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1 | INTRODUCTION

1.1 |
progressions

| Mengdi Wang?

Abstract

We prove quantitative estimates for averages of the
von Mangoldt and Md&bius functions along polynomial
progressions n + P;(m), ..., n + P, (m) for a large class
of polynomials P;. The error terms obtained save an
arbitrary power of logarithm, matching the classical
Siegel-Walfisz error term. These results give the first
quantitative bounds for the Tao-Ziegler polynomial pat-
terns in the primes result. The proofs are based on
a quantitative generalised von Neumann theorem of
Peluse, a recent result of Leng on strong bounds for
the Gowers uniformity of the primes, and analysis of
a ‘Siegel model’ for the von Mangoldt function along
polynomial progressions.

MSC 2020
11B30, 11N32

Modbius and von Mangoldt averages along polynomial

Given k € N and polynomials Py, ..., P, € Z[y], a polynomial progression is a sequence of the form
n+ P;(m),...,n + P,(m) with m,n € Z. In a seminal work, Tao and Ziegler [19] proved that the
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primes contain infinitely many non-constant polynomial progressions for any distinct polyno-
mials P; satisfying P;(0) = 0 for all 1 <i < k. This generalised the Green-Tao theorem [6] that
corresponded to the polynomials P; being linear.

In a subsequent work, Tao and Ziegler [20] went further by showing that, if d =
max, ¢;<; deg(P;) and A denotes the von Mangoldt function,’ then there is an asymptotic formula
for the count

1
Nd+1

Y D A+ Py(m)) - An + Pi(m)) (11)

n<Nd m<N

of polynomial patterns in the primes, provided that P; — P; has degree d forall 1 <i < j < k. This
generalised the work of Green, Tao and Ziegler [7-9] that handled the case of linear polynomials
P,.

The results in [19] are qualitative in nature, as they rely on the Gowers uniformity result for the
von Mangoldt function from [7] (which is based on the qualitative Green-Tao-Ziegler [9] inverse
theorem for the Gowers norms). Subsequently, a quantitative bound for the Gowers norms of the
primes was established in [18] (using a quantitative inverse theorem for the Gowers norms due to
Manners [14]). Very recently, Leng [12] made a substantial improvement to this result, obtaining
arbitrary power of logarithm savings (using the quasipolynomial inverse theorem of Leng, Sah
and Sawhney [13]). Leng applied his result in [12] to give an asymptotic formula, with arbitrary
power of logarithm savings, for the count (1.1) in the case of linear polynomials.

In the case where the P; are not all linear polynomials, we are only aware of quantitative results
in the case k < 2 where classical Fourier analysis applies. Zhou [22] handled the case of the poly-
nomials {0, y?} for any d € N with savings of an arbitrary power of logarithm. See also [1, 2] for
results of this type.

When it comes to a qualitative asymptotic formula for (1.1), it is only known in the aforemen-
tioned case when P; — P i has degree d for all 1 < i < j < k and a few additional cases with k < 4
(given in [20, Theorem 5 and Remark 2]).

The purpose of this paper is to prove, building on Leng’s strong bounds for the Gowers unifor-
mity of the primes [12] and a slightly extended version of a quantitative generalised von Neumann
theorem of Peluse [16], a quantitative asymptotic formula for the count (1.1) for a large class of poly-
nomials. We obtain arbitrary power of logarithm savings, as in [12], which is the best one can hope
for in the absence of an improvement to the Siegel-Walfisz theorem.* The class of polynomials
we can handle is the same for which qualitative results were obtained in [20].

Theorem 1.1 (Quantitative polynomial patterns in the primes). Let k,d € N be fixed, and let
Py, ..., Py € Z[y] be fixed. Let max, ;¢ deg(P;) = d and suppose that deg(P; — P;) = d for all 1 <
i < j <k.Then, forany N > 3 and A > 0, we have

T For convenience, we define A on all of Z as an even function; thus A(n) = log p if |n| = p/ for some prime p and some
Jj € N, and A(n) = 0 otherwise.

¥ For example, in the case of the polynomials 0, y, 2y, it should be possible (e.g. following the approach in [18]) to extract
the contribution of a Siegel zero to the main term, with the conclusion that any improvement to the error term beyond an
arbitrary power of logarithm would lead to an improvement to Siegel’s theorem and hence to the Siegel-Walfisz theorem.
We will not pursue the details of this, however.
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—— Y 3 A+ Pm) - A+ P(m) = [ B, + 0allogN)™),  (12)
n<Nd msN p
where
k
ﬁp = Emnez/pz HAp(n + Pj(m)),
=1

and the local von Mangoldt function A, is given by
A,(n) = P 1 1.3)
P . 1 n#0 (mod p)- :

Remarks.

* By [19, Lemma 9.5], we have
B, =1+0(1/p*), (1.4)

since all large enough primes p are ‘good’ in the sense of [19, Definition 9.4]. This implies that
the product Hp B, is convergent. Thus, 11 » Bp > 0 unless there exists a prime p such that for
all m,n € Z atleast one of n + P,(m), ..., n + P;(m) is divisible by p.

* The result of Tao and Ziegler [20] also works for multivariate polynomials. If Proposition 3.1
could be extended to multivariate polynomials, then it seems likely that Theorem 1.1 could also
be extended to them.

We also prove a similar quantitative bound for averages of the M6bius function’ u along a larger
class of polynomial progressions.

Theorem 1.2 (Quantitative polynomial patterns with Mébius weight). Let k,d € N be fixed, and
letPy, ..., P, € Z[y]befixed. Let max, ;¢ deg(P;) = d. Suppose that thereexists 1 < £ < k such that
deg(P, — P;) = d foralli # ¢. Then, forany N > 3 and A > 0, we have

1
Nd+1

D wln+ Py(m) - uln + Py(m))| <, (logN)™.

ng<Nd msN

Remarks.

* Theorem 1.2 holds equally well with the Liouville function A in place of the Mobius function .
This follows from the same proof along with Remark 4.2.

* Note that in Theorem 1.2 we can allow some of the polynomials to differ only by a constant
(or even to be equal). Thus, for example, if Py, ..., P;,_; € Z[y] are any polynomials of degree at
most d — 1, then {P, ..., Py_1, y9}is a valid collection for this theorem.*

T For convenience, we define y on all of Z as an even function; thus, u(n) = (—1)¥ if |n| is the product of k distinct primes
and u(n) = 0if |n| is not squarefree.

#In Theorem 1.1, we needed a stricter condition on the polynomials, ultimately because in the proof of that theorem one
needs to split each copy of the von Mangoldt function into a ‘structured’ and ‘random’ part, and a result of the type of
Theorem 1.2 only applies to the random parts.
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As far as we are aware, Theorem 1.2 gives the first quantitative bounds for the averages of the
Mobius function along polynomial progressions with non-linear polynomials (and more than
two polynomials). Tao and Ziegler stated that their method in [20] works for giving qualitative
cancellation for averages of ¢ along polynomial progressions in the same cases where they han-
dled the von Mangoldt weight. Qualitative cancellation for averages of u over general polynomial
progressions (with no two polynomials differing by a constant) was subsequently proved in [15,
Theorem 1.10].

1.2 | One-dimensional averages

It turns out that we can give quantitative estimates not only for the double averages (1.1), but also
for the single averages

Y A(n+P(m) - A(n+Py(m)) and Y A(n+P,(m))- Aln+ Py(m))

}’léNd m<N

for almost all m € [N] (respectively, for almost all n € [N9]). This follows from the following
theorem, from which Theorems 1.1 and 1.2 will be deduced.

