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Abstract. In this article, we study the time-reversal properties of a generic
Markovian stochastic field dynamics with Gaussian noise. We introduce a con-
venient functional geometric formalism that allows us to straightforwardly gen-
eralize known results from finite dimensional systems to the case of continuous
fields. We give, at field level, full reversibility conditions for three notions of
time-reversal defined in the first article of this two-part series, namely T-, MT-,
and EMT-reversibility. When the noise correlator is invertible, these reversibil-
ity conditions do not make reference to any generically unknown function like
the stationary probability, and can thus be verified systematically. Focusing on
the simplest of these notions, where only the time variable is flipped upon time
reversal, we show that time-reversal symmetry breaking is quantified by a single
geometric object: the vorticity two-form, which is a two-form over the func-
tional space F to which the field belongs. Reversibility then amounts to the
cancellation of this vorticity two-form. This condition applies at distributional
level and can thus be difficult to use in practice. For fields that are defined on

*Author to whom any correspondence should be addressed.

Original Content from this work may be used under the terms of the Creative Commons Attribution
5 4.0 licence. Any further distribution of this work must maintain attribution to the author(s) and the
title of the work, journal citation and DOI.

© 2025 The Author(s). Published on behalf of SISSA Medialab srl by IOP Publishing Ltd


mailto:jeremy.obyrne@sorbonne-universite.fr
http://crossmark.crossref.org/dialog/?doi=10.1088/1742-5468/add0a2&domain=pdf&date_stamp=2025-5-19
https://stacks.iop.org/JSTAT/2025/053204
https://doi.org/10.1088/1742-5468/add0a2
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/

Geometric theory of (extended) time-reversal symmetries in stochastic processes: Il. Field theory

a spatial domain of dimension d =1, we overcome this problem by building a
basis of the space of two-forms Q%(F). Reversibility is then equivalent to the
vanishing of the vorticity’s coordinates in this basis, a criterion that is readily
applicable to concrete examples. Furthermore, we show that this basis provides
a natural direct-sum decomposition of Q?(FF), each subspace of which is asso-
ciated with a distinctive kind of phenomenology. This decomposition enables
a classification of celebrated out-of-equilibrium phenomena, ranging from non-
reciprocal (chaser/chased) interactions to the flocking of active agents, dynamical
reaction-diffusion patterns, and interface-growth dynamics. We then partially
extend these results to dimensions d > 1. Furthermore, we study several notions
of entropy production and show, in particular, the entropy production rate to
be a linear functional of the vorticity two-form, which implies that the factors in
our decomposition of Q%(F) can be interpreted as independent sources of entropy
production. Finally, we discuss how extending our results to more general situ-
ations could provide a natural framework for the generic study of the notoriously
diverse and surprising behavior of active systems at their boundaries. The geo-
metric framework offered in this paper is illustrated throughout by reference to
particular models that break time-reversal symmetry, such as Active Model B.

Keywords: dynamical processes, exact results, fluctuating hydrodynamics,
stochastic thermodynamics
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1. Introduction

Spatially extended physical systems are often best described by field theory, an approach
that has led to a wide range of applications, from the description of the superconducting
phase transition to weather forecasting and the design of large-scale civil-engineering
infrastructure. When field theory serves as a large-scale, long-time representation of
underlying degrees of freedom, fluctuations naturally arise alongside the deterministic
trend and taking them into account is the purpose of statistical field theory. Such an
emergent field theory can be derived either through explicit coarse-graining—often a
tedious and inexact process—or phenomenologically postulated based on the system’s
symmetries. Notably, when a system’s statistics exhibit time-reversal symmetry (TRS) —
such as when it is at or near thermodynamic equilibrium—the construction and analysis
of the field theory are greatly simplified in both approaches. While early applications of
statistical field theory generally obeyed this symmetry, recent decades have witnessed
growing interest in irreversible systems, often driven by biological motivations [1-3].
Bridging the theoretical gap between equilibrium and out-of-equilibrium systems has
sparked a vast body of literature focused on understanding the breakdown of TRS
itself [4-14], although most of the attention has been dedicated so far to the simpler
case of finite-dimensional systems.

In this context, two key questions arise: (1) How to determine whether a given
field theory is reversible? (2) How does TRS breakdown manifest phenomenologically?
These questions represent critical milestones that remain incompletely understood. This
article is the second in a two-part series. The first part [15] was devoted to systematically
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exploring various types of TRSs in stochastic systems with a finite number of degrees of
freedom. This second part extends and adapts these results to field theory, with a focus
on addressing the aforementioned questions (1) and (2), and in doing so, it notably
provides the foundation for a classification of out-of-equilibrium field theories.

Question (1) is notoriously related to determining whether a (possibly vector-valued)
map ¢ = (((r,[@]))i—that is both a function of a spatial variable r and a functional
of the considered field ¢—is the functional derivative of a free energy F|¢], i.e. if
¢ = 0F/d¢. However, the first issue is that, unlike in systems with finitely-many degrees
of freedom, we are not aware of any systematic approach in the literature that allows
identifying, in a generic stochastic PDE, the functional ¢ that needs to derive from
a free-energy for the dynamics to be time-reversible. We fill this gap here by intro-
ducing convenient notations that allow to straightforwardly extend the knowledge
from finite dimension [15]. Furthermore, the popular approach to tackle the afore-
mentioned integrability issue has consisted—until quite recently—in guessing a fairly
general form of the free energy F|¢], then taking its functional derivative, and finally
deducing the corresponding constraints over {. While this approach works well when ¢
and F are sufficiently simple [16, 17], it can quickly become impractical. In recent
years, it was understood that a more systematic criterion to answer this question
was given by a functional version of the Schwarz condition [12, 13, 18]: ¢ is integ-
rable iff 6¢;(r,[@])/d¢’ (v') = 0¢;(r',[@]) /04 (r) in a distributional sense, i.e. iff, for all
56,(r), 3655 (x),

5. [8) 86 (D] 5t 1 st 1) e’ —

Despite its systematic nature, since this criterion is distributional, it can be highly non-
trivial to deduce the constraints that follow from (1) on e.g. the coefficients of ¢ in cases
when the latter is a gradient expansion in ¢. To solve this problem, we here reformulate
condition (1) in a more geometric form, generalizing the approach developed for two
specific examples in a previous paper by one of us [14]. The resulting integrability
condition consists in the cancellation of a functional two-form, the vorticity two-form,
which is a vector (with additional properties) that lives in a certain functional space
Q?(F). Exhibiting a basis of the corresponding space then makes the distributional
condition (1) equivalent to the cancellation of the components of this vector on that
basis, a more algebraic formulation of the integrability condition that turns out to
be readily applicable. In this article, we exhibit such a basis for the case of a local
functional® ¢ in one spatial dimension, and partially generalize our result to higher
dimensions.

Besides, if the existence of a free energy in reversible systems grants access to gen-
eric methods for analyzing their phenomenology, that of out-of-equilibrium systems are
generally examined case by case, hence addressing only anecdotally the generic aspect
of question (2). Remarkably, the approach we adopt to solve problem (1) provides a par-
tial yet interesting answer to question (2) as well, since we show that a phenomenology

3 See below equation (20) for the definition of local functionals.
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can be attributed to each element of the aforementioned basis. Further, in one spatial
dimension, this basis can be split into three subfamilies, each generating a subspace of
O2(FF) that we respectively call the antisymmetric, self-symmetric, and inter-symmetric
subspace, and denote by A, Sgir, and Siyter- The combination of these three subspace
hence provides a direct-sum decomposition of the space of two-forms:

QQ GF) =A® Sself ¥ Sinter . (2)

The phenomenology within each of these three subspaces turns out to be quite robust
and generic: the antisymmetric subspace typically corresponds to systems with non-
reciprocal interactions, while the inter-symmetric one is related to flocking, and the
self-symmetric subspace gathers field dynamics like that of Active Model B (AMB) or
the Kardar-Parisi-Zang (KPZ) equation, which display anisotropic propagation of fluc-
tuations. The decomposition (2) — and its extension (135) to more general situations—
thus paves the way for a classification of out-of-equilibrium stochastic field theories.

Among the set of observables quantifying irreversibility at field level, entropy pro-
duction plays a special role [14, 17]. The question of its relation with the vorticity
two-form hence arises naturally. In this article we prove that, as in finite dimension [9,
15], the loop-wise entropy production? and the entropy production rate are both lin-
ear functional of the vorticity two-form, hence emphasizing the central role played by
the latter in the analysis of TRS breakdown. Interestingly, this also implies that the
elements of the decomposition (2) — and its generalization (135) — can be interpreted
as independent sources of entropy production. These results hold for the usual notion
of entropy production—that we here call the bare entropy production—that compares
the statistics of field trajectories to their time-reversal. Nevertheless, we show that in
certain situations, like when the field follows a conservation equation, there exists an
extended notion of entropy production, which directly takes into account the statistics
of the current associated to ¢, and that is greater or equal to the bare one, the difference
between the two being invisible from observations solely of the field statistics and hence
from the vorticity two-form.

Time reversal, for a given stochastic dynamics, is a context dependent notion [15].
In the simplest cases it solely amounts to reversing the time variable. In other dynamics
it also requires us to flip some degrees of freedom, as is the case for e.g. momentum
variables in underdamped models. Finally, it can also require us to directly reverse a
part of the ‘force field’ that is applied to the system, like a magnetic field for instance.
In the first article [15] of this two-part series, we respectively called these three types
of time reversal T-, MT-, and EMT-reversals, the letters T, M, and E standing for
‘time’, ‘mirror’, and ‘extended’ (see [15] for details). Just as in the finite dimensional
setting, MT- and EMT- reversibility do not reduce to a single integrability condition,
as opposed to the case of T-reversibility. In this article, we give for the first time general
reversibility conditions for a stochastic field dynamics to be EMT-reversible (this notion
of time reversal subsuming the two others).

4 This is the entropy produced along a loop in function space, i.e. during one period of a cyclic evolution of the field configuration.
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The article is structured as follows. We start by describing in section 2 the type of
field dynamics we will focus on, together with the notations that will be used to extend
known finite-dimensional results—in particular those of our companion paper [15]. We
then progressively introduce in section 3 the theoretical machinery—in particular a
functional exterior calculus—that we will use later to study TRS breakdown in the
considered field theories. Throughout the development of our theoretical framework,
we illustrate its various components on a fixed example: a nonequilibrium model of
phase separation. In section 4, which is the culmination of this article, we uncover a
basis of vorticity two-forms in one spatial dimension. As announced above, the latter
first allows us to turn the previously distributional reversibility condition into a readily-
applicable, algebraic one. We then show that the resulting basis can be divided into
three subfamilies, each one having a particular kind of phenomenology. This allows a
classification of out-of-equilibrium field theories in one spatial dimension, going from
non-reciprocally interacting systems, to irreversible reaction-diffusion systems, flocking,
and interface growth. We then partially extend these results for spatial dimensions
higher than one. We also discuss how generalizing the decomposition of the space Q%(IF)
could account for some of the notoriously surprising behaviors of active systems at their
boundaries. In section 5, we connect our work to various notions of entropy production
considered in the previous literature [6, 7, 9, 19] and some new ones. Finally, while the
main focus of sections 3-5 is on T-reversal, we give in section 6 reversibility conditions
for the more general notions of MT- and EMT-reversibility and for dynamics in which
the space to which the field belongs is not simply-connected.

2. General context and notations

This section describes the class of stochastic partial differential equations (SPDEs)
whose irreversibility we shall study in the following. These SPDEs will consist of fairly
general PDEs perturbed by a Gaussian random field with zero mean, delta-correlated
in time, and arbitrarily correlated in space.

SPDEs are notoriously difficult to define in general [20-22], and we will not attempt
to provide a comprehensive definition here. However, we will construct our framework
so as to avoid the pitfalls already encountered in finite dimensions—as identified in part
I [15]—in the geometric study of the irreversibility of stochastic differential equations
(SDEs).

We begin in section 2.1 by briefly summarizing the main issues that arise in the
physical description of SDEs. In section 2.2, we introduce notations that will facilitate
extending the finite-dimensional approach developed in part I to the infinite-dimensional
setting of field theory, by analogy.

2.1. Physical description of SDEs

In this section, we recapitulate how to describe a SDE in a way that is physical, cov-
ariant, and independent of the stochastic prescription (see part I [15] for more details).
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Let us consider a stochastic process x; on a finite-dimensional manifold M, satisfying
the following SDE for a given stochastic integral prescription gy € [0,1] (e.g. €9 =0 and
1/2 correspond to the Ito and Stratonovich conventions, respectively):

Xt = A(€0) + ba'f]ta . (3)

This dynamics may, for instance, describe the evolution of the positions of N particles in
R3—in which case x; = (r1(¢),...,ry(t)) and M = R3" —interacting with each other and
in contact with a thermal bath. In equation (3), the nf* are real Gaussian white noises
with zero mean and correlations (nf‘ntﬂ,) =26°%§(t —t'); the b, (x;) are vector fields on
M, and A (x;)—which is not generally a vector field>—is the so-called ‘c(-drift’.

The dynamics (3) can equivalently be rewritten in any stochastic prescription e, in
which case the new drift takes the form Af ) = A{_, +2(ey — )b, 9;bj,. The true physical
drift of the process—which can be interpreted as a force field (up to mobility) — should
not depend on the chosen prescription. Building on the case of a Langevin equation at
uniform temperature but with inhomogeneous mobility, earlier works [23, 24] identified
a suitable candidate (in an orthonormal frame) as A = A(,) — s, where

Sés) = aibzybiy - 25[){18][); ) (4)
is the so-called ‘e-spurious drift’.

Although constructed to be independent of &, one can show that A is not a con-
travariant vector field, and therefore cannot be interpreted as a physical force field. In
part I [15], we showed that in order to correct this lack of covariance, one must choose
a (positive) reference measure on M, denoted A = \(x)dz!...dz", and define a ‘A-drift’
a) = A — hy, where

Iy = bobLOA (5)
is called the ‘A-gauge drift’. This allows one to rewrite the SDE (3) in the following
form:

Xy = ay + S(e) + hy+b.n , (6)

where ay is now indeed a (contravariant) vector field on M, independent of the
stochastic prescription €, and can thus be interpreted as a force field.

This is done at the cost of choosing a reference measure A. The latter plays the role
of a prior or a gauge, depending on whether one aims to construct an SDE from a given
‘force field’” a and noise b,n“, or to analyze a given SDE. In the former case, our work
suggests that in addition to specifying the drift a and the noise b,n“, it is necessary to
choose a ‘prior’ measure A corresponding to the physicist’s a prior: assumption about
the system’s state of maximal disorder (or minimal information), and then impose
ay) = a. In particular, in the absence of a ‘force field’, i.e. when a =0, the stationary

5 The transformation law of A/, under coordinate changes is determined by the chain rule associated with the prescription &o. It
is therefore a genuine vector field only when ey = 1/2 (Stratonovich).
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distribution is then given by A/ [ mdA. In the latter case, A is simply a gauge choice
that affects the A-drift ay but not physical observables such as entropy production.

Throughout the remainder of this article, we fix the reference measure A once and
for all, and will therefore omit the A subscript on ay for clarity.

2.2. Extension to SPDEs

In order to generalize the finite dimensional results of [15], we first need to identify
the field-theoretic counterpart of each finite-dimensional geometric object involved in
studying the time-irreversibility of (6).

2.2.1. General setting. Let us consider a time-dependent field ¢, : R% — R% that
evolves on a time interval ¢ € T = [0, 7| according to a SPDE (7), which is Stratonovich-
discretized in space®, and e € [0,1]-discretized in time. Having the finite-dimensional
formulation (6) in mind, we write this SPDE as

ds
O (r,t) = a(r,[@]) +hx(r,[@]) +5() (r,[@]) + Z/dr'bz' (r,x' [0’ (') (7)

where n(r,t) = (n'(r,t),...7%(r,t)) T is a random Gaussian field on R%, taking values
in R%, of zero mean and correlations given by (n'(r,t)n’ (r',t")) = 2695(r —r')o(t —t'),
and b(r,r’,[@]) = (bi(r,r',[@]),...,ba,(r,1’,[@])) is a kernel operator sending R%-valued
fields to R%-valued fields over R%. In order to study dynamics (7) in both a covariant”
and discretization-free way, just as in the finite-dimensional situation (6), we have split
the deterministic drift of equation (7) into three terms: a time-discretization-dependent
spurious drift s.(r,[®]), a A-gauge drift hx(r,[@]), and a A-drift a(r,[@]) (the latter
two being independent of €), where X is a reference-measure over the functional space—
denoted by F—to which ¢ belongs. We will denote by by, b[¢], or simply b when
there is no ambiguity, the operator associated to the kernel b(r,r’,[¢]), i.e. bgn(r) =
[b(r,r',[@]) - n(r)dr’ =Y, [bi(r,r’,[¢])n'(r')dr’, where dr=dr!...dr" denotes the
Lebesgue measure on R,

To generalize more easily the finite-dimensional results from [15] to this field-
theoretic context, we are going to formally ‘geometrize’ the dynamics (7). This first
means that we regard the functional space F as an infinite dimensional manifold on
which the dynamics takes place. We further denote by TyF its tangent space at any
¢, which can be thought of as the space of small fluctuations around ¢, and whose
structure will be further detailed shortly. In turn, a is a vector field over F, i.e. for all
¢ €F, a[¢] = a(-,[@]) is a tangent vector belonging to TyF. In this perspective, the spa-
tial variable r plays the role of a continuous coordinate index so that, for instance, the
vector a[@] € TyF has coordinates aly = a™[¢] = a'(r, [p]), where i € [[1,d] and r € R®.

6 Stating that each spatial differential operator is defined as a limit of a midpoint-discretized operator is actually not sufficient to
fully characterize the limit SPDE [24], but we will disregard such questions in this article. In particular, we will assume that the
usual chain rule applies to spatial derivatives, hence the term ‘Stratonovich-discretized in space’.

7 Here the covariance is with respect to a change of chart over the function space F to which ¢ belongs. For instance, going from
Cartesian to spherical coordinates in R% amounts to a change of chart on F, since it gives a different coordinate expression of a
field @(r!,...,r"m) — G(r,01,...,00 _1).
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Furthermore, we will use the following generalized Einstein convention: in addition to
summing over repeated discrete indices, we will also implicitly integrate over repeated
continuous variables, when written as indices. Dynamics (7) then reads

09" = a” (@] + hX [] + s(E (@] + 0L (B (8)
or, if we stack together the discrete indices:
0" = a’ [@] +h)\ [@] +s(;) [¢] + by [P] - 7' (9)

These conventions allow us to deduce the coordinate expression of the spurious and A-
gauge drift directly from their finite dimensional counterparts (4) and (5): they respect-
ively read

’

nry 5 G99 79111 19T 6 7111
8(5) - 6¢i2r2 blsrs blsrs o 2€bi31‘3 5¢z‘2r2 bi:sl“:z ’ (10)
and
i1 T 1117 7,007 6
QUrt — purigiers b (11)

133 “13I'3 §¢i2r2

The only kind of (functional) coordinate charts on the manifold F that we consider here
correspond to choosing an arbitrary coordinate system on R% and any basis in R%. In
particular, this implies that if we choose the Lebesgue measure on F as the reference
measure A, then whatever the functional coordinate chart, A is independent of ¢ and
hence the A-gauge drift hy vanishes®.

Similarly, if the operator b does not depend on ¢, the spurious drift s.) is identically
zero. When this is not the case, some diverging terms may appear that should then be
taken care of by a proper spatial-discretization scheme [24]. For instance if ¢ is a scalar
field, i.e. do =1, and

§r’ =V M(d) (r/))ar_;.(s(r_r/) ) (12)

with M a mobility, then

b o] n” = i o] = / dr’ [v/M (@ ()03 (x = x")| P ()
= V- VM @m)n ), (13)

while the spurious drift formally reads (see appendix A)

8 What we say about the ‘functional Lebesgue measure’ A = D¢ should be understood in a discretized setting. For instance,
discretizing (¢'(r))i1..4, at given sites r, € RY gives (¢"*); , and the ‘functional Lebesgue measure’ approximately reads A ~ A=
]_[l.’ N d¢™ in the canonical basis of R%. If we now change basis in R%, a prefactor appears in the expression of . But the latter is
independent of ¢, hence the discrete version of the A-gauge drift vanishes whatever the spatial discretization and we can consider
its continuous limit hy to be equally vanishing.
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Sl(ré) —(1—¢) Z /011[-2 [8T§(5(r1 — 1‘2)] {&«gwl

S (14)

r3=r

The issue is that the last term in squared brackets in equation (14) is ill defined. But if
we go back to its discretized version, assuming d; =1 to simplify notation, it takes the
form:

0, 2] e o0 |
‘ , 1 8¢(k3)2 9¢ (k2)
M0 3 |G gy ) (9

hence it clearly vanishes.
Using the conventions introduced above, the Fokker-Planck equation associated
to (8) reads

o
0P [9] =50 i (16)

where P;[¢] is the probability density (with respect to the Lebesgue measure on F) of
the solution to equation (8) at time ¢, and J; is the corresponding functional probability
current, which is a vector field over F and whose coordinate expression is

5
st

J¥ = a” [¢] P — D™ (17)

In the expression (17) of the probability current, D is the diffusion operator, defined by

DI = b b (18)

or, in operator notations, D = bb', were b’ stands for the L?-adjoint of b for the
Lebesgue measure on R% and the canonical scalar products of R% and R%. Throughout
this article, we assume that the stationary probability measure Pg[¢] exists and is
unique.

A pivotal object in our study of the time-reversal properties of dynamics (8) will
be D7 'a. Note that our results can be (at least partially) extended when D is not
invertible, as we did in the finite dimensional setting in [15]. But for simplicity, up
to section 6, we will assume below that D 'a is always well defined. In particular,
this requires that as belongs to the image of bg, Im(by). Consequently all the drifts
applied to ¢ in equation (8) are included” in Im(b,) and hence the smallest functional

9 Note that the whole right-hand side of a stochastic dynamics (6) is generically a tangent vector field only in the Stratonovitch
prescription, for which we see that s(1/9) +hy indeed belongs to Im(by). We here extrapolate this phenomenon, known for SDEs [25,
26], to SPDEs.
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manifold F in which the solutions of equation (8) are confined is imposed by Im(bg), i.e.
TyF =Im(by). Regarding the global topology of IF, we likewise assume, up to section 6, it
is simply-connected. We stress that, although the field ¢ is defined on R% for simplicity,
our approach can be adapted to any boundary-less smooth manifold without major
difficulty.

2.2.2. A running example: the active model B. For the sake of concreteness, as we
develop our somewhat abstract theoretical framework in sections 3—5, we will repeatedly
illustrate most of its various components on a fixed example, the so-called AMB, which
is arguably the simplest field theory to show out-of-equilibrium phase separation [16,
17]. The AMB dynamics takes the form:

Oup(r) =V - | MVpu(x, o)) + /M) (19)

In equation (19), M is a constant scalar mobility, n(r,t) a Gaussian random field
identical to that of equation (8), and u(r,[p]) is a chemical potential defined, in the
spirit of Landau-Ginzburg theory, as a second order expansion in the gradient of p:

(o) = ap )+ Bp () + A(p(0) Vo (r) P = £ (p(r) Ap(r), (20)

where a and § are constants, while, generalizing slightly [16], we choose A and k
to be strictly local functionals of p. In this article, a map u(r,[p]), which is both a
function of a spatial variable r and a functional of a field p, will be said to be local
if it depends on the value of p and of its derivatives up to a finite order ¢ at r,

u(r,[p]) :u<p(r) Op(x) iplr) ), and strictly local if it is local with ¢=0. With

Y Ort 07 9rinOrl
the notations used to describe dynamics (8) above, of which the AMB dynamics is
a particular instance, the reference measure is taken to be the Lebesgue measure so
that hy = 0. The A-drift reads a"[p] =V - MVu(r,[p]), while the operator b takes the

form bf, = —v/M %6(1‘—1“ ), which in particular implies that the spurious drift van-

ishes for any time-discretization scheme, s.) =0, and that the diffusion operator reads

D™ = —MAGS(r —r’). Note that, in this case, as assumed for the more general dynam-
ics (8), D"'a= —A~!Ap is well defined and coincides with minus the chemical potential
u. Finally, we stress that this example also satisfies the general hypothesis on the simply-
connectedness of . Indeed, the constraint over the space F in this case is essentially
the conservation of a given total ‘mass’ m = fRdl p. Hence, if we take p1,ps € F, any
convex linear superposition shares the same global mass m, and thus also belongs to F.
It follows that FF is convex, and consequently simply-connected.

