thesis.

In Ch. 1 we began our exploration of the transition path ensemble by considering the
Freidlin-Wentzell limit, which corresponds to a limit of vanishing diffusivity. We presented
numerical methods for computing most probable transition paths and quasi-potentials of
general Ito diffusion equations with additive noise. The method directly minimises the
Freidlin-Wentzell action, which allowed for flexibility in choosing the path parametrisation.
It uses numerical quadrature to reduce the action to a multivariate function, whose
minimum is obtained by either gradient-free and gradient-based optimisation. This
provides both the minimum action path and quasipotential. The direct method consisted
of a discretisation of the Freidlin-Wentzell action, followed by a search for the minimum
in the resulting finite-dimensional space. This approach is algorithmically simple and we
showed its accuracy and efficiency on a number of benchmark problems.

In Ch. 2 we considered the TPE at finite temperatures. We applied recent mathematical
developments in the field of functional Markov chain Monte Carlo methods to the sampling
of stochastic transition pathways. On this foundation, we developed an MCMC scheme
designed to sample TPEs with multiple competing transition channels, which we called
the teleporter MCMC. The method was based on a semi-classical expansion of the path-
probability measure around the dominant transition paths of the distribution, with which
we constructed independence samplers allowing for the MCMC to intermittently ‘teleport’
between transition channels. Akin to the Ritz method of the Ch. 1, the MCMC procedures
were discretised using a global spectral basis. Speficially, we expanded stochastic paths in
the Kosambi-Karhunen-Loeve of the Brownian bridge process. We demonstrated that the
spectrum of the coefficients in this expansion can be separated into high- and low-frequency
bands, where only the lower-band modes are non-trivially distributed, whilst the statistics
of the latter is indistinguishable from that of free diffusion. Future research directions may

involve devising multi-level MCMC schemes designed around band-structure of the KKL-
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based methods we developed in this chapter. Furthermore, we may consider extending the
algorithm to sample transition path ensembles of field theories.

In Ch. 3 we studied the concentration of competing transition channels in the transition
path ensemble, as a function of diffusivity. Using two model systems, we showed that the
dominant transition channel does not in general coincide with most probable paths of the
path measure, even in a low-to-intermediate temperature regime. We approximated the
TPE as mixed Gaussian measures using the semi-classical expansions developed in the
previous chapter, using which we constructed semi-analytical approximators of channel
rate probabilities. In the regime of validity of these approximators, we showed that the
relative dominance of transition channels is a conspiracy between the path-probability
of the instanton, reflecting the energetic cost of transition, and Gaussian normalisation
constants, reflecting the fluctuations around the instanton.

In Ch. 4 we began our study of the geometric continuum mechanics of systems with
Lie group- or homogeneous configuration spaces. We reviewed the classical theories that
our work builds on, and developed the necessary mathematical tools for the results of the
subsequent chapters. Of these, the mathematical preliminaries, though dense, by itself
foreshadows and serves as a dry-run for the geometrical treatment that was to come.

In Ch. 5 we derived the kinematic and dynamic - in short, kinodynamic - equations
of Cosserat rods and filaments. These were chosen as paradigmatic examples of systems
with Lie group- and homogeneous configuration spaces, and served as a foundation for the
generalisations of the chapter that followed. We identified the configuration space of the
Cosserat rod as the special Euclidean group SFE(3), and used the Euler-Poincaré theorem
to find conservative force and moment balance equations. Furthermore, we constructed a
generalised Lagrange-D’Alembert principle from which arbitrary non-conservative dynamics
can be derived, and expressed the resulting kinodynamic equations of motion in terms
of a spatial reconstruction field X and generalised momentum field .S, which are defined
on the Lie algebra and its dual respectively. This Lie algebraic formulation was shown to
naturally lead to kinodynamics expressed in terms of the intrinsic geometry of the rod. We
then studied the filament model, which we devised as a Cosserat rod subject to kinematic
constraints, and found its kinodynamic equations of motion. We thus demonstrated how
systems with homogeneous configuration spaces can be obtained by imposing kinematic
constraints on Lie group-configured systems.

In Ch. 6 we studied generalised Cosserat systems, which we defined as continuum bodies
with a material base of general topology, and Lie group- or homogeneous configuration
spaces. We formulated a general theory of the kinodynamics of such systems, which we
called a generalised geometric Cosserat theory (GGCT). The cornerstone of the programme
was to use the exponential map to relate the spatio-temporal configuraiton of the system

to Lie algebra-valued reconstruction fields. This allowed us to express the kinodynamics
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of generalised Cosserat systems directly in terms of its intrinsic geometry. We applied the
GGCT to derive the kinodynamic equations of motion for a variety of known and new
systems, which included the classical suite of Cosserat surfaces and bodies, Cosserat rods
on spheres and in Minkowski space, as well as an application for non-linear ¢ field theory.