Theorem 1.3. Let k,d € N be fixed, and let Py, ..., P, € Z[y] be fixed. Let max, ;. deg(P;) = d,
N>3andA>0.

(1) Suppose that there exists 1 < ¢ < k such that deg(P, — P;) = d for all i # ¢. Then, we have

1
Nd+1 Z

m<N

<, (logN)™,

D u(n + Py(m) - u(n + P(m))

n<Nd

and

<, (log N4,

D u(n +Py(m)) - u(n + Pi(m))

m<N

1
Nd+1 Z

n<Nd

(2) Suppose that deg(P; — P;) = d forall1 < i < j < k. Then we have

<4 (log N)™,

> Al + Py(m)) - Aln + Pi(m)) — [ 8,(m)

n<Nd p

1
Nd+1 2

m<N

and if additionally all the P; are non-constant, we have

<, (logN)™,

1
Nd+1 Z

ngNd m<N

D, A+ Py(m)) - A(n + P(m)) — [ B,(m)
p
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where

k

k
Bp(m) 1= Enezypz [[Ap(n + Pi(m),  Bl(0) := Epezypz [ [Ap(n+Pi(m).  (15)
=1 J=1

Theorem 1.3(1) implies Theorem 1.2 directly by the triangle inequality. The implication
from Theorem 1.3(2) to Theorem 1.1 is shown in Section 7. Also in Section 7, we prove The-
orem 1.3(2) after giving an overview of the proof and the role of the Siegel model in the
proof.

As an immediate corollary of Theorem 1.3 and Markov’s inequality, we have the following
almost-all result.

Corollary 1.4 (An averaged multi-dimensional Bateman—Horn result). Let k,d € N be fixed, and
let Py, ..., Py € Z[y] be fixed. Let max, ;¢ deg(P;) = d. Suppose that deg(P; — P;) = d forall 1 <
i<j<k LetN > 3and A > 0. Then, we have

D AP (m) + n) - AP (m) + n) — [] B,(m)| <4 N(logN)™
m<N p

for all but <, N%/(log N)* integers n € [N].

The Bateman-Horn conjecture [3] predicts that the same asymptotic holds for all n € [N4];
thus, Corollary 1.4 can be seen as an averaged version of it. Specialising to k = 1, Corollary 1.4
extends an earlier result of Zhou [22], which handled the case where P;(y) = y* for some
¢ eN.

1.3 | Structure of the paper

After reviewing notation and providing some preliminary results in Section 2, we prove in Sec-
tion 3 a slightly extended version of the quantitative generalised von Neumann theorem of Peluse
[16, Theorem 6.1]. More precisely, the bounds in this extended version are given in terms of
U* norms instead of box norms and our version allows us to work with an additional weight
factor. Section 4 collects together information about the Siegel model for the von Mangoldt
function, which was introduced in [18], and proves a slight extension of Leng’s result [12, The-
orem 6] on the Gowers uniformity of the primes which is applicable with a flexible W-trick.
In Section 5, we use the version with the additional weight factor on Peluse’s result to prove
Theorem 1.3(1) about the M&bius function. In preparation for the proof of Theorem 1.3(2), we
establish in Section 6 a technical result (a local-global principle) that is used to handle the
correlations of the Cramér model later. Finally, we prove Theorem 1.3(2) in Section 7 using
the results from Sections 3, 4 and 6. Our approach, which we sketch at the start of that sec-
tion, requires some flexibility in the W-trick and hence the version of Leng’s result provided in
Section 4.
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2 | NOTATION AND PRELIMINARIES
2.1 | Asymptotic and averaging notation

We use the usual Landau and Vinogradov asymptotic notations O(-), o(-), <, >>. Thus, we write
X<Y,X=0(Y)orY > X if we have |X| < CY for some constant C. We write X <Y if X «
Y < X. We write X = 0(Y) as N - oo if |[X| < ¢(N)Y for some function ¢(N) — 0 as N — oo.
If we attach subscripts to these notations, then the implied constants may depend on these
subscripts. Thus, for example, X <, Y signifies that |X| < C,Y for some C, > 0 depending
on A.

For a set S, we write 14(x) for its indicator function, that is, a function that equalsto1forx € S
and equals to 0 otherwise. Similarly, if P is a proposition, the quantity 1, equals to 1 if P is true
and 0 if P is false.

For a non-empty finite set A and a function f : A — C, we use the averaging notation

Eoenf (@) i= o 3" f(a).

|A| acA

For a real number N > 0, we denote [N] :=[1,N]NN. For g € Z, we also denote g[N] :=
{qn: n€[1,N]nN}

We write || x|| for the distance from the real number x to the nearest integer. We use the standard
notation e(x) := e2™*,

Given integers m, n, we write (m, n) for their greatest common divisor and [m, n] for their least
common multiple. We use 7(n) to denote the divisor function and Q(n), w(n) to denote the number
of prime divisors of n, with and without multiplicities, respectively.

2.2 | Gowers norms

For f : Z — C with finite support and s € N, we define the unnormalised U’ Gowers norm of f
as

1/28
I sz :=< hz 11 C"“'f(x+co-(h1,...,hs))> ,

..... h,€Z wef0,1}

where C(z) = z is the complex conjugation operator and for a vector (@, ..., @) We write |w| :=
|ow;| + --- + |wg|. For an interval I C R with |I| > 1, we further define the U*(I) Gowers norm of a
function f: Z - Cas

||f11||[7s(z)

I lvw = im0,

It is well known (see, e.g. [7, Appendix B]) that for s > 2 the US(I) norm is indeed a norm and for
s = 1itis a semi-norm. When I = [N}, N,], we abbreviate || f|lys) = I/ lysp, v,y and if Ny =1
we further abbreviate this as || f|| USIN, |-
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The U%(Z) norms obey the Gowers-Cauchy-Schwarz inequality (see, e.g. [18, (4.2)]), which
states that, for any functions (f,),ef,1}s from Z to C with finite support, we have

Yo I foxte-(uah) < [T follosw- 1)
X,hq,5...,ns€Z wE{0,1}5 w€ef0,1}5
For H > 1, we define the weight

_ Hh,hy) € [H]*: hy — hy = h}
() = T ,

(2.2)

where | x| denotes the floor of x. This weight will appear naturally when applying the Cauchy-
Schwarz inequality to polynomial averages.

2.3 | Vinogradov’s Fourier expansion

We will make use of a Fourier approximation for the indicator function of an interval that is due
to Vinogradov.

Lemma 2.1. Forany —1/2<a < <1/2andn € (0,min{l1/2 — ||a|,1/2 = |IBIl, |l — Bl /2}),
there exists a I-periodic function g : R — [0, 1] such that the following hold:
D) g(x)=1forx € [a+n,8—nland g(x) =0forx € [-1/2,1/2]\ [a — 1,8 +n].

(2) Forsome |c;| < 10m, we have for all x € R the Fourier expansion

9 =B—a—n+ Y ce(jx).

1j1>0

(3) ForanyK > 1, we have

10n~1
2 le;l < IZ .
ljI>K

Proof. See [21, Chapter 1, Lemma 12] (withr = 1, A = 27, (o, ) — (o + 7, § — 1) there). O

3 | GOWERS NORM CONTROL OF POLYNOMIAL AVERAGES

For the proofs of the main theorems, we need to know that weighted polynomial averages (with
maximal degree d) are controlled in terms of the US[CN] norm of one of the weights for
some constant C, assuming that the corresponding polynomials P; satisfy the assumption of
Theorem 1.3. This follows from a result that slightly extends the work of Peluse [16].