3. Quantifying time-irreversibility through the vorticity two-form

In this section, we study the presence or absence of TRS in the dynamics (7) or equival-
ently (8). In [14], one of us introduced for this purpose a functional exterior derivative
for scalar field, which generalizes the finite-dimensional exterior derivative—the latter
being itself a generalization of the curl operator of vector analysis to dimensions higher
than three. In section 3.1, we start by extending this construction to the more general
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context of the vector-valued field ¢ obeying equation (8). This then allows us to define a
functional vorticity two-form (alternatively called a functional cycle-affinity two-form),
denoted by w, that generalizes to field theory the corresponding objects already intro-
duced for Markov chains [10, 27] and finite dimensional stochastic processes [9]. In
section 3.2, we introduce two differential operators, the cycle-affinity operator @ and
the vorticity operator W, that are both dual to the vorticity two-form w. While the
benefits of introducing the former operator will only appear in section 4.3, we show
below that the latter can be used to gain insight into the out-of-equilibrium phenomen-
ology of the dynamics (8) under study.

3.1. Reversibility condition and functional exterior derivative

Up until section 6, we assume that all the components of the field ¢ are even under
time-reversal. Dynamics (8) is then said to be time-reversal symmetric when, in steady
state, it has the same probability to travel any trajectory (¢,)er forward and back-
ward in time!’. This reads P[(¢,)iet] = P[(P1_;)ier], where P is the (stationary) path
probability associated to dynamics (8). Just as in finite dimension [6, 9, 28-30], this
time-reversibility property is equivalent to the cancellation of the stationary probability
current Jy = aPy— D0Py/0¢, a property that can be straightforwardly reformulated
as

0ln P,
D 'a=
a 56

In other words, time-reversibility of dynamics (8) amounts to a (functional) integrability
constraint'! over D™ 'a. The reversibility condition (21) has been argued [13] to be
equivalent to D™ 'a satisfying the functional integrability condition:

(21)

0 [Dilaqﬁ} ir 0 [D_1a¢]
5¢jr’ o 5¢/r

*_p, (22)

in a distributional sense, for all ¢ € F, with [D~'ag); standing for [D~'a];[¢] =

[D;l]irjr/ag/. While the authors of [13] proved that equation (21) implies equation (22),

the simply-connectedness of F was assumed to be enough for the reciprocal implication
to be valid, as in finite dimension. Among other things, the formalism introduced below
allows us to prove this is indeed the case.

We here emphasize that our analysis of functional integrability is conducted with
significantly greater mathematical rigor than our treatment of stochastic PDEs in this

10 We also assume that the time-reversal of dynamics (8) does not involve any direct modification of the drift and diffusion operator,
as it would happen e.g. in the presence of an external magnetic field. In the language used in paper I [15], this means that we
only focus on T-reversal until section 6 where we consider EMT-reversal. Besides, at least when the field ¢ is conserved, one can
also define a resolved notion of reversibility where, together with the statistics of the field, those of the corresponding current are
explicitly considered (see section 5.2).

1 There is also an normalizability constraint over the potential from which D~'a derives. But in practice, just as in finite dimen-
sion [15], we only need the kernel of the Fokker-Planck operator, P +— 7&%[11"P — pivir’ 6«":(/5” P], to be one-dimensional, not that
any of these stationary measures integrates to one. Thus, without loss of generality, we will disregard this normalizability constraint
throughout this article.
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article. This level of rigor—mecessary to draw strong physical conclusions later on—
justifies the formal nature of some of the sections that follow.

3.1.1. Functional one-forms. In order to fully prove and interpret the equivalence
between equations (21) and (22), and also to exploit the information content of the
object on the left-hand side of equation (22) when it is not identically zero, we are
going to recast that object in a more geometric form.

We start by noting that, from our geometrical point of view, since D is a functional
contravariant tensor field of order two over F, its inverse D~'—which is defined by
(D)™ (D jerters = Ojssr, with 8j%,, the identity map on TyF—is naturally a covariant
functional tensor field of order two. Hence D~ !a is a covariant vector field over F, i.e.
a functional one-form. It acts on perturbations d¢ € TyF as

D ay (6¢) = [D'ag), 56" = [D;Lrjr,a{;’w . (23)

Upon introducing 8", the Dirac delta at point r applied to the i component of J¢,
1.€.

5" (6¢p) = 6¢' (x) (24)
the one-form D~ 'a can be written as
D 'a=[D'a], 6" . (25)

We denote by Q!(F) the space of functional one-forms ¢ o = Gir|®] 5™ over F.

3.1.2. Functional two-forms and exterior derivative. A functional two-form ~ over
F is a field of maps vy : (0p1,0¢,) € TyF X TyF — v, (d¢p;,6¢,) € R that are bilinear
and antisymmetric for all ¢. We denote by Q?(FF) the space of functional two-forms
over F. As promised above, we now generalize to vector-valued fields the functional
exterior derivative introduced in [14] for scalar field: the exterior derivative of a one-
form {4 = Cir[] 8" is a two-form, denoted by d¢, which acts on any pair of perturbations

dp1(r),0¢,(r) € TYF as:

4] ir 6 ir’ r
0Cy (661, 6¢hy) = Z / { g o Cg ¢i£¢]}5¢f S drdr’ (26)

i,7=1

The space dQ' (F) C Q%(F) of exterior derivatives of one-forms is the vector space of ezact
functional two-forms. We now defined the wedge product D; A D, of two distributions
D1, Dy : TyF — R as the antisymmetric bilinear map from T x TyF to R which reads

D1 ADy (8¢, ¢9) = D1 (6¢1) D2 (6¢py) — D1 (0¢p2) Do (0¢py) - (27)
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This product is antisymmetric: Dy A Dy = —Ds ADy. The wedge product allows us to
re-write the exterior derivative (26) without its arguments d¢,,d¢, as

L[ 0Ge 0G| ger i
oo L B 5 o

which emphasizes the fact that it is a geometrical object on its own. Note that the wedge
product of Dirac deltas also allows to write any two-form ~ as vy = Yirjr/[@]0” AT
where the 7y’ [@] play the role of components of v along the elementary two-forms
5™ A 67" the latter being antisymmetric bilinear maps on each tangent space TyF.

Just as in finite dimension, this functional exterior derivative can be extended to
differential forms of any order. In this article, in addition to the exterior derivative (26)
of one-forms, we will only need that of zero-forms, i.e. of functionals F[¢]. The latter
is simply defined as the differential:

Importantly, this functional exterior derivative retains a crucial property of its finite-
dimensional counterpart: it squares to zero, i.e.

d(dF) =0, (30)

thanks to the functional Schwarz theorem [13] of permutation of functional derivat-

ives: —£ = 97 __ Tn other words, exact functional one-forms are closed, as in

Soirspir’ T §pit! Spir
finite (fiminsion.w T}ﬁs a geometric reformulation of the fact that equation (21) implies
equation (22), as proven in [13], since the fact that equation (22) is distributional pre-
cisely means that dD_1a¢(5¢1,5q’>2) must vanish for all d¢,,d¢p,. Before showing that
the reciprocal also holds, let us make a remark that will turn out to be useful in prac-
tice. Using the antisymmetry of the wedge product, the exterior derivative (28) can be

re-written as

0Civr wivr -
_ T i
d¢ = —5¢jr,5 AN (31)
In turn, this relates the functional derivatives of two- and one- forms through the
formula,
_ ir] _ ir 5CZI‘ jr’ ir

d¢ =d[(d™] = [dCi] A" = Wa NG (32)
where d(;; stands for the exterior derivative of (;; seen as a O-form with ¢ and r fixed.
Formula (32), which is the infinite-dimensional counterpart of a well-known relation in
finite dimension [31], is very convenient for practical computations. We will use this rela-
tion later on in this article to compute functional exterior derivatives (see appendices H
and I for detailed calculations).
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3.1.3. Functional Stokes theorem and Poincaré lemma. We are now in position to
show that, when F is simply-connected, the converse of equation (30) also holds, i.e.
that closed functional one-forms are exact. This represents a functional version of the
Poincaré lemma.

We show in appendix B that our functional exterior derivative satisfies a functional
version of the Stokes theorem: if S C F is a smooth oriented surface in F with smooth
boundary 0S5, then for any one-form ¢ (see appendix B for details), we have

/%C:/Sdc. (33)

In section 5.1.3, we will use this functional Stokes theorem to compute the entropy
production around a loop'? in F for AMB and relate it to the phenomenology of this
out-of-equilibrium model. Most importantly, equation (33) allows us to prove that,
when F is simply connected, the converse of relation (30) also holds, i.e. that a closed
functional one-form is also exact. Indeed, let us consider a one-form ¢ that is closed,
i.e. d¢ = 0. Then, we define the functional

Flgl=— /C c=- /O (ol idr | (34)

where ¢, € F is arbitrary, and C = (¢, )¢ is an arbitrary smooth path in F connecting
¢y to ¢, = ¢. First, the functional F[¢p] is well defined, since picking another path
C’' CF joining ¢, to ¢ in the definition (34) of F creates a difference with the right-
hand side of (34) that is equal to the integral of ¢ along the loop C UC’. Since F is simply
connected, there exist a surface S C F such that 9S =CUC’. Using Stokes theorem (33)
and the fact that ¢ is closed, we conclude that this difference vanishes. Furthermore,
using the continuity of ¢[@] we have F|[¢p + ed@] ~ F[@p] — £(ir[@d]¢™ to first order in ¢,
i.e. ¢ = —dF, which is the functional version of the Poincaré lemma.

3.1.4. Irreversibility and wvorticity. The functional Poincaré lemma implies that
equation (21) follows from equation (22). Thus the reversibility of dynamics (8) is
equivalent to

dD'a=0. (35)

Indeed, if condition (35) is satisfied, a direct computation allows to show that
Py[p) = e 71¥1/Z where F is obtained by replacing ¢ by D™'a in equation (34) and
Z=[e 7t [9)D¢p is the normalizing constant, is the stationary distribution and is such
that (21) is fulfilled.

The functional two-form dD™'a associated with dynamics (8) is the central object
of this article. We will denote it by w, i.e.

w=dD 'a, (36)

12 A loop in FF corresponds to an evolution (¢, )repo.r) of the field that ends up in the same state it started from, ¢, = ¢7.
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and, just as in [14], we will call it the (functional) vorticity two-form, or, by analogy
with its counterpart in Markov chains [32], the (functional) cycle affinity two-form.

3.1.5. Vorticity of the AMB. 1In order to compute the vorticity two-form (36) on a
concrete example, one first needs to rewrite the considered stochastic field dynamics
in the form (8) and, specifically, identify the operator D together with the drift a. We
already did so at the end of section 2.2 for our running example, the AMB. In particular,
using the same notation as in (25), we have D™*a = — ;0. Then, the definition (26) of
the functional exterior derivative—or equivalently the convenient formula (32) — allows
to compute the vorticity two-form (36). In the case of the AMB dynamics (19) and (20),
the latter reads (see [14] or appendix C)

w=dD la= —d[pd"] = —/dr 22X (p(r)) + " (p(r)]Vp(r) - 8" AV, (37)
where k' = 3—’; and V¢" is the gradient of the Dirac delta at r, whose action on a per-

turbation ép € T,F is V6" (dp) = —Vip(r). Note that the explicit expression (37) is not
entirely straightforward for a reason detailed in the introduction of section 4 (see [14]
or appendix C for two slightly different step-by-step derivations of (37)). Dynamics (19)
and (20) is then reversible iff w is identically zero, the latter condition being fulfilled iff
2\ + k' =0. Whenever this is the case, then the chemical potential p is the functional
derivative of the free energy F given by equation (34) with ¢ = D 'a, which also reads

_ Q9 §4 Kk 2
f[p]—/[2p+4p+2|w| dr . (38)

up to an irrelevant constant. Interestingly, note that in this example that the ‘coordin-

’ 5[?4);;?]" of dD'a along the two-forms 6/ A 6" can be generalized functions' of
r and r’, in which case the non-local ‘basis’ 6/*" A 6™ can be reduced to a local one
involving Dirac deltas at r together with their derivatives at the same point. Finally,
we see that the reversibility of AMB reduces to an integrability constraint over the
chemical potential p. This might be surprising at first sight as it does not seem to
enforce any structure of the noise, while it is known that the later should satisfy the
fluctuation-dissipation theorem at equilibrium. This constraint is in fact embedded in
the single condition (35), where the noise statistics enters through the operator D. In
the AMB dynamics (19), the FDT is enforced by the relation between the drift and
noise structure, so that D~ 'a reduces to p, and reversibility of (19) amounts to the
integrability of the latter functional.

ates

3.1.6. Other existing formalisms. To conclude this section, we emphasize that the
functional exterior calculus introduced in [14] and further developed here is by no mean
the first of its kind. Indeed, other mathematical formalisms exist (see [33, 34] and refer-
ences therein). The first advantage of the formalism presented here is its simplicity, as its

13 In the case of AMB W;ﬁ =[2X(p(r)) + £'(p(r))]Vrp(r) - V,16(r — '), up to unimportant symmetric (under r <> r’) terms.
1
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only involve functional derivatives, Dirac deltas, and the wedge product of distributions.
A second advantage is its striking analogy with the finite-dimensional exterior calcu-
lus, which allows us to straightforwardly extend known results from finite dimension,
something we will extensively do throughout this article. Finally, a major inconvenience
of the alternative formalism of jet bundles [33], which seems to be the most developed
and widespread mathematical framework for functional differential geometry, is that it
cannot handle non-local differential forms, whereas our formalism can (see section 4.4.2
and appendix I).

3.2. Two operators associated with w

In this section, we introduce two differential operators, both associated with the two-
form w but in different ways. They will respectively be important in the interpretation
of w and of the results of section 4. In order to emphasize the distinction between these
operators, they will respectively be called the cycle-affinity operator and the vorticity
operator, although w was indifferently called the vorticity two-form and the cycle-affinity
two-form.

3.2.1. The cycle-affinity operator. First, we define the cycle-affinity operator, denoted
by @, as the L*-representative of w, i.e. for all ¢ € F, @y, is such that

Wy (06p1,0¢09) = 6y - Wedepydr (39)

R4

where the dot ¢’ here stands for the canonical scalar product of R%. Using expres-
sion (26), we see that in the canonical basis of R® it acts as

D 1 d[D tay| ., ,
(@i ( Z/{ 5¢Jf’¢ B | 5¢ir¢Lr }5¢”d1‘- (40)

It directly follows from the skew-symmetry of w in its arguments that & is skew-
symmetric in the L?-sense:

ol =-a. (41)

In section 4.3, @ will allow us to translate in the more familiar language of (skew-
symmetric) differential operators the somewhat abstract result of section 4.1 which is
formulated with functional 2-forms.

3.2.2. The vorticity operator

3.2.2.1. Definition. =~ We now define the vorticity operator W by formally extending
to this field-theoretic context the finite-dimensional construction carried out in section
3.2.3 of our paper I [15]. In essence, it consist in considering D~! as a Riemannian
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metric over F, which allows us to Taylor expand the vector field a in a covariant way
as:

Aexpy (09) ™ Tg—rexp, (09) [acb + V&«paqs} (42)

up to linear order, where exp, here denotes the Riemannian exponential map'?, v
the Levi-Civita covariant derivative, and Tp—expy (36) the parallel transport from ¢ to
expy(d¢) along the geodesic joining these two points in F. In turn, we define the vorticity
operator as the skew-symmetric part, for the metric D!, of the linear operator %a(ﬁ :
d0p € TyF — €5¢a¢ € TyF appearing in the expansion (42) of the vector field a:

Wsdp = Vika, . (43)

This construction is similar to the one conducted in hydrodynamics to define the usual
vorticity of a velocity field v, albeit here in a non-Euclidean and functional context.
Hence the name chosen for W. Note that the D~ !-antisymmetry of W reads

DWD'!'=-W, (44)

or, in coordinates, DR [D-1), o — W This symmetry property notably

1219 14Ty
implies that the spectrum of W is purely imaginary—as is that of @. Most importantly,

the vorticity operator can be shown to read (see [15]):

Wz'm _ _1Di1r1i3r3 0 [Dila} igTy 0 [Dila} 1373 (45)
ioTy 2 5¢’i3[‘3 6¢’L'21‘2 !
or, in terms of operators,
1
W = —EDw . (46)

From equation (46) and the invertibility of D, we conclude that dynamics (8) is revers-
ible iff W = 0. This fact, together with the relation of W to the covariant expansion (42)
of a, suggests to interpret the vorticity operator as the irreversible part of dynamics (8)
at the linear level and, consequently, to use the following linear dynamics, that we call
the vortex (or wvorticity) dynamics:

9o =Weig (47)

as a proxy to grasp the purely irreversible behavior of dynamics (8) in the vicinity of
the state ¢. We now further justify this approach.

14 The Riemannian exponential map exp, sends a tangent vector 6¢ at ¢ to the point exp, (6¢) in F reached at time one by the
geodesic that passes at time zero through ¢ with speed d¢.
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3.2.2.2. A proxy for the TRS-breaking phenomenology. As the theory of time-
reversible stochastic time-evolution is now firmly developed, it is tempting to try to build
a theory of TRS-breaking dynamics on this foundation, ¢.e. to start from a stochastic
field dynamics en route to equilibrium, add a (possibly small) TRS-breaking terms to
it, and study how this additional term modifies the initial equilibrium picture. To do
so, it is natural to try to split the drift a of dynamics (8) into two parts,

a— arev + airrev , (48)

the first one, a™, ‘preserving TRS’ and the other, a™", ‘breaking it’. This would enable
to first study the reversible limit a — a*" of dynamics (8) using tools from equilibrium
field theory. Then one could study, for instance, the deterministic dynamics 9;¢ = a*™"
to get an insight into which kinds of intrinsically irreversible behavior come into play
on top of the equilibrium limit in the full irreversible dynamics.

In the attempt of making decomposition (48) properly defined, a first natural
approach is the following: on the one hand, ‘preserving TRS’ means for a™" to be
such that, as soon as a™® = (0, dynamics (8) with drift a = a™" is reversible, while on
the other hand ‘breaking TRS’ means that as soon as a™™v # 0, dynamics (8) becomes
irreversible. According to our results from section 3.1, these requirements amount to

dDta™v =0, (49)

dD'a" =dD'a . (50)

Unfortunately, such a decomposition suffers a severe ambiguity. Indeed the con-
straints (49) and (50) are not sufficient to uniquely determine a™v and a™® since,
starting from adequate candidates (a™',a™") to (48)—(50), and adding D times the
differential dF of a non-constant functional F|[¢] to the first and subtracting it from

—_~—

the second, i.e. (a™,ai™v) = (a' 4+ DdF,a™" — DdF), yields another distinct, and
equally-valid, pair of candidates.

To remedy this issue, one can choose a™" and a™" to be respectively the symmetric
and antisymmetric part of a under time-reversal, which we here denote by “a and
4a. Once again, the conventions introduced in section 2 allow us to straightforwardly
generalize the known expressions of “*4a from finite dimension (see for instance our
paper I [15]) to field theory, yielding

a' =%a=DdnP, , (51)

a" =4a=a—Ddln P, , (52)

where Py is the stationary probability density of dynamics (8). Clearly, this choice (51)
and (52) provide a unique decomposition (48) while satisfying the necessary condi-
tions (49) and (50). The problem now is that, since the explicit expression of Py is gen-
erically unknown, those of a' and a™®" are also unknown, thus making the choice (51)
and (52) generally useless for practical purposes.
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Another possibility to lift the degeneracy left by the constraints (49) and (50), is to
perform a functional Hodge decomposition of the one form D™ 'a. Since F is assumed to
be simply connected, this decomposition should'® read D 'a = a®™ 4+ a®*, where a*
and a®* are exact and co-exact one-forms'®, respectively. The resulting decomposi-
tion (48) is such that

aI‘CV = DaCX , (53)

airrcv = Dacoox , (54)

and again satisfies the necessary conditions (49) and (50). Unfortunately, we are not
aware of any explicit formulas to perform such a decomposition in the context of func-
tional one-forms. Thus this alternative to (51) and (52) seems to suffer a similar intract-
ability issue.

In this article, we circumvent this ambiguity of the decomposition (48) as follows. To
get an insight into the reversible part of the dynamics, we suggest to choose parameters
in a given dynamics (8) in such a way that dD~'a = 0. For instance for AMB, this would
amount to choosing A\ and « such that 2\ + k' = 0. In general, the resulting equilibrium
limit will be not unique, but if the hydrodynamics under study is simple enough, we do
not expect the corresponding phenomenologies to differ too much from one equilibrium
limit to the other. In practice, we will not systematically use this proxy of the ‘reversible
part’ of the dynamics, but rather focus on getting an insight into the ‘irreversible part’
of the phenomenology. We will do this by studying the vorticity dynamics (47). The
right-hand side of equation (47) is a ‘linear approximation of the irreversible drift of (8)’
in the sense that it is not the full linearization of the drift,

da da
5500 = Widt {% —W} S, (55)

but rather only the part of it that is responsible for TRS breakdown: the anti-symmetric
part of the covariant expansion of a for the metric D™', Wd¢. The advantages of this
approach are that it is often amenable to analytical calculation (as we will see later
in section 4) and that it does not suffer the ambiguity left by (49) and (50). Indeed,
using (46), (39) and (52), for any a™™" satisfying (48)—(50), we have

1
Wi = —  Doég

1
= —5Dd [D~'a] (-,6¢)
- _ %Dd [D—lairrcv} (75¢) ,

15 As far as we now, this remains unproven for functional spaces.
. . . . . . . P
16 This means that there exist a functional F and a functional antisymmetric contravariant tensor of order two A" such that

§ AiTiT ’
a™ =dF and ofp™ = — (’? lj/ (the latter formula being valid in orthonormal coordinate systems in both R% and R%).
o
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where, for any functional two-form ~ and vector field d¢p, we denote by ~(-,d¢) the
one-form d¢p, — v(dy, @). Considering the vorticity dynamics (47) lifts the ambiguity
discussed above because the set of gauge choices authorized by the requirements (48)—
(50) is precisely that of exact one-forms and thus coincides with the kernel of the exterior
derivative: d[D~!(a"™" — DdF)] = dD'al™,

A delicate question that arises in our linear approach is the choice of the base-point
¢ in equation (47). In the spirit of the approach advocated below equation (48), one
could choose ¢ as the average profile of the equilibrium limit. Another possibility, if
the stationary probability of the full dynamics (8) is concentrated in the vicinity of
a profile ¢, is to choose the latter as the base-point in equation (47). In this case
indeed, dynamics (8) in steady-state fluctuates in the vicinity of ¢, and the linear
approx (47) with base-point ¢, describes the irreversible behavior of these fluctuations.
The effectiveness of our approach in such a case is exemplified below using AMB.

Nevertheless, as we will see in section 4.4, our approach is relevant beyond this
peculiar situation where the stationary measure is concentrated in the vicinity of a
certain profile. In this article in particular, the choice of profile ¢ in the vicinity of
which dynamics (47) is analyzed, will not be prominent, as we will study the generic
dynamics (8) in two limit-regimes (described below) in which the exact structure of ¢
is not crucial, but only allows for a more precise analysis.