In Ch. 7 we developed geometric integrators for generalised Cosserat systems. We saw
this as an application of Lie group integration theory to the infinite-dimensional setting of
continuum systems. We demonstrated that our integrators preserve spatial integrability
using the example of a Cosserat surface, and compared their performance to standard
non-geometrical numeric integrators. We also showed that other qualitative features, like

the closure of a rod, are preserved by our integrators.
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Appendix A

MCMC benchmark models

Here we define the Langevin model systems considered in Ch. 2 and Ch. 3. We begin by

defining a non-dimensionalised formulation of the Langevin equation with additive noise
dX = pFdt + vV2DdW. (A.1)

where g is the mobility constant and D the diffusion constant. We write the latter as
D = pkph, where kg is the Boltzmann constant 6 is the temperature. We assume that
the force is the gradient of a potential energy function U : R - Ras F = -V - U.

Let Ty = % be a time-scale, 6, a temperature-scale, and {Jo a characteristic length-
scale of the potential. We set t = Tyt, 6§ = 000, X = LyX, F = %EF and W = ToW. T,

is the typical diffusion time-scale at temperature 6,. We get

dX = UyFdi + V20dW. (A.2)
where all quantities in the equation are now non-dimensional, and where Uy = kg?ao is the

ratio of the energetic well-depth U, and the thermal energy at temperature 6,. We set
Uy = 1, such that 6 = 6, corresponds to the temperature at which Uy = kgbp. In other
words, the characteristic energy scale of the potential is equal to the thermal energy at

temperature y. Finally, the non-diemsionalised Langevin equation is

dX = Fdi + V20dW. (A.3)

A.1 The asymmetric double-well system

Consider a 1-dimensional Langevin system with a quartic potential
x z\? z\? z\*
s =t (100 (2 o () wa(2)) s
(z) 0 ( + CLLo * Ly i Ly * Ly (8.4)
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Figure A.1: The asymmetric double-well potential, with minima at /Ly = —1 (hollow
red circle) and /Ly = 1 (filled red circle). See App. A.1 for its definition.

We impose the following conditions
1. U'(—Ly) =U'(Ly) = 0. Extrema at x = —Lj and & = L.

2. U(—Ly) = 0 and U(Ly) = AU. The energy cost of moving from the left-most

extremum to the right-most extremum is AU.

Imposing the conditions on Eq.A.4, we get

U(z) = <<L10—1)2—}1A7[0] (Lio—z)) (%H)Q‘ (A5)

Equation A.5 defines an asymmetric variant of a standard quartic double-well system,
with minimii at =1 and . =1 and a maximum at = i’?—U[é. See Fig. A.1 for a
depiction of the potential energy landscape. In non-dimensionalised form, the potential is

0(F) = (7 —1)° — i% (F—2) (i +1). (A.6)

where £ = z/L. In all numerical simulations, we have set AU—[OJ =1/2.

A.2 The switch system

Here we define the switch system, and its non-conservative variant used in Ch. 3. We
consider a 2-dimensional Langevin system with a Sombrero-type potential U : R? — R.
Let T = {(z,y) | v/22 + y% = 1} be the circle centred around the origin, and let T+ and T'~
signify the upper and lower semi-circle respectively. We will a construct the potential such

that I" coincides with a manifold of potential minima, and such that the perpendicular
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curvature of the potential along I'" is larger than along I'". We start with a radial quartic

potential of the form

U(zy,x9) = Up(r(21,22)) | (A.7)
U,(r) = Uy (LLO - 1) (1 + aLLO +b (LL[))Q +c (LL())S)

where L is the length-scale of the system, Uy will be the value of the potential at the local
maximum 7 = 0, and a, b, c € R will be specified below. We will henceforth suppress the
argument of the radial coordinate function r(xq, z3) = \/2% + 23. We impose the following

conditions on the potential to fix a,b and c:
1. U/(0) = 0. The origin is an extremum.
2. U/(Lp) = 0. I' is an extremum of the potential.

3. U/(Ly) = k. The curvature along I is k.

We get
U(r)—3<L—1>2 L2k <i>2—2U (L—1> (3i+1> (A.8)
o\ 0"\ Ly "\ Lo Lo ‘
which is, in the non-dimensionalised form
. 1 -
U,(7) = 5 (7 = 1)’ [L3ki? = 2 (7 — 1) (37 + 1)) . (A.9)

where 7 = r/L and k= Uio In order to ensure that the potential has a Sombrero-like form,
we must further have that the potential is confining, which is equivalent to lim U, (r) = oo,
which implies that 6Uy < L2k. We now introduce an angular dependence irq_ﬁloe curvature.
We set

L2k(6) = 6Up(1 + 2h(9)) (A.10)

where ¢ = ¢(x1,x2) is the angle of (z1,x2) in polar coordinates so that xz; = cos(¢),

xo = sin(¢), and where

M6) = 1 (& +6 + (& — &)sing) (A11)

where & > &, and where h(¢) € [£1, &) satisfies h(—7/2) = & and h(7/2) = &. Eq. (A.10)
is constructed so that the perpendicular curvature of I't is larger than that of I'". The
drift of the system is now given by F = —VU. This concludes the definition of the switch
system.