Proposition 3.1. Let k,d €N, C > 2 and let Py, ..., P, € Z[y] be non-constant polynomials sat-
isfying deg P, < ... < deg P, = d. Suppose that deg(P; — P;) =d forall 1 <i < k — 1. Let c; be the
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leading coefficient of P;, and suppose that all of the coefficients of P, ..., P, are at most C|cy| in
modulus. Suppose also that |c;| > |c;|/C whenever deg(P;) = d and that |c; | < N7 withn > 0small
enough in terms of d.

Let N > 1, and let f,, ..., fx : Z — C be functions supported on [-CN%,CN4] with | f;| < 1 for
all0 <i<k.Alsoleto: [N] — Csatisfy |6] < 1. Then, for some natural number s <, 1 and some
1<K <, 1, we have

k

Y s [ S+ Piom)| <can lecl (N + I fellosond oney

d+1
N nez,me[N] j=1

3.1

Remark 3.2. Compared with [16, Theorem 6.1], we have an additional weight 6 on the m vari-
able and we bound the averages in terms of the Gowers uniformity norms rather than Gowers
box norms.

Proof. Reduction to the case 6 = 1. We first reduce matters to proving the case 6 = 1. Suppose
that this case has been proved, and consider the general case. Let S denote the left-hand side
of (3.1). Then, by the Cauchy-Schwarz inequality, we have

2

ISP < = X Zfo(n)Hfj(n+P(m))

me[N] |n€z j=

Expanding out the square, the right-hand side becomes

N2d+1 Z Z Z Apfoln) H Apfj(n+Pi(m)),

|h|<2CNd me[N]n€Z

where Ay, f(x) := f(x + h)f(x). Applying the case 6 = 1 to the inner sums here, we see that for
some 1 <s,K <5 1we have

, » 1/K
ISI* <cak —oq Z (N + 1A fillsi—ena enay)
|h|<2CNd

Using (a + b)1/X < a'/X + b'/X for a, b > 0 and Holder’s inequality, we see that

1/2°K)

2 K| ar-1/K 1 2
|S| <<C,d,k |Ck| N / + ~d Z ”Ahfk”US[—CNd,CNd]
|h|<2CNd

Expanding out the definition of the US[-CN d CN d] norm, we conclude that

2/K

2 K —-1/K
IS1” <c.ax lekl < il i CNd,CNd]>'
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Now the claim (3.1) follows (with s replaced by s + 1 and K by 2K) from the power mean inequality
@/ + b/%y/2 < ((a + b)/2)'/K for a,b > 0.

Proof of the case 6 = 1. We may also assume that C is large enough in terms of d, k.

We are going to apply [16, Theorem 6.1]. Let s < 1 be as in that theorem (we may assume
that s > 2). Also let B = B(d, k) be large enough. Let

k
. Y fom ]/ +Pim). (3.2)
j=1

= 2 d+1
Cole [N e

‘We may suppose that

since otherwise solving this inequality for & the claim of the proposition follows immediately.
Since | f;] < 1, we also have § < 1/C>.

Now we apply [16, Theorem 6.1]" with (M,N,C) — (N, C?|c,|IN¢, C?) there (noting that the
assumptions of that theorem are satisfied; in particular |c;|N¢/(C?|c,IN?) € [C~3,C?] for all i).
Recalling the definition of the Gowers box norms from [16, Section 2], we conclude that for some
t = t(d, k) (which may be assumed to be much smaller than B) and for §' = &' we have

||fk||D51 o (€21 ING]) >Cdk s, (3.3)

where each Q; equals tor;[§’N?] C r,Z for some integer® 0 < |r;| < 2d!C|c;|. To simplify notation,
we assume that all r; are positive. Unwrapping the definition of the box norm, (3.3) yields

1 S
=5 1Lo,on /nd
C2|c, |Nd@2s+1) Z H Kk €l o' Nd(r;Z)
| k| n,hgo),hil),...,hgo),hgl)ez j=1 7.

[T c“fin+n + -+ 0
w€e{0,13%

23
>>C,d,k (5,) .

Making the changes of variables n' =n — (hgo) + .+ h§°) ), hj= h;l) - h;o) and using the
notation (2.2) and the trivial bound 1 > 1/(C?|c,|), we see that

s h.
1 d j
NG+ z H 1]’leO (mod rj)a’N MsrNd <V_>

n'e[-cN4,cNd]  j=1 J

hy,...h€[-CNL,CNY]

TThat theorem is stated for functions supported on intervals of the form [X], but the same proof works for functions
supported on an interval of the form [-X, X].

#The numbers r; are of the form ¢, or ¢ — ¢; for some i with deg P; = d; crucially, these numbers cannot be zero by our
assumption on P;.
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I ¢“fen +- (s )

we{0,1}3

>cax )7 (3.4)

By the orthogonality of characters, we have

1 _ 1 ahj 3
=0 (mod r)) = 7 e\ 7 ) (3.5)

J lsasrj J

Moreover, for any H > 1 and x € [—H, H| we have the Fourier expansion

1 2 1 X
12y Lyxy) G6)
2 4 m=1 (mod 2) m 2H

X

H =1-
My () H

Inserting (3.5), (3.6) into (3.4) and applying the triangle inequality, for some «;,...,a; € R we
obtain

N
1
W Z H1[_rj5lNd’rj5/Nd](hj)e(ajhj)
n,hy,...hs€[—2CN4,2CN4] j=1

(3.7)

H Clwlfkl[_CNd’CNd](n +w - h)
wef0,1}

23
>cax (8.

Observe that since § < 1/ C?and C is large enough in terms of d, k, we have r jé’ < 1/2for all
1 < j < s. Note then that forany c € (0,1)and h € [-2CN49,2CN4] we have

Li_end ena1(B) = 1 aend))<e/ac)-

Hence, by Vinogradov’s Fourier expansion (Lemma 2.1), for any 1 < j < s there exists a trigono-
metric polynomial T;(xX) = Yo m<s ym,je(mx/(4CNd)) with J = 04((6")719%") such that we
have [y,, ;| <¢ ' for all m and

Iy 5rvd rjorva) () = Ti(R)] < ("%, (3.8)
he[-2CNd 2CNd]

Replacing 1[—r,-6’ Ndr 8 ndj(hj) with T;(h;) in (3.7), and crudely using the triangle inequality, the
1-boundedness of f; and (3.8) to estimate the error from this replacement, we see that

N
1
NdG+D 2z [17ipetsny - [T ¢ fid_enecna(n+ - h)
n,hy,.,hs€[—2CN4 2CN4] j=1 w€{0,1}
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Writing out T; as a trigonometric polynomial and applying the pigeonhole principle, we see
that for some real numbers a{, s ocg we have

S
1
NG+ 2 [Te@np- TT C™fiticnacnen+ew-h)

n,hy,....hs€[—2CN4,2CN4] j=1 we{0,1}

>>C,d,k (5/)100S2S .

Using e(oc;.h )= e(oc;.(n +h j))e(—oc;. n), this can be written as

1 100528
NAGHD 2 [T C“fralionacnen+ o D) >cq, (617,
1Ry .0 €[—2CN4 2CN4] 0€{0,1}5

where each f} , is of the form f} ,(n) = f(n)e(a,n) for some real number «,.
Now, by the Gowers—-Cauchy-Schwarz inequality (2.1) and the simple fact that

Il feeCadllysq-cnd,cndpy = Ifillusq—cnd,cndy
for any real number o and any s > 2, we conclude that
”fk”?]s([_CNd’CNd]) >>C,d,k (5,)10052 .