3.2.2.3. Connection of W with the Stratonovitch-averaged dynamics and instantons.
Directly generalizing a finite-dimensional result [15], the operator W interestingly
plays a similar role for the Stratonovitch-averaged dynamics of (8), which reads 0,¢ =
V0], with v = Jy /P =a— Ddln Py, = 4a, i.e. it is the D~ '-antisymmetric part of
the covariant linear expansion of vg.
Besides, it worth noting that the vorticity operator W generates the irreversible
component of the instanton dynamics associated with (8). Indeed, the path-probability
density of dynamics (8), conditioned to a given initial state ¢, satisfies

P [(91)ser] e 5l@0er]. (56)

There exist several approaches to build a covariant action S (see [35] and references
therein). Again generalizing results from finite dimension, the approaches of DeWitt [36]
and Graham [37] in particular give actions that read

S[(@0)ren] = /O ' ED (6 —af) (& —a") + goiva(an) + SR | (57)

where the dot stands for partial differentiation with respect to time, ¢=1/3 and 1/6
in the DeWitt and Graham approaches respectively, A is now the volume measure
on F associated with the Riemannian metric D=1, and divy = det(D)%det(D_l) the
corresponding divergence operator. Extremizing the action then leads to the instanton
dynamics:

q@ilrl _|_F’L:11‘1 $i2r2q'5i31'3 :Di11‘1i2r2 oV _|_2W'i1r1 1 79T , (58)

i9T213T3 5¢i2r2 (239
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where the I}, = are the Christoffel symbols associated to the D~ !-Levi-Civita connec-

tion on IF, and the functional V[¢] reads

V[¢] = —ax-D tay +divy (ax) +cR . (59)

N | =

We see that reversing the time variable in the instanton equation (58) flips the sign of
the last term on the right-hand side. In other word, this last term, which is generated by
twice the vorticity operator W, is the deterministically time-antisymmetric part of the
instanton dynamics (58) associated with dynamics (8). In equation (58), 2W plays the
role of a (cross product by a) magnetic field whose infinite-dimensional vector potential
is D 'a (for the geometry given by D~1). Interestingly, the irreversible part of the
instanton dynamics, is not approximated at the linear level by (twice) the flow of W,
but exactly coincides with it.

3.2.2.4. Two limit-regimes amenable to analytical predictions.  Before turning to the
example of AMB, let us first discuss the generic dynamics (47). We here only consider
the case where Wy, is a local differential operator for all ¢, in which case it generically
reads

HIK]
Wo=> W5(r[¢) 5 (60)
K
where K = (ki,...,kq,) is a multi-index of natural numbers, with the conventions ), =

Zkl Ky (each sum being finite) and

aIK\ 8/’€1+--~+kd1
5K = h R (61)
ory'...0ry

In equation (60), WX are dy x dy matrices that, for a given ¢, vary with r on a typical
spatial scale fy, which is that of typical variations in the field ¢ itself, so long as
the original dynamics (8) is translation-invariant. Dynamics (47) has no reason to be
solvable explicitly in general. However, there are two interesting limit regimes where the
solution of (47) can be approximated. The first one corresponds to the case where the
chosen perturbation d¢ varies on a scale /5, that is much larger than fyy, i.e. 545 > by .
In this case, the dominant term in Wyd¢ is the zero-order one and the dynamics can
be approximated by 8,6¢(r,t) ~ W) (r [¢])¢(r,t) and hence explicitly solved. Note
that, as soon as W0 is not purely antisymmetric, then d¢ will tend to increase on
some spatial domains and decrease on others in such a way that, after some time, £54 ~
ly and the approximation will no longer be valid. On the other hand, if d¢ is now such
that /5 < fy, the dominant terms in Wgd¢ are those of maximal order in derivation,
and the corresponding matrices Wk ) can be considered piece-wise constant on the
spatial domain. Consequently, on each of these subdomains, the resulting approximation
of W is independent of r and thus amenable to Fourier analysis. The existence of these
two limit regimes—that correspond to diagonal approximations of (47) in real and
Fourier space, respectively—will be exploited several times in the rest of this article.
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3.2.2.5. Vorticity operator and phenomenology: the ezample of AMB.  In [14], the vor-
ticity two-form of AMB was used to unveil the leading-order (in weak noise amplitude)
phenomenon that breaks TRS in the phase separated state. The latter corresponds to
the permanent excitation of anisotropic modes propagating at the liquid-gas interface,
either from the liquid to the gas, or the other way around, depending on the sign of
2\ + k'. This was shown in [14] through the intermediate step of the analysis, via w, of
the structure of the stationary probability current.

Interestingly, this phenomenology can also be uncovered—and even specified—by the
dynamics (47) generated by the vorticity operator. In the case of the AMB dynamics (19)
and (20), using equations (37), (39) and (46), the latter is readily shown to act as (see
appendix C for the detailed derivation):

1
Wdp = S MA{(20+K') V- Vop+V - [5p(2A+K") Vpl} | (62)

where dp is a perturbation around a given profile p. In the vicinity of the average
phase-separated profile py, we start by focusing on the second of the two limit-regimes
mentioned above, i.e. we consider a perturbation dp that varies on much smaller spatial
scales than py does. The action of W, on dp can then be approximated as:

W, 0p~ M (2\+ k') Ve - VASp . (63)

First, we see that, at least at this linear level, the effect of activity is localized at the
liquid-gas interface, where Vpg # 0, as reported in [14, 17]. Further, equations (47)
and (63) recover the aforementioned propagating-wave phenomenology uncovered
in [14]. This is most readily seen in dimension d;=1 by injecting a harmonic per-
turbation dp oc e'™*=#) in equations (47)-(63), leading to the dispersion relation:

w=M 2\ + k') (Oppss) k> . (64)

From equation (64), we indeed recover the fact that waves propagate from the gas to
the liquid if 2A 4k’ >0, and the other way around if 2\ + k' <0, as predicted and
measured in [14]. But it is worth noting that this method—of analyzing the leading-
order irreversible phenomenon through the vorticity operator — goes further than the
one used in [14] as it also predicts the dispersion relation (64) of these waves.

Let us now examine the opposite limit-regime, ¢.e. when dp varies on much larger
scales than pg does. Assuming 2\ + k' constant for simplicity, the linear dynamics (47)
becomes:

O16p = 0pM (2X + k') A?py | (65)
the solution of which reads
dp(z,t) =6p(0,z)exp [M (2A + k') A?py (2)] (66)

Consequently, if 2\ + k' > 0 for instance, dp will tend to accumulate on the liquid side of
the interface and be depleted on the gaseous side, thus ‘compressing’ the liquid droplet
(see figure 1). Conversely, if 2\ + k' < 0, the liquid droplet will tend to spread. Of course,
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Pss(T)

Figure 1. A schematic picture of the left boundary of the phase-separated, steady-
state, average proﬁle pss of AMB and its derivative of order four. We see that the
fourth derivative iz 4psg, which coincides with A?py is di =1 dimension, displays
a positive (respectively negative) peak on the liquid (respectively gaseous) side of
the interface. This justifies the qualitative interpretation of equation (66) above.
As this is only for illustrative purpose we took the function tanh(x) instead of
a real estimate of py(x) (the two curves in fact becoming identical in the limit
2A+ k"= 0).

after some time, the typical spatial scale of §p will no longer be much greater than that
of ps and equation (65) will cease to be a correct approximation, hence preventing
dp from blowing up at long times. Moreover, in the full dynamics (19) and (20), the
counterpart of the term of the right-hand side of equation (65), which pumps mass from
or towards the droplet, will be counterbalanced by a reversible term that stabilizes the
stationary profile. These predictions of the influence of activity on the droplet size are
in accordance with the binodal shift, caused by activity, in AMB [14, 16].

We conclude this section by emphasizing that, although we used a linear equation to
conduct our analysis, the naive linearization of dynamics (19) and (20) alone (in which
reversible and irreversible ingredients are entangled) could not have been directly used
to predict the leading order irreversible phenomenon around a phase-separated profile
as we just did.

4. From explicit reversibility condition(s) to classification of nonequilibrium field
theories

As announced in the introduction, the integrability condition (1) for a functional one-
form {(r,[¢]), or even its more geometric version d¢ = 0, might not be straightforward
to use when looking for the concrete reversibility condition(s) of a given field dynamics.
This issue was not visible on the AMB example reported in section 3.1 because we
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directly gave a convenient expression (37) of its vorticity two-form w = dD'a. Indeed,
the explicit calculation of w, detailed in [14], first leads to the expression

w:—/dr2AVp~5r/\V5r—/dr/iér/\Aér : (67)

At this stage, it would be wrong to conclude that, for w to vanish, A(p) and k(p)
both need to be identically zero. This is because the elementary two-forms 6" A V"
and 6" A Ad* are not independent'” as they differ by a total derivative. Indeed, for an
arbitrary pair of fluctuations dpq,dp2,

" NAGS (6p1,0p2) = 0p1AdpG — 0p5 AP}
=V - [6p1Vép5 — 0p3Vip]
=-V- [51' AVo* (6p1,6p2)] s

where the minus sign in the last expression comes from the sign convention of the
gradient of the Dirac delta: V§*(dp) = —Vip'. This relation, that we may summarize
as

SFAANS =~V - [F AV , (68)

can then be injected into equation (67). After integrating by parts the factorized gradient
in the resulting equation, one gets expression (37) of the vorticity two form, from which
one can easily show that w =0 (i.e. w, =0 for all p) iff 2A + k" = 0, which is the correct
integrability condition for D~'a = —p and hence the right reversibility condition for
AMB.

The example of AMB shows that, at least for a field dynamics (8) whose one-form
¢ =D 'a is expressed as a gradient expansion in ¢, one needs to express the vorticity
w as a sum of integrals against elementary two-forms that are independent—in the
appropriate sense—in order to determine the concrete reversibility condition(s). To be
even more systematic, we would ideally like to determine a basis of 2-forms, i.e. a family
of independent elementary two-forms on which d¢{ can always be developed, whatever
¢(r,[@]). In section 4.1, we completely solve this problem in d; =1 spatial dimension
for the case of a one-form ((z,[¢]) that is local in ¢. We then partially extend in 4.2
our result to higher dimensions by determining a free family of two-forms. The latter is
incomplete in the sense that it does not span the entire space of vorticity two-forms of
arbitrary field dynamics. However this family turns out to be sufficient in many practical
cases.

To shed light on our notion of a basis of two-forms, we translate it in the more
common language of differential operators in section 4.3. More precisely, we use the
notion of the affinity operator (39) introduced in section 3.2 to show that this basis
of functional 2-forms is in one-to-one correspondence with a basis of antisymmetric
operators.

17 What we here mean by ‘independent’ will be made more precise in section 4.1.
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To get an insight into the phenomenology associated to each basis element, we then
analyze in section 4.4 the linear dynamics (47) generated by each respective vorticity
operator. This approach will show that these elementary two-forms can be classified
into three subfamilies whose respective members have similar phenomenologies. For
each of these subfamilies, we also give concrete examples whose known phenomenology
are in good agreement with our analysis based on the flow of their vorticity operator as
captured by (47).

Finally, in section 4.5, we summarize our results, discuss their limitations, and elab-
orate on their possible extension to more general situations.

4.1. A basis of 2-forms in one spatial dimension

4.1.1. Local one-forms and two-forms. At the end of section 2, we defined a notion
of locality for a map pu(r,[¢]) that is both a function of r and a functional of ¢. We
now extend this notion for one- and two- forms. From now on, a functional one-form
Cp = Cir [@]0°F is said to be a local one-form when its coordinate function(al)s (;[@] are
local maps. We denote by QL (F) the space of local one-forms over F. We define the
notion of local two-forms in a slightly different way: a two-form v, = Yirjr/[@]0™ A 57’
is a local two-form when it can be written as

9Kl
Y= 9187 A S s (69)
K

where the ”y,,;(ff) [¢] depend smoothly on ¢ and r, but do not have to be local as maps'®
of the variables r and ¢. In other words, ~ is local two-form whenever ~,(d¢;,d¢,)
is an integral over r of a function that depends only on the value of each d¢; and its
derivatives (up to a finite order) at r, whatever the functional dependence of v, with
respect to ¢. In equation (69), we use the same notations as in equation (60) and we

implicitly sum over 7, and integrate over r (we integrate only once, despite r appearing
twice as an upper index). Note that the relation between 7., and %-(ff) reads

e = A0 R O s (70)
ZI‘jI" 77,]1‘ aT/K *
K

We denote by Q2 (F) the space of local two-forms over F.
Before turning to the space of local exact two-forms d2}..(F), to which the vorticity
w belongs when D !a is local, we first study in detail the space of local two-forms

Q2 .(F), the latter space containing the former:

dQL . (F) c Q2 (F) . (71)

loc

18 We could alternatively require the 'yff\;) [#] to be local as maps. All the results presented in this article would still be valid. But
as this constraint is not mandatory for our study, we lift it from the definition of local two-forms to make our results slightly more

general.
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4.1.2. A basis of the space of local two-forms Q2 (F). Until the end of section 4.1, we
focus on the case of d; =1 spatial dimension, where a local two-form generically reads

q
¥ = i lele note, (72)
k=0

with the abbreviation 9% = dd—;k is used from now on to lighten notations. This expres-
sion of a generic local one-form - suffers a redundancy issue as it involves, for instance,
the elementary two-forms 6% A 9?6°*, which can be ‘decomposed’ along §°* A 3§'* upon
factorizing a spatial derivative (68) and integrating by parts, as explained in the intro-
duction of section 4. We now solve this redundancy problem by determining a family of
elementary two-forms, that are independent of each other in the appropriate sense, and
on which any local two-form can be uniquely decomposed. We do this by first showing

in appendix E that (the d; =1 version of) relation (68) generalizes as follows:

5 /\6%53 +57 /\8%51' _ Zka+18§€_2k_l [51 /\82k+15j + 57 /\82k+15i} : (73)

5, A agf.g_léj . 5]‘ A 82€+15i _ Z 2ﬁ+162,€_2k+1 [52 A 5’2k5j _ 5]' A 82k57] 7 (74)

the coefficients b3}, and 2! being given by equations (229)-(231) of appendix D.

In turn, injecting these relatlons back into equation (72), integrating by parts several
times, and rearranging the terms (see appendix E for details) allows us to prove that
the generic local two-form ~ can be re-written as

La/2]
= Z Z d.%‘Oé [¢]) (5zx A s — §iT A a2ééix)

=0 1<z<]<d2
+ Z Z /d$ Bl(f) ($, [d)]) (52:10 A 625-}—1511‘ + 87T A 82€+15zx)

1<i<j<dy
+ Z / de B! (,[]) 57 A 82““5“} : (75)
i=1

where the ‘coordinate functions’ Oég) (z,[¢]) and Bg) (z,[@]) respectively read

L(g—1)/2]
_ 2it1
( %] ) 4 Z k+1a§k+1 20 [A%(j + )} (76)

and
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La/2]

2[ 1) 2k
5'(') _ 1) Z b2k, §2h-2-1 [s%(j )} : (77)
k=(+1

the matrices 3/44*) being respectively the symmetric and antisymmetric parts of %)

i.e. S/ A%(j) (%(jk ) :l:yj(.f)) /2. This result implies that the family of functional 2-forms

given by

([5u A 02€5j$ _ 5jz A 82f521]7 [5zx A82f+15jx + 631 A a?ﬁrl(siz] ’5ix A 82E+15ix)1<72<j < lENTER (78)

antisymmetric symmetric

is generative for the space Q7 (F), the ‘linear combinations’ over this family consisting
in summing and integrating over its discrete and continuous indices, respectively. Under
equation (78), we attributed names to subfamilies whose meaning will be justified soon.

Importantly, in addition to its generative aspect, we further prove in appendix E.2
that the family (78) is also free in the sense that

=0 | (o) =0and () —0|. 79
v { @ij 1<i<j <da leEN an ﬁ” 1<i <j <da beN (79)
This family can thus be seen a basis of the space of two-forms Ql?o(, In other words, in

d1 =1 spatial dimension, a local two-form v € Q2 . can be uniquely decomposed over
the family (78).

Note that equations (81) and (82) obey the symmetries ag) =— (-i and 5 Bj(f),
respectively. This suggests reformulating the rather lengthy expression (75) of ~ in a
more compact form, albeit at the price of making the decomposition over the basis (78)

less visible:

La/2] L(g—=1)/2]
v = Z/dxa z,[@]) : 6° AD* 6" + Z /dxﬁ @) : 6° AOHHET
where ‘:’ represents the full tensor contraction between the antisymmetric matrix
al) = (a%))i,jzlmdQ (respectively the symmetric matrix ,6(6) = (5§f))i,j:1...d2) and the

R?% @ R%-valued 2-forms [6% A O¥6"] = §* A 96/, The symmetry properties of the
matrices a and 3 justifies the names given in (78) to each of the two subfamilies:
the space spanned by the antisymmetric (respectively symmetric) family of elementary
2-forms is obtained by contracting 6% A 9% (respectively 6" A 0*+1§”) with antisym-
metric matrices (respectively symmetric matrices).
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4.1.83. Coordinates of an exact local two-form. Let us now consider a local 1-form

Co = Cie[@]0™ where (ip[@] = G (@(2),0,0(x),...,0%¢(x)) for a given integer ¢. Using
formula (32), the functional exterior derivative of ¢ reads:

dczwé”’/\é
:Za(ak¢j) (—1)° ks (w —y) 67 NS
k=0
q
_ _1\k+1 (& i ksjx
H( R T AL

where the last equality is straightforwardly obtained by evaluating each side on a pair
of perturbations d¢,d0¢,. As announced in (71), d¢ is a local two-form, hence we can
decompose it on the basis (78). When compared to the generic local two-form ~y, using
equation (72), we have the relation

0 i
W e () s (50)

Using this relation, together with equations (76) and (77), we deduce the ‘coordinate
functions’ ag) (z,[¢]) and 61-(5)(:13, [¢]) of d¢, which respectively read

[(¢—1)/2]
o_1 oG oG U1 2k4+1—20 ( ¢ B G )
v [3 (0%¢7)  9(0%¢) 2, & 0(0%+1gh)  0(9”M1¢) oy

k={
and
lg/2]
0 _ 1 9¢; AGi B % 2k—20—1 a¢; G
s [a<a%+1¢i>+a<a%+l¢j> 2 e Q(@?%ﬁ)*@(@%@))] -

When ¢ is the one-form D™ 'a associated to dynamics (8), this allows reformulating the
reversibility (35) in an explicit, readily applicable, form:

w=dD la=0¢< {(a(é) (83)

i ) =0 and (51@
1<i<j <ds,leN

) s =)

1<i <j <ds,leN

where the a® and 8 are respectively given by (81) and (82) with ¢ =D 'a.
To illustrate this result, let us show that it directly gives the convenient expres-

sion (37) of the vorticity of the one-dimensional AMB and thus, in particular, its revers-

ibility condition as well. Since the density field p is scalar valued, the basis (78) reduces
to the subfamily (6 A 9*+16%)jen ser. Further, ¢ = D7la = —p is a local functional of p
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of order ¢ =2. Hence the only possible term in the vorticity two-form is [ 691)) 0" A\ 00",
A direct application of formula (82) then gives

o o
9(0ep) 1 O(02p)

BY = = —[2A0p— Oy (—K)] = — (2A+K)Oyp ,  (84)

where we used formulas (229) and (231) to get that b? = 1. Thus, as expected, we recover
the (one-dimensional version of the) convenient expression of the AMB vorticity (37),
from which we can directly conclude that reversibility is equivalent to 2\ + k" = 0.

4.1.4. Further decomposition of the space of local two-forms. Our partitioning of the
basis (78) between the antisymmetric and symmetric subfamilies already provides a
decomposition of QF (F). But, as we will see in section 4.4.2, it is physically meaningful
to further decompose the symmetric subfamily as follows. In general, the field ¢ is
not a ‘true’ vector field" but is rather made out of n distinct physical fields (of mass
density and polarity for instance) stacked together, i.e. ¢ = (d(),.. ., gb(n))T. The set of
coordinate indices I = {1,...,ds} of ¢ = (¢');er can then be partitioned as I =U}_ I}
, where Ij is the set indexing the coordinates of ¢;). In turn, this allows partitioning
of the symmetric family into two subfamilies. In the first one, that we call the self-
symmetric family, the coordinate indices ¢ and j appearing in the expression of a given
elementary two-form belong to a common subset Ij:

([511’ A 82€+15jx 4 5j;v A 82€+15ix} ,52'33 A 82Z+15m)[(2‘):[(j)71<i<j S (85)
where (i) denotes the subset [, of I to which a given index i belongs. In the second
one, that we call the inter-symmetric family, 7« and j belong to two different subset of
I:

(511: A 82€+15jx + 57T A a2€+15zx>I(Z')il(j%lgi<j<d2’éEN7x€R ] (86)
The components of ~ along the self-symmetric subfamily then correspond to the diag-
onal blocks? of each ) in (80), while those along the inter-symmetric family are given
by all the other components of each ﬁ(é). Physically, we will see in section 4.4.2 that
the elements of the inter-symmetric family in the vorticity w of dynamics (8) are due
to TRS-breaking interactions between distinct fields ¢, * ®(;)» while any element of
the self-symmetric family originates from a field ¢ ;) whose evolution is irreversible on
1ts own.

At the level of vector spaces, our partitioning of the basis (78) can thus be formulated
as the decomposition

QIQOC (]F) = A P Sself S Sinter ; (87)

Y If ¢ is a true vector field, then ¢(r) is a vector, a geometrical object on its own that can be equally described in any basis. On
the other hand, if for instance the field consists in a density field p and a polarity field p stacked together, ¢ = (p,p), then all
the possible bases of R? are not equivalent to describe ¢(r): those mixing the first coordinate with the others are not physically
meaningful.

20 The n diagonal blocks of B) are (5,(;))1’,.7'6&7 k=1,..., n.
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where A, Sgr, and Siyter are respectively the antisymmetric, self-symmetric and inter-
symmetric subspaces, each one being the linear span®' of the subfamily of (78) that
bears the corresponding name.

4.2. Partial extension to higher spatial dimension d;

We now discuss how the results of section 4.1 generalize, at least partially, to higher
spatial dimension d; > 1. Let us consider the family of two-forms obtained by grouping
together d; copies? of the family (78) where each derivative?® 9, is replaced by d,+ in
the kth copy, i.e.

([ A O2r67T — 677 N O6™], [87 A QP 4 67 A BEHST]

j 20+1 gi
0" A 67"’“ (5”) 1<k<dy,1<i <j <do,neN" feN,zeR4A (88)
This family turns out to be free in the same sense as its one dimensional counterpart (78)
(see the end of appendix E.2). Further, it can be shown?! that it is generative for exterior
derivatives of one-forms {(r,[¢]) that locally depend on ¢ but not through any cross

derivative, i.e. which are of the form

¢l = ¢ (¢0) {0ud @), b}, ) - (89)

For this particular subspace of exterior derivatives of one-forms, the family (88) is
thus a basis. However, the family (88) can generate neither the exterior derivative of
local one-forms whose dependence in ¢ involve cross derivatives, like e.g. gi‘ﬂgg, nor
consequently the whole space of local two-forms. The family (88) hence generalizes (78)
and its properties only partially to dimensions d; > 1.

We can extend the partition of (78) into antisymmetric, self-, and inter- symmetric
subfamilies to (88), by the same procedure® through which we defined (88) from (78),
and still denote the corresponding subspace by A, Sgef, and Sinter, respectively. In d; > 1
spatial dimension, the decomposition (87) thus generalizes to

QIQOC (F) = -A > Sself S Sinter S C . (90)

Here C is a complement of A @ Seir D Sinter 1D QIQOC(IF) and hence allows to decompose,

in particular, the exterior derivative of any local one-form ¢ that depends on cross-
derivatives of ¢. Finding a basis of a suitable complement C is an interesting challenge
that is left for future work.

Despite its incompleteness in generic situations, the family (88) is sufficient to decom-
pose the vorticity two-form of many celebrated physical models. For instance, this is the

21 The linear span of a given family is to be understood here as integrating and summing (with respect to discrete and continuous
indices, respectively) the elements of this family against function(als) fi;(z,[¢]).

22 We exclude from the additional copies the elements that are of order n =0 in derivation.

23 Recall that, to lighten notations in the previous section, we denoted the distribution 9¥6™® by 9§,

24 Indeed, at each step of section 4.1, this amounts to replace all the spatial derivatives by d%, and to sum from n=1 to d;.

% For instance, the antisymmetric subfamily in dimension d; > 1 is obtained by gathering the d; ‘copies’ of the one dimensional

antisymmetric family, one for each direction of space r*.
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case for AMB in arbitrary spatial dimension d; since its one-form D™ 'a = —p, where
u(r,[¢@]) is given by equation (20), depends locally on p but not through any cross deriv-
ative. The resulting vorticity w = —du, given by equation (37), is generated by the basis
elements (0" A 0,:0")g=1,. 4, of the self-symmetric family. Another example is given by
the KPZ equation, whose vorticity is the same as that of AMB [14].

After this short detour through higher spatial dimensions, we will stick to the d; =1
case in the rest of section 4 for simplicity, keeping in mind that most of the following
results can be generalized from the family (78)—(88).

