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Abstract

The main goal of the thesis is to compare the distinguishing power of known combinatorial and
algebraic graph invariants. Using the language of refinement operators (introduced in [32]) we
derive known results relating the Weisfeiler-Leman algorithms and the invertible map tests. The
former are a well known family of polynomial time algorithms parametrised by some natural num-
ber, each defining an equivalence on graphs which over-approximates graph isomorphism. The
latter, introduced in [30], are parametrised by a natural number and a set of prime numbers. By
generalising the concept of coherent algebras to an arbitrary field, we show that the invertible map
tests can be viewed as a representation theoretic generalisation of the Weisfeiler-Leman algorithms.
We also show that the equivalences defined by each invertible map test over the set of all prime
numbers can be decided in polynomial time. This motivates an open question which could lead to
interesting insights into the nature and computational complexity of graph isomorphism, as well as
the descriptive complexity of finite graphs.

We also use refinement operators to bound the expressive power of an infinitary logic with
solvability quantifiers so as to study the relative power of the invertible map tests and known
proof systems with algebraic rules; namely, bounded degree polynomial calculus, monomial calculus
and Nullstellensatz calculus. These are well studied and have been used in the context of graph
isomorphism in [14] and [39]. Our results generalise some of the work in the latter two papers
and contribute to a deeper understanding of the apparently weaker Nullstellensatz calculus. More
precisely, we show that the distinguishing power of Nullstellensatz calculus is essentially the same
as that of monomial calculus. Furthermore, in the case of fields of characteristic 0, we show that
Nullstellensatz calculus can simulate polynomial calculus in the case of the graph isomorphism
problem; hence, combining this with a results by Grohe et al. [39], it follows that over characteristic
0, all three proof systems have similar distinguishing power to the Weisfeiler-Leman algorithms.

Building on recent results by Brachter and Schweitzer [16] we look at the behaviour of the
Weisfeiler-Leman algorithms on finite groups. Whilst hinting at potential conditions required to
construct families of 2-nilpotent groups with high Weisfeiler-Leman dimension, we also show that
the class of 2-nilpotent groups generated by trees has low Weisfeiler-Leman dimension. This natu-
rally leads to the question as to whether classes of graphs with low Weisfeiler-Leman dimension gen-
erate classes of 2-nilpotent groups with low Weisfeiler-Leman dimension. Lastly, we show that there
is a first-order definable reduction from group isomorphism to the isomorphism problem of Latin
square graphs of Cayley tables of groups, and vice-versa. The existence of such a bi-interpretation
implies that the Weisfeiler-Leman dimensions of finite groups and Latin square graphs of their
Cayley tables have a similar asymptotic behaviour.
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Introduction

The concept of a graph and its symmetries has been exploited by every area of mathematics, from
probability and combinatorics to geometry and the theory of computation. In spite of a seemingly
innocent combinatorial definition, the properties which determine whether or not two graphs are
the same can go as far as assuming an algebraic or even a topological nature.

The focus of this thesis is the graph isomorphism problem. In its simplest form, a graph consists
of a set of vertices V with a symmetric binary relation E which does not contain elements of the
form (v, v), also referred to as loops. The set E is called the edge relation and its elements are the
edges of the graph. We may further equip the graph with a labelled partition (or colouring) of the
vertex set or the edge set, thus yielding a vertex coloured or an edge coloured graph respectively.
In general, it is therefore convenient to view a graph as a colouring of the set of ordered pairs of
vertices, hereafter referred to as arcs of the graph. From this viewpoint, an uncoloured graph is a
labelled partition of its arcs into three equivalence classes: the colours of which represent the set of
edges E itself, the set of loops and the set of non-edges. The graph isomorphism problem is then
the computational problem of determining whether there is a colour preserving bijection between
the sets of vertices of two vertex and edge coloured graphs.

In this thesis we are interested in the computational and descriptive complexity of graph iso-
morphism, and how the latter intertwines with the former.

Graph isomorphism: the computational complexity status

The aim of computational complexity is to classify computational problems according to the amount
of physical resource required to solve them - let it be running time, number of processors, memory
etc. One of the fundamental questions (and motivations) of this field is whether the class of decision
problems which can be solved by a deterministic algorithm in time polynomial in the size of the
input (the class P) is the same as the class of decision problems solvable by a non-deterministic
algorithm in time polynomial in the size of the input (the class NP). Clearly, P ⊆ NP, so the
reverse inclusion is the meat of this million-dollar open question [38].

The interest in the graph isomorphism problem stems from the fact that its computational
complexity is poorly understood. It is known to be in NP and widely believed not to be NP-
complete. Whilst it is not known to be in P, many special cases of graph isomorphism are solvable
in polynomial time. These special cases include planar graphs, permutation graphs and other
classes of graphs defined by bounding some parameter such as genus, eigenvalue multiplicity or
vertex degree. For the isomorphism problem on the latter class, a polynomial time divide &
conquer algorithm provided by Luks follows from some profound insight into the link between
graph theory and finite permutation groups [52]. A common approach to solving instances of the
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graph isomorphism problem is by considering graph invariants. An invariant for a class of graphs
H closed under isomorphism is a map f from H to a class of objects so that if Γ,Γ′ ∈ H are
isomorphic, then f(Γ) = f(Γ′). The invariant f is said to be complete if f(Γ) = f(Γ′) only if Γ
and Γ′ are isomorphic. An example of a complete invariant for the class of all uncoloured graphs
would be the map assigning to Γ the least lexicographic element from the set of adjacency matrices
of graphs isomorphic to Γ. Computing this particular invariant is however known to be NP-hard
(see Section 6.3 in [5]).

An automorphism of a graph Γ is an isomorphism from the graph to itself. The set of all
such isomorphisms with the operation of map composition forms the automorphism group of Γ.
Deciding graph isomorphism is polynomial-time equivalent to computing the orbits of the induced
action of the automorphism group of a graph on the kth power of its vertex set, for some fixed k
[53] (hereafter, we shall refer to this partition as the k-orbit partition for a graph). An easy way to
see this is as follows. Suppose for a graph Γ with vertex set V we want to test if u⃗, v⃗ ∈ V k are in the
same orbit. This amounts to testing isomorphism of two graphs, one obtained by colouring each vi
with colour i in Γ, the other by colouring each ui with colour i in Γ. The k- orbit partition for Γ is
then obtained by executing this procedure nk times. Conversely, if we want to test isomorphism of
two graphs, we can do this by computing the k-orbit partition for the graph obtained by forming
their disjoint union and adding an auxiliary vertex sharing edge with every other vertex of each
graph. We conclude that the graphs are isomorphic if, and only if, some k-tuple of vertices of one
graph is in the same orbit of a k-tuple of vertices of the other graph. It is then natural to look
for graph invariants arising from a colouring or a classification of its vertex set, or a Cartesian
power thereof. One of the earliest attempts to find such a colouring is the näıve colour refinement
algorithm [58], which runs as follows. First, all vertices are coloured according to their degree (or
their colour, should we have a vertex coloured graph). This labelling is then iteratively refined
by extending the label of each vertex by the multiset of the labels of its neighbours, until a stable
partition is achieved. The label then assigned to the graph is given by the multiset of labels assigned
to the vertices. It is easy to see that a label produced as such fails to be a complete invariant for the
class of all graphs, for indeed, all regular graphs of same size and degree are assigned the same label.
What is less obvious is that it produces a complete invariant for all but a fraction of approximately
n−1/7 of graphs on n vertices for large n, and it is thus a reasonably good approximation [11].

The näıve colour refinement found a natural generalization in what is now referred to as the
classical Weisfeiler-Leman algorithm [63]. This is an arc classification algorithm in the spirit of
näıve colour refinement, in that it begins by labelling arcs according to their colour and iteratively
extends the labelling by the multiset of labels of paths of length 2 between the ends of the arc, until
reaching a stable partition. A partition which is stable under the iterative step of the Weisfeiler-
Leman algorithm is called a coherent configuration - a widely studied structure due to its neat
interpretation as an algebra; indeed, as a coherent algebra. Babai [12] further generalized this idea of
iterative refinement applying it to the partition into isomorphism types of k-tuples of vertices, thus
yielding stronger graph invariants, each computable in time nO(k), for a graph on n vertices. The
interesting question was then for which k the k-dimensional Weisfeiler-Leman algorithm yielded
a complete invariant, but a seminal paper by Cai, Fürer and Immerman [20] showed that such a
k does not exist. In particular, they showed the existence of a family of pairs of non-isomorphic
3-regular graphs of size n (hence distinguishable in polynomial time using Luks’ algorithm) which
are distinguished by the k-dimensional Weisfeiler-Leman algorithm only if k = Ω(n).

Though this result crushed the hopes of an efficient combinatorial method for deciding graph
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isomorphism, the Weisfeiler-Leman algorithms have still proven to be useful for the design of further
algorithms. Indeed, the state-of-the-art algorithm, which runs in quasi-polynomial time following a
result by Babai [7] involves a combination of Luks’ divide & conquer algorithm, Weisfeiler-Leman
refinements and more group theoretic machinery to deal with Johnson graphs 1. Furthermore,
näıve colour refinement itself is used to some extent in the nauty package, which is the best known
implementable algorithm for testing graph isomorphism. Last but not least, the Weisfeiler-Leman
algorithms have played an important role in the study of descriptive complexity as we shall see in
the next section.

Graph isomorphism: the descriptive complexity status

Descriptive complexity is concerned with the richness required by a logic to define certain properties
of structures. This is, in some sense, the measure of difficulty it studies (the reader may wish to
compare this with the measure of difficulty considered by computational complexity). Fagin’s
Theorem, which states that deciding whether a given structure has some property is in NP if, and
only if, said property is definable in existential second-order logic, was probably the first milestone
within this field [37].

The quest for a logic defining exactly the properties whose decidability is in P is still ongoing.
To construct such a logic (if one exists at all!), it is natural to consider extensions of first-order logic
(FO), since the properties defined by the latter are decidable in polynomial time. As an immediate
limitation, for example, FO fails to define recursively constructed polynomial-time decidable prop-
erties such as graph connectivity. Inflationary fixed-point logic (FP) is an extension of FO with the
ability to formalize inductive definitions. Whilst it captures exactly the polynomial time properties
of ordered finite structures by the Immerman-Vardi Theorem [47], it still fails to define elementary
properties, such as the parity of the cardinality of a set. The most successful remedy to this lack
of arithmetic concepts was proposed by Immerman in [47], where it was suggested to extend FP
by a counting operator. We refer to the resulting logic as fixed-point logic with counting (FPC).
A key tool for analyzing are counting logics: these are extensions of FO allowing infinitary con-
junctions/disjunctions, a finite number of variables and counting quantifiers. Indeed, the expressive
power of FPC is bounded by these finite variable fragments. Furthermore, the distinguishing power
on graphs of k + 1 variable formulae of counting logics is the same as that of the k-dimensional
Weisfeiler-Leman labelling. From this, it can then be deduced that the construction by Cai, Fürer
and Immerman describes a polynomial time decidable graph property not definable in FPC.

From a logical perspective, the Cai-Fürer-Immerman constructions expose the inexpressibility
of the solvability of linear equations over the field Z2, so the next obvious extension of FP should
involve some linear algebraic concept. An early attempt at this was the introduction of logics with
rank operators [29]. These logics were then further generalized in [27] to linear algebraic logics over
a set of prime numbers Q, denoted by LAω(Q). These are infinitary logics allowing quantifiers
over any linear algebraic operator over finite fields of characteristic p ∈ Q (the precise definition of
these will be given in Section 1.9). In [27] it is also shown that generalizations of the Cai-Fürer-
Immerman construction given by Holm in [45] for each prime number p, provide graphs whose
isomorphism classes are not definable in LAω(Q) whenever p /∈ Q. Note that we have not assumed
that Q is finite: so long as it is not equal to P, the set of all prime numbers, Holm’s generalised

1This algorithm is in fact also the fastest quantum algorithm, making graph isomorphism one of the few decision
problems for which the quantum realm is not known to provide a speedup.
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Cai-Fürer-Immerman constructions provide polynomial time graph properties not expressible in
LAω(Q). The question as to whether such a property exists if Q = P was left open by the authors
in [27]; however, a recent construction by Lichter [51] implies a negative answer, as shown by Dawar
et al. [28].

It is worth remarking that the extensions of FP with rank operators and the logics LAω(Q) were
introduced for different purposes: the former were candidates for the much sought-after logic for
P, whereas the latter were introduced to give a logical characterisation of equivalences on graphs
given by the invertible map tests. For each natural number k ≥ 2, the k-dimensional invertible
map test over Q is a polynomial-time algorithm labelling graphs so that its distinguishing power
is the same as that of k variable formulae of linear algebraic logics over Q. It can be viewed
as a representation theoretic generalization of the k-dimensional Weisfeiler-Leman algorithm, in
that there are natural algebraic structures arising during the execution of both algorithms. In
the case of the k-dimensional Weisfeiler-Leman algorithm the label assigned to a graph depends
on the representations over a field of characteristic 0 of these algebras, whereas in the case of the
k-dimensional invertible map test we consider their representations in characteristic p ∈ Q. In fact,
one of the contributions of this thesis is to use this representation theoretic interpretation to make
sense of the k-dimensional invertible map test as a polynomial time algorithm even when Q is not
finite. As long as Q is not the set of all prime numbers, Holm’s generalized constructions show
that there is no fixed k for which the k-dimensional invertible map test over Q distinguishes any
two non-isomorphic graphs, and Lichter’s construction extends this result to the case Q = P.

In a similar way to the seminal result by Cai, Fürer and Immerman, the results by Dawar
et al. in [27] and [28] (based on Holm’s and Lichter’s constructions) both diminish the hopes of
a polynomial time algorithm for graph isomorphism purely based on linear algebraic invariants.
There is, however, an important discrepancy: Holm’s constructions imply a linear lower bound
to the dimension of the invertible map tests required to distinguish all non-isomorphic pairs of
graphs on n vertices, and this bound is asymptotically optimal. Lichter’s construction seems to
give a sub-logarithmic lower bound, and should this be optimal, it would imply the existence of a
quasi-polynomial algorithm for testing graph isomorphism based on the invertible map tests. This
would be an improvement on Babai’s algorithm both in terms of efficiency and from the point of
view of implementation.

Contributions and structure of the thesis

The title of the thesis is borrowed from music theory: a variation on a theme is a composition form
where a musical theme is repeated with slight alterations to the melody, rhythm, harmony etc. In
the present case, the Weisfeiler-Leman algorithms are the theme, and the variations are the several
combinatorial and algebraic guises it assumes, as well as generalisations thereof.

In Chapter 1 we introduce the syntax and semantics of the logics dealt with in throughout. We
also describe the k-dimensional Weisfeiler-Leman algorithms, the invertible map tests and hence,
the concepts of coherent configurations and coherent algebras. These were first introduced and
studied by Higman in [44], though we will formulate the algebraic theory in a more general way,
since coherent algebras are usually studied as matrix subalgebras over C. More precisely, we explain
how one can extend the definition of a coherent algebra and make sense of it over any field. With
an argument similar to that used by Zieschang for homogeneous coherent configurations in [66], we
give a sufficient condition for such algebras to be semisimple. A brief background to the theory of
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associative algebras will be provided.
In Chapter 2 we study the effects of introducing a width parameter r to the Weisfeiler-Leman

algorithms. For each value of r we obtain a new family of algorithms with overall no greater
distinguishing power than that of the Weisfeiler-Leman algorithms. This result is to be expected:
the addition of the width parameter is akin to extending counting logics with a quantifier binding r
vertex variables, and such an extension does not increase the expressive power of the logic. This is
in contrast to the invertible map tests, for which the width parameters are somewhat incorporated,
since it is not known if quantifiers over linear algebraic operators binding fewer variables have
the same expressive power as those binding more variables. We use the framework of Schurian
Polynomial Approximation Schemes (introduced in [36]) and refinement operators to formulate our
result. Properties of the latter will be used to show some known results such as the tight connection
between higher dimensional Weisfeiler-Leman algorithms and extended coherent algebras as shown
by Evdokimov et al. in [36], and newer one such as the interpretation of the invertible map tests
as a representation theoretic generalization of the Weisfeiler-Leman algorithms, as well as how to
make sense of them over infinite Q.

In Chapter 3 we compare the distinguishing power of the invertible map tests with that of known
proof systems with algebraic rules over some field, namely bounded degree polynomial, monomial
and Nullstellensatz calculi. These are proof systems whose rules allow to derive polynomials from
a starting set called axioms which, in our case, encode the isomorphism problem between two
graphs. Using properties of refinement operators, we show that for fields of characteristic 0, all
of the above proof systems are essentially equivalent to the Weisfeiler-Leman algorithms (we will
carefully explain this concept of equivalence throughout). For fields of positive characteristic p,
we show that monomial and Nullstellensatz calculi are definable in LAω({p}), though our result is
actually stronger, as we only require a quantifier expressing solvability of linear equations in a field
of characteristic p (indeed, the solvability quantifier). We also show that the distinguishing power
of Nullstellensatz calculus on Holm’s generalization of the Cai-Fürer-Immerman constructions is
similar to that of the invertible map tests. We leave open the question as to whether polynomial
calculus over a field of positive characteristic p is somehow definable in LAω({p}), and attempt to
justify why one may need more than just the solvability quantifier in the logic.

In Chapter 4 we look at the relationship between the graph isomorphism and group isomorphism
problems. A first attempt at understanding the descriptive complexity of finite groups can be
found in a recent paper by Brachter and Schweitzer [?], where the concept of Weisfeiler-Leman
equivalences on finite groups is carefully defined. The authors consider a class of 2-nilpotent p-
groups, which we shall refer to as being generated by graphs, and show that there are non-isomorphic
pairs of groups generated by graphs obtained via the Cai-Fürer-Immerman construction, which can
be distinguished with a Weisfeiler-Leman algorithm of low constant dimension. Using this result
as motivator, the first main question addressed in this chapter is: do classes of graphs which are
distinguishable by some fixed Weisfeiler-Leman algorithm generate groups distinguishable by some
fixed Weisfeiler-Leman algorithm? On the one hand, we provide a more general reason as to why
classes of graphs which are hard to distinguish via the Weisfeiler-Leman method could potentially
generate groups requiring low dimension Weisfeiler-Leman algorithms to be distinguished (Theorem
4.4.2). On the other hand, we show that trees and the groups they generate behave very similarly
when undergoing a Weisfeiler-Leman partitioning. We conclude the Chapter by looking at Latin
square graphs, an important subclass of strongly regular graphs. It is well known that group
isomorphism is polynomial time reducible to graph isomorphism. We show that in fact, group
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isomorphism is polynomial time equivalent to isomorphism of Latin square graphs of their Cayley
tables, and the reduction in both directions is definable in first order logic. From this, it follows that
the dimension of the Weisfeiler-Leman algorithm required to distinguish non-isomorphic groups of
order n and that required to distinguish non-isomorphic Latin square graphs of size n2 have the
same asymptotic behaviour.

Notational conventions

Throughout the thesis, all sets are finite unless stated otherwise. Given two sets V and I, a
tuple in V I is denoted by v⃗, and its ith entry by vi, for each i ∈ I. We use the notation (vi)i∈I
to denote the element of V I with ith element equal to vi. We set [k] = {1, 2, . . . , k} ⊂ N and
[k](r) = {x⃗ ∈ [k]r | xi ̸= xj ∀i, j ∈ [r], i ̸= j}.

Recall that an unlabelled partition P of a set V is a collection P = {P (1), . . . , P (r)} where
P (i) ⊆ V and for each v ∈ V there is exactly one i for which v ∈ P (i). The sets P (i) are referred
to as the equivalence classes of P . A labelled partition or colouring of V is a map γ : V → X,
where X is a set of elements referred to as colours. Denoting the image of γ by Im(γ), the set
{γ−1(σ) | σ ∈ Im(γ)} is then an unlabelled partition of V . For v ∈ V with γ(v) = σ, we may
denote the equivalence class γ−1(σ) by [v]γ . Say that a partition P refines a partition Q, or P is
a refinement of Q, and write P ⪰ Q if every equivalence class of P is a subset of some equivalence
class of Q. We extend this partial order to colourings as follows: given colourings γ and ρ of some
set V , write γ ⪰ ρ if the partition {γ−1(σ) | σ ∈ Im(γ)} refines {ρ−1(σ) | σ ∈ Im(ρ)}. If γ ⪰ ρ and
γ ⪯ ρ, we write γ ≈ ρ; note that the images of γ and ρ need not be the same, so γ ≈ ρ does not
imply γ = ρ. If γ and ρ are colourings of V and V ′ respectively, we say that γ and ρ are equivalent
and write γ ≃ ρ if there is a bijection f : V → V ′ for which γ(v) = ρ(f(v)) for all v ∈ V . Put
otherwise, the number of v ∈ V for which γ(v) = σ is the same as the number of v′ ∈ V ′ for which
ρ(v′) = σ; in particular, note that equivalent colourings must have the same images.

For any k ∈ N with k ≥ 2 and a graph Γ on V , we denote by αk,Γ a canonical choice of
colouring of V k whose equivalence classes coincide with the atomic types of Γ. More precisely, the
term canonical means that if Γ,Γ′ are graphs on V and V ′ respectively, and u⃗ ∈ V k, v⃗ ∈ (V ′)k,
then αk,Γ(u⃗) = αk,Γ′(v⃗) if, and only if, the map u1 7→ v1, . . . uk 7→ vk is an isomorphism between
the subgraphs induced by the entries of u⃗ and v⃗ respectively.

Fix some set V and k, r ∈ N with r ≤ k. For any v⃗ ∈ V k, u⃗ ∈ V r, and i⃗ ∈ [k](r) we define
v⃗⟨⃗i, u⃗⟩ ∈ V k to be the tuple with entries

(v⃗⟨⃗i, u⃗⟩)j =

{
uis if j = is for some s ∈ [r]

vj otherwise.

Given two tuples v⃗ ∈ V r and w⃗ ∈ V s their concatenation is denoted by v⃗ ·w⃗ ∈ V r+s. More precisely,
v⃗ · w⃗ is the tuple with entries

(v⃗ · w⃗)i =

{
vi if i ∈ [r]

wj if i = j + r.

For a relation R ⊆ V 2 we define the adjacency matrix of R to be the V × V matrix whose (u, v)
entry is 1 if (u, v) ∈ R and 0 otherwise. We denote by IV the V ×V identity matrix and JV denotes
the V × V all 1s matrix; the subscripts are omitted if the underlying index set is clear from the
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context. OV denotes the V × V all 0s matrix and 1V denotes the column vector whose entries are
all equal to 1 and are labelled by V ; that is, 1V = (1)v∈V .

The set of multisets of elements of V is denoted by Mult(V ), and the multiset of entries of a
tuple v⃗ ∈ V I is denoted by {{vi | i ∈ I}}.
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Chapter 1

Algebras and algorithms, logics and
pebble games

The main purpose of this chapter is to introduce the necessary background knowledge from logic,
algebra and combinatorics. In particular, we give a brief introduction to the theory of coherent
configurations and algebras, as well as formal descriptions of the Weisfeiler-Leman algorithms and
invertible map tests. We also recall some useful concepts from the theory of associative algebras
- greater depth and detail can be found in standard textbooks such as [50]. We assume some
exposure to first order logic, which we briefly recall for the purpose of clarifying notation.

1.1 Algebras, modules and ideals

We first give a brief summary of relevant notions on algebras over a field.

1.1.1 Algebras and modules

Unless stated otherwise, F denotes a field.

Definition 1.1.1 (F-algebra). An F-algebra A is an F-linear space equipped with an associative
F-bilinear map

A×A → A
(a, b) 7→ ab

which we refer to as the product or multiplication of A. Furthermore, there is a unit element
1 ∈ A distinct from the zero element, such that 1a = a1 = a for all a ∈ A.

The bilinearity property is understood as follows: for all a, b, c ∈ A, (a, b + c) = (a, b) + (a, c)
and (b+ c, a) = (b, a)+ (c, a), and for all λ ∈ F (λa, b) = (a, λb) = λ(a, b), where + is the operation
of the underlying linear space, and λa is the scalar multiplication of a by the field element λ. The
element 1 is usually referred to as the unit. Such an element is unique, for if e and f were both
units, then e = ef = f . The algebra A is said to be commutative if ab = ba for all a, b ∈ A.
An algebra B for which B ⊆ A is called a subalgebra of A if B contains the unit of A and the
multiplication in A restricts to a multiplication in B.
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Definition 1.1.2 (Morphisms of algebras). For F-algebras A and B, an F-linear map f : A→ B is
said to be an algebra homomorphism if f(a)f(b) = f(ab) for all a, b ∈ A and f(1A) = 1B, where 1A
and 1B are the units of A and B respectively. If f is a bijection, we say that f is an isomorphism.

A field F is an F-algebra. More generally for a finite set S, the space of S × S matrices with
entries in F, which we indicate by MatS(F) is an F-algebra whose multiplication is matrix product.
Subalgebras of MatS(F) are referred to as matrix subalgebras and MatS(F) itself is referred to as
a matrix algebra. A homomorphism from an F-algebra A to MatS(F) for some set S is called a
representation of A. An equivalent way to think of A as a matrix subalgebra is the concept of a
module.

Definition 1.1.3 (Module). A left A-module is an F-linear space U with an F-bilinear map

A× U → U
(a, u) 7→ au

satisfying 1u = u and (ab)u = a(bu) for all a, b ∈ A and u ∈ U . Similarly a right A-module is an
F-linear space V with an F-bilinear map

V ×A → V
(v, a) 7→ va

satisfying v1 = v and v(ab) = (va)b for all a, b ∈ A and v ∈ V .

The bilinearity of the map is to be understood in a similar way to that of an algebra. A
submodule of an A-module U is an F-linear space U ′ ⊆ U for which the restriction of the map
A × U → U to A × U ′ is contained in U ′ (we have a similar notion for a submodule of a right
module). A module U is said to be simple if it has no non-trivial submodule, where the trivial
submodules are understood to be {0} and U itself.

Definition 1.1.4 (Morphisms of modules). Let U and V be left A-modules. An A-homomorphism
from U to V is an F-linear map f : U → V such that f(au) = af(u) for all a ∈ A, u ∈ U . f is
said to be a module isomorphism if it is a bijection.

We have an analogous obvious definition for homomorphisms and isomorphisms between right
A-modules. The product map A×A→ A clearly shows that A is both a right and left A-module.
The left regular module of A is defined to be the F-linear space A taken as a left A-module, and
we similarly define the right regular module of A.

1.1.2 Ideals and idempotents

Definition 1.1.5 (Ideal). A left ideal of an F-algebra A is a linear subspace I ⊆ A such that aj ∈ I
for all a ∈ A, j ∈ I. Similarly, a linear subspace I of A is a right ideal if ja ∈ I for all a ∈ A, j ∈ I.

The trivial ideals of A are defined to be A itself and the one containing solely the element
0. If the only ideals of A are trivial, then A is said to be a simple algebra. An ideal I is said
to be nilpotent if there is some natural number k such that the product of any k elements (not
necessarily distinct) is equal to 0. A particular ideal of special interest to us is the Jacobson radical
of A, denoted by J(A), which is defined to be the annihilator of any simple left A-module. Formally,
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a ∈ J(A) if, and only if for every simple left A-module U , au = 0 for all u ∈ U . It turns out that
thus defined, the Jacobson radical is also the annihilator of every simple right A-module, and it is
therefore both a right and left ideal. In fact, one can define the Jacobson radical independently of
multiplication, as the unique maximal nilpotent ideal.

It is easy to see that every left ideal of A can be viewed as a left A-module - and similarly for
right ideals. In fact, the converse holds, for every left A-module is isomorphic to a left ideal of A
viewed as a left A-module (clearly, a similar statement holds for right ideals). Whence, every left
A-module is isomorphic to a submodule of the left regular module of A.

Note that whilst ideals are closed under the product operation, non-trivial ideals are not subal-
gebras, for they do not contain the unit. Part of the literature on algebra sometimes removes the
requirement of the existence of a unit in the definition, but it’s a convention that is rarely adopted.
The unit is an example of a non-zero element satisfying the equation x2 = x. Such elements are
more generally referred to as idempotents. Two idempotents i, j ∈ A are said to be orthogonal if
ij = ji = 0. An idempotent is said to be primitive if it cannot be written as a sum of two orthogonal
idempotents. A primitive decomposition of an idempotent i is a collection I of pairwise orthogonal
primitive idempotents of A such that i =

∑
j∈I j. In Section 1.10 we will use the following fact.

Proposition 1.1.6. A finite dimensional commutative algebra has only finitely many idempotents.
Furthermore, its unit has a unique primitive decoposition.

The dimension of the algebra in the above statement is understood to be the dimension of the
algebra as a linear space.

1.1.3 Semisimplicity and Artin-Wedderburn decomposition

Definition 1.1.7 (Semisimplicity). An A-module is said to be semisimple if it is the direct sum
of its simple submodules. An algebra A is said to be semisimple if all its finite dimensional left
modules are semisimple.

Since every left A-module is isomorphic to a submodule of the left regular module of A, the
above is equivalent to saying that A is a semisimple algebra if its left regular module is semisimple.
The following is a fundamental result which allows the generalization of semisimplicity to infinite
dimensional algebras.

Proposition 1.1.8. A is semisimple if, and only if, J(A) = {0}.

Semisimple algebras are easy to classify up to isomorphism, as shown by the Artin-Wedderburn
Theorem, which states that every semisimple algebra is isomorphic to a direct product of matrix
algebras over some division ring. For our purpose, we will need the specific case where the division
ring is an algebraically closed field.

Proposition 1.1.9. Let F be an algebraically closed field and A a semisimple F-algebra. Then A
is isomorphic to a direct product of matrix algebras over F. That is,

A ∼=
∏

1≤i≤m
MatSi(F).

Note that if A is commutative, then A is isomorphic to an algebra of diagonal matrices, since
a commutative matrix algebra must be the field itself (hence |Si| = 1 for all i ≤ m). A basis for
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the algebra of diagonal matrices is the set of diagonal matrices with exactly one entry equal to
1. Since these form a complete set of primitive orthogonal idempotents, we may conclude that a
commutative semisimple algebra over an algebraically closed field has a basis given by a complete
set of orthogonal primitive idempotents.

Isomorphisms between semisimple matrix subalgebras have a very neat form. We can deduce
this from the following corollary of the Skolem-Nöther Theorem.

Proposition 1.1.10. If A and B are semisimple algebras and f, g : A → B algebra homomor-
phisms, then there exists S ∈ B such that f(a) = Sg(a)S−1 for all a ∈ A.

Hence, any isomorphism f : A 7→ B between two semisimple matrix subagebras can be written
as f(X) = SXS−1 for some invertible matrix S.

1.1.4 Simultaneous similarity

Let A⃗ = (A1, A2, . . . , Am) and B⃗ = (B1, B2, . . . , Bm) be tuples of n×n matrices over F. We say that
A⃗ and B⃗ are simultaneously similar over F if there is some S ∈ GLn(F) such that SAiS

−1 = Bi
for all ≤ i ≤ m. By a result of Chistov, Ivanyos and Karpinski [24], there is a deterministic
algorithm running in time polynomial in n,m, q to decide simultaneous similarity between A⃗ and
B⃗. This follows from a reduction of simultaneous similarity to module isomorphism, for which a
more sophisticated algorithm can be found in [17].

Perhaps surprisingly, simultaneous similarity is a property which is invariant over any extension
of the ground field. That is, A⃗ and B⃗ are simultaneously similar over F if, and only if, they are
simultaneously similar over any extension of F. This is the main result of a paper by Klinger
and Levy (later generalised in [33]), and we shall later refer to it as the Simultaneous Similarity
Theorem.

1.2 Vocabularies, structures, logics and definability

A vocabulary τ (sometimes referred to as signature or language) is a finite sequence of symbols
(R1, . . . , Rl, c1, . . . , cm) each indicating either a relation or a constant. Each relational symbol Ri
has a fixed arity ri.

A τ -structure A = (V, RA1 , . . . , R
A
l , c

A
1 , . . . , c

A
m) consists of a non-empty set V called the universe

of A, together with relations RAi ⊆ V ri for i ∈ [l] and constants cAj ∈ V for j ∈ [m]. The elements
of the universe are sometimes referred to as vertices. If the underlying vocabulary τ is clear, we
may refer to A simply as a structure. Furthermore, we omit the superscript A for the relational and
constant symbols, whenever the vocabulary and structure referred to are clear from the context.
Unless stated otherwise, all structures are hereafter assumed to have finite universe. For simplicity,
we further assume that all our vocabularies include solely relational symbols.

One may think of a logic as a scheme assigning to each vocabulary τ a satisfaction relation
|= between τ -structures and τ -sentences. By sentence, we mean a formula whose variables are all
bound by some quantifier. Formulae are constructed from the vocabulary τ using rules inherent to
the logic (syntax ), and the satisfaction relation is dictated by the logic’s semantics. The satisfaction
relation in turn determines the structure properties which are definable in the logic. More precisely,
we use the term property to refer to some class of structures closed under isomorphism. We say that
a property is definable in some logic if there is a formula which is satisfied exactly by the structures
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of said property. To illustrate these concepts more concretely, we briefly recall the definition of first
order logic, FO.

1.3 First order logic

Fix some vocabulary τ = (R1, . . . , Rl) and a τ -structure A with universe V . The variables of FO
are said to be vertex variables, in that they take value from the universe of A. The simplest FO
formulae, or atomic formulae, are of the form x = y, for variables x and y, and Ri(⃗x), where x⃗

is a tuple of variables of length ri, the arity of Ri. Arbitrary FO formulae are then formed by
combining simpler formulae with the standard Boolean connectives (negation ¬, conjunction ∧,
disjunction ∨ and implication →) and first order quantifiers (universal ∀x and existential ∃x).
Let ϕ be some τ -formula whose free variables are x1, . . . , xr. For a⃗ ∈ V r, we use the shorthand
notation (A, x⃗ 7→ a⃗) |= ϕ to indicate that A satisfies the formula ϕ with every free occurrence of xi
interpreted as ai, for i ∈ [r]. We may shorten the latter expression to A |= ϕ(⃗a) if convenient, and
write ϕ as ϕ(⃗x) to emphasise that its free variables are x1, . . . , xr. Note that our convention is to
write elements of the universe in italic form and logical variables in typewriter font, so as to avoid
confusion between expressions such as ϕ(⃗a) and ϕ(⃗x). Hereafter, a map from a set of variables to
the universe of a structure will be conveniently referred to as an assignment. If α maps xi to ai for
each i, we shorten (A, x⃗ 7→ a⃗) |= ϕ to (A, α) |= ϕ, and we may further use α(⃗x) to denote the tuple
(α(x1), . . . , α(xr)) for brevity.

A classic example of a property definable in first order logic is the class of simple undirected
loop-free uncoloured graphs. For this, we use the vocabulary (E), where E is a binary relation, and
it is easy to check that the following FO formula defines said class of structures:

∀x.¬E(x, x) ∧ ∀x∀y.[E(x, y)→ E(y, x)].

For an uncoloured graph Γ with vertex set V , we define the edge set to be

{{u, v} ⊆ V | (Γ, x 7→ u, y 7→ v) |= E(x, y)}.

For the sake of brevity, we may indicate the edge {u, v} by uv or vu.

1.4 Inflationary fixed-point and infinitary logics

Inflationary fixed-point logic (FP) is an extension of FO by a fixed-point operator so as to allow
inductive definitions of properties of structures.

In addition to vertex variables, the formulae of FP may also contain relational variables of
given arities. The values taken by these variables range over the sets of tuples of vertices of the
corresponding arity. As such, as well as the atomic formulae of FO, atomic formulae of FP may
assume the form X(⃗x), where X is a k-ary relational variable and x⃗ is a k-tuple of vertex variables.
Arbitrary FP formulae are then formed using standard Boolean connectives and FO quantifiers (for
vertex variables only) as well as a fixed-point opertor ifp, with the following syntax for formulae
construction: if ϕ is a FP formula, X a k-ary relational variable and x⃗, y⃗ k-tuples of vertex variables,
then ifp[Xx⃗.ϕ](⃗y) is a FP formula whose free variables are those in y⃗ and the free variables of ϕ
apart from X and the ones in x⃗.
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The semantics of FP extends the semantics of FO as follows. For a structure A with universe
V and an assignment α, (A, α) satisfies the atomic formula X(x) if α(⃗x) ∈ α(X). To describe the

semantics of the operator ifp, define the map F : 2V
k 7→ 2V

k
by

F(R) = {v⃗ ∈ V k | (A, αv⃗) |= ϕ},

where R ⊆ V k and αv⃗ is an assignment mapping x⃗ 7→ v⃗, X 7→ R and for the remaining variables
y 7→ α(y). Set S0 = {} and define the recursive sequence S(i) = S(i−1) ∪ F(S(i−1)). Thus,
S(0) ⊆ S(1) ⊆ . . . ⊆ V k, and since V is finite, the sequence achieves some fixed-point S(∞). We
then define (A, α) to satisfy ifp[Xx⃗.ϕ](⃗y) if α(⃗y) ∈ S∞.

An example of a property definable in FP but not in FO is graph connectivity. In the vocabulary
(E) of uncoloured graphs as before, the formula

conn(x, y) = ifp[Yy.(x = y) ∨ ∃z.[Y(z) ∧ E(z, y)]](y)

is satisfied by (AΓ, α), if α(x), α(y) ∈ V are connected by some path in the graph Γ. Whence,
A |= ∃x.[x = x] ∧ ∀x∀y.[conn(x, y)] if, and only if, Γ is connected.

It turns out that a useful tool for studying the limitations of FP are infinitary logics. Denote
by FOk the fragment of FO where the formulae are only allowed to use variables from the set
{x1, x2, . . . , xk}. The infinitary logic Lk is then obtained by allowing infinite conjunctions and
disjunctions of formulae from FOk in the following manner: if Φ is a (not necessarily finite) set of
Lk formulae, then

∨
ϕ∈Φ ϕ and

∧
ϕ∈Φ ϕ are Lk formulae. The semantics is as follows: A |=

∨
ϕ∈Φ ϕ

if, and only if, A |= ϕ for some ϕ ∈ Φ, and A |=
∧
ϕ∈Φ ϕ if, and only if, A |= ϕ for all ϕ ∈ Φ. We

write Lω for the logic whose allowed formulae are those of Lk for all k ∈ N. The connection with
FP was first made by Kolaitis and Vardi in [49] who observed that the expressive power of FP is
strictly weaker than that of Lω. Their result can be paraphrased as follows.

Theorem 1.4.1. All properties definable in FP are definable in Lω but not viceversa.

In fact, L2 alone is able to define highly complex non-recursive structure properties [57]. Nev-
ertheless, some low-complexity properties such as even-ness of the cardinality of the universe of
structures are still not definable in Lω. It is therefore natural to consider logics with some arith-
metical or indeed, counting concepts, as we shall expose in the next section.

1.5 Counting operators and quantifiers

First-order with counting (FOC) and fixed-point with counting (FPC) extend FO and FP respec-
tively by allowing expressibility of the cardinality of definable sets. For brevity, we shall only scrape
the surface of the details of FPC, as FOC is a restriction of the former, and in further chapters
these logics will not play a central role. The reader may refer to Otto’s monograph [57] for more
depth.

The first-order variables of FPC are of two kinds: vertex variables whose value ranges over the
elements of the structure’s universe and numerical variables, ranging over the non-negative integers.
Strictly speaking, when quantifying numerical variables, we bound them by some polynomial func-
tion in the cardinality of the universe; for otherwise, the logic could define undecidable properties
of structures. This bound is also important with regards to relational variables. Indeed, the type of
a k-ary relational variable X is an element of the set {vertex, number}k so that, for example, if X is
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of type (number, vertex, vertex), then an assignment α would map X to a subset of N× V 2, for a
structure with universe V . As such, the numerical entries of the elements of a relation would need
to be bounded by some polynomial function. The crucial ingredient of FPC are counting terms
and the allowance of basic arithmetical operations (addition and multiplication). A counting term
can be either a numerical variable or an expression of the form [#xϕ], which is to be understood as
the number of values of the variable x so that ϕ is satisfied. Furthermore, if τ1 and τ2 are counting
terms, then so are τ1 + τ2 and τ1 × τ2. Formulae from counting terms are formed by combining
them as such: τ1 < τ2 and τ1 = τ2, which are satisfied in the obvious way.

An example of a property definable in logics with counting terms is the even-ness of definable
sets, for the formula

∃n1∃n2.[(n1 = [#xϕ]) ∧ (n2 + n2 = n1)]

is satisfied if, and only if, the number of values of x satisfying ϕ is even.
Perhaps surprisingly, the expressibility of FPC is bounded by that of a logic obtained by ex-

tending the infinitary logic Lω with a counting quantifiers as opposed to an operator. For every
natural number i the counting quantifier ∃i binds a single variable x and extending a logic by said
quantifiers adds the following syntax rule: if ϕ is a formula, then so is ∃ix.ϕ. The semantics is as
follows: A |= ∃ix.ϕ if there are at least i vertices a such that (A, x 7→ a) |= ϕ. We denote by Cω
the extension of Lω by a counting quantifier for each natural number, and use Ck to denote the
logic obtained by restricting Cω to formulae with at most k variables. It can be shown that on the
one hand, every Ck formula with finitary number Boolean connectives ∧,∨ has an equivalent FO
formula (with potentially more variables). On the other hand, there are Cω formulae that are not
equivalent to any Lω formula.

An analgous result to the one by Kolaitis and Vardi recalled in the previous section was proven
by Immerman and Lander [57]:

Theorem 1.5.1. All properties definable in FPC are definable in Cω but not viceversa.

The above statement is rather abstract and not the most suitable for practical applications. The
next Theorem can be shown to be a consequence of the above and is a more explicit formulation of
the connection betwen FPC and Cω. For every natural number k, structures A, B and assignments
α, β we write (A, α) ≡k (B, β) to denote that a Ck formula is satisfied by (A, α) if, and only if,
it is satisfied by (B, β). Put otherwise, (A, α) and (B, β) satisfy exactly the same Ck definable
properties. Combining this with Theorem 1.5.1, the following can be deduced.

Theorem 1.5.2. For every FPC formula ϕ, there is a natural number k such that if (A, α) ≡k
(B, β), then (A, α) |= ϕ if, and only if, (B, β) |= ϕ.