Recalling that §’ = &' and taking K = 100st, this yields

1/K
6 <<C,d,k ”fk”US[—CNd,CNd]'

Taking into account the definition of § in (3.2), the proof is now complete. O

4 | GOWERS NORMS OF THE MOBIUS AND VON MANGOLDT
FUNCTIONS

A key number-theoretic input needed for the proofs of our main theorems is a bound for the
Gowers norms of the M6bius and von Mangoldt functions saving an arbitrary power of logarithm,
due to Leng [12].

Proposition 4.1 (Quantitative Uk-uniformity of w). Letk € N, A > 0 and N > 3. Then, we have
el gy <Ka (log N)™A.

Remark 4.2. Proposition 4.1 holds also with the Liouville function 4 in place of the M&bius
function y; this is seen from the identity

An) = un/d)1g,

d>1
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Proof of Proposition 4.1. This follows by combining [12, Theorem 6] with the triangle inequality
for the Gowers norms and [18, Theorem 2.5] (where we can use Siegel’s bound to lower bound the
size of a Siegel modulus instead of a weaker effective bound). O

For the von Mangoldt function, we end up needing a stronger Gowers uniformity result, saving
more than an arbitrary power of logarithm (as in [12]). This necessitates taking into account the
contribution of a possible Siegel zero. We introduce some definitions for this.

Definition 4.3. Let ¢, = 1/1000 and Q > 2. A real number E € (0,1) is called a Siegel zero of
level Q if there exists a primitive Dirichlet character )y of conductor < Q such that L(g, ¥) = 0 and

B > 1—cy/logQ. The character ¥ is then called a Siegel character of level Q.

By the Landau-Page theorem (see, e.g. [17]), we know that if a Siegel zero of level Q exists, it
is unique and simple, and the corresponding Siegel character ¥ is a unique non-principal real
character.

Definition 4.4 (The Siegel model). Let w > 2 and W = Hpsw p. Let E be the Siegel zero of level

w and Y be the Siegel character of level w, if they exist; otherwise let E = 1and y = 0. Define for
n € Z the Siegel model

Ryw(m) 1= Ay ()(1 = Z(nDInl"),
where

Ay (n) := [T A, (4.1)

plw
with A as in (1.3).

With this notation, we have the following version of the prime number theorem in arithmetic
progressions with a Siegel correction.

Proposition 4.5. Let N > 2. Let 2 < w < exp((logN)l/ 2), and let KW be the Siegel model as in
Definition 4.4. Then

max max 2 (A(m) — Ay (m))| < N exp(—c(log N)'/?) (4.2)

gsw g (mod q) N
m=a (mod q)

for some absolute constant ¢ > 0.

Proof. Let1 < a < g < w be chosen so that the maximum in (4.2) is attained. Denote the sum on
the left-hand side by S(N; ¢, a). If a prime p divides (a, q), then p < w, so Ay(m) = Oforallm =0
(mod p) and A(m) = 0 for all m = 0(mod p) that are not of the form p/ with j € N. Hence, we
have |S(N; q,a)| < (log N)?, which is much stronger than the claimed bound. This means that
we can assume from now on that (a, q) = 1.
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Expanding the indicator 1,,_,(moq ) In terms of Dirichlet characters, we find

2 KW(’")z(L Y %@ Y Ay m)x(m).

msN 4 ))( (mod q) m<N (4.3)
m=a (mod q)
We claim that for any character y (mod q) we have
N + O(N exp(—(log N)/2/100)), if y is principal.
> A mz(m) = pC-llog )| /100D I & sprinclpal.
MmN O(N exp(—(log N)'/*/100)), if y isnon-principal.

Indeed, if y (mod gq) is principal, the fundamental lemma of sieve theory [5, Theorem 6.9] gives

> Ap(m)x(m)= Y Ay(m) =N +O(N(logw)e™),

m<N m<N

where s is such that w® = N'/19, so in particular s > (log N)!/2/10. This gives the first part of the
claim (4.4). If y (mod q) is non-principal, in turn, the fundamental lemma of sieve theory again
gives

Y Apmxm)y= Y x®) Y Ay(m)
m<N b (mod q) m<N
(b,g)=1 m=b (mod q)

N
= x(b) + O(N(log w)e™)
o(@) , (g’d 0

(b,g)=1
= O(N(logw)e™),

where s is as above, so in particular s > (log N)'/2/10. This completes the proof of (4.4).
Using (4.4), we obtain

- NB
Z Ay (m)x(m) = Nl)( principal —=Liy principal T O(N exp(—(log N)1/2/100)).
m<N 6
Inserting this into (4.3), we see that
—~ N _ N/;’—l
Y Rym) === 1-1g,2(@)~—=— ) + O exp(~(log N)'/?/100)).
e 2@ B

m=a (mod q)

Now the claim (4.2) follows from [10, Theorem 5.27] (which is a strengthening of the prime
number theorem in arithmetic progressions taking the possible Siegel zero into account). [l

We are now ready to prove the key Gowers uniformity property of the von Mangoldt function
used in this paper.
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Proposition 4.6 (Quantitative U*-uniformity of A). For each k € N, there exists ¢, > 0 such
that the following holds. Let N > 3 and exp((loglog N)'/) < w < exp((log N)'/10). Also let W =
[1,<w p- Then we have

IA = Ay llykn) < exp(—(log w)). (4.5)
Proof. For w = exp((log N)'/10), this is Leng’s [12, Theorem 6]. The general case follows from the
same argument; for the sake of completeness we give some details. We defer any notation related
to nilmanifolds to [12].
Let Cy be a large enough constant, and let ¢, > 0 be sufficiently small in terms of C;.. Let
& = exp(—(log w)°k).
We have § < 1/log N by assumption, and clearly either (4.5) holds or
18(A — Ap)ll g = 6 (4.6)
The function §(A — Ay,) is bounded pointwise by O(1). Hence, we can apply the quasipolyno-
mial inverse theorem for the Gowers norms [13]. Recalling that C; is large, the quasipolynomial
inverse theorem and (4.6) imply that there exists a nilmanifold G /T of degree < k — 1,step< k — 1,

dimension D < (log(1/8))“x and complexity M < exp((log(1/68))k), and a function F : G/T' — C
which has Lipschitz norm at most 1 (and hence is 1-bounded) such that

> exp <—<log % )Ck>. 4.7)

Combining [12, Lemma A.6] (which is a Fourier expansion on the vertical torus) and [12, Lemma
. . . o o c

2.2], we may assume that F is a vertical character with frequency ¢ satisfying |£] < 6~ and

that G/T" has a one-dimensional vertical component, at the cost of weakening (4.7) to

> exp (—<log %)Ci) (4.8)

= X (A0 = Ry (MF(g())

n<N

% X (A0 = Ry (MF(g()D)

n<N

From [18, Proposition 7.1], we have the estimate’

<« MOD) ¥ (g)=1/@D% (4.9)

% 2 () = Ry (M)F(g(m)T)

n<N

Hence, if (4.7) holds, we may assume that either we have

NN
g< (M/ exp((log%) k)) (4.10)

There, w was fixed to be exp((log N )1/10) but this makes no difference in the argument.
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or

5 2 (A0 = Ay (M)F(g(w)T)

1\Ck
> exp <—<log 5) > (4.11)
n<N
Now, applying [12, Lemma 5.1] (which is a version of Vaughan’s identity), we may split A — Ay,
and A — Ay, into type I, twisted type I and type II sums, where we may assume that (4.10) holds
if twisted type I sums appear. Applying now [12, Propositions 5.1-5.4] (which are estimates for
type L, twisted type I and type II sums involving nilsequences F(g(n)I') with a vertical character F
and where G/T has a one-dimensional vertical component, with the twisted type I sum estimate
requiring (4.10)), the claim follows unless we have a factorisation

g(n) = e(n)g,(n)y(n)

for all n € Z, where g, takes values in a exp((log(1/ 5))Ci0)-rational subgroup of G whose step is
< s—1,eis (exp((log(1/ 5))%0), N)-smooth and y is exp((log(1/ 6))%0 )-rational.