4.3. Relation between functional two-forms and skew-symmetric differential operators

We have seen in section 3.1 that the question of the reversibility of dynamics (8) is geo-
metrically a question of exactness (or integrability) of the functional one-form D™'a.
Consequently, the language of functional differential forms appears to be, mathemat-
ically, the most natural one to tackle it. Nevertheless, functional differential forms are
not commonly used in physics and even less the corresponding formalism introduced in
this article. Hence, before turning to the study of the phenomenology associated to each
element of the basis (78), we give here an alternative description in the more common
language of differential operators.

To this end, let us start by extending to the whole space Q%(F) the map ‘hat’, defined
in section 3.2, that associates to a vorticity two-form w € dQ!(F) the corresponding
cycle affinity operator @. For any two-form ~ € Q?(FF), the corresponding ‘cycle-affinity
operator’ 4 = hat(y) is obtained by replacing w and @ in definition (39) respectively
by ~ and 5. We now restrict our attention to two-forms ~ that are local, v € Q2 (F).
Then, injecting expression (80) into definition (39) and performing several integrations
by parts, we get:
la/2] do
7 60)); = D> [al0o¢ + 02 (a6 )|

=0 j=1
l(a-1)/2] dy
- A G (91)

(=0 j=1

or, in terms of operators:

lg/2] 1(¢—1)/2]
=" a0 +a2tal] = 30 0o e (92)
(=0 (=0

Each differential operator in the first (respectively second) sum on the right-hand of
equation (92) is the cycle affinity operator associated to a two-form that belongs to
the antisymmetric (respectively symmetric) subspace. Moreover, we see that each one
is, up to a factor 1/2, the skew-symmetric part of an operator that applies an even-
(respectively odd-) degree derivative and multiplies by a skew-symmetric (respectively
symmetric) matrix.
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A natural question one could ask is whether the latter combinations are the only
possible ones from which to build skew-symmetric operators. It turns out they are not,
but that the missing operators can be written as linear combination of those appearing
n (92). To see this, let us consider a generic differential operator £ =", Ly(z, [¢])9"
that, for a given ¢ € IF, acts on perturbations d¢ € TyIF, the L;’s being square matrices
that depend on z and ¢. The skew-symmetric part £4 of £ reads

4= 3 Lk - (-ntal ] (93)
k

where LkT is the transpose of Lyj. Splitting each matrix L; into its symmetric and skew-
symmetric parts, Ly = Lf + L,f, and rearranging the terms, we get

LA = %Z{ [Lg‘aj; + (—1)ka§L,g‘] + [Lgaj; - (—l)kaijﬂ } . (94)
k

Distinguishing derivatives of even and odd degrees, we finally obtain
1
=52 ALl + oL + (L) — 0y
L
+ L2 = L] + Lo + 2 L] (95)

We thus see that any skew-symmetric differential operator can be written as the super-
position of 4 types of elementary skew-symmetric operators:

A +9¥A (96)
SO — 9*s | (97)
A6§€+1 o 6§£+1A ’ (98)
S@§€+1 +8§€+IS , (99)

where A and S are matrix-valued functlon(al)s of z and (;S that are antisymmetric and
symmetric, respectively. Let us denote by .A S, A, and S the vector spaces respectively
generated by linear combinations of antisymmetric operators of the types (96)—(99). For
instance, the elements of A are of the form S A0 + 9% Ay, where the sum is finite
and all the A, are antisymmetric matrices that depend on z and ¢.

Note that the operators that make up the generic cycle affinity operator (92) belong
cither to A or S. As the matrices a3 in the expression (80) of & can be chosen
arbitrarily in the spaces of antisymmetric and symmetric matrices, respectively, we
conclude that, as suggested by the notations, A and S are the images under hat of A
and S = Sgeif D Sinter, respectively.
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We show in appendix F the following decomposition formulas for operators of the
form (97) and (98):

/-1
Sazé - a%fs _ _Zb2k+1 [(832;67216718) a%k-l—l + 8§k+1 (agfokfls)} ’ (100)
k=0

and

62£+1 82€+1A — ZC2€+1 82€+1—2kA) azk 4 a%k (8§€+1_2kA)} ’ (101)
k=0

with the same coefficients bl, and ¢}, as in equations (76) and (77). We thus see that
the operators of the form (97)(respectively (98)) can be written as a superposition of
operators of the form (99) (respectively (96)). In other words, we have the inclusions
Sc & and AC A and it follows that the vector space of antisymmetric differential
operators (93), that we denote by L4, can be decomposed as L4 = A+S. In particular,
this implies that the map hat is surjective from Qloc to L4, 4.e. that any element in
L4 is of the form 7, with v € Qf .. But an element v € L4 vanishes iff, for all d¢;,5¢,,
[, -4(0¢py)dx = 0, which also reads v(d¢p;,d¢,) = 0, by definition of hat. Using (79)
we Conclude that

7=0sa=8"0=0. (102)
and ker(hat) = {0}. Consequently we have the direct-sum decomposition of L4:
—Aa S, (103)

and hat is a linear isomorphism between Qloc and LA4.

To make the correspondence between decomposition (103) and its counterpart for
two-forms even clearer, let us consider a generic v € Q2 (F), but start from its expres-
sion (72) rather than its decomposition (80) in the basis (78). On the one hand, we can
decompose each matrix v*) = S~4(*) 4 44 F) into its symmetric and antisymmetric parts,
as in section 4.1. Then, we notice that formulas (73) and (74) mean that the components
of ~ of the form 7(2£+1 67 A O*F16T and S’ygé) : 6% A 9*8" can be respectively decom-
posed along the elementary two-forms (6% A 0?*6%) <, and (6% A 9*+1§%).<, leading to
the expression (80), with coordinates (76) and (77). On the other-hand, applying the
hat map to the expression (72) of ~ gives an alternative formula for :

o k) ak Ak k] T
7;{“)76 o [#] '} (104)

which coincides with the generic expression of a skew-symmetric differential oper-
ator (93), with Ly =2(—1)*4*). Repeating for 4 the reasoning we had above for the
operator £4, we end up decomposing the operators [*29]9% — 9% [*~2)] € S and
[Ay 29261 — 921 [Ay (D] € A respectively using formulas (100) and (101), which
gives back the expression (92) of 4. Hence, the decomposition formulas (100) and (101)
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in L (and the corresponding direct sum decomposition (103)) mirror formulas (73)
and (74) in Q2 _(F) (and its corresponding decomposition), this exact correspondence
being given by the isomorphism hat.

As an example of this correspondence, let us consider the cycle affinity operator @
of AMB in d; =1 dimension. Using definition (39) together with expression (67) of w

yields, after some integrations by parts,
&,0p = {0: [(200.p) 5p) 42X (82p) 6p} + { —KD;6p+ 03 (rSp) } . (105)

Let us denote by &V and @'? the two operators within each pair of curly brackets on
the right-hand side of equation (105). We see that oY e Swhilew? € 8. Consequently,
these operators are not independent?® and the latter can be re-written as

P op=—rkd20p+ 02 (kdp) = 0pd2k +2(0yk) (8:0p) = 0, [(Duts) Op] + (8yk) (3,0p)
(106)

so that the whole cycle affinity operator also reads
@p0p = 0p[(2A+ k') (0up) 5p] + (2A+ ') (O2p) Oabp - (107)

This mirrors, at the level of the skew-symmetric operator @, what happens for the
vorticity 2-form w, where the second term on the right-hand side of the expression (67)
can be decomposed along the same elementary two-form as the first one. Comparing
the form (107) to the generic expression (92), @ has a single non-zero component:

691)) = —(2\ + k')0,p, along the elementary operator of order £ = 0 of the self-symmetric
family. The fact that the latter is ‘free’ (in the sense of (102)) provides an alternative
way to find the reversibility condition of AMB: 2\ + k' = 0.

Hence, the results of this section allow the irreversiblity of dynamics (8) —in d; =1
spatial dimension and with a one-form D~'a that is local—to be seen from the point
of view of the cycle affinity operator w. We see that, from the four different types
of differential operators (96)—(99), two are redundant, while the other two are ‘free’
in an appropriate sense (102) which allows us, in particular, to directly deduce the
explicit reversibility condition(s) of the dynamics. These properties of antisymmetric
differential operators mirror (and hopefully illuminate) the corresponding ones found
earlier for local two-forms.

4.4. Phenomenology of each vorticity subspace

In this section, we examine what phenomenology one could expect from a dynamics (8)
whose vorticity two-form w belongs exclusively to one of the three subfamilies of (78)
identified in 4.1. Of course, determining the precise phenomenology of a field theory
only based on the corresponding w is not completely possible, as the latter only con-
tains linearized information about what makes the dynamics irreversible. However, we
will see that tackling this problem through the vorticity dynamics (47) — even with

26 By ‘independent’, we here mean that & = 0 is not equivalent to @V = ©® =0, since SNS =S #£0.
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rather generic forms of this operator—allows us to qualitatively recover celebrated, typ-
ically out-of-equilibrium, behaviors, from the flocking state of aligning self-propelled
agents to the run-and-chase dynamics of non-reciprocally interacting mixtures, through
nonequilibrium pattern formation.

Once again, we here focus our attention only on d; =1 dimensional dynamics obey-
ing (8) whose one-form D™ 'a is local in ¢ so that the corresponding vorticity two-form
w=dD !a can be expended on the basis (78). Even though generically the vorticity
has no reason to be generated by only one of the subfamilies identified in (78), we will
assume below that this is the case and examine each subspace successively. As our ana-
lysis is essentially qualitative, we expect the behavior of a superposition of vorticities
from distinct subfamilies of (78) to be in large part the superposition of the corres-
ponding phenomenologies. Note however that the methods used below to analyze each
subfamily independently could easily be adapted to a superposed case.

We start by rewriting here for convenience the dynamics (47) generated by the
vorticity operator:

010¢p = Wyogp (108)

which encapsulates the time-irreversible part of dynamics (8) in the vicinity of a given
¢. Let us recall that, as stated in section 3.2, the vorticity and cycle affinity operators
are related by W = —D /2.

For simplicity, we assume from now on the diffusion operator D to be proportional
to the identity, unless otherwise stated explicitly. We can further assume this (positive)
constant be equal to one, as any other one could be subsumed in the coordinates of
the generic vorticities we will consider. We will briefly comment below how our results
generalize to other situations. In particular, having D o d? (which is often the case for
conserved fields) does not change the qualitative results found below.

For concreteness, as well as setting dy =1 we focus on the case do =2 in this section.
(Recall that dy is the dimension of the order parameter space.) Nonetheless we will
argue below—mnotably through the example of non-reciprocal flocking in section 4.4.1—
that, in higher ds dimensions, the typical phenomenology associated to each subspace
of (78) remains very similar in R%>2? as compared to R?. However when ¢ is not a ‘true’
R%-valued vector field but rather a collection of various fields (of e.g. number density
and polarity; see the example of Active Ising Model (ATM) at the end of this section)
stacked together, the way this phenomenology is observed in the ‘physical space’ R%
may appear quite different.

4.4.1. The antisymmetric subspace and non-reciprocal interactions. Let us consider a
cycle affinity operator that belongs to the antisymmetric subspace and is of homogen-
eous degree: @ = ad? + 0%, with a an antisymmetric matrix that depends on?’ the
space variable z. Since D is assumed to be the identity, the vorticity operator reads

W= —% (2?2 +02a] . (109)

27 Throughout section 4.4, we consider that ¢ is fixed and we study the linear dynamics (108) around this point in function space.
That is why we consider « as a function of z only.
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Let us first consider the case ¢ = 0 which is slightly degenerate. In this case, W acts
as a multiplication by the antisymmetric matrix —a, which generically depends on z.
The solution of (108) hence corresponds to a field ¢ that rotates on site at each z € R —
i.e. all §¢p(x) independently rotate in R>—in a direction (clockwise or counter-clockwise)
and with a speed that are given by —aqs(z) = a9 ().

Let us now turn to the case £ > 1. We start by considering the first of the two limit-
regimes described in section (3.2), where the fluctuation d¢ initially varies on a spatial
scale (5,4 that is much larger than that for spatial variations of the operator W (which is
itself that of the matrix e and in turn depends on the chosen base-state ¢), €5, > lyy.
In such a regime, W again acts as multiplication by an antisymmetric matrix, which is
—0* /2 in this case. Consequently, the phenomenology is the same as that of the £ =0
case, although the role previously played by « is now taken by 0?‘a/2. Note that if
is uniform, then fy = oo and this first regime does not exist.

In the opposite limit-regime, where we consider fluctuations d¢ that vary on much
smaller scales than W, /5, < fy, we partition the physical space R% =R into sub-
domains where a can be considered uniform and, consequently, where the vorticity
operator approximately reads W ~ —ad?. In Fourier space, the latter thus acts as a
matrix multiplication by:

0 —1
Wi =Wy L 0}, (110)

where W, = (—1)%412]@% and k is the wave number. If we focus on a generic harmonic
mode that initially reads

plcos(ka:—i-el)} ’ (111)

0y (2,8 =0) = lpg cos (kx + 605)

then the solution at time ¢ is

Sy (w,1) = W {pl cos (kx + 91)}

pacos (kx + 63)

[ cos (kz + 01)} cos (Wit) + {

—pocos (kx4 62)
| pacos (kx4 65)

p1 cos (kx + 61) } sin (Wit) . (112)

Compared to the previous limit-regime, W can still be seen as a generator of rotations
but the rotation speed now increases with the wavenumber k. Moreover, the vector
d¢,(x,t) € R? always rotates at the same speed and in the same direction at all z in a
given domain within which 19 is considered uniform. Interestingly, the solution (112)
can also be written as the superposition of propagating waves (see appendix G.1):

cos (kx + Wit +0.) cos (kx — Wyt —0_)

0y (2,t) = py sin(k:x—i—Wkt-i-GQ] p- [—sin(kx—Wkt—Q_) (113)
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In equation (113), p+ and 6. are the polar coordinates of the vectors (U +V)/2 € R?,
i.€e.

uv+v cosfy
e o] (114)
where
_ |p1cos(6y) _ | —p2sin(6s)
U= [,02008(92)} and V= [ pisin(6y) | ° (115)

We see in equation (113) that the ‘4’ (respectively ‘—') component of d¢, (which
are respectively defined as the first and second term on the right-hand side of
equation (113)), which is positively (respectively negatively) circularly polarized,
propagates on R at speed W, /k = (—1)‘a12k?~! in the direction given by sign(—W})
(respectively sign(W})). To further interpret these facts, let us assume that, for instance,
Wy, > 0. Then we see that in both the ‘+’ and ‘—' component in (113), §¢? has a phase
delay of m/2 with respect to d¢; in the direction of propagation. In other words, if we
interpret the components d¢; 2 as representing two different ‘species’, then everything
happens as if §¢7 was chasing 6¢;. (see figure 2).

Interestingly, if a9 changes its sign over R, a given component chases the other on
all sub-domains of a given sign of a9, while the contrary happens on the sub-domains
of opposite sign. Besides, if a5 has a constant sign over all R, but if the sign of %‘a;5 is
different from that of a9, then the attribution of the pray and predator roles depends
not on the spatial region but on the spatial scale.

A lot of attention has been recently devoted to non-reciprocally interactive mixtures,
notably for their relevance in biology. When the interacting fields are scalar, the non-
reciprocity of their interactions has been identified as a generic route to oscillating and
traveling patterns, from the non-reciprocal Swift—Hohenberg (NRSH) model [38] to the
non-reciprocal Cahn-Hilliard (NRCH) system [39-42]. In the NRCH, the operator b
is made up of several divergence operators stacked on top of each other (one for each
species), i.e. b= (V-,...,V-)", while in the Swift-Hohenberg model*® b is usually taken
to be the identity (we disregard any multiplicative constant here). In the various versions
of the NRSH and NRCH models cited above, the drift is always of the form a = D{ where
¢ =—0F/0¢ — agp, o being a spatially-uniform matrix that is not symmetric and hence
breaks the reciprocity of the interactions. (We here consider that o is antisymmetric,
as its symmetric part can always be absorbed in the functional derivative term in ¢.)
In both cases, w = d¢ = a;;6' A&’ and & = 2c so that they belong to the antisymmetric
subspace and are of order £ =0. Their respective vorticity operator also belongs to
the antisymmetric subspace, with that of the NRSH being of order ¢ =0 while that
of the NRCH is of order ¢ =1. Indeed, while the diffusion operator is the identity in
the former model, so that W =—&/2 = —q, it is the identity matrix multiplied by
minus the Laplacian operator in the latter, so that W = A& /2 = aA. Note that, as

28 The non-reciprocal Swift-Hohenberg model that appears in [38] is purely deterministic. However, no field is conserved in this
model so the dominant noise term at large scales should be proportional to the identity operator, a case often considered in the
literature on the classical (i.e. reciprocal) Swift—Hohenberg model [43—46].
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Figure 2. A schematic picture of the (short-scale) phenomenology we expect from
each subspace of the decomposition Qfoc (F) = A® Sselt D Sinter- The dark- and light-
green curves represent the components 6¢! and d¢?, respectively, while the arrows
give their direction of propagation. The left (respectively right) panel illustrates
the behavior of d¢'? when w belongs to the antisymmetric subspace A (inter-
symmetric subspace Siter, respectively) for given order ¢ and coefficient ayy (resp.
B12): the components propagate in a common direction which depends on whether
their phase difference Af belongs to (—m,0) or (0,7) (respectively to (—7n/2,7/2)
or (m/2,3w/2)). The top panel illustrates the behavior of a component 8¢’ when w
belongs to the self-symmetric subspace Sgs: it propagates in a direction that solely
depends on the order ¢ and the coefficient 3;;.

announced in the beginning of section 4.4, the fact that D oc A in the NRCH model
only changes the order of the derivative and not the subspace to which W belongs, as
compared to w or w. All the references cited above about these two models have reported
oscillatory and propagative behaviors as if one component was chasing the other, which
is in accordance with the classification proposed in section 4 and its corresponding
phenomenological picture. This is, surprisingly, in spite of their respective stationary
probability not being concentrated in the vicinity of a given static profile as it is the case
e.g. for the AMB. Finally, it is worth emphasizing that the matrix « in these models
is always considered uniform, so that the possible exotic dependence on the spatial
subdomain or spatial scale of which component is ‘chasing’ the other (as mentioned at
the end of the previous paragraph) should not appear and does not seem to have been
observed. It would thus be most interesting to either find or invent such a model.
Another example of a dynamics whose vorticity two-form belongs to the antisym-
metric subspace A is given the following reaction-diffusion dynamics between species u
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and v
Ou = Au+ P (u,v) ++/Dyny , (116)
ov = Av+Q (u,v) ++/Dyny (117)

where the strictly-local functionals P and @) are the reaction terms, D, and D, are
constants, n(x,t) = (n,,n,)" is a random field with the same statistical properties as in
equation (8), and the space-time units are chosen such that the diffusion constants of
u and v are set to unity. Note that the noise should also contain conservative terms
arising from diffusion, but these are typically negligible when compared to non-conserved
terms on sufficiently large spatial scales. The vorticity two-form associated with dynam-
ics (116) and (117) is straightforwardly shown to read

oP o0
o -1 T -1 x VT ur
w= (Du 5o Dol >5 NS (118)

and hence indeed belongs to the antisymmetric subspace A, in accordance with
the traveling patterns notoriously observed in out-of-equilibrium reaction-diffusion
equations [47].

When the field ¢ takes values in an Euclidean space of dimension ds > 2, the gen-
eric phenomenological picture of the antisymmetric subspace depicted above for do =2
remains very similar when observed in R®%, although its physical manifestation may
appear different at first sight. Indeed, for any antisymmetric matrix a of size dy X da,
there exists a basis in which a can be block-diagonalized, with each block being two-
by-two and of the form of the right-hand side of equation (110) (in odd dimension,
there is an additional column of zeros in the matrix) [48]. The phenomenology of the
dynamics of each projection of §¢> onto one of the two-dimensional subspaces of R% cor-
responding to a block is hence the same as the generic two-dimensional phenomenology
depicted above. The global phenomenology is then a superposition of that of each two-
dimensional projection. This similarity might be hard to perceive when ¢ represents
e.g. a pair of two-dimensional vector-field stacked together, in which case one directly
observes the collective time-evolution of the two vector fields over R? rather than that
of ¢ in R*. This is the case for instance in the field dynamics presented in [38] which is
the coarse-grained hydrodynamics of a mixture of two species of self-propelled particles
where one species tries to align with the second, while the latter tries to anti-align with
the former. The authors of this article reported several non-equilibrium phases, namely
a chiral phase, a swap phase, and phase that is both chiral and swap. In appendix H, we
study a stochastic version of this model and show its vorticity two-form to belong to the
antisymmetric subspace. We then show that the coordinates of this vorticity two-form
accounts for the chiral, swap, and chiral-swap phases (at least at linear order).
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4.4.2. The symmetric subspace: phase separation, interface growth, and flocking.
We now consider a cycle affinity operator of the symmetric subspace that reads
& = — (B> + 9¥+13) where / is an integer and 3 an z-dependent symmetric matrix.
Again, since D is assumed to be the identity, the associated vorticity operator is

W= % (B2 + 021 . (119)
Below, we separate the analysis of self-symmetric and inter-symmetric terms in the
matrix 3. This may seem redundant at first sight since 3, as a real symmetric matrix,
can always be diagonalized in an appropriate basis in which, in turn, w would belong
to the self-symmetric subspace. And indeed, if the field ¢ is a proper R%-valued vector
field, then changing the basis amounts to adopting an equivalent representation, and the
study boils down to the case where 3 is diagonal. However, if ¢ is not a true vector field,
but rather a collection of different fields (e.g. of mass and polarity) stacked together,
then changing basis in R® may mix components of different natures and hence does
not make sense from a physical standpoint. In the latter case, (block-) diagonal and off-
(block-)diagonal terms in 3 are drastically different, as they respectively correspond to
self- and cross-interactions of the various fields that composed ¢. We still focus on the
ds =2 case and further assume that the two components of ¢ represent different (scalar)
fields. Consequently, 3 is a two-by-two matrix whose self-symmetric (respectively inter-
symmetric) components correspond to the diagonal (respectively off-diagonal) ones.

4.4.2.1. Self-symmetric subspace.  In this paragraph, we consider the case where 3 is
diagonal, i.e. B12 = 91 = 0. Just as we previously did for the antisymmetric subspace,
we start by considering the limit-regime where 54 > fy, in which the vorticity operator
acts by multiplication by the symmetric matrix 021 3/2:

ag€+1511/2 0

W~ [33“1[3/2} = 0 a2€+1522/2

(120)

If [0?713/2] # 0—which exclude in particular the case where B is independent of
z—then the i component of ¢ either increases or decreases exponentially at rate
0¥+13,;/2, which typically happens until U5y ~ by, a time at which the approxima-
tion (120) is no longer valid. Note that, as this regime must hence be transient, its
nature is quite different from that of the same limit in the antisymmetric subspace. It
does not describe the irreversible evolution of fluctuations in the vicinity a given profile,
but rather a shift in the latter profile, as we saw for the AMB example in section 3.2.
In the opposite limit-regime, when /s, < £y, the vorticity operator approximately
reads
o (121)

X

a2+l [P 0
W= 50, _{0 ﬂzJ

Then, if we focus on a generic harmonic mode perturbation d¢, that is initially of the
form (111), the solution of dynamics (108) is given by (see appendix (G.2))
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| picos(kx+ Wklt + 64
0 (1) = [pg cos él{:x +WEt+6y) ]’ (122)
with
Wi = (1) K>y . (123)

Hence, each component propagates independently along R at speed and direction
imposed by W} /k = (—1)'k*B;; . In [14], the author showed the AMB and the KPZ
equation to display such a phenomenology, and proved that their vorticity two-forms
are both generated by the self-symmetric subfamily of the basis (78). Note that this
fact is directly implied by two properties shared by the AMB and the KPZ dynam-
ics: their respective one-forms D~ 'a are both local in the field; moreover both these
dynamics describes the time evolution of a sole scalar-valued field, i.e. ds =1, a case in
which the basis (78) reduces to the self-symmetric family. This confirms the intuition
that run-and-chase behavior cannot emerge from a single species model. Finally, the
phenomenological predictions made in [14] were based on a qualitative analysis of the
respective (functional) probability currents of AMB and KPZ. It is worth emphasizing
that these predictions can be obtained more straightforwardly and specified by com-
puting the corresponding vorticity operators W and analyzing their flow, as we have
demonstrated in section 3.2.2 for AMB. A similar analysis can be carried out for KPZ
dynamics, which reads:

O:h = KAh+ A|Vh|*+ Dn , (124)

where h(z,t) is the height field, D the diffusivity constant, n a random field with the
same statistics as in equation (8), and k(h(x,t)) and A(h(z,t)) are considered as local
functions of h for greater generality. The vorticity two-form of KPZ equation coincides
with that of AMB (equation (37)), while its vorticity operator is readily found—using
formula (46) — to be:

W:—%{(2)\+/€')Vh«V5h+V'[(5h(2)\—|—/i’)Vh]} . (125)

4.4.2.2. Inter-symmetric subspace.  Let us now turn to the inter-symmetric subspace,
which can be embodied by a matrix 3 whose diagonal coefficients are both identically
zero. In the first limit regime, where /5, > ¢y, W acts as a multiplication by the matrix

[0213/2]:
W ~ [8§4+1ﬁ/2] = (8§€+1512/2]) [(1) (1)] . (126)
The solution of the vortex dynamics (108) is then

o0t = |Gy o) (127
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with v = 0**1815/2. At time t > v~!, this solution asymptotically becomes

ol
2

0 (t) =~ sign (v)

(56" (0) + sign (v) 662 (0)) [ 1 ] , (128)
i.e. at long time, if v >0 (respectively v <0), ¢! and d¢? becomes equal (respectively
opposite) and diverge exponentially fast at rate |v(x)|, until {54 ~ ¢y, at which point
approximation (126) is not longer valid. Just as in the self-symmetric case, this regime
should not be seen as a heuristic description of the fluctuations’ dynamics in steady
state around a typical profile, but rather a contribution to the creation of this typical
profile.