This paraphrase of Immerman and Lander’s result will be more useful to our purpose because
of the connection between the Weisfeiler-Leman algorithms and the equivalences ≡k in [20]. In
the same paper, the authors give constructions (indeed, the Cai-Fürer-Immerman constructions)

of non-isomorphic pairs of graphs Γ
(0)
k ,Γ

(1)
k for each natural number k such that Γ

(0)
k ≡

k Γ
(1)
k , thus

showing that there are isomorphism classes of graphs not definable in FPC. As these graphs are
essentially encodings of linear equations over Z2, it follows from work by Atserias, Bulatov and
Dawar [3] that FPC is unable to express the solvability of linear equations over a finite field - a
very natural polynomial-time decidable property.

It is important to note that the idea behind the construction of the graphs Γ
(0)
k and Γ

(1)
k has been

used over and over in the literature under various different guises and the undefinability argument
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has been adapted to other classes of structures and logics. For instance, the same argument was used
by Dawar and Kopczynski 1 to show the existence of classes of tournament graphs not definable
in FPC. The constructions which we refer to as Holm’s generalisations also build up on similar
ideas. Details of the latter as well as the original constructions by Cai, Fürer and Immerman will
be outlined in Section 3.7, where we shall also explain how these structures encode systems of linear
equations.

Before recalling the syntax and semantics of linear algebraic logics, we first look at the concept
of logical interpretations and Lindström quantifiers, which allow to extend a logic so as to define a
prescribed property.

1.6 Logical interpretations and Lindström quantifiers

A logical interpretation is a tuple of formulae dictating a map from structures over a vocabulary
to structures over another vocabulary. Formally, let σ, τ be vocabularies with τ = (T1, . . . , Tl) and
let ti be the arity of Ti for i ∈ [l]. A [σ, τ ]-interpretation over some logic is a tuple

I (⃗z) = (ϕD (⃗x, z⃗), ϕE (⃗x, y⃗, z⃗), ϕT1 (⃗x1, . . . , x⃗t1 z⃗), . . . , ϕTl (⃗x1, . . . , x⃗tl , z⃗))

where each entry is a σ-formula over the prescribed logic, x⃗, y⃗, x⃗1, . . . , x⃗tl are d-tuples of variables
and z⃗ is a tuple of variables distinct from those in the previous tuples. The integer d is sometimes
referred to as the dimension of the interpretation, and the variables of the tuple z⃗ are the parameters.

The above interpretation I (⃗z) defines a partial map from σ-structures and assignments to τ -
structures in the following sense. Given a σ-structure A and an assignment α to the variables in z⃗,
with α(⃗z) = a⃗, we may define a τ -structure B whose universe is {⃗b ∈ V (A)d | A |= ϕD (⃗b, a⃗)} and
TBi = {(⃗b1, . . . , b⃗ti) | A |= ϕTi (⃗b1, . . . , b⃗ti , a⃗)} for all i ∈ [l]. Also, set E = {(⃗b1, b⃗2) | A |= ϕE (⃗b1, b⃗2, a⃗)}.
We then define

(A, α)I =

{
B/E if E is a congruence relation on B

undefined otherwise.

We shall refer to ϕD and ϕE as the domain and equivalence formula of I respectively. The intuition
behind them is that for any structure A for which AI is defined, ϕD defines the domain of AI and
ϕE the notion of equality.

A crucial property of interpretations is that the map they define can be reversed in terms of
formulae, as illustrated by the following result. A proof can be found in [57] for FO interpretations
(that is, whose defining formulae are all FO), but an induction argument on the structure of ψ as
below yields the same result for FP interpretations and, indeed, any extension of FO and FP dealt
with throughout this thesis. More generally, the statement holds for logics whose syntax is closed
under substitution of atomic formulae by other formulae of said logic.

Lemma 1.6.1 (Lemma on syntactical interpretations). Let I (⃗z) be a d-ary FO [σ, τ ]-interpretation.
Then, for every FO τ -formula ψ(x1, . . . , xm), there is a σ-formula ψ−I (⃗y1, . . . , y⃗m, z⃗) (where y⃗i are
d-tuples of pairwise distinct variables) such that for all (A, z⃗ 7→ a⃗) with (A, z⃗ 7→ a⃗)I well defined,
and for all d-tuples b⃗1, . . . , b⃗m of elements from the universe of A for which [⃗b1]≡, . . . , [⃗bm]≡ are
elements of the universe of (A, z⃗ 7→ a⃗)I we have that

A |= ψ−I (⃗b1, . . . , b⃗m, a⃗) ⇐⇒ AI |= ψ([⃗b1]≡, . . . , [⃗bm]≡, a⃗).
1I have come across these constructions through private correspondence with Anuj Dawar, Pascal Schweitzer and

Ilia Ponomarenko. That I know of, they have not been published yet.
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Here, [v⃗]≡ indicates the equivalence class of the d-tuple of vertices v⃗ under the equivalence
relation defined by the set E as above. Note that whilst ψ−I as above may not be unique, we may
define a canonical ψ−I by replacing every occurrence of the relational symbol Ti with the formula
ϕTi and any occurrence of the atomic formula x = y with ϕE (though care is required as some
variables may need renaming).

We are now ready to introduce Lindström quantifiers. Let σ, τ be as before and fix some class of
τ -structures K for which we have a quantifier QK. We extend a logic with such quantifier according
to the following syntactical rule: for every tuple of formulae ϕD, ϕE , ϕT1 , . . . , ϕTl defining a [σ, τ ]-
interpretation I (⃗z), QKI (⃗z) is another formula. The semantics is as follows: for an assignment α
to the variables in z⃗, (A, α) |= QKI (⃗z) if (A, α)I is well defined and belongs to the class K. As
such, the quantifier QK bounds the variables in the formulae ϕD, ϕE , ϕT1 , . . . , ϕTl apart from those
included in the tuple z⃗.

1.7 Linear algebraic logics

The extension of logics via linear algebraic operators was first approached in [29] with the intro-
duction of fixed-point logic with rank operators, FPR. As it is customary with fixed-point logics,
the limitations of its expressive power are more easily dealt with by studying an infinitary logic,
this time with rank quantifiers. However, the natural algorithm for deciding equivalence between
two structures defined by this logic runs in exponential time (see Section 3 in [30]). This led the
authors of said paper to consider a different equivalence, defined by a pebble game which they
dubbed the invertible map game. The natural algorithm deciding this equivalence (indeed, the
invertible map test, which we will deal with in Section 1.9) runs in polynomial time, for it relies on
the fact that one can efficiently test simultaneous similarity of tuples of matrices [24]. Nevertheless,
it was still unclear whether there was a logic capturing this notion of equivalence. Linear algebraic
logics turned out to be the answer to this question; in its essence, it is the extension of the logic
Lω by Lindström quantifiers over linear algebraic operators over some set of finite fields.

Within our context, a m-ary linear algebraic operator f over a finite field F maps a m-tuple of
F-linear maps to a natural number and satisfies the following invariance property:

Let M1, . . . ,Mm, N1, . . . , Nm be F-linear maps and choose some basis B for their do-
mains and images, which we assume to be the same. If there is an isomorphism
S : spanFB → spanFB such that S ◦Mi = Ni ◦ S, then

f(M1, . . . ,Mm) = f(N1, . . . , Nm).

In short, each Mi is related to Ni via the same basis change.
We make a few observations before explaining how to construct quantifiers from operators.

First, we may abuse notation and view S and Mi, Ni for all i to be matrices. Secondly, we can
restrict our matrices to be adjacency matrices of binary relations, thus 01-matrices. This is without
loss of generality precisely because we are working over some finite field F; for indeed, if f is an
m-ary linear algebraic operator over a field with q elements, define f̂ to be a m(q− 1)-ary operator
as follows:

f̂(Mi,t)i∈[m],t∈F\{0} = f(
∑

t∈F\{0}

tM
(t)
i )i∈[m],
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where M
(t)
i is the 01-matrix with entry 1 whenever the corresponding entry of Mi is t, and 0

otherwise. Then, we can use f̂(Mi,t)i∈[m],t∈F\{0} to evaluate f(Mi)i∈[m]. With this in mind, we
can make a further restriction by limiting our attention to operators over prime fields; that is,
F = Zp for some prime number p. Indeed, if (M1, . . . ,Mm), (N1, . . . , Nm) are square matrices of
the same size with entries from F, then they are simulataneously similar over F if, and only if, they
are simultaneously similar over any extension of F (recall the Simultaneous Similarity Theorem in
Section 1.1.4).

We now explain how to construct quantifiers from linear algebraic operators. Fix some linear
algebraic operator over a field F and some t ∈ N. For every vocabulary τ with m distinct binary
relational symbols, fix some total order on said symbols and define Kf,t to be the class of τ -
structures, for all such τ , with f(M1, . . . ,Mm) ≥ t, where Mi is the adjacency matrix of the ith

relation of the structure. Denoting by Qf,t the Lindström quantifier for the class Kf,t, we then
define the infinitary linear algebraic logic LAω to be the extension of Lω by the quantifiers Qf,t for
all linear algebraic operators f and t ∈ N.

The restrictions of LAω we will mostly be interested in are the following: LAk, whose formulae
contain at most k distinct variables; LAω(Q) for some set of prime numbers Q, whose formulae
contain only quantifiers Qf,t with operators over Zp for p ∈ Q and LAk(Q), the restriction of
LAω(Q) to formulae with at most k variables.

The undefinability result for LAω(Q) turns out to be a generalization of the Cai-Fürer-Immerman
constructions, achieved by viewing the latter as encodings of systems of linear equations. These
were introudced by Holm in his doctoral thesis [45] in an attempt to bound the expressive power
of rank logics. We shall outline these constructions in Section 3.7; for now, we state the role of
these within linear algebraic logics. Let ≡Q,k

LA denote the equivalence relation where for structures

A,B and assignments α, β, (A, α) ≡Q,k
LA (B, β) if an LAk(Q) formula is satisfied by (A, α) if, and

only if, it is satisfied by (B, β). Then, for every k ≥ 3 and prime number p, there are pairs of

non-isomorphic graphs Γk,p and Γ′
k,p such that Γk,p ≡Q,k

LA Γ′
k,p but Γk,p ̸≡

{p},3
LA Γ′

k,p
2. It immediately

follows that for any Q which does not contain all prime numbers, there is a property of graphs
which is not definable in LAω(Q) (indeed, a polynomial-time decidable property).

1.8 The Weisfeiler-Leman algorithms and the bijection game

For each integer k ≥ 2, the k-dimensional Weisfeiler-Leman algorithm is a natural generalization
of the näıve colour refinement algorithm, briefly described in the introduction. Though it does not
give rise to practically feasible algorithms for graph isomorphism testing, it is widely studied for
theoretical reasons, for it arises under many different guises in linear programming [4], logic [20]
and algebra [63]. We are particularly interested in the latter two aspects.

Given a graph Γ with vertex set V , the k-dimensional Weisfeiler-Leman algorithm outputs a
coloured partition of V k which can be viewed as a label assigned to the graph. The partition is
computed by iteratively refining the colouring αk,Γ via the following iterative rule: set κ0 to be
αk,Γ and for each i ≥ 1, define κi to be the colouring of V k defined as

κi(v⃗) = (κi−1(v⃗), {{(κi−1(v⃗⟨1, x⟩), κi−1(v⃗⟨2, x⟩), . . . , κi−1(v⃗⟨k, x⟩)) | x ∈ V }})
2While this statement is proven in [27], these constructions first appeared in [45]. For p = 2, Γk,p and Γ′

k,p turn

out to be the original Cai-Fürer-Immerman constructions Γ
(0)
k and Γ

(1)
k .
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where the double braces {{. . .}} indicate a multiset. The iteration is repeated until a stable colouring
κ∞ is reached, and the label to the graph assigned by the algorithm is defined to be the multiset
{{κ∞(v⃗) | v⃗ ∈ V k}}. Put otherwise, the colour assigned to each k-tuple v⃗ after an iteration is given
by the multiset of k-tuples of colours obtained by replacing each entry of v⃗ by a given vertex x.
In some sense, this idea of replacing an entry of a tuple by a vertex is a generalization of the
neighbourhood relation used in the iterative step of the näıve colour refinement algorithm.

We say that two graphs are not distinguished by the k-dimensional Weisfeiler-Leman algorithm
if the algorithm assigns them the same label. Equivalently, for every colour, the algorithm assigns
the same number of k-tuples of vertices from each graph. Thus, for every k, the Weisfeiler-Leman
algorithms define an equivalence relation on graphs which over-approximates graph isomorphism, in
that if two graphs are isomorphic, then they are not distinguished by the k-dimensional Weisfeiler-
Leman algorithm. In a similar way, the colouring κ∞ over-approximates the k-orbit partition in
that for any u⃗, v⃗ ∈ V k, if there is an automorphism of Γ mapping ui 7→ vi for all i ∈ [k], then
κ∞(u⃗) = κ∞(v⃗).

The converses to the latter two statements do not hold in general, since the distinguishing power
of the k-dimensional Weisfeiler-Leman algorithm on graphs coincides with that of counting logics
formulae on k + 1 variables. Formally, this can be paraphrased as follows.

Theorem 1.8.1 (Theorem 5.2 in [20]). Graphs Γ1 and Γ2 are not distinguished by the k-dimensional
Weisfeiler-Leman algorithm if, and only if, Γ1 ≡k+1 Γ2.

Hence, the constructions by Cai, Fürer and Immerman mentioned in Section 1.5 provide for
each k, a pair of non-isomorphic graphs which are not distinguished by the k-dimensional Weisfeiler-
Leman algorithm 3.

A question that is often asked is for what classes H of graphs, there is some fixed k for which
any two graphs Γ,Γ′ ∈ H are not distinguished by the k dimensional Weisfeiler-Leman algorithm
if, and only if, Γ and Γ′ are isomorphic. The minimal such k is sometimes referred to as the
Weisfeiler-Leman dimension of H. Classes of graphs for which a constant upper bound is known
for the Weisfeiler-Leman dimension are usually obtained by bounding some graph parameter, such
as the number of vertices, treewidth or genus [42].

Without going into formal definitions, the treewidth of a graph can be thought of as a measure
of the connectivity of a graph. Graphs with treewidth 1 are trees which, being acyclic, are graphs
of minimal connectivity; whence, another way to think of treewidth is as a measure of how different
a graph is from a tree. It is well known that the Weisfeiler-Leman dimension of the class of graphs
of treewidth k is equal to k 4; here, we are taking the 1-dimensional Weisfeiler-Leman algorithm to
be the näıve colour refinement which, in fact, can distinguish any pair of non-isomorphic trees.

An elegant way to determine (lower or upper) bounds for the Weisfeiler-Leman dimension of a
class of graphs is via the use of pebble game arguments. A pebble game for a given logic is a tool
used to determine whether two structures over the same vocabulary satisfy the same sentences in
the logic. Pebble games typically involve two players, usually referred to as Spoiler and Duplicator,

3An easy consequence of Theorem 1.8.1 is that for any graph Γ and assignments α, β to the variables x1, . . . , xk,
(AΓ, α) ≡k+1 (AΓ, β) if, and only if κ∞(u⃗) ̸= κ∞(v⃗), where κ∞ is the output partition of the k-dimensional Weisfeiler-
Leman algorithm on input Γ and α(xi) = ui, α(xi) = vi for all i ∈ [k]. Hence, the disjoint union of the graphs in
the kth Cai-Fürer-Immerman construction give a graph for which the equivalence classes of κ∞ do not coincide with
those of the k-orbit partition

4The proof of this can be found in Grohe’s monumental book [42], as well as a generalisation thereof; namely, that
the class of graphs with bounded genus has bounded Weisfeiler-Leman dimension.
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playing on a pair of structures which can be viewed as the board. Duplicator wants to show that no
formula distinguishes the structures, and Spoiler wants to show the opposite. Consider for example
the logic Ck: a game capturing the distinguishing power on graphs for this logic would then have
a winning strategy for Duplicator on the graphs Γ and Γ′ if, and only if, Γ ≡k Γ′. This is the case
for the k-bijection game, which we now describe. The board consists of the vertices of two graphs,
say Γ and Γ′ with vertex sets V and V ′ respectively, and the players have k pairs of pebbles which
we denote by (xi, yi) for each i ∈ [k]. A round of the game involves the following actions by the
two players:

1. Spoiler picks some i ∈ [k] and Duplicator picks some bijection f : V → V ′.

2. Spoiler places pebble xi on some v ∈ V and Duplicator places pebble yi on f(v) ∈ V ′.

Suppose that after some round, there is some set I ⊆ [k] for which the pairs of pebbles (xi, yi) are
on the board if, and only if, i ∈ I, and suppose that for each i ∈ I, pebble xi is placed on vi ∈ V .
We say that Duplicator wins this round if the map vi 7→ f(vi) for all i ∈ I is a local isomorphism;
otherwise, Spoiler wins the round. If Duplicator does not win a round, we say that Spoiler wins the
game and thus, Duplicator wins the game only if they win every round ad infinitum. The following
result is proven in [43].

Theorem 1.8.2. Duplicator has a strategy on the k-bijection game on a pair of graphs Γ and Γ′

if, and only if, Γ ≡k Γ′.

Combining the above with Theorem 1.8.1, it follows that Γ and Γ′ are not distinguished by the
k-dimensional Weisfeiler-Leman algorithm if, and only if, Duplicator has a winning strategy for the
(k + 1)-bijection game on Γ and Γ′.

Using a pebble game argument, we now show that the Weisfeiler-Leman dimension of trees is
equal to 1. This result is a standard one, and can be found in the literature in various guises, but
we reproduce the following proof since a parallel with finite groups generated by trees will be drawn
in Section 4.4.

Theorem 1.8.3. If Γ and Γ′ are non-isomorphic trees, then Spoiler has a winning strategy for the
2-bijection game on Γ and Γ′.

Before starting the proof, let us note that in light of Theorem 1.8.2, Duplicator must choose
bijections respecting the degree of the vertices; that is, both v and f(v) must have the same degree.
If not, Spoiler can win in a finite number of moves, since the following C2 formula defines the
vertices of degree d in an uncoloured graph:

∃dx.E(x, y) ∧ ¬∃d+1x.E(x, y).

We say that a tree is a star graph if it is either a pair of vertices connected by an edge or a tree
with exactly one vertex of degree larger than one.

Proof. Let V and V ′ be the vertex sets of Γ and Γ′ respectively, and suppose |V | = |V ′|, or
Duplicator would have lost the game even before it has started.

Observe that up to isomorphism there is exactly one tree with 2 vertices, one tree with 3 vertices
and two trees with 4 vertices - the star graph and the ‘line graph’ on 4 vertices (see Figure 1.1
below). Since the latter graphs differ by the number of vertices of degree 1, any bijection chosen by
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Figure 1.1: To the left, the trees with at most 4 vertices. The trees with exactly

4 vertices are a star graph and a ‘line graph’. To the right, the star graph on

n vertices.

Duplicator will not preserve vertex degree, so Spoiler has a winning strategy with 2 pebbles on any
pair of non-isomorphic trees with 4 vertices. We use these cases as our basis for a strong induction.

Suppose that Spoiler has a winning strategy for the 2-bijection game on any pair of non-
isomorphic trees with at most n vertices, and suppose that |V | = |V ′| = n + 1. Let T ⊆ V and
T ′ ⊆ V ′ be the sets of vertices of degree larger than one of Γ and Γ′ respectively (put otherwise, T
and T ′ contain the vertices which are not leaves). In order to preserve the degree of vertices, any
bijection f : V → V ′ chosen by Duplicator must satisfy v ∈ T ⇐⇒ f(v) ∈ T ′. Since any tree has
at least one vertex with degree equal to 1, it must hold that both |T | and |T ′| are strictly less than
n + 1. The subgraphs Λ and Λ′ induced by T and T ′ respectively are trees, so by the induction
hypothesis, if Λ and Λ′ are not isomorphic Spoiler can win the 2-bijection game on Γ and Γ′ solely
by pebbling elements of T .

Suppose instead that Λ and Λ′ are isomorphic. Since Γ and Γ′ are not isomorphic, the following
property must hold: if f : V → V ′ is a bijection, and the restriction of f to T is an isomorphism
map between Λ and Λ2, then there must be a vertex v ∈ V for which the number of neighbours in
V \T is different from the number of neighbours of f(v) in V ′\T ′. To see this, observe that given
any isomorphism t : T → T ′ between Λ and Λ′, to obtain two non-isomorphic trees Γ,Γ′ by adding
only leaves, it must be the case that some w ∈ T will have a different number of adjacent leaves
to t(v) ∈ T ′ for otherwise, some isomorphism t between Λ and Λ′ would extend to an isomorphism
between Γ and Γ′. Thus, any bijection chosen by Duplicator fails to preserve the degree of some
vertex, giving Spoiler a winning strategy with 2 pebbles.

1.9 The invertible map tests

While the Weisfeiler-Leman algorithms have been introduced independently of their descriptive
complexity purpose, this is not the case for the invertible map tests, as previously hinted. These
are very similar in nature to the Weisfeiler-Leman algorithms, in that they also involve an iterative
refinement and output a colouring of tuples which we interpret as a label assigned to the input
graph. For a graph Γ on V , the k-dimensional invertible map tests over the field F computes the
output colouring by refining αk,Γ as follows. For a colouring γ of V k, i⃗ ∈ [k](2r) with 2r ≤ k and

23



v⃗ ∈ V k, define the (⃗i, v⃗)-character vector of γ to be the tuple χ⃗ = (χσ)σ∈Im(γ), where χσ is the

V r × V r adjacency matrix of the relation {(x⃗, y⃗) ∈ V r × V r | γ(v⃗⟨⃗i, x⃗ · y⃗⟩) = σ}. Set κ0 to be αk,Γ,
and for j ≥ 1 define κj to be the colouring of V k defined as

κj(v⃗) = (κj−1(v⃗), (χ⃗
(⃗i,v⃗)/ ∼)⃗i∈I(k))

where ∼ is the relation of simultaneous similarity over F, χ⃗(⃗i,v⃗) the (⃗i, v⃗)-character vector of κj−1

and I(k) =
⋃
r≤⌊k/2⌋[k]

(2r). In simpler terms, if k-tuples u⃗, v⃗ are in the same equivalence class after

the jth iteration, they will be placed in different equivalence classes after the (j + 1)th iteration if
for some r and i⃗ ∈ [k](2r), the (⃗i, v⃗) and (⃗i, u⃗)-character vectors of κj are not simultaneously similar
over F. As before, the presence of κj−1(v⃗) in the tuple ensures that κj is a refinement of κj−1 and
the algorithm repeats this iterative refinement until a stable partition κ∞ is reached. The label
assigned to the graph by the algorithm is then {{κ∞(v⃗) | v⃗ ∈ V k}}.

Since the character vectors are tuples of 01-matrices, we may hereafter assume F to be a prime
field 5. We say that two graphs are not distinguished by the k-dimensional invertible map tests
over F if the algorithm assigns the same label to both graphs. For a set of prime numbers Q,
we say that two graphs are not distinguished by the k-dimensional invertible map test over Q the
k-dimensional invertible map test over Zp assigns the same label to both graphs, for all p ∈ Q.
The reason why we do not include 0 in Q is because the distinguishing power of the k-invertible
map tests over any finite field is at least as strong as that of the (k− 2)-invertible map test over Q,
which is none other than a representation theoretic guise of the Weisfeiler-Leman algorithms (this
will be formalised in Section 2.3 using the language of refinement operators).

Analogously to Theorem 1.8.1, the next result states that the invertible map tests define the
natural notion of equivalence in the logic LAω(Q).

Theorem 1.9.1 (Theorem 3.2 in [27]). For graphs Γ1,Γ2 and any k ≥ 2, Γ1 ≡Q,k
LA Γ2 if, and only

if, the k-dimensional invertible map test over Q does not distinguish Γ1 and Γ2.

Let us examine the components of the tuple κj(v⃗). The first entry, κj−1(v⃗), guarantees that
the colouring is refined at each iterative step. The remaining entries are (⃗i, v⃗)-character vectors

for all i⃗ ∈ [k](2r) with r ≤ ⌊k/2⌋. The components χ⃗(⃗i,v⃗)/ ∼ for which i⃗ ∈ [k](2r) form the width r
component of κj(v⃗). The parameter r is what we refer to as the width parameter, and is related
to the arity of the interpretations bound by the quantifiers. Formally, let Γ be a graph on V and
let α, β be the assignments x⃗ 7→ u⃗ and x⃗ 7→ v⃗ respectively, for u⃗, v⃗ ∈ V k. The colours κ∞(u⃗) and
κ∞(v⃗) differ in the entry i⃗ ∈ [k](2r) if, and only if, (Γ, α) and (Γ, β) are distinguished by some
LAk(Q) formula involving a quantifier binding an interpretation of arity r (this can be deduced
from the proof of the above result in [27]). We will take a closer look at the width parameter in the
next Chapter where we will also examine its effect on the Weisfeiler-Leman algorithms. What we
will show is that increasing r in this case does not change the distinguishing power of the family of
algorithms as a whole. It is not known whether this holds similarly for the invertible map tests over
positive characteristic, which is why the colours κj(v⃗) take into considerations the (⃗i, v⃗)-character
vectors for i⃗ ∈ [k](2r) and all possible values of r.

This issue with the width parameter in the invertible map test is not just motivated by aesthet-
ics, which would make the iterative step considerably simpler if we only had to consider a single

5See the Simultaneous Similarity Theorem in Section 1.1.4.
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value of r. In fact, it seemed to be a huge obstacle for showing that there is no k so that if Q is
not the set of all prime numbers, then the label assigned to graphs by the k-dimensional invertible
map test over Q is not a complete invariant (or, equivalently, that certain graph properties are not
definable in LAω(Q)). Holm, in fact, was only able to show that this result held if one only consid-
ered the width r = 1 part of the label. The result for arbitrary width parameter came only after
the introduction of linear algebraic logics and considerable algebraic machinery in [27], though it is
still an open question as to whether formulae involving quantifiers over linear algebraic operators
binding interpretations of dimension r > 1 have greater distinguishing power on graphs compared
to formulae where the bound interpretations are 1 dimensional.

There are other interesting questions left open in [27]. At the time of its publication it was still
unknown whether there were graph properties not definable in LAω(Q) when Q = P, the set of
all prime numbers. Such properties were subsequently given in Lichter’s recent paper [51]. Closely
related to this is the following questions concerning the invertible map tests: would it be sufficient
to take |Q| ≤ s(n) for some quasipolynomial function s(n), and some polylogarithmic function f(n),
so that the f(n)-dimensional invertible map test over Q distinguishes all graphs on n vertices? This
would in turn yield a quasi-polynomial time algorithm which would be significantly more systematic
and easily implemented than Babai’s quasi-polynomial algorithm - the current state-of-the-art [7].

Whilst we do not answer any of the above questions, we shine some light on the matter. In
Chapter 2 we show that two graphs on n vertices are distinguished by the k-dimensional invertible
map test over Q if, and only if, they are distinguished by the k-dimensional invertible map test over
{p ∈ Q | p ≤ n}. This simple observation implies that for each k, distinguishability of structures
in the logic LAk(Q) can be decided in polynomial time, even if Q is infinite. In particular, what
this means for the questions we have just raised is that it is sufficient to consider the polynomial
s(n) = n for the bound of the size of Q.

In spite of their apparently different character, the invertible map tests and the Weisfeiler-
Leman algorithms have a common unifying structure underlying them both. These are coherent
configurations and algebras, which will be the main topic of the remainder of this Chapter.

1.10 Coherent configurations and coherent algebras

Coherent configurations arose naturally through the study of finite groups, experiment design and
algebraic graph theory. This section introduces notions on coherent configurations and algebras
necessary throughout the thesis. More in-depth accounts can be found in [23] or [21]. Our formu-
lation will be slightly different from the more traditional accounts, for we generalize the notion of
a coherent algebra to a structure over an arbitrary field. The reader may refer to Section 1.1 for
the relevant algebraic background.

Let X be the pair (V,R), where V is a finite set and R = {R1, . . . , Rm} a collection of binary
relations on V .

Definition 1.10.1 (Coherent configuration). X is said to be a coherent configuration if the fol-
lowing hold:

1. R forms a partition of V 2.

2. There is a set IX ⊂ [m] such that
⋃
i∈IX Ri = {(v, v) | v ∈ V }.

3. For every i ∈ [m] there is some i∗ ∈ [m] such that (u, v) ∈ Ri =⇒ (v, u) ∈ Ri∗.
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4. For every i, j, k ∈ [m], there is a constant pkij such that for every (u, v) ∈ Rk

pkij = |{x ∈ V | (u, x) ∈ Ri, (x, v) ∈ Rj}|.

The second condition asserts that there is a subset IX of R that forms a partition of the
diagonal of V 2. This induces a partition of V whose equivalence classes are referred to as the cells
of X . We denote this partition by Cel(X ). Formally, C ∈ Cel(X ) if, and only if, C ⊆ V and
{(u, u) | u ∈ C} ∈ R. For each k ∈ IX we define the valencies of Rk to be pkii∗ , for each i ∈ [m].

An example of coherent configurations arises from induced group actions. For a group G acting
on a finite set V , consider the induced action of G on V 2. Namely, for all u, v ∈ V and g ∈ G,
g · (u, v) = (g · u, g · v). If R is the collection of the orbits of this induced action, then (V,R) can
be readily shown to be a coherent configuration on V .

We now show some useful properties of valencies in coherent configurations.

Lemma 1.10.2. For every k ∈ IX and i ∈ [m], if pkii∗ ̸= 0, then

|Ri| = pkii∗ |Rk|. (1.1)

First, we prove the following auxiliary statement, which readily follows from the definition of a
coherent configuration.

Lemma 1.10.3. For every k ∈ IX and i, j ∈ [m], if pkij ̸= 0 then (u, v) ∈ Ri =⇒ (u, u) ∈ Rk and
(u, v) ∈ Rj =⇒ (v, v) ∈ Rk.

Proof. Suppose (w,w) ∈ Rk for some w ∈ V . Since pkij ̸= 0, there exists some y ∈ V for which
(w, y) ∈ Ri. Hence, by property (4) of Definition 1.10.1, for each (u, v) ∈ Ri it holds that (u, u) ∈
Rk. The second statement follows via a symmetric argument.

Proof of Lemma 1.10.2. For each u ∈ V with (u, u) ∈ Rk, define ρu = {(u, x) | (u, x) ∈ Ri} and,
similarly, ρ′u = {(x, u) | (x, u) ∈ Ri∗}. Note that

Ri =
⋃

u|(u,u)∈Rk

ρu.

Indeed, since pkii∗ ̸= 0, it follows from Lemma 1.10.3 that (u, v) ∈ Ri =⇒ (u, u) ∈ Rk, and this
holds for all (u, v) ∈ Ri, thus showing left-to-right inclusion. The converse inclusion follows from
the definition of ρu.

Observe that |ρu| = |ρ′u| = pkii∗ and that Ri is in fact the disjoint union of all ρu. Whence,
|Ri| = |ρu||Rk| = pkii∗ |Rk|.

Corollary 1.10.4. If q is a prime number dividing |Ri|, then q ≤ |V | for all i ∈ [m].

We will show a generalisation of this result in Lemma 2.6.7
The constants pkij are called the intersection numbers of X and may be interpreted algebraically

as follows. For all i ∈ [m], let Ai be the V × V adjacency matrix of the relation Ri. Then, for all
i, j ∈ [m]

AiAj =
∑
k∈[m]

pkijAk.

Since the intersection numbers are integers, it follows that the F-span of {Ai | i ∈ [m]} is an algebra
for any field F (with the understanding that the constants pkij are taken modulo the characteristic
of the field); indeed, a coherent algebra in the following sense.
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Definition 1.10.5 (Coherent algebra). A subalgebra of MatV (F) is said to be a coherent algebra
on V if it is a unital algebra with respect to matrix multiplication and Schur-Hadamard (component-
wise) multiplication 6, and it is closed under transposition.

Note that in the original definition by D. Higman [44], coherent algebras are considered only for
the complex numbers field, and closure under transposition here replaces closure under Hermitian
conjugation. In the discussion that follows we show that the above is in fact equivalent to Higman’s
definition and thus, it naturally extends the concept of a coherent algebra to any field.

It is clear that, for any field F, the F-span of Ai, i ∈ [m] as above is a coherent algebra. Indeed,
{Ai | i ∈ [m]} is the unique basis of 01-matrices satisfying the coherence conditions, as we shall
prove.

Definition 1.10.6 (Coherence conditions). A set of 01-matricesM is said to satisfy the coherence
conditions if:

�

∑
A∈MA = J, where J is the all 1s matrix.

� For someM′ ⊆M
∑

A∈M′ A = I, where I is the adjacency matrix.

� At ∈M for all A ∈M.

We use an argument analogous to that of Theorem 2.3.7 in [23] to show that any coherent
algebra has a unique basis of 01-matrices satisfying the above conditions, which we refer to as the
standard basis.

Fix some coherent algebra W on V over the field F. Recall that the unit of a commutative
algebra can be written uniquely as the finite sum of all its primitive idempotents. Since W is
commutative with respect to Schur-Hadamard product, which we indicate by ⋆, we have that

J =
∑
i∈[r]

Ei, (1.2)

where {Ei | i ∈ [r]} is the full set of primitive idempotents of W with respect to ⋆. Now, each Ei
must be a 01-matrix so as to be an idempotent, and is thus the adjacency matrix of some binary
relation Ri on V . Since Ei ⋆Ej equals to the zero matrix for i ̸= j, for each (u, v) ∈ V 2 there must
be a unique i ∈ [r] such that the (u, v) entry of Ei is 1. Whence, {Ri | i ∈ [r]} forms a partition of
V 2.

Lemma 1.10.7. {Ei | i ∈ [r]} as above satisfies the coherence conditions.

Proof. Condition (1) of Definition 1.10.6 is trivially satisfied due to formula 1.2. Since I ∈ W is
an idempotent, it can be written as a sum of primitive orthogonal idempotents, so condition (2) is
satisfied. Finally, since Eti ∈W for all i ∈ [r], Eti must be a primitive idempotent.

Proposition 1.10.8. A coherent algebra has a unique basis of 01-matrices satisfying the coherence
conditions.

6By unital, we mean that there is a unit element for both multiplications. In the case of matrix multiplication,
this is the identity matrix, and in the case of the Schur-Hadamard multiplication, this is the all-1s matrix.
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For the coming proof, letW be a coherent algebra on V over a field F, and let B = {Ei | i ∈ [r]}
be the complete set of primitive idempotents with respect to ⋆. We show that B is a basis, and
hence, the unique one satisfying the coherent conditions. Recall that a commutative algebra over an
algebraically closed field is semisimple, and has a basis given by the set of its primitive idempotents.

Proof. Suppose F is algebraically closed. Since W is commutative with respect to the Schur-
Hadamard multiplication, B is a basis for W .

Suppose F is not algebraically closed. Since B is a linearly independent set, there must be
some basis B′ of W such that B ⊆ B′. Let F′ be the algebraic closure of F, and consider the
F′-span of B′, which we call W ′. By construction, W ′ is closed under tranposition, both matrix
and Schur-Hadamard multiplication and is therefore a coherent algebra over F′. From the above
discussion, W ′ therefore has a basis B′′ of 01-matrices satisfying the coherence conditions since F′

is algebraically closed. It follows that B′′ is contained in the F-span of B′ and is a basis for W as
well. As one can choose B′′ to be the set of primitive orthogonal idempotents of W ′, it follows that
B′ = B′′ = B, and B is a basis for W .

Since any basis forW satisfying the coherent conditions must satisfy formula 1.2, any such basis
must be the complete set of primitive orthogonal idempotents; thus B is unique as required.

Note that while the adjacency matrices of the relations defining a coherent configuration span
an algebra over any field, it is not necessarily the case that, given a coherent algebra, the relations
defined by the adjacency matrices in the standard basis form a coherent configuration. Indeed,
let W be a coherent algebra on V over a field of characteristic q, and let B = {A1, . . . , Am} be
its standard basis. Set R = {Ri | i ∈ [m]} where Ri is the binary relation on V for which Ai is
the adjacency matrix. Then R satisfies the first 3 conditions of Definition 1.10.1. Indeed, B is a
complete set of primitive orthogonal idempotents, which implies that R partitions V 2 and condition
(2) holds. Condition (3) is trivially satisfied. Condition (4), instead, is only satisfied modulo q,
which means, in turn, that Corollary 1.10.4 holds and Lemma 1.10.2 holds modulo q.

1.11 The Jacobson radical of a coherent algebra

Representation theory provides useful ways to understand abstract algebras in terms of linear alge-
braic properties. From this point of view, algebras are particularly pleasing if they are isomorphic
to a direct sum of complete matrix algebras. This occurs, for example, in the case of semisim-
ple algebras which are also linear spaces over an algebraically closed field (Artin-Wedderburn’s
decomposition Theorem).

In this section we provide a sufficient condition for a coherent algebra to be semisimple. In
particular, we prove the following.

Theorem 1.11.1. The Jacobson radical of a coherent algebra over a field of characteristic q is
a subspace of the span of the elements of the standard basis whose number of non-zero entries is
divisible by q.

Recall from Section 1.1 that the Jacobson radical of an algebra A is the ideal containing the
annihilator of any simple right (or left) module of A. Hence, A is semisimple if, and only if, it has
a trivial Jacobson radical. From the above, the following statement is immediate.
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Corollary 1.11.2. A coherent algebra W on V over a field of characteristic q is semisimple if no
element of its standard basis has number of non-zero entries divisible by q. In particular, W is
semisimple if q = 0 or q > |V |.

Proof. This follows from Theorem 1.11.1 and Corollary 1.10.4.

The argument we shall use for showing Theorem 1.11.1 is analogous to that used by Zieschang in
[66] to show the same result for coherent algebras whose only diagonal matrices are multiples of the
identity matrix. In what follows, fix some coherent algebra W on V over a field F of characteristic
q. Let B = {Ai | i ∈ [m]} be the standard basis and set R = {Ri | i ∈ [m]} where for each i we
define Ri the binary relation on V for which Ai is the adjacency matrix. For i, j, k ∈ [m], define
pkij = |{x ∈ V | (u, x) ∈ Ri, (x, v) ∈ Rj}| where the equality is understood to be modulo q whenever
q > 0. Similarly, all cardinalities of sets appearing in the coming equations are to be taken modulo
q if q > 0. Indicate by Tr(A) the trace of a V × V matrix A and by J(W ) the Jacobson radical of
W .

Lemma 1.11.3. Let M ∈ W so that M =
∑

i∈[m] λiAi. Then Tr(AiM) = λi∗ |Ri| for all i ∈ [m],

where Ai∗ = Ati.

Proof. One can write

AiM =
∑

j,k∈[m]

λjp
k
ijAk.

Since Tr(Ak) ̸= 0 if, and only if, Ak is diagonal, it follows that

Tr(AiM) =
∑

k∈I,j∈[m]

λjp
k
ijTr(Ak) =

∑
k∈I,j∈[m]

λjp
k
ij |Rk|.

where k ∈ I if, and only if, Ak is diagonal.
Note that for k ∈ I, if pkij ̸= 0 then Ai = Atj = Ai∗ . As such, the non-zero terms in the above

sum are those for which j = i∗, and thus

Tr(AiM) = λi∗
∑
k∈I

pkii∗ |Rk|.

Furthermore, for every i ∈ [m], there is at most one k ∈ I such that pkii∗ ̸= 0 (if q = 0, there is
exactly one such k), so

Tr(AiM) = λi∗p
k
ii∗ |Rk|.

By Lemma 1.10.2, |Ri| = pkii∗ |Rk| and hence, the desired result is proven.

Define Q to be the F-span of the matrices in the set {Ai | |Ri| ≡ 0 mod q}.

Proof of Theorem 1.11.1. Let M ∈ J(W ) and write M =
∑

i∈[m] λiAi. If λi = 0 for all i ∈ [m],
then M ∈ Q. Suppose without loss of generality that for some i, λi∗ ̸= 0. We then need to show
that for such i, q divides |Ri|.

Let U be the F-span of {ev | v ∈ V } so that it can be viewed as a left W -module on which
the elements of W (which, we recall, are V × V matrix) act in a natural way 7. Choose some

7See Appendix A for more clarity
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composition series {0} = U0 ⊂ U1 ⊂ . . . ⊂ Ut = U where each Uj is a left W -module, and pick
some basis {u1, . . . , us}, where s = |V | so that the F-span of {u1, . . . , ujl} is Ul for each l ∈ [t].

The action on U of the matrices M and Ai in the basis {u1, . . . , us} is given by the following
matrices:

M =


M11 ∗ . . . ∗
0 M22 . . . ∗
...

...
. . .

...
0 0 . . . Mll



Ai =


A11 ∗ . . . ∗
0 A22 . . . ∗
...

...
. . .

...
0 0 . . . All

 ,

where for each j ∈ [l], Mjj and Ajj are square blocks of the same size. Since M ∈ J(W ), and
Uj+1/Uj is a simple W -module for each j, M annihilates it and thus Mjj are 0-matrices for all j
(more precisely, Mu ∈ Uj for every u ∈ Uj+1). Whence, AiM is zero on the diagonal and therefore
Tr(AiM) = 0.

From the Lemma 1.10.2, Tr(AiM) = λi∗ |Ri|. By assumption, λi∗ ̸= 0 and thus |Ri| = 0 which,
in a field of characteristic q, means that q divides |Ri| as required.

1.12 Morphisms of coherent algebras

Let W1 and W2 be coherent configurations on V1 and V2 respectively. We say that W1 and W2 are
algebraically isomorphic if there is a linear isomorphism ψ :W1 →W2 such that:

1. ψ(I) = I.

2. ψ(J) = J.

3. For all A,B ∈W1, ψ(AB) = ψ(A)ψ(B) and ψ(A ⋆ B) = ψ(A) ⋆ ψ(B).

That is, ψ preserve the structure of coherent algebras over both matrix and Schur-Hadamard
multiplications. In particular, ψ maps the standard basis ofW1 to that ofW2. The natural analogue
of such a morphism for coherent configurations is then as follows. Let X1 = (V1, {R1, . . . , Rm}) and
X2 = (V2, {S1, . . . , Sm}) be coherent configurations, and denote by pkij and qkij their intersection
constants respectively. X1 and X2 are said to be algebraically isomorphic if there is a bijection

ψ : [m] → [m] such that pkij = q
ψ(k)
ψ(i)ψ(j) for all i, j, k ∈ [m]. Note that this automatically implies

that |V1| = |V2|, for indeed

|V1| =
∑

i,j∈[m]

pkij =
∑

i,j∈[m]

q
ψ(k)
ψ(i)ψ(j) = |V2|.