Let Q be the period of y. Then by the pigeonhole principle there exists an arithmetic progression
P C [N] of common difference Q and length < exp(—(log(1/ 6))C110)N such that

5 X (A0 = Ry (m)F(g())

n<N

<= D AM) — Ky ()F o1 (yoT)

|P| nepP

+ O(exp(—(log(1/8))° )

for some €, y, € G. Factorise y, = {y,}[y,] where [y,] € I'and [¢p({y,})| < 1/2, with i the Mal’cev
coordinate map. Writing ¢'(n) = {yo} 1 g;(n){yo} and F; = F(ey{yo})1p, we conclude from (4.7)
that

5 2 (A = Ry () (9 ()

n<N

ClO
> exp (—(log %) ‘ ) (4.12)

where F; is defined on a nilmanifold of step at most s — 1. Iterating the arguments from (4.7)
to (4.12) < s times (and adjusting the value of § each time), we conclude that

> exp (— <log %>ci°“)

for some arithmetic progression P’. But this contradicts Proposition 4.5. Hence the claim (4.5)
follows. U

5 2 (A0 = Ry ()L ()

n<N

5 | MOBIUS CORRELATIONS ALONG POLYNOMIAL PATTERNS

We are now ready to prove Theorem 1.3(1), which immediately implies Theorem 1.2 by the
triangle inequality.
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Proof of Theorem 1.3(1). Let Py,...,P, € Z[y] be polynomials satisfying the assumption of
Theorem 1.3(1).
For some unimodular 6 i1 Z— C,wecan write

k k
Epn<n |En<nd H,u(n + Pj(m)) = [EmsN[EnsNdel(m) H#(” + Pj(m))
j=1 j=1
and
k k
Enend|Emen [ [ 41+ Pj(m))| = E,enaEpen®(n) [ [ un + P;(m)).
j=1 j=1

Let s < 1be as in Proposition 3.1. Now, by Proposition 3.1 (with f; = ) and the assumption
on the collection {P,, ..., P, }, it suffices to show that

lllysiar <a (log M)~
This bound is precisely Proposition 4.1. [

The rest of the paper is devoted to the proof of Theorem 1.3(2) (and the deduction of Theorem 1.1
from it).

6 | A LOCAL-TO-GLOBAL PRINCIPLE FOR MEAN VALUES

The main result of this section is Proposition 6.1, giving a factorisation result for mean values of
a certain class of arithmetic functions that are close to 1 on average, which, as a corollary, will
be applied to correlations of the function Ay, given in (4.1). This can be viewed as a local-to-
global principle, since the main term in the asymptotic factorises according to the contribution of
individual primes to the arithmetic function.

Proposition 6.1 (A local-to-global principle for mean values). Let C > 1 and N > 2. Let P be a
non-constant polynomial with integer coefficients having no fixed prime divisor. Let P have degree at
most C. Let f : N?> — C be a function satisfying the following.

(1) The function n — f(p,n) is p-periodic for any prime p.
(2) We have f(p,n) =1 for p > exp((log N)'/2).
(3) We have | f(p,n) — 1| < 1,p(ny + C/p for all primes p < exp((logN)'/?) and all n € N.

Then, we have

Enen [ [ £(Po 1) = [ [ Enezypzf (P, 7) + Oc(exp(—(log N)'/?/10)). (6.1)
p p

Proof. We may assume without loss of generality that C > 2. Let w = exp((log N)!/2). Then, by
assumption (2), it suffices to show that
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Enen [ [ £2-1) = [ Enez)pzf(p.1) + Oc(exp(—(log N)'/2/10)). (6.2)

p<w p<w

Write f(p,n) =1+ a(p, n). Then, by assumptions (1) and (3), n — a(p,n) is p-periodic for
every n € Nand |a(p, n)| < 1p,p(n) + C/p. Writing W = Hpgw D, we now obtain

[17w.m =Y Ad.n),

psw d\w

where A(d,n) := le 4 a(p, n). The function d — A(d, n) is multiplicative, and for squarefree d
we have the crude estimate

lad.ml < [T <1+9> I1 C < co@ I 1 _ c¥9d, P(m)
pld P/ pa P pld P d

plP(n) ptP(n) ptP(n)

Let s = 2(log N)!/2/5. Then, we can split

w(d)
[Tremw= 3 a@n+o| Y SEL]

p<w a\w d\w d
d<w® d>w’
Averaging over n < N gives
c(d, P(n))
Enanv [[/(Po1) = ) EuanAd, ) +O| By Y, —| (6.3)
p<w diw diw
d<w® d>w*

Using Rankin’s trick and Mertens’s bound, for any n € [N], we can estimate

Z c*d(d, P(n)) <o 2 c*d(d, P(n))
d = d1-1/(logw)

aw djw
d>ws
- T 1+ S I
1-1/(logw)
p<w p (6.4)
. P
<o H <1+ Ce - (p, (n)))
p<w p

< e 3(logw)e(1 + Ce)P()

< e S(logw)“t(P(n))®,

where B = B = (log(1 + Ce))/(log 2).
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An elementary inequality due to Landreau [11] states that there exists K, depending only on C,
such that for all 1 < n < (C 4+ 1)N*¢ we have

P <k Y @~
dln
d<N1/10

Using this and the fact (following from [4, Lemma 6.1]) that the congruence P(x) = 0 (mod p")
has at most min{Cp"~!, Cp"~1/E)} solutions for any prime p and r > 1, we see that

E,nT(P(n)? < Z () E ey lajpin)
dle/lO

< Z d_l/(logN)T(d)K[EnsN1d|P(n)
d>1 (6.5)

< H (1 + Oc(p‘l‘l/ng))
P
< (log N)Pc®

by a standard bound for moments of the divisor function.
Combining (6.3), (6.4) and (6.5), we see that

Enen [[ (1) = D EncvA(d, n) + Oc(exp(—(log N)'/2/10)). (6.6)
psw dw
d<w®

Since d < N?/5 in the above sum, we have

EncnA(d, 1) = A(d) + O(N—3/3+0W),
where A(d) := E,cz /dZA(d,n). From the d-periodicity of n —» A(d,n) and the multiplicativ-
ity of d — A(d,n), we see that A is a multiplicative function. Moreover, since |A(d,n)| <

cedd, P(n))/d, we have

JA(d)] < c*D T (€ +1-C/p) < (C+1)*@,

pld
We conclude that
~ (C + 1)@ 12
Evev [ [ £(p.m) = Y, A@)+0| ) =————|+Oc(exp(~(logN)'*/10)).  (67)
p<w diw dw
d>w*

The sum in the error term can be bounded using, for example [4, Lemma 7.5], which yields

(C + 1)@
Z >~TJ -

y < e™/* < exp(—(log N)'/2/10). (6.8)

diw
d>w’
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By the multiplicativity of A, the main term on the right-hand side of (6.7) becomes

[T (1 +Aw).

p<w
The claim (6.2) now follows by noting that 1 + A(p) = 1 + [Enez/pza(p, n) = [Enez/pzf(p, n). O

Corollary 6.2 (A factorisation lemma for correlations). Let k € N and C > 1. Let N > 3 and
Wy, ..., W, Q < exp((log N)'/2/100). Let W, = Hpgw)_ p. Let ay,...,a; € [-NC,NC€] be integers.
Then, we have "

k
En<n HAWj(Qn +a;)
j=1
6.9
) (6.9)

= H Enez/pz A(p,Wj)(Qn +aj) + Oc,k(exp(—(logN)1/2/10)),
p

j=1
where A, for p prime is asin (1.3) and A, 1= 1.