In the opposite 454 < dw regime, the vorticity operator (119) is approximately given
by

2041 0 1| j2041

The solution of dynamics (108) starting from a pure harmonic perturbation ¢, (0)
given by equation (111) reads:

Sy (x,t) = p*cos (kx + Wit +67) lﬂ +p~ cos (kx — Wit +67) [_11] ) (130)

where W = (—1)%2”%%), and p*,0F are given in appendix G.2. We see that, in this
case, the ‘4’ and ‘=’ components, which are respectively defined as the first and second
term of the right-hand side of equation (130), have coordinates d¢r,d¢? that are respect-
ively in phase and phase opposition and propagate on R in the directions sign(—W})
and sign(W},), respectively (see figure 2).

In figure 2, we summarize the typical behavior of both the antisymmetric and inter-
symmetric subspaces in the £;, < ¢y regime. Their main difference is that the direction
of propagation depends on whether A belongs to (—,0) or to (0,7) in the antisymmet-
ric subspace, while it depends on whether Af belongs to (—m/2,7/2) or to (w/2,37/2)
in the inter-symmetric subspace, where Af denotes the phase difference between J¢!
and 6¢?. In other words it depends on which component is ‘behind the other’ in the
former case, and on whether these components are ‘together or apart’ in the latter.

Interestingly, to the best of our knowledge, there is no field theory in the literature
describing the collective dynamics of the densities of two active species whose vorticity
two-form belongs to the inter-symmetric subspace. In such a case, it could describe a
kind of cooperation phenomenon between the two species: if they are co-localized, they
propagate in one direction, while if they are demixed, they propagate in the other.

On the other hand, if we now think about the components of d¢ as being respectively
a density and a polarization in one spatial dimension, then the inter-symmetric phe-
nomenology depicted above strikingly resembles that of flocks of aligning self-propelled
particles. To confirm this correspondence, we now consider a stochastic (coarse-grained)
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AIM [49], which reads:

Op = DO2p—vd,m+0,vV2Dn, , (131)
Oym = DO*m — vd,p +y1m +vom® + V2D, (132)

where D is a diffusion constant, v is the self-propulsion speed, and ~; > parametrize
the aligning interactions. In the original version of the AIM, ~; is constant whereas 7o
depends on p(z). This latter fact would generate a term in the vorticity two-form that
stems from an irreversibility in the alignment interaction (see appendix I). As we want
to focus here on the irreversibility that results from the self-propulsion only, we consider
a simplified version of the model where 7y, is also constant. In equations (131) and (132),
Np.m(r,t) are independent random Gaussian fields whose statistics are the same as the
components of 1 in equation (8). These noise terms are absent in the hydrodynamic
equation initially derived from the microscopic AIM [49]. We add them here to account
for the macroscopic fluctuations around the hydrodynamic limit in the simplest possible
way? that is compatible with the fact that p is conserved and m is not. Consequently,
the resulting dynamics (131) and (132) can be seen as a stochastic diffusion equation
and a model A dynamics that are coupled together by self-propulsion.
In appendix I, we show the vorticity two-form of dynamics (131) and (132) to read

w=dD la= _%W ADS™T 4 %Gwapx AOS™ | (133)

where G, = G(x —y) is the Green function of the Laplacian in one dimension, i.e.
02G(x —y) = 6(x —y). As anticipated, w has a component along the inter-symmetric
subfamily: the first one on the right-hand side of equation (133). Interestingly, w
also possesses a non-local component, the second term on the right-hand side of
equation (133), and is thus not entirely generated by the local vorticity basis (78).
Note that this does not contradict our general result about the fact that the family (78)
is a basis for the space QIQOC(IF) precisely because the one-form D~ 'a of dynamics (131)
and (132) is non-local. Despite the presence of this non-local component, we show in
appendix I that the vorticity dynamics (47) associated to the two-form (133) displays a
phenomenology very similar to that of the inter-symmetric subfamily, described above
and summarized in figure 2. More precisely, a harmonic perturbation whose density and
polarity components are in phase propagates in the direction of increasing z, while it
propagates in the opposite direction when the components are in antiphase. This con-
firms the heuristic correspondence drawn above between the phenomenology one could
expect from the inter-symmetric subspace and collective motion.

In the next subsection, we discuss the results of subsections 4.1-4.4 and their limit-
ations, and elaborate on their possible extensions to broader situations.

29 Note that the structure of the coasre-grained noise was explicitly computed in [50] for several versions of AIM, not including our
constant vz AIM.
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4.5. Discussion

In section 4, we have constructed a basis of the space Q2 (F) of local two-forms in d; =1
dimension. This basis first provides explicit reversibility condition(s) for a dynamics (8)
whose one-form D™ 'a is local in ¢. Using the vortex dynamics (47), we then showed
that it could be decomposed in three subfamilies, with the elements of each displaying
generic phenomenologies. Surprisingly, this approach exposes many celebrated out-of-
equilibrium phenomena of which it provides a unified description. This viewpoint could
also be useful to ‘transport a phenomenology’ from an active field theory to another,
as we have seen that e.g. the flocking behavior of the symmetric family has not been
observed yet in mixture of active species, where it could be interpreted as describing
some sort of cooperative behavior.

However, we point out that the correspondence between the subspace of Q%OC(]F )
and the out-of-equilibrium phenomenology described above strictly applies only when
the diffusion operator D is proportional to the identity, since the typical irreversible
phenomenology of an out-of-equilibrium dynamics of the form (8) is given by the
vorticity operator W = —D@ /2 rather than by the cycle-affinity operator (or equival-
ently the vorticity two-form w). Interestingly, this correspondence remains qualitatively
unchanged on small scales £5, <y when

- o 134
€§(Q<<€Mf ; P~ ( )

where each D, is a constant scalar. This is because an element of &, belonging to one of
the three identified subspaces, remains in that subspace upon multiplication by a deriv-
ative of order two. But a field theory whose diffusion operator is not of the form (134)
on small scales could display an irreversible phenomenology which deviates from those
predicted above for the same vorticity two-form. For such a diffusion operator, the gen-
eral phenomenological study we conducted in 4.4 should thus be adapted to describe
the class of stochastic dynamics (8) sharing this given D.

Besides, in spatial dimension d; > 1, the phenomenology of the family (88) is very
similar to its one-dimensional counterpart (78). Nevertheless, we have seen in section 4.2
that, contrary to the d; =1 case, the family (88) is not a basis of the space of local
two-forms Q2 (F). Thus, this family remains to be completed appropriately, and the
phenomenology of the resulting additional subspace C of Q2 (F) explored, in future
work.

We have also seen, with the example of the AIM, that the one-form D~'a of dynam-
ics (8) can be non-local in ¢, in which case a basis of local vorticities is not sufficient
to decompose the corresponding vorticity w = dD 'a. We denote by O2(FF) the space
of arbitrary two-forms (i.e. which are not necessary local) and N its subspace which is
made of purely non-local two-forms®’. The question of whether any general properties
of the elements of N could be exhibited remains to be studied.

30 In general w = Wijayd™® A G7. We say that a two-form w is purely non local iff wyjy, does not contain Dirac §(z —y) nor any of
its derivatives in any direction.
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Importantly, we proved the family (78) to be a basis of two-forms only when the space
M on which the field ¢ is defined is the real line, M = R. This proof can easily be adapted
if M is the circle but, if there are boundaries, it fails and the family (78) must then be
completed with two-forms that are localized at the boundary OM of M3'. Similarly, if
the dimension d; of the space M is higher than one, the generalized decomposition (90)
is valid only when OM = (). When that is not the case, this decomposition should be
completed with the space of vorticity two-forms that are localized at M, which we denote
by B. Although these vorticities w € B are beyond the scope of this article, it is worth
noting that they might be good candidates to systematically account for the notoriously
diverse and surprising behavior of active systems at their boundaries [51-53].

All in all, the space of two-forms Q?(F), to which the vorticity of all dynamics of the
form (8) belongs, can be decomposed as

QQ(]F):AEBSself@Sinter@C@N@B . (135)

Interestingly, we show in section 5 the entropy production rate of dynamics (8) to be
a linear functional of the vorticity w. Consequently, (135) can be seen as a decompos-
ition of independent sources of entropy production. In section 4, we studied the first
three components of this decomposition, while the exploration of the others remains an
exciting challenge for the future.

Beyond the perspective of bringing order to the vast zoo of out-of-equilibrium field
theories, decomposition (135) could also be used to build a nonequilibrium dynamics
with desired properties. To this end, one could start from an equilibrium limit of the
dynamics that is sought, then construct a vorticity two-form with the appropriate com-
ponents in each subspace (135), then integrate it*? and multiply the resulting D 'a
by D to obtain a functional vector field whose addition to the equilibrium drift should
produce the desired effects, at least qualitatively. Finally, we will see in section 6 that
new sources of entropy production can add up to w, either when considering a more
general notion of time-reversal, or when the space F is not simply connected.

5. Vorticity and entropy production: what is captured and what is missed

5.1. Entropy production and the vorticity 2-form

To further stress the role or the vorticity two-form w in the possible TRS-breaking of
dynamics (8), we study in this section its relation to entropy production. In particular,

we show that w can be interpreted as the entropy production per unit area in the space
F.

5.1.1. Path-wise entropy production. As stated at the beginning of section 3.1, all
the components of ¢ are supposed to be even under time-reversal (see section 6 for

31 By ‘localized at the boundary of M’, we mean that these additional two-forms, applied to a pair (0¢;,d¢,) of fluctuations around
a given ¢, only depend on the values of ¢,d¢,,d¢, and their derivatives (up to a finite order) at the boundary of M.

32 Note that to be integrated, the constructed two-forms must be exact. To verify that this is the case, one could try to use the
coordinates expression (81) and (82) of a generic exact two-form. But a more practical criterion would be to check whether the
exterior derivative of this two-form vanishes.
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a more general situation, involving odd degrees of freedom). In such a situation, the
path-wise entropy production [7]—more precisely the path-wise informatic entropy pro-
duction [54]—of dynamics (8) along a trajectory (¢,)er is defined as:

Pl(@ier]
P [(¢T—t)teT]

A direct computation®?, using e.g. the Onsager Machlup functional, shows S to obey

> [(¢)er] =In (136)

X [(@0)er] = /0 [D™'a], 91¢™dt — In Py 7] +1n P[] (137)

where the stochastic integral is defined in the Stﬁatonovich sense. We directly read from
this equation that, just as in finite dimension, ¥ interestingly does not depend on the
time-parametrization of the oriented path C = (¢, )er. This fact further underlines the
role of geometry in the study of the behavior of dynamics (8) with respect to time-
reversal. N

Dynamics (8) is reversible iff ¥ vanishes for every continuous path in F. It turns
out that this proposition remains true if the set of continuous path is restricted to the
set of continuous loops (this can be seen e.g. by comparing equations (139) and (143)
below). Therefore, let us now consider an oriented path C = (¢,):er that is a loop in F,
i.e. such that ¢, = ¢,. The boundary terms in the expression (137) of 5 then vanish
and the entropy produced along C reads

s[C) = /CD_la : (138)

In equation (138), the right-hand side stands for the integral of the one-form D™ 'a
along C, which can be computed explicitly via any parmetrization (¢, );er of C, in which
case it takes the form of the integral on the right-hand side of equation (137). Having
assumed that I is simply connected, there exists an oriented surface S C [F of which C is
the boundary, a property that we denote by C = 0dS. Thanks to our functional Stokes’
theorem (see section 3.1 and appendix B) we deduce that

2[08]= [ D la= / dD 'a= / w (139)
oS S S

which is a generalization to functional spaces of a result recently obtained in finite
dimension [9]. In order to interpret what this last equation says about the nature of w,
we can let the surface S become infinitesimal around a given ¢ € F, § — 0S4, so that

the entropy produced along this oriented infinitesimal surface is 2[55] =wg 0S4 In

33 We do not reproduce this now classical computation in this article. But thanks to our geometrical conventions of notation, it
can be directly and straightforwardly deduced from the same computation in finite dimension (see for instance our companion
paper [15]) by replacing the finite dimensional indices 7,j,... by their continuous analogs ir,jr’,... and using the generalized
Einstein convention introduced in this article.
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this last equation wg - 0Sy is an informal notation for weg(d¢,, ¢,) = wirjr/[cb]&b?éqﬁ%r/,
where 6¢,,0¢, € Ty spans 0Sy. Therefore, w = dD'a can be interpreted as the entropy
production per unit (oriented) area in F, as claimed at the beginning of this section.

5.1.2. Entropy production rate.  Along the lines of this interpretation, we can even
show that the (global) informational entropy production rate (IEPR) , which is defined
as

lgfolo 7-2 [(th)teﬂr} ’ (140)
is itself a linear functional of w. Indeed, a computation that is similar to what is done
in finite dimension (see e.g. [15]), first leads to the following expression of the IEPR:

o=([D"a], 00") = / LJED | (141)

where (...) designates the average in steady state and Jg is the stationary probability
current associated to dynamics (8). Let us denote by div the functional divergence
operator (with respect to the Lebesgue measure D¢), which associates to a vector field
v[¢p] over I the scalar-valued functional

5vir
§¢ir '

Since Jg is stationary, it is divergence-free: div(Jy) = 0. Formally extending Hodge-de
Rham theory [55] to this functional context, because F is simply-connected, we can
conclude that there exists a functional, antisymmetric contravariant tensor of order

two, C, such that Ji = —div(C), i.e. J&= ‘550; T In turn, we can inject the latter

expression into formula (141) and, upon (functionally) integrating by parts and using
the antisymmetry of C, we get

div(v) = (142)

1
a:§/FC-wD¢, (143)

where C-w = C’j‘"/“wjr/ir. We see that the IEPR is indeed a linear functional of the vor-
ticity two-form w. Once again, this generalizes to field theory a result recently obtained
for finite dimensional systems [9]. Note that, because there is no stationary probability
current when w = 0, i.e. when dynamics (8) is reversible, we can conclude that the pres-
ence of a non-vanishing Jy is a consequence of the irreversibility, which is itself driven
by a non-zero w. Since C is simply a ‘primitive’ of Jg, we can interpret w as the source
of entropy production in (143), while C is only a consequence of it. Further, following
our interpretation of w from equation (139), we can in turn informally interpret C[¢] in
equation (143) as a weight over all the infinitesimal loops that surrounds point ¢ € F.
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5.1.3. Loop-wise entropy production and phenomenology of AMB. In this section, we
show how the loop-wise entropy production formula (139) can be used as an alternative
way of describing the irreversible phenomenology of AMB, as was first uncovered in [14]
and revisited in section 3.2. To do this, let us denote by ps the average stationary
profile of a phase-separated droplet of liquid surrounded by a gaseous phase. We can
then consider a certain oriented loop C around pg € F and compute the corresponding
entropy production i[C] If the latter is positive, it means that the ‘activity’ of the
field dynamics (19) favors the time evolution of the field in the direction corresponding
to the orientation of C. Conversely, if E[C] < 0, it means that the activity favors the
opposite evolution. Since we are going to use formula (139), we directly start from a
parametrized surface S € F such that C = dS. To simplify the computations, we choose
di1 =1, i.e. ps is a 1d profile, centered at z =0, and we focus on the left boundary of
the droplet, for which € R.y. Note that the cycle-affinity two-form of AMB (37) being
spatially additive (it is a spatial integral), if we consider the symmetric evolution on
the other side of the droplet, the resulting entropy product is simply doubled.

We consider a surface S C F that is parametrized by the map R : [0,1] x [0, 27 /|w]|] —
F such that

R(7,t):x € Rg— p(7,t,2) = pss () + TA () cos (kz — wt) , (144)

where k,w € R, with £ >0 and w#0, and A(x) is a spatially-varying amplitude that
is for now arbitrary. The boundary of S = R([0,1] x [0,27/|w]]) is then the loop dS =
R(1,[0,27/|w|]) (see figure 3). This oriented loop corresponds to an almost harmonic
perturbation of pg which propagates over one wavelength 27 /k (hence eventually closing
the loop) either leftward or rightward, depending on the sign of w.

We can then explicitly compute the entropy production along S (see appendix J).
Assuming for simplicity that 2\ + £’ is a constant (a simplification already made in [14]),
we get

52 [08] = sign (w) (2A + H/)ﬂ'k‘/ A0, pgsde (145)
R<o

We see that, as long as A(z) does not vanish at the interface, since 0,ps > 0 on the
left-hand side of the droplet, the entropy production is positive iff w and 2\ + k' have
the same sign. This means that, for instance if 2\ + k' > 0, the activity of dynamics (19)
favors a propagation of the perturbation p — py from the gas to the liquid, and vice versa
if 2\ + Kk’ <0, as predicted in [14]. Another interesting point is, because 0,ps vanishes
in the liquid and gas bulks, the activity only inﬂuenAces perturbations at the interface. In
particular, if A(z) vanishes at the interface, then ¥ = 0, which means that the activity
does not favor any propagation. On the contrary, for instance if A is constant at the
interface but vanishes deep in the bulks, we get

53 [08] = sign (w) w A%k (2A+ £') (pr, — pc) - (146)
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Figure 3. A schematic representation of a functional loop. The grey box on the
left-hand side represents the functional space F. The dark disk in it stands for the
surface S and the multicolored loop for its boundary 0S. The color encodes the
variable t € [0,27], with R(1,t) parameterizing S, while the whole disk is para-
meterized by R(7,t). On the right-hand side, the black curve is a schematic of
the left liquid-gas boundary of the average stationary profile py (the latter being
represented by the black dot at the center of the disk on the left-hand side). The
colored curves on top of it correspond to R(1,t) for |w|t =0,27/3,47 /3,27, with
R(1,0) = R(1,27/|wl|). The black arrow above the graphs represents the propaga-
tion of the wave as t increases. Note that, as in figure 1, we pictorially represent
pss by the graph of the function tanh(z).

5.2. Hidden current and hidden entropy production

Many fields of interest in hydrodynamics and continuum mechanics describe conserved
quantities, as e.g. mass, momentum or energy. When studying the stochastic dynamics of
such a field, there exists a notion of entropy production rate that is more discriminating
than (140). It consists in observing not only the field ¢, but also its associated (real
space) current j, and comparing their forward and backward joint statistics. We denote
this resolved IEPR by 04, while the one defined in (140) is from now on denoted by
o4 and called the bare IEPR. It follows from the properties of the Kullback-Leibler
divergence that we always have o4; > 04. The difference between the two, that we call
the hidden entropy production rate, is generated by a divergence-free component of the
current that we call the hidden current. The choice of the names ‘hidden current’ and
‘hidden IEPR’ is motivated by the fact that they cannot be inferred from observations
solely of ¢ and its variations, i.e. they are hidden from the space F to which the field
¢ belongs [56].

As can be directly deduced from a geometrical argument, these hidden current and
IEPR are also invisible from the vorticity two-form, hence displaying a possible blind
spot of the latter in the study of the TRS-status of dynamics (8). Indeed, the space of
current at a given ¢ can be seen as a resolved version of the tangent space Tyl that we
project down on the latter when taking the divergence, erasing the invisible current in
doing so. But w being a two-form over I, it can only access tangential data and hence
will necessarily be blind to the hidden current and, consequently, to the hidden IEPR
as well.
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We start by presenting our general results in section 5.2.1 before illustrating them
on the example of a conserved scalar field in section 5.2.2. Finally, in section 5.2.3, we
discuss the relation between the resolved and microscopic IEPR.

5.2.1. General case. We expect the existence of the hidden current and IEPR to be
allowed whenever the operator by of dynamics (8) has a non-trivial kernel. However,
we here restrict our analysis to the case where this operator can be decomposed as

b = Bby (147)

where B and by, are linear operators, the latter being such that by b; is invertible and the
former—which is typically minus a divergence operator or several divergence operators
stacked one on top of the other—being independent of ¢ and having a non-empty kernel.
The operator b turns a R%-valued field over R% into a R%-valued one over R% and B a
R%-valued field into a R%-valued field, both also over R%. We denote by J ¢ the image
of by.

Ks the drift ap of dynamics (8) belongs to the image of b (this is necessary for
D 'a to be well defined), for all ¢ € F there exists kg, a R%-valued field over R%, such
that ag = bgky. We now define the deterministic current: Jy = bgky € Jg, as well as
the ¢-dependent fields

. , o .
5111"1 = b?;11‘1 btzl‘2 (148)

313 5¢i2r2 i3ry?

11Ty = bljlrl bZ:21'2 0

A 13T3 " i3T3 5¢722r2 A ’ (149)

where X is the reference measure. It follows from these definitions that a=BJ, hy =
Bba, and s(; /2y = Bs so that Stratonovitch prescription of dynamics (8) can be rewritten
as

09" =BLjJ" [¢] (150)

’

i[9l = J" (@] +5"[@] + by [Pl +br [@] - 0", (151)

where j is the Stratonovitch random current. The resolved entropy production rate is
now defined as:

1 1 P |:(¢t=jt)te’]l‘}
_>OO7—_ n . .
7 P [(¢T—ta _-]Tft)te’]l‘]

We then show this resolved IEPR, that takes into account the statistics of both the field
and the Stratonovitch current, to be given by (see appendix K.1):

= </J [bb*}ler> . (153)
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On the other hand, we already showed (see equation (141)) the bare IEPR to read

— 1 1 [ d)t te?l‘ < T >
0= lim —In ¢ [bb'] "a), (154)
T —00 T |:(¢T ; te’ﬂ‘ /

where the integral runs over R%.
To connect the resolved and bare IEPRs, we now assume that the space of currents
(at a given ¢) admits the following decomposition (see appendix K.2):

Iy =Tm (byblB') @ ker (B) . (155)
It follows that the deterministic current splits as
Jp=—bgbl,Bip+Tn (156)

where Jg is the hidden current. Using equations (147) and (150) together with a =
BJ = —Bbb'B'p the bare IEPR reads:

_</¢“> = </J [b6!] ™ [—bbTBTu]> : (157)

We can finally conclude that the resolved IEPR linearly splits as
0¢j=0¢+0H , (158)

where the hidden entropy production rate oy is given by

on = </_] [bb*}lJH> . (159)

Since the Kullback-Leibler divergence is non-decreasing upon marginalization, the hid-
den IEPR is always non-negative, oy > 0. In some situations, the hidden current Jy; and
the corresponding hidden IEPR oy can vanish, as is the case e.g. for the AMB dynam-
ics (19) and (20), so that oy ; = 0. Another possibility is that o4 =0 while 04 # 0,
in which case dynamics (150) and (151) appears time-reversible from the statistical
properties of the sole field ¢, while it is not as soon as the current j is also taken into
account [56].