We also consider a non-conservative variant of the switch system. We introduce an

additional non-conservative force F* = —n(}b for which the work done in a displacement
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dx = drr + rdngqAb is dW = F*-dx = nrd¢. This force energetically biases the upper
transition channel I'". The total force is thus F = —VU + F?.
In the numerical experiments presented in the main text, we used the Ito Langevin

equation
dX = pFdt + /2pkptdW. (A.12)

For the numerical experiments in the main text we use Uy = 1, which means that § = 1
corresponds to a temperature such that kg = Uy. We also set & = 0 and & = 2. To
compare the gradient force —V - U with F* we also introduce foq, = Uy/L, which is the

characteristic force strength of the gradient force.
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Appendix B

Calculating the regularised
normalisation constants of
infinite-dimensional Gaussian

Imeasures

The regularised normalisation constants of Gaussian measures defined on functional spaces
can be found by computing the determinants of their covariance operators. Equivalently,
they can be found by computing the determinant of their precision operator, which is the
inverse of the covariance operator. As for finite-dimensional linear operators, determinants
of differential operators can be found by computing the product of their eigenvalues, but
as the numerical computation of the spectrum of a linear operator is expensive, this
is in general not feasible in this setting. For a specific class of linear operators, their
regularised normalisation constants can be computed using the Gelfand-Yaglom theorem
(GYT) [142, 290, 291], by solving a system of ODEs. Here we will first recount the GYT,
and then derive an extension of theorem that can be used for the precision operators of
the semi-classical expansions of the laws of general [t0 processes with additive noise.

Let the linear operators

d d
o4 (pd) -
and J y
Lo = 7 (PE> (B.2)

be defined for 0 <t < T, and where P(t) € R4 is a symmetric positive-definite matrix
function and R(t) € R™? is a symmetric matrix function. Let v*) and u®)(t; ) be the

eigenvalues and eigenfunctions of £, which are solutions to the boundary value problem

Lu®) (1) = AEu®) (1) (B.3)
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where u®)(0) = u®(T) = 0. Similarly, let uék) (t) and vék) be the eigenfunctions and

eigenvalues of Ly. Then the functional determinant of L is defined in regularised form as

det £ k)
dett 12 B4
det Lo kHl 7 By

As the spectrum of Eq. B.1 is unknown, and numerically expensive to compute, a much
more efficient way of computing Eq. B.4 is via the GYT. The GY'T states that the

functional determinant can be expressed as

det £
det ;Co

det [Y(T)]
3ot [Yo(T )] ‘ (B:5)

where Y () € R¥* with components Y;;(t) = y(j)(t), where the y@)(t) are solutions to the

d second-order ODEs with initial conditions

Ly (t) =0 (B.6
y9(0) =0 (B.7

d 5y —

arYi (0) = dy;. (B.8)

and where the matrix Yy(t) € R¥? is defined similarly, but with £ in Eq. B.6 replaced
with £y. We now present a generalisation of the GY'T that allows for linear operators of
the form

Ezd—2—|—Ui+R (B.9)

dt? dt

where 0 <t < T, and where U(t), R(t) € R¥™? are anti-symmetric and symmetric matrix
functions respectively. This extended GYT will make the theorem applicable to compute
the regularised normalisation constants of the precision operators discussed in Sec. 2.4.1.

We define the linear operator G which acts on vector functions as
gy = Gy (B.10)
where G(t) is a matrix function that solves the equation
. 1

As U(t) is anti-symmetric we have U(t) € so(d), where the latter is the Lie algebra of the
special orthogonal group SO(d). Then Eq. B.11 is the exponential mapping from the Lie
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algebra to the Lie group, therefore G € SO(d). We define the linear operator

L=G'LG = d% +G7 (R — %U — iw) G (B.12)
where we have used G~! = GT. Equation B.12 is of the form Eq. B.1, as the second
term is a symmetric matrix, and we can therefore compute det £ using the GYT. As for
any two operators A and B, we have that det AB = det Adet B, and det A™! = 1/det A,
and we therefore have that det £ = det £. The functional determinant det £ can thus be
computed by first solving Eq. B.11, and then constructing £ using Eq. B.12, and finally
using the GYT to compute det £.

The above can be applied to compute the regularised normalisation constants of
the precision operators derived in Sec. 2.4.1, which were the result the semi-classical
approximations of the path measures of general 1t6 diffusions with additive noise. The

precision matrix is of the form

_ 1 d d
K __—- " 194" 1+ B B.1
" Daz " u T (B.13)
We can compute the regularised normalisation constant of #* by letting P(t) = —%Hd,
U= —-2DA and R = B and applying the extended GYT. In the case of gradient dynamics,
when A = 0, the original GYT can be readily applied by using P(t) = —%Hd and
R(t) = —B(t), where I is the identity matrix.
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Appendix C

Reconstructing the spatio-temporal

configuration

To reconstruct the spatio-temporal configuration ®(¢,u) of a system from its spatial
reconstruction fields X, (¢, u) and generalised velocity field N(¢,u), where u € M, we must
solve the equation

O dd = ¢ (C.1)

where £ = Ndt + X,du®. Given some initial condition ®(¢,u), we can find ®(¢,u) by
integrating Eq. C.1 for fixed ¢ along some curve 7 : [0, 1] — M that satisfies v(0) = uy and
~v(1) = u. If X, satisfy spatial integrability, the result of this integration is independent of
the shape of the path ~.