Thus, an algebraic isomorphism between coherent configurations induces a bijection between the
standard bases of their respective coherent algebras, and for any field, such a bijection linearly
extends to an algebraic isomorphism between the algebras.

An important fact to note for our later discussion on the invertible map tests is that for semisim-
ple coherent algebras, testing algebraic isomorphism can be understood as a simultaneous similarity
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problem over a prime field. Let W1 and W2 be coherent algebras over an algebraically closed field
F. By the Skolem-Nöther Theorem there is an algebraic isomorphism ψ :W1 →W2 if, and only if,
there is some invertible matrix S over F such that ψ(X) = SXS−1 for all X ∈W1. Since ψ restricts
to a bijection between the two standard bases, it follows that there is some invertible matrix S over
F such that SXS−1 is a standard basis element of W2 for every X in the standard basis of W1.
Since standard basis elements are 01-matrices, by the Simultaneous Similarity Theorem it suffices
to search for such an S over the prime subfield of F.
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Chapter 2

Fixed points of refinement operators

In this chapter we prove some useful stability properties satisfied by the colourings outputted by the
Weisfeiler-Leman algorithms and the invertible map tests, the main tools in our arguments being
refinement operators. We shall use these in the next chapter as well, as they allow the formulation
of bounds to the expressive power of infinitary logics in terms of a stability condition.

2.1 Motivation and main results

The aim of this chapter is to investigate the role of the width parameter in the Weisfeiler-Leman
algorithms and the invertible map tests. As hinted in Section 1.9, this parameter, is closely related
to the number of variables bound by a quantifier in an infinitary logic. Let us look at this more
concretely by explaining what it means to extend the Weisfeiler-Leman algorithms with a width
parameter. For a graph Γ on V , let κj be the colouring of V k assigned by the k-dimensional
Weisfeiler-Leman algorithm after j iterations. For all u⃗ ∈ V k define a colouring κu⃗j of V as follows:

κu⃗j : V → Im(κj)
k

x 7→ (κj(u⃗⟨1, x⟩), . . . , κj(u⃗⟨k, x⟩)).

Then κj+1(u⃗) = κj+1(v⃗) if, and only if, κj(u⃗) = κj(v⃗) and κ
u⃗
j ≃ κv⃗j . Put otherwise, u⃗, v⃗ ∈ V k are in

the same equivalence class of the colouring after the (j+1)th iteration if, and only if, they are in the
same equivalence class after j iterations and they induce equivalent colourings of V in the above
sense. We can generalize this iterative refinement condition in a natural way by requiring k-tuples
to be in the same equivalence class after an iterative step if they induce the same partition of V r,
for some fixed 1 ≤ r < k, indeed, the width parameter. For each r ∈ N, we can define a family
of algorithms, graded by the natural numbers, each defining a concept of equivalence on graphs.
The kth algorithm of such a family is referred to as the k-dimensional Weisfeiler-Leman algorithm
with width r; for r = 1, we get the ordinary k-dimensional Weisfeiler-Leman algorithm. The
first key result of this chapter is that this parameter does not increase the power of the algorithm
in the following sense: for each k ∈ N there is a k′ such that if the graphs Γ and Γ′ are not
distinguished by the k-dimensional Weisfeiler-Leman algorithm, then they are not distinguished by
the k′-dimensional Weisfeiler-Leman algorithm with width r; similarly, for each k ∈ N, there is a
k′ such that if the graphs Γ and Γ′ are not distinguished by the k-dimensional Weisfeiler-Leman
algorithm with width r, then they are not distinguished by the k′-dimensional Weisfeiler-Leman
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algorithm. This simple fact can be paraphrased as follows in the language of logics. For some
r ∈ N, let us construct a logic Cω,r by extending Lω with generalized counting quantifiers ∃r,i for
each natural number i. The syntax and semantics are as follows. If ϕ is a Cω,r formula, then ∃r,ix⃗.ϕ
is a Cω,r formula, where x⃗ is a r-tuple of distinct variables. A structure A with universe V satisfies
∃r,ix⃗.ϕ if, and only if there are at least i values of a⃗ ∈ V r such that (A, x⃗ 7→ a⃗) |= ϕ. The fact that
the family of Weisfeiler-Leman algorithms with width r has no overall greater distinguishing power
than that of the Weisfeiler-Leman algorithms with width r = 1 is equivalent to the well known fact
that the expressive power of any finite variable fragment of Cω is bounded by some finite variable
fragment of Cω,r and vice-versa.

By formulating these results in terms of refinement operators, we obtain an approach for com-
paring the power of the Weisfeiler-Leman algorithms to other combinatorial and linear algebraic
polynomial-time graph invariants based on partitions and colourings. This is the essence of Theo-
rems 2.1.3, 2.1.5 and 2.1.6. We will use a similar method in the next chapter for comparing proof
systems with algebraic rules to the invertible map tests (see for example Theorem 3.1.3).

As hinted in Section 1.9, to capture the equivalences defined by finite variable fragments of
linear algebraic logics with k variables, each k-dimensional invertible map test must have a sub-
routine computing the ‘width r component of the colouring’, for we do not know whether for each
k ∈ N, there is some k′ such that if two graphs are distinguished by the width r component of the
k-dimensional invertible map colouring, then they are distinguished by the width 1 component of
the k′ dimensional invertible map colouring (over corresponding characteristics). Nevertheless, we
show that for classes of graphs with bounded size, the distinguishing power of each k-dimensional
invertible map test over Zp is no greater than that of the Weisfeiler-Leman algorithm, if p is large
enough. Formally, we prove that for each k, there is a k′ such that if two graphs of size n are
distinguished by the k-dimensional invertible map test over Zp, then they are distinguished by the
k′-dimensional Weisfeiler-Leman algorithm provided p > n. This is an easy consequence of the
representation theoretic result exposed in Section 1.11.

A more compact language to express the main results in this chapter is that of Schurian Polyno-
mial Approximation Schemes (SPAS for short), in the sense of [36]. Define a family {WL1,WL2, . . .}
of mappings as follows: for a graph Γ on V , let WL1(Γ) be a colouring of V 2 whose equivalence
classes correspond with the isomorphism types of V 2 in Γ; for k ≥ 2, define WLk(Γ) to be the
colouring of V 2 induced by the colouring of the set {(u, v, . . . , v) ∈ V k | u, v ∈ V 2} given by the
output of the k-dimensional Weisfeiler-Leman algorithm on input Γ. If n = |V |, then the following
holds:

WL1(Γ) ⪯WL2(Γ) ⪯ . . . ⪯WLn(Γ) ≈WLn+1(Γ) ≈ . . . ≈WL∞(Γ),

where the equivalence classes of WL∞(Γ) concide with those of the 2-orbit partition for Γ. Fur-
thermore one can also show that for l ≤ k

WLl(WLk(Γ)) ≈WLk(Γ).

The maps SWL = {WL1,WL2, . . .} form a SPAS in the following sense.

Definition 2.1.1 (Schurian Polynomial Approximation Scheme). A family {X1, X2, . . .} forms a
Schurian Polynomial Approximation Scheme if for any graph Γ with vertex set V :

1. Xk(Γ) is a colouring of V 2 for all k ∈ N.

2. X1(Γ) ⪯ X2(Γ) ⪯ . . . ⪯ Xn(Γ) ≈ Xn+1(Γ) ≈ . . . ≈ X∞(Γ), where n = |V | and the equivalence
classes of X∞(Γ) coincide with those of the 2-orbit partition for Γ.
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3. Xl(Xk(Γ)) ≈ Xk(Γ) for all k ∈ N and l ∈ [k].

4. Xk(Γ) is computable in time nO(k).

Definition 2.1.2 (Dominance and equivalence of SPAS’). For any two SPAS SX = {X1, X2, . . .}
and SY = {Y1, Y2, . . .} we say that:

1. SX dominates SY and write SY ⪯ SX if for each k ∈ N there is some k′ ∈ N such that
Yk(Γ) ⪯ Xk′(Γ) for all graphs Γ.

2. SX and SY are equivalent and write SX ≈ SY if each dominates the other.

3. SX strictly dominates SY if SY ⪯ SX but SX ̸⪯ SY . In such case we write SY ≺ SX .

This notion of equivalence is natural in that SX and SY as above are equivalent if, and only if
the following holds: for any class of graphs H, there is a fixed k such that Xk(Γ) ≈ X∞(Γ) if, and
only if, there is some k′ such that Yk′(Γ) ≈ Y∞(Γ) ≈ X∞(Γ) for all Γ ∈ H. Informally, this means
that the classes of graphs for which there is a map in SX giving the 2-orbit partition for the whole
class are the same as those of SY .

For each r ≥ 1, define the SPAS SWLr = {WL1,r,WL2,r, . . .} where WLk,r(Γ) is the colouring
of V 2 induced by the colouring of the set {(u, v, . . . , v) | u, v ∈ V } given by the output of the k-
dimensional Weisfeiler-Leman algorithm with width r on input a graph Γ on V ; for brevity, denote
SWL1 by SWL. In this framework, the claim that the width parameter r does not strengthen the
Weisfeiler-Leman algorithms formally means that SWL ≈ SWL,r for any r ≥ 1. To show this, we
use as catalysts two other SPAS’, namely SC and SCr for r ≥ 1. These arise naturally from the
logics Cω and Cω,r respectively. More precisely, we define SC = SC1 and the kth mapping of SCr

maps a graph Γ on V to a colouring of V 2 so that u⃗, v⃗ ∈ V 2 are in the same equivalence class if,
and only if, (Γ, x⃗ 7→ u⃗) and (Γ, x⃗ 7→ v⃗) satisfy the same Ck,r formulae. Our first main result can
then be stated as follows.

Theorem 2.1.3. For all r ≥ 1
SWL ≈ SWLr ≈ SC ≈ SCr .

In [36], the authors introduce yet another SPAS arising from k-extended coherent algebras and
show that it is equivalent to SWL. We refer to this SPAS the Evdokimov-Ponomarenko SPAS and
denote it by SEP. We use the intermediate results used to show Theorem 2.1.3 to derive Evdokimov
and Ponomarenko’s result.

Theorem 2.1.4.
SEP ≈ SWL.

Let q be a constant equal to 0 or a prime number, and define SIM,r(q) to be the SPAS arising
from the width r component of the invertible map test colourings, similarly to SWL. A formal way
of paraphrasing the claim that the invertible map tests are a representation theoretic generalization
of the Weisfeiler-Leman algorithms is the following.

Theorem 2.1.5. If q = 0, then,
SIMr(q) ≈ SWL.

Otherwise,
SIMr(q) ≻ SWL.
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We also show the following.

Theorem 2.1.6. For any suitable q and r > 1,

SIMr(q) ⪰ SIMr−1(q).

Combining Theorems 2.1.5 and 2.1.6 gives that if q = 0, then the inequality in Theorem 2.1.6
collapses to SIM,r(0) ≈ SIM,r−1(0), since the family of invertible map tests collapses to that of the
Weisfeiler-Leman algorithms. If q is a prime number, it is unclear whether the inequality is strict.
However, we show that if we restrict to graphs of size at most n, and q > n, then SIM,r(q) ≈ SIM,r−1(q)

holds again, for similar reasons to before.
This chapter is dedicated to the proofs of these results. We first introduce refinement operators,

procedures and the colourings they act upon. These tools will help unify the concepts of equivalence
in logics and families of algorithms, and allow our proofs to be purely combinatorial. We conclude
by discussing how to use the results in this chapter to make sense of the invertible map tests over
infinite Q and we also give a brief overview of the relationship between the colourings given by the
Weisfeiler-Leman algorithms and some graph invariants arising from quantum walks. These will be
part of the motivation behind Chapter 4.

2.2 Graph-like colourings

We make some restrictions on the partitions dealt with throughout. One may note that these are
necessary conditions to be satisfied by a partition of k-tuples into the orbits of the induced action of
a group on 1-tuples. Also, we formulate these concepts in terms of labelled partitions or colourings,
since these are central to the thesis, but similar ideas naturally apply to unlabelled partitions.

Fix some set V , k ∈ N and a colouring γ of V k. Let Sym(k) act on V k as follows: for v⃗ ∈ V k

and τ ∈ Sym(k), v⃗τ is the element of V k whose ith entry is vτ−1(i). We say that γ is invariant if

γ(u⃗) = γ(v⃗) =⇒ γ(u⃗τ ) = γ(v⃗τ ) for all u⃗, v⃗ ∈ V k and τ ∈ Sym(k) 1.
Fix some r ∈ [k] and i⃗ ∈ [k](r). We define the projection on i⃗ of v⃗ ∈ V k, denoted by pr⃗iv⃗, to

be the the r-tuple with jth entry vij . Without ambiguity, we use the shorthand prrv⃗ to denote the
r-tuple pr(1,...,r)v⃗. Define prrγ to be the colouring of V r given by

prrγ(u⃗) = γ(u1, . . . , ur, ur, . . . , ur)

for all u⃗ ∈ V r, and refer to it as the r-projection of γ.

Definition 2.2.1 (r-consistency). γ is said to be i⃗-consistent for some i⃗ ∈ [k]r if for all u⃗, v⃗ ∈ V k

γ(u⃗) = γ(v⃗) =⇒ prrγ(pr⃗iu⃗) = prrγ(pr⃗iv⃗)

If, in addition, γ is i⃗-consistent for all i⃗ ∈ [k]r we say that γ is r-consistent.

Observe that if for some r ≤ k, γ is r-consistent, then it is t-consistent for all t ≤ r. One may
also verify that if γ is invariant, then it is k-consistent if and only if for all u⃗, v⃗ ∈ V k

γ(prk−1u⃗ · uk−1) = γ(prk−1v⃗ · vk−1). (2.1)

1This concept has been introduced in a different guise in Theorem 6.1 in [36]
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Definition 2.2.2 (Graph-like colouring). γ is said to be a graph-like colouring of V k if it is
invariant, k-consistent, and for all u⃗, v⃗ ∈ V k

γ(u⃗) = γ(v⃗) =⇒ (ui = uj =⇒ vi = vj ∀i, j ∈ [k]). (2.2)

We denote by G(V k) the class of graph-like colourings of V k. Note that if γ is invariant, then
so is prrγ. More generally, if γ is graph-like, then so is prrγ.

For any graph Γ and k ∈ N, define αk,Γ to be a canonical colouring of the k-tuples of its vertices
into atomic types. To be precise, the word canonical here means that given a graph Γ on V and
a graph Γ′ on V ′, for any u⃗ ∈ V k and v⃗ ∈ (V ′)k, αk,Γ(u⃗) = αk,Γ′(v⃗) holds if, and only if, the
mapping ui 7→ vi for all i ∈ [k] is an isomorphism between the subgraphs of Γ and Γ′ induced by
{ui | i ∈ [k]} and {vi | i ∈ [k]} respectively. The colouring αk,Γ for a graph Γ on V is clearly a
graph-like colouring. If γ ∈ G(V k) satisfies αk,Γ ⪯ γ, we say that γ is a Γ-colouring.

Another example of graph-like colourings are those whose underlying equivalence classes form
a coherent configuration.

Proposition 2.2.3. If ρ is a colouring of V 2 such that X = (V, {ρ−1(σ) | σ ∈ Im(ρ)}) is a coherent
configuration, then ρ ∈ G(V 2).

Proof. Since X is a coherent configuration, ρ(u, v) = ρ(u′, v′) if, and only if, ρ(v, u) = ρ(v′, u′) by
condition (3) of Definition 1.10.1. Thus, ρ is invariant. Furthermore, since there are equivalence
classes of ρ partitioning the set {(v, v) | v ∈ V }, ρ clearly satisfies formula 2.2. To show that it is
1-consistent, let u, v, u′, v′ ∈ V be such that ρ(u, v) = ρ(u′, v′). For any colour σ

{x ∈ V | ρ(u, x) = σ} =
⋃

τ∈Im(ρ)

{x ∈ V | ρ(u, x) = σ, ρ(x, v) = τ}.

By condition (4) in Definition 1.10.1, the size of the right-hand side of the above is independent of
the choice of (u, v) from the equivalence class [(u, v)]γ . In particular, if σ = ρ(u, u), then because
ρ(u, v) = ρ(u′, v′) there is exactly one x ∈ V such that ρ(u′, x) = σ, namely x = u′. Hence,
ρ(u, u) = ρ(u′, u′).

The following is a useful property of graph-like colourings.

Lemma 2.2.4. If γ ∈ G(V k) and u⃗, v⃗ ∈ V k, then

γ(u⃗) = γ(v⃗) =⇒ γ(u⃗⟨⃗i,pr⃗j u⃗⟩) = γ(v⃗⟨⃗i,pr⃗j v⃗⟩)

for all i⃗ ∈ [k](r) and j⃗ ∈ [k]r.

Informally, this means that given any u⃗, v⃗ ∈ V k in the same equivalence class of γ, if we form
a k-tuple by taking k (not necessarily distinct) entries of u⃗, and the corresponding ones of v⃗, we
obtain tuples in the same equivalence class of γ.

Proof. Fix u⃗, v⃗ ∈ V k such that γ(u⃗) = γ(v⃗). For any s, t ∈ [k], γ(u⃗⟨s, ut⟩) = γ(v⃗⟨s, vt⟩) holds true
since γ is invariant and k-consistent.

Let r < k and set u⃗′ = pr⃗j u⃗ and v⃗′ = pr⃗j v⃗ for some j⃗ ∈ [k]r. Suppose that γ(v⃗⟨⃗i, v⃗′⟩) = γ(u⃗⟨⃗i, u⃗′⟩)
holds for all i⃗ ∈ [k](r). Since r < k, there is some i′ ∈ [k] which is not an entry of i⃗. For some
l ∈ [k], let x = vl and y = ul. Then

γ((v⃗⟨⃗i, v⃗′⟩)⟨i′, x⟩) = γ((u⃗⟨⃗i, u⃗′⟩)⟨i′, y⟩)
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as γ is invariant and k-consistent, from which one concludes that

γ(v⃗⟨⃗i · i′, v⃗′ · x⟩) = γ(u⃗⟨⃗i · i′, u⃗′ · y⟩)

and hence, by setting q⃗ = j⃗ · l

γ(v⃗⟨⃗i · i′,prq⃗v⃗⟩) = γ(u⃗⟨⃗i · i′, prq⃗u⃗⟩).

We deduce the desired statement by induction on r.

2.3 Refinement operators and procedures

We introduce refinement operators to provide a convenient language to express the proofs of our
main Theorems. Fix some k ∈ N.

Definition 2.3.1 (Refinement operator). A k-refinement operator is a map R which, for any set
V , assigns to each colouring γ of V k a colouring R ◦ γ of V k satisfying the following properties 2:

(R1). Refinement: γ ⪯ R ◦ γ.

(R2). Monotonicity: γ ⪯ ρ =⇒ R ◦ γ ⪯ R ◦ ρ.

A colouring γ of V k is said to be a fixed point of R as above if γ ≈ R ◦ γ. In such cases we also
say that γ is R-stable.

Let X0 be a colouring of V k, and define Xi = R ◦Xi−1 for i ≥ 1. We then have the following
increasing sequence:

X0 ⪯ X1 ⪯ . . . ⪯ Xi ⪯ . . .

Since all elements of the sequence are bounded above by a colouring of V k with exactly one element
per equivalence class, there must be some s so that for all i ≥ s Xi is a fixed point of R. For the
smallest such s, denote Xs by [X0]

R. Observe that by the monotonicity of R and the Tarski-Knaster
Theorem, the equivalence classes of [X0]

R form the unique coarsest R-stable partition of V k refining
the partition {X−1

0 (σ) | σ ∈ Im(X0)}. Thus, if γ is R-stable and X0 ⪯ γ, then [X0]
R ⪯ γ.

Definition 2.3.2 (Graph-like operator). A k-refinement operator is said to be graph-like if, for
any set V , R ◦ γ ∈ G(V k) whenever γ ∈ G(V k).

Definition 2.3.3 (Refinement procedure). The family of mappings {R1, R2, . . .} is said to be a
refinement procedure if for each k ∈ N

1. Rk is a graph-like k-refinement operator.

2. If γ is a graph-like fixed point of Rk then prk−1γ is a fixed point of Rk−1.

3. For any set V and colouring γ of V k, [γ]Rk is computable in time |V |O(k).

2We later use the symbol ◦ to denote the composition of two functions. The meaning of ◦ should however be clear
from the context.
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Let us compare this definition to that of a SPAS. Condition (3) essentially states that a re-
finement procedure can be seen as a family of polynomial-time algorithms computing a colouring
satisfying some minimal stability condition. The uniformity expressed in condition (2) is akin to
condition (3) in Definition 2.1.1. Thus, if {R1, R2, . . .} is a family of mappings where Rk maps
graphs to graphs as follows:

Γ 7→ pr2[αk,Γ]
Rk ,

then {R1, R2, . . .} is in fact a SPAS. A refinement procedure is therefore a collection of algorithms
which collectively define a SPAS.

The informal notion of a family of algorithms being stronger or equivalent to another can
therefore be understood in terms of dominance and equivalence of SPAS since, as expected, the
Weisfeiler-Leman algorithms and invertible map tests involve the computation of a minimal fixed
point of a refinement operator. We have implicity introduced these operators in Section 1.8, when
describing the algorithms, and will now introduce them formally. Let us recall and fix some new
notation. For a colouring γ of V k and some natural number r ≤ k, we denote by Φ(γ, r) the set of

tuples of elements of Im(γ) indexed by [k](r); that is, Φ(γ, r) = Im(γ)[k]
(r)
. Recall that the double

braces {{. . .}} indicate a multiset, and that for i⃗ ∈ [k](2r) and v⃗ ∈ V k, the (⃗i, v⃗)-character vector
χ⃗ of a colouring γ of V k has entries labelled σ ∈ Im(γ); specifically, χσ is the V r × V r adjacency
matrix of the binary relation {(x⃗, y⃗) ∈ V r × V r | γ(v⃗⟨⃗i, x⃗ · y⃗⟩) = σ}.

The Weisfeiler-Leman operators. For each k, r ∈ N, define the Weisfeiler-Leman operators
WLk,r as follows: for a colouring γ of V k, if k < r, WLk,r ◦ γ = γ; if k ≥ r,

WLk,r ◦ γ : V k → Im(γ)×Mult(Φ(γ, r))

v⃗ 7→ (γ(v⃗), {{(γ(v⃗⟨⃗i, u⃗⟩))⃗i∈[k](r) | u⃗ ∈ V
r}}).

We shall not require this technical definition in the strictest sense, for the operator’s stability
condition is more useful for our purpose. That is, for k ≥ r and u⃗, v⃗ ∈ V k:

WLk,r ◦ γ(u⃗) = WLk,r ◦ γ(v⃗) if, and only if, γ(u⃗) = γ(v⃗) and for all ϕ⃗ ∈ Φ(γ, r) and

i⃗ ∈ [k](r)

|{x⃗ ∈ V r | γ(u⃗⟨⃗i, x⃗⟩) = ϕ⃗i}| = |{x⃗ ∈ V
r | γ(v⃗⟨⃗i, x⃗⟩) = ϕ⃗i}|.

In particular, γ is WLk,r-stable if, and only if, for all v⃗ ∈ V k, i⃗ ∈ [k](r) and ϕ⃗ ∈ Φ(γ, r),

the size of the set {x⃗ ∈ V r | γ(v⃗⟨⃗i, x⃗⟩) = ϕ⃗i} is independent of the choice of v⃗ from the
equivalence class [v⃗]γ .

From this, it is easier to see that WLk,r are, indeed, k-refinement operators. The refinement
property is immediate. To check that the operators are monotone, pick two colourings γ, ρ of V k

with γ ⪯ ρ. Then for every colour σ ∈ Im(γ) there is a subset Uσ ⊆ Im(ρ) such that

γ−1(σ) =
⋃

σ′∈Uσ

ρ−1(σ′),

where the right hand side is a disjoint union. By setting ϕ⃗i = σ, and taking cardinalities of either
side in the above

|{x⃗ ∈ V r | γ(u⃗⟨⃗i, x⃗⟩) = σ}| =
∑
σ′∈Uσ

|{x⃗ ∈ V r | ρ(u⃗⟨⃗i, x⃗⟩) = σ′}|

from which WLk,r ◦ γ ⪯WLk,r ◦ ρ is deduced.
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The counting logics operators. The tight relation between the Weisfeiler-Leman algorithms
and finite variable fragments of counting logics first shown in [20] (which we have rephrased and
generalised in Theorem 2.3) is a lot more apparent if one expresses the distinguishing power of these
logics by using a refinement operator to colour tuples of vertices and interpreting these colourings
as a labels for the graphs. For k, r ∈ N, let the counting logics operators Ck,r act on colourings as
follows. For a colouring γ of V k, if k < r, then Ck,r ◦ γ = γ; otherwise,

Ck,r ◦ γ : V k → Im(γ)× (Mult(Im(γ)V
r
))[k]

(r)

v⃗ 7→ (γ(v⃗), ({{γ(v⃗⟨⃗i, u⃗⟩) | u⃗ ∈ V r}})⃗i∈[k](r)).

Note also the difference between the action of the counting logics and Weisfeiler-Leman opera-
tors: the colours of Ck,r ◦γ are tuples of multisets of colours of γ, whereas in WLk,r ◦γ, the colours
are given by multisets of tuples of colours of γ. This slight discrepancy is what makes the counting
logics operators easier to handle compared to the Weisfeiler-Leman operators, and a similar issue
in a different context will be explored in Section 2.7.

The stability condition for this operator is the following. For k ≥ r and u⃗, v⃗ ∈ V k,

Ck,r ◦ γ(u⃗) = Ck,r ◦ γ(v⃗) if γ(u⃗) = γ(v⃗) and for all σ ∈ Im(γ) and i⃗ ∈ [k](r)

|{x⃗ ∈ V r | γ(u⃗⟨⃗i, x⃗⟩) = σ}| = |{x⃗ ∈ V r | γ(v⃗⟨⃗i, x⃗⟩) = σ}|.

In particular, γ is Ck,r-stable if, and only if, for all v⃗ ∈ V k, i⃗ ∈ [k](r) and σ ∈ Im(γ),

the size of the set {x⃗ ∈ V r | γ(v⃗⟨⃗i, x⃗⟩) = σ} is independent of the choice of v⃗ from the
equivalence class [v⃗]γ .

The reader might wish to compare the action of the operator WLk,1 with the definition of the
iterative step of the k-dimensional Weisfeiler-Leman algorithm in Section 1.8. For r = 1, it is clear
that the colouring WLk,r ◦ γ can be computed by a single execution of the iterative step of the
k-dimensional Weisfeiler-Leman algorithm to γ. For more general values of r, the computation
of [γ]WLk,r by iteratively applying WLk,r to γ is what we previously referred to informally as the
k-dimensional Weisfeiler-Leman algorithm with width parameter r. Note that if γ ∈ G(V 2) is
WL2,1-stable, then (V, {γ−1(σ) | σ ∈ Im(γ)}) is a coherent configuration; thus, the equivalence
classes of the output of the classical Weisfeiler-Leman algorithm for an uncoloured graph form the
coarsest coherent configuration refining the edge relation. Furthermore, if γ, ρ are graph-like WL2,1-
stable colourings of V 2, and γ ≃ ρ, then the coherent configurations formed by their equivalence
classes are in fact algebraically isomorphic (this can be deduced from the stability condition of the
Weisfeiler-Leman operators), with a natural isomorphism mapping the class γ−1(σ) to ρ−1(σ) for
each colour σ.

To get a better intuition of the action of the counting logics operators, fix a graph Γ with vertex
set V and define the sequence of colourings ρ0 = αk,Γ and ρi = Ck,1 ◦ ρi−1 for i ≥ 1. One can show
by induction that in the k-bijection game played on two disjoint copies of Γ, if at some stage pebble
xi is on ui ∈ V and pebble yi is on vi ∈ V for i ∈ [k], and for some t ∈ N ρt(u⃗) ̸= ρt(v⃗), then Spoiler
has a winning strategy starting from this setting using at most t moves. Indeed, if t = 0, then
Spoiler has already won, for u⃗ and v⃗ induce non-isomorphic subgraphs of Γ. For t > 0, if Spoiler
picks pebble j at the start of the round, then Duplicator must respond with a bijection f : V → V
such that ρt−1(u⃗⟨j, x⟩) = ρt−1(v⃗⟨j, f(x)⟩), for otherwise Spoiler can then pebble a vertex and win in
t− 1 moves by induction hypothesis. However, since ρt(u⃗) ̸= ρt(v⃗), there must be some j ∈ [k] for
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which no bijection f satisfies ρt−1(u⃗⟨j, x⟩) = ρt−1(v⃗⟨j, f(x)⟩); for indeed, there exist some colour
σ ∈ Im(ρ) for which the multisets

{{ρt−1(u⃗⟨j, x⟩) | x ∈ V }}

and
{{ρt−1(v⃗⟨j, x⟩) | x ∈ V }}

must have σ occurring a different number of times. Whence, Spoiler can place pebble xj at this
round on some x ∈ V for which ρt−1(u⃗⟨j, x⟩) = σ and by induction hypothesis, they only require
t−1 more moves to win. A similar argument can be used to grasp the intuition behind the operators
Ck,r for r > 1, by playing a game where Spoiler chooses r pebbles at a time, to which Duplicator
responds with a bijection f : V r → V r.

The invertible map operators. For k, r ∈ N and a constant q equal to 0 or a prime number,
define the operators invertible map operators IMq

k,r to act on a colouring γ of V k, as follows:

IMq
k,r ◦ γ = γ if k < 2r; otherwise,

IMq
k,r ◦ γ : V k → Im(γ)× (MatV (F)Im(γ)×[k](2r)/ ∼)

v⃗ 7→ (γ(v⃗), (χ⃗(⃗i))⃗i∈[k](2r)/ ∼),

where χ⃗(⃗i) is the (⃗i, v⃗)-character vector of γ and ∼ is the equivalence relation of tuples of matrices
under simultaneous similarity over F, a field of characteristic q. More precisely, two tuples are
equivalent if they lie in the same orbit of GLV r(F), acting by conjugation. Again, it is most
convenient to look at this operator from the point of view of its stability condition; that is, for
k ≥ 2r, a colouring γ of V k and suitable q:

IMq
k,r ◦ γ(u⃗) = IMq

k,r ◦ γ(v⃗) if, and only if, γ(u⃗) = γ(v⃗) and for each i⃗ ∈ [k](2r) there
exist some S ∈ GLV r(F) such that for all σ ∈ Im(γ)

SχσS
−1 = ξσ,

where χ⃗ and ξ⃗ are the (⃗i, u⃗) and (⃗i, v⃗)-character vectors of γ respectively and F is the
prime field of characteristic q. In particular, γ is IMq

k,r-stable if for all u⃗, v⃗ ∈ V k and

i⃗ ∈ [k](2r)

γ(u⃗) = γ(v⃗) =⇒ ∃S ∈ GLV r(F), SχσS−1 = ξσ ∀σ ∈ Im(γ).

In a similar way to the Weisfeiler-Leman operators, IMq
k,r are k-refinement operators. The re-

finement property holds trivially, and the monotonicity follows from linearity of matrix conjugation,
as we now prove. Given two colourings γ, ρ of V k with γ ⪯ ρ, for every colour σ ∈ Im(γ) there is
a subset Uσ ⊆ Im(ρ) such that

γ−1(σ) =
⋃

σ′∈Uσ

ρ−1(σ′),

where the right hand side is a disjoint union. From this, it holds that χσ =
∑

σ′∈Uσ
ξσ′ , where

χ⃗ and ξ⃗ are the (⃗i, u⃗)-character vectors of γ and ρ respectively. Monotonicity then follows from
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the linearity of matrix conjugation. Indeed, if γ, ρ are colourings of V k and γ ⪯ ρ, then for every
α ∈ Im(γ) there is some Iα ⊆ Im(ρ) such that γ−1(σ) =

⋃
β∈Iσ ρ

−1(β). Fix i⃗ ∈ [k](2r), and let χ⃗

and ξ⃗ be the (⃗i, v⃗)-character vectors of γ and ρ respectively. Then

χα =
∑
β∈Iα

ξβ

for all α ∈ Im(ρ). Similarly, if χ⃗′ and ξ⃗′ are the (⃗i, u⃗)- character vectors of γ and ρ respectively,

χ′
α =

∑
β∈Iα

ξ′β.

If IMq
k,r ◦ ρ(u⃗) = IMq

k,r ◦ ρ(v⃗), then there is some invertible matrix S such that SξβS
−1 = ξ′β for all

β ∈ Im(ρ), from which we deduce that

SχαS
−1 =

∑
β∈Iα

SξβS
−1 =

∑
β∈Iα

ξ′β = χ′
α

and thus IMq
k,r ◦ γ(u⃗) = IMq

k,r ◦ γ(v⃗). It follows that IM
q
k,r ◦ γ ⪯ IMq

k,r ◦ ρ as required.

The operators IMq
k,r allow us to study separately the components of different width of the

colourings assigned by the invertible map tests. To be precise, for a colouring γ of V k, the width r
component of the colour assigned to v⃗ ∈ V k after a single iteration of the k-dimensional invertible
map test over a field of characteristic q, is given by IMq

k,r ◦γ(v⃗) (ignoring the γ(v⃗) component before
the character vectors). Hence, the output of the invertible map tests over a field of characteristic
q can be computed considering the operator IMq

k, acting on a colouring γ as follows:

IMq
k ◦ γ(v⃗) =

(
IMq

k,1 ◦ γ(v⃗), IM
q
k,2 ◦ γ(v⃗), . . . , IM

q
k,m ◦ γ(v⃗)

)
where m = ⌊k/2⌋. Consider the following families of mappings:

1. For all r ∈ N, WLr = {WL1,r,WL2,r, . . .}.

2. For all r ∈ N, Cr = {C1,r,C2,r, . . .}.

3. For r ∈ N and a constant q equal to 0 or a prime number, IMr(q) = {IMq
1,r, IM

q
2,r, . . .}.

Proposition 2.3.4. The families WLr, Cr, IMr(q) are refinement procedures.

For the proof of Proposition 2.3.4 and that of the next auxiliary Lemma, we use the following
notational conventions. For a colouring γ ∈ G(V k), let γ = prk−1γ and for all v⃗ ∈ V k, if σ = γ(v⃗),
set σ = γ(prk−1v⃗). For π ∈ Sym(k), we let σπ = γ(v⃗π), and define an action on [k](r) by setting

(π(⃗i))j = π(ij) for all j ∈ [r]. For any v⃗ ∈ V k we denote v⃗′ = prk−1v⃗ · vk−1. Note that σ and σπ

are well defined, due to the assumption that γ is graph-like.

Lemma 2.3.5. Let i⃗ ∈ [k](r). Then:

1. If k is an entry of i⃗, then γ(v⃗′⟨⃗i, x⃗⟩) = γ(v⃗⟨⃗i, x⃗⟩).

2. If k ≥ 2 and k − 1 is an entry of i⃗ but k is not, then γ(v⃗π ⟨⃗i, x⃗⟩) = γ(v⃗′⟨⃗i, x⃗⟩), where π =
(k − 1, k) is a transposition of Sym(k).
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3. If k ≥ 3 and neither k nor k − 1 are entries of i⃗, then γ(v⃗⟨⃗i, x⃗⟩) = σ =⇒ γ(v⃗′⟨⃗i, x⃗⟩) = σ. In
particular,

{x⃗ ∈ V r | γ(v⃗′⟨⃗i, x⃗⟩) = κ} =
⋃

{σ∈Im(γ)|σ=κ}

{x⃗ ∈ V r | γ(v⃗⟨⃗i, x⃗⟩) = σ}. (2.3)

Proof. Statements (1) and (2) are trivial to check.
Let w⃗ = v⃗⟨⃗i, x⃗⟩ with γ(w⃗) = σ. Then w⃗′ = v⃗′⟨⃗i, x⃗⟩, so γ(w⃗′) = σ by definition. From this,

and the fact that γ is (k − 1)-consistent, the right-hand side of formula (2.3) is a subset of the
left-hand side. The reverse inclusion follows from the definition of σ in terms of σ, and statement
(3) follows.

Proof of Proposition 2.3.4. We check that each of the families of mappings satisfy the conditions
in Definition 2.3.3. Note that γ ⪯ R ◦ γ for any of the above k-refinement operators R. Hence,
since γ is graph-like, for any u⃗, v⃗ ∈ V k, R ◦ γ(u⃗) = R ◦ γ(v⃗) implies that ui = uj =⇒ vi = vj for
all i, j ∈ [k]. Thus, to show that R ◦ γ is graph-like, it suffices to verify that R ◦ γ is invariant and
satisfies (2.1). That is, that for all u⃗, v⃗ ∈ V k, R ◦ γ(u⃗) = R ◦ γ(v⃗) =⇒ R ◦ γ(u⃗′) = R ◦ γ(v⃗′).

WLr is a refinement procedure. We first show that WLk,r ◦γ is invariant and satisfies formula
(2.1), and is thus a graph-like partition.

Suppose WLk,r ◦γ(u⃗) = WLk,r ◦γ(v⃗). Then γ(u⃗) = γ(v⃗) by definition, and hence γ(u⃗τ ) = γ(v⃗τ )
since γ is graph-like and thus invariant. Furthermore, from the invariance of γ it follows that for
all τ ∈ Sym(k) and ϕ⃗ ∈ Φ(γ, r)

{x⃗ ∈ V r | γ(v⃗τ ⟨τ (⃗i), x⃗⟩) = (ϕ⃗i)
τ ∀⃗i ∈ [k](r)} = {x⃗ ∈ V r | γ(v⃗⟨⃗i, x⃗⟩) = ϕ⃗i ∀⃗i ∈ [k](r)}.

Hence, WLk,r ◦ γ is invariant.
Again, let WLk,r ◦ γ(u⃗) = WLk,r ◦ γ(v⃗). From the definition of the operator WLk,r, there is a

bijection f : V r → V r such that for all x⃗ ∈ V r and i⃗ ∈ [k](r), γ(u⃗⟨⃗i, x⃗⟩) = γ(v⃗⟨⃗i, f(x⃗)⟩). We show
that for the same bijection f , it holds that

γ(u⃗′⟨⃗i, x⃗⟩) = γ(v⃗′⟨⃗i, f(x⃗)⟩), (2.4)

which then implies that WLk,r ◦ γ(u⃗′) = WLk,r ◦ γ(v⃗′) and therefore WLk,r ◦ γ is graph-like. If i⃗
satisfies the assumptions of (1) and (2) in Lemma 2.3.5, then formula (2.4) holds for any x⃗ ∈ V r

since γ is invariant. Using (3) of Lemma 2.3.5, and the fact that γ is graph-like and hence k-
consistent, it follows that formula (2.4) is satisfied also if neither k nor k− 1 are entries of i⃗. Thus,
WLk,r ◦ γ is graph-like as required.

Suppose now that γ is WLk,r-stable; since γ(u⃗) = γ(v⃗), it follows that for all ψ⃗ ∈ Φ(γ, r)

|{x⃗ ∈ V r | γ(u⃗⟨⃗i, x⃗⟩) = ψ⃗i ∀⃗i ∈ [k](r)}| = |{x⃗ ∈ V r | γ(v⃗⟨⃗i, x⃗⟩) = ψ⃗i ∀⃗i ∈ [k](r)}|. (2.5)

Observe that since γ is k-consistent, given any ϕ⃗ ∈ Φ(γ, r) we can write

{x⃗ ∈ V r | γ(prk−1v⃗⟨⃗i, x⃗⟩) = ϕ⃗i ∀⃗i ∈ [k − 1](r)}

as the disjoint union of the sets

{x⃗ ∈ V r | γ(v⃗⟨⃗i, x⃗⟩) = ψ⃗i ∀⃗i ∈ [k](r)}
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over all ψ⃗ ∈ Φ(γ, r) for which ψi⃗ = ϕ⃗i for all i⃗ ∈ [k − 1](r). Combining this with formula (2.5), we

conclude that for all ϕ⃗ ∈ Φ(γ, r)

|{x⃗ ∈ V r | γ(prk−1u⃗⟨⃗i, x⃗⟩) = ϕ⃗i∀⃗i ∈ [k − 1](r)}| = |{x⃗ ∈ V r | γ(prk−1v⃗⟨⃗i, x⃗⟩) = ϕ⃗i∀⃗i ∈ [k − 1](r)}|.

Thus, γ is WLk−1,r-stable.
To see that the stable partition [γ]WLk,r can be computed in time |V |O(k), note that the number

of iterations of the refinement operator before the fixed point is reached is at most |V |k. At each
step, for each k-tuple v⃗, we need to compute the colour WLk,r ◦ γ(v⃗) which involves checking
the colour of k|V | distinct tuples. The total time required at each step is therefore O(k|V |k+1).
Repeating this for |V |k steps gives us the required bound.

Cr is a refinement procedure. The proof in this case, is similar to that of WLk,r.
Suppose Ck,r ◦ γ(u⃗) = Ck,r ◦ γ(v⃗). We have that γ(u⃗) = γ(v⃗) by definition, and the invariance

of γ implies that γ(u⃗τ ) = γ(v⃗τ ), and that

{x⃗ ∈ V r | γ(v⃗τ ⟨τ (⃗i), x⃗⟩) = στ} = {x⃗ ∈ V r | γ(v⃗⟨⃗i, x⃗⟩) = σ}

for all τ ∈ Sym(k) and i⃗ ∈ [k](r). Hence

|{x⃗ ∈ V r | γ(u⃗τ ⟨τ (⃗i), x⃗⟩) = στ}| = |{x⃗ ∈ V r | γ(v⃗τ ⟨τ (⃗i), x⃗⟩) = στ}|

and therefore Ck,r ◦ γ(u⃗τ ) = Ck,r ◦ γ(v⃗τ ), thus showing that Ck,r ◦ γ is invariant.
A similar argument for the operator WLk,r using Lemma 2.3.5 can be used to show that Ck,r ◦γ

is k-consistent and therefore graph-like.
Suppose γ is Ck,r-stable. As γ is graph-like, it holds that

{x⃗ ∈ V r | γ(prk−1v⃗⟨⃗i, x⃗⟩) = κ} =
⋃

{σ∈Im(γ)|σ=κ}

{x⃗ ∈ V r | γ(v⃗⟨⃗i, x⃗⟩) = σ}. (2.6)

for all i⃗ ∈ [k − 1](r) and κ ∈ Im(γ). Since the right-hand side of the above is a disjoint union and

|{x⃗ ∈ V r | γ(u⃗⟨⃗i, x⃗⟩) = σ}| = |{x⃗ ∈ V r | γ(v⃗⟨⃗i, x⃗⟩) = σ}|

it then follows from formula (2.6) that

|{x⃗ ∈ V r | γ(prk−1u⃗⟨⃗i, x⃗⟩) = σ}| = |{x⃗ ∈ V r | γ(prk−1v⃗⟨⃗i, x⃗⟩) = σ}|.