5.2.2. The example of a conserved scalar field. To illustrate the notions of hidden
current and IEPR on a more concrete example, let us consider a conserved scalar field
p(r,t) whose dynamics is given by:

8tp(1',t) = —V~j(1‘,t> ’ (160)

i) =3 (o)) +5(r, o)) + MY (1, [or]) - (r,0) (161)
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where 7 is a noise with the same statics as in equation (7), and M a (positive definite)
mobility matrix. In the notations of section 5.2.1, B= -V, b= Ml/Q, and s is given
by equation (148). On the other hand, in the notations of equation (8), the drift is
a=—V-J, the operator b=V " MI/Q, and the diffusion operator D = bb' reads D =
—V -MV. Finally, we choose the ‘functional Lebesgue measure’ as the gauge A so that,
as detailed in section 2, hy =hy =0.

The bare IEPR of dynamics (160) and (161) reads

P [(pt)te[O,ﬂ]

P [(PT—t)te[O,T}

o,= lim —In
T—o00

- (" [Dal,) = </drp[v.Mvr1V~J> - (162)

while the resolved IEPR is

P (pt:3s);
05 = Jim %m G t.fe[o’ﬂ} = </drj.M—1J> . (163)
—00 P [(,OTfty_JT—t)te[()’ﬂ]

In this particular case, the decomposition (155) assumed in the general case, can
be proven, as shown in appendix K.2. It leads to the following decomposition of the
Stratonovitch deterministic current:

J(r,[p]) = =M(r,[p]) Vi (r, [p]) + Ju (r,[p]) (164)

where, for a given p, Ju is a divergence free vector-field over R%. This is the hidden
current, which cannot be estimated from the time-varying density field p(r,t) alone,
hence being hidden from the point of view of the sole space F. Using equations (162),
(164), and (160) and integrating by parts gives

o,= </drj-1vr1 [—Mw]> : (165)
Comparing equations (163) and (165) while taking into account the decomposition of

the current (164), we conclude that the resolved IEPR can indeed be decomposed as
the superposition of the bare and the hidden IEPRs, o, ;= 0, + on, where the latter

reads
oH = </drj : MlJH> : (166)

Note that, while the hidden current is always divergence free, it depends on the matrix
M if the latter is varied with a fixed J, then Jy changes as well.

5.2.3. Relation to microscopic entropy production. Since we have been considering two
distinct notions of IEPR so far, one could wonder what is the relation between them and
the ‘microscopic’ entropy production, in the case where the field dynamics (150) and
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(151) is explicitly derived from a microscopic one. To answer this question, we consider
an assembly of N interacting particles whose stochastic dynamics reads

% = (%, []) + By +8(0) (x4 [3]) + B (2, [8) 77 (167)
where x; € R% represents the state of the ith particle, p(x) = Zf\le d(x — x;) is the empir-
ical measure on the state space R%, the ),’s are independent Gaussian white noises of
zero mean and variance <f77;a(t)77]5(t’)) = 26;;0°95(t — '), a and the b,’s are vector fields
over R, and HX and s(.) the corresponding X-gauge drift and spurious drift. (A tilde
has been added to every microscopic quantity to avoid any confusion with their field
theoretic counterparts.) Note that a function of N + 1 R%-variables, f(x;,X1,...,Xy),
can be re-written as f(x;,[p]) iff it is invariant under any permutation of its last N
variables. Physically, this means that the particles in dynamics (167) are identical and

that each of them interact with all the others—itself included—independently of their
label i =1,...,N. The microscopic IEPR of dynamics (167) reads [15]:

N
5= <Z>‘<i-f)_15(xi,[ﬁ])> , (168)

where D = BBT is the microscopic diffusion tensor.
Following standard methods [57, 58|, dynamics (167) can be shown to give rise to
the stochastic field dynamics (160) and (161), where the mobility reads M = Dp while

the Stratonovitch deterministic current is given by J =ap — DVp. Injecting these last
two equalities into the expression of the resolved IEPR (163) gives

0= </J [ﬁ‘lg—vmﬁD . (169)

Using 0;p = —V .3, the second term on the right-hand side of this last equation reads:

—</3~V1nﬁ>:—%</ﬁlnﬁ> , (170)

and hence vanishes. Finally, as the Stratonovitch empirical current is j = Zf\le X;0(x —
x;), we have the equality

Uﬁ,j:5 . (171)

Thus, for the case considered here, the resolved IEPR (169) of the dynamics of the state-
space empirical measure coincides with the IEPR (168) of the corresponding microscopic
dynamics.
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6. Beyond T-reversal: EMT-reversal

In sections 3-5, we only focused on T-reversal, i.e. on a time reversal that solely amounts
to reversing the time variable. But as explained in the introduction, time reversal of the
dynamics of certain physical systems also requires to flip some degrees of freedom (MT-
reversal), or even directly transform the force-field and the diffusion operator (EMT-
reversal). In [15], we gave explicit conditions for a finite-dimensional dynamics to be
EMT-reversible. In this section, we show how the geometric notations introduced in
section (2) allow us to generalize these conditions to stochastic field dynamics of the
form (8).

To this end, let us first introduce a ‘mirror map’ m[¢] that flips some degrees of
freedom. It must be an involution, i.e. such that m[m[¢]] = ¢. We focus here on maps
m that leave the functional Lebesgue measure X invariant. When that is not the case,
the reversibility conditions given below can be extended and we let the curious reader
adapt for themselves corresponding EMT-reversibility conditions given in [15] for finite-
dimensional dynamics to the current field theoretic setting. We also introduce an ‘exten-
sion map’ e[a, D] = (ea[a], ep[D])—which is also an involution—that directly transforms
the drift and diffusion operator.

Denoting by P(,p) the stationary path-probability of dynamics (8), we can now
define the emt-reversed process of (8): it is the SPDE whose path-probability measure
in steady state, 75(37]3), is given by

Py [(0)ex] = Pean) | (®7-1)cn| - (172)

Dynamics (8) is then said to be emt-reversible whenever 75(37]3) = Plap)-

We now introduce notations that will be useful below. As in finite dimension, the
mirror map m acts by ‘pushforward’ on the drift a and diffusion operator D respectively
as

i ) ir "
()" )= (Fma ) m(0) (173
and
ill‘ligrz _ 5mi1r1 5mi2r2 13131 ry
(D) fg] = (S S D Y ()] (17a)

We can then define the symmetric and antisymmetric parts of a and D under the map
mse:
55/A

(atmxe,[a)) (175)

N | =

and

D4 = 2 (D £ m«ep [D]) . (176)

N | =
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In the next section, we give three sets of necessary and sufficient conditions for dynam-
ics (8) to be emt-reversible**. These sets of conditions become progressively less general
(for instance the last set of conditions requires D to be invertible while the first does
not), but easier to verify in practice.

6.1. EMT-reversibility conditions

Let us thus start by translating to field-level the most general of the sets of reversibility
conditions found for finite dimensions in [15]. Dynamics (8) is emt-reversible iff there
exist a positive functional Py : F — R such that

D=0, (177)
a® = DdIn P, , (178)
div [RS (a— Ddlnf)ss)} ~0, (179)

where Ddln P is the vector field over F with coordinates D"jr/%l;—fis and div stands for

the functional divergence operator defined in (142). When conditions (177)—(179) are
satisfied, then the functional Py is a® stationary density (with respect to A =D¢) of
dynamics (8).

Let us now consider the case where the space F can be decomposed as F =1 x Fy
in such a way that the diffusion operator reads

D B 32} , (180)

where D5 is invertible on Fy. This can apply for instance when the components of ¢ =
(¢, ®,) correspond to mass density and velocity, and the mass is conserved. In this case,
the conditions (177)—(179) for dynamics (8) to be emt-reversible can be reformulated as

follows: there exists a positive functional Pgon F such that

D=0, (181)
a; =0, (182)
dD;'ay =0, (183)

31 As a reminder, the map t simply transforms a trajectory as m: (¢,)ret — (b7_))ier-

% In section 2, we assumed existence and uniqueness of the stationary probability measure of dynamics (8). All the reversibility
conditions given in this section turn out to be valid even under the weaker assumption that the kernel of the Fokker-Planck operator,
P — —div[aP — DdP], is one-dimensional. Thus, it also include cases where all the stationary measures are proportional but none
of them is normalized. Note that conditions (177)—(179) are independent of this (positive) proportionality constant between the
various stationary measures.
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a; - di In Py, + divy (a;) +dive (agl) + a‘24 . D2_1a25 =0, (184)

where a; is the component of a along the factor F;, d; and div; respectively the exterior
derivative and the divergence operator on F;. In equation (184), ‘-’ stands for the con-
traction between functional contravariant and covariant tensors over F, i.e. u - v = 10",
where u and v are covariant and contravariant tensors, respectively?®.

Finally, if we consider the case where D is invertible on the whole F, which is
equivalent to the first factor F; above being reduced to zero, F; = {0}, then the emt-
reversibility conditions (181)—(184) boil down to

D=0, (185)
dD'a® =0, (186)
div(a’) +a? D 'a®=0. (187)

As in finite dimension, by analogy between the probability and thermodynamical cur-
rents [59], condition (185), which can be reformulated as m«e[D] = D, can be seen as an
Onsager-Casimir symmetry. Then, upon adapting the definition (36) of the ‘t-vorticity’
two-form to define the ‘emt-vorticity’ two-form as

w=dDta® | (188)

condition (186) requires the cancellation of w, similarly to the T-reversal case. Note
that, although they both belong to Q?(FF), these t- and emt-vorticities are distinct in gen-
eral. Finally, in the case of condition (187), a satisfying physical interpretation remains
elusive, as is also the case for its finite-dimensional counterpart [15].

As compared to the two others, the third set of reversibility conditions (185)—(187)
requires the strongest assumption: the invertibility of D on the whole F. But, as in finite
dimension, it remarkably does not refer to any unknown functional P, as opposed
to conditions (177)—(179) or (181)—(184). On the other hand, contrary to the finite-
dimensional setting, it does not imply that conditions (185)—(187) can always be easily
checked in practice, as they require either the explicit knowledge of the inverse of the
operator D, or the symmetric drift to be decomposed as a® = Da® with a® explicitly
known. When it is not the case, D™'a® is not explicitly known and, in particular, a
major part of the agenda established in part I is consequently blocked. Finally, an addi-
tional difficulty of these three sets of reversibility conditions, inherent to our functional
setting, is that they involve the functional divergence operator div that often produces
singularities.

36 We did not write the ¢’ explicitly between D;l and ag to lighten notations, having also in mind that this abuse of notation
draws an analogy with matrix multiplication.
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6.2. New sources of entropy production and topology

In this section, we focus on the case where D is invertible on F. For given maps ¢ &
m, the (bare) emt-IEPR, i.e. the IEPR that quantifies the breakdown or otherwise of
emt-reversal of dynamics (8), is defined as

(189)

When the Onsager-Casimir condition (185) is satisfied, directly generalizing a result
of [15] (and equation (143)), we conclude that this (emt-) IEPR reads:

o:%/FC~wD¢—[F[div (a') +a?- D 'a®] PsDo , (190)

where w is the emt-vorticity two-form (188), PxD¢ the stationary measure, and
Cw= C’irjr'wirjr/ = C’irjr/[dD_laS]irjr:, with C a functional, contravariant, antisym-
metric tensor of order two whose divergence equals the negative of the stationary
probability current, div(C) = —Js. Because EMT-reversibility is both equivalent to
conditions (185)—(187) and to o =0, we conclude that dynamics (8) is reversible iff
the two integrals in (190) vanish independently. Consequently, the left-hand side of
equation (187) and that of equation (186) (the emt-vorticity two-form) can be seen as
two independent and additive sources of entropy production. Further, these sources are
different in their mathematical nature are they are respectively a scalar field and a
two-form over F. Note that this differs from the simplest case of T-reversal, where there
can be an entropy source of only one type: the (T-) vorticity two-form (36) — the latter
being generically distinct from the emt-vorticity two-form (188) for non trivial mirror
(m) and extension (e) maps. It is also worth noting that going from a pair of maps (m,e)
to another one changes the decomposition a =a®+a? by transferring terms between
symmetric and antisymmetric components, and hence modifies the IEPR by altering
the two integrals in equation (190).

Finally note that condition (186) is equivalent to the functional one-form being closed
and therefore exact since we have been assuming the space F to be simply connected
throughout this article. When this topological assumption does not hold, condition (186)
(and similarly condition (183)) must be augmented with topological constraints, as in
finite dimension [15]. More precisely, when F is not simply connected, condition (186)
should be replaced by:

dD'a®=0 and, Vi=1,...,dim(H,(F)), [ D 'a’=0, (191)
Ci

where {C;}; is a set of loops in F, generating its first homology group H;(F), along
which we integrate the functional one-form D~'a®. Intuitively, the first part of condi-
tion (191) forbids the one-form D™*a® to rotate around any point in [, while its second
part prevents rotations around any holes of F. When H;(F) is not trivial, i.e. when F
is not simply-connected, additional entropy production terms, that accounts for this
topological obstruction to EMT-reversibility, must be added to the right-hand side of
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equation (190). Assuming that Hodge-de Rham theory [55] can be extended to infinite
dimensional manifolds (which as far as we know remains unproven), the stationary prob-
ability current, which is divergence-free, can be written J = —divC + Zdlm H(F)) I
where (v,)a=1,..dim(f, (r)) 1S @ basis of harmonic vector fields on FF. It follows (see [15]

for details in the finite-dimensional counterpart) that the IEPR reads:

dim(H, (F

;/C wDp+ Z /% D 'a’D¢
- / div (a?) +a” - D 'a®| PsDé | (192)
F

with v, - D a® =~4"[D~'a"];;. Once again, and for the same reason as above, these
topological terms in the expression (192) of ¢ can be interpreted as additional inde-
pendent sources of entropy production.

If the target space N of ¢ is a vector space, then F is also a vector space. In
this case, F is simply connected, and there cannot be any topological obstruction to
the reversibility of (8). However, as soon as Hi(N) is non-trivial—which is often the
case when the field ¢ is a Goldstone mode associated with a continuous symmetry
spontaneously broken, for instance—one can expect H;(IF) to also be non-trivial. In
such a case, if the system is out of equilibrium, there may exist a ‘force’ that tends to
continuously drive the field along loops in Hy(N), thereby creating a topological source
of irreversibility.

Examples of systems where such a topological obstruction to reversibility can arise
are abundant in statistical physics, ranging from continuous versions of the Kuramoto
model [60-63], a paradigmatic model of synchronization between coupled oscillators, to
chiral active systems [64-68], as well as pulsatile active matter [69-71].

7. Conclusion

In this article we introduced a functional geometric formalism that allowed us to gen-
eralize to stochastic field dynamics various results that were previously only known
for finite dimensional systems (notably in sections 3, 5.1 and 6). In particular, for
stochastic field theories governed by (8) we gave fully general reversibility conditions
for both standard time reversal symmetry (T-reversibility) and its extended counterpart
(EMT-reversibility). In each case we showed how these yield simpler conditions under
the assumption of partial or complete invertibility of the diffusion operator D. These
results generalize those we presented in part I [15] for finite dimensional dynamics, and,
to the best of our knowledge, were unknown previously for fields even in the simplest
case of T-reversibility.

Most of the work presented in this article focused on the latter, simplest notion of
time reversal. Building on the insights first presented in [14], we showed T-reversibility
to be equivalent to the cancellation of the vorticity two-form w. Contrary to its finite
dimensional counterpart, this T-reversibility criterion is distributional (i.e. it amounts
to the cancellation of a distribution) and can thus be hard to make use of. We fully
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solved this problem in the local, one-spatial-dimension case by constructing a basis of
two-forms that turns the distributional condition into an easily applicable algebraic one.

Further, when the dynamics is irreversible, we showed how one can gain insight into
the corresponding nonequilibrium phenomenology through the flow (47) of the vorticity
operator, the latter being dual to the vorticity two-form. By examining in this way
the phenomenology associated to the elements of the aforementioned basis, we found
that they can be divided into three subfamilies, with the elements of each subfamily
exhibiting closely related, characteristic phenomenologies. We demonstrated that many
well-known, typically out-of-equilibrium phenomena, such as flocking and those induced
by non-reciprocal interactions, can be classified in this manner, their respective vorticity
two-forms each belonging to a specified subspace of the decomposition (87) of the space
of two-forms Q?(FF).

At the end of section 4, we discussed in detail how this decomposition of Q?(IF)
extends to more general contexts and take the form (135), the additional factors of the
decomposition presumably accounting for e.g. the notoriously rich boundary effects of
active systems. We also discussed how this decomposition might be used to build field
theories with desired properties.

In section 5, we studied the relation between entropy production and vorticity. In
particular we showed the loop-wise entropy production and informatic entropy produc-
tion rate (IEPR) to both be linear functionals of w. While the relation with the loop-wise
entropy production gives another connection between w and the generic nonequilibrium
phenomenology of the dynamics, as demonstrated in section 5.1.3, the link we establish
to the IEPR allows the elements of the decomposition (135) of Q?(FF) to be interpreted
as independent sources of entropy production. We also showed that hidden currents
and a resulting contribution to IEPR can arise, typically when the field ¢ is conserved.
They are hidden from the space FF in the sense that there presence is only revealed by
considering the joint statistics of the field and its corresponding current.

Finally, in section 6, we gave reversibility conditions for arbitrary EMT-reversal
rather than the simple T-reversal considered up to that point. We showed that con-
sidering nontrivial mirror (m) and extension (¢) maps—which respectively flip the odd
parts of the degrees of freedom, drift, and diffusion operator under time-reversal—leads
to a corresponding emt-IEPR that is the superposition of several independent sources
of entropy production, including the (emt-)vorticity two-form, while the (T-)voticity
two-form is the unique source for T-irreversibility. Similarly, additional sources arise if
the space F to which ¢ belongs is not simply connected. Studying all these additional
irreversibility sources in a way that is similar to what we did for the vorticity space
in this article is an exciting challenge for the future that could move towards a more
complete classification of out-of-equilibrium field theories by precisely characterizing
their irreversibility and showing how it links to qualitatively as well as quantitatively
observable features.
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Appendix A. An ill-defined spurious drift

In this appendix, we compute the spurious drift

J 5
r ry 1.I's _ 2 T3 T 1
S(E) 5¢r blrz b71‘2 bZrQ 5¢r erQ ) ( 93)

associated to the operator

biyr =M )06 ( (r—r') . (194)

The first term of the above expression of s’(t_) reads

5¢r3 b, by, = Z /drzdm d(r — rg)] [67,&5(1-3 — r2)] 5:;1‘3 M (¢™)
— Z /drzdrg §(ry— rQ)] [—5,‘335(1'3 _ 1‘2)] 5(21‘3M(¢r2)

_ ;/drg 67.56(1‘1—1‘2)} {8735]\?7(?:9)}

where we have used that 9,;0(r3 —r2) = —9,;0(r3 — r2) to go from the first to the second
line, and did an integration by parts to get to the last line.
Similarly, the second term in the expression of s reads

r3=ro

o
—2¢ebj?, 5o bir, = —25; /dI'QdI'g [&56(1'1 — rQ)} [aréé(rg — rz)} (¢r2)5¢r3 M (¢r2)
5 I
o / dradrs [a,,éa(rl —rg)} [a,,éa(rg—rz)} M ()
which is —e times the first term. The total spurious drift is thus
. oM (¢™)
8(5) = (1 — 6) Z /dI‘Q [8755(1‘1 — 1‘2)] {6,3 W} o (195)

This is ill-defined as described in the main text (equation (14)).

Appendix B. Functional stokes theorem

Let S C IF be a smooth, connected, and oriented surface in the function space F, whose
(smooth oriented) boundary is denoted by 9S. Let ¢ be a functional one—form over
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F. The objective of this appendix is to show that Stokes’ theorem?” still holds in the
functional space I, namely that we have

/@SCZ/Sdc. (196)

To prove this, we can show that the functional exterior derivative d is well behaved with
respect to the pullback. We will then only need to use the finite-dimensional Stokes’
theorem.
We start by assuming that we can parametrize the suface S by another smooth, con-
nected, and oriented surface s C R?, through a diffeomorphism ® : R> = F, i.e. ®(s) = S.
On the one hand, the change of variable formula®® first gives

where ®" stands for the pullback with respect to the map ® (whose definition is recalled
below). But ®°¢ is then nothing but a usual one-form on R?, to which we can apply
the (finite dimensional) Stokes’ theorem, namely

/@s@g / 2°¢) (198)

where d stands for the finite dimensional exterior derivative.
On the other hand, the change of variables formula similarly gives for two—forms:

/S d¢ = / " (d¢) . (199)

Hence, if we can show that the pullback commutes with the exterior derivatives (the
usual one, and the functional one), i.e. that

/5 d <q>*¢> - / o' (d¢) (200)

then we will be able to conclude from equations (197)—(200) that the functional Stokes’
theorem (196) does hold.

We thus turn to the proof of equation (200). In order to avoid any confusion with
the spatial variable r of the fields ¢(r) that belong to F, let us denote by (¢,7) the
canonical coordinates of R?, rather than by (z,y).

We first evaluate the pullback by ® of the functional exterior derivative d(, =
%i-’;r' [¢]6™ AT, of ¢, = Cir[¢]6™ on a pair of vectors u = u'd; + u"9; and v =0'0; +v"0:

37 We here only give a proof for one-forms and their functional exterior derivatives, but it can be easily adapted to show that the
functional Stokes’ theorem actually holds for functional differential forms of any order.
38 Note that formula (197) could actually be used as the definition of the integral of a functional one—form ¢ on a smooth line in FF.
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at an arbitrary point (¢,7) € s:
\ 5Cip
o} dC] u,v) = =2
[ (t.7) (u,v) ol

Using the expression of the differential d® = 0;®dt +9;Pdr of ¢ together with the
bilinearity of the skew—symmetry map 6 A 6%, we get

(@ (,7)] 6 A ST (AD (u),dD (v)) . (201)

[qfdc} L mY) = i@; [® (t,7)] { (0,07 + 0,5 u7] [atqﬂf’vt + aTqﬂ'r’vT] (202)
~ a0 + 0.0 w7 | [9070" + 0,00 | (203)
— % @t [(@07) (9,07) — (a,07") (9.07)] [u'e” 7]
(204)
In terms of two—forms, this also reads
[CD*dC} = fé; @ (t,7)] [(8@”) (aTqﬂ‘f’) - (atqﬂr’) (aTqﬂ'r)] dt Adr . (205)

Let us now turn to the evaluation on (u,v) of the (finite-dimensional) exterior
derivative of ®"¢. We first have that the pullback ®"¢ applied to u reads

[CI)*C] (1) = G [® (,7)] 67 [dD ()] = e [@ (¢, 7)] [0/ D™ + w70, 7] | (206)

(t.7)

where we just used the linearity of 6. In terms of one—forms, it reads

[@*c} =Gl (67 (0,07 dt + 0,0 dr] . (207)

(t,7

We can then easily compute the exterior derivative
[d (@*cﬂ = (G [®(t,7)] 0" } AT AdE+ 8, {Cir [® (£,7)] 0, D"} dEAdr . (208)
t,T

Using the chain rule together with the skew—symmetry property dr Adt = —dt AdT, we
get

[d (@*c)} = % [@qﬂf’a@“ _ achjf’at@ﬂ dt Adr | (209)

which coincides with the right-hand side of equation (205). Thus, we showed that
®"d¢ = d(®"¢), consequently that equation (200) holds, and finally that the functional
Stokes’ theorem (196) follows.
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Appendix C. Vorticity of the active model B

The vorticity of AMB (19) and (20) was previously computed by one of us in [14] using
a less general version of definition (26). In this appendix, for illustrative purposes, we
rederive expression (37) for w using a slightly different approach—namely, formula (32)
— which allows us to compute the exterior derivative directly at the level of functional
forms, without introducing any pair of perturbations (dp1,dp2). For completeness, we
also derive expression (62) for the corresponding vorticity operator.

The following calculation involves two integration variables, denoted r and r’, and
the integrals are written out explicitly for clarity—that is, without using the general-
ized Einstein summation convention introduced in section 2.2. Although not written
explicitly to keep the notation light, the field p and its derivatives are always evaluated
at point r, not at r’, and the functions A and k are evaluated at p(r).