A numerical scheme for reconstructing the spatio-temporal configuration can thus be
devised by repeatedly integrating Eq. C.1 along curves that trace out ¢ along the desired
points u € M. In the following section we will show such a scheme explicitly for the case
of the Cosserat rod, and the procedure can be readily generalised to higher-dimensional

systems.

C.1 Numerical algorithm for reconstructing the Cosserat

rod

Here we describe how to reconstruction the spatio-temporal configuration of a Cosserat rod
®(t,u) from the spatial reconstruction field X (¢, u) and generalised velocity field N (t, u).
These are related as Eq. C.1, where £ = Xdu + Ndt, from which we have

P =X (C.2a)
d = DN. (C.2b)
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Formally, these have solutions

Dyj(u, 1) = @y (0,8)% {efét X(u,i)du}
By (i1, t) = Dyt (1,0).7 {eho V0L

(C.3a)

kj
. (C.3b)
where % (-) and .7 (-) signifies the spatial and temporal time-ordered integral respectively.
Numerically, these can be efficiently approximated by discretisation, and incrementally
solved using the Magnus ezpansion [292]. Eq. C.2a and Eq. C.2b can therefore be used
together to trace out F from a single initial condition ®(ug,ty). Due to the integrability of
&, the value ®(¢,u) at (£, u) is invariant with respect to which particular path in (¢, u)-space
is taken. In light of this there are theoretically an infinite number of reconstruction schemes.
Below we propose what we find to be the most convenient reconstruction scheme.

We discretise time and space as u, = alAu, a =0,...,N,, such that ug =ty = 0 and
ts = BAL, B =0,...,N; and uy, = Ly and ty, = T. We define ®** ~ ®(aAu, BAL),
X8 ~ X (aAu, BAL) and Y = Y (aAu, SAL).

q)?fﬂﬂ = o3’ exXPgp(s) (Al No’ﬁ)kj ; %0 = 9@ (C.4a)
O = 07 expgp) (Au X (C.4b)

with the initial condition F%° = F®  The matrix exponential has a closed-form analytical

formula given by

-
expgps)(H) = ( %(1 0 . ) (C.5)

m)v €XPso(3) ()

for H = {v;ni} € se(3) and

. 1—cos|m| . |m|—sin|m| ,
B(1n) = 13 + T e (C.6a)
. sin|m| . 1—-cos|m| .
eXPso(3) (m) =13+ | |m + ¥m2 (C.6b)

7] 71|

where expgo ) (11) € SO(3) is an element of the special orthogonal group in 3 dimensions.
As Eq. C.6a and Eq. C.6b are ill-conditioned for small ||, in numerics it is often prudent
to Taylor expand to at least O(|n1]%) when |m| < 0.1 [85].

A benefit of Eq. C.4 as a numerical solution schema is that it allows for flexibility
in terms of when Eq. C.4b is evaluated. For example, in simulations we use a temporal
discretisation At, but we can choose to only reconstruct the Cosserat rod at intervals nAt,

for some integer n.

260



Appendix D

Detailed derivation of the SF(3)

short-time propagator

Here we provide detailed derivations of the results in Sec. 7.3. Let Y = {a;m} € se(3),

N ={V;Q} and At = At — At', then

At
Sspin(Dt, N,Y) = / exDsigs)(—AN)Y expgpa (AN)dAL
0

<@+7’0 i, V) %)

where we used Eq. 7.26, and where

At
@ = / eXpso(g))(—AtQ)(_i dAt/
0

At
@:/ expgoes) (—A Q)mexpso (AtQ) dAt
0

T(At, N,Y) = / At eXPgos)(— AtQ)nB(AQ)V AL .
0
From the results of Sec. 7.2 we can make the identifications

(1) = AtB(-AtQ)a
(2) = Eso(s) (AL, Q,10).