Thus, γ is Ck−1,r-stable.
A similar argument to the case of WLk,r shows that [γ]

Ck,r can be computed in time |V |O(k).

IMr(q) is a refinement procedure. We proceed via the same proof strategy as for the above
refinement procedures. Fix some i⃗ ∈ [k](2r) and set χ⃗ and ξ⃗ to be the (⃗i, v⃗) and (⃗i, u⃗)-character
vectors of γ respectively.

Suppose IMq
k,r ◦ γ(u⃗) = IMq

k,r ◦ γ(v⃗). Then γ(u⃗) = γ(v⃗) and hence, γ(u⃗τ ) = γ(v⃗τ ) for all

τ ∈ Sym(k), since γ is invariant by assumption. Let χ⃗τ be the (τ (⃗i), v⃗τ )-character vector of γ and
similarly define ξ⃗τ . Note that the invariance of γ implies that there is some permutation matrix
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P such that for all σ ∈ Im(γ), PχσP
−1 = (χτ )σ and PξσP

−1 = (ξτ )σ. Thus, if there is some
invertible matrix S for which SχσS

−1 = ξσ holds for all σ ∈ Im(γ), then

PSP−1(χτ )σ(PSP
−1)−1 = PSP−1(χτ )σPS

−1P−1 = PSχσS
−1P−1 = PξσP

−1 = (ξτ )σ,

from which we conclude that IMq
k,r ◦ γ(u⃗

τ ) = IMq
k,r ◦ γ(v⃗

τ ), and hence, γ is invariant.

Let χ⃗′ be the (⃗i, v⃗′)-character vector of γ and similarly define ξ⃗′. Let π = (k − 1, k) ∈ Sym(k)
as before. From Lemma 2.3.5, it follows that χ⃗ = ξ⃗ if k is an entry of i⃗, χ⃗π = (χ⃗′)π if k − 1 is an
entry of i⃗, but k is not, and

(χ′)σ =
∑

{κ∈Im(γ)|κ=σ}

χκ

if neither k nor k− 1 are entries of i⃗, and a similar equation holds for ξ⃗ and ξ⃗′. Since SχσS
−1 = ξσ

for all σ ∈ Im(γ), it holds that S(χ′)σS
−1 = (ξ′)σ for all σ ∈ Im(γ). From this, IMq

k,r ◦ γ(u⃗
′) =

IMq
k ◦ γ(v⃗

′) follows, and thus, IMq
k,r ◦ γ is graph-like.

Now let χ⃗′′ be the (⃗i,prk−1v⃗)-character vector of γ and similarly define ξ⃗′′. From the fact that

γ is graph-like we deduce that for all i⃗ ∈ [k − 1](2r)

(χ′′)σ =
∑

{κ∈Im(γ)|κ=σ}

χκ.

and a similar statement holds for ξ⃗′′ and ξ⃗. Thus, if SχσS
−1 = ξσ for all σ ∈ Im(γ), then for all

σ ∈ Im(γ)

S(χ′′)σS
−1 =

∑
{κ∈Im(γ)|κ=σ}

SχκS
−1 =

∑
{κ∈Im(γ)|κ=σ}

ξκ = (ξ′′)σ.

In particular, if γ is IMq
k,r-stable, then γ is IMq

k−1,r-stable.

Finally, showing that [γ]IM
q
k,r can be computed in time |V |O(k) is similar to the previous cases.

Again, the number of refinement steps is at most |V |k. However, at each step, and for each
pair of tuples, we need to perform a simultaneous similarity test. For this, we rely on the fact
that simultaneous similarity is decidable in polynomial time, as recalled in Section 1.1.4. This
follows from the fact that testing simultaneous similarity can be reduced in polynomial time to
testing module isomorphism (see [24], for example) and the polynomial-time algorithm for the
latter problem over any field is given by Brookbanks and Luks in [17].

For a refinement procedure R = {R1, R2, . . .}, let SR = {R1, R2, . . .} be the family of mappings
where for all graphs Γ, R1(Γ) = Γ and Rk(Γ) = pr2[αk,Γ]

Rk for k ≥ 2. Then, from the above
discussion, SR is a SPAS. For the refinement procedures WLr,Cr and IMr(q) we define SWLr ,
SCr , SIMr(q) to be the respective SPAS’ obtained in such a manner.

2.4 The width parameter and the Weisfeiler-Leman operators

We now look at the effect of adding a width parameter to the Weisfeiler-Leman algorithms, the
goal in mind being the proof of Theorem 2.1.3. Hereafter, we shall write WL = {WL1,WL2, . . .}
and C = {C1,C2, . . .} to denote the refinement procedures WL1 = {WL1,1,WL2,1, . . .} and C1 =
{C1,1,C2,1, . . .} respectively. The distinctions between operators and procedures should be clear
from the context. In a similar manner, we shorten SWL1 to SWL and SC1 to SC.
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For showing that the SPAS’ arising from refinement procedures X = {X1, X2, . . .} and Y =
{Y1, Y2, . . .}, satisfy SX ⪰ SY our general strategy is as follows. For each k ∈ N we find some
k′ ∈ N such that for any graph Γ and any Yk-stable graph-like Γ-partition γ, there is some minimal
Xk′-stable graph-like Γ-colouring γ′ such that pr2γ

′ ⪰ pr2γ. By taking γ′ to be [αk,Γ]
Xk′ (which is

graph-like by Proposition 2.3.4), we then have that Xk(Γ) = pr2γ
′ ⪰ pr2γ ⪰ Y k(Γ), where the last

inequality holds because Y k(Γ) is the 2-projection of a minimal Yk-stable colouring refining αk,Γ.
In the proofs that follow, we tacitly assume that k ≥ r when considering the operators WLk,r

and Ck,r, for the statements hold trivially otherwise. The first two Lemmata are a warm up for
the type of argument predominant in this chapter. The SCr ≈ SC part of Theorem 2.1.3 readily
follows.

Lemma 2.4.1. For all k, r ∈ N, any Ck-stable colouring is Ck,r-stable.

Proof. Let γ be a Ck-stable colouring of V k. By definition, it is Ck,1 stable.

Suppose γ is Ck,m-stable for some m < k. Let j⃗ ∈ [k](m). Since m < k, there is some j′ ∈ [k]
such that j′ ̸= ji for all i ∈ [m]. For all σ, τ ∈ Im(γ) and v⃗ ∈ V k such that γ(v⃗) = σ define

pστ = |{u ∈ V | γ(v⃗⟨j′, u⟩) = τ}|

and
qστ = |{w⃗ ∈ V m | γ(v⃗⟨⃗j, w⃗⟩) = τ}|.

Because γ is Ck-stable and, by induction hypothesis, also Ck,m-stable, it must hold that pστ
and qστ are independent of the choice of v⃗ from the equivalence class [v⃗]γ .

Observe that

{w⃗ · u ∈ V m+1 | γ(v⃗⟨⃗j · j′, w⃗ · u⟩) = τ} = {w⃗ · u ∈ V m+1 | γ((v⃗⟨⃗j, w⃗⟩)⟨j′, u⟩) = τ}.

From this one deduces that

|{w⃗ · u ∈ V m+1 | γ(v⃗⟨⃗j · j′, w⃗ · u⟩) = τ}| =
∑

α∈Im(γ)

pσαqατ

The right-hand side of the above is independent of the choice of v⃗ from the equivalence class [v⃗]γ .
Hence, γ is Ck,m+1-stable. Thus, by induction, it is Ck,r stable for all r.

Corollary 2.4.2. For any graph Γ and k, r ∈ N

Ck,r(Γ) ⪯ Ck(Γ).

Lemma 2.4.3. For all k, r ∈ N, the (k − r + 1)-projection of a Ck,r-stable graph-like colouring is
Ck−r+1-stable.

Proof. Fix γ ∈ G(V k), v⃗ ∈ V k and set γ = prk−r+1γ. Fix some i ∈ [k− r] and define j⃗ ∈ [k](r+1) to

be j⃗ = (i, k−r+1, k−r+2, . . . , k−1, k). Let u ∈ V⃗ and set w⃗ = (vk−r+1, vk−r+1, . . . , vk−r+1) ∈ V r.
Since γ is graph-like, for any u′ ∈ V

γ(v⃗⟨⃗j, u · w⃗⟩) = γ(v⃗⟨⃗j, u′ · w⃗⟩) ⇐⇒ γ(prkv⃗⟨i, u⟩) = γ(prkv⃗⟨i, u′⟩)
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and therefore

{u′ ∈ V | γ(prkv⃗⟨i, u⟩) = γ(prkv⃗⟨i, u′⟩)} = {u′ ∈ V | γ(v⃗⟨⃗j, u′ · w⃗⟩) = γ(v⃗⟨⃗j, u · w⃗⟩)}.

The size of the right-hand side of the latter is independent of the choice of v⃗ from the equivalence
class [v⃗]γ . Hence, as γ is graph-like, the size of the left-hand side is independent of the choice of
w⃗ ∈ V k such that prk−r+1w⃗ ∈ [prk−r+1v⃗]γ . The result follows.

Corollary 2.4.4. For any graph Γ and k, r ∈ N

Ck,r(Γ) ⪰ Ck−r+1(Γ).

Let us now show the SWLr ≈ SCr part of Theorem 2.1.3.

Lemma 2.4.5. For all k, r ∈ N, any WLk,r-stable colouring is Ck,r-stable.

Proof. Let γ be a WLk,r-stable colouring of V k. The size of {x⃗ ∈ V r | γ(v⃗⟨⃗i, x⃗⟩) = ϕ⃗i ∀⃗i ∈ [k](r)}
is then independent of the choice of v⃗ from the equivalence class [v⃗]γ for all ϕ⃗ ∈ Φ(γ, r). For each
j⃗ ∈ [k](r) and σ ∈ Im(γ), the following holds:

{x⃗ ∈ V r | γ(v⃗⟨⃗j, x⃗⟩) = σ} =
⋃

{ϕ⃗∈Φ(γ,r)|ϕj⃗=σ}

{x⃗ ∈ V r | γ(v⃗⟨⃗i, x⃗⟩) = ϕ⃗i, for all i⃗ ∈ [k](r)}.

The right-hand side of the above is a disjoint union of sets whose sizes are independent of the choice
of v⃗ from the equivalence class [v⃗]γ . Hence, the size of the left-hand side, is also the same for any
choice of v⃗ from the class [v⃗]γ , implying that γ is Ck,r-stable.

Corollary 2.4.6. For any graph Γ and k, r ∈ N

Ck,r(Γ) ⪯WLk,r(Γ).

Lemma 2.4.7. For all k, r ∈ N, the k-projection of a Ck+r,r-stable graph-like colouring is WLk,r-
stable.

Proof. Let γ(v⃗) = γ(v⃗′) and let γ = prkγ for some Ck+r,r-stable γ ∈ G(V k+r). Because γ is

graph-like, using Lemma 2.2.4, it holds that for all i⃗ ∈ [k + r](r)

γ(v⃗⟨⃗i,pr⃗j v⃗⟩) = γ(v⃗′⟨⃗i,pr⃗j v⃗
′⟩)

where j⃗ = (k+1, k+2, . . . , k+ r) ∈ [k+ r](r). Since γ is k-consistent, we can take the k-projection
of each side of the above equation and deduce that for all i⃗ ∈ [k](r)

γ(prkv⃗⟨⃗i,pr⃗j v⃗⟩) = γ(prkv⃗
′⟨⃗i,pr⃗j v⃗

′⟩). (2.7)

For all v⃗ ∈ V k+r define ∆⃗ ∈ Φ(γ, r)Im(γ) to be

(∆γ(v⃗))⃗i = γ(prkv⃗⟨⃗i,pr⃗j v⃗⟩).
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It follows from formula (2.7) that ∆⃗ is well defined 3. For w⃗ ∈ V k and u⃗ ∈ V r with γ(w⃗ · u⃗) = σ, one
can think of ∆σ to be the tuple of Φ(γ, r) obtained from the substitutions w⃗⟨⃗i, u⃗⟩ for all i⃗ ∈ [k](r).

For any ϕ⃗ ∈ Φ(γ, r), it follows from the definition of ∆⃗ that

{u⃗ ∈ V r | γ(prkv⃗⟨⃗i, u⃗⟩) = ϕ⃗i ∀⃗i ∈ [k](r)} =
⋃

{σ∈Im(γ)|∆σ=ϕ⃗}

{u⃗ ∈ V r | γ(v⃗⟨⃗j, u⃗⟩) = σ}.

Ck,r-stability of γ implies that the size of the right-hand side of the above is independent of the
choice of v⃗ from the equivalence class [v⃗]γ . Since γ is graph-like, the size of the left-hand side is
unchanged if prkv⃗ is replaced by any w⃗ ∈ V k such that w⃗ ∈ [prkv⃗]γ , and the result follows.

Corollary 2.4.8. For any graph Γ and k, r ∈ N

Ck+r,r(Γ) ⪰WLk,r(Γ).

In particular,
Ck+1(Γ) ⪰WLk(Γ).

Observe that unlike most results in this chapter, in the statement of Lemmata 2.4.1 and 2.4.5
no assumption has been made on the colouring being graph-like or otherwise. This is because the
refinement conditions of the operators WLk,r and Ck are intrinsically stronger than the one of Ck,r
(this is more immediate for the former than the latter). So the fact that Ck and WLk,r-stable
colourings are Ck,r-stable does not depend on the properties of the colouring. Something similar
will occur in the next chapter with solvability operators over fields of characteristic 0.

The results proven so far involved showing that the projection of some colouring satisfied some
stability condition. In order to prove that SWL dominates SC we extend a WLk-stable partition to
a Ck+1-stable one. Let γ ∈ G(V k) be WLk-stable and define a colouring γ̂ of V k+1 as follows:

γ̂(v⃗ · w) = (γ(v⃗), γ(v⃗⟨1, w⟩), γ(v⃗⟨2, w⟩), . . . , γ(v⃗⟨k,w⟩)) ∀v⃗ ∈ V k, w ∈ V.

That is to say, γ̂(v⃗ · w) = γ̂(v⃗′ · w′) if, and only if, γ(v⃗) = γ(v⃗′) and γ(v⃗⟨i, w⟩) = γ(v⃗′⟨i, w′⟩) for all
i ∈ [k]. First, we need to prove that γ̂ is graph-like.

Lemma 2.4.9. Let γ and γ̂ be as above. If γ is invariant, then γ̂ is invariant.

Proof. Because Sym(k+1) = ⟨Sym(k), (k, k+1)⟩ it is sufficient to show that γ̂(u⃗ ·u′) = γ̂(v⃗ ·v′) =⇒
γ̂((u⃗ · u′)τ ) = γ̂((v⃗ · v′)τ ), where τ = (k, k + 1) is a transposition of Sym(k + 1); equivalently

γ̂((prk−1u⃗) · u′ · uk) = γ̂((prk−1v⃗) · v′ · vk). (2.8)

It follows from the definition of γ̂ that if γ̂(u⃗ · u′) = γ̂(v⃗ · v′) then

γ(u⃗⟨k, u′⟩) = γ(v⃗⟨k, v′⟩)

and hence
γ((prk−1u⃗) · u′) = γ((prk−1v⃗) · v′). (2.9)

3Let us make this clearer. Recall that Φ(γ, r) = Im(γ)[k]
(r)

, so ∆⃗ is a tuple elements ∆σ ∈ Φ(γ, r) indexed by the
colours σ ∈ Im(γ). Thus, for each σ, ∆σ is a tuple of colours from Im(γ) indexed by [k](r). The indicated expression
is well defined if for any v⃗, v⃗′ ∈ V k+r, γ(v⃗) = γ(v⃗′) implies ∆γ(v⃗) = ∆γ(v⃗′).
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Also, γ̂(u⃗ · u′) = γ̂(v⃗ · v′) implies that γ(u⃗) = γ(v⃗) and hence, since γ is graph-like

γ((prk−1u⃗) · uk) = γ((prk−1v⃗) · vk). (2.10)

Since γ(u⃗⟨i, u′⟩) = γ(v⃗⟨i, v′⟩) for all i ∈ [k] and γ is invariant, for any τ = (i, k) ∈ Sym(k),
γ(u⃗⟨i, u′⟩τ ) = γ(v⃗⟨i, v′⟩τ ) or, equivalently

γ((prk−1u⃗) · u′⟨i, uk⟩) = γ((prk−1v⃗) · v′⟨i, vk⟩). (2.11)

Combining formulae (2.9), (2.10), and (2.11), formula (2.8) follows.

Consequently, if γ is graph-like, so is γ̂. Indeed, γ̂ is k-consistent by construction. Also, since
γ̂ is invariant and γ satisfies formula (2.2), then γ̂ also satisfies formula (2.2). Finally, observe that
if γ is a Γ-colouring for some graph Γ, then so is γ̂.

Lemma 2.4.10. Let γ and γ̂ be as above. If γ is graph-like and WLk-stable, then γ̂ is Ck+1-stable.

Proof. As observed, if γ is graph-like, then γ̂ is graph-like by construction. Since γ is WLk-stable, it
follows that for all σ ∈ Im(γ̂) and v⃗ ∈ V k+1, the size of {x ∈ V | γ̂(v⃗⟨k+1, x⟩) = σ} is independent
of the choice of v⃗ from the equivalence class [v⃗]γ̂ . By invariance of γ̂, one deduces that for all
i ∈ [k + 1] the size of {x ∈ V | γ̂(v⃗⟨i, x⟩) = σ} is independent of the choice of v⃗ in the equivalence
class [v⃗]γ̂ . Thus, γ̂ is Ck+1-stable.

Corollary 2.4.11. For any graph Γ

Ck+1(Γ) ⪯WLk(Γ).

In particular, combining this with Corollary 2.4.8 one deduces that for all graphs Γ and k ∈ N

Ck+1(Γ) ≈WLk(Γ). (2.12)

This can be seen as a combinatorial reformulation of Theorem 5.2 in [20] proved without referring
to the Immerman-Lander pebble game.

Proof of Theorem 2.1.3. Let Γ be any graph. From formula (2.12) it easily follows that SWL ≈ SC.
Corollaries 2.4.2 and 2.4.4 imply that for all r, k ∈ N

Ck(Γ) ⪰ Ck,r(Γ) ⪰ Ck−r+1(Γ)

and hence for any r ∈ N
SC ≈ SCr .

From Corollaries 2.4.8 and 2.4.6, we deduce that for all r ∈ N.

SWLr ≈ SCr .

We conclude this section with a property of Ck-stable partitions which can be seen as a gener-
alization of Corollary 1.10.4. We will use this in Section 2.6 for the proof of Lemma 2.6.5.
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Lemma 2.4.12. Let γ ∈ G(V k) be Ck-stable. The prime numbers factors of the size of any
equivalence class of γ are less than or equal to |V |.

Proof. For σ ∈ Im(γ), let σ = γ(prk−1v⃗ · vk−1) for some v⃗ ∈ γ−1(σ). Since γ is graph-like, the
definition of σ is independent of the choice of v⃗ from within γ−1(σ). We have

γ−1(σ) =
⋃

w⃗∈γ−1(σ)

{w⃗⟨k, x⟩ | x ∈ V, γ(w⃗⟨k, x⟩) = σ}.

Indeed, it follows from the definition of σ that if γ(v⃗) = σ, then v⃗ = w⃗⟨k, vk⟩ for some w⃗ ∈ γ−1(σ).
The reverse inclusion is trivial. Since γ is graph-like and Ck-stable, the right hand side of the
equality is a disjoint union of sets of equal cardinality, whence |γ−1(σ)| = m|γ−1(σ)|, wherem ≤ |V |.
If k = 1 or k = 2, then clearly |γ−1(σ)| ≤ |V |, since the class γ−1(σ) is made up of elements of
the form (u, u), u ∈ V , and the result holds. If k > 2, we may assume that the prime factors of
|γ−1(σ)| are less than or equal to |V |, and the result follows by induction, since m ≤ |V |.

2.5 The Evdokimov-Ponomarenko SPAS

We use some of the combinatorial statements proved in the previous section to show a known result;
that is, the equivalence between the SPAS’ SWL and SEP = {EP1,EP2, . . .}, of which the latter
was introduced by Evdokimov and Ponomarenko in [36]. These arise from considering the k-fold
tensor product W⊗k of a coherent algebra W on V and considering the smallest coherent algebra
on V k containing the W⊗k and the adjacency matrix of the k-fold diagonal of V . For our purposes,
we describe this construction combinatorially; note that we omit the overline from EPk, since these
mappings do not arise from a refinement operator as in the previous cases.

Fix some colouring γ of V 2, some k ∈ N and a symbol diag /∈ Im(γ). Define the colouring
γ(k) : (V k)2 → Im(γ)k ∪ (Im(γ)k × {diag}) as follows:

γ(k)(u⃗, v⃗) =

{
(γ(u1, v1), γ(u2, v2), . . . , γ(uk, vk), diag) if u⃗ = v⃗ = (u, u, . . . , u) for some u ∈ V
(γ(u1, v1), γ(u2, v2), . . . , γ(uk, vk)) otherwise

for all u⃗, v⃗ ∈ V k. Note that we have denoted elements of (V k)2 by (u⃗, v⃗) as opposed to (u⃗ · v⃗) to
emphasize the difference between a set of pairs of k-tuples as opposed to a set of 2k-tuples. Hence,
if γ is graph-like, then [γ(k)]WL2 is a coherent configuration on V k, which we denote by γ̂(k). If
γ = αk,Γ we denote the latter colouring by Γ̂(k). Observe that the set

D = {(u, u, . . . , u) ∈ V k | u ∈ V }

is a union of cells of γ̂(k). Hence, the restriction γ̂(k)|D2 is a coherent configuration on D. Let
δ : V 2 → D2 be the map

(u, v) 7→ (u⃗, v⃗) (2.13)

where u⃗ = (u, u, . . . , u) ∈ V k and v⃗ = (v, v, . . . , v) ∈ V k. We define EPk(Γ) = Γ̂(k) ◦ δ (note that its
equivalence classes form a coherent configuration on V ). Note also that EPk(Γ) is a Γ-colouring, for
indeed, if (u⃗, v⃗) and (w⃗, z⃗) are in the same equivalence class of Γ̂(k), then α2k,Γ(u⃗ · v⃗) = α2k,Γ(w⃗ · z⃗).

Theorem 1.1 in [35] shows that the family SEP = {EP1,EP2, . . .} forms, indeed, a SPAS.
Furthermore, the authors also prove the following properties 4. For a binary relation R on V , set
Xk
R = {(u, v, . . . , v) ∈ V k | (u, v) ∈ R}.
4See Proposition 3.6 in [35].

49



Proposition 2.5.1. R is an equivalence class of EPk(Γ) if, and only if, Xk
R is a cell of Γ̂(k).

Proposition 2.5.2. The equivalence classes of [αk,Γ]
WLk are unions of cells of Γ̂(k).

From these, one deduces the first half of Theorem 2.1.4.

Lemma 2.5.3. For any graph Γ and k ∈ N

WLk(Γ) ⪯ EPk(Γ).

Proof. For k = 1 the statement is trivial. Let k ≥ 2 and set γ = [αk,Γ]
WLk . By Proposition 2.5.2,

and because γ is graph-like, for any u, v ∈ V the equivalence class [(v, u, . . . , u)]γ is a union of cells
of Γ̂(k) whose elements are all of the form (v′, u′, . . . , u′). Since WLk(Γ) = pr2γ, it follows from
Proposition 2.5.1 that its equivalence classes are unions of equivalence classes of EPk(Γ). Hence
WLk(Γ) ⪯ EPk(Γ).

We now apply Lemmata 2.4.5, 2.4.1 and 2.4.7 to show the second half of Theorem 2.1.4. For
all k, p ∈ N let ψk,p : (V

k)p → V pk be the concatenation map

(w⃗1, w⃗2, . . . , w⃗p) 7→ (w⃗1 · w⃗2 · . . . · w⃗p). (2.14)

Lemma 2.5.4. For any graph Γ and k ∈ N

EPk(Γ) ⪯WL3k(Γ).

Proof. Let γ = [α3k,Γ]
C3k,k and set Φ̂ = Φ(pr2kγ, k) . By Lemma 2.4.7 pr2kγ is a WL2k,k stable

colouring of V 2k. Hence, for all ϕ⃗ ∈ Φ̂ the size of

{x⃗ ∈ V k | pr2kγ(v⃗⟨⃗i, x⃗⟩) = ϕ⃗i ∀⃗i ∈ [2k](k)}

is independent of the choice of v⃗ from the equivalence class [v⃗]pr2kγ . In particular, by setting

T = {(1, 2, . . . , k), (k + 1, k + 2, . . . , 2k)}

then for all ξ⃗ ∈ Im(pr2kγ)
T

{x⃗ ∈ V k | pr2kγ(v⃗⟨⃗i, x⃗⟩) = ξi, ∀⃗i ∈ T} =
⋃

{ϕ⃗∈Φ̂|ϕ⃗i=ξ⃗i ∀⃗i∈T}

{x⃗ ∈ V k | pr2kγ(v⃗⟨⃗i, x⃗⟩) = ϕ⃗i, ∀⃗i ∈ [2k](k)}.

The right-hand side of the above is a disjoint union of sets whose size is independent of the choice
of v⃗ from the equivalence class [v⃗]pr2kγ . Hence, the size of the left-hand side is independent of
the choice of v⃗ from the equivalence class [v⃗]pr2kγ , and therefore, (pr2kγ) ◦ ψk,2 is a WL2-stable

partition of (V k)2. In particular, it refines α2k,Γ ◦ ψk,2. But Γ̂(k) ⪰ α2k,Γ ◦ ψk,2 and thus, since Γ̂(k)

is a minimal WL2-stable partition of (V k)2 refining Γ(k), then Γ̂(k) ⪯ (pr2kγ) ◦ ψk,2. In particular,

Γ̂(k)|D2 ⪯ (pr2kγ) ◦ ψk,2|D2 and hence, if δ is as defined in formula (2.13)

EPk(Γ) ⪯ (pr2kγ) ◦ ψk,2 ◦ δ.

Since γ is graph-like, Lemma 2.2.4 implies that for all u, u′, v, v′ ∈ V

pr2kγ(u, v, . . . , v) = pr2kγ(u
′, v′, . . . , v′) =⇒ pr2kγ(u⃗ · v⃗) = pr2kγ(u⃗

′ · v⃗), (2.15)
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where u⃗ = (u, u, . . . , u), v⃗ = (v, v, . . . , v), u⃗′ = (u′, u′, . . . , u′), v⃗′ = (v′, v′, . . . , v′) ∈ V k. It therefore
follows that pr2γ = (pr2kγ) ◦ ψk,2 ◦ δ. But pr2γ = C3k,k(Γ) ⪯ WL3k(Γ) (by Lemmata 2.4.1 and
2.4.5) and thus, by formula (2.15)

EPk(Γ) ⪯WL3k(Γ).

Proof of Theorem 2.1.4. Combine Lemmata 2.5.3 and 2.5.4.

2.6 The width parameter and the invertible map operators

The compact relationship between the Weisfeiler-Leman operators with different width parameters
seems to not manifest itself in the case of the invertible map operators. Specifically, it is unclear
if the width r component of the invertible map colourings adds significant distinguishing power
on graphs for larger values of r. For the invertible map operators, we prove an equivalence in the
form of Theorem 2.1.3 only for cases in which the refinement procedures IMr(q) collapse to the
refinement procedure WL; that is, when q = 0 or q is an upper bound to the number of vertices in
the graphs. For the general case, we show that the distinguishing power of lower width parameter is
no greater than that of larger width parameter (Theorem 2.1.6). Hereafter, we assume that k ≥ 2r
when dealing with the operators IMq

k,r, since the statements hold trivially otherwise.

Lemma 2.6.1. The (k − 2)-projection of a graph-like IMq
k,r-stable colouring is IMq

k−2,r−1-stable.

Let us fix some conventions for the following proof. Fix i⃗ ∈ [k − 2](2r−2), let j⃗, l⃗ ∈ [k − 2](r−1)

satisfy i⃗ = j⃗ · l⃗, and define i⃗(r) = j⃗ · (k − 1) · l⃗ · (k) ∈ [k](2r). That is, i⃗(r) is obtained by splitting i⃗
in half, and putting the entry k − 1 in the rth place and k in the 2rth place. For a V ×W matrix
M and subsets V ′ ⊆ V and W ′ ⊆ W , define the restriction of M to V ′ ×W ′ to be the V ′ ×W ′

matrix whose (v, w) entry is the same as that of M for v ∈ V ′, w ∈ W ′. For all v ∈ V , define
V (r,v) = {v⃗ ∈ V r | vr = v}.

Proof. The idea behind this proof is to project the matrices alongside the projections of the colour-
ings. Let γ ∈ G(V k) and define γ = prk−2γ. Fix u⃗, v⃗ ∈ V k with γ(u⃗) = γ(v⃗) and vk−2 = vk−1 = vk
(so that uk−2 = uk−1 = uk, since γ is graph-like). Define u⃗′ = prk−2u⃗ and similarly v⃗′ = prk−2v⃗.

We first construct the (⃗i, v⃗′)-character vector of γ from the (⃗i(r), v⃗)-character vector of γ. Because γ
is k-consistent, if σ ∈ Im(γ), then for any x⃗, y⃗ ∈ V r such that γ(v⃗⟨⃗i(r), x⃗ · y⃗⟩) = σ, it must hold that
xr = yr = vk

5. Thus, the entries of the (⃗i, v⃗′)-character vector of γ are the restrictions to V r
vk
×V r

vk

of the entries of the (⃗i(r), v⃗)-character vector labelled by σ ∈ Im(γ). A similar argument can be
used to construct the (⃗i, u⃗′)-character vector of γ. It is then easy to check that if some invertible
V r×V r matrix S witnesses the simultaneous similarity of the (⃗i(r), v⃗) and (⃗i(r), u⃗)-character vectors
of γ, then the restriction of S to V r

uk
×V r

vk
witnesses the simultaneous similarity between the (⃗i, v⃗′)

and (⃗i, u⃗′)-character vectors of γ. Whence, γ is IMq
k−2,r−1-stable as required.

Corollary 2.6.2. For any graph Γ and r ∈ N,

IM
q
k,r(Γ) ⪰ IM

q
k−2,r−1(Γ).

5Recall that from the definition of the r-projection of a colouring γ of V k, if σ ∈ Im(prrγ) then σ = γ(w⃗) for some
w⃗ ∈ V k with wr = wr+1 = . . . = wk.
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Theorem 2.1.6 is immediate from the above. We leave it as an open question to show whether
or not the reverse inequality holds in general. Somewhat related to this question is to ask on what
classes of graphs the SPAS SIMr(q) and SWL simulate each other, and it turns out that this is closely
linked to the properties of the algebras arising from the Weisfeiler-Leman colouring. First, we show
that in general, SIMr(q) dominates SWL.

Lemma 2.6.3. The (k − r)-projection of a graph-like IMq
k,r-stable colouring is Ck−r,r-stable

6.

Proof. Let γ ∈ G(V k) be IMq
k,r-stable and set γ = prk−rγ. Fix some j⃗ ∈ [k − r](r), define j⃗′ =

(k − r + 1, . . . , k) ∈ [k](r) and set i⃗ = j⃗ · j⃗′ ∈ [k](2r). For some u⃗, v⃗ ∈ V k with γ(u⃗) = γ(v⃗) let
χ⃗, ξ⃗ be the (⃗i, u⃗) and (⃗i, v⃗)-character vectors of γ respectively. As γ is graph-like, there is some
σ ∈ Im(γ) such that the matrix χσ is diagonal and non-zero. Since γ(u⃗) = γ(v⃗), there is some
S ∈ GLV (F) such that SχσS

−1 = ξσ for some field F of characteristic q. So χσ and ξσ are diagonal
matrices with equal rank, and hence the same number of 1s on the diagonal. Thus, the size of the
set {w⃗ ∈ V r | γ(v⃗⟨⃗i, w⃗ · w⃗⟩) = σ} is independent of the choice of v⃗ from the equivalence class [v⃗]γ .
For each θ ∈ Im(γ), define θ = γ(prk−rv⃗) if γ(v⃗) = θ 7. The colouring γ is graph-like, so by setting
z⃗ = prk−rv⃗, it holds that for all σ ∈ Im(γ)

{w⃗ ∈ V r | γ(z⃗⟨⃗j, w⃗⟩) = σ} =
⋃
θ|θ=σ

{w⃗ ∈ V r | γ(v⃗⟨⃗i, w⃗ · w⃗⟩) = θ}

and hence, as the right-hand size of the above is a disjoint union, the side of the left-hand side is
independent of the choice of z⃗ from the equivalence class [prk−rv⃗]γ . The result follows.

Corollary 2.6.4. For any graph Γ

IM
q
k+2r,r(Γ) ⪰WLk(Γ).

Proof. This follows from Lemma 2.6.3 and the fact that Ck+1+r,r ⪰ Ck+1(Γ) ≈WLk(Γ).

The proof of Lemma 2.6.3 can be understood in terms of linear algebraic logics, since we can
use the quantifier over the rank operator for any characteristic to construct formulae with counting
quantifiers. The rank operator R maps a matrix to its rank and is thus a linear algebraic operator.
Whence, the formula ∃txϕ(x) is equivalent to QR,t(x = x ∧ ϕ(x)). More generally, for an r-tuple of
variables x⃗, ∃r,tx⃗ϕ(⃗x) is equivalent to QR,t(⃗x = x⃗ ∧ ϕ(⃗x)).

The next result, combined with Lemma 2.6.3 leads to the statement of Theorem 2.1.5 as well
as the idea of the invertible map tests as a representation theoretic generalization of the Weisfeiler-
Leman algorithms. It also gives some sufficient conditions for SIMr(q) ≈ SWL to hold for all values
of r, and hence a sufficient condition for SIMr(q) ≈ SIM1(q) to be satisfied.

Lemma 2.6.5. The k-projection of a graph-like Ck+r-stable colouring of V k+r is IMq
k,r-stable if

q = 0 or q > |V |.

We outline the steps for the proof of the above. For each i⃗ ∈ [k](2r) and v⃗ ∈ V k+r we associate
a colouring gv⃗ whose equivalence classes form a coherent configuration on V r. Furthermore, if
γ(u⃗) = γ(v⃗), then the coherent configurations associated with u⃗ and v⃗ are algebraically isomorphic.

6Recall that we have assumed that k ≥ 2r so that, indeed, k − r ≥ r > 0.
7This notion is well defined by Lemma 2.2.4 since γ is graph-like.
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We then show that the prime factors of the size of the equivalence classes of gv⃗ are bounded from
above by |V |, and by relating gv⃗ to the (⃗i, v⃗)-character vector, we use Lemma 2.4.12 to deduce the
desired result.

In what follows, let γ ∈ G(V k+r) be Ck+r,r-stable, and fix u⃗, v⃗ ∈ V k+r with γ(u⃗) = γ(v⃗). Set

γ = prkγ. Fix i⃗ ∈ [k](2r) and set

i⃗3 = (k + 1, k + 2, . . . , k + r) ∈ [k + r](r).

The reason for the choice of the suffix 3 will become clear shortly. To avoid notational cluttering,
we denote the concatenation mapping ψr,3 as in formula 2.14 by ψ. For each v⃗ ∈ V k+r, define ĝv⃗
to be the colouring on (V r)3 given by

(V r)3 → Im(γ)

x⃗ 7→ γ(v⃗⟨⃗i · i⃗3, ψ(x⃗)⟩).

Let gv⃗ = pr2ĝv⃗ (so gv⃗ is a colouring of (V r)2).

Lemma 2.6.6. The equivalence classes of gv⃗ form a coherent configuration on V r.

Proof. It is sufficient to show that ĝv⃗ is C3-stable; indeed, this implies that gv⃗ = pr2ĝv⃗ is graph-like
and WL2-stable, and therefore, its equivalence classes form a coherent configuration on V r.

Write i⃗ as i⃗ = i⃗1 · i⃗2, where i⃗1, i⃗2 ∈ [k](r). For l ∈ {1, 2, 3}, σ ∈ Im(γ) and for all x⃗ ∈ (V r)3, we
have that

{y⃗ ∈ V r | ĝv⃗(x⃗⟨l, y⃗⟩) = σ} = {y⃗ ∈ V r | γ(v⃗⟨⃗i1 · i⃗2 · i⃗3, ψ(x⃗)⟩⟨⃗il, y⃗⟩) = σ}.

Since i⃗l ∈ [k + r](r), and γ is Ck+r,r-stable, for each l ∈ {1, 2, 3} the size of the right hand side in

the above is independent of the choice of x⃗ for which v⃗⟨⃗i1 · i⃗2 · i⃗3, ψ(x⃗)⟩ is in the equivalence class
[v⃗⟨⃗i1 ·⃗ i2 ·⃗ i3, ψ(x⃗⟩)]γ . Hence, the left hand side is independent of the choice of x⃗ from the equivalence
class [x⃗]ĝv⃗ .

Note that since γ(u⃗) = γ(v⃗), it holds that gu⃗ ≃ gv⃗ and thus, the equivalence classes of gu⃗ and
gv⃗ form algebraically isomorphic coherent configurations. In terms of coherent algebras, this can
be equivalently stated as follows. Let ξσ be the V r ×V r adjacency matrix of the relation g−1

u⃗ (σ) ⊆
V r × V r, and similarly define χσ in terms of g−1

v⃗ (σ). Then the sets {ξσ | ξσ ̸= 0, σ ∈ Im(γ)}
and {χσ | χσ ̸= 0, σ ∈ Im(γ)} are both standard bases of coherent algebras; in addition, the map
ξσ 7→ χσ linearly extends to an isomorphism of coherent algebras.

Lemma 2.6.7. The prime factors of the sizes of the equivalence classes of ĝv⃗ are at most equal to
|V |.

Proof. It suffices to show that g = gv⃗ ◦ ψ−1 is a graph-like and C3r-stable colouring of V 3r. The
result then follows by Lemma 2.4.12.

We leave it as a combinatorial exercise to check that g is indeed graph-like. From the definition
of g and gv⃗, we have that for all σ ∈ Im(g), j ∈ [3r] and w⃗ ∈ V 3r

{z ∈ V | g(w⃗⟨j, z⟩) = σ} = {z ∈ V | γ(v⃗⟨⃗i · i⃗3, w⃗⟨j, z⟩⟩) = σ}.

Since γ is Ck+r-stable, the size of the right hand side is independent of the choice of w⃗ so long
as v⃗⟨⃗i · i⃗3, w⃗⟩ is from the equivalence class [v⃗⟨⃗i · i⃗3, w⃗⟩]γ . It follows that the size of the left hand side
is independent of the choice of w⃗ from the equivalence class [w⃗]g, and g is therefore C3r-stable.

53



We finally establish a relation between ĝv⃗ and the (⃗i, v⃗)-character vector of γ which will lead to
the statement of Lemma 2.6.5.

Proof of Lemma 2.6.5. For each w⃗ ∈ V k, define hw⃗ to be the colouring of V r × V r given by the
mapping

V r × V r → Im(γ)

(x⃗, y⃗) 7→ γ(w⃗⟨⃗i, x⃗ · y⃗⟩).

Similarly define the mapping hv⃗ for v⃗ ∈ V k+r to be the following:

V r × V r → Im(γ)

(x⃗, y⃗) 7→ γ(v⃗⟨⃗i, x⃗ · y⃗⟩).

Let ξ⃗′ and χ⃗′ be the (⃗i, w⃗) and (⃗i, z⃗)-character vectors of γ, where w⃗ = prku⃗ and z⃗ = prkv⃗. Note
that for each σ ∈ Im(γ), ξ′σ is the V r × V r adjacency matrix of h−1

w⃗ (σ); similarly, χ′
σ is the

adjacency matrix of h−1
z⃗ (σ). Since γ is graph-like, it can be deduced from Lemma 2.2.4 that for all

x⃗, y⃗, x⃗′, y⃗′ ∈ V r

γ(v⃗⟨⃗i · i⃗3, x⃗ · y⃗ · y⃗⟩) = γ(v⃗⟨⃗i · i⃗3, x⃗′ · y⃗′ · y⃗′⟩) =⇒ γ(w⃗⟨⃗i, x⃗ · y⃗⟩) = γ(w⃗⟨⃗i, x⃗′ · y⃗′⟩)8,

From which we deduce that ĝv⃗ = pr2gv⃗ ⪰ hv⃗ and similarly ĝu⃗ = pr2gu⃗ ⪰ hu⃗. Since ĝv⃗ is a refinement
of hv⃗, for each σ ∈ Im(hv⃗), there is some Iσ ⊆ Im(ĝv⃗) so that

h−1
v⃗ =

⋃
σ̂∈Iσ

ĝ−1
v⃗ (τ).

Whence, for each σ ∈ Im(hz⃗),

χσ =
∑
σ̂∈Iσ

χ′
σ̂

and since γ(v⃗) = γ(u⃗) we can similarly write

ξσ =
∑
σ̂∈Iσ

ξ′σ̂.