As shown at the end of section 2.2 and further discussed in section 3.1, in the case
of AMB:

D 'a= —/dmrar : (210)
Hence, using equation (32), we get
w=dD 'a=—d {/drurér] = /dr d[p] A 0T = —/drdr’ggj 5 A ST (211)
Now, the functional derivative of u reads
55//)?, = [a+2bp+X|Vp|* —£'Ap] 5 (r —1') +2AVp - V5 (r —1') — KA (r — 1)

= [a+2bp+X|Vp|* —K'Ap] 5 (r —1') —2AVp - V6 (r —1') — kA6 (r —1') |

where we used V,6(r—r’)=—-V,.d(r—r’) to go from the first line to the second.
Injecting this in the expression (211) of the vorticity yields

w= —/dr [a+2bp+ N |Vp|> — &'Ap] 6 A6
— /drdr' [2AVp - Vb (r —1') + kAL (r—1")] 67 AS* . (212)

Since the wedge product is antisymmetric, 0" A" =0, and the first line on the right-
hand side of equation (212) vanishes. Integrating by parts then gives

w= — /drdr'(S(r —1’) [2)\Vp AV ((5r' /\(5r> — KA (5r/ /\5r>}
= — /drdr’d(r— r’) [2)\Vp- (—V(Sr/> NO"—K (A(Sr/) /\Cﬂ ;

where the second line is due to the convention V.. [5‘"/ /\5‘”] (6p1,0p2) =
Vi [6p% 0p5 — 6p%6p5 | = 8p5NVpt — SpiVops', while [V6™'] AS™(0p1,6p2) =
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(V5" (5p1)] 67 (3p2) — [V6 (5p2)] 67 (Sp1) = [~V3p5'] S0 — [~ V55 | 55 = 55 Vs —
Sp5Vopt’, the sign difference arising from the definition of the Dirac-delta gradient.
Integrating out r’, and using the skew-symmetry of the wedge product, the vorticity
reads

w = —/dr 2AVp- (—V6) A6 — 1 (AGT) A 6]
= —/dr[Z)\Vp~5r/\V5r+/15rAA5r] .

Finally, using equation (68), and integrating by parts yields the formula we wanted to
prove:

w:—/dr[2)\+/€']Vp-5r/\V5r . (213)

Let us now turn to the vorticity operator W and show that it is given by
equation (62) in the case of AMB. We start by deriving the expression for the cor-
responding cycle affinity operator @. To do so, we first apply the vorticity 2-form (213)

to a pair of fluctuations (dp1,0p2) and integrate by parts to factorize dp; on the left-hand
side of the integral:

w, (6p1,0p2) = /dr A+ £K")Vp-[0p1Vp2 — 0p2Vipi]
- /dr6p1 (2N 4 K')Vp- Vs + V- [6ps (2A+ KV} -

Using definition (39), we then identify the curly bracket in this last integral as @,dps.
Applying formula (46), with D = —MA for AMB, finally yield the desired expression
for the vorticity operator:

M
W,ép = 7A {2AN+K")Vp-Vép+V-[0p(2A+£")Vp]} . (214)

Appendix D. Intermediate results about polynomials and antisymmetric
differential operators

The objective of this appendix is to show that the operators

Di: HxH — H and Df: HxH — H
(V1,2) > he0"thy — 110"y (Y1,h2) > hdM1hy + 11 0%y
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which are, up to a factor 2, respectively the skewsymmetric and symmetric part of the
operators
Dy: HxH — H
(1,92) — a(x)0 ()

where H is the space of smooth functions from R to itself, can be decomposed in the
following way:

Vi Dih= meﬂ o&=2=bpg (215)
Vi D5y =Y oD (216)
=0

where the coefficients bgi 41 and cgfl and recursively defined through:

j—1
Vi eN Vi <j, byl =agl+ Y agbil (217)
k=1+1
-
and VjeNVi<j, & =a 4 Z agﬂllcgfﬂ (218)
th af = —F"—— . 219
with - ag B L (219)

To this end, we first show in section D.1 a similar factorization for some polynomials in
R[X,Y]. Then, thanks to an algebra isomorphism between R[X Y] and an appropriate
algebra of operators, we deduce in section D.2 the above formula.

D.1. Factorization of polynomials

The objective of this section is to prove lemma 2 below. We will first prove the prelim-
inary lemma 1.

Lemma 1. For any integer n,
—if n is even:

n—1
X"—Y"=Y ap (X +Y)" T (XF YRy (220)
k=0
—if n 1s odd:
n—1
X"+Y"=>"ap (X +Y)"F(XF+YF) (221)
k=0
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al (_1)2—+W(Z) . (222)

Proof. Let us consider an arbitrary natural number n, and two unknown variables X
and Y. Using the binomial formula, we get :

X'4+Y"=[(X+Y)=Y]"+[(X+Y) - X]"
_Z< ) (X +Y)" P (=D)" (X*+YF) .

Moving the k£ =n term to the right hand side of the equality leads to

with

(X"+Y")(1—(-1)") = Z (Z) (X +Y)"F (=) (XF+vH) . (223)
k=0

Hence, for n odd, we get

_1 k
\ (_1) n n—k

X"+Y" = (224)

[N}
N
o
SN~—
>
+
=
|
B
+
3

Similarly, we have

X' =Y = [(X+Y)=Y]" = [(X+Y) - X]"

I
Eon
-
S
>
+
=
S
L
—_
=
=
>
e
L.<
=

1.€.

Thus, when n is even

n— 1 k+1

—Y™) :Z

k=0

(”) (X + V)" (xF—v*) (226)

Introducing the coefficient a}, defined by equation (222), allows to recover the two
formulas we had to prove. [

Lemma 2. For any j € N, we have the factorizations:

S Ve meﬂ (X + )27 (X2 _y2iel) (227)
and X py#el = ZaQﬂH (X + V)77 (X% 4 v%) | (228)
=0
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where the coefficients bgf 41 and cggﬂ are recursively defined through:

j—1
VJ € N*7VZ < j’ bgngl = a§£+1 + Z agisz—H ) (229)
k=i+1
jm

and Vj e N,Vi <7, c;’“ = a%f“ -+ Zagiﬁcgfﬂ , (230)

‘ (_1)n+k+1 n

th a) = —F—— . 231
w1 aj. 9 L ( )

Proof. Again, we only prove the odd case, the even case being proved in the same way.
We make the proof through strong induction. The first step 7 =0 gives 0 = 0, which is
true. We then choose j € N. We assume the lemma to be true Vi < j. We prove it for 7,
using lemma 1 and then the recurrence hypothesis:

2j—1
X2j _ Y?J — Z a?] (X + Y)ijz (XL N Yl)
1=0
_ Za (X +Y)52% (X2 y2hy 4 Za2k+1 (X + V)%~ @D) (X2+1 _ y2h+1)
k=0 k=0
Jj—1 k-1 '
= @ (X +Y)TTY B (X +Y)P T (X -y
k=0 =0

—_

j_
. Zagzﬂ (X + Y)QJ (2i+1) (X27+1 Y27:+1)
=0

j—1
< Z ibng) (X + Y)Q]—Ql—]. (X2i+1 o Y2i+1)

i
j—1
=0 \k=i+1

<.
—_

j_
Z aggﬂ (X + Y)2j72i71 (X2i+1 . Y2i+1)

+

=0
= <a22+1 b2t+1> (X + Y)?j*?ifl (X22'+1 i Y2i+1) .
i=0 k=i+1

D.2. Algebra of operators and algebra isomorphism

An important problem that we face from the beginning is that if we treat the operators

D, : HxH — H
(1,92) — ()01 ()
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directly, we will not be able to compose them, which is not ideal to solve a factorization
problem. Hence, we are going to consider first the lifted operators:

D : HxH — HeH
(V1,92) +— O @y

where 1y ® 0¥y : (z,y) — o (2)0F1h1 (y) is the tensor product of functions 1o and ¥y .
We recover Dy, from Dj, using the linear projection:

g : HQH — H
f@y) — mu(f)(@) = flz,2) .
Indeed
Dk = TH Oﬁk y (232)

where o denotes the composition. We note that, since the operators Dy are bilinear,
they factorize through ® in a unique way. In other words, the fundamental property of
the tensor product ensures the existence, for all integer k, of a unique operator Dy,
Dy : HeH — HH
flzy) — Oyf(z,y).

~ We can now work with the operators D;, that are endomorphisms of H@ H, i.e.
Dy, € End(H ® H). Moreover, they can be written as

Dy, = 0" ®idy , (233)

where idy is the identity of End(H). The transitions between the different spaces is
summarized in the following commutative diagram.

HxH—% ~HoH

Dy D Dy,
H —— H®H
The other crucial point of this change of space is that the derivation operator 0 = %
of H corresponds in H® H to the operator 0 ® idy + idy ® 0 in the sense that
d . .
— =7go(0Ridy+idg®9I) . (234)

dx
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Indeed

[T 0 (0 @ idy + idy ® 9)] (Y1 @2) (r) = /[aﬂﬂl ()2 (y) + 1 (x) Oytha (y)] 6 (x — y) dy
= 1/}2 (.I) axqvbl (1}) + 77/}1 (x) awa (:L‘)

d
= a(% (7)o (1)) -
More generally, it can be shown that
dk i

We can now prove the factorization announced at the beginning of this appendix by
using the factorization of polynomials shown in section D.1. To do so, we first defined
the operators:

DA HoH — HeH
V1@ — Oy ®@1hy — by @ OFehy

and

75;5: HoH — He H
V1@ s OFhy @by + P @ OFahy

or in other words
D = 0" @idy —idg® 0" and Dj = 0" @idy + idy ® 0" . (236)

Let us denote by A the subalgebra of End(H ® H) generated by the families (D{, Dy )en.
The algebra (A,+,-,0), where +, - and o are respectively the sum of operators, the
product by a real number, and the composition of operators, is a commutative algebra
made out of elements of the form

> Aendf @0, (237)

k.n

where the sum is over a finite set of natural integers and A, € R. We then define the
map

A:A—R[X,Y] (238)
such that for any pair of natural numbers (k, n)
A((0* @idy) o (ida® ")) = A (0" ®0") = XFy™ (239)

that we extend by linearity to the full algebra A. Note that the first equality in the
definition of A has been explicitly written down to insist on the fact that it is the
composition in A that corresponds to the product in R[X, Y] and not the tensor product.
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The important point here is that A is an algebra isomorphism since it is a morphism
that sends a basis of A (the family (0% ® 0")knen) to the canonical basis of R[X,Y].
Thus applying the map mg o A~! to the factorization formula of lemma 2 allows us to
complete the proof.

Indeed, by first applying A~! to equations (227) and (228) of lemma 2, we get that
for all natural numbers j:

7—1
(92] X de — ZdH ® 827 ZbZH-l a ® ZdH) + (ZdH ® 8)]2372171
1=0
° [82z'+1 ®idy — idg ® 821’—1—1} (240)

and
J
OH M @ idy +idy ® 0% = "G (0 @idy) + (idy © 0)]7
=0
o [0 @ idy +idy ® 0”] . (241)

Besides, for any k£ and n:
|:7TH o [(0®idy) + (idy ® 8)]k o[0" ®idy +idy ® 6”]] (11,19) (x)

- [WH o [(0 ®@idm) + (idm ® 3)]16} (0" @1y £ 11 @ 0"2) (2)
k
= s ()" (@) £ 41 () 0" ()

d

= @DE’A (Y1,42) (x) -

Thus, applying 7 to formulas (240) and (241) finally yields:

y j—1 ,  d®—2-D) B
_§ : J
D2j_ b21+1d (2j—2i— 1)D2i+1 (242)
i=0
and
d(2j+l 2i)
2j+1 S
D2J+1 - § : dp(2+1-2i) TG Dai (243)

where the coefficients b} and ¢! are those of lemma 2.

Appendix E. A basis of 2-forms in d; =1 spatial dimension

The objective of this appendix is to show that the family (78) is a basis of the space
Q2 (F) in d, =1 spatial dimension. To lighten notations, we will rather denote a fluc-

tuation d¢ by .
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E.1. A generative family of local two-forms

In this subsection, we show that the family (78) generates the space Q2 (F). To this
end, let us consider a local two-form v € Qf (F). It generically reads

q
v =Y e AdksT (244)
k=0
for some natural number ¢, where we implicitly sum over 7,5 € {1,...,d>} and integ-

rate over x € R. We introduce the symmetric and antisymmetric parts of the matrices
~®)(z,[#]), which are given by */ A’yfj) (’yfjk )4 'y](f)) /2. Distinguishing symmetric from
antisymmetric parts of each 4*) and separating odd and even degree derivatives in (244)
gives:

La/2] l(g—1)/2]
2 201 ciz o (20+1) 20+1)] iz ,
v= 3 [Fa) 4G noe 4 Z [59G4+ 4G ot p o2 isi. (245)
=0
For each implicit sum over ¢,j = {1,...,d>} above, we add a copy of it where the dummy

indices are exchanged 7 <+ j, and divide everything by two so that the overall quantity
is unchanged. Using the (anti)symmetry of 4/ we get

lg/2)
~ = % Z { Ul [5zx 8%5]’36 4 5jx A a%dix} ”x [517: 6255]';16 o 5]':1: A 82(’511‘]}
(=0
MG |
+ 5 Z {S z(]2x+1 [6zx 825-1—15]1 +5]I 826-&-1511}
(=0
+ ’71(]2£+1 [571, A 82€+15j:1: . 5]1 A 82”15”’1 } ) (246)

We see that the terms proportional to ’y,(]J) and 7,( - Y are already decomposed in the

basis (78). In what follows, we show that the other terms can be decomposed as well
in that basis. Let us start by relating the elementary two-forms in (246) that do not

belong to the basis (78) to the differential operator D,f/ 4 defined in appendix D. For
any pair ¢;,1, of perturbations and any natural number &, we have

[0 708 8 NH0'] (41, 955) = (1) { [wi0F s —ws0"d] = [w]o"vs — ot |

(—1)*{ [wiokud Fuiorvi] + [wiotvs Fuiotv]] | |

where we simply rearranged the terms. Consequently, using the definitions of D,f/ 4 from
appendix D, we have the relation
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[0 A OFS 87 NGRS (o1, 1p0) = ()M D (w0l £ D7 (viwd) b . (247)
Using this relation together with decomposition (242) on the one hand, we have:

[0 70267 467 N 6¥5'] (3p1,92) = Dih (vt + i (v, 0]
1

= 2k+18% 2t [Di+1< %ﬂ/’i) +D§c+1 (7/’727100}

~
|

k=0
{—
_ 2k+182£ 2k—1 {[61 62k+153 +5] a?lﬁrl&] (¢1’w2)} 7
k=0
1.€.
§' NPT+ 6T NS == by OF T[S AOPTIST 4 T A0S (248)
k=0

On the other hand, using (247) and (243) gives:
[0 A G167 — 7 NOPHS] (3py,48) = — Dl (V01 ) + D (v,
¢
= Y rtop e =g (vh,vi) + D5 (vh ) |
k=0

_— Z LH G2 L5 A 95T — 51 A OS] (b, 4hy) )

i.€.

5i A an-Héj . 5j A 8244-151' _ Z 2[+1612E 2k+1 52 anéj . 5]’ A 82k51] ‘ (249)

Equations (248) and (249) are the generalization of the (d; =1 dimensional version of)
equation (68) to higher dimensions ds and orders in derivation.

We can now decompose on the basis (78) the sum over the S%(%)
and rearrange the terms as follows:

in equation (246)
lg/2] A ' ‘
Z S’Yz]x 5227 8246]38 + 67T A 6265150]

la/2] -1

— Z Zb%ﬂ [6%5‘%_1 ( ’Yz(n))} [52 A§RHLST 1 §i /\a2k+151}
(=0 k=0
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lg/2]-1 1g/2]

Z Z b, [age—%—l (S%Jm ﬂ (67 AOPHLST 57 p 9?61

k=0 {(=k+1

Lg=1)/2] lq/2]

Z Z b2£+1 [aik—%—l <S’Yz(]q)>] [y NG 4 g /\62€+151} ‘

(=0 k=(+1

To get the first equality above, we used equation (248) and integrated by parts several
times. The second equality is then obtained by permuting the two sums, while the third
one comes from exchanging the dummy indices k <> ¢ and replacing the upper bound of
the first sum by [(¢—1)/2] > |¢/2] — 1, which is harmless since, when this inequality

is strict, the second sum is empty. Usmg equation (249), we can perform the same

calculation with the sum over the %(]2? ) in equation (246):

L(¢—1)/2]
A UQf-‘rl 5zx A 82€+16jx _ 5]'9: A 62€+16i$]
/=0
L(e=1)/2] ¢
Z ch +1 [82/ 2%+1 <A7§;£+1)>} w AO2k§I _ 5 /\azkéz]
(=0 k=0

I
Ky

20+1 [026 2k-+1 (A,y'(?f-i-l))} (67 A 8267 — 67 \ %61

ijx

Z c§’;+1 o220 (A B | [§ 0 000 — 57 1 0%']

ijx
— I—Fk

Injecting these expressions back into equation (246) and rearranging the (implicit)
sums over ¢, = 1,...,dy using the symmetry of the corresponding terms, we get formu-
las (75)—(77), from which we deduce that the family (78) indeed generates the space
Q%OC(F)

E.2. A free family of local 2-forms

The objective of this subsection is to show that the family (78) of functional 2—forms

is free in the following sense: if there exist smooth functions a(f) (z) and ﬁz(jk)(:c) on R
such that

> Z / dz ol (z) [6 A 9% §ie — 597 p 9%

1<i<j<ds

+ Z Z/dx 52] 579: 82k+15ja:_’_5jx /\an+15il’j| =0, (250)

1<i<j<ds

where the sums over k are finite, then the functions a( and 5 are all identically zero.
Note that our notions of ‘generative’ and ‘free’ for a famlly of vectors (here elements of
Q2(IF)) slightly vary from the usual ones in which linear combinations are always finite,
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whereas here the sums over discrete indices are finite, but we also integrate (i.e. ‘sum
over infinitely many terms’) over the continuous variable z.

Let us start by denoting by w the 2-form on the left—hand side of equation (250). The
(k) (

functions Q;;
respectively). For 1 < j <i < dy, we define al(f) = aEi and ﬁij = B](f). Equation (250)
then means that for any pair of functions (1p,,1,) from R to R%:

w(¢17¢2) =0 ) (251)

respectively ﬁij(k)) are only defined for 1< < j <dy (1<i<j<dy

with

o) = 33 [ dz ol @) [urorud — viotf

Lj=1 "k
. ZZ/dJ; B’U a?k—i—l %x w;@an—‘rlw{x] ' (252)
,7=1 k

Let us denote by Q,Ab/ (respectively by d(]-c) and /3 -(]-c)) the Fourier transform of 1, (respect-

ively of a ) and ﬁ ) with the following convention:

0= [, (253)

and similarly for the a( and B . We can then rewrite w(,v,) as follows

o) =33 [ dodpaq alf) (a) =0 [ img)* — i i)

zjlk

_ Z Z/dxdpdq 6@; ) 2im(p+q)z [&ipd}%q (2i7rq)2k+1 W" ~ip (2i7rp)2k+1] .

i,7=1 k
(254)

We now choose ), 1, such that 1! (p) = 67™8(p — py) and ¥i(q) = 6°"6(q — qo). We thus
have

, ~(k
w(rbs) = Y (2im)™ [+ qi] &4 (—po — )
k
+Z(2m)2k+1 (2)k+1 qgk—i-l} 5( )( —po—qo) - (255)
k
Upon defining

T=po+q ., S=Do—qo, (256)
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together with the polynomials

Pr(s)=(+9)"+(r—9% and Qp,(s)=(r+s)*" —(r—s)* . (257)
Equation (255) reads
W (1) = Y (im)™ &) (=1) P () + > (m)* 1 B (=) Qv () (258)
k k

The assumption (251) implies that the right-hand side of equation (258) vanishes for all
r,s € R. But the family of polynomials (in the s variable) (P, (), Qr.r(S))ren is clearly
free (since it is staggered in degree). Thus, we have

vreR, &l (—r)=p5ij" (—r)=0, (259)

i.e. the Fourier transforms of the ozg?)’s and Bij*)’s are identically zero, hence these

functions are themselves identically vanishing.

Note that this result can be straightforwardly generalized to the family (88) in
dimension d; > 1. Indeed, repeating the same steps as above, we get to an equation
similar to (258) where the polynomials Py ,(s) and Q. (s) are respectively replaced by
polynomials Py, (s,) and Qg (sn), with a sum over n=1,...,d;. We can eventually
conclude by the same argument since the variables s,, n =1,...,d; are independent.

Appendix F. Decomposition of antisymmetric operators

In this appendix we prove formulas (100) and (101) of section 4.3 in the main text. To
this end, let us associate to any z-dependent square matrix M(x) = (M;;)ij=1,.. 4, the
differential operators Pi[M] and P;[M], for any k € N, that each map an R%-valued
function ¢(x) over R to another one, respectively given by

da

[PIMIg], =Y (Mioke; — (~1) 9:ayy0; ) (260)
j=1
and
dy
PEMIg], = (050, + (—1) 0My0; ) - (261)
j=1

Taking the L?-scalar product of 735/ A[ M]¢ with another R%-valued function () and
performing £ integrations by parts gives the relations

[P g = Z/wz [P Mg (@) dx

(2

> [ M@ D5 ) () (262)
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where D,f is defined in appendix D. Hence, using relation (262) together with decom-
positions (242) and (243) and performing integrations by parts, we get on the one hand

/¢ Py [M] ¢ = Z/szbzéﬂa%_%_lpfzﬂ (@j,%i)
= Zzb%H 2k_%_l/ (agkiyilMij) D§4E+1 (¢Ja¢z)

1,7 £=0

= /%b {Zb%HP%H [07h2 IM}} ¢

and on the other hand

[ Pia M- > / MWZ EHRI-2ADE (9, 45)
_ ZZ 241 ( 2k+12£/(82k+1—2£Mij) DS, (5, 4b1)

i, £=0
k
- _ /1/) {chlzﬂpﬁgg [85’““*%1\/[} } b .
(=0

Since these relations are valid for all functions ¢,1), we conclude that

k-1
Psy. [M] = waﬂpﬁﬂ (02821 M] (263)
=0
and
Pii1 M Z 2Py [0 M (264)

from which we deduce, in turn, formulas (100) and (101) that we wanted to prove.

Appendix G. Phenomenology of the basis of vorticities for d; =1
In this appendix we successively study the phenomenology associated with elements

of the antisymmetric and symmetric subfamilies by using the vorticity dynamics (47),
restricting to the case where the diffusion operator D is the identity.
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G.1. The antisymmetric family
We first define

U= veg) V=i | (265

In what follows, for any vector Z = (Z;,Z5)" € R?, we denote by Z* the vector Z rotated
by 7 /2 clockwise, i.e. Z+ = (—Zy,Z1)". Then, using trigonometric identities, we decom-
pose d¢,.(t =0) as a superposition of circularly polarized harmonics:

_ |p1cos(kx +0;)

s (0)= e (266)
_|p1(coskxcost —sinkxsinb) (267)
| p2(coskxcosby — sinkxsinby)
=Ucoskx + V*sinka (268)

L
_UtV coskx + (%) sinkx (269)
U-v U-v\" .
+ coskr — [ ——— | sinkx . (270)
2 2
But for W}, given by equation (110), for any vector Z € R?, we have:
ek (Z coskx + Z* sinkx) = (cos Wyt coskx F sin Wytsinkz) Z (271)

+ (sin Wyt cos kz 4 cos Witsinkx) Z+ (272)
= cos (kx = Wit) W £sin (kx £ Wit) Z+,  (273)

i.e. the operator t — e'W* translates in opposite directions circular waves that are polar-
ized in opposite senses.
Hence

3¢y, (1) = e+, (0) (274)
1
Uty cos (kx + Wit) + (ULQV) sin (kx + Wit) (275)
L
+ 8 s (= Wit) — <¥> sin (ka — Wit) . (276)
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Finally, upon defining p. and 6. the norm and angle (with respect to e; = (1,0)") of
(U £V)/2 respectively, the solution finally reads in the canonical basis:

_ cos (kx + Wit +0.) cos (kx — Wit —6_)

01 (t) = p+ sin (kz + Wit +6,) T |—sin(kx —Wit—0_)| ’ (277)

where, in particular, p. are given by
1 9 9 . 1/2

P+ = 5 [,01 + P2 + 2,01p2 sSin (01 — 92):| . (278)
G.2. The symmetric family
We first set

0 (1) =c(t)e™ (279)

where c(t) = (c1(t),ca(t)) " and (e;,e2) denotes the canonical basis of R%. Upon denoting
by (A1, A2) the eigenvalues of B and (by,b,) the associated orthonormal eigenvectors,
the solution of dynamics 0;0¢, = Wd¢,, with W = B2+ reads

5oy (,t) = W) (c(0) - by)b; . with Wi=(=1)'k¥*N, . (280)

Now if we denote by R the transition matrix between basis b and e, i.e. b; = Rj;e;,
and assume that ¢;(0) = p;e%s, then

6 (0,8) = e TR b (281)
Taking the real part finally leads to the solution
Sy, (x,t) = pp, cos (kas + W,gt + 9m) R,,jb; , (282)

with initial condition d¢p,(x,0) = [p1 cos(kz + 01), pa cos(kz + 0)]".
We now assume that B(E) reads

B = 58 {0 1} | (283)

Its eigenvalues are \; = 5%?,)9 =— 5{? and respective eigenvectors are by = (1,1)7//2
and by = (1,—1)" /4/2. In this case, solution (281) is thus

5¢k z,1) %{ i(ka+ W40 ) +p ol (kW) 7‘+92)} {ﬂ (284)
1 ,
5 { el ) — peilhosivitese) | H , (285)
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1.€.