(D.1)

(D.2a)
(D.2Db)

(D.2¢)

(D.3a)
(D.3b)

where #(m) was defined in Eq.7.24. It remains to evaluate 7(At, N,Y'). Let a = At'/At,
¢ = At|Q] and Q = /|| such that (At — At = (1 — ). We rewrite #(At, N,Y) as

F(At,N,Y) = /0 At (1 — @) expgogs) (—(1 — Q) Q)mZ((1 — a)bQ)V da.
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We now evaluate the integrand explicitly, we get

A (1 — @) expgop) (—(1 — a)pQ)mB((1 — a)pQ) = A? Z Pt~ (D.5)

i,0=1
where
a % a — sin Ep@d’)
P = asin (C_W,b) (cos (dz/}):bl) sin (&) (ap—sin (5412/;)) sin (&) (D6)
a (1 — cos (dq/})) _W @(1 — COS <@w)) __ 2sin (&d))ﬂ;}sin (2a)

where the ¢th and jth indices of P;; signify rows and columns respectively and & = 1 — .
We can now integrate each component pi; individually. We define

1
R =? / daP =
0
s 0+ sin (1) G obeos(@) -1
—1pcos (1) + sin () —{cos ($)—1)” (1/;)_1) 4 —pcos (¥) — ¥ + sin gw) + 2 5121#) ,
%2 —apsin (¢) — cos (¢) + 1 f% + 2sin (¢p) — = wa) 7(11’7&;‘ ()

(D.7)

such that ;

1 L
FAt, N,m) = —— Y RyQ ™ mQ V. (D.8)
]2 !

1,J=1

We made use of the symbolical manipulation package SymPy [293] in order to find the
expressions for P and R. We will now express the short-term propagator Eq. 7.18 in terms
of the sub-matrices of X, = {0, T}, N = {V;Q} S = {P;L}* and Q = {F; M}*. Firstly

we define

Xo(to,u) == X0 = {9_;70; To0} (D.9a)
N (to,u) == Ny = {Vo; (o} (D.9b)
S(to,u) := Sy = {Py: Lo}* (D.9¢)

Fo(to,w) == Foo = {fai fao) (D.9d)
H(to, ) := Hy = {h{; h3}" (D.9e)

where F,, and H were defined in Eq. 7.10 using Q% = {ﬁa; Ma}*, and

U2 = B(—At)) (D.10b)
So(m) = At(Ugm) x (U3V;) (D.10c)
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where x denotes the cross product. Then we have that

0 07
€XPsEe(3 ( AtN)Xo. exXpgp 3) (AtN) = S — (D.11a)
@ Usbo + 50(Toa) UsToa

0 0r
eXPgp(s)(— ALN)ST eXPgps) (AtN) = ( L5 = /1\_,> . (D.11b)
U0P0+S(](P(]> U()LO

Then, using Eq. D.11 with Eq. D.1 we can expand Eq. 7.18 as

On(to + At,u) = UgOy o + AtUR fo o + 80(Ro.a) + F(AL, No, f) (D.12a)
olto + At,w) & UgTo o + Esow (AL Q, f5,) (D.12b)
P(to+ At,u) ~ Ul Py + AtUZh) + 55(Lo) + 7(At, Ny, h?) (D.12¢)
L(to + At,u) = ULLy  + Esog (AL, Q, h2). (D.12d)

D.1 Simplified integrator for SFE(3)-configured sys-

tems

The kinodynamic equations of an SF(3)-configured system, if expressed in terms of the

sub-matrices of X, and S5, are

Dy, = D,V (D.13a)
OyTo = DS (D.13Db)
D,P = D,F* + f (D.13c)
DL = DoaM® + 0, x F* + (D.13d)

where D, = 0; + Q) and D,=0,+7mand a =1,...,d. We can construct a simplified short-
term propagator by noting that each individual equation in Eq. D.13 can be integrated
using the propagator derived in Sec. 7.2. To see that we rewrite Eq. D.13 as

00, = Go + Ab, (D.14a)
Oto = H, + AT, (D.14b)
&P =K + AP (D.14c)
oL =J +AQ (D.144)
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where

A =-Q (D.15a)
Gy = DaV (D.15h)
H, = 0,0 (D.15¢)
K =D,F*+f (D.15d)
J = D M+ 0, x F* 4, (D.15¢)

As A € s0(3), the short-term propagator for each individual equation in Eq. D.14 can now
be found using the SO(3)-integrator defined in Sec. 7.2. The resulting integrator requires
far less computation (in particular, it does not require evaluating Eq. D.8), however this

comes at the cost of omitting the broader geometric properties of SE(3).
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Appendix E

Non-dimensionalisation of the

Cosserat rod equations of motion

Here we will derive the non-dimensionalised kinodynamic equations of motion of an

underdamped Cosserat rod (given in Eq. 5.123), as well as an overdamped Cosserat rod

(given in Eq. 5.128, in the absence of internal frictional and body forces. We set

0=6
7=Ly'7
- Lo =
V=22V
T
Q=710
- L2 =
[=xf
T
F = F,F
M = MyM

where 7, Iy and M, are time, force and moment scales that will be specified later. We also

find that P=V. As L = ]IQ, we also define the dimensionless moment of inerta I =

The resulting equations of motion become
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where

ol — PL(2)/7'2
Fo
g7 Wofrr
F()/LO
oft = pLy/T?
My
0
Mo/ Ly
YR
A= 7TL3

a’ can be seen as the ratio of the characeristic inertial forces compared to the characteristic

internal force amplitude Fj, and we have assumed that the translational and rotation
friction coefficients are scalar constants. (7 is the ratio of the characteristic frictional
force to the internal force. aff is the ratio of the characteristic inertial moment to the
characteristic moment amplitude M,. ( compares the characteristic force amplitude to
the moment. \ compares the translation to the rotational friction.