Proof. This follows from Proposition 6.1, taking f(p,n) = H§=1 I W hQn+a; there (and multiply-

ing both sides of (6.9) by [, H’;zl gaE;p WW g)) ). Properties (1)-(3) required of f in Proposition 6.1 are
()
immediate (with C < 1 and P(y) = H’;zl(Qy +aj). O

We end this section by proving a lemma that bounds the moments of a sum that arises as an
error term when truncating the definition of Ay,. This will be needed in Section 7.

Lemma6.3. LetC > 1. Letw > 2 and write W = Hpsw p. Then forany N > 2and s > 1, we have

o
Z Z w1y, <c Ne_s(logw)2C+4.
ns<N | dw
d>w’

Proof. Let 2¢ be the least even integer that is > C. Then, we have

c 20
En<n Z udlg,| <Epn Z ()1,
dw dlw
d>ws d>ws

2
<Y Eaantd) - 12 d) [T 1y
j=1

dysetye|W [dy, ..., dy/]

_ (d wed )1/(2f10gw)
<e Y pd) g dy)
dq,.sdyp|lW [ JERE) zf]
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Writing the previous expression as an Euler product and applying Mertens’s theorem, we see
that it is

=e s H 1+ z p(al+"'+azf)/(2f log w)—max;{a;}
psw (ay,--,a5,)€{0,132 \ {0}

<[] <1 +(2¥ — 1)5>
p<w p

<, e3(logw)® ~1e
< e 3(log w)2c+4,

as desired. O

7 | PRIME CORRELATIONS ALONG POLYNOMIAL PATTERNS
7.1 | Overview of proof

In this section, we prove Theorem 1.3(2) and deduce Theorem 1.1 from it. We begin with a brief
sketch to indicate the main tools and why we need to work with the Siegel model, defined in
Definition 4.4.

Suppose, for simplicity, that we want to estimate

S = % 3 Y AmA®R +mPAn +2m?) (7.1)

m<N pgN3

up to an O4((log N)™*) error. Let w; = exp((loglog N)°k) for a large constant C, and let W; =
Hp@,j p. Writing A = KW3 + E;, we see that

S = ]% Z Z A(M)A(n + m3)/~\w3(n +2m?)

m<N pgN3

+ 1% Y AmAG + m)Ey(n + 2m°)

m<N pgN3

= Sl +S2

Combining Propositions 3.1 and 4.6, we have |S,| <, (log N)~4. To estimate S;, we choose some

C
w, that is moderately large in terms of w; (w, = wgloglogN)

obtain

works) and write A = Ay, + E to

S, = ]% Z Z A Ay, (n+ m*)Ay, (n +2m?)

m<N ngN3
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+ ]% > Y AME,(n+ mH)Ay, (n+2m?)

m<N ngN3

= S3 +S4.

Using Lemma 6.3, we see that KW3(n) is up to negligible error (in the L! norm) equal to

7 w
— 7P 23
A= x2S % H(O1,.

2
[Swglog logN)

Substituting this into S, and applying the triangle inequality, and denoting by § < w; the modulus

2
of ¥, we see that for some 1 < a,t < qwgloglogN) we have
Ww. G (loglog N)?
3 3 3
|S4| << A(n)Ez(n + m )1 +2. 3E ( d [) .
FUAR T PP wians=a

Splitting the m variable into progressions modulo ¢ and applying Propositions 3.1 and 4.6," we
conclude that |S,| <4 (log N)~4. Performing again a similar splitting A = KWI + E; with w, large

C
in terms of w, (w; = wgoglog N) works) and arguing as above, we conclude that
1 ~ ~ ~ _
S=3 Z}V 23 Aw, (WA, (n+ m*)Ay (n+2m>) + 0 ,((log N)™). (7.2)
m<N ngN

Now the remaining task is to evaluate the correlations of the Siegel model with error terms that
save an arbitrary power of logarithm. Writing 7\Wj =Ay + E; the right-hand side of (7.2) splits
into a sum of eight averages. The average involving each of the functions Ay, , Ay, and Ay, can
be evaluated using Corollary 6.2, and it gives us our main term. All the other averages involving at
least one copy of E’, involve the correlations of a Dirichlet character of large conductor, and (after
some work) they can be shown to be small by using the Weil bound.

If we tried to run the same argument with the simpler model Ay, we would run into seri-
ous trouble, since we can only save an arbitrary power of logarithm in the Gowers norm ||A —
AWj llysin> whereas we would need to save at least w?ilf & mgN)z, which is bigger since w; needs to
be at least a large power of logarithm. The use of the Siegel model rectifies this, since we have a
much better quasipolynomial bound on ||A — KW,- lyxn) as a function of w;.

7.2 | Correlations of the Siegel model

In what follows, we will need the following simple lemma.

" Note that we are applying Proposition 3.1 with the coefficients of the polynomials involved bounded by O(t?). Hence,
Proposition 3.1 involves a loss of t°()), but we win back this loss thanks to the strong bound on the Gowers norm of E,.
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Lemma 7.1. Let k € N be fixed, and let P, ..., P, € Z[y] be fixed polynomials. Let Bp(m), 5;(11) be
asin (1.5). Forany N > 2, m € [N], n € [N4] and A > 0, we have

[T B.m)=1+04ogNy™)., [ B, =1+0,((logN)™).

p>(log N)?4 p>(log N)?4

Proof. Note first that

k
<L>k<1— 5) <B,(m) < <ﬁ>k(1‘ %) P 4 [icicjar(Pi(m) — P;(m))
— X Fp A
r g <L> ’ p | [T<icjex(Pi(m) = P;(m)).

Since [] p>(log N)ZA(ﬁ)k(l - %) =1+ 0,4((log N)=24), the claim for 8 »(m) follows by observing
that forany m € [N]and 1 < i < j < k we have

21log(|P;(m) — P.(m)| + 2)
<L) < exp Z ; < eXp( g L J
p—1 1
pIP;(m)=P;(m)

plPim)—P;m) P (log N)?4 —1
p>(logN)*4 p>(logN)**
< (logN)™.
The argument for ,SI’J(n) is analogous. O

We proceed to calculate the correlations of the Siegel model Ay, (given in Definition (4.4)) along
polynomial progressions; this will give the main term in Theorem 1.3(2).

Lemma 7.2 (Siegel model correlations). Letk, d € Nbefixed, andlet Py, ..., Py € Z[y] be fixed poly-

nomials of degree at most d. Let N > 3, A > 0 and (log N)* < wy, ..., w;, < exp((log N)'/2/(100k)).

LetW; = Hpgwj p.

(1) We have
k
Enena | [ Aw,(n + Pi(m)) = [ B,(m) + 0,4((log N)™)
j=1 p

for all but <, N /(log N)” integers m € [N].
(2) We have

k
Emen | [ Aw,(n + P;(m)) = [] 8,(n) + 0,4((log N)™)
J=1 p

forall but <, N%/(log N)* integers n € [N4].