5y () = pre(FrWit0") m + p (ke Wito7) {_ﬂ , (286)

with moduli p* and phases 6% such that

) 161 + 6o
,ojtewi = % (287)
Noting that W,f = —W} and taking the real part then gives the solution
Sy (z,t) = p*cos (kx + Wit +67) {ﬂ +p~ cos (kx — Wit +67) {_11} ) (288)

with initial condition d¢,(x,0) = [p1cos(kz + 01), pacos(kz +62)] ", and where, in par-
ticular, p* are given by

1
p:t = 5 [p% + p% + 2p1p2 COS (91 — 92)] 12 . (289)

Appendix H. Non-reciprocal flocking

H.1. Active polar mixture

In [38], the authors study a mixture of two species (A, B) of active Brownian particles
undergoing (anti-)aligning interactions in two dimensions. Starting from a microscopic
dynamics, they then perform an explicit coarse-graining to obtain a hydrodynamic
description for the density and polarization fields of each species p4 p,P 4 5. They show
that the system can be in several phases: disordered, aligned, antialigned, chiral, swap,
or a mix between the latter two that they call the chiral4-swap phase. In order to
analyze the transitions between these phases, they focus on the case where all the
order-parameter fields are homogeneous in space. Their hydrodynamics then reduces to
two equations over the polarity fields:

. 1. ) .
OP4= []AA,OA —n— % |74aP 4+ japPp ||2} Pa+jappaPp (290)

. 1 . . .
0Pp= []BBPB —n— %”]BBPB +]BAPA||2] Pp+jpapsPa , (291)

where p4 and pp are the respective homogeneous densities of each species, 1 the squared
amplitude of the microscopic angular noise, and (j,s) the matrix of the (renormalized)
alignment constants. Still neglecting the gradient terms in the hydrodynamics originally
derived in [38], we add random fields to the above equations to account for fluctuations
in a simple way:
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. 1. ) .
0Py = []AAPA —n— % |j4aP A+ jasPn Hzl Pa+jappaPp+Aa (292)

. 1, . . .
OPp= [JBBPB —n— % |l758PB + ]BAPAH?} Pp+jpapsPa+Ap, (293)

where Ay(r,t) and Ap(r,t) are independent Gaussian fields, each having the same
statistics as m in equation (8). Note that another possibility to implement fluctuations,
(which is perhaps a little more coherent with the fact that we neglected the gradient
terms of the original hydrodynamics) would have been to consider uniform noise fields,
in which case the problem would have been reduced to a finite-dimensional one (see our
paper I [15] for the corresponding tools). Interestingly, the resulting finite-dimensional
vorticity @ is related to the one studied below for non-uniform random field, w, as
follows:

w (5P 4, 6P ) = / & (5P 4 (r), 6P (r))dr . (204)

Since we here aim at illustrating the use of our field-theoretic methods, below we stick
to the case of the non-uniform random fields of equations (292)—(293).

As shown in [38], when jap # jpa and 7 is sufficiently small, the polarizations of the
two species undergo an ‘angular run and chase’ dynamics, that can either take the form
of a chiral phase, a swap phase, or a chiral+swap phase. Here we want to show that
these phenomenologies can be heuristically inferred from the vorticity dynamics (47)
associated to equations (292)—(293).

As the operator that is denoted by b in the generic dynamics (8) is here the identity,
the diffusion operator D = bb' is also the identity operator. Let us now compute the
vorticity two-form w = dD™'a of the dynamics, where a(r,[P4,Pp]) is a R*-valued field
over R? obtained by stacking together the deterministic parts on the right-hand side of
equations (292) and (293).

Z Z/drdr JaaPa — 77——‘ Z jaﬁpr

SPir
o 5'yk:r A 5azr

kr’
a,y=A,Bik=1 5P '
1 2 5Plr
lr e ir cykr! air
— J J Py NG
7712—1: BZ ot pzA:B "app
2 ; ;
) = S SPE o
+ /drdr’ l]ABpAder Sk A §A +JBApB§pkr 57k A 5B
y=A,Bik=1 gl

— _EZZ/dI. Z]aﬂpﬂ ](WP”&VZF/\(SQ”

nﬁzl

+ Z/dr [jABpAéBir A 5Air _|_jBAIOB§Air A 631’1‘}
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where we used % = 60,0"F5(r —1') together with 6T A §'* =0, the latter stemming

from the antisymmetry of the wedge product. As we now have integrals over r only,
we can safely drop the variable r everywhere to lighten notations. Using again the
antisymmetry of the wedge product, we get

DD asdar P8 N6¥ == 0 " [jasdar PiPa — jradra Py Py 67 A6
ay 1, ayy i,
so that the vorticity two-form reads

o LS [l iR

0‘7'77ﬁ 7a]

+ Z/ [jaBpad®™ A 54T 1 ipappddi A s .

Expanding the sums over a and +, grouping the terms where o = v and those where a #
v, and using the antisymmetry of the wedge product, we get, after some rearrangement:

1 o o
w= E/det (P4, Pp) [japiaad™ A6 — jpajpps® A"

* EZ/ [44janPh Py+ (g — jBa) Pi Pp — jppipaPp Pg] 6% A 6P
il
- / [jaBpa — jpaps] 6 N 67",

We first note that the vorticity two-form of dynamics (292)—(293) is entirely generated
by the antisymmetric subfamily of (78) of order ¢ = 0. To simplify the analysis of the phe-
nomenology associated with each component, we now assume that both self-interaction
terms are equal, j44 = BB = Jo, that the cross interaction is purely antisymmetric,
jap = —Jpa =J—, and that the species densities are equal, ps = pp = po. The vorticity
then reduces to :

1
w=1 / det (P4, Pp) joj_ [64 A 642 + 651 A 657

23 [ - [Py Ph+ Py P54 6"
il

-> / 200704 A 6B (295)

Let us decompose the vorticity two-form as w =w;+ws+ws3, where w; stands
for the ith line on the right-hand side of equation (295). Using the defini-
tion (39) of @ together with relation (46), W = —D&/2, the vorticity operator,
which acts on §¢ = (6P},0P%,6P},0P%)" by multiplication, is readily shown to read
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W = W1 +W2 —|— W3, Withi

0 -1 0 0
_ Joj- 1 0 0 O
Wl—%det(PA,PB) 0 0 0 —1 s (296)
0 0 1 0
gog- [ 0 — (PAP,+PpP})
W= o |PAP) +PpP} 0 ’ (297)
[0 0 10
o o0 01
WSZPOJ— -1 0 0 ol (298)
|0 —-1.00

the operator W being defined by two-by-two blocks.

The contribution of Wy in the vortex dynamics (47) is clearly responsible for the
chiral phase reported in [38]: for instance if j_ >0 then the polarization of species
A ‘runs’ after that of species B which itself flees away, hence spontaneously breaking
spatial parity in R? with an orientation that depends on the initial angle between the
two polarities. This collective rotation of P4 and Pp would occur at the angular speed
Joj_det(P4,Pp)/2n, if W3 was the only term in the vorticity.

To interpret W; and Wy, let us consider a vector u in R?, and build from it the
two orthogonal vectors of R* defined as U = (u,u)’ and V = (—u,u)". The operator
that generates rotations in the plane (U,V), at angular speed |U||V|=2|ul?, and in
the direction U — V, reads

(299)

0 —uu'
uu 0 )

REVUT—UVT:2{ T

The dynamics 0,6¢p = Ré¢, where ¢ = (0P },0P}), follows a circular orbit in R* which
start at d¢p(0) and passes, at a time equal to a quarter of its period, by the point
d¢(T/4). In the latter, the projections of 6P4(T'/4) and §Pg(T/4) along u' are the
same as initially (they are invariant under the dynamics) while the their projections on u
are given by —6Pp(0) and 0P 4(0), respectively. This phenomenology closely resembles
that of the swap phase reported in [38], and the operator Wy (respectively W3) is
a superposition of two such rotation generators respectively along P4 and Pp (along
(1,0)" and (0,1)7, respectively).

Appendix |. Active Ising model

In this appendix, we compute the vorticity two-form and operator of the AIM.
We introduce slightly different notation here: the functional one-forms 9%9* are
now denoted by (—1)¥9*dm?, and similarly for the field p. This allows getting rid of the
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powers of —1 that appear when using derivatives of Dirac deltas. Indeed, if 6¢p = (dp,dm)
is a perturbation, we simply have

OFom® (5¢p) = 9%om® | (300)
rather than
"6 (5¢p) = (—1)" 0 om® . (301)

The main risk is now to make the confusion between functional forms and perturbations.
For instance dp” A dm” is not some sort of cross product between the two components of
a perturbation d¢ = (dp,dm), but a bilinear map that associates to a pair of fluctuations
dp, = (0p1,0mq), d¢py = (dp2,0ms) the number dpfdmi — dp3dm7. Finally, we adopt the
generalized FEinstein convention that consist in integrating over repeated continuous
indices, with any subscript of a partial symbol O being excluded from this convention, as
we only keep them in the calculation to remember with respect to which variable we
take derivatives.

Let us now turn to the AIM (131) and (132). The noise being additive, the spurious
drift vanishes, so that the drift a of the generic dynamics (8) reads in this case

_ Do%p —vd,m
a= {D@%m —v0pp+y1m+ 'ygm?’] ’ (302)
while the diffusion operator is
—Dd? 0
D:[ OI D]' (303)

Denoting by G,, = G(x — y) the Green function of the 1d Laplacian, i.e. 9>G(z —y) =
§(z —y), the one form D™'a reads

D la= (—px + %Gwzﬁzmz) 0p" + (8%771,1. — Eaxpx + —= n my —|— Zm > om” . (304)

D D D

We now apply formula (32) to compute the vorticity two-form w = D 'a of the AIM:

w=d (—pm + EG;L.ZBZmZ) Nop® +d (837711. — %&pr + %mi + %m‘z) Aom”
= 5%/ ( o+ — Gwa mé) 50V N Sp" + 55 . (—px + %Gmazmz) Sm¥ A Gp*
51(;/ <8§mx 28xpx+£ml+gm )(5pyA5m
+%<82mx 28Ipx+gmw+%m )5my/\5m
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Computing the functional derivatives and using the fact that dp” A dp* = dm* Adm* =0
because the wedge product is antisymmetric, we get

w= %GIZ(‘?Z(S (y—z)omY Nép® + [855 (z—y)] om? Adm* (305)
- % (0.0 (x —y)]0pY Aom” + %mié (x —y)dp’ ANdm" | (306)

where v, = d—dpw. Proceeding to several integrations by parts and integrating out the
Dirac deltas, we finally get:

v X x v X ’-)// X T
w:55,0 A Odm —BGJ;yép /\85my+52mi5p Aom® . (307)

In order to get the associated vorticity operator W, we first determine the cycle affinity
operator @, defined as (39). To this purpose, we apply w to a pair d¢y,d¢, of perturb-
ations, integrate by parts every derivative that applies to d¢;, and change integration
variables. We can then factorize d¢; and identify @ as the resulting operator that acts
on d¢, only:

w (6¢1,0¢,) = D (6p106m3 — 6p300my) — BG:cy (0p106mY — 6p;00m)
+ 2 [3p70m3 — dpsomi]
57 | 2 (00mE — Gy ml) + 2B oms
1 D 2 Ty 2 D 2

X
v v )
| 50805~ 150,y — S|
Hence, the cycle-affinity operator, that applies to a perturbation d¢(y), reads

oo 0 ) L (6 (x —y) — Gay) Oy + Bm35 (x —y)
5020 (z —y) — 50:Gye — %mié (z—y) 0

] (308)

and is antisymmetric as expected. Consequently, the vorticity operator, which satisfies
W = —Dw/2, is given by

W—1 Y

1 0 w8 (z —y) (9) = 9y) + Ozyymid (x —y)
2 [—00:6 (2 —y) + 00, Gyr +yam36 (z —y) 0 ’

(309)

where we used the fact that 92G,, = é(z —y).

In the original coarse-grained ATM, v, depends on p(x) [49]. We see that this depend-
ence generates a term in w along the antisymmetric family (the last one on the right-
hand side of (307)), which does not come from the self-propulsion but from the aligning
mechanism. As we are currently focusing on the symmetric family and self-propulsion
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effects, we assume from now on that 7, is instead a constant. The vorticity operator
thus reduces to

1 0 vé (x—y) (95 —9,)
W= 2 {—v@xé (x —y) +v0,Gyy 0 (310)
In Fourier space, W acts by multiplication by the matrix W, given by:
iv[ 0 K+ k
Wk_?lkﬂ/k 0 ] (311)
where we used the facts that the Fourier transform® turns G(z) into Gy = —1/k? and

a convolution into an usual product. The vectors vy = (£k/V1+ k2, 1v/1+k2)T are
eigenvectors of Wy, for the eigenvalues Ay = 4-iv(1 + k?)/2. It follows that the solution
of the vorticity dynamics (47) in Fourier space is given by

3 (1) = (5004 (0) [V )e v + (0 (0) [v—)et 'y (312)

where (-|-) denotes the canonical scalar product of C2. Injecting the expressions of vi
and AL and rearranging the terms, we get

2 vt (1442 ; . vt(14+k2
0 12+kk2 COS( t(; ))5Pk(0)+fj,’§2 sin t(; ) dmy (0) 1
0 (t) = 313
[ vt(R? vt (14K
( 1 ))m (0) + 125 cos [ D) 5m, (0)

We now take the inverse Fourier transform to get the real space solution of dynam-
ics (47):

K7 for*8p(0) — K'* fap (1)*6m (0)
0(t) = { K fip*3p(0) + K or (1) * 6m.(0) } ’ (314

where * stands for the convolution and the functions fep(z,t) and fsp(x,t), which are
defined as

1 22 vt
t) = in[ ———+— 1
for (x,t) 27rvtsm(2vt 5 + 4> (315)

and

(316)

are the inverse Fourier transform of cos(vt[1 + k?]/2) and sin(vt[1 + k?]/2), respectively.
In equation (314), K(x) = el is the inverse Fourier transform of H% (i.e. twice the

39 We choose the convention FT[f](k) = f(k) = 22 f(@)e*dz and FT~'[f](z) = %ffooo f(k)e=*=dk, where FT and FT~!
respectively stand for the Fourier transform and its inverse.
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Green function of the Screened Poisson equation, with unit screening constant), and K’
and K" are its derivatives.

As our main concern is whether the phenomenology of this dynamics, despite having
a non-local vorticity operator, is akin to that of the symmetric family for the local case
as defined in section 4.4.2, we consider an initial perturbation whose components are
harmonic waves of the same spatial frequency k& which are either in phase or in phase
opposition :

dp(t=0)= [(;gqu((%))} = Acos(kz+0) E} : (317)
where e =1 (¢ = —1) when the components are in phase (in phase opposition). In this
case, the solution (314) of the vorticity dynamics can be shown to read

0 (z,1) = 0prop (T,1) + Igias (1) (318)
with

OPprop (T51) = T o8 (kx+s@t+e> [ﬂ , (319)
and

v|1+k?

2k—1)e k cos (#t) cos (kx +0)
2 o142

1+k sin < [lgk ]t> sin (kz +0)

The component §¢y,, of d¢(x,t) is always a standing wave, while §¢,,, propagates
either leftward or rightward depending on € = +1, 7.e. on whether the initial density
and polarity perturbations are in phase or in antiphase. If we were to play a video
of the time evolution of the graph of d¢(z,t), we would see a traveling wave, whose
direction of propagation is the same as that of ¢,,,,, and whose amplitude and speed
seems to be modulated by its stationary component d¢g,.. Thus, although non-local,
the vorticity operator generates a flow which is phenomenologically very close to that
of the symmetric family.

5¢stat (.I‘, t) = (320)

Appendix J. Loop—wise entropy production in the phase—separated AMB

In this appendix, we show that the entropy produced along the oriented loop C = 98 C
F, where S is parametrized by R:[0,1] x [0,27/|w|] — F whose expression is given in
equation (144), takes the form (145). Let us denote s = [0,1] x [0,27/|w|]. We then use
equation (139) to compute the entropy production of dynamics (19) along 0S via the
integral of w over § = R(s):

5 108] = Rw= Wrirt) (OrR,0 R)d7dt (321)
Joo= 7=
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where R* stands for the pullback by R (i.e. change of variables) and the last integral is
a usual two-dimensional integral on s. Using the expression (37) of the cycle affinity of
AMB, we get

5 [08] = / dadrdt[(2A+ k) Opp] 0,07 A 6* (Orp, Orp)
SXR<0

_ /  ddadrd (20410, [ (0,0,9) (91p) + (0:9) (0.000)] -

But the derivatives of p(7,t,z) with respect to 7 and ¢ respectively read

O-p(7,t,x) = A(x)cos(kx —wt) , (322)
and

Op (1,t,x) = A(x) Twsin (kx — wt) . (323)

In turn, the entropy production along 0§ is

5 [08] = / dzdrdt 2\ + k') [0rpss — ATk sin (kz — wt) + A'T cos (kx — wt)]
SXR<0
x [-A’Arwcos (kz — wt) sin (kz — wt) + A’rwksin® (kx — wt)
+A'Atwcos (kx — wt) sin (kz — wt) + A*rwk cos® (kx — wt)]
= / dodrdt (2X + k') [0ppss — ATksin (kx — wt) + A'T cos (kx — wt)] A*rwk
SXR<0

27 1
:wkl—/ da 2\ + k') A%0, pss
lw| 2 Roo

2/ |w]
— / APT*wk? (2A + k') axPSS/ dtsin (kz —wt)
[0,1]xR o 0

2]
—1—/ A,AQTka‘/ dtcos (kx — wt)
[0./1}><R<(] 0

= sgn (w) kﬂ'/ dzx (2)\ + K,) Aanpss s
R<o

where we have just expanded the various products and integrated the sinusoidal func-
tions over one period 27/|w| of the variable ¢. If we now assume that (2A+ k') is
constant, we finally get

S08] = (2 + ') sgn (w) ke / Az A0, pe, . (324)
Roo

This is the result used in section (5.1.3).
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Appendix K. Decomposition of the current, hidden current, and hidden IEPR

K.1. Joint IEPR of the field and its current

For a given solution (¢,,j;); of dynamics (150) and (151), we introduce the R%-valued
field:

t
q; = o +/ jsds ) (325)
0

with qp such that Bq, = ¢,. Time integrating equation (150) gives

¢, =Bq, , (326)

which allows to see j,J,s, and h directly as functionals of q. In turn, this allows the
rewriting of equation (150) and (151) as a closed random dynamics over the field q:

q=J+s+h+bn. (327)

The crucial point is now that s and hy respectively coincide with the Stratonovitch-
spurious drift and the A-gauge associated with the dynamics of (327). Indeed, adapting
the general formula (10) to dynamics (327) gives the Stratonovitch spurious drift:

1_11‘4
i1y J GaTy __ (i1l 6¢ 0 iaT2
2313 5qz‘2r2 2313 2313 5qi21‘2 5¢i4r4 2313
_ bi1r1Bi4r4 g 19T
T YigryTTigrs 5¢14r4 i3T3
— 5?11”1 0 14Ty

l:srsm 1313
— ghTt ’

where we used the chain rule to get the first equality, relation (326) to go from the first
to the second line, relation (147) together with the fact that B is independent of ¢
to get to the third, and the definition of s to conclude. A very similar calculation also
shows the coincidence between by and the A-gauge drift of dynamics (327).

We can now deduce that the joint (Stratonovitch) path-probability P[(¢,,q;)ser]
reads

P [(¢t7qt)t] =P [(d’t)t | (qt)t] P [(qt)t]

-
o 6 [(¢, — Bay),Jexp {I/o (Orq, — ) [bbT] B (Orqy — Ji) dt} ;

up to a multiplicative factor that will be irrelevant to compute the IEPR. Note that,
in the last equation, the dagger stands for the adjoint with respect to the canonical
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I? scalar product. Making the change of variable (q;)iet — (j; = 0:q;)tet in the path
integral gives the joint path-probability®’

T
. . . -1,.
P [(Prdi)ser] o< 0 [(0pr — Bjy) ] eXp{T/O (e = Jo) [b067] 7 Gy — Jt)dt} : (328)
We can finally deduce the IEPR associated to the pair (¢,]j) of variables:

0y = lim L Pl@udier ] = < / j [bb*}‘ler> : (329)

Brss—37—1) o

K.2. Hidden current

In this section we prove the decomposition (164) of the space of currents in the case of
section 5.2.2:

J,=Im(—MV) @ ker(V-) , (330)

before briefly discussing the general decomposition (155) of section 5.2.1.

Let us start by recalling that, according to Helmholtz-Hodge theory [55], if g;; is
a Riemannian metric on R%, then the space of (square-integrable) vector fields over
this space (that we here assimilate to J,, for a fixed p) can be decomposed as the
superposition of the image of the Riemannian gradient and the kernel of the corres-
ponding divergence. This means that, for a given vector field u(r) over R% there exists
a scalar potential u(r) and a vector field «(r) whose Riemannian divergence vanishes,
i.e. v10; (1y') = 0, with v = y/det(g;;) the corresponding Riemannian volume element,
which are such that

u' =—g"Ou+9", (331)

where g% is the dual metric, satisfying g g;;, = d;..
Let us now suppose that d; # 2 and define the metric tensor

gi; = (detM)"/ (=2 (M (332)
Then, for a given current J(r) over R%, we set
u=J/v, (333)

40 The rigorous calculation requires a temporal discretization, and the change of variables is then between the variables (j,q;)» and
(q(nﬂ/?)dt),,, with juat = (q(n+1/2)at — Gn—1/2)a¢)/dt. This change of variables make a Jacobian (that is a power of dt) and boundary
terms appear, all of which vanish when considering the ratio with the time-reversed path and the long-time limit in the calculation
of o b.j-
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where v is the Riemaniann volume element associated to the metric (332). Hence, there
exist a scalar potential p and a divergence-free vector field ~ such that decomposi-
tion (331) holds for u given by (333). Then, note that

\/ etgw

e

{(detM )/ (-~ )(detM)_1}1/2
= (detM)"/(@=2)
while the dual metric reads
g7 = (detM) V=) ppid (334)
Thus J = vu splits as
J=-MIou+7" (335)

where 4 = v satisfies ;7' = 9;(v7") = 0, which is what we aimed at proving.
Let us now briefly discuss the decomposition

Iy =1m (bgblB') @ler (B) | (336)

that we assumed to hold in the general setting of section 5.2.1. We first denote by (|- )Tq&]F
and (-|-)§¢ the canonical L*-scalar product on T,F and J, respectively. Then we define
another scalar product on the latter space:

-1 0 -1
<j1|j2>}¢z(j1 (b0} jz) — 31 [oath] i (337)
I

Then, it turns out bd,b:beT coincides with the adjoint of B with respect to the scalar

products (-|.)%¢]F in TyIF and ("')thp in J4, which we denote by B". Indeed, for any j € J¢
and 0¢ € TyF, using the definition of an adjoint operator, we have

e\ : : 0 . !
(iB'60) = (Bilog)y,: = (i1B'9);, = (ilbsb,Blog) . (338)
¢ $
Thus, the splitting (336) is simply a decomposition of a space into the superposition of
the kernel of an operator and the image of its adjoint, and can consequently be expected

to occur rather generically, although a formal exploration of the conditions for it lies
beyond our scope here.
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