Without loss of generality we now set 37 = 1, which means 7 = 771;53 which is the
characteristic damping time-scale for a simple harmonic oscillator. We also set ( = 1,
which ensures that if ]:: and ]\3[ are of the same order, then F and M /Lg are as well. We

also then have that o = o’ = a = pALT‘i/Tz The resulting equations are
D;if = D;V (E.5)
07 = DaQ2 (E.6)
aD;V = DoF — V (E.7)
aD:L = Dall + 6 x F — A0 (E.8)

with two tunable parameters a and ), as well as the dimensionless moment of inertia I.

Let us now assume that we have constitutive laws

F; = gi6;
Mi = €;T0;

then in non-dimensionalised form these become

!

M,

I
Natl
S
~

I
™
S
=R
s
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where §; = g;/Fy and & = ¢;/(LoMy). For overdamped systems we have av = 0, such that

Dif = DiV (E.9)

07 = DaQ) (E.10)
V = DoF

AY = Dol + 6 x F (E.11)
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Appendix F

Details of the geometric integrator

benchmark simulations

F.1 Simulation of the Cosserat rod

We simulated the Cosserat rod with overdamped and underdamped dynamics, specified in
Eq. 5.128 and Eq. 5.123 respectively. The non-dimensionalised equations of motion are
given in App. E. Henceforth all quantities will be assumed to be non-dimensional, and we
will therefore omit the tilde-notation of App. E. For overdamped dynamics we used A = 1
and simulated for a duration of "= 0.1. For underdamped dynamics we used a« = A =1
and 7" = 0.1. The material coordinate took values in the unit interval u € [0, 1].

To simulate the equations of motion of both systems we discretised space and time as

u; = iAu, 1=0,...,N, (F.1a)
t: = iAt, i=0,..., N, (F.1b)

where we used Au = 1/200 for all simulations, such that N, = 200. We ran simulations

using a range of time-discretisations
AteT ={al0"" : a€{1,1.25,2,25,5} and b € {4,...,6}} (F.2)

and for each At, we ran simulations where the rod was subject to a randomly configured
force and moment, and starting with random initial conditions, as well as random moment of
inertia for the underdamped system. We do not consider the effects of internal frictionional

or body forces.

269



The angular momentum, and the forces and moments were of the form

L =14 (F.3a)
F =K - by) (F.3b)
F=K®z (F.3¢)

where I, KB K® e R3%3 were randomly generated each run using the code provided in
Listing F.1.

Listing F.1: Generating random stiffness matrices and moment of inertia.

import numpy as np

def random_pos_def _matrix() :

mat np.random.random( (3, 3))

mat = mat + mat.T

mat += np.eye(3) *x 3

mat /= np.max(np.linalg.eigvals (mat))
mat x= le-2

return mat

# Generate random K1 matrix

K1 = random_pos_def_matrix()

# Generate random K2 matrix

K2 = random_pos_def_matrix()

# Generate random moment of inertia

mom_TI = random_pos_def_matrix()

Initial configurations of the rod ®3 = (rg; Ey) were constructed by first generating
a random closed center-line ro(u) and its corresponding adapted frame, after which the
latter was rotated into a deformed material frame Fy(u). The random center-line was
generated using a random superposition of sinusoidal functions, using the code provided
in Listing F.2.

Listing F.2: Generating random stiffness matrices and moment of inertia.

N_random_curve_modes = 3

mu_random_curve = 0

sigma_random_curve = 0.1

L0 =1

Nu = 200

us_grid = np.linspace (0, 1, Nu, endpoint=False)

def generate_random_periodic_function(dim, us, L, N, mu, sigma):
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fs = np.zeros((3, len(us)))

dfs = np.zeros((3, len(us)))

for i in range (dim):

fs[i] += np.random.normal (mu, sigma) /2

for j in range(l, N):

a, b= np.random.normal (mu, sigma), np.random.normal (mu, sigma)

fs[i] += a * np.cos((2*np.pi/L)*j*us) / (j*np.pi)
fs[i] += b * np.sin((2*np.pi/L)*j*us) / (Jj*np.pi)

dfs[i] += —-(a * (2*np.pi/L)*3 / (Jj*np.pi)) * np.sin((2*«np.pi/L)
*Jxus)
dfs[i] += (b * (2*np.pi/L)*j / (J*np.pi)) * np.cos((2xnp.pi/L)*

Jjxus)

return fs, dfs

RO, dRO = generate_random_periodic_function(dim, us_grid, LO,

N_random_curve_modes, mu_random_curve, sigma_random_curve)