QUANTITATIVE ASYMPTOTICS FOR POLYNOMIAL PATTERNS IN THE PRIMES 23 of 32

Proof. Proof of part (1). By definition, we can decompose

Ay,(0) = Ay (n) = Ay (Wl 75(Im)).
Substituting this into the left-hand side of the first statement, we see that it suffices to show that
k
Enena [ [ Aw,(n+P(m) = T B,(m) + 0,4((log N)™) (7.3)
j=1 p

for all m € [N], and that, for any non-empty set J C [k], we have

k ~
Epenet [ Aw 1+ Pym) [T In+ Pyl 7,(1n + Py(m)) <4 Qlog )™ (7.4)

Jj=1 jedg

for all but <, N/(log N)” integers m € [N]. Note that (7.3) follows directly from Corollary 6.2 in
view of Lemma 7.1.
We are left with showing (7.4). Using the identity

~ cNd .
Yyl =1+ / (B —Duf 1, du (7.5)
1
for 1 < y < CN? and exchanging the order of integration and summation, we reduce to showing
that for all but <, N/(log N)“ choices of m € [N] we have
k
Enene | [ Aw, (14 Pj0m) [T Ynep,ompsu, Zj(I0 + Pi(m)D) <4 (log N)™

Jj=1 jeJ

forallu; € [1,N d]. Since the condition |n + P i(m)| > u; is equivalent to n belonging to a union
of two intervals and since x;(—n) = x;(—1)x;(n), we reduce to showing that for all but <,
N /(log N)* choices of m € [N] we have

k
| Ay, (n + P(m)) [ 7, +P;m)) <, (logN)™ (7.6)
Jj=1 JjeJ

for all t € [N?/(logN)4, N4].
Let

Q= I[qy, il
where we recall that §; < w; < exp((log N)'/2/(100k)) is the modulus of the character X;j- Then

(log N)* <, Q < exp((logN)'/?/100), (7.7)
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with the lower bound coming from Siegel’s bound. Splitting the n variable in (7.6) into progres-
sions (mod Q) it suffices to show that for all 1 < a < Q and all but <, N/(logN)* integers
m € [N] we have

k

Eoco | | Zi(a@+ Pj0m)E, /0 HAWj (Qn+a+P;(m) <, (logN)™
JjeJ j=1

for all t € [N?/(log N)4, N4]. By Corollary 6.2, the inner average over n here is

k

[T Enez/pz [T Awaw)(@n+a+P;(m)) + 0g(exp(~(log N)/%)/10). (7.8)
p Jj=1

If p } Q, the factor depending on p here is by a change of variables equal to

k
[EnEZ/pZ HA(p,Wj)(n + Pj(m))a

Jj=1

and if instead p | Q it is equal to

k
H Apw (@ +Pi(m)).
j=1

Now, separating the contributions of p | Q and p } Q in (7.8), it suffices to show that

k
Eoco [ [ 7@+ P;emD [T]] Latp,(myz0 (mod (pw,) <<a (logN)™* (7.9)
JjEJ plQ j=1

for all but <, N/(log N)* integers m € [N].
For any j € [k] and any prime power p", write ¥ - for the character (mod (p",g;)) induced
by x; (mod g;). Then, by the Chinese remainder theorem, (7.9) factorises as

k

[ Eaezsprz [T Zpra+ Py 0D [ T 1020 Gmod o (7.10)
Pl i€ j=1

Since x; are primitive real characters, their moduli are of the form 2bi q;. with qj. squarefree and
b; < 3. Hence, for any prime p > 2 the average in (7.10) equals to

Eoez/pz | | Zjp(@ + Pj(m) + Og,(1/p). (7.11)
JjeJ

From the Weil bound [10, Corollary 11.24], the average in (7.11) is < K p‘l/ 2 in modulus for some
constant K = K; , unless there existi # j such that P;,(m) — P j(m) = 0(mod p). Hence, for some
1 < i < j <k, the expression (7.10) is
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k2 k2
< <HKP—1/2> H p1/2 <ax Q—1/2+0(1) H p1/2 i (7.12)
plQ pIP(m)—P;(m) p|P;(m)—P;(m)
plQ plQ

since Q/2" is squarefree for some b < 3. From (7.7), we see that Q~1/10 <, (log N)~4, so it suffices
to show that for any non-zero polynomial R € Z[y] for all but <, z N /(log N)* integers m € [N]
we have

2
[T p<QV/e™. (7.13)
PIRl(QM)
p

Note that, by Lagrange’s theorem, for any polynomial R € Z[y] of degree d € N, the congruence
R(m) = 0(mod p) has < d solutions for all primes p that are large enough in terms of R. Now, by
Markov’s inequality, the number of m € [N] violating (7.13) is

Q7Y N (R(m), Q)

m<N

< Q—l/(3k2) Zt Z 1

tlQ  msN
t|R(m)

<g Q_l/(3k2) Z dﬂ([)N
e}

< Q VG (0)dUQN

< Q—l/(3k2)+0(1)N’

since Q(Q) < w(Q) + O(1) < (log Q)/(loglog Q) by the fact that Q /2° is squarefree for some b < 3.
By (7.7), we conclude that the number of m € [N] not satisfying (7.13)is <4 r N/(log N)*. Hence,
these integers m € [N], may be included in the exceptional set of m.

Proof of part (2). The proof proceeds the same way as for Lemma 7.2(1), up to a swapping of
the averaging variable, until (in analogy with (7.9)) we are left with showing that

k

Ep<o H Xj(n+P;(b)) H H Lysp,b)20 (mod (pw))) <a (log Ny (7.14)
JeJ plQ j=1

for all but <, N¢/(log N)” integers n € [N].

As in the proof of part (1), for any j € [k] and any prime power p", write ¥; - for the character
(mod (p", q;)) induced by x; (mod g;). Then, by the Chinese remainder theorem, (7.9) factorises
as

k
IT Evezyprz [T %)+ PO [T 1t 020 (mod o - (7.15)

rrliQ jedJ J=1
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Since x; are primitive real characters, their moduli are of the form 2bi q;. with qj. squarefree and
b; < 3. Hence, for any prime p > 2 the average in (7.15) equals to

Epez/pz || Zjp(n+Pj(b)) + 041/ p), (7.16)
JjeJ

where the erorr term comes from the fact that n + P;(b) = 0(mod p) happens for density <
1/pofbe z/pZz.

By the Weil bound, (7.16) is < K p~!/2 in modulus for some constant K = K ) unless the poly-
nomial f,(y) := (P,(¥) + n) - (P, (y) + n) is of the form cg(y)?> modulo p for some ¢ € Z/pZ
and some polynomial g. This can only happen if p divides the discriminant A(n) of f,. The
discriminant A is some polynomial with integer coefficients. Hence, (7.15) becomes

< (HKP_1/2> H p1/2 - Q~1/2+o(1) H p1/2'

plQ plA(n) plA(n)
plQ plQ

Now we may use (7.13) to conclude that this is <« Q~1/10 <, (logN)™ for all but <,

N4 /(log N)4 integers n € [N9]. O

7.3 | Proof of Theorem 1.3(2)

We are now ready to prove Theorem 1.3(2) and to deduce Theorem 1.1 from it. We begin with the
latter task.

Proof of Theorem 1.1 assuming Theorem 1.3(2). Using the triangle inequality, we only need to prove
that

Emen | [ Bo(m) =[] By + 04((ogN)™).
p 14

Since 8,(m), B, =1+ O4x(1/p*) and Bp = Eez/pzBp(m), it in fact suffices to show that

Epmen I swm= I Emez,pzBp(m) + 04((log N)™).

p<exp((log N)'/?) p<exp((log N)1/2)

This estimate follows from Proposition 6.1 with f(p,n) = B,(n)1 pexp((log N)/2)> properties (1)-
(3) required by the proposition are easily verified (with C < 1 and with P being [], ;. j «Pi =
P). O
Proof of Theorem 1.3(2). Shifting the collection {P, ..., P;} by a constant if necessary, we may
assume that none of the P; are the zero polynomial.