Recall that Au⃗ and Av⃗ are standard bases of isomorphic coherent algebras and, in particular, the
mapping ξσ̂ 7→ χσ̂ linearly extends to an isomorphism. By Lemma 2.6.7, the prime factors of the
number of non-zero entries in ξσ̂ and χσ̂ are at most |V |, so if q > |V |, then Sξσ̂S

−1 = χσ̂ for
some S ∈ GLV r(F), where F is a field of characteristic q (see Section 1.12 for details on morphisms
between semisimple coherent algebras). We then have that for all σ ∈ Im(hz⃗)

SχσS
−1 =

∑
σ̂∈Iσ

Sχ′
σ̂S

−1 =
∑
σ̂∈Iσ

ξ′σ̂ = ξσ

from which it follows that γ is IMq
k,r-stable.

Corollary 2.6.8. For any graph Γ on V and k, r ∈ N, if q = 0 or q > |V |, then

WLk+r+1(Γ) ⪰ IM
q
k,r(Γ).

8The implication can be thought of as taking the k-projection of either side of the first equality.
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The latter result has important algorithmic consequences, for it entails that whilst it is not
possible to compute the colouring assigned to graphs by the invertible map test over some infinite
Q, it is possible to decide in polynomial time whether a pair of non-isomorphic graphs can be
distinguished by the test. More details on this will be discussed in Section 2.8.

Theorem 2.1.5 follows from combining Corollaries 2.6.4 and 2.6.8 and using Holm’s generalised
Cai-Fürer-Immerman constructions.

Proof of Theorem 2.1.5. By taking q = 0 in Corollaries 2.6.4 and 2.6.8 we get that SWL ≈ SIMr(0).
For q > 0, Corollary 2.6.8 implies that SIMr(q) ⪰ SWL. In fact, SIMr(q) strictly dominates SWL

as it can be shown using Holm’s generalised Cai-Fürer-Immerman constructions. These provide,
for each natural number k ≥ 3 and prime number p, pairs of non-isomorphic graphs (Γk,Γ

′
k) of

size O(k) which are not distinguished by the k-dimensional Weisfeiler-Leman algorithm, but can
be distinguished using the 3-dimensional invertible map test over Zp (this can be deduced by
embedding rank logics in in LAω(Q) and using Theorem 7.32 in [45]). By taking the disjoint union
of Γk and Γ′

k for each k, we get a family of graphs of size O(k) for which the equivalence classes
of the colouring given by the 3-dimensional invertible map test over Zp coincide with those of the
3-orbit partition, but there is no fixed k′, for which the k′-dimensional Weisfeiler-Leman algorithm
outputs the k′-orbit partition for all the graphs in the family.

2.7 Multisets of tuples vs. tuples of multisets

There is a subtle difference between the definitions of WLk,r and Ck,r: for a colouring γ of V k, the
colours of WLk,r ◦γ are multisets of tuples of colours of γ, whereas the colours of Ck,r ◦γ are tuples
of multisets of colours of γ. Another way to see this is to note that the colours assigned by Ck,r to

a k-tuple v⃗ is in fact, a tuple of induced colourings of V r labelled by elements of [k](r). The i⃗-entry
of this tuple is

γ (⃗i,v⃗) : V r → Im(γ)

x⃗ 7→ γ(v⃗⟨⃗i, x⃗⟩).

Tuples u⃗, v⃗ ∈ V k then satisfy Ck,r ◦ γ(u⃗) = Ck,r ◦ γ(v⃗) if, and only if, γ(u⃗) = γ(v⃗) and γ (⃗i,u⃗) ≃ γ (⃗i,v⃗)
for all i⃗ ∈ [k](r). Similarly, the operator WLk,r assigns to v⃗ a labelled partition γ(v⃗) of V r whose
colours are tuples of colours labelled by elements of [k](r):

γ(v⃗) : V r → Φ(γ, r)

x⃗ 7→ (γ(v⃗⟨⃗i, x⃗⟩))⃗i∈[k](r) .

Tuples u⃗, v⃗ ∈ V k then satisfy WLk,r◦γ(u⃗) = WLk,r◦γ(v⃗) if, and only if, γ(u⃗) = γ(v⃗) and γ(u⃗) ≃ γ(v⃗).
We now show that a similar variation in the definition of IMq

k,r gives a refinement procedure

whose corresponding SPAS is equivalent to SIMr(q). For each v⃗ ∈ V k and r with 2r ≤ k, define the
(r, v⃗)-contracted character vector for γ as the tuple χ⃗ of V r × V r 01-matrices labelled by elements
of Φ(γ, 2r), where χ

ϕ⃗
is the adjacency matrix of {(x⃗, y⃗) ∈ (V r)2 | γ(v⃗⟨⃗i, x⃗ · y⃗⟩) = ϕ⃗i ∀⃗i ∈ [k](2r)} ⊆

V r × V r. Consider the refinement operators IMtqk,r, for k, r ∈ N and q = 0 or a prime number,

defined as follows: if k < 2r, IMtqk,r ◦ γ = γ; otherwise:

IMtqk,r ◦ γ : V k → Im(γ)× (MatV r(F)Φ(γ,2r)/ ∼)
v⃗ 7→ (γ(v⃗), χ⃗/ ∼)
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where F is a field of characteristic q and ∼ is the relation of simultaneous similarity over F, and χ⃗ the
(r, v⃗)-contracted character vector for γ. The IMtqk,r operators are to the Weisfeiler-Leman operators
like the invertible map operators are to the counting logics operators. Indeed, the colours assigned
by the invertible map operators are tuples of colourings of (V r)2 (encoded as tuples of matrices)
labelled elements of [k](2r), whereas the colours of IMtqk,r ◦ γ are colourings (again, represented by
adjacency matrices) of V r in themselves. In the spirit of Proposition 2.3.4, one can check that
IMtqk,r are indeed graph-like refinement operators and the collection {IMtq1,r, IMtq2,r . . .} forms a

refinement procedure for any r ∈ N. Thus, if we define the mapping on graphs IMt
q
k,r to be

Γ 7→ pr2[αk,Γ]
IMtqk,r ,

then SIMtr(q) = {IMt
q
1,r, IMt

q
2,r . . .} is a SPAS.

The goal of this section is to prove the following.

Theorem 2.7.1. For any r ∈ N and suitable q

SIMt(q) ≈ SIMr(q).

We prove this by comparing the IMtqk,r stability condition with that of IMq
k,r. Again, we consider

only the case k ≥ 2r, for the statements in the following Lemmata are otherwise trivial.
Let us first state the stability condition for IMtqk,r. For a colouring γ of V k, u⃗, v⃗ ∈ V k, q = 0 or

a prime number and 2r ≤ k we have that:

IMtqk,r ◦ γ(u⃗) = IMtqk,r ◦ γ(v⃗) if, and only if, γ(u⃗) = γ(v⃗) and there exist some S ∈
GLV r(F) such that for all ϕ⃗ ∈ Φ(γ, 2r)

Sχ
ϕ⃗
S−1 = ξ

ϕ⃗
,

where χ⃗ and ξ⃗ are the (r, u⃗) and (r, v⃗)-contracted character vectors of γ respectively
and F is a field of characteristic q. In particular, γ is IMtqk,r-stable if, and only if, for

all u⃗, v⃗ ∈ V k and i⃗ ∈ [k](2r)

γ(u⃗) = γ(v⃗) =⇒ ∃S ∈ GLV r(F), Sχ
ϕ⃗
S−1 = ξ

ϕ⃗
∀ϕ⃗ ∈ Φ(γ, 2r).

For the remainder of this section we assume that q = 0 or a prime number and F is a field of
characteristic q.

Lemma 2.7.2. An IMtqk,r-stable colouring is IMq
k,r-stable.

Proof. Fix some colouring γ of V k and u⃗, v⃗ ∈ V k such that γ(u⃗) = γ(v⃗). Let χ⃗, ξ⃗, χ⃗⋆, ξ⃗⋆ be the (r, u⃗)
and (r, v⃗)-contracted character vectors and the (⃗i, u⃗) and (⃗i, v⃗)-character vectors of γ respectively.
Then, for all σ ∈ Im(γ):

χ⋆σ =
∑

{ϕ⃗∈Φ(γ,2r)|ϕ⃗i=σ}

χ
ϕ⃗

and a similar expression holds for ξ⋆σ.
Since γ(u⃗) = γ(v⃗), there is some S ∈ GLV r(F) such that Sχ

ϕ⃗
S−1 = ξ

ϕ⃗
for all ϕ⃗ ∈ Φ(γ, 2r).

Thus
Sχ⋆σS

−1 =
∑

{ϕ⃗∈Φ(γ,2r)|ϕ⃗i=σ}

Sχ
ϕ⃗
S−1 =

∑
{ϕ⃗∈Φ(γ,2r)|ϕ⃗i=σ}

ξ
ϕ⃗
= ξ⋆σ

from which follows that γ is IMq
k,r-stable.
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Corollary 2.7.3. For any graph Γ and k ∈ N

IM
q
k,r(Γ) ⪯ IMt

q
k,r(Γ).

Note that in the next result, the argument is analogous to that of Lemma 2.4.7.

Lemma 2.7.4. The k-projection of an IMq
k,r-stable graph-like colouring is IMtqk−2r,r-stable.

Proof. Assume γ ∈ G(V k), and set γ = prk−rγ. Fix u⃗, v⃗ ∈ V k for which γ(u⃗) = γ(v⃗) and define

χ⃗, ξ⃗, χ⃗⋆, ξ⃗⋆ be the (r, u⃗) and (r, v⃗)-contracted character vectors and the (⃗i, u⃗) and (⃗i, v⃗)-character
vectors of γ respectively. Because γ is graph-like, it follows from Lemma 2.2.4 that for all i⃗ ∈ [k](2r)

γ(v⃗⟨⃗i,pr⃗j v⃗⟩) = γ(u⃗⟨⃗i,pr⃗j u⃗⟩)

where j⃗ = (k + 1− 2r, k + 2− 2r, . . . , k) ∈ [k](2r). In particular, for all i⃗ ∈ [k](2r)

γ(prk−2rv⃗⟨⃗i,pr⃗j v⃗⟩) = γ(prk−2ru⃗⟨⃗i,pr⃗j u⃗⟩). (2.16)

Define ∆⃗ ∈ (Φ(γ, 2r))Im(γ)

(∆γ(v⃗))⃗i = γ(prk−2rv⃗⟨⃗i,pr⃗j v⃗⟩).

One deduces from formula (2.16) that ∆⃗ is well defined.
For any ϕ⃗ ∈ Φ(γ, 2r) the set

{(x⃗, y⃗) ∈ (V r)2 | γ(prk−2rv⃗⟨⃗i, x⃗ · y⃗⟩) = ϕ⃗i ∀⃗i ∈ [k − 2r](2r)}

is equal to the following disjoint union:⋃
{σ∈Im(γ)|∆σ=ϕ⃗}

{(x⃗, y⃗) ∈ (V r)2 | γ(v⃗⟨⃗j, x⃗ · y⃗⟩) = σ}.

Hence, for all ϕ⃗ ∈ Φ(γ, 2r) it holds that

χ
ϕ⃗
=

∑
{σ∈Im(γ)|∆σ=ϕ⃗}

χ⋆σ

and a smilar equation holds for ξ
ϕ⃗
.

Because γ is IMq
k-stable, and γ(u⃗) = γ(v⃗), for each i⃗ ∈ [k](2r) there is some S ∈ GLV r(F) such

that Sχ⋆σS
−1 = ξ⋆σ for all σ ∈ Im(γ). Thus, for all ϕ⃗ ∈ Φ(γ, 2r):

Sχ
ϕ⃗
S−1 =

∑
{σ∈Im(γ)|∆σ=ϕ⃗}

Sχ⋆σS
−1 =

∑
{σ∈Im(γ)|∆σ=ϕ⃗}

ξ⋆σ = ξ
ϕ⃗
,

whence, γ(u⃗) = γ(v⃗) and therefore γ is IMtqk−2r-stable.

Corollary 2.7.5. For any graph Γ, and k ∈ N

IMt
q
k(Γ) ⪯ IM

q
2k(Γ).

Theorem 2.7.1 follows from Corollaries 2.7.3 and 2.7.5.

57



2.8 Concluding remarks

The invertible map tests over infinite Q. We defined the invertible map tests as the compu-
tation of a colouring and therefore a mapping. Thus, the k-dimensional invertible map test over Q
is a well defined algorithm only when Q is finite. Note however that in Section 1.9, when we defined
the concept of two graphs being distinguished by the k-dimensional invertible map test we did not
make any assumptions on Q. In fact, one can ‘simulate’ the distinguishability via the invertible map
test over infinite Q in polynomial time in the following sense. It suffices to note that by Corollary
2.6.8, the distinguishing power of the invertible map tests over fields of characteristic q is essentially
that of the Weisfeiler-Leman algorithms if we restrict to graphs of size n < q. In particular, this
means that two graphs on n vertices are distinguished by the k-dimensional invertible map test over
Q, only if they are distinguished by the k′-dimensional invertible map test over {q ∈ Q | q ≤ n} for
some k′ = O(k), thus requiring a computational time of at most n · nO(k) = nO(k).

The generalised Cai-Fürer-Immerman constructions by Holm (see Section 3.7)have been used
to show that one requires invertible map tests of dimension Ω(n) to distinguish any pair of non-
isomorphic graphs of size n [27] if the set Q is not the set of all prime numbers; furthermore, it
is easy to see that this lower bound is asymptotically optimal. In a more recent result [28] a non-
constant lower bound has been established for the case where Q is the set of all prime numbers.
It is still unclear as to whether this lower bound is asymptotically optimal; in fact, an upper
bound of O(log(n)) is a priori not to be excluded yet. The main consequence of this would be
the existence of a quasi-polynomial time algorithm for deciding graph isomorphism based on the
invertible map tests. It is hard to confidently justify any conjecture with the current knowledge; it
is only reasonable to leave the reader with the following open question:

Is there a poly-logarithmic function f(n) such that the f(n)-dimensional invertible map
test over P distinguishes any pair of non-isomorphic graphs of size n?

The Weisfeiler-Leman algorithms and quantum walks. The algebraic formulation of the
Evdokimov-Ponomarenko SPAS has been used to compare the distinguishing power of some graph
invariants arising from quantum walks to that of the Weisfeiler-Leman algorithms. Of particular
interest is an invariant first studied by Emms et al. in [34], which is the subject of an interesting
conjecture. Let us first give a brief background for the subject of discrete time quantum walks - no
background in quantum computation is required, though we will use bra-ket notation for indicating
elements of a linear space.

Let Γ be an uncoloured undirected graph on V with edge relation E ⊆ V 2. Assume each vertex
has degree deg(v) ≥ 1. A discrete time classical random walk of a particle on Γ is governed by the
V × V stochastic matrix BΓ, whose (u, v) entry is 1/deg(v) if there is an edge between u and v,
and 0 otherwise. The (u, v) entry may be interpreted as the probability that the particle is in state
u at time t+ 1 given that it is in state v at time t.

The state space of a discrete time quantum walk is spanned by the orthonormal vectors |u, v⟩
for each u, v ∈ V for which there is an edge between them (in particular, note that |u, v⟩ ≠ |v, u⟩).
The transition matrix is given by the E × E unitary matrix Ũ defined as follows (we denote the
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arc (u, v) by uv for simplicity):

Ũwx,uv =


2

deg(v) if v = w, u ̸= x
2

deg(v) if v = w, u = x

0 otherwise.

The reader may wish to consult Ambainis’ survey on search algorithms and quantum walks [2] for
more intuition on this definition. For a matrix M , define its positive support S+(M) to be the
following matrix:

S+(M)uv =

{
1 if Muv > 0

0 otherwise.

The invariant studied by Emms et. al. is the spectrum of the matrix S+(Ũ3), that is, its set of
eigenvalues. Since the adjacency matrices of two isomorphic graphs are related by conjugation via
some permutation matrix, it is easy to see that this is in fact an invariant and deciding whether
two graphs are distinguished by such invariant can be done in polynomial time (the operations
involved are matrix multiplication and the calculation of a determinant to compute the character-
istic polynomial). Emms et. al actually take this even further and conjecture that the spectrum of
S+(Ũ3) is a complete invariant for the class of strongly regular graphs. A strongly regular graph
with parameters (n, k, λ, µ) is a k-regular graph on n vertices such that any two adjacent vertices
have λ common neigbours and any two non-adjacent vertices have µ common neighbours. They
are generally considered to be one of the harder instance of graph isomorphism [6], so proving the
validity of the conjecture would be a remarkable and surprising result.

There is some evidence which seems to suggest that the conjecture could be false. It follows
from a result by Smith, using part of the construction of the Evdokimov-Ponomarenko SPAS
[60], that the distinguishing power of the spectrum of S+(Ũ3) is no greater than that of the 6-
dimensional Weisfeiler-Leman algorithm, and it seems unlikely that a combinatorial algorithm on
its own is capable of distinguishing non-isomorphic strongly regular graphs. The best known upper
bound for the Weisfeiler-Leman dimension of strongly regular graphs on n vertices is of the order
O(n1/3log(n)), following an involved probabilistic argument by Spielman [61]. There are still no
known non-trivial lower bounds, though combining Spielman’s ideas and Luks’ group theoretic
divide & conquer framework, Babai et al. [8] have shown that isomorphism of strongly regular

graphs can be decided in time nn
1/5f(log(n)), for some polynomial function f . While this result

pre-dates Babai’s quasi-polynomial time algorithm [7], it’s still a testament to the gain in efficiency
obtained by combining combinatorial and group theoretic methods.

In Chapter 4 we will show that the Weisfeiler-Leman dimension of finite groups 9 is the same
as that of Latin square graphs arising from Cayley tables of groups, up to some additive constant.
Latin square graphs are a well studied class of strongly regular graphs and thus, a Weisfeiler-
Leman algorithm distinguishing any pair of non-isomorphic strongly regular graphs would imply
the existence of a purely combinatorial polynomial time algorithm for distinguishing any pair of non-
isomorphic finite groups. The Weisfeiler-Leman dimension for groups of order n is bounded from
above by O(log(n)) (which gives a computational time of nO(log(n))), and hardly any other method
has improved on this upper bound: most polynomial time algorithms deciding isomorphism on some
restricted classes of groups rely on methods more sophisticated than Weisfeiler-Leman refinements

9We will explain the notion of Weisfeiler-Leman equivalence on finite groups in Section 4.3.
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(see for example [9], [10]). In addition, an efficient algorithm for deciding graph isomorphism seems
to be one of the obstacles for improving the current quasi-polynomial bound to graph isomorphism
(see Section 13.2 in [7]). All of this seems to suggest that there is no constant upper bound to the
Weisfeiler-Leman dimension of finite groups or in fact strongly regular graphs.
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Chapter 3

Proof systems with algebraic rules

The properties defined by linear algebraic logics can be seen as the most natural polynomial-time
linear algebraic invariants of structures. In this chapter we show that these properties include some
which arise from attempts at distinguishing graphs using polynomial-time fragments of algebraic
proof systems based on reasoning similar to that used in the Gröbner basis computation. Let us
first look at the development of algebraic approaches to graph isomorphism so as to motivate these
proof systems.

3.1 Motivation and the main results

Let Γ and Γ′ be graphs with vertex sets V and V ′ and adjacency matrices A and A′ respectively.
Then, Γ and Γ′ are isomorphic if, and only if, there is a V × V ′ permutation matrix X such that
AX = XA′. This matrix equation can be viewed as a system of linear equations in the variables
xvv′ which are the entries of X for v ∈ V, v′ ∈ V ′. If we add further constraints, imposing that
all rows and columns of X must sum to one, and xuv ≥ 0 for all variables, then such a linear
program has an integer solution if, and only if, Γ and Γ′ are isomorphic. The feasibility of a
linear program over the integers is, however, not known to be decidable in polynomial time, so
it is natural to investigate what happens by relaxing this linear program and search for rational
solutions instead. It has been shown by Tinhofer [62] that such a solution exists if, and only if, Γ
and Γ′ are not distinguishable by näıve colour refinement. A hierarchy of increasingly constrained
relaxations of integer linear programs has been shown to have a tight connection with the Weisfeiler-
Leman hierarchy of equivalences on graphs. These are the Sherali-Adams hierarchy, for which the
distinguishing power of the kth level is between that of counting logics formulae with at most k
variables and k + 1 variables [4].

Whilst the Cai-Fürer-Immerman constructions, and Holm’s generalisations thereof, hint at the
need to consider systems of linear equations over finite fields, it is not easy to generalize the Sherali-
Adams hierarchy in this context, for there is no analogous way to constrain linear inequalities for
the variables. Let us then consider the linear system encoding graph isomorphism as a system of
polynomial equations instead, and replace the condition xuv ≥ 0 with x2uv − xuv = 0. By writing
every equation in the system in the form p(xuv) = 0, deciding whether the system has a solution
amounts to deteremining whether the constant polynomial 1 is in the ideal generated by all the
p(xuv). The Gröbner basis algorithm is a well known method for deciding membership in an ideal
of a polynomial ring, given a generating set; however, it does not in general run in polynomial
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time. Without going too deep into details, one can execute the Gröbner basis algorithm discarding
from the computation any polynomial of degree larger than some threshold, say d, thus yielding a
polynomial time algorithm and we conclude that the graphs are not isomorphic if 1 is an element of
this so to speak ‘truncated’ Gröbner basis 1. It turns out that proof systems with algebraic rules are
a useful tool to study lower bounds to the threshold degree d sufficient for the constant polynomial
1 to be in the truncated Gröbner basis for the ideal generated by the polynomials encoding the
isomorphism problem between two graphs.

These systems are the subject of very active study in the area of proof complexity. They have
been studied specifically in the context of graph isomorphism in [14] and [39]. In particular, the
proof systems studied are the polynomial calculus (PC), and the weaker Nullstellensatz calculus
(NC) and monomial calculus (MC). Each of these gives, for a fixed field F a set of rules R dictating
how new polynomials, with coefficients in F, may be derived from an initial set of polynomials,
which we shall refer to as axioms. We refer to a derivation of the constant polynomial 1 with the
rules of R as an R-refutation. For graphs Γ and Γ′ with vertex sets V and V ′ respectively, we say
that the corresponding calculus distinguishes Γ from Γ′ if there is a refutation from Ax(Γ,Γ′) ⊂
F[{xuv|u ∈ V, v ∈ V ′}], a set of axioms encoding the isomorphism problem between Γ and Γ′.
Say that a derivation has degree d if all polynomials occurring in the derivation have degree at
most d. For each of the calculi, fixing the degree d gives us a polynomial-time algorithm for
checking the existence of a derivation and hence a polynomial-time over-approximation of the
graph isomorphism problem in the same sense as the Weisfeiler-Leman algorithms; that is, if there
is a degree d refutation from Ax(Γ,Γ′) using any of the above mentioned calculi, then Γ and Γ′ are
not isomorphic. In particular, if we choose Γ = Γ′, there is clearly no d allowing a refutation from
Ax(Γ,Γ). This set of axioms can be viewed as an encoding of the isomorphism types of Γ, and
we may view a degree d derivation of monomials from Ax(Γ,Γ) as an over-approximation of the
d-orbit partition for Γ in the following sense: u⃗, v⃗ ∈ V d are not in the same equivalence class of the
orbit partition if there is a degree d derivation of xu1v1xu2v2 . . . xudvd . In Lemma 3.4.1 it is shown
that this distinguishing relation induces an equivalence relation on V d. Again, we take F to be a
prime field without loss of generality; this will be clear once we define properly the axioms and the
derivation rules in Section 3.4.

The question we address in this chapter is how the approximations of isomorphism obtained by
these algebraic proof systems for a given field F compare with those we get from the invertible map
test. In the case of fields of characteristic zero, the answer is quite clear, as both approaches yield
algorithms that are (up to constant additive terms) equivalent to the Weisfeiler-Leman algorithms.
This is shown for the invertible map tests in [32] and for the polynomial calculus in [39], giving the
following statement.

Theorem 3.1.1. For any k ∈ N, there is a k′ ∈ N such that if there is a degree k PC-refutation
over Q from Ax(Γ,Γ′), then Γ and Γ′ are distinguished by the k′-dimensional invertible map test
over Q. Conversely, for any k ∈ N, there is a k′ ∈ N such that if Γ and Γ′ are distinguished by
the k-dimensional invertible map test over Q, then there is a degree k′ PC-refutation over Q from
Ax(Γ,Γ′).

In the case of positive characteristic, we show (in Section 3.5) the definability of derivations
of MC in the logic FPS(p), an extension of fixed-point logic with quantifiers for the solvability
of systems of linear equations over fields of characteristic p. This implies, in particular, that the

1Indeed, one can show that the ideal contains the constant polynomial 1 if, and only if, 1 is in any Gröbner basis.
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approximation of isomorphism obtained by MC in characteristic p is no finer than that obtained
by the invertible map test in characteristic p.

Theorem 3.1.2. For any prime number p and k ∈ N, there is a k′ ∈ N such that if there is a degree
k MC-refutation over Zp from Ax(Γ,Γ′), then Γ and Γ′ are distinguished by the k′-dimensional
invertible map test over Zp.

In the other direction, we are able to show that the distinguishing power of FPS(p) can be
simulated by NC. This apparently weaker proof system is able to simulate (as far as the graph iso-
morphism problem is concerned) PC in characteristic zero and at least MC in positive characteristic;
formally, this can be stated as follows.

Theorem 3.1.3. 1. For any k ∈ N there is a k′ ∈ N such that if there is a degree k PC-refutation
over Q from Ax(Γ,Γ′), then there is a degree k′ NC-refutation over Q from Ax(Γ,Γ′).

2. For any prime number p and k ∈ N, there is a k′ ∈ N such that if there is a degree k
MC-refutation over Zp from Ax(Γ,Γ′), then there is a degree k′ NC-refutation over Zp from
Ax(Γ,Γ′).

From this, a strengthening of Theorem 6.3 in [14] follows; that is, we show that over fields
of positive characteristic, the invertible map tests and NC behave similarly on the generalised
Cai-Fürer-Immerman constructions.

Theorem 3.1.4. Fix a prime number p, distinct constants q, q′ ∈ Zp and let Γ ∈ cfi(Λ, p, q) and
Γ′ ∈ cfi(Λ, p, q′) for some graph Λ. For each prime number p, there is a k ∈ N for which there is a
degree k NC derivation over Zp from Ax(Γ,Γ′).

The notation cfi(Λ, p, q) indicates an isomorphism class of these constructions and will be care-
fully introduced in Section 3.7.

There are two main technical tools used to achieve these results. The first are solvability
quantifiers, which have already been considered in [40]. The second are solvability operators, which
are mappings akin to the invertible map operators. These will be used to delimit the expressive
power of FPS(p) and embed it in the logic LAω({p}).

Pictorially, we can summarise the core of the results in this chapter with circular implication
arguments as follows. Given proof systems A and B, we write A ⪰ B if any derivation in B
from axioms of the type Ax(Γ,Γ′) can be done in A as well 2. We than have that over fields of
characteristic 0,

PC ⪰ MC ⪰ NC ⪰ PC.

The first two inequalities follow trivially from the derivation rules of the calculi (see Section 3.4),
whereas the last one follows from statement (1) of Theorem 3.1.3. Over fields of positive charac-
teristic, we have

PC ⪰ MC ⪰ NC ⪰ MC.

Again, the first two inequalities are trivial and the last one follows from the second statement of
Theorem 3.1.3. Where do the invertible map tests fit into this picture? Theorem 3.1.1 claims
that over fields of characteristic 0, the equivalences on graphs defined by the invertible map tests

2We are using the same terminology notation ⪰ as with SPAS since this notion can be formulated in terms of
approximations of orbit partitions.
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and those defined by PC are essentially the same, and 3.1.2 claims that over fields of positive
characteristic the equivalences defined by the invertible map tests simulate those defined by MC,
though the converse is not known to hold. Likewise, the explicit relation between PC and the
invertible map tests over positive characteristic is still unclear.

3.2 Solvability quantifiers

Fix some logic, a prime number p and a formula ϕ of said logic. Suppose that x⃗, y⃗, z⃗ are tuples of
vertex variables, all of which are free in ϕ and the variables in x⃗, y⃗ do not occur in z⃗. Let r, s, t be
the arities of x⃗, y⃗, z⃗ respectively. We define the extension of the logic with the solvability quantifier
over fields of characteristic p by the following syntactical rule: for a formula ϕ as above, slvp [⃗xy⃗.ϕ]
is also a formula. To define the semantics, let A be a structure with universe V , and for a⃗ ∈ V t

define Aa⃗ϕ to be the V r × V s matrix with (u⃗, v⃗)-entry equal to 1 if (A, x⃗ 7→ u⃗, y⃗ 7→ v⃗, z⃗ 7→ a⃗) |= ϕ,
and 0 otherwise. Then (A, z⃗ 7→ a⃗) |= slvp [⃗xy⃗.ϕ] if, and only if, the all 1s column vector 1V r is in
the image of Aa⃗ϕ, viewed as a matrix with entries from a field of characteristic p.

Note that we may assume without loss of generality that r = s and hence, that Aa⃗ϕ is a square
matrix. Indeed, if r < s and x⃗′ is an (s − r)-tuple of vertex variables distinct from those in z⃗, it
is easy to check that (A, z⃗ 7→ a⃗) |= slvp [⃗xy⃗.ϕ] if, and only if, (A, z⃗ 7→ a⃗) |= slvp[(⃗x · x⃗′)⃗y.ϕ]. We
can argue similarly for the case where r > s. Also, whilst it might seem that the syntax of the
solvability quantifiers significantly restrict the definability of systems of linear equations to those of
a certain form, one can show that any system of linear equations has a canonical equivalent system
where coefficients are equal to 0 or 1 and constant terms are all equal to 1. This is explained and
proven in Lemma 4.1 in [26], which we shall recall in Section 3.5.

We are mostly concerned with the extension by solvability quantifiers of fixed-point logics FP
and the infinitary logic Lω, and denote the logics obtained as such by FPS(p) and Sω(p) respectively.
The fragment of Sω(p) consisting of formulae with at most k variables will be denoted by Sk(p).
In a similar way to Theorems 1.4.1 and 1.5.1, it can be shown that the expressive power of Sω(p)
bounds that of FPS(p). A priori, it appears that slvp cannot be expressed as a quantifier over some
linear algebraic operator. However, the expressive power of Sω(p) can in turn be bounded by that
of LAω({p}), as it will be shown in Lemma 3.3.2 using refinement operators. Finally, let us note
that whilst the quantifiers over the rank operator for any characteristic can be used to construct
any counting quantifier 3, it is unclear if one can use slvp to construct a counting quantifier. Thus,
the full relation between the expressive powers of FPC and FPS(p) or Sω(p) and Cω is not clear 4.

3.3 Solvability operators

In order to construct a refinement operator whose stable points reflect the properties of a finite
variable fragment of the logic Sω(p), we consider a weakened version of the invertible map operators,
whose action on colourings can be computed solely by solving systems of linear equations. To
achieve this, we proceed by defining an equivalence relation ∼sol on the character vectors, which
can be seen as a relaxation of the conjugation relation ∼.

3Recall this from Section 2.6.
4Readers familiar with the paper [40] may recall that the authors include counting operators in the definition of

the logic FPS(p). We do not make this assumption for our results hold without the need of counting operators.
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Let PV (F) = {A ∈ MatV (F) |
∑

w∈V Awv =
∑

w∈V Auw = 1, ∀u, v ∈ V }. Equivalently,
PV (F) is the set of matrices A ∈ MatV (F) such that 1V is an eigenvector of both A and At, with
corresponding eigenvalue 1. For a set I, let

X IV (F) = {A⃗ ∈ MatV (F)I |
∑
s∈I

As = JV and ∀i ∈ I, ∃j, Ati = Aj}.

Note that if γ is an invariant colouring, i⃗ ∈ [k](2r), and χ⃗ some (⃗i, v⃗)- character vector of γ, then

χ⃗ ∈ X Im(γ)
V (F); for indeed, ∑

σ∈Im(γ)

χσ = JV r (3.1)

and by invariance of γ, for any σ ∈ Im(γ), (χσ)
t = χσ′ for some σ′ ∈ Im(γ).

Define the relation ∼sol on X IV (F) as follows: A⃗ ∼sol B⃗ if there is some S ∈ PV (F) such that
AiS = SBi for all i ∈ I.

Lemma 3.3.1. ∼sol is an equivalence relation on X IV (F).

Proof. Clearly, A⃗ ∼sol A⃗, since IV ∈ PV (F) and AiIV = IVAi for all i ∈ I. Suppose A⃗ ∼sol B⃗. Let
S ∈ PV (F) satisfy AiS = SBi for all i ∈ I. Then Bt

iS
t = StAti and thus, from the definition of X IV ,

BiS
t = StAi for all i ∈ I. Since St ∈ PV (F), B⃗ ∼sol A⃗. Finally, suppose A⃗ ∼sol B⃗ and B⃗ ∼sol C⃗.

Let S, T ∈ PV (F) satisfy AiS = SBi an BiT = TCi for all i ∈ I. Then AiST = SBiT = STCi.
Since S, T, St and T t must all have 1V r as eigenvector, with corresponding eigenvalue 1, so must
ST and (ST )t. Hence, ST ∈ PV (F) and A⃗ ∼sol C⃗.

Fix some constant q equal to a prime number or 0. For k, r ∈ N with 2r < k, and an invariant
colouring γ of V k, we define the solvability operators Sqk,r by setting Sqk,r ◦ γ to be the colouring for

which the colour of v⃗ ∈ V k is a tuple whose entries are γ(v⃗) and the equivalence classes under the
relation ∼sol of the (⃗i, v⃗)-character vectors of γ, for all i⃗ ∈ [k](2r). Formally:

Sqk,r ◦ γ : V k → Im(γ)× (X Im(γ)
V r (F)/ ∼sol)

[k](2r)

v⃗ 7→ (γ(v⃗), (χ⃗⃗i)⃗i∈[k](2r)),

where χ⃗⃗i is the (⃗i, v⃗)-character vector of γ and F is a field of characteristic q. As before, since the
entries of the matrices in the character vector are all 0 and 1, we may restrict F to being a prime
field without loss of generality, hence Sqk,r is well defined.

Observe that Sqk,r is monotone on the class of invariant partitions of V k and is thus a k-refinement
operator when considered with this domain restriction. The proof for this is similar to the case of
the invertible map operators. In a similar fashion to Proposition 2.3.4, one can show that Sqk,r are

in fact graph-like refinement operators. Thus, for any invariant colouring γ, [γ]S
q
k,r is the unique

coarsest Sqk,r-stable partition refining γ, up to relabelling of its equivalence classes.

For the remainder of this section, we assume that γ is an invariant colouring of V k and χ⃗ and
ξ⃗ are the (⃗i, v⃗) and (⃗i, u⃗)-character vectors of γ respectively, for some fixed i⃗ ∈ [k](2r). We will be
using the stability condition of the solvability operators, which follows directly from their definition:
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Let F be the prime field of characteristic q. For all k, r ∈ N, with 2r < k, Sqk,r ◦
γ(u⃗) = Sqk,r ◦ γ(v⃗) if, and only if, γ(u⃗) = γ(v⃗) and for each i⃗ ∈ [k](2r) there exist some
M ∈ PV r(F) such that for all σ ∈ Im(γ)

χσM =Mξσ.

In particular, γ is Sqk,r-stable if, and only if, for all u⃗, v⃗ ∈ V k and i⃗ ∈ [k](2r)

γ(u⃗) = γ(v⃗) =⇒ ∃M ∈ PV r(F), χσM =Mξσ ∀σ ∈ Im(γ).

We now show some useful properties of the solvability operators in order to establish the link
with finite variable fragments of the logic Sω(p).

Lemma 3.3.2. An IMq
k,r-stable partition is Sqk,r-stable.

Proof. Let F be the prime field of characteristic q. Suppose γ is IMq
k,r-stable and let γ(u⃗) =

γ(v⃗). Then, for all i⃗ ∈ [k](2r), there is some M ∈ GLV r(F) such that M−1χσM = ξσ for all
σ ∈ Im(γ). By equation (3.1), MJV r = JV rM and thus, both M and M t have 1V r as eigenvector
with corresponding non-zero eigenvalue λ ∈ F. Since, 1

λM ∈ PV r(F), the result follows.

Lemma 3.3.3. If γ is Sqk,r-stable the following hold:

1. If q = 0, then γ is Ck,2r-stable.

2. If γ(u⃗) = γ(v⃗), and γ is graph-like, then for all i⃗ ∈ [k](2r) and σ ∈ Im(γ), the set {w⃗ ∈ V r |
γ(u⃗⟨⃗i, w⃗ · w⃗⟩) = σ} is non-empty if, and only if, {w⃗ ∈ V r | γ(v⃗⟨⃗i, w⃗ · w⃗⟩) = σ} is non-empty.

Note that if γ is C2k,r-stable, then the second statement holds (refer to Section 2.3 for details
on properties of Ck,r-stability).

Proof. For (1), it suffices to show that: if A,B ∈ MatV (F) are 01-matrices and AM = MB for
some M ∈ PV (F) then A and B have the same number of non-zero entries if char(F) = 0. Indeed,
note that if α and β are the number of non-zero entries of A and B respectively, then αJV = JVAJV
and βJV = JVBJV . Since MJV = JVM = JV ,

αJV = JVAJV = JVAMJV = JVMBJV = JVBJV = βJV ,

whence α = β.
Suppose {w⃗ ∈ V r | γ(u⃗⟨⃗i, w⃗ · w⃗⟩) = σ} is non-empty. Since γ is graph-like, χσ must have all the

non-zero entries on the diagonal. Hence, for any M ∈ PV r(F), χσM and, consequently Mξσ must
be non-zero. As such, {w⃗ ∈ V r | γ(v⃗⟨⃗i, w⃗ · w⃗⟩) = σ} is non-empty. The converse can be argued by
symmetry, thus showing (2).

In particular, if r = 1, statement (2) above implies that there is some x ∈ V such that
prk−1γ(prk−1u⃗⟨i, x⟩) = σ if, and only if, there is some y ∈ V , such that prk−1γ(prk−1v⃗⟨i, y⟩) = σ.
Furthermore, from (1) and Lemma 2.4.3, one deduces that prk−1γ is Ck−1 stable.

For each k ∈ N, let Lk map a colouring γ of V k to a colouring Lk ◦ γ of V k according to the
following rule:

Lk ◦ γ : V k → Im(γ)× (P(Im(γ))[k]

v⃗ 7→ (γ(v⃗), ({γ(v⃗⟨i, u⟩) | u ∈ V })i∈[k]).
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In the same way the operator Ck partitions k-tuples of vertices according to distinguishability
by Ck formulae, Lk provides such a partition for the infinitary logic Lω. The easiest way to see
this intuitively, is that Lk refines a colouring according to the existence of vertices with certain
properties; Ck, on the other hand, requires the existence of the same number of vertices of certain
properties. This difference is highlighted by the fact that the colours assigned by Lk are tuples of
sets, whilst in Ck they are tuples of multisets.

With this in mind, the first statement of the previous Lemma states that for r = 1 the (k− 1)-
projection of a Sqk,1-stable partition is Lk−1-stable for any suitable q; hence the following Corollary.

Corollary 3.3.4. Let γ = [αk,Γ]
Sqk,1 for some graph Γ on V . If prk−1γ(u⃗) = prk−1γ(v⃗), there are

no Lk formulae distinguishing (Γ, z⃗ 7→ u⃗) from (Γ, z⃗ 7→ v⃗). In addition, if q = 0, there are no Ck−1

formulae distinguishing (Γ, z⃗ 7→ u⃗) from (Γ, z⃗ 7→ v⃗).

Similarly to the invertible map operators, we define the k-refinement operator Sqk so that the
colour of v⃗ ∈ V k in Sqk ◦ γ is given by a tuple whose entries are the colours of v⃗ in Sqk,r ◦ γ, for all
r ≤ k/2; that is,

Sqk ◦ γ(v⃗) = (Sqk,1 ◦ γ(v⃗), S
q
k,2 ◦ γ(v⃗), . . . ,S

q
k,⌊k/2⌋ ◦ γ(v⃗)).

The next statement will be the crux of our main results.

Theorem 3.3.5. For any prime number p, if γ = [αk,Γ]
Spk and γ(u⃗) = γ(v⃗), there are no Sk−1(p)

formulae distinguishing (Γ, z⃗ 7→ u⃗) from (Γ, z⃗ 7→ v⃗).

Proof. We proceed by induction on the structure of Sk−1(p) formulae ϕ, whose free variables are
entries of the k-tuple z⃗. If ϕ contains only atomic formulae, boolean connectives and first order
quantifiers, the statement holds by Corollary 3.3.4. Assume that some Sk−1(p) formula ϕ does not
distinguish (Γ, z⃗ 7→ u⃗) from (Γ, z⃗ 7→ v⃗), and suppose (Γ, z⃗ 7→ v⃗) |= slvp [⃗xy⃗.ϕ

′], where ϕ′ is a formula
obtained from ϕ by replacing the variables in z⃗ by the corresponding one in z⃗′ = z⃗⟨⃗i, x⃗ · y⃗⟩ for some
i⃗ ∈ [k](2r) and r tuples of pairwise distinct variables x⃗, y⃗. Let Av⃗ be the adjacency matrix of the
relation {(⃗a, b⃗) ∈ V r × V r | (Γ, z⃗′ 7→ v⃗⟨⃗i, a⃗ · b⃗⟩) |= ϕ′}, and similarly define Au⃗. Then, there is some
a⃗ ∈ ZV r

p such that Av⃗a⃗ = 1V r . By the induction hypothesis, Au⃗ =
∑

σ∈I χσ and Av⃗ =
∑

σ∈I ξσ for
some I ⊆ Im(γ). Since there exists M ∈ PV r(Zp) such that χσM = Mξσ for all σ ∈ Im(γ), we
have

Av⃗a⃗ = 1V r =⇒ MAv⃗a⃗ = 1V r =⇒ Au⃗(Ma⃗) = 1V r ,

from which it follows that (Γ, z⃗ 7→ u⃗) |= slvp [⃗xy⃗.ϕ
′]. Using a symmetric argument, we conclude that

slvp [⃗xy⃗.ϕ
′] does not distinguish (Γ, z⃗ 7→ u⃗) from (Γ, z⃗ 7→ v⃗). The statement follows by induction.

Suppose Γ is the disjoint union of Γ1 and Γ2, whose vertex sets are V1 and V2 respectively. If
there is a bijection from V k

1 to V k
2 preserving the colours assigned by [αk,Γ]

Spk , then no Sk−1(p)
sentence distinguishing Γ1 from Γ2. Combining this with Lemma 3.3.2 we deduce that graph
properties definable in FPS(p) and hence Sω(p) are also definable in LAω({p}) 5.