For a given center-line ro(u) we can construct an adapted frame by computing

h = |0t (F.4a)
t = (0ur)/h (F.4b)
n = (hity, tats, —t3 — )7/ /83 + 13 + (83 + 13)2 (F.4c)
b=txn (F.4d)
which corresponds to a configuration ®F = (r; EY), where E¥ = (el el ef). The

corresponding spatial reconstruction field X¥ = {7F; 6" } of the adapted frame can be

computed as

7 = (0,n) - b (F.5a)
Ty = —(0,t) - b (F.5b)
T3 = (0,t) - n (F.5¢)
0] = (F.5d)
05 =05 = (F.5e)

Now, given some rotation matrix R(u) defied over the length of the rod, we construct the
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initial configuration of the rod as

7o = (O R)R" + R7" R (F.6a)
0o = RO (F.6b)

The form of these equations are such that the configuration ®, = (r; Ey), which are the
initial conditions used in the simulations, shares the same center-line with ®Y, where
Ey = REY. Equation F.6 can be found by substituting Ey = RE into Eq. 5.42b. Derivatives
of the spatial reconstruction fields X (¢;,u;) and all other quantities were computed using
Fourier transforms, following the numerical algorithms provided in [129].

The deformational rotation R was constructed by generating random Euler angle-fields
p(u), ¢(u) and ¥ (u) along u € [0,7], and then letting R = R(p, ¢, 1), where R(p, ¢, 1) is
the mapping from Euler angles to rotation matrices. The Listing F.3 shows the code that

generates random deformations R.

Listing F.3: Generating random deformational rotation field.

N_R_modes = 3
mu_ R = 0.1
sigma_R = 0.01

def eul2rot (rho, phi, psi)
R = np.zeros((3, 3, rho.shapel[-1]))

R[0,0] = np.cos(phi)*np.cos (psi)

R[0,1] = np.sin(rho) *np.sin(phi)*np.cos(psi) - np.sin(psi)*np.cos(rho)

R[0,2] = np.sin(phi)*np.cos (rho)*np.cos(psi) + np.sin(rho)*np.sin(psi)

R[1,0] = np.sin(psi)*np.cos (phi)

R[1,1] = np.sin(rho) *np.sin(phi)*np.sin(psi) + np.cos (rho)*np.cos (psi)

R[1,2] = np.sin(phi)*np.sin(psi)*np.cos(rho) - np.sin(alprhoha)*np.cos (
psi)

R[2,0] = -np.sin(phi)

R[2,1] = np.sin(rho) *np.cos (phi)

R[2,2] = np.cos(rho) *np.cos (phi)

return R

us_grid = np.linspace (0, 1, Nu, endpoint=False)

R_rho = generate_random_periodic_function(l, us, L0, N_rot_modes, mu_rot,
sigma_rot) [0]

R_phi = generate_random_periodic_function(l, us, LO, N_rot_modes, mu_rot,
sigma_rot) [0]

R_psi = generate_random_periodic_function(l, us, LO, N_rot_modes, mu_rot,

sigma_rot) [0]
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Figure F.1: An example of a random initial configuration of the Cosserat rod generated
by the outlined procedure. The blue line is the center-line r(u) and the red, green and
blue lines attached to the center-line are e;(u), e2(u) and es(u) respectively.

R = eul2rot (R_rho, R_phi, R_psi)

This completes the description of the procedures used to generate the initial config-
urations of the Cosserat rod. See Fig. F.1 for an example of a random initial Cosserat
configuration. For a given random configuration, which we will refer to via the index ¢,
we ran simulations using the Forward-Euler (FEI), the SE(3)-integrator (SEI) and the
simplified SE(3) (SSEI) integrators for each At € T. Let XA be the result of a simula-
tion using a given algorithm I € {FEI, SEI, SSEI}, time-step At and initial configuration

¢. Using the algorithm described in App. C.1 we can then reconstruct the corresponding
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Atf_(

spatio-temporal configuration @, ré’m’g; EZ’AM). We now define

close

errI,At,E _ |rI,At,€<T7 1) . I'I’At’Z(T, O)’ + Z |eiI,At,Z(T’ 1) _ ef’At’Z(T, 0)’ (F?a)

INVA

which measures the failure of the Cosserat rod to close. That is, errclose

1At
(I)Z

is the magnitude
of the discontinuity of at u = 1. As the initial configuration is a closed loop, we
have 12440, 0) = r1-A444(0, 1) for all simulations. Simulation errors will however in general
cause the configuration of the Cosserat rod in the numerics to no longer close. Note that
it is not sufficient for XA4¢(¢, u) to be a smooth periodic function of u in order for ®;*"*
to be smooth a smooth function of u.