For j € [k], let

w; := exp((loglog N, (7.17)
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where C = C(d, k) is a large enough constant. Then
w;, = exp((logw)"/<),

which will eventually allow us to apply Proposition 4.6.
For some unimodular 6,,6, : Z — C, we can write

k
Eren [Enena | [ ACn+P;0m)) = [T 8,m)
= g (7.18)
k
= [EméNel(m)<[En<Nd [Tr¢+P;m) -] 5p(m)>
Jj=1 P
and
k
Epend [Emen H A(n+Pj(m)) — H ﬁ;(")
Jj=1 p
k
= [EnsNdGZ(n)<[EmsN HA(n +P;(m)) — H,Bl’)(n)) (7.19)
j=1 p

From Lemma 7.1 and the estimates ﬁp(m), ﬁé(m) =1+ 0, (1/p), we see that the expressions

inside the brackets here are <« (log N )0k,
We split the average on the right-hand side of (7.18), (7.19) into a sum of 2¥ different averages
by substituting

A=Ay, +E;
in the j-th factor in (7.18), where KWJ, is as in Definition 4.4. Note for later use that
|E;j(n)| < log|n| + logN. (7.20)

Then it suffices to show that
k
Enend [ | Aw, (1 +Py0m)) = [ B,(m) + 0,((og N)™) (7.21)
Jj=1 P
for all but <, N/(log N)* integers m € [N], and that
k
Emen | [ Aw, 0+ P;(m)) = [ B,(m) + 0,4((log N)™) (7.22)
Jj=1 P

forallbut<, N?/(log N)* integers n € [N“], and that forany 0 < # < k — 1 and any unimodular
0,,6,: Z - C we have
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k—£-1 k

EnendEmen®1(m6(n) [] A+ Pjm)E_,(n+ P (m) [] Ay (n+Pyim))
j=1 j=k—£+1 (7.23)

<, (log N,

The estimates (7.21), (7.22) follow directly from Lemma 7.2. Hence, the remaining task is
proving (7.23).
Suppose first that # = 0. In this case, the claim (7.23) simplifies as

k-1
E,endEmen01(m)6y(n) H A(n +P;j(m)) - Ex(n + Pr(m)) <, (logN)™.
j=1

By Proposition 3.1 (and the bounds A(n) < log |n| and (7.20)), this holds unless

”Ek”US[CNd] > (logN)—OA,d(l)

.....

ing (7.17) and that C = C(d, k) is large enough there). We may suppose from now on that 1 <
£ <k—-1
Let

r = (loglog N)?.

For W,V > 1, define the truncated function

. w .
Ay <y(n) = P ‘ﬂz;,vﬂ(d)ldm, (7.24)
asv

then by the M&bius inversion formula we have Ay, (n) = Ay, /(n) for any V > n. Write
A, () = Ay () - (1= [0l (1) + €;(n). (7.25)

Now split (7.23) into a sum of 27 different averages by writing (7.25) in the j-th factor of (7.23) for
k — ¢ +1 < j < k. Using the bounds |AWj(n)|, |Ej(n)| <¢ g logN for |n| < CN? and

k

W,

j k_

|En<cNd|AWP<w;(n)|k < <¢(W-)) [EnsCNdT(n)k < (logN)* ~1+o)
j

and Holder’s inequality, it suffices to show that
k—¢—1

E,ond Emen01(m)6y(n) H A(n+P;(m)) - Ei_,(n + Pr_,(m))
j=1
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k —
T Aw w0 = In+ PP (I + Pim)D)
j=k—¢+1

<, (logN)™, (7.26)
and that for any j € [k] we have
EpendEmen|€j(n + Pj(m)|* <4 (logN)™. (7.27)

The bound (7.27) follows by making the change of variables n’ = n + P;(m) and applying
Lemma 6.3 with s = r = (loglog N)?. The remaining task is then to prove (7.26).

For proving (7.26), our aim is to split m and » into progressions in (7.26) to make the last product
over j there constant, after which Proposition 3.1 can be applied. Expanding out the definition of
AWj,gw;, the estimate (7.26) reduces to showing that

k—£-1
En<nd [EmsNe1(m)92(”l) H A(n + Pj(m)) Ey_s(n+ Py_p(m))
j=1
k -
[T ajmer,om@—In+Pm)P 7 (n + Pi(m)D)
j=k—£+1
(logN)=4
s di]

for any natural numbers d; < w".
Using (7.5) and exchanging the order of integration and summation, and splitting the n variable
into short segments, we reduce to

k—¢—1 k
Enen©1(mBy(nE,e; [ A+ Pj(m)-B_,(n+P_s(m) [] L jnsp,(m X (1 + P(m))
j=1 j=k—£41
(logN)™

_ (7.28)
A di—pgrs s ]

for any interval I c [N?/(logN)*,N¢] of length N¢/(logN)?>* and all unimodular weights
91, 62 . Z - C.
Let

A= J] 3 D=Ildrsr»dil
Jj=k—¢+1

Splitting the averaging variables in (7.28) into residue classes (mod DQ’), it suffices to show that
for any 1 < ay,a, < DQ' we have

EnerEmen /(00" 1ntP (DQ' m+a,)=a;, +P;(ay) (mod DQ')
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k—£-1
-6,(mB,(n) [ A+ P;(DQ' M+ @,))Ei_s(n + Py_,(DQ'm + a,))
Jj=1
(logN)™*

4 g (7.29)

By splitting the n average into shorter segments if necessary, it suffices to show that for all 1 <
a;,a, < DQ’ and x € [N¢] we have

E<tv /@)t Ems<n /(D) Lx+n+P,(DQ' m+ay)=a, +P; (a,) (mod DQ’)

k—¢-1
-6,(m)By(n) [] AGx+n+P(DQm+ a,))E_y(x + n+ Pr_,(DQ'm + a,))

1 (7.30)

(logN)4
A7 DQ

We now apply Proposition 3.1 to the collection of k—# polynomials (P;(DQ’y +
ay), ..., P_,(DQ'y + a,)). Let my,...,m;_, be the leading coefficients of these polynomials.
alll1 i<k :’f . In addition, by the assumption on P;, we know that the m; are dist’iﬁct.

Now, by Proposition 3.1 (and the bounds A(n) < log |n| and (7.20)) we see that (7.30) holds
unless

||Ek_f(x + )” US[-C(N/(DQ"))4,C(N /(DQ))4] > (log N)_OA,d,k(l)(DQ’)_Od,k(1) (731)

.....

implies that

- —0,,(1)=H
IEk—¢ * 1 —x—cv /@), —x+cv /@) lus—end ond) > (10g N) Oadk(pQ'y~OarM=%%

Let B = B(d, k) be large. Using Vinogradov’s Fourier expansion (Lemma 2.1) to approximate
1i_x.cov/(pQyi—x] Y @ trigonometric polynomial with O((DQ")B) terms and with coefficients
bounded by O(1), we conclude that

IE)_ lysi—cne.cne) > (10gN)-OA,d,k(l)(DQ’)-Od,k(l)_
Since E;._, is an even function, this yields
IEy_ lysiona) > (logN)_OA,d,k(l)(DQ/)_Od,k(l).

Let ¢, be the constant in Proposition 4.6. We may assume that C = C(d, k) in (7.17) is chosen large
enough in terms of ¢;. Then we have DQ’' <« wir_ a1 < exp((log wk_f)ck/ 2). Now, recalling that
E.,=AN- KWk_f we obtain a contradiction with Proposition 4.6. Hence, (7.31) cannot hold, so

the proof is complete. O
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