5Strictly speaking, in our proofs we only refer to graphs, so the comparison of expressibility powers should only
concern graph properties. However, the same arguments hold for structures over any vocabulary. Our choice to refer
to graphs in particular is for the purpose of simplicity.
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3.4 Polynomial, monomial and Nullstellensatz calculi

The idea behind the proof systems we are concerned with is that of encoding Boolean formulae
in the form of multivariate polynomials over a field and determining, via inference rules, if these
do not have a common root. In such cases, we conclude that the formulae are inconsistent. The
polynomial calculus (PC), monomial calculus (MC) and Nullstellensatz calculus (NC) are proof
systems of this kind that have been studied in the literature. The PC inference rules for a set of
axioms A ⊂ F[x1, ..., xn] are as follows:

1. f for all f ∈ A.

2. Multiplication rule: f
xf for all derived polynomials f , and variables x ∈ {x1, ..., xn}.

3. Linearity rule: f,g
λf+µg for all derived polynomials f, g and λ, µ ∈ F.

The inference rules for MC are obtained by restricting f in the multiplication rule to be a monomial
or an axiom times a monomial. By further restricting f to be an axiom times a monomial, one
obtains the NC inference rules. The degree of a PC (or MC or NC) derivation is the maximum degree
of all polynomials involved in the derivation, and a PC (or MC or NC, respectively) refutation of
A is a derivation of 1 from A using PC (or MC or NC, respectively) rules. We are really interested
in roots where the variables are assigned 01-values, so as to emulate the Boolean framework. To
enforce this, we tacitly assume that the set of axioms always includes the polynomials x2−x for all
x ∈ {x1, . . . , xn}. As such, we may restrict our focus to multilinear polynomials exclusively: indeed,
if, for distinct variables x and y, we may derive x2y, we can also derive x2y − y(x2 − x) = xy.

It is easy to check that all three proof systems are sound and, by Hilbert’s weak Nullstellensatz
Theorem 6, complete. That is, there is a refutation in each of the proof systems if, and only if, the
polynomials in the axioms do not have a common root. In general, the degree of refutations can be
unbounded, which suggests that such a quantity is a reasonable complexity parameter to study. We
denote by PCk the proof system using the same inference rules as PC with the added constraint
that all derivations must have degree at most k, and we use the same convention for MCk and
NCk. Though these proof systems with bounded degree are not complete, their refutations can be
decided in polynomial time in the number of variables (see for instance [25]).

For a pair of graphs Γ and Γ′ with vertex sets V and V ′ respectively we define Ax(Γ,Γ′) ⊆
F[{xuv|u ∈ V ′, v ∈ V }] to be the set of axioms containing the following polynomials:

A1.
∑

w′∈V ′ xw′v − 1 for all v ∈ V .

A2.
∑

w∈V xv′w − 1 for all v′ ∈ V ′.

A3. xuvxu′v′ if the map u 7→ v, u′ 7→ v′ is not a local isomorphism.

A4. x2v′v − xv′v for all v′ ∈ V ′, v ∈ V .

If Γ = Γ′, we set Ax(Γ) := Ax(Γ,Γ). For u⃗, v⃗ ∈ V k, we further define Ax(Γu⃗→v⃗) to contain the
polynomials in Ax(Γ) plus the following:

A5. xviui − 1 for all i ∈ [k].

6This is a fundamental result in algebra which states that the polynomials of an ideal in F[x1, ...xn] have a common
root in the algebraic closure of F if, and only if, 1 is not in the ideal.
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Note that any of these proof systems has a refutation of Ax(Γu⃗→v⃗) if, and only if, u⃗ and v⃗
are in different equivalence classes of the k-orbit partition for Γ. Furthermore, any of the proof
systems has a degree d refutation of Ax(Γu⃗→v⃗) if, and only if, it allows a degree d derivation from
Ax(Γ) of the monomial

∏
i∈J xviui for some subset J ⊆ [k] of size at most d. Since all coefficients

of the elements of Ax(Γu⃗→v⃗) are 0 and ±1, refutations can be decided by restricting the use of the
linearity rule with λ, µ belonging to the prime subfield of F. When considering these axioms, we
may then assume, without loss of generality, that F is a prime field.

Let ≡qPCk
be the relation on V k, where u⃗ ≡qPCk

v⃗ if there is no degree k PC refutation of

Ax(Γu⃗→v⃗) over the prime field of characteristic q, and similarly define ≡qMCk
and ≡qNCk

. We omit
the dependence of these relations on the underlying graph Γ as it should be clear from the context
throughout.

Lemma 3.4.1. ≡qPCk
, ≡qMCk

and ≡qNCk
are equivalence relations on V k.

We prove this statement only for ≡qPCk
- a similar argument applies in the other two cases. As

remarked above, we may restrict our focus to multilinear polynomials exclusively and denote the
multilinear monomial xa1xa2 . . . xam by XA where A = {a1, a2, . . . am}.

Proof. Clearly, u⃗ ≡qPCk
u⃗. Indeed, the polynomials in the ideal generated by Ax(Γu⃗→u⃗) have the

common root xrs = δrs, where δrs is the Kronecker delta. Hence, the ideal generated by Ax(Γu⃗→u⃗)
is non-trivial. The set Ax(Γ) is invariant under the transformation xrs → xsr for all r, s ∈ V . Thus,
u⃗ ≡qPCk

v⃗ =⇒ v⃗ ≡qPCk
u⃗.

Suppose u⃗ ≡qPCk
v⃗ and v⃗ ≡qPCk

w⃗. Let π be the map vi → wi for i ∈ [k]. Note that π is well
defined, for if vi = vj for some i ̸= j and π(vi) ̸= π(vj), then xviwixvjwj ∈ Ax(Γ) - a contradiction.
For A ⊆ V 2, define Aπ as follows:

Aπ =


{(r, π(s)) | (r, s) ∈ A} if for all (r, s) ∈ A there is some j such that s = vj ;

{(r, π−1(s)) | (r, s ∈ A)} if for all (r, s) ∈ A there is some j such that s = wj ; and

A otherwise.

For a multilinear polynomial f =
∑
aAXA, let f

π =
∑
aAXAπ . We show by induction on the PC

inference rules that there is a PCk derivation of f if, and only if, there is PCk derivation of fπ.
Indeed, if f is in Ax(Γ), then so is fπ. Suppose there is a PCk derivation of f, g, fπ and gπ. Then
there is a PCk derivation of (λf + µg)π = λfπ + µgπ. Finally, suppose the degree of f is less than
k, and suppose, without loss of generality that f = XA for some A ⊆ V 2. Then, there is a PCk
derivation of XA∪{(r,s)} for any r, s ∈ V . By checking case by case, it follows that there is a PCk
derivation of (XA∪{(r,s)})

π. Since (Aπ)π = A and hence, (fπ)π = f , there is a PCk derivation of f
if, and only if, there is a PCk derivation of fπ. In particular, since there is no PCk derivation of
X{(vi,wi)|i∈[k]}, there is no derivation of (X{(ui,vi)|i∈[k]})

π = X{(ui,wi)|i∈[k]}. Whence, u⃗ ≡qPCk
w⃗.

It is easy to see that the relation ≡qPCk
refines ≡qMCk

which, in turn, is a refinement of ≡qNCk
,

since any NCk refutation is a MCk refutation which is also a PCk refutation. More precisely:

Lemma 3.4.2. For any graph on V and u⃗, v⃗ ∈ V k, u⃗ ≡qPCk
v⃗ =⇒ u⃗ ≡qMCk

v⃗ =⇒ u⃗ ≡qNCk
v⃗.

For q = 0, Grohe et al. have characterized these equivalence relations in terms of counting logics.
More precisely, for a pair of graphs Γ and Γ′:
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There is a degree k MC refutation of Ax(Γ,Γ′) if, and only if no Ck formula distinguishes
Γ from Γ′ (Theorem 4.4 in [14]). Furthermore, if there is a degree k PC refutation of
Ax(Γ,Γ′), there is a k′ = O(k), for which some Ck′ distinguishes Γ from Γ′.

Alternatively, one can rephrase the above in terms of approximations of k-orbit partitions.
Namely, if Γ is a graph on V and u⃗, v⃗ ∈ V k, then u⃗ ≡0

MCk
v⃗ if, and only if, no Ck formula

distinguishes (Γ, z⃗ 7→ u⃗) from (Γ, z⃗ 7→ v⃗). Furthermore, if u⃗ ̸≡0
PCk

v⃗, there a k′ = O(k), such that

some Ck′ formula distinguishes (Γ, z⃗ 7→ u⃗) from (Γ, z⃗ 7→ v⃗) (Theorem 6.6 in [39]).
In this chapter, we aim at a similar characterization for the equivalence relations induced by

the proof systems in fields of positive characteristic. The corresponding logic we consider are the
finite variable fragments of the extension of first-order logic with solvability quantifiers, allowing
infinitary conjunction and disjunction. This allows us to compare the distinguishing power of these
relations to that of the equivalence relations defined by the invertible map tests.

Let us now view an example of a NC derivation. The core of the proof of Theorem 3.1.3 is
a mere generalization thereof. Let Γ,Γ′ be uncoloured graphs with vertex sets V and V ′ with
edge relations E and E′ respectively. For any vertex u ∈ V or u ∈ V ′ denote by N(u) the set of
neighbours or neighbourhood of u; that is, the set of vertices which are connected to u via an edge.
We show that there is a NC2 derivation from Ax(Γ,Γ′) of the linear polynomials∑

w∈N(u)

xu′w −
∑

w′∈N(u′)

xw′u (3.2)

for all u ∈ V and u′ ∈ V ′. The common roots of these polynomials are easily seen as the solutions
of the matrix equation XA = A′X where A and A′ are the adjacency matrices of the relations E
and E′ respectively, and X is a V ′ × V matrix with (u′, u) entry given by the variable xu′u. The
derivation is as follows. We multiply axioms of the A1 form

∑
w′∈V ′ xw′w − 1 by xu′w for each w in

the neighbourhood of u, yielding: ∑
w′∈V ′

xw′uxu′w − xu′w.

Summing these over all w ∈ N(u) and subtracting all axioms of the form xw′uxu′w for (u,w) ∈
E ⇐⇒ (u′, w′) /∈ E′ gives: ∑

w∈N(u)

∑
w′∈N(u′)

xw′uxu′w −
∑

w∈N(u)

xu′w. (3.3)

In a similar way, one derives the following from the axioms of the form A2:∑
w∈N(u)

∑
w′∈N(u′)

xw′uxu′w −
∑

w′∈N(u′)

xw′u. (3.4)

Subtracting formula 3.3 from formula 3.4 yields formula 3.2.

3.5 Definability of monomial calculus refutations over finite fields

At the core of the proof of Theorem 3.1.2 is the definability of monomial calculus refutations in
FPS(p). More precisely, the main objective of this section is to prove the following Lemma, which
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plays a fundamental role in the proof of each of the main results in this chapter. The term structural
encoding of a set of polynomials is an informal way of referring to a structure over a vocabulary
which uniquely encompasses the property of some set of polynomials. A priori, there could be
multiple valid encodings for a set of polynomials; the one used in this chapter will be exposed in
Section 3.5.1.

Lemma 3.5.1. Let A be a structural encoding of a finite set of polynomials P of degree at most d,
over a finite field F of positive characteristic p. For any k ∈ N there is a FPS(p) formula ϕd,k such
that A |= ϕd,k if, and only if, there is an MCk refutation of P over F. 7

For the sake of argument, we assume that F = Zp. We first recall how to express the solvability
of linear equations with coefficients other than 0 and 1 and explain the structural encoding used
throughout.

3.5.1 Defining solvability of linear equations over finite fields

For each prime number p, let LINp be a relational vocabulary with the following symbols:

1. A binary relational symbol Aq for each q ∈ Zp.

2. A unary relational symbol bq for each q ∈ Zp.

Let A ∈ MatE×V (Zp) and b⃗ ∈ ZEp . A LINp-structure A with universe V ∪E (V for variables and E

for equations) encodes the system of linear equations Ax⃗ = b⃗ if, for all e ∈ E, v ∈ V , A |= Aq(e, v)
if Aev = q and A |= bq(e) if be = q.

We recall Lemma 4.1 in [26].

Lemma 3.5.2. There is a quantifier free first order interpretation I of LINp into LINp such that

if A encodes the system of linear equations Ax⃗ = b⃗, then:

1. AI encodes a system of linear equations A′y⃗ = 1, where 1 is the all 1s vector of appropriate
length and A′ is a 01-matrix.

2. A′y⃗ = 1 has a solution if, and only if, Ax⃗ = b⃗ has a solution.

Thus, AI |= slvp(xy.A1(x, y)) if, and only if, Ax⃗ = b⃗ has a solution and hence, from the
Interpretation Lemma, there is a Sω(p) formula Φ such that A |= Φ if, and only if, the system of
linear equations encoded by A has a solution. The fact that I contains only first order formulae
guarantees that slvp(xy.A1(x, y))

−I is also a Sω(p) formula (recall from Section 1.6 that we have a
concept of a normal form for the formula Φ−I).

3.5.2 Proof of Lemma 3.5.1.

Deciding whether a set of polynomials has a monomial calculus refutation can be understood
as the following procedure. The input is a finite set of multilinear polynomials P from the
ring F[x1, . . . , xr], and the output is REFUTE or NOREFUTE. We denote the multilinear monomial

7Note that it is possible to drop the dependence on d, but this would involve a more cumbersome definition of A
and subsequent interpretations. Since elements of Ax(Γ) have degree at most 2, this statement is sufficient for our
purpose.
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xa1xa2 . . . xar by XA where A = {a1, a2 . . . , ar}, so that for a polynomial f , XAf = xa1xa2 . . . xarf .
In this form, X∅ denotes the constant polynomial 1. We make the following non-redundancy as-
sumption on P so as to simplify the definability proof; that is, for all f ∈ P there is no non-empty
A such that XAf ∈ P . This is without loss of generality, since monomial calculus rules allow a
derivation of XAf from f for any monomial XA.

INPUT: P ⊂ F[x1, . . . , xr]
OUTPUT: REFUTE or NOREFUTE.
Initialize B = {XAf | f ∈ P,deg(XAf) ≤ k}.
while spanFB has changed since last round and 1 /∈ spanFB do
M← {A ⊆ [r] | |A| < k,XA ∈ spanFB}.
B ← B ∪ {XB | |B| ≤ k, ∃A ∈M, A ⊆ B}.

end while
if 1 ∈ spanFB then

OUTPUT REFUTE

else OUTPUT NOREFUTE.
end if

Put otherwise, the procedure computes the inflationary fixed point of the set of monomials
within the F-span of B and checks whether it contains the constant 1 or its dimension has increased.
This does not require to store in memory the set spanFB (whose size is exponential in the input),
but can be done by checking the solvability of linear equations. The number of iterations of the
while loop is at most the number of multilinear monomials of degree at most k, thus ensuring that
the procedure runs, overall, in polynomial time. Crucially, at each iteration of the while loop, the
F-span of B has a canonical generating set. As illustrated below, this property is really what allows
definability of the above procedure in FPS(p).

Recall that we are assuming that F = Zp. By viewing polynomials over Zp as vectors in
the standard basis given by monomials, we encode P as a structure A with universe V over the
vocabulary POLYp = (Var, U, C0, C1, . . . , Cp−1), where:

1. V = P ∪ {xi | i ∈ [r]} ∪ {1}.

2. Var and U are unary relational symbols with A |= Var(v) if, and only if, v ∈ {xi | i ∈ [r]},
and A |= U(v) if, and only if, v = 1.

3. Cq for q ∈ Zp are (d + 1)-ary relations, where d is the maximal degree of the polynomials in
P . These encode P in matrix form; that is, A |= Cq(f, v1, . . . , vd) if, and only if, f ∈ P , each
vi is equal to a variable or 1, and the coefficient of the monomial v1v2 . . . vd in f is equal to q.

Note that there is a formula δm identifying the polynomials in P of degree m. Indeed, let
κm,t(v1, . . . , vt) for each t ≥ m be a formula satisfied by A if, and only if, v1, . . . , vt assume exactly
m distinct values from {xi | i ∈ [r]}, and define

δ̂m(f) =
∨

q∈Zp\{0}

∃z1 . . . zd.[Cq(f, z1, . . . , zd) ∧ κm,d(z1, . . . , zd)]

Then δ̂(f) is satisfied if, and only if, f has degree at least m; hence, δm(f) = δ̂m(f) ∧ ¬δ̂m+1(f) is
satisfied by A if, and only if, f ∈ P has degree m.

Next, we use a k-ary interpretation to obtain a structure whose universe is the set of multi-
linear polynomials of degree at most k. Formally, let POLY∗p = (A0, A1, . . . , Ap−1, U

∗, Mon, Sub) be a
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vocabulary where Mon and U∗ are unary relational symbols, Sub is a binary relational symbol, and
Aq are as in the vocabulary LINp. One can then define an interpretation J from POLYp into POLY∗p
such that:

1. The universe of AJ are elements v⃗ ∈ V k such that

A |=
∧
i∈[k]

U(vi) ∨
∧
i∈[k]

Mon(vi) ∨
∨
m∈[k]

δm(v1) ∧ κk−m,k(v2, . . . , vk), (3.5)

and the equivalence relation ≡J on V k defined by the equivalence formula of J is as follows:
u⃗ ≡J v⃗ if, and only if, the set of entries of u⃗ is the same as that of v⃗. Put otherwise, formula
(3.5) ensures that the elements of the universe of AJ are tuples v⃗ where either all vi are equal
to 1, all vi are variables, or v1 is a polynomial in P and v2, . . . , vk are either all equal to 1
or are variables such that |{vi | 2 ≤ i ≤ k}| ≤ k − deg(v1). The relation ≡J partitions the
universe into equivalence classes uniquely determined by the set of entries of each tuple (this
is also guaranteed by our non-redundancy assumption on P ). If the entries of v⃗ are all equal
to 1, we indicate its class by X∅, and similarly, if vi = xai for all i ∈ [k], we indicate its class
by XA where A = {ai | i ∈ [k]}. If v1 = f for some f ∈ P and v2, . . . , vk are all equal to 1,
we indicate the class of v⃗ by f and if vi = xai for 2 ≤ i ≤ k, we indicate its class by the pair
(XA, f) where A = {ai | 2 ≤ i ≤ k}.

2. A |= U∗(v⃗) and A |= Mon(v⃗) if, and only if, the equivalence class of v⃗ is X∅ and XA with
|A| ≥ 1 respectively.

3. A |= Aq(u⃗, v⃗) if, and only if, the equivalence class of u⃗ and v⃗ are XA and (XB, f) for some
f ∈ P respectively, and the coefficient of XA in XBf equals q.

4. A |= Sub(u⃗, v⃗) if, and only if, the equivalence classes of u⃗ and v⃗ are XA and XB respectively
and A ⊆ B.

The reader may check that the above relations on V k can be defined by first-order formulae.
Thus far, we have shown that the INPUT of the monomial calculus procedure and the initial

set B in line 1 can be defined in first-order logic. The last thing required for proving Lemma 3.5.1
is the definability of monomials in the updated B after each iteration of the while loop, which
is where the solvability quantifier and fixed-point operator come into play. In what follows, set
T = {XAf | f ∈ P,A ⊆ [r],deg(XAf) ≤ k}.

Proof of Lemma 3.5.1. Let ψ be some FPS(p) formula over the vocabulary POLY∗p with a single free

vertex variable z. There is an interpretation K(t) of POLY∗p into LINp such that (AJ , t 7→ XA)
K

encodes the system of linear equations determining whether XA is in the Zp-span of the set

Tψ = T ∪ {XB | A |= ψ(XB) ∧ Mon(XB)}.

By Lemma 3.5.2, there is a FPS(p) formula θψ(z), depending on ψ, such that AJ |= θψ(XA) if,
and only if, the monomial XA is in the Zp-span of Tψ.

In particular, replacing ψ with some unary relational variable Z, then

(AJ , z 7→ XA) |= ∃y.θZ(y) ∧ Sub(y, z)
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holds if, and only if, there is some B ⊆ A such that XB is in the Zp-span of TZ. Whence,

(AJ , z′ 7→ X∅) |= ifpZ,z(∃y.θZ(y) ∧ Sub(y, z))(z′) (3.6)

if, and only if, there is an MCk refutation of P over Zp. By applying the Interpretation Lemma to
the above formula and the interpretation J , the desired result follows.

Note that in formula 3.6, the solvability quantifier is included in the formula θZ(y).

Corollary 3.5.3. For any k ∈ N, there is some k′ such that for any graphs Γ and Γ′, if there is a
MCk refutation of Ax(Γ,Γ′) over Zp, there is some Sk′(p) formula distinguishing Γ from Γ′.

Proof. By Lemma 3.5.1 monomial calculus refutations over Zp are definable in FPS(p) and hence,
by the embedding of FPS(p) in Sω(p), we get the desired statement.

Theorem 3.1.2 readily follows.

Proof of Theorem 3.1.2. Let Γ,Γ′ be graphs with vertex sets V and V ′ respectively, and let Λ
be their disjoint union. Suppose there is some MCk refutation of Ax(Γ,Γ′) over Zp. By Lemma
3.5.1, some Sω(p) formula distinguishes Γ from Γ′ and thus, by Theorem 3.3.5, there is some k
such that there is no bijection V k → (V ′)k preserving the colours assigned by [αk,Λ]

Spk . Since

[αk,Γ]
IMp

k ⪰ [αk,Λ]
Spk by Lemma 3.3.2, it follows that the k-dimensional invertible map test over Zp

distinguishes Γ from Γ′.

3.6 Nullstellensatz refutations and Spk-stability

The focus of this section is the proof of the following statement. Fix a graph Γ on V and a colouring
γ of V k.

Lemma 3.6.1. If γ(u⃗) = γ(v⃗) ⇐⇒ u⃗ ≡qNCk
v⃗, then γ is Sqk-stable.

Theorems 3.1.3 and 3.1.4 are its direct consequences. In what follows, γ satisfies the assumptions
of Lemma 3.6.1, u⃗, v⃗ ∈ V k and χ⃗ and ξ⃗ are the (⃗i, u⃗) and (⃗i, v⃗)-character vectors of γ respectively,
where we may assume without loss of generality that i⃗ = (k, k − 1, . . . , k − 2r + 1) ∈ [k](2r), for
some r with 2r < k. For w⃗, z⃗ ∈ V l, denote by Xw⃗z⃗ the monomial xw1z1xw2z2 . . . xwlzl (which need
not be multilinear).

Recall that γ is Spk,r-stable, if, and only if, for every u⃗, v⃗ there is some matrix T ∈ PV r(Zp) such
that χσT = Tξσ, for all σ ∈ Im(γ). That is, the following system of equations is solvable in the
variables Tw⃗z⃗: ∑

a⃗∈V r

(χσ)w⃗a⃗Ta⃗z⃗ −
∑
a⃗∈V r

Tw⃗a⃗(ξσ)a⃗z⃗ = 0 for σ ∈ Im(γ), w⃗, z⃗ ∈ V r

∑
a⃗∈V r

Tw⃗a⃗ − 1 = 0 and
∑
a⃗∈V r

Ta⃗z⃗ − 1 = 0 for w⃗, z⃗ ∈ V r,

where (χσ)w⃗a⃗ is equal to 1 if γ(u⃗⟨⃗i, w⃗ · a⃗⟩) = σ and 0 otherwise (similarly for ξσ).
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It suffices to show that there is a NCk derivation from Ax(Γv⃗→u⃗) over Zp of the following
multilinear polynomials (Lemma 3.6.4):∑

a⃗|γ(u⃗⟨⃗i,w⃗·⃗a⟩)=σ

Xa⃗z⃗ −
∑

a⃗|γ(v⃗⟨⃗i,⃗a·z⃗⟩)=σ

Xw⃗a⃗ for σ ∈ Im(γ), w⃗, z⃗ ∈ V r (3.7)

∑
a⃗∈V r

Xw⃗a⃗ − 1 and
∑
a⃗∈V r

Xa⃗z⃗ − 1 for w⃗, z⃗ ∈ V r. (3.8)

We may view each monomial (apart from the constant term) as a distinct linear variable, so that all
of the above are linear polynomials. Since γ(u⃗) = γ(v⃗), there is no NCk refutation of Ax(Γv⃗→u⃗) and
hence, no linear combination of formulae (3.7) and (3.8) gives the constant polynomial 1. It follows
that if viewed as linear polynomials, (3.7)and (3.8) have a common root, thus showing Lemma
3.6.1.

Lemma 3.6.2. If γ(u⃗⟨⃗i, w⃗ · z⃗⟩) ̸= γ(v⃗⟨⃗i, w⃗′ · z⃗′⟩), then there is a NCk derivation over Zp of Xw⃗w⃗′Xz⃗z⃗′

from Ax(Γv⃗→u⃗).

Proof. Set Y = Xw⃗w⃗′Xz⃗z⃗′ and let Xu⃗′v⃗′ be the degree k − 2r monomial where u′j = uj and v
′
j = vj

for j ∈ [k − 2r]. Then, there is a NCk derivation of Y (Xu⃗′v⃗′ − 1), for indeed

Y (Xu⃗′v⃗′−1) = Y (xu1v1−1)+Y xu1v1(xu2v2−1)+ . . .+Y (xu1v1 . . . xuk−2r−1vk−2r−1
)(xuk−2rvk−2r

−1).

By assumption, γ(u⃗⟨⃗i, w⃗ · z⃗⟩) ̸= γ(v⃗⟨⃗i, w⃗′ · z⃗′⟩) and hence, there is an NCk derivation of Y Xu⃗′v⃗′ .
Subtracting the latter from Y (Xu⃗′v⃗′ − 1) yields the desired statement.

Lemma 3.6.3. For any w⃗, z⃗ ∈ V r and s⃗ ∈ V t there is a NCt+r derivation over Zp of

Xw⃗z⃗

( ∑
a⃗∈V t

Xs⃗a⃗ − 1
)

and Xw⃗z⃗

( ∑
a⃗∈V t

Xa⃗s⃗ − 1
)

from Ax(Γu⃗→v⃗).

Proof. We proceed by induction on t. For t = 1, Xw⃗z⃗

(∑
a∈V xsa− 1

)
is the product of a monomial

and an axiom, so has a NCr+1 derivation.
Assume Xw⃗z⃗

(∑
a⃗∈V t Xs⃗a⃗ − 1

)
has a NCt+r derivation. It can be easily verified that if a poly-

nomial f has a NCr derivation from some set of axioms, then xf has a NCr+1 derivation for any
variable x. Thus, xs′a′Xw⃗z⃗

(∑
a⃗∈V t Xs⃗a⃗ − 1

)
has a NCt+r+1 derivation. Finally∑

a′∈V
xs′a′Xw⃗z⃗

( ∑
a⃗∈V t

Xs⃗a⃗ − 1
)
= Xw⃗z⃗

( ∑
a⃗∈V t,a′∈V

X(s⃗·s′)(a⃗·a′) − 1
)
= Xw⃗z⃗

( ∑
a⃗∈V t+1

X(s⃗·s′)a⃗ − 1
)

as required.

Lemma 3.6.4. There is a NCk derivation over Zp from Ax(Γv⃗→u⃗) of the polynomials in formulae
(3.7) and (3.8).

The reader may note that the intuition behind the following proof is akin to the NC2 derivation
given at the end of Section 3.4. In this case, the edge relation encoded by the adjacency matrices
of the graphs is replaced by the entries of the (⃗i, u⃗) and (⃗i, v⃗)-character vectors.
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Proof. For a⃗ ∈ V r, set N (u⃗, w⃗) = {a⃗ ∈ V r | γ(u⃗⟨⃗i, w⃗ · a⃗⟩) = σ} and N (v⃗, z⃗) = {a⃗ ∈ V r |
γ(v⃗⟨⃗i, a⃗ · z⃗⟩) = σ} (note the slight asymmetry). By Lemma 3.6.3, there is a NC2r (and hence, NCk,
since 2r < k) derivation of

Xa⃗z⃗

( ∑
a⃗′∈V r

Xs⃗a⃗′ − 1
)

for every a⃗, s⃗, z⃗ ∈ V r. By subtracting from the above all monomials Xa⃗z⃗Xs⃗a⃗′ for which a⃗
′ /∈ N (v⃗, z⃗)

(which have a NCk derivation by Lemma 3.6.2) one gets

Xa⃗z⃗

( ∑
a⃗′∈N (v⃗,z⃗)

Xs⃗a⃗′ − 1
)
.

Adding these for all a⃗ ∈ N (u⃗, w⃗) yields∑
a⃗∈N (u⃗,w⃗)

Xa⃗z⃗

( ∑
a⃗′∈N (v⃗,z⃗)

Xs⃗a⃗′ − 1
)
. (3.9)

A similar argument shows that there is a NCk derivation of∑
a⃗∈N (v⃗,z⃗)

Xw⃗a⃗

( ∑
a⃗′∈N (u⃗,w⃗)

Xa⃗′s⃗ − 1
)
. (3.10)

Subtracting (3.9) from (3.10) yields (3.7).
The polynomials in (3.8) can be derived by setting r = 0 in Lemma 3.6.3.

3.6.1 Proof of Theorem 3.1.3

From Lemma 3.6.1 it follows that if γ is a colouring whose equivalence classes coincide with those
of the relation ≡qNCk

for some graph Γ, then γ ⪰ [αk,Γ]
Sqk . Thus, by taking Γ to be the disjoint

union of Γ1 and Γ2, we can argue, similarly to the previous section, that if q = 0 and some Ck
formula distinguishes Γ1 from Γ2, then there is a NCk+1 refutation over Q from Ax(Γ1,Γ2). If q = p
and some Sk(p) formula distinguishes Γ1 from Γ2, then there is a NCk+1 refutation over Zp from
Ax(Γ1,Γ2). Theorem 3.1.3 then follows.

Proof of Theorem 3.1.3. If there is a PCk refutation over Q of Ax(Γ,Γ′), then for some k′ = O(k),
there is a Ck′ formula distinguishing Γ from Γ′. From the above argument, there is a NCk′+1

refutation over Q of Ax(Γ,Γ′), thus implying statement (1).
Suppose there is a MCk refutation over Zp of Ax(Γ,Γ′). From Corollary 3.5.3, there is some k′

such that Γ and Γ′ are distinguished by some Sk′(p) formula. Hence, there is a NCk′+1 refutation
over Zp from Ax(Γ,Γ′).

Note that if the equivalence classes of a colouring γ coincide with those of ≡qNCk
, then γ is not

necessarily graph-like, since a derivation of Xu⃗v⃗ does not necessarily give a derivation of X(u⃗·u′)(v⃗·v′).
As such, γ is invariant and satisfies formula 2.2, but need not be k-consistent.

76



3.7 Generalised Cai-Fürer-Immerman constructions

In 1992, Cai, Fürer and Immerman demonstrated how to construct a family of pairs of non-

isomorphic graphs (Γ
(0)
k ,Γ

(1)
k ), for k ≥ 1 which cannot be distinguished by Ck formulae. Further-

more, the construction of such graphs ensures that Γ
(0)
k and Γ

(1)
k only have O(k) vertices and hence

are distinguished by Ck′ formulae, where k′ = Ω(k). This therefore gives an optimal asymptotic
lower bound on the number of variables required to define such structures in the logic.

It is known, however, that Γ
(0)
k and Γ

(1)
k can be distinguished in poly(k)-time. On the one hand,

the construction can ensure that both graphs, for any k, are 3-regular, and isomorphism of graphs
with bounded valency can be decided in polynomial time (see [52]). Alternatively, the isomorphism

problem between Γ
(0)
k and Γ

(1)
k really encodes a system of linear equations over Z2, the solvability

of which can be decided in polynomial time. These structures can be generalized to encode systems
of linear equations over an arbitrary finite field (or, indeed, an arbitrary finite Abelian group [45]).
Loosely speaking, the generalized Cai-Fürer-Immerman construction for the field Zp provides, for
each k ∈ N, p non-isomorphic graphs which are not distinguished by the k-dimensional invertible
map test over Q whenever p /∈ Q. We outline these constructions and the link with the solvability
decision problem, which leads to the proof of Theorem 3.1.4. For completeness, we first outline the
original Cai-Fürer-Immerman constructions.

3.7.1 The original constructions

The idea behind the original constructions and Holm’s generalisation thereof is to replace each
vertex of a connected base graph with some gadget. These are then interconnected according to
the structure of the base graph and some additional rules. The structure of the gadgets themselves
depends solely on the degree of the vertex it replaces, and potentially its colour.

Fix some connected graph Γ with vertex set V and edge set E. Recall that N(v) indicates the
neighbourhood of the vertex v; that is, N(v) = {u ∈ V | uv ∈ E}. For each v ∈ V , denote by X(v)
the gadget replacing the vertex v. The vertex set of X(v) consists of the external vertices

{vw(0) | vw ∈ E} ∪ {vw(1) | vw ∈ E}

and the internal vertices
{A ⊆ N(v) | |A| ≡ 0 mod 2}.

Put otherwise, we have a pair of external vertices for each edge incident on v and an internal
vertex for each even cardinality subset of neighbours of v. For every internal vertex A we then add
an edge to every vw(1) for which w ∈ A and an edge to every vw(0) for every w /∈ A, so that X(v) is
effectively a bipartite graph, with the two parts being the external and internal vertices respectively.
We colour the external and internal vertices differently, and each of the external edges associated
with two different edges will be coloured differently. That is, for i, j ∈ {0, 1} and u,w ∈ N(v)
with u ̸= w, no automorphism maps vu(i) to vw(j), and no automorphism maps external vertices
to internal vertices, and vice-versa. In addition, if v, w ∈ V have different colours in Γ, we then
assume that no vertex in X(v) has the same colour as any vertex in X(w).

Define the graph Γ(0) to be the disjoint union of the graphs X(v) for v ∈ V , with edges between
the vertices vw(i) and wv(i) for all i ∈ {0, 1} whenever vw ∈ E. For some uw ∈ E let Γ(uw) be
the graph obtained from Γ(0) by removing the edges between uw(i) and wu(i) for i ∈ {0, 1} and
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Figure 3.1: The gadget X(v) replacing a vertex v with neighbourhood {w, x, z}. The

internal vertices are indicated in blue and the external ones in red.

replacing them by an edge between uw(i) and wu(1−i) for i ∈ {0, 1}. This is sometimes referred to
as uw being twisted.

It turns out that twisting an even number of edges yields a graph isomorphic to Γ(0) and twisting
an odd number yields a graph isomorphic to Γ(uw), so with some minor notational abuse we indicate
a graph with an odd number of twists by Γ(1). The following are well known.

Theorem 3.7.1 (Lemma 6.2 in [20]). For any graph Γ, Γ(0) and Γ(1) are not isomorphic.

Theorem 3.7.2 (Theorem 4 in [31]). If Γ has treewidth k, then the (k−1)-dimensional Weisfeiler-
Leman algorithm does not distinguish Γ(0) and Γ(1).

Using an argument based on expander graphs, it can be shown that there is a family of graphs
{Γk | k ∈ N} such that Γk has O(k) vertices, is 3-regular and has treewidth equal to k (see [46]).
Combining this with the latter results, it follows that for each k ∈ N, there are non-isomorphic
3-regular graphs Λk and Λ′

k of size O(k) which are not distinguished by the k-dimensional Weisfeiler-
Leman algorithm.

3.7.2 Holm’s generalisation

Fix a prime number p and a vertex coloured graph Λ with vertex set V and edge set E. For each
v ∈ V , we define E(v) to be the set {vw | vw ∈ E} and recall that N(v) is the set of vertices w ∈ V
such that vw ∈ E. For a finite set A and q ∈ Zp let (A → Zp)q the set of maps f : A → Zp for
which

∑
a∈A f(a) = q. Define the following sets:

B(v, w) = {(v, w, i) | i ∈ Zp} ⊆ V × V × Zp ∀v, w ∈ V, vw ∈ E

A(v) =
⋃

w∈N(v)

B(v, w) ⊆ V × V × Zp ∀v ∈ V

78



I(v, q) = (E(v)→ Zp)q ∀v ∈ V, q ∈ Zp.

For v ∈ V, q ∈ Zp, let Xp(v, q) be the graph with vertex set A(v) ∪ I(v, q) with edge relation

EX = {{(v, w, i), g} | (v, w, i) ∈ A(v), g ∈ I(v, q), g(vw) = i}.

Similarly to the original constructions, we collectively refer to the graphs Xp(v, q) for v ∈ V , q ∈ Zp
as the graph gadgets of Λ, and we refer to the vertices in A(v) and I(v, q) as the external and
internal vertices of the gadgets. For a graph Λ as above, k ∈ N and a map f : V 7→ Zp, define
cfi∗(Λ, p, f) to be the graph formed by the disjoint union of Xp(v, f(v)) for all v ∈ V , adding an
edge between all vertices (v, w, i) and (w, v, j) for all i, j ∈ Zp and (v, w) ∈ E. We construct the
graph cfi(Λ, p, f) from cfi∗(Λ, p, f) with the following vertex colouring: if v ∈ V has some colour c,
then any internal vertex of Xp(v, f(v)) has colour (c, internal) and the external vertices (v, w, i)
are given the colour (c, v, w) for each w ∈ N(v). Finally, we add the following edge colouring: for
each q ∈ Zp we colour the edge joining (v, w, i) and (w, v, j) by cq if i+ j = q. As it turns out, for
a fixed graph Λ, such a construction yields exactly p isomorphism classes.

Theorem 3.7.3 (Theorem 7.10 in [45]). Fix a prime number p and let Λ be a graph on V all of
whose vertices have a different colour. For any maps f, f ′ : V 7→ Zp, the graphs cfi(Λ, p, f) and
cfi(Λ, p, f ′) are isomorphic if, and only if,

∑
v∈V f(v) =

∑
v∈V f

′(v).

Figure 3.2: The gadget Xp(v, q) replacing a vertex v with neighbourhood {w, x, z} and

p = 3, q = 0. The internal vertices are indicated in red and the external ones

in blue. The internal vertex labelled by the triple (a, b, c) coincides with the

mapping vw 7→ a, vx 7→ b, vz 7→ c (note that a+ b+ c = 0 for each internal vertex).

Hence, we may use cfi(Λ, p, q) to indicate the isomorphism class of the graph cfi(Λ, p, f) with∑
v∈V f(v) = q.

Theorem 3.7.4 (Theorem 8.1 in [27]). 1. For each k ∈ N, there exist 3-regular graphs Λk of
size O(k) and treewidth k + 1 such that the k-dimensional invertible map test over Q, with
p /∈ Q, does not distinguish graphs from the classes cfi(Λk, p, q) and cfi(Λk, p, q

′) for q ̸= q′.
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2. If p ∈ Q, then the 3-dimensional invertible map test over Q distinguishes the isomorphism
classes cfi(Λ, p, q) and cfi(Λ, p, q′) for q ̸= q′ and any graph Λ.

In fact, these graphs have also been used to establish lower bounds to the degree required for
PC refutations over fields of positive characteristic. The next result follows from Theorems 6.1 and
6.2 in [39], and is analogous to the first statement in the previous Theorem.

Theorem 3.7.5. For each k ∈ N there exists d-regular graphs Λk of size O(k) such such that there is
no degree k PC refutation over Zp from Ax(Γk,Γ

′
k), where Γk ∈ cfi(Λk, p, q), and Γ′

k ∈ cfi(Λk, p, q
′)

with q ̸= q′.

Theorem 3.1.4 is akin to the second statement of 3.7.4, since a degree k NC refutation from a
set of axioms is a degree k PC refutation thereof. Note that a stronger statement for the case p = 2
has been proven in [14]; the authors in fact, give a degree 2 NC refutation over Z2 distinguishing

Γ
(0)
k and Γ

(1)
k . To prove Theorem 3.1.4 we recall from Section 7.3.5 of [45] that there are systems of

linear equations defining the isomorphism classes cfi(Λ, p, q) in the following sense: for every q ∈ Zp
there is a first order interpretation Iq mapping the class of structures isomorphic to cfi(Λ, p, f),
to a class of structures over the vocabulary LINp so that for any Γ isomorphic to cfi(Λ, p, f), the
system of linear equations encoded by ΓIq has a solution if, and only if, Γ ∈ cfi(Λ, p, q). Let Γ be
in the isomorphism class cfi(Λ, p, f) for some map f : V → Zp, where V is the vertex set of Λ. The
system encoded by ΓIq is the following:

1. For each edge vw ∈ E of Λ and i, j ∈ Zp we add the outer vertex equations:

x(v,w,i) + x(w,v,j) = i+ j.

Note that the equations for (v, w) and (w, v) are the same, so we shall add each only once.

2. For each g ∈ I(v, f(v)) we add the inner vertex equations:∑
w∈N(v)

x(v,w,g(vw)) =
∑

g′∈I(v,f(v))

xg′ .

3. Lastly, we set the total value of the vertices to be equal to q:∑
g∈I(v,f(v)),v∈V

xg = q.

It can be seen that this system has a solution if, and only if, Γ′ ∈ cfi(Λ, p, q); indeed, the outer and
inner vertex equations imply that the sum of all variables xg for g ∈

⋃
v∈V I(v, f(v)) must be equal

to
∑

v∈V f(v). We may now argue as follows for proving Theorem 3.1.4.

Proof of Theorem 3.1.4. Fix Γ ∈ cfi(Λ, p, q) and Γ′ ∈ cfi(Λ, p, q′) with q ̸= q′. By Lemma 3.5.2,
there is a Sω(p) formula ϕ such that ΓIq |= ϕ and (Γ′)Iq ̸|= ϕ. Applying the Interpretation Lemma
to Iq, ϕ−Iq is a Sω(p) formula satisfied by Γ but not Γ′. It follows from Lemma 3.6.1 and Theorem
3.3.5 that for each prime number p, there is a constant k so that there is a degree k NC refutation
from the axioms Ax(Γ,Γ′).

It is worth noting that the constant k may depend on p, since the dimension of the interpretation
in Lemma 3.5.2 depends on p itself.
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3.8 Conclusions: where does polynomial calculus lie?