For both the underdamped and overdampded Cosserat rod, and for each I and At
we ran Ng, = 50 simulations with random initial conditions ¢ = 1,..., Ngn,. We then

computed the sample means and variances of the error

1 Nsim
LAt _ E : I,At L
<errclose> - N CIT jose (Fga)
sim
=1
Nsun
I,At _ 2 : LAt I,At\\2
var(errclose - . 1 errClose errClose> ) : (FSb)
sun —1

F.2 Simulation of the Cosserat surface

We simulated the kinematic equations of motion of a Cosserat surface, which were given

in Eq. 6.92. We discretised space and time as

uizl—cos<%>,i:0,l,...,]\7u (F.9a)
:1—cos<%),z':o,1,...,1vv (F.9b)

where Eq. F.9a are known as the Chebyshev points.! We differentiated functions on
Chebyshev grids using spectral differentiation, see [129] for details. For all numerics we
used N, = N, = 20.

To test our suite of integrators we evaluated their short-time propagators using a range

of time-discretisations
AteT ={al0™" : a€{1,1.25,2,25,5} and b€ {4,...,7}}. (F.10)

Every short-term propagator was evaluated on the same initial condition X, (u,v) =

'Eq. F.9a is however in a non-standard form, as we have ordered the points in ascending order.
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{000, To,0 }» @ =u,v, where

forallt=0,...,N,, 7=0,...,
®y = (r, E) is a flat sheet r(iAu, jJAu) =

material frame. The system is subject to generalised velocity field Ny =

Oo,0)2(iAu, jAu) =0
0.0(1Au, jJAu) =0

N,. The corresponding spatio-temporal configuration
(0,iAu, jAv)T with a constant perpendicular

{Vi, 0} which

we generate as a random superposition of sinusoidal surfaces, which can reproduces using

Listing F.4.

Listing F.4: Setting up initial conditions nad generating random velocity fields.

# Parameters

Lu0 = 1
Lv0 = 1
Nu = 20
Nv = 20

N_rand_V_u
N_rand_V_v = 5

N_rand_Omg_u
N_rand Omg_v = 5

rand_V_var = 1le0

rand_Omg_var = 1le0

# Initial conditions

thu0 = np.zeros((3, Nu,
thv0 = np.zeros((3, Nu,
piu0 = np.zeros ((3, Nu,
piv0 = np.zeros ((3, Nu,
thulO[1l] = 1
thv0[2] = 1

piul0[1l] =0



piv0[0] = 0

# Construct material mesh grid

def get_grid_1D (Mm, L):
N =>Mm - 1
X = np.cos (np.pi*np.arange (0,N+1) /N)
x = Lx(1l-x)/2

return x

us = get_grid_1D (Nu, LuO0)
vs = get_grid_1D (Nv, LvO0)

grid_U, grid_V = np.meshgrid(us, vs, indexing=’"1i7j’)

# Define random velocity and and angular velocity

rand_V_coeffs = np.zeros((3, N_rand_V_u, N_rand V_v))

rand_Omg_coeffs = np.zeros((3, N_rand Omg_u, N_rand_ Omg_v))

for di in range(dim):
for i in range (N_rand_V_u):
for j in range(N_rand _V_v):
rand_V_coeffs[di, i, j] = rand_V_var * np.random.normal ()

rand_Omg_coeffs[di,i, j] = rand_Omg_var x np.random.normal ()

# Compute velocity field

V_field = np.zeros((3, Nu, Nv))
for di in range (dim) :
for i in range (N_rand_V_u):
for j in range (N_rand V_v):
V_field[di] += rand_V_coeffs[di,i,j] * np.sin((i - 0.5)*np.pix*
grid_U/Lu0) * np.sin((j - 0.5)*np.pi*grid_V/Lv0) / ( (i-0.5)
* (3 — 0.5) * np.pi**x2 )

# Compute angular velocity field

Omg_field = np.zeros((3, Nu, Nv))
for di in range (dim) :
for i in range (N_rand_Omg_u) :
for j in range (N_rand_ Omg_v) :
Omg_field[di] += rand_Omg_coeffs[di,i,j] * np.sin((i - 0.5)*np.
pi*grid_U/Lul0) * np.sin((j - 0.5)*np.pixgrid_V/Lv0) / ( (i
-0.5) * (3 — 0.5) » np.pi*x*2 )

Let I € {FEI, SEI, SSEI} refer to the Forward-Euler, SE(3)- and simplified SE(3)-
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propagators respectively, and let £ = 1,..., Ny, be an index over the set of randomly
generated velocity fields. In our results we used Ny, = 50. Let Xé’ia be the result of com-
puting the short-term propagator using integrator I, with time-step At and configuration
(. For each I, At and ¢, we computed the supremum of the residual integrability error

Aint

uv

given in Eq. 6.9 over the material base space. In other words we compute

err A0 = sup A, XL (iAu, jAV) — D XAt (iAu, jAv). (F.12)
i=1,....Ny, j=1,....Ny ’ ’

where the derivatives were computed on the Chebyshev grid using spectral differentia-

tion. We also compute the mean and variance of the integrability error over the set of

configurations /¢

N
1 S1m
forel) = > et (F.130)
sim =1
Nsim
v rae, 1 At LA\2 F 13h
ar(erryy ) = ﬁZ(eHm — (e )™ (F.13b)
sim /=1
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