The invertible map tests can be thought of as a family of algorithms, each of which labels graphs,
distinguishing them according to the most general linear algebraic invariants expressible with a
bounded number of variables in a logic. As bounded degree PC,MC and NC refutations can be
decided solely by using basic field operations, one expects that the equivalences defined by the
invertible map tests simulate those defined by the above mentioned proof systems. Theorem 3.1.2
gives a partial proof of this conjecture, leaving it open as to whether the invertible map tests can
simulate bounded degree PC refutations, when considered over finite fields.

Our approach to this question was to attempt to define the above proof systems in the simplest
logics which could express the solvability of systems of linear equations. The proof of Lemma
3.5.1 hints at the flaws of this choice. Deciding whether or not there is a PCk refutation of
P ⊆ F[x1, . . . , xr] can be understood as the following procedure, similar to that in Section 3.5.

INPUT: P ⊂ F[x1, . . . , xr]
OUTPUT: REFUTE or NOREFUTE.
Initialize B = {XAf | f ∈ P,deg(XAf) ≤ k}.
while spanFB has changed since last round or 1 /∈ spanFB do

Find a set F generating the F-space {f ∈ spanFB | deg(f) < k}.
B ← B ∪ {XAf | f ∈ F ,deg(XAf) ≤ k}.

end while
if 1 ∈ spanFB then

OUTPUT REFUTE

else OUTPUT NOREFUTE.
end if

This procedure runs in polynomial time, as one can find F by using Gaussian elimination
(there is no need to store the set spanFB as a generating set suffices), and the number of iterations
of the while loop is bounded by the number of monomials of degree at most k in the variables
{x1, . . . , xr}. If F is finite, this procedure is a priori not definable in Sω(p), as it is not immediate
whether there is a canonical choice for the set F (its counterpart in the procedure for monomial
calculus refutations was the set M of monomials in the span of B). Put otherwise, defining the
set F requires defining the solution space of a system of linear equations over a field of positive
characteristic p, rather than just determining the solvability of the system and this is not known
to be feasible in Sω(p) nor in fact LAω({p}). The FPC definability of bounded degree polynomial
calculus refutations over the field Q (Theorem 4.9 in [39]) relies on the FPC definability of solution
spaces of linear equations over Q (Theorem 4.11 in [39]). In our particular case, we are looking for
a formula defining the kernel of the map from spanFB to itself such that f 7→ 0 if deg(f) < k and
f 7→ f(k) if deg(f) = k, where f(k) is the sum of the terms in f of degree k. Perhaps surprisingly,
this result seems to depend more on properties of linear spaces over the rationals, rather than the
expressive power of the logics. We will sketch a construction of a canonical choice for the generators
of a kernel, but let us first formalize the notion of definability of a solution space.

As it turns out, many linear algebraic properties over Q are definable in FPC; for instance
matrix multiplication and the solvability of systems of linear equations 8. More precisely, given a
structural encoding of a system of linear equations Ax⃗ = b⃗, where A is a U × V matrix and b⃗ is
a column vector of appropriate length, there is a formula satisfied by the structure if, and only if

8See Section 6 of [29] for more details, noting in particular the structural encoding of rational valued matrices.

81



there is a solution to the system. To define the solution space of Ax⃗ = b⃗, we mean the following:
given a structural encoding of Ax⃗ = b⃗ as above, there are FPC formulae expressing whether or not
there is a solution to the system and, in such case, define a V × V matrix S, whose image is the
kernel of A, and a vector c⃗ such that Sc⃗ = b⃗. Put otherwise, the affine space c⃗ + Im(S) is the set
of solutions to Ax⃗ = b⃗. Since the columns of S generate its image, defining S effectively means
defining the kernel of A.

The canonicity of the choice of columns for S really signifies the fact that the computation
thereof does not depend on some arbitrary choice of order ; for example, given a set of generators
for a linear space, computing a basis using Gaussian elimination would usually require choosing
an order for the generators. However, we don’t even need to refer to Gaussian elimination in our
case. Indeed, by writing B = AtA, one can show that Im(B) = Im(A), Ker(B) = Ker(A) and that
QV = Im(B) ⊕ Ker(B) (note that B is a V × V matrix) 9. The crux is to notice that the latter
expression is in fact a stronger statement than the rank-nullity theorem as it is about equality, not
isomorphism, of linear spaces. Thus, if e⃗v for v ∈ V are the standard basis for QV , then there are
unique elements s⃗v ∈ Ker(A) = Ker(B) and c⃗v ∈ Im(B) such that e⃗v = s⃗v+c⃗v. The set {s⃗v | v ∈ V }
then forms a canonical generating set for Ker(A). More details on the linear algebra and on the
relevant FPC formulae can be found in Section 4 of [39]. It is important to note, however, that
we are only concerned with axioms of the form Ax(Γu⃗→v⃗), and such a restriction could potentially
allow a canonical choice of F , even for fields with positive characteristic.

Let us now tackle the problem from the viewpoint of proof complexity. It follows from Lemma
3.6.1, that if PCk refutations over Zp are definable in FPS(p), then for every k, there is some k′

such that if Ax(Γ,Γ′) has a PCk refutation over Zp, then it has a NCk′ refutation over Zp. It is
known that for all n and for any field, there is a set of axioms on n(n+ 1) variables which can be
refuted by PC3 but require degree Ω(n) to be refuted by NC (Theorem 6 in [18]). Furthermore,
this lower bound can be shown to be optimal. On the other hand, Buss et. al. have shown that
NC derivations can be used to simulate tree-like PC derivations (see Theorems 5.3 and 5.4 in [19])
with only a small increase in degree. In a tree-like derivation, every polynomial involved is used at
most once for a future derivation. For a set of axioms of the form Ax(Γ,Γ′), it is not known if any
PCk refutation of such can be converted into a tree-like refutation without incurring an unbounded
increase in degree.

Finally, let us justify our conjecture; namely, that for any field and integer k, there is some k′

such that if Ax(Γ,Γ′) has a PCk refutation, then Γ and Γ′ are distinguishable by the k′-dimensional
invertible map test over the same field. First, Theorems 3.7.4, 3.7.5 and 3.1.4 show that the
invertible map tests and bounded degree PC refutations have a similar distinguishing power on
the class of generalized Cai-Fürer-Immerman graphs, thus suggesting that there should be a tight
connection between them. Moreover, the procedure we have described above for deciding PCk
refutations of a set of polynomials is linear algebraic invariant in the sense that after each iteration
of the while loop, the F-span of B is independent of the choice of the set F . In fact, the number
of iterations of the while loop is independent of the choice of F . This seems to be a strong hint at
the fact that extending fixed-point logic with a quantifier over some linear algebraic operator over
Zp should suffice to define PCk refutations over the same field.

9These properties rely on the fact that linear spaces over Q can be equipped with a well defined positive-definite
inner product, so this part of the argument cannot carry over to fields of positive characteristic.
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Chapter 4

Finite groups and Latin square graphs

Up to now, we have considered the Weisfeiler-Leman algorithms for computing isomorphism invari-
ant labels for graphs, which we viewed as binary relational structures. In fact, the same algorithms
can be used for structures involving relations of higher arity; the idea is to use the same iterative
procedure, and the initial colouring into atomic types is given by the local isomorphisms dictated
by the underlying structure. In this chapter we look at the distinguishing power of the Weisfeiler-
Leman algorithms on finite groups, which can be encoded as ternary relational structures. Apart
from purely theoretical interests, a lower bound for the Weisfeiler-Leman dimension of finite groups
would lead to a lower bound for the Weisfeiler-Leman dimension of Latin square graphs. In fact,
we prove something stronger: namely, that the reduction from the isomorphism problem of groups
to that of Latin square graphs arising from Cayley tables of groups is first-order definable with an
interpretation, and the same holds for the reverse reduction. This shows that testing for higher
dimensional Weisfeiler-Leman equivalence on groups and Latin square graphs of their Cayley tables
are equivalent (up to some additive constant term). Latin square graphs are a well studied class
of strongly regular graphs. In turn, strongly regular graphs are also an active area of research, for
they lie on the fine edge between high regularity and unpredictability, and a compact classification
thereof seems to be an unfathomable task. Strongly regular graphs also have a high degree of sym-
metry in the sense of Theorem 20 in [6], and this seems to be an obstacle to finding non-constant
lower bounds to their Weisfeiler-Leman dimension in a Cai-Fürer-Immerman style 1. However,
the two-way interpretation between finite groups and Latin square graphs of their Cayley tables
does hint at the following research direction: is there a class of ternary relational structure with a
similar two-way interpretation with strongly regular graphs? While this may not directly lead to
the desired lower bound, it could still shine more light on the nature of strongly regular graphs.

4.1 Motivation and main results

The group isomorphism problem consists in deciding whether there is a product preserving bijec-
tion between two groups. Similarly to graph isomorphism, deciding group isomorphism is a basic
mathematical problem for which we are still lacking efficient algorithms; in fact, there is no suf-
ficient evidence which could suggest whether or not the problem is decidable in polynomial time.
The best known algorithms run in time nO(log(n)) (see for example Tarjan [55] or Rosenbaum [59]),
though better bounds are known for some restricted classes of groups.

1This empirical justification arose from a private correspondence with Martin Fürer.
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Unlike for graphs, however, the descriptive complexity of groups has not been well studied,
and the power of combinatorial approaches to group isomorphism has not seen as much extensive
research. Let us define a group invariant similarly to a graph invariant: we say that a map f
is a group invariant for a class of groups G closed under isomorphism if whenever G,H ∈ G are
isomorphic, it holds that f(G) = f(H). If f(G) = f(H) only if G and H are isomorphic we say
that f is a complete invariant. An example of a combinatorial invariant is the k-subgroup profile of
a group for some fixed natural number k. The k-subgroup profile of a group G is defined to be the
multiset of isomorphism classes of the subgroups of G generated by at most k elements. An easy
consequence of the Classification Theorem of Abelian Groups is that the 1-subgroup profile is a
complete invariant for the class of Abelian groups. More generally, there is no fixed k for which the
k-subgroup profile is a complete invariant for the class of all groups. In fact, there are examples of
pairs of non-isomorphic groups of order n with same Ω(log(n))-subgroup profile, and since a group
with n elements has a generating set of size O(log(n)), the bound is optimal [65].

A stronger family of combinatorial invariants, first considered by Brachter and Schweitzer in
[16], consists in labelling groups with colourings of the set of k-tuples of elements obtained by
refining the colouring into isomorphism types with the k-dimensional Weisfeiler-Leman algorithm.
It should be said that there is no unique natural way of defining the isomorphism type of a k-
tuple of group elements. The paper by Brachter et al. gives three different notions for this, and
conveniently, the families of algorithms one yields when refining these using the Weisfeiler-Leman
method turn out to be equivalent in the sense of equivalence of Schurian Polynomial Approximation
Schemes (Definition 2.1.1). We will be concerned with the two most intuitive of these notions: the
first one respecting the isomorphism types of the k-tuple treating the group as a ternary relational
structure, the second considering the isomorphism type of the subgroup generated by the elements
of the k-tuple. The notions of Weisfeiler-Leman equivalences arising from these two cases can be
captured by their respective versions of the bijective pebble game which differ, as expected, in
Duplicator’s winning condition. We will use both of these throughout the chapter according to
whether the logical or the algebraic perspective is most convenient.

The authors in [16] also attempt to find lower bounds for the dimension of the Weisfeiler-Leman
algorithm required to distinguish all pairs of non-isomorphic groups of order n. They consider the
class of 2-nilpotent groups with exponent p, where the commutation relations are dictated by the
edge relation of a graph. For the sake of brevity, we may refer to these groups as being generated
by a graph; this should not be misleading, since a generating set for the group is in fact the set of
vertices, and non-isomorphic graphs generate non-isomorphic groups. Practical reasons aside, the
choice of the 2-nilpotency and exponent p conditions are a justifiable educated guesses, in that it is
generally believed that these constitute hard cases for group isomorphism. Grochow’s contribution
to this stackexchange thread lists some valid empirical and structural reasons [41]. Näıvely, one
would expect groups generated by graphs obtained with the Cai-Fürer-Immerman constructions to
be hard to distinguish combinatorially. The main result in [16] shows otherwise: if these graphs are
taken to be 3-regular, there is a constant k for which the k-dimensional Weisfeilier-Leman algorithm
distinguishes any pair of non-isomorphic groups from this class. It is still unclear whether this result
holds for more general Cai-Fürer-Immerman constructions, as the 3-regularity condition seems to
be crucial: it allows Spoiler to force Duplicator to exclusively play bijections based on the structure
of the underlying graphs. Since a generating set of the group is given by the vertices of the graph,
when Spoiler pebbles a product of many vertices, they are effectively pebbling a large number of
vertices of the graph. In fact, we show that if Duplicator restricts their choice of bijections to ones
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based on the graph structure, then Spoiler can win on any pair of non-isomorphic graphs (Theorem
4.4.2). This prompts to investigate the following direction: what classes of graphs generate groups
for which, with a constant number of pebbles, Spoiler can force Duplicator to choose such bijections?
A natural starting point to answer this question would be to look at groups generated by graphs
from classes for which all non-isomorphic pairs are distinguished by the k-dimensional Weisfeiler-
Leman algorithm, for some fixed k. In this chapter we look at the instance of trees (for which näıve
colur refinement is sufficient), and we show that non-isomorphic pairs of groups generated by trees
can be distinguished by the 2-dimensional Weisfeiler-Leman algorithm. In fact, Spoiler’s strategy
on the groups is akin to the one used on the corresponding graphs.

To conclude the chapter, we discuss another link between graphs and groups. It is well known
that group isomorphism is polynomial-time reducible to graph isomorphism. There are several ways
to perform this reduction (see for example [56]), and we provide one which is definable in first order
logic. To be precise, we construct a first-order logical interpretation mapping a group to the Latin
square graph of its Cayley table. Furthermore, there is an inverse to this interpretation (requiring
3 parameters) thus showing that finite groups and Latin square graphs of their Cayley tables have
similar limitations in terms of their definable properties in FPC. In particular, an upper bound to
the Weisfeiler-Leman dimension of Latin square graphs on n2 vertices gives an upper bound to the
Weisfeiler-Leman dimension of finite groups of order n. Latin square graphs form a well studied
subclass of strongly regular graphs, so should the conjecture by Emms et al. hold (see Section 4.5),
then finite groups can be distinguished in polynomial time with some Weisfeiler-Leman algorithm
- a result which would be rather surprising.

This chapter is structured as follows: we first give the relevant background notions from group
theory and an overview of useful properties of 2-nilpotent exponent p groups generated by graphs.
Then we discuss the Weisfeiler-Leman algorithm on groups, giving two versions of the algorithms,
the corresponding pebble games and stating the relationship between them. Next, we look at some
examples of strategies for pebble games on groups generated by graphs, and compare them with
the ones on the corresponding graphs. In particular, we show that groups generated by trees have
Weisfeiler-Leman dimension at most equal to 2. Finally, we discuss Latin square graphs, and the
relation between the Weisfeiler-Leman equivalences thereof and those of finite groups.

4.2 Groups generated by graphs

We are mostly concerned with two ways to input a finite group into an algorithm. The most natural
way is via a Cayley table. The Cayley table of a group G is a G × G array whose (g, h) entry is
the element gh ∈ G. This emphasizes the idea of a group as a ternary relational structure. When
convenient, we may therefore view groups as relational structures over a vocabulary with a single
ternary relational symbol prod, the semantics of which is clear: (G, x⃗ 7→ g⃗) |= prod(⃗x) if, and
only if, g1g2 = g3 (for simplicity, we use G to indicate both the structure and its universe). In
particular, note that the concept of group isomorphism coincides with that of isomorphism between
their underlying relational structures.

A more compact way to specify a group is via a presentation. Recall that for a set S, the free
group over S, indicated by FS , is the group whose underlying set consists of all words that can be
built from the language S ∪ {s−1 | s ∈ S}, with the operation being that of word concatenation.
Two words are considered to be distinct group elements unless one can be obtained from the other
by removing/adding subwords of length 2 formed by a symbol followed by its inverse (e. g.mss−1 =
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mtt−1). A presentation of a group G is essentially a quotient of some free group which is isomorphic
toG. Formally, for a set S and R ⊂ FS , we say thatG has the presentation ⟨S | R⟩ ifG is isomorphic
to the quotient FS/RN , where RN is the smallest normal subgroup of FS containing the set R.
Presentations are also useful for specifying subgroups: for a sequence of elements g1, . . . , gm ∈ G,
we define the subgroup of G generated by g1, . . . , gm to be the smallest subgroup of G containing
g1, . . . , gm, and indicate it as ⟨g1, . . . , gm⟩. We say that S generates G and if |S| = m, we say that
G is m-generated. An easy consequence of Lagrange’s Theorem is that any group of order n is
O(log(n))-generated.

Let us look at some examples. The following is a presentation of the cyclic group of order q:

⟨x | xq⟩.2

This shows that cyclic groups are 1-generated. The group Sym(n) has a presentation as follows:

⟨σ1, . . . , σn−1 | {σ2i | i ∈ [n− 1]} ∪ {σiσjσ−1
i σ−1

j | i ̸= j ± 1} ∪ {(σiσi+1)
3 | i ∈ [n− 2]}⟩.

Intuitively, the relations define the action of the transpositions. Group presentations often involve
commutation relations; for example, Sym(n) as above, or the Abelian group Zp⊕Zq, which can be
written as

⟨x, y | xp, yq, xyx−1y−1⟩.

The group element xyx−1y−1 is often written as [x, y] for brevity, and is referred to as the commu-
tator or 1-fold commutator of x and y. A c-fold commutator for c ≥ 1 is defined to be an element
of the form [x, y] where y is a (c− 1)-fold commutator. A group G is said to be nilpotent if there
is some integer c for which all c-fold commutators evaluate to the identity element. The minimal
such c is said to be the nilpotency class of G and we say that G is c-nilpotent.

Since Abelian groups are 1-nilpotent, the nilpotency class can be thought of a indicating how
distant the group is from being Abelian. Nevertheless, whilst testing isomorphism of finite Abelian
groups can be done very efficiently (see the end of Section 4.3), this is still unclear for the case of
higher nilpotency classes. In fact, given any uncoloured graph Γ, we can construct a 2-nilpotent
group GΓ whose properties are primarily determined by Γ. This seems to suggest that effectively
2-nilpotent groups can have as much structure as uncoloured graphs. We now outline this con-
struction, which is due to Mekler [54], as well as useful properties of the groups obtained.

Hereafter, let p be a prime number. Consider the following quotient of the free group on a finite
set V :

FV,p = ⟨V | SV,p⟩,

where SV,p is defined to be the set

{vp | v ∈ V } ∪ {[[u, v], w] | u, v, w ∈ V }.

Put otherwise, FV,p is generated by elements of V , each of which has order p, and any commutator
of elements of V commutes with any other element in V . It can be seen that FV,p has nilpotency
class 2 and each element has order p. In addition, if we let V = {v1, . . . , vn}, then every element of
FV,p can be uniquely expressed as

ve11 . . . venn [v1, v2]
d1,2 [v1, v3]

d1,3 . . . [vn−1, vn]
dn−1,n

2Here, R = {xq}, but we omit the brackets to avoid notational clutter if the elements of R can be conveniently
listed extensively.
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where the exponents ei and dj,k are uniquely determined modulo p. Whence, |FV,p| = pn+(
n
2).

Let Γ be a simple, undirected, uncoloured graph with vertex set V = {v1, . . . , vn} and edge set
E. For a fixed prime number p, we define GΓ to be the following group

⟨V | SV,p ∪ {[vi, vj ] | vivj ∈ E}⟩.

Any element g ∈ GΓ can be written in the following normal form 3:

g = ve11 . . . venn ·
∏

vivj /∈E

[vi, vj ]
dij , (4.1)

where, as before, the exponents are uniquely determined modulo p. From this, it is easy to deduce

that |GΓ| = pn+(
n
2)−|E|. For an element g as above, we define its support s(g) to be the set of

vertices appearing in the normal form of g with non-zero exponent modulo p; that is:

s(g) = {vi | ei ̸= 0 mod p}.

The reader may wish to note that unlike the set of commutators [vi, vj ] appearing in the normal
form of g, the support of g is invariant of the order on V chosen for the normal form. Hereafter,
we shall use the shorthand |g| to denote the cardinality of the set s(g). For a subset T ⊆ V , we
define gT to be the subword of g including only elements of T ; formally, gT = v

ei1
i1
. . . v

eim
im

where
T = {vi1 , . . . , vim} and i1 < . . . < im.

We refer to GΓ as being generated by Γ, since the intuition is that the vertices of Γ form a
(minimal) generating set for GΓ and the commutation relations are dictated by the edge relation, as
well as the 2-nilpotency condition. In fact there is a unique graph generating GΓ up to isomorphism.
Formally, the following holds (Theorem 4.12 in [16]).

Theorem 4.2.1. Γ1 and Γ2 are isomorphic if, and only if, GΓ1 and GΓ2 are isomorphic.

This tight relation between the group and the generating graph suggests that much of the group
structure lies in the commutation relations, which are akin to the edge relation in the graph. The
last goal of this section is to characterise the centralisers of elements of GΓ. The results that follow
are shown in Section 4 of [16]; we reproduce the proofs with more details, since some calculations
will be useful for the main Theorems in Section 4.4. Recall that for a group G, the centraliser of
g ∈ G is the subgroup of elements commuting with g. If G = GΓ, we denote the centraliser of g by
CΓ(g).

Let X1, . . . , Xm be the connected components of the complement of the subgraph of Γ induced
by the vertices in s(g), where g is as in 4.1. Observe that one can then write g as

g = gX1 . . . gXm ·
∏

vivj /∈E

[vi, vj ]
fij ,

where each factor commutes with every other. The following are then subgroups of CΓ(g):

1. ⟨gXi⟩ for i ∈ [m]. Note that this is a cyclic group of order p.

2. The derived subgroup Ĝ = ⟨{[v, w] | vw /∈ E}⟩.
3See Corollary 4.5 in [16].
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3. The subgroup generated by the vertices in the neighbourhood of every vertex in the support
of g; that is, the subgroup ⟨{v ∈ V | vw ∈ E for all w ∈ s(g)\{v}}⟩ which we indicate by
Q(g).

In fact, the above elements can be shown to generate CΓ(g). For subgroups H,L of a group G,
denote by H · L the subgroup generated by the elements hl for h ∈ H, l ∈ L.

Lemma 4.2.2 (Centraliser Lemma).

CΓ(g) = ⟨gX1⟩ . . . ⟨gXm⟩ ·Q(g) · Ĝ. (4.2)

Proof. We have already proven the right-to-left inclusion.
Let us first consider the case g = gXi for some i. Let h ∈ G and suppose there is some

v ∈ s(h)\s(g). By looking at the normal form for g and h, one can deduce that h and g commute
if, and only if, v commutes with every element of s(g); that is, h ∈ Q(g) · Ĝ. A similar conclusion
is reached by assuming v ∈ s(g)\s(h).

Thus, suppose s(g) = s(h), and that the normal form of h does not contain any commutator

factor. Suppose that in the normal form g = ve11 . . . verr and h = vf11 . . . vfrr , where ej ̸= 0 modulo
p for all j ∈ [l]. We show that the ratio fj/ej modulo p is independent of j. By using the normal
form and the 2-nilpotency property, we deduce that

[g, h] = [v1, v2]
e2f1−f2e1 . . . [vr−1, vr]

erfr−1−er−1fr .

All exponents of non trivial commutators in the above must equal to 0 modulo p if [g, h] = e.
If [v1, v2] ̸= e and e2f1 − f2e1 = 0 modulo p, then f1/e1 = f2/e2 = q (recall the assumption that
ej ̸= 0). For every neighbour vl of v1 in the graph Xj , it must also hold that fl/el = f1/e1 = q.
Since Xi is connected, an induction argument along any path leads to the fact that fj/ej = q for
all j ∈ [l]. Hence, it must be that h = gq, and the result follows.

For the general case where g = gX1 . . . gXm where more than one gXi is non-trivial, all we need
to do is take the intersection of all CΓ(gXi). Arguing by induction on the number of non-trivial gXi

appearing in g yields the desired result.

The order of a centraliser can be thought of as the analogue of the degree of a vertex in a
graph. This quantity will be at the core of the arguments in the next section, so we briefly explain
how it can be computed. Note that for any two distinct vw, v′w′ /∈ E, the subgroups ⟨[v, w]⟩ and
⟨[v′, w′]⟩ are cyclic groups of order p whose intersection contains only the identity element; thus,

|Ĝ| = p(
n
2)−|E|. Since Q(g) is the 2-nilpotent group generated by the subgraph of Γ induced by the

vertices {v ∈ V | vw ∈ E for all w ∈ s(g)}, its magnitude is easily computed. However, its derived
subgroup (that is, the one generated by all the commutators of the vertices) coincides with the
intersection Q(g) ∩ Ĝ. Hence, if m is the number of vertices in the induced subgraph generating

Q(g), then |Q(g) · Ĝ| = pm+(n2)−|E|. Finally, for every gXi /∈ Q(g) · Ĝ, we gain an additional factor
of p.

4.3 The Weisfeiler-Leman algorithms for finite groups

There are different natural ways of defining a Weisfeiler-Leman colouring for a group. We will be
referring to colourings as opposed to algorithms since the the two ways we consider involve the
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same iterative steps but a different initial colouring. The first one is convenient if viewing a group
as a ternary relational structure, so we assume that the dimension k is at least equal to 3. Define
a canonical colouring αk,G of the k-tuples of elements of a group G, so that αk,G(g⃗) = αk,G(⃗h) if,
and only if, for all i, j, l ∈ [k] gi = gj =⇒ hi = hj and gigj = gl =⇒ hihj = hl. That is, the
equivalence classes of αk,G are given by the isomorphism types dictated by the ternary relation
prod interpreted in the structure G. The colouring αk,G is then refined using the k-dimensional
Weisfeiler-Leman iterative steps until reaching a stable colouring. Formally, if κ0 = αk,G and κj is
the colouring after the jth iteration then

κj(g⃗) = (κj−1(g⃗), {{(κj−1(g⃗⟨1, x⟩), κj−1(g⃗⟨2, x⟩), . . . , κj−1(g⃗⟨k, x⟩)) | x ∈ G}}),

and the iteration is performed until reaching a stable colouring κ∞, which we refer to as the
relational k-dimensional Weisfeiler-Leman colouring.

One can consider a refinement algorithm distinguishing k-tuples according to the isomorphism
type of the subgroup they generate, as opposed to the substructure induced by the entries of
the tuple. For k ≥ 2, let α′

k,Γ be a canonical colouring of k-tuples of group elements such that

α′
k,G(g⃗) = α′

k,G(⃗h) if, and only if, there is a group isomorphism between ⟨g1, . . . , gk⟩ ≤ G and

⟨h1, . . . , hk⟩ ≤ G mapping gi 7→ hi for each i ∈ [k] 4. We then refine this using the iterative
steps of the k-dimensional Weisfeiler-Leman algorithm as above, and refer to the yielded stable
colouring as the algebraic k-dimensional Weisfeiler-Leman colouring, since it takes into account G
as an algebraic object. Note that in both the relational and the algebraic case, the stable colouring
is computable in time nO(k) for a group of order n. In the former case, the reasoning is similar
to the algorithm for graphs. For the latter case, it suffices to note that verifying the existence
of an isomorphism between two k-generated groups of order n, for which we fix the image of k
generators, can be done in time O(kn) (see Section 3 in [16]). We say that groups G and H are
not distinguished by the relational (rsp. algebraic) k-dimensional Weisfeiler-Leman colouring if the
colourings obtained by the respective methods on Gk and Hk are non-equivalent.

We can capture the distinguishability via each method with a pebble game; indeed, the relational
and algebraic k-bijection games on finite groups, as we shall refer to them. The game setting and
the moves are the same for both cases: we have two players, Spoiler and Duplicator, and k pairs
of pebbles (xi, yi) for i ∈ [k]. The board consists of the elements of two finite groups, say G and
H, and a round of the game is identical to the one played on graphs in both the relational and the
algebraic cases:

1. Spoiler chooses a pair of pebbles (xi, yi) and Duplicator chooses a bijection f : G→ H.

2. Spoiler places xi on some element g ∈ G and Duplicator places yi on f(g) ∈ H.

The game is played until Spoiler wins a round or ad infinitum. The difference between the
relational and the algebraic game lies in the winning conditions for each player. Let I ⊆ [k] and
suppose that after some number of rounds pebbles xi and yi are placed on group elements gi ∈ G
and hi ∈ H respectively, for each i ∈ I. We say that Duplicator wins this round in the relational
game if for all i, j, l ∈ I, it holds that gi = gj =⇒ hi = hj and gigj = gl =⇒ hihj = hl. In
the algebraic game, Duplicator wins the round if there is an isomorphism between the subgroups
⟨gi, i ∈ I⟩ ≤ G and ⟨hi, i ∈ I⟩ ≤ H mapping gi 7→ hi for each i ∈ I. If Duplicator does not win

4Note that if such an isomorphism exists, it is unique.
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a round, we say that Spoiler wins the game; whence, Duplicator wins the game only if they win
every round ad infinitum.

As before, we consider the relational game on at least 3 pebbles and the algebraic game on at
least 2 pebbles. Relating the bijection games to their respective Weisfeiler-Leman algorithm can
be done in a similar manner to the bijection game on graphs.

Theorem 4.3.1. Groups G and H are distinguished by the relational k-dimensional Weisfeiler-
Leman colouring if, and only if, Spoiler has a winning strategy on the relational (k + 1)-bijection
game on G and H. Similarly, G and H are distinguished by the algebraic k-dimensional Weisfeiler-
Leman colouring if, and only if, Spoiler has a winning strategy on the algebraic (k + 1)-bijection
game on G and H.

In addition, the relational game can be immediately connected with finite variable fragments
of the logic Cω. One can prove the following by arguing along the lines of Theorem 5.2 in [20] or
using an argument in terms of refinement operators as in Section 2.3. Similarly to graphs, for two
groups G and H, we write G ≡k H if for all Ck sentences ϕ, G |= ϕ ⇐⇒ H |= ϕ.

Theorem 4.3.2. Duplicator has a winning strategy for the relational k-bijection game on groups
G and H if, and only if, G ≡k H.

Perhaps unsurprising is the fact that the two families of equivalences on groups defined by
the relational and algebraic Weisfeiler-Leman colourings respectively, are actually equivalent in
the sense of SPAS as in Definition 2.1.1. If two groups are distinguished by the algebraic k-
dimensional Weisfeiler-Leman colouring, then they are trivially distinguished by the relational
k-dimensional Weisfeiler-Leman colouring. In addition, if two groups are distinguished by the
relational k-dimensional Weisfeiler-Leman colouring, then there exist some k′ = O(k) for which
they are distinguished by the algebraic k′-dimensional Weisfeiler-Leman colouring. The former
statement is trivial to show; a result along the lines of the latter is proven in Section 4.1 in [16],
but we reproduce a similar one via a pebble game argument, since these will be at the core of the
next section.

Theorem 4.3.3. For any groups G and H, if Spoiler has a winning strategy on the algebraic k-
bijection game on G and H, then they also have a winning strategy on the relational (k+2)-bijection
game on G and H.

Let us first fix some terminology for the coming proof. Let G′ = {g1, g2, . . . , gk} be a subset of
G. For m ∈ N, we say that a bijection f : G → H is an m-failure on G′ if there exist some g ∈ G
which can be written as g =

∏
i∈[m] xi, where xi ∈ G′, and f(g) ̸=

∏
i∈[m] f(xi). In such cases, we

say that g is an m-challenge of f .

Proof. Suppose Spoiler and Duplicator are playing the relational (k + 2)-bijection game on G and
H. Since Spoiler has a strategy for the algebraic game on k pebbles, we may assume that after
a finite number of moves, the configuration on the board is as follows: pebbles xi are placed on
gi ∈ G and yi on hi for i ∈ [k], but there is no isomorphism from ⟨g1, . . . , gk⟩ to ⟨h1, . . . , hk⟩
mapping gi 7→ hi for each i ∈ [k]. We assume that the pebble pairs (xk+1, yk+1) and (xk+2, yk+2)
are not on the board. Hereafter we assume that all bijections chosen by Duplicator map gi 7→ hi.
Now, if Duplicator choses a 1-failure on G′ = {g1, . . . , gk}, then Spoiler can win the next round
by pebbling some element of G′. Suppose Spoiler has a winning strategy if Duplicator chooses
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an m-failure on G′, for some m ≥ 1, so let Duplicator choose an (m + 1)-failure f . Spoiler then
places xk+1 on an (m+ 1)-challenge g of f , which we write as g =

∏
i∈[m+1] zi for zi ∈ G′, and we

assume that f(g) ̸=
∏
i∈[m+1] f(zi). For the next round, Spoiler places xk+2 on g′ = gz−1

m+1; thus,

Duplicator must have chosen some f ′ for which f ′(gz−1
m+1) =

∏
i∈[m] f(zi) and f

′(zm+1) = f(zm+1).

Otherwise, Spoiler wins this round. If Spoiler has not won yet, it must be the case that g′ is an
m-challenge for f ′; otherwise, it would contradict the fact that f was an (m+ 1)-failure for which
g was an (m + 1)-challenge. As f ′ is an m-failure on G′, Spoiler has a strategy, by the induction
hypothesis.

Spoiler’s distinguishing power in both games can therefore be understood in terms of finite
variable fragments of counting logics. For a class of groups H, we define the Weisfeiler-Leman
dimension of H to be the smallest integer k for which the algebraic k-dimensional Weisfeiler-Leman
colouring distinguishes any group in H from any other non-isomorphic group.

It is easy to see that the Weisfeiler-Leman dimension of the class of Abelian groups is exactly
2 (recall that we consider algebraic Weisfeiler-Leman colourings from dimension 2 onwards). In
fact, any two groups with different k-subgroup profiles are trivially distinguished by the algebraic
k-dimensional Weisfeiler-Leman colouring, and from the Classification of Finite Abelian Groups it
follows that any two non-isomorphic Abelian groups have different 1-subgroup profiles. Also note
that the class of m-generated groups has Weisfeiler-Leman dimension at most equal to m. Since
groups of order n are O(log(n))-generated 5, the class of groups of order n has Weisfeiler-Leman
dimension bounded by O(log(n)).

Finally, observe that any strategy picked by Duplicator must involve chosing bijections preserv-
ing the order of the centralisers at every round, and this is easily seen for the algebraic bijection
game. Alternatively, the following first-order formula defines the centraliser of an element inter-
preting the variable x:

∃z.[prod(x, y, z) ∧ prod(y, x, z)]. (4.3)

An additional counting quantifier binding y can be added to define the set of elements whose
centralisers have a given order. This shows that if in some round of the relational bijection game
on G and H, Duplicator chooses a map f : G → H for which there exists g ∈ G such that g and
f(g) have centralisers of different size, then Spoiler can win using only 3 pebbles.

4.4 Examples of strategies for the bijection game on groups

What combinatorial properties does GΓ inherit from Γ? This question seems to be at the core of
the search for a lower bound to the Weisfeiler-Leman dimension of groups of order n. A natural
starting point would be to consider graphs obtained via the Cai-Fürer-Immerman construction,
which are known to be hard to be distinguished with the Weisfeiler-Leman method. However, the
authors of [16] show that for any 3-regular graph Λ, if Γ = Λ(0) and Γ′ = Λ(1) 6, then Spoiler has a
strategy on the algebraic 3-bijection game on GΓ and GΓ′ (Theorem 6.1 in [16]). The proof of this
result highlights a fundamental difference between the algebraic bijection game on groups and that
on graphs. The 3-regularty of Λ imposes Duplicator to choose bijections respecting the support

5This can be easily deduced from Lagrange’s Theorem; namely, that if G is a group of order n, then any subgroup
of G has order dividing n.

6Refer to Section 3.7.1 for the notational convention Λ(i) for i ∈ {0, 1}.
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sizes of the group elements. Effectively, this is as though Spoiler is playing the bijection game on
the graphs, but is allowed to pebble arbitrarily large sets of vertices, to which Duplicator has to
respond with a set of equal size. Hence, Spoiler has significantly more power with fewer moves and
pebbles.

Let us formalise this intuitive sketch. Recall from Section 4.2 that for any group element g, the
notation |g| indicates the size of the support of g. For any two graphs Γ,Γ′ with vertex sets V and
V ′ respectively, we say that a bijection f : GΓ → GΓ′ is näıve if |g| = 1 implies |f(g)| = 1 for all
g ∈ G. We also say that f is m-näıve for m ∈ N if |g| = m implies |f(g)| = m for all g ∈ G. The
choice of terminology clearly indicates that if Duplicator is forced to restrict themselves to such
bijections, then they are doomed to lose the game if Γ and Γ′ are not isomorphic. For the sake of
clarity, to say that Duplicator is forced to make certain choices for the bijection is a shorthand to
mean that if Duplicator chooses otherwise, then Spoiler has a winning strategy.

Lemma 4.4.1. If Duplicator is forced to choose a näıve bijection at every round of the relational
k-bijection game on GΓ and GΓ′ with k ≥ 3, then said bijections must also be m-näıve for all
m ≤ |V |. 7

Proof. The statement is trivially true for m = 1.
Suppose that at some round Duplicator plays a bijection f1 : GΓ → GΓ′ that is näıve but not

m-näıve for some m ≤ |V |. Without loss of generality we may assume that for some g ∈ GΓ

with support size m, |s(f1(g))| > |s(g)| > 1. Suppose Spoiler pebbles said g and hence Duplicator
pebbles f(g). Let v ∈ V and r ∈ N be so that g′ = gvr has strictly smaller support than g. For
the next round, spoiler pebbles vr and since Duplicator is forced to choose näıve bijections, it must
hold that for the chosen map f2, |f2(vr)| = 1. If Spoiler now pebbles g′, then Duplicator must
play a bijection f3 so that f3(g

′) = f3(g)f3(v
r), where f3(g) = f2(g) = f1(g) and f3(v

r) = f2(v
r).

After this round, we have that |f3(g)f3(vr)| ≥ |f1(g)| − 1 > |g| − 1 = |g′|, so continuing as such,
Duplicator is eventually forced to choose a bijection that is not näıve, after which Spoiler has a
winning strategy.

Theorem 4.4.2. If k ≥ 3 and Γ and Γ′ are not isomorphic and Duplicator is forced to choose a
näıve bijection at every round of the algebraic k-bijection game on GΓ and GΓ′, then Spoiler has a
winning strategy.

Proof. If Duplicator fails to pick a näıve bijection, then Spoiler has a strategy, so we hereafter
assume that any bijection played by Duplicator is m-näıve for all m ≤ |V |. Now, since Γ and Γ′

are not isomorphic, any bijection f chosen by Duplicator has the following property: there exist
a g ∈ GΓ such that if V \s(g) = {v, w} and V ′ \s(f(g)) = {v′, w′}, then there is an edge between
v and w if, and only if, there is no edge between v′ and w′. Suppose then that Spoiler pebbles g,
then v and finally w. In order to choose m-näıve bijections and respect their winning condition,
Duplicator must map v to an element f(v) of support size 1 disjoint from the support of f(g).
Similarly, w must be mapped to f(w), whose support is of size 1 and disjoint from that of f(g) and
f(v). As remarked above, however, the subgraph of Γ induced by vertices v, w is not isomorphic to
that induced by the supports of f(v) and f(w), so after three rounds, Spoiler wins the game, since
⟨v, w⟩ and ⟨f(v), f(w)⟩ are not isomorphic groups.

7The argument for this statement is identical to that in Lemma 6.3 in [16], but we reproduce it in a more general
context.
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This last result gives a sufficient condition for a class H of groups generated by graphs to have
the Weisfeiler-Leman dimension bounded by a constant. If there is some k for which Spoiler can
force Duplicator to play näıve bijections at every round of the k-bijection game on any G,H ∈ H,
then Spoiler has a winning strategy if G and H are not isomorphic. The groups generated by
3-regular Cai-Fürer-Immerman constructions form an example of such a class. Lemma 6.2 in [16]
shows that group elements of support size 1 are distinguished from the rest by the size of their
centraliser. The argument is as follows 8. Let Γ be an (uncoloured) 3-regular Cai-Fürer-Immerman
construction, and let Ĝ be the derived subgroup of GΓ. If the support size of g ∈ GΓ has size
one, then |CΓ(g)| = p4|Ĝ|, using the argument illustrated at the end of Section 4.2, and since the
complement of Γ is connected and Γ has no cycles of length 3 or 4, if g has support size larger than
1, it holds that |CΓ(g)| ≤ p3|Ĝ|. The fact that Γ has no cycles of length 3 or 4 implies that:

1. If |g| = 2, and the elements of the support are connected by an edge in Γ, then the induced
subgraph by the support in the complement has two connected components, and Q(g) is the
trivial group, thus yielding |CΓ(g)| = p2|Ĝ|.

2. If |g| = 2 and the elements of the support are not connected by an edge in Γ, then the induced
subgraph in the complement of Γ has only one connected component and Q(g) is trivial or
Q(g) is a cyclic group of order p, due to the absence of 3-cycles. This gives |CΓ(g)| ≤ p3|Ĝ|.

3. if |g| ≥ 3, then the induced subgraph by the support in the complement of Γ is connected since
Γ has no 3-cycles. The fact that there are no 3 nor 4-cycles implies that the elements of s(g)
do not have a common neighbour in Γ. So in this instance, |Q(g)| = 1 and |CΓ(g)| = p|Ĝ|.

Since Spoiler can win the relational bijection game with 3 pebbles if Duplicator fails to produce
a näıve bijection (two group elements with different centraliser size can be distinguished by a C3
formula), the Weisfeiler-Leman dimension of the class of groups generated by 3-regular Cai-Fürer-
Immerman graphs is at most 3.

This discussion shows that, perhaps surprisingly, classes of graphs with unbounded Weisfeiler-
Leman dimension may generate classes of groups with Weisfeiler-Leman dimension bounded by a
constant. It is then natural to ask: do classes of graphs with bounded Weisfeiler-Leman dimension
generate classes of groups with bounded Weisfeiler-Leman dimension? While this might be a hard
question to answer in general, looking into known cases is a good starting point. We now show
that the class of groups generated by trees has Weisfeiler-Leman dimension at most equal to 3
(recall that the class of trees have Weisfeiler-Leman dimension equal to 2). Spoiler’s strategy is
very similar to that used on the graphs: in fact, whilst Duplicator is not forced to choose näıve
bijections a priori, these turn out to be näıve on a restricted domain - a sufficient condition for a
winning strategy for Spoiler. Unlike the case of 3-regular Cai-Fürer-Immerman constructions, the
sizes of the centralisers distinguish almost all elements simply by their support size.

Hereafter, let Γ be a tree, g an element of GΓ and let Ĝ be the derived subgroup of GΓ.

Lemma 4.4.3. If s(g) = {v} and v is not a leaf, then |CΓ(g)| ≥ p3|Ĝ|. If v is a leaf, then
|CΓ(g)| = p2|Ĝ|.

Proof. If v is not a leaf, it has at least 2 neighbours, so Q(g) = ⟨{w | wv ∈ E}⟩. The subgraph of the
complement of Γ induced by the vertex v has a single connected component. So using the Centraliser
Lemma, CΓ(g) = ⟨v⟩ ·Q(g) · Ĝ = ⟨v⟩ · ⟨{w | wv ∈ E}⟩ · Ĝ; whence, |CΓ(g)| ≥ p · p2|Ĝ| = p3|Ĝ|.

8Details of the original Cai-Fürer-Immerman construction are provided in Section 3.7.1.
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If v is a leaf, then it has only one neighbour w in Γ. So CΓ(g) = ⟨v⟩ · ⟨w⟩ · Ĝ from which we
deduce |CΓ(g)| = p2|Ĝ|.

Lemma 4.4.4. If the subgraph of Γ induced by s(g) is a star graph, then |CΓ(g)| = p2|Ĝ|.

Proof. Recall that the star graph is either a pair of vertices joined by an edge or a tree with exactly
one vertex of degree larger than 1.

If |g| = 2 and s(g) = {v, w} and vw ∈ E, then the complement of the subgraph induced by s(g)
has two connected components, each with a single vertex, v or w. Furthermore, Q(g) = ⟨{v, w}⟩,
so CΓ(g) = ⟨v⟩ · ⟨w⟩ · |Ĝ| and |CΓ(g)| = p2|Ĝ|.

If |g| > 2, then the complement of the subgraph induced by s(g) has two connected components,
one coinciding with the complete graph on the leaves and the other being the single parent, which
we call v. Also, Q(g) = ⟨v⟩, so for some g′ ∈ GΓ such that v /∈ s(g′), we have CΓ(g) = ⟨v⟩ · ⟨g′⟩ · Ĝ,
and therefore |CΓ(g)| = p2|Ĝ|.

Lemma 4.4.5. If |g| ≥ 3 and the subgraph of Γ induced by s(g) is not a star graph, then |CΓ(g)| ≤
p2|Ĝ|.

Proof. Note that the complement of a tree is disconnected if, and only if, it is a star graph.
Furthermore, Q(g) is either trivial (if the elements of the support do not have the same parent)
or a cyclic group of order p (if they all have the same parent). Whence, |Q(g)| ≤ p and for some
g′ ∈ GΓ, CΓ(g) = ⟨g′⟩ ·Q(g) · Ĝ, so |CΓ(g)| ≤ p2|Ĝ| as required.

These last results imply that the size of the centraliser in itself is not sufficient to distinguish
elements whose support is a single leaf from other elements of larger support. So unlike the case
of 3-regular Cai-Fürer-Immerman constructions, there are no sufficient conditions to conclude that
Duplicator is forced to play näıve bijections. We may now illustrate Spoiler’s strategy, which the
reader may note, can be chosen to be analogous to that of the pebble game played on a pair of
trees. We shall refer to Lemmata 4.4.3, 4.4.4 and 4.4.5 as the Tree Commutation Lemmata.

Theorem 4.4.6. The Weisfeiler-Leman dimension of the class of groups generated by trees is at
most equal to 3.

Proof. Let Γ and Γ′ be non-isomorphic trees with vertex sets V and V ′ respectively. Let T ⊆ V
and T ′ ⊆ V ′ be the set of non-leaves in Γ and Γ′ respectively, and consider the relational 3-bijection
game on GΓ and GΓ′ . From the Tree Commutation Lemmata, it follows that Duplicator is forced to
play bijections mapping elements whose support is a single vertex of T to elements whose support
is a single vertex of T ′. Denote the sub-trees induced by T in Γ and T ′ in Γ′ by Λ and Λ′, and
suppose they are not isomorphic. Spoiler can then pebble exclusively elements of T and use the
same strategy they would on a pair of trees or apply the strategy of Theorem 4.4.2. Now suppose
that Λ and Λ′ are isomorphic. Recall from the proof of Theorem 1.8.3 that since Γ and Γ′ are not
isomorphic, any bijection f : V → V ′ which, when restricted to T , gives an isomorphism from Λ to
Λ′, must map a leaf v of Λ to a leaf v′ of Λ′ so that the degree of v in Γ is different from that of v′

in Γ′. By the Tree Commutation Lemmata, Duplicator’s bijection f must be näıve when restricted
to GΛ. Thus, there exist g ∈ GΛ, v ∈ T and v′ ∈ T ′ for which s(g) = {v} and s(f(g)) = {v′}, but v
and v′ have different degree, so |CΓ(g)| ̸= |CΓ′(f(g))|. Once Duplicator produces their bijection f ,
Spoiler pebbles g (so that Duplicator pebbles f(g)) and from there, Spoiler requires only 3 pebbles
to show that g and f(g) have centralisers with different size, since formula (4.3) uses 3 variables.
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Given the striking similarity between Spoiler’s strategy on a pair of trees, and that on a pair
of groups generated by trees, it is natural to ask about the following potential generalisation of
Theorem 4.4.6: does the class of groups generated by graphs of bounded tree-width have bounded
Weisfeiler-Leman dimension? In general, tree-width is a good indicator of the hardness required to
identify a graph with the Weisfeiler-Leman method, so an important step towards finding a lower
bound for the Weisfeiler-Leman dimension of finite groups could be to define a group theoretic
analogue to tree-width.

4.5 A first-order definable equivalence between finite groups and
Latin square graphs of their Cayley tables

The 2-nilpotent groups generated by graphs are just one of many other examples of groups whose
structure is determined by a graph. More generally, group isomorphism is known to be polynomial-
time reducible to graph isomorphism, and there seem to be several known reductions - see for
example [56]. The fact that group isomorphism is polynomial-time equivalent to isomorphism of
the Latin square graphs of their Cayley tables is a consequence of a well known theorem by Albert
[1] - see Theorem 4.5.8 below. The goal of this section is to show that the reduction in both
directions is first-order definable; thus, finding lower bounds to the Weisfeiler-Leman dimension of
finite groups and that of Latin square graphs of their Cayley tables are one and the same problem,
and their respective Weisfeiler-Leman dimensions have the same asymptotic behaviour.

4.5.1 Latin square graphs

The Cayley table of a group has the following property: every group element appears exactly once
in each row and each column. This is the defining property of a larger class of structures, known as
Latin squares. These are usually defined in terms of arrays over some alphabet, but we shall mostly
take on a more abstract definition, and use the array viewpoint for more intuitional arguments.

We say that a pair of partitions P1 and P2 of a set V forms a grid if the intersection of any
equivalence class of P1 and any equivalence class of P2 contains exactly one element of V .

Definition 4.5.1 (Latin square 9). A triple of partitions (P1, P2, P3) forms a Latin square if any
two Pi, Pj with i ̸= j forms a grid.

We now show how the above definition leads to the idea of Latin squares as arrays.

Lemma 4.5.2. If P1, P2 are partitions of a finite set and form a grid, then the equivalence classes
of P2 have cardinality |P1| and the equivalence classes of P1 have cardinality |P2|.

Proof. Readily follows from the definition of a grid.

Thus, if P1, P2 partition a finite set V and form a grid, then there are constants m,n ∈ N for
which |V | = mn and m = |P1| and n = |P2|. V can therefore be thought of as an m × n array
where the equivalence classes of P1 are the n columns and the equivalence classes of P2 are the m
rows.

Corollary 4.5.3. If (P1, P2, P3) form a Latin square, then |P1| = |P2| = |P3| and this cardinality
is also the cardinality of the equivalence classes of each Pi, i ∈ [3].

9More in-depth overviews on Latin-squares and Latin square graphs can be found in [13] or Chapter 6 in [22].
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Proof. Suppose |P1| = m and |P2| = n. Then the equivalence classes of P3 have cardinality m = n
by Lemma 4.5.2, since P3 forms a grid with both P1 and P2. The equivalence classes of P1 and P2

therefore have cardinality n, from which we deduce that |P3| = n.

By taking V to be an n× n array, with P1 and P2 being the partitions into rows and columns,
P3 partitions the grid into equivalence classes, each of which has exactly one cell in each row and
each column. This can be viewed pictorially as a T ×T array where all cells in the same equivalence
class of P3 have the same entry from an alphabet T with n symbols. We refer to the parameter n
as the order of the Latin square and to the elements of V as the vertices, for reasons which will be
clearer later in this section. For easing the pictorial representation of Latin squares, we refer to the
equivalence classes of P1, P2 and P3 as rows, columns and labels. When using the representation
of a Latin square L as an array over some alphabet T , we define a relational basis for L to be a
ternary relation R on T where (a, b, c) ∈ R if, and only if, the entry of the array representing L in
row a and column b is the element c ∈ T . One obtains such a representation by assigning a letter
of T to each of the equivalence classes of P1, P2, P3 so that any two disjoint classes are assigned a
different letter; whence, (a, b, c) ∈ R if, and only if, there is a vertex in the intersection of row a,
column b and label c. It follows directly from the definition of a Latin square, that a set R ⊆ T 3 is
a relational basis for some Latin square if, and only if, for all a, c ∈ T there is exactly one b ∈ T
for which (a, b, c) ∈ R.

To a Latin square L = (P1, P2, P3) we can associate a graph ΛL as follows. The vertex set is V
(the set partitioned by each Pi) and two vertices are connected by an edge if, and only if, they lie
in the same equivalence class of some partition Pi, i ∈ [3]. From the pictorial view of Latin squares,
vertices of the graph are the n×n cells of the array (where |V | = n2), and two vertices are adjacent
if, and only if, the corresponding cells lie in the same row or column, or have the same entry. We
refer to ΛL as the Latin square graph associated with L. It can be seen that if L is of order n, then
ΛL is strongly regular with parameters (n2, 3(n− 1), n, 6) 10; furthermore, it can be shown that for
n > 23 any strongly regular graphs with these parameters is a Latin square graph (this result is
proven in [15], one of the earliest papers mentioning Latin square graphs).

Recall that a k-clique in a graph is a set of k vertices, all of which are adjacent. A clique is said
to be maximal if it is maximal with respect to inclusion. A maximal clique is said to be maximum
if no clique in the graph is larger in cardinality. For a Latin square of order n ≥ 5, the maximum
cliques in the corresponding graph have cardinality n and coincide with the equivalence classes of
the underlying partitions. This can be shown with a case-by-case argument by considering all the

10This can be seen as follows:

1. |V | = n2 as previously explained.

2. Any v ∈ V belongs to exactly one row, one column and one label. In each, it has exactly n − 1 distinct
neighbours, so v has degree 3(n− 1).

3. Let v, w ∈ V share an edge, and assume for the sake of argument that they belong to the same row R. In R,
v and w share exactly n− 2 neighbours. Furthermore, v and w share two other neighbours, say u and u′ such
that u is in the same label as v and same column as w, and u′ is in the same label as w and same column as
v. There are no other common neighbours between v and w, and since u, u′ /∈ R and u ̸= u′, it follows that
adjacent vertices in ΛL have exactly n common neighbours. A similar argument holds if we assume v, w are
in the same label or column.

4. Let v, w ∈ V be non-adjacent vertices. Let Rv, Cv, Lv be the row, column and label containing v respectively,
and similarly define Rw, Cw, Lw. For X,Y ∈ {R,C,L} with X ̸= Y , each intersection Xv ∩ Yw defines a
distinct common neighbour of v and w. There are exactly 6 such intersections, whence 6 common neighbours.
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possible ways of distributing the vertices of 3-cliques, 4-cliques and 5-cliques between rows, columns
and labels in a Latin square. Since a Latin square is uniquely determined by a triple of partitions,
any Latin square graph with at least 52 = 25 vertices determines a unique Latin square, up to
re-ordering of the three partitions.

The following results will be used for constructing a Latin square from the corresponding graph.

Lemma 4.5.4. For a Latin square of order n ≥ 5, let Λ be the corresponding graph. Then any
pair of adjacent vertices of Λ is contained in a unique maximum n-clique.

Proof. Let (P1, P2, P3) be a Latin square for which Λ is a Latin square graph. Let v, w be connected
by some edge, and thus, there is a unique Q ⊆ P1 ∪ P2 ∪ P3 for which {v, w} ⊂ Q 11. Since n ≥ 5,
all maximum cliques coincide with some equivalence class of Pi for i ∈ [3]. Thus, Q is the unique
n-clique containing {v, w}.

It is not hard to construct Latin square graphs where 3-cliques or 4-cliques are not necessarily
contained in a maximum clique. Again, using a case-by-case argument the following can be shown.

Lemma 4.5.5. For a Latin square of order n ≥ 5, let Λ be the corresponding graph. Then each
5-clique of Λ is contained in a unique maximum n-clique.

For a Latin square graph with 25 or more vertices, we say that two maximum cliques are
orthogonal if they intersect in a common vertex. Otherwise, we say that they are parallel.

4.5.2 Paratopisms and isomorphisms

The natural notion of equivalence for Latin square graphs is given by a bijection between the vertex
sets preserving the partitions. These are referred to as paratopisms in [13]. Let LP = (P1, P2, P3)
and LQ = (Q1, Q2, Q3) be Latin squares with vertex sets VP and VQ respectively. For a partition
R of a set V , let ≡R be the equivalence relation on V whose equivalence classes coincide with those
of R.

Definition 4.5.6 (Paratopism). A bijection f : VP → VQ is said to be a paratopism if for all
i ∈ [3], there is some j ∈ [3] such that for all v, w ∈ VP

v ≡Pi w =⇒ f(v) ≡Qj f(w).

If LP and LQ are the same Latin square, we say that f is an autoparatopism.

It is clear that the paratopism between two Latin squares are in bijection with the isomorphisms
between their respective Latin square graphs. In particular, for a Latin square L with order n ≥ 5,
the group of autoparatopisms is isomorphic to the automorphism group of the corresponding Latin
square graph.

Pictorially, if LP and LQ are viewed as arrays with entries from the same alphabet T , then LP
and LQ are related by some paratopism if a relational basis RQ for LQ can be obtained from a
relational basis RP for LP using a sequence of the following operations.

1. For some f ∈ Sym(T ), replace all (a, b, c) ∈ RP by (f(a), b, c).

11This is because if {v, w} is a 2-clique, then their corresponding cells in an array must lie in a column or a row,
or have the same entry.
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2. For some f ∈ Sym(T ), replace all (a, b, c) ∈ RP by (a, f(b), c).

3. For some f ∈ Sym(T ), replace all (a, b, c) ∈ RP by (a, b, f(c)).

4. For some f, g ∈ Sym(T ), replace all (a, b, c) ∈ RP by (f(b), g(a), c).

5. For some f, g ∈ Sym(T ), replace all (a, b, c) ∈ RP by (f(c), b, g(a)).

6. For some f, g ∈ Sym(T ), replace all (a, b, c) ∈ RP by (a, f(c), g(b)).

Intuitively, operations (1) and (2) can be thought of as permuting rows and permuting columns
respectively. Operation (4) is effectively taking the transpose of the array, and permuting the labels
of rows and columns. Operations (5) and (6) are hard to describe pictorially; in terms of partitions,
they amount to the transformations (P1, P2, P3) 7→ (P1, P3, P2) and (P1, P2, P3) 7→ (P3, P2, P1)
respectively. Operation (3) is a special one, as it does not change the array per-se, since it simply
permutes the entries. It turns out that if L and L′ are Latin squares paratopic to the Cayley table
of some group, operations (4), (5) and (6) can be written as a combination of operations (1), (2)
and (3) (see Section 2 in [13]). Later on in this section, we shall refer to this property as the
translational property of Cayley tables of groups.

Not all Latin squares arise from Cayley tables of groups. In fact, the number of Latin squares
of order n up to paratopism grows significantly faster than the number of groups of order n [13].
In general, a relational basis for a Latin square is given by the multiplication table of a quasigroup
in the following sense. A quasigroup is a set T with a binary operation ◦ so that the equations
a ◦ x = b and y ◦ a = b have a unique solution in the variables x and y for any a, b ∈ T . Clearly,
any Latin square has a relational basis R ⊆ T 3 where T is a quasigroup with binary operation ◦
and (a, b, c) ∈ R if, and only if, a ◦ b = c.

A systematic way for recognising a Latin square which is paratopic to a Cayley table of a group
is known as the quadrangle criterion. A quadrangle in a Latin square is the set of cells of the
array lying at the intersection points of two rows and two columns. A Latin square satisfies the
quadrangle criterion if, given any two quadrangles, whenever 3 letters appearing in one also appear
in the other one, then the fourth entries of each quadrangle are equal to one another. The following
is shown in Theorem 1.2.1 in [48].

Theorem 4.5.7. A Latin square is paratopic to the Cayley table of a group if, and only if, it
satisfies the quadrangle criterion.

For Cayley tables of groups, paratopisms and isomorphisms of their respective groups coincide.
Formally, we can phrase this as a consequence of a well-known theorem by Albert [1].

Theorem 4.5.8. Let Λ1 and Λ2 be Latin square graphs of Latin squares paratopic to Cayley tables
of groups G1 and G2 respectively. Then G1 and G2 are isomorphic if, and only if, Λ1 and Λ2 are
isomorphic.

Constructing a Latin square graph from a Cayley table of a group can be done in polynomial
time, since the vertices are pairs of group elements, and the edge relation is dictated by the product
relation. Constructing a Latin square from a graph can also be done in polynomial time using
Lemma 4.5.4, and Theorem 4.5.8 guarantees that the obtained array is paratopic to the Cayley
table of a group (unique up to isomorphism), provided the Latin square graph arises from the
Cayley table of said group. Our main result in this section is to show that both these constructions
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are first-order definable. This result is formalised as follows. Let σ be the vocabulary (E) for
uncoloured graphs and let τ be the vocabulary (prod) for finite groups.

Theorem 4.5.9. There exist first-order [σ, τ ]-interpretation I and a [τ, σ]-interpretation J (⃗z),
where z⃗ is a triple of vertex variables, such that the following hold. Let G be a finite group of order
n ≥ 5 and let Λ be the Latin square graph corresponding to the Cayley table of G. Let V be the
vertex set of Λ and let v⃗ ∈ V 3 be a tuple of pairwise distinct vertices whose induced subgraph in Λ
has exactly 2 edges.Then GI is isomorphic to Λ and ΛJ (⃗z7→v⃗) is a group isomorphic to G.

The construction of I will be given in Section 4.5.4 and that of J (⃗z) in Section 4.5.5. First, we
show some elementary properties of the group of autoparatopisms of the Cayley table of a group.

4.5.3 Autoparatopisms of Cayley tables of groups

The automorphism groups of Latin square graphs arising from Cayley tables of groups belong to a
subclass of the so called diagonal groups, and have been well studied by Bailey et al. in [13]. Rather
than delving into the construction of these groups, we give examples of automorphisms which will
show properties of its action that will be useful for the construction of J (⃗z).

For the remainder of this subsection, fix some group G and let Λ be the Latin square graph
corresponding to its Cayley table. We identify the vertex set V of Λ with the set G × G, so that
vertices (g, h) and (g′, h′) are adjacent in Λ if, and only if, g = g′, or h = h′ or gh = g′h′. For all
g ∈ G, define the following sets:

Rg = {(g, h) ∈ V | h ∈ G}

Cg = {(h, g) ∈ V | h ∈ G}

Lg = {(f, h) ∈ V | fh = g}.

These are the maximum cliques of Λ, the vertices of which coincide with the cells of the Cayley
table of G belonging to the row labelled by g, the column labelled by g, and the ones whose entry
is g respectively. We refer to them as the row, column and label cliques respectively. Let QΛ be the
set of maximum cliques of Λ and denote by Aut(Λ) and Aut(G) the automorphism groups of Λ and
G respectively. We define an induced action of Aut(Λ) on QΛ by setting α(X) = {α(v) | v ∈ X}
for all α ∈ Aut(Λ) and X ∈ QΛ.

It is clear that Aut(Λ) contains a subgroup isomorphic to Aut(G), as for any α ∈ Aut(G), the
mapping

V → V
(g, h) 7→ (α(g), α(h))

(4.4)

is an automorphism of Λ. In fact, the order of Aut(Λ) is always strictly larger than that of Aut(G),
since for any x, y ∈ G, the following map can be verified to be an automorphism of Λ:

µx,y : V → V
(g, h) 7→ (xg, hy).

(4.5)

Mappings of the type in formula (4.5) cannot be written in the form of formula (4.4) unless x
and y are equal to the identity element e of G. The fact that the equations ay = b and xa = b
are solvable for x and y for any a, b ∈ G, implies that Aut(Λ) acts transitively on V . Observe that
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by taking x = e or y = e, then the fixed points of µxy are the row cliques or the column cliques
respectively. For each x ∈ G, the following mapping is an automorphism of Λ whose fixed points
are exactly the label cliques:

µ∗x : V → V
(g, h) 7→ (gx, x−1h).

(4.6)

We refer to the mappings µx,y and µ∗x as the translations of Λ since for any maximum clique
X, each of these maps X to itself or to a maximum clique parallel to X.

Now consider the map
τRC : V → V

(g, h) 7→ (h−1, g−1),
(4.7)

which turns out to be an element of Aut(Λ), since gh = g′h′ =⇒ h−1g−1 = (h′)−1(g′)−1 for all
g, h, g′, h′ ∈ G, and the cases g = g′ and h = h′ are easy to check. In the induced action on the
maximum cliques τRC maps row cliques to column cliques (and vice-versa) and preserves the set of
label cliques. We can similarly define the automorphisms

τRL : V → V
(g, h) 7→ (gh, h−1)

(4.8)

τCL : V → V
(g, h) 7→ (g−1, gh).

(4.9)

τRL swaps a row clique for a label clique (and vice-versa) while preserving the set of column cliques
and, as expected, τCL swaps a column clique for a label clique (and vice-versa) and preserves the set
of row cliques. We refer collectively to the automorphisms τRC , τRL and τCL as the transpositions
of Λ, since τRC is effectively the transposition of the Latin square, akin to transformation (4)
described in Section 4.5.2. As it turns out, the translations and transposition of Λ, together with
the subgroup isomorphic to Aut(G), generate Aut(Λ) (Theorem 2.1.1 in [13]). In fact, we can use
the translations and transpositions to show that the induced action of Aut(Λ) on the set of maximal
cliques is almost 2-transitive in the following sense.

Proposition 4.5.10. The induced action of Aut(Λ) is transitive on the set of pairs of orthogonal
maximum cliques.

Proof. For X ∈ {R,C,L}, say that the type of a maximum clique Xg of Λ is X. Given a pair of
orthogonal maximum cliques (X,Y ), a combination of transpositions can be used to map them to
a pair of orthogonal cliques (X ′, Y ′) of any type. The translations map maximum cliques to cliques
which are parallel to them, and their fixed points coincide with the set of maximum cliques of
exactly one type. Thus a combination of translations maps the pair (X ′, Y ′) to any pair (X ′′, Y ′′)
for which X ′ and Y ′ are parallel to X ′′ and Y ′′ respectively.

Let us look at some concrete examples.

Example 1. Consider the pairs of orthogonal maximum cliques (Rg, Ch) and (Rg′ , Ch′). The
former can be mapped to the latter via the translation µg′g−1,h−1h′ .

Example 2. Let us construct an automorphism mapping (Rg, Ch) to (Lg′ , Rh′). The transposition
τRL maps (Rg, Ch) to (Lg, Ch−1), which is then mapped to (Lg−1 , Rh) by τRC . Next, we use the
translation µg′g,e to map the latter to (Lg′ , Rg′gh), and the translation µ∗(g′gh)−1h′ finishes the job.
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Example 3. As a final example, we construct an automorphism mapping (Rg, Lh) to (Lg′ , Rh′).
First we use the transposition τRL to map (Rg, Lh) to (Lg, Rh). The translation µh′h−1,y, with
y = g−1(h′h−1)−1g′ yields the desired pair.

We now proceed to the proof of Theorem 4.5.9 throughout the next two Sections.

4.5.4 From groups to Latin square graphs

We first construct the interpretation I. Using the convention in Section 1.6 for interpretations,
write I = (ϕD, ϕE , ϕE). The ternary relation prod is essentially an encoding of the Cayley table of
the group; that is, if g⃗ ∈ G3, then (G, x⃗ 7→ g⃗) |= prod(⃗x) if the (g1, g2) entry of the Cayley table of
G is g3. The universe of GI is therefore G2 and the notion of equivalence is the trivial one; thus,
if x⃗, y⃗ are pairs of vertex variables, we have that

ϕD (⃗x, y⃗) = (x = x) ∧ (y = y)

and
ϕE (⃗x, y⃗) = (x1 = y1) ∧ (x2 = y2).

Since the rows and columns of the Cayley table are labelled by elements of G, the edge relation in
GI is defined by the following formula:

ϕE(⃗x, y⃗) = (x1 = y1) ∨ (x2 = y2) ∨ ∃z.[prod(x1, x2, z) ∧ prod(y1, y2, z)].

Observe that given any formula ϕ with k vertex variables over the vocabulary σ, our choice of
the normal form for ϕ−I is a τ formula with at most 2k + 1 variables. Using the Interpretation
Lemma and by taking ϕ to be a Ck formula, the following can be deduced.

Proposition 4.5.11. Let Λ1 and Λ2 be Latin square graphs of Latin squares paratopic to Cayley
tables of groups G1 and G2 respectively. If Spoiler has a strategy for the k-bijection game on Λ1

and Λ2, then they have a strategy for the relational (2k + 1)-bijection game on G1 and G2.

In fact, the above result can be derived in a more direct fashion by observing that given a strategy
on the graphs involving k pebbles, Spoiler can play on the corresponding groups by pebbling the
pairs of group elements corresponding to each vertex in the graphs. An additional auxiliary pebble
may be required if Duplicator chooses a bijection which does not respect the multiplication of group
elements already pebbled in the current game configuration.

4.5.5 From Latin square graphs to groups

We now outline the construction of J (⃗z) by first sketching the idea behind it. The aim is to
ensure that H = ΛJ (⃗z 7→v⃗) is a structure isomorphic to the group G (viewed as a ternary relational
structure). We may view the ternary relation underlying H to be the relational basis for a Latin
square paratopic to the Cayley table of G, so the elements of the universe of H are in bijection
with the vertices of any maximum clique of Λ. Note that if v⃗ ∈ V 3 satisfies the assumptions in
Theorem 4.5.9, then there are two orthogonal canonical maximum cliques which are a candidate for
the universe of H. Indeed, since {v1, v2, v3} induce a subgraph of Λ with exactly 2 edges, we may
assume that v1 is adjacent to both v2 and v3, and since |V | ≥ 25, by Lemma 4.5.4, there is a unique
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pair of orthogonal cliques R,C, such that {v1, v2, v3} ⊂ R∪C. Intuitively, fixing v⃗, and therefore R
and C, can be thought of as fixing which cliques correspond to rows and which to columns. Taking
R to be the universe of H, amounts to assigning the entries of the cells corresponding to the vertices
in R and hence, as we shall see briefly, a label for each row and column so that a relational basis
may be constructed. The structure of the label cliques (that is, the cliques orthogonal to both R
and C) then determines the remaining entries of the Latin square. A relational basis S for this
Latin square can then be defined as follows: for each g ∈ R, let Cg be the column intersecting R
in the cell whose entry is g, and let Rg be the row intersecting C in the cell whose entry is g; then
(g, h, k) ∈ S if, and only if, the cell in the intersection of Rg and Ch has entry k.

Let us view more closely the details of the clique structure used in the construction of S. For
any pair of othogonal maximum cliques there is exactly one maximum clique orthogonal to both
of these containing a given vertex v ∈ V . Given any g ∈ R, this property allows us to determine
which vertex g(C) of C corresponds to a cell with entry g. For h ∈ R, let gh denote the vertex in
the intersection of the (unique) maximum clique parallel to R containing g(C) with the (unique)
maximum clique parallel to C containing h. The entry of the cell corresponding to this vertex must
be that of the unique vertex k in the intersection of R with the unique clique orthogonal to both R
and C containing the vertex gh. The relational basis S ⊂ R3 mentioned in the previous paragraph
is then the set of all triples (g, h, k) thus constructed.

It is important to note that the set R with the operation ◦ where g ◦ h = k if, and only
if, (g, h, k) ∈ S is not necessarily a group. All the above construction guarantees is that S is a
relational basis for some Latin square paratopic to the Cayley table of G. However, combining
Theorem 4.5.8 and Proposition 4.5.10, we show in Lemma 4.5.12 that for the Latin squares we are
concerned with, there is a paratopism induced by an isomorphism between the structures G and
H (for which, we recall, the underlying ternary relation is S).

It is apparent from the above sketch that the main formulae for the construction of J (⃗z) define
the following subsets of V :

1. The unique maximum clique containing a given pair of adjacent vertices of Λ.

2. The unique maximum clique orthogonal to a pair of orthogonal cliques and containing a given
vertex.

3. The unique maximum clique parallel to a given maximum clique and containing a given
vertex.

Consider the following formula:

clq(x1, x2, x3) = E(x1, x2) ∧ (x1 = x3 ∨ x2 = x3) ∨ ∃x4x5.
[ ∧
i,j∈[5],i ̸=j

E(xi, xj)
]
. (4.10)

Since |V | ≥ 25, it follows from Lemma 4.5.5 that for w⃗ ∈ V 3, (Λ, x⃗ 7→ w⃗) |= clq(⃗x) if, and only
if, w3 is contained in the unique maximum clique Q for which {w1, w2} ⊆ Q, so the above formula
defines the set described in (1).

For the formula defining (2), we assume that the pair of orthogonal maximum cliques is encoded
as a triple w⃗ ∈ V 3 such that {w1, w2, w3} induces a subgraph of Λ with exactly 2 edges where w1 has
degree 2. By Lemmata 4.5.4 and 4.5.5 there is exactly one pair (Q1, Q2) of orthogonal maximum
cliques of Λ such that {w1, w2} ⊆ Q1 and {w1, w3} ⊆ Q2. Consider then the formula

ort(x1, x2, z⃗) = ∃x3x4.
[
clq(z1, z2, x3) ∧ clq(z1, z3, x4) ∧ clq(x2, x3, x1) ∧ clq(x2, x4, x1)

]
(4.11)
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where z⃗ = (z1, z2, z3). Then if x2 is interpreted by u ∈ V and if z⃗ is interpreted by w⃗ encoding
the pair of cliques (Q1, Q2) in the above sense, then formula (4.11) defines the maximum clique
orthogonal toQ1 andQ2 containing the vertex u. In a similar way, for a pair of variables w⃗ = (w1, w2),
one can construct a first order formula par(x1, x2, w⃗) so that if w⃗ ∈ V 2 and there is an edge between
w1 and w2, then for all v ∈ V , the set

{u ∈ V | (Λ, x1 7→ u, x2 7→ v, w⃗ 7→ w⃗) |= par(x1, x2, w⃗)}

is a maximum clique Q of Λ such that either {w1, w2, v} ⊆ Q or v ∈ Q and Q is parallel to the
maximum clique containing w1 and w2.

We are now ready to assemble J (⃗z) following the sketch outlined at the start of this subsection.
We shall use the same notation, so that the reader can follow the technical details alongside the
intuitive sketch. For the purpose of simplicity, we solely consider the case where the parameters
z1, z2, z3 are interpreted by v1, v2, v3 respectively, and v⃗ = (v1, v2, v3) satsfies the assumptions of
Theorem 4.5.9. Let us write J (⃗z 7→ v⃗) = (ψD, ψE , ψprod). Since the subgraph of Λ induced by the
vertices v1, v2, v3 has exactly 2 edges, we may assume without loss of generality that there is an
edge between v1 and v2, an edge between v1 and v3 and no edge between v2 and v3. The formulae
R(x) = clq(v1, v2, x) and C(x) = clq(v1, v3, x) then define a pair of maximal orthogonal cliques
(which we shall refer to as R and C respectively). Set

ψD(x) = R(x)

and
ψE(x, y) = (x = y).

so that the domain of H = ΛJ (⃗z7→v⃗) is the clique R, and the equality relation the trivial one.
As expected, the construction of the formula ψprod reflects the construction of S outlined in the

idea sketch. First we use the formula ort to define the set containing the single vertex g(C); that
is, the vertex in the clique C coinciding with the cell in the column with entry g. More precisely,

ortC(x1, x2) = ort(x1, x2, v⃗) ∧ C(x1)

is satisfied by (Λ, x1 7→ g′, x2 7→ g) if, and only if, g′ = g(C). The next formula then defines the
vertex corresponding to the cell in the intersection of the row whose label interprets the variable
x1 and the column whose label interprets x2:

ψ∗
prod(y, x1, x2, v⃗) = ∃x3.[par(y, x3, v1, v2) ∧ par(y, x2, v1, v3) ∧ ortC(x3, x1)].

Referring to the notation used in the sketch, the above is satisfied by (Λ, x1 7→ g, x2 7→ h, y 7→ g′)
if, and only if, g′ = gh. Finally, the formula

ψprod(x1, x2, x3, v⃗) = ∃y.[ψ∗
prod(y, x1, x2, v⃗) ∧ ort(x3, y, v⃗) ∧ R(x3)]

is satisfied by (Λ, x1 7→ g, x2 7→ h, y 7→ k) if, and only if, k is the vertex corresponding to the cell in
the row corresponding to R with same entry as the cell corresponding to gh as above.

It can be checked that the ternary relation

S = {(g, h, k) ∈ R | (Λ, x1 7→ g, x2 7→ h, x3 7→ k) |= ψprod(x1, x2, x3)}
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is in fact a relational basis for a Latin square paratopic to the Cayley table of the group G. In fact,
S is the product relation of a quasi-group with identity element v1, since the construction entails
that for all g ∈ R, the triples (g, v1, g) and (v1, g, g) are in S. Using the transitivity property in
Proposition 4.5.10 and the translational property of Cayley tables of groups, we can then show that
H = ΛJ (⃗z7→v⃗) and G are isomorphic as ternary relational structures, thus showing the second part
of Theorem 4.5.9.

Lemma 4.5.12. H is isomorphic to G.

Proof. Let SG be the product relation of the group G; namely,

SG = {(g, h, k) ∈ G3 | (G, x1 7→ g, x2 7→ h, x3 7→ k) |= prod(x1, x2, x3)}.

Suppose, without loss of generality, that the universes of G and H are the same set, namely
the clique R of Λ. By Proposition 4.5.10, there must be a paratopism mapping the row and
column labelled by the identity element e in G to the row and column labelled by the identity
in H respectively. Combining this with the translational property, it follows that there exist
f1, f2, f3 ∈ Sym(R) for which

(g, h, k) ∈ SG =⇒ (f1(g), f2(h), f3(k)) ∈ S (4.12)

and f1(e) = f2(e) = f3(e) = v1 which, we recall, is the identity element of H as a quasi-group. By
taking g = e in the above, we get that k = h and (v1, f2(h), f3(h)) ∈ S and therefore f2(h) = f3(h)
for all h ∈ G. By setting h = e and subsequently k = e, we get that f1, f2, f3 are the same
permutation of R, say, f . By replacing fi for i ∈ [3] by f in formula (4.12), it follows that f is
indeed an isomorphism map between G and H as required.

In a similar fashion to Proposition 4.5.11, one can pararphrase the second part of Theorem 4.5.9
in terms of the bijection game as a consequence of the Interpretation Lemma.

Proposition 4.5.13. Let Λ1 and Λ2 be Latin square graphs of Latin squares paratopic to Cayley
tables of groups G1 and G2 respectively. If Spoiler has a strategy for the relational k-bijection game
on G1 and G2, then they have a strategy for the bijection game on Λ1 and Λ2 with O(k) pebbles.

4.6 Concluding remarks

Recall from Section 4.3 that the Weisfeiler-Leman dimension of groups of order n is bounded by
O(log(n)). From Proposition 4.5.13 it follows that the Weisfeiler-Leman dimension of Latin square
graphs arising from Cayley tables of groups of order n is also bounded by O(log(n)). Similarly, an
easy consequence of Proposition 4.5.11 can be understood in simlar terms: if β(n) is a function
such that the β(n)-dimensional Weisfeiler-Leman algorithm distinguishes any two non-isomorphic
Latin square graphs, then any pair of non-isomorphic groups of order n can be distinguished by
the O(β(n))-dimensional relational or algebraic Weisfeiler-Leman colouring.

Recall that the conjecture by Emms et al. would imply that the Weisfeiler-Leman dimension of
the class of strongly regular graphs is at most equal to 6. This would in turn imply that there is some
fixed k, for which the k-dimensional relational Weisfeiler-Leman colourings can distinguish any pair
of non-isomorphic finite groups. How plausible is this? On the one hand, it seems that an efficient
algorithm for deciding group isomorphism is one of the barriers to constructing a polynomial time
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algorithm for deciding graph isomorphism (see Section 13.2 in [7]), and the fact that a simple
combinatorial algorithm does the job would be very surprising. On the other hand, there is no
sufficient concrete evidence to suggest the contrary, and many options have not been explored
yet. For example, we know from [20] that the class of 3-regular Cai-Fürer-Immerman construction
has unbounded Weisfeiler-Leman dimension, but the class of groups they generate have Weisfeiler-
Leman dimension equal to 3 [16]. How about the Cai-Fürer-Immerman constructions arising from

cliques? That is, if Γk is the complete graph on k vertices, one can show that Γ
(0)
k and Γ

(1)
k are not

distinguishable by the (k− 1)-dimensional Weisfeiler-Leman algorithm (using the same notation as
Section 3.7.1 for the Cai-Fürer-Immerman constructions). Is it possible to prove a similar statement

for the groups generated by Γ
(0)
k and Γ

(1)
k ? In this case, it does not seem obvious whether or not

Spoiler can force Duplicator to choose näıve bijections with only a few pebbles, so these groups are
new potential candidates to investigate.
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Further research

Perhaps the most significant open question we have raised throughout the thesis is the following,
raised in the conclusions of Chapter 2:

Is there a poly-logarithmic function f(n) such that the f(n)-dimensional invertible map
test over P distinguishes any pair of non-isomorphic graphs of size n?

It’s a question involving both computational complexity and the descriptive complexity of
graphs. As discussed in Section 2.8 positive answer would imply a very systematic quasi-polynomial
time algorithm for deciding graph isomorphism. As of today, the most efficient algorithms for
graph isomorphism involve a combination of group theoretic techniques as well as combinatorial
sub-routines based on the Weisfeiler-Leman algorihtms - see Babai [7] as well as a more recent one
by Wiebking [64]. Under the assumption that any polynomial-time combinatorial graph invariant
is weaker than some Weisfeiler-Leman algorithm, group theoretic techniques are provably signif-
icantly more efficient than combinatorial ones. The first paper to involve serious group theory12

in the study of the complexity of graph isomorphism was by Luks [52], whose algorithm has a
running time of exp(O(

√
nlog(n))). Asymptotically, this is a short-lived experience compared to

the super-factorial nΩ(n) time required by the Weisfeiler-Leman algorithm to distinguish a pair of
non-isomorphic Cai-Fürer-Immerman constructions.

Assuming that any polynomial time linear algebraic graph invariant is subsumed by some invert-
ible map test over P, we still have no means to compare the efficiency of linear algebraic techniques
against group theoretic ones. The clear cut way would be to determine an optimal asymptotic upper
bound to the dimension of the invertible map test over P required to distinguish any non-isomorphic
pair of graphs on n vertices. Lichter’s construction [51] gives a non-constant lower bound which
leaves the optimality question open.

Comparing linear algebraic and group theoretic techniques however should not be limited to
establishing lower or upper bounds. In order to improve the current state-of-the-art algorithms, it
is important to understand if the harder cases for one constitute hard cases for the other. Recall
that deciding graph isomorphism is polynomial time equivalent to finding the k-orbit partition
for a graph, for some fixed natural number k. Finding orbit partitions for Johnson graphs or,
more generally, graphs with canonically embedded large Johnson graphs have been identified to
be the main limitation to the currently known group theoretic methods (see the Split-or-Johnson
Lemma in [7], a Lemma worthy to be called a Theorem). It is not clear if such graphs can be
obtained using constructions the like of those by Cai, Fürer and Immerman. Indeed, one of the
few downsides of these graphs is that they are arguably rather ‘artificial’. What this means is that
most well studied classes of graphs arise from incidence relations of combinatorial structures, for

12These were Babai’s own words at the Symmetry vs. Regularity conference in Pilzen, July 2018.
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instance, Steiner graphs, Latin square graphs or in fact Johnson graphs, and these arise only in small
sized instances of the Cai-Fürer-Immerman constructions. The discussion in Chapter 4 suggests
that it’s still worth investigating novel ways of ‘encoding’ the Cai-Fürer-Immerman constructions
in such classes of graphs. Nevertheless, it seems that for investigating how linear algebraic and
group theoretic techniques relate to one another or even to incorporate the invertible map tests
in the group theoretic framework to improve the current state-of-the-art algorithms, a necessary
starting point could be understanding the representation theory of coherent algebras over positive
characteristic.
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[20] Cai, J. Y., Fürer, M., and Immerman, N. An optimal lower bound on the number of
variables for graph identification. Combinatorica 12, 4 (1992), 389–410.

[21] Cameron, P. Permutation groups. Cambridge University Press, 1999.

[22] Cameron, P. J. Combinatorics :topics, techniques and algorithms. Cambridge University
Press, 1994.

[23] Chen, G., and Ponomarenko, I. Coherent Configurations. Central China Normal Univer-
sity Press, 2019.

[24] Chistov, A., Ivanyos, G., and Karpinski, M. Polynomial time algorithms for modules
over finite dimensional algebras. In Proc. 1997 International Symposium on Symbolic and
Algebraic Computation (1997), ACM, pp. 68–74.

[25] Clegg, M., Edmonds, J., and Impagliazzo, R. Using the Gröbner basis algorithm to find
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