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Understanding the thermodynamic stability and metastability of materials can help us to gauge for example whether
crystalline polymorphs in pharmaceutical formulations are likely to be durable. It can also help us to design experimental
routes to novel phases with potentially interesting properties. In this article, we provide an overview of how thermodynamic
phase behaviour can be quantified both in computer simulations and using machine-learning approaches to determining
phase diagrams, as well as combinations of the two. We review the basic workflow of free-energy computations
for condensed phases, including some practical implementation advice, ranging from the Frenkel-Ladd approach to
thermodynamic integration and to direct-coexistence simulations. We illustrate the applications of such methods on a
range of systems from materials chemistry to biological phase separation. Finally, we outline some challenges, questions
and practical applications of phase-diagram determination which we believe are likely to be possible to address in the
near future using such state-of-the-art free-energy calculations, which may provide fundamental insight into separation
processes using multicomponent solvents.

reviewed in an excellent paper by Vega and co-workers. 18 n this
perspective, we briefly summarise the fundamental principles,
as well as review some more recent work on determining phase
diagrams in computer simulations, and identify some of the
trickier aspects of the process and caveats involved. We also
provide a short overview of some machine-learning methods that
have recently been used to predict phase diagrams without the
need for expensive molecular simulations. Finally, we speculate
about some possible future applications of the methods that
have been developed to investigate phase behaviour.
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7 Knowing a material’s thermodynamic stability under dif- 3
s ferent conditions, as summarised in a phase diagram, is of 3
considerable practical importance with numerous technological °
applications, for instance in separation processes.! In simple
cases, an experimental determination of phase diagrams is often *°
sufficient, but as the building blocks become more complex, °
it is not always clear which polymorphs may be stable, and °
if they are not, what the limits of their metastability may be. °
For example, the phase diagram of water has been studied for
over a hundred years with progressively more solid phases
discovered and characterised,z’3 while the famous case of HIV
1s drug ritonavir suddenly converting into a largely insoluble more
stable polymorph is thought not to be an isolated case amongst s
pharmaceutical compounds.* 6
Questions of thermodynamic stability and metastability can ¢
in principle be addressed using statistical mechanics and com- s
puter simulations, as first shown by Hoover and Ree in the s
context of hard-sphere melting back in 1968.% On the one hand, s
computing phase diagrams in silico can be very helpful under
conditions that are difficult to achieve experimentally, such as s
2z when studying high-pressure behaviour relevant to planetary
2 cores® or the properties of synthetic elements,' and can o
thus help guide experimental efforts. On the other hand, phase
diagrams are very sensitive to the potentials used to describe the 7
building blocks themselves! =1 and a potential that captures 7
phase behaviour accurately will often also describe other prop-
erties of a substance well. Classical potentials can therefore be -
parameterised by fine-tuning their ability to reproduce phase 7
behaviour; such an approach has fruitfully been used to design -
ever better water' >~ and protein6-2% models. 7
Indeed, when computing phase diagrams with computer sim- 7
ulations, the first step is generally to choose how to simulate the 7
material of interest. This can range from quantum-mechanically 7
accurate potentials?® based on either wavefunction or density- e tions can be made to estimate the free energy as a function of
functional theory (DFT) electronic structure calculations, to & temperature.56’58‘63
classical potentials parameterised either from quantum sim- s  Even if an approximate zero-temperature phase diagram is
ulations30 or from experiment,31 to coarse-grained32_35 and s to be calculated, a further challenge remains when predicting
+ ‘toy model’ potentials.3*#* Such an approach has been used & phase diagrams of solid phases: how can we ensure that all
s to investigate the phase behaviour of water,” 2340 gallium,*’ e potentially stable polymorphs have been identified? We can
s supercritical hydrogen® and titanium dioxide.*® s consider any phases known experimentally, but a significant
«  The computation of phase diagrams has been thoroughly & advantage of computer simulation is precisely that we may be
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Il. STRATEGIES FOR COMPUTING CHEMICAL POTENTIALS
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When the temperatures, pressures and chemical potentials
of two phases are equal, they are at equilibrium and are said
to coexist. It is straightforward in computer simulations to
fix the temperature and pressure, but the chemical potential is
often more difficult to compute because it entails a ‘thermal’
(i.e. non-mechanical) component, namely the entropy, that can-
not be estimated by sampling. Perhaps the simplest approach
to computing the phase behaviour of a system is therefore to
assume that the chemical potential is completely dominated by
the enthalpic term, and that the entropy differences between
phases are negligible. Such an approach is advantageous be-
cause the enthalpy is a simple mechanical observable that can
readily be determined, and is often not unreasonable when
dealing with phases of a similar structure and thus similar
entropy. In the context of solid phases, the phase behaviour is
in many cases completely dominated by enthalpic terms and the
entropy can be relatively unimportant.'>*° For example, many
such ‘absolute-zero’ phase diagrams have been reported for
titanium dioxide.’*37 However, when competing phases have
relatively similar enthalpies, entropy differences can be crucial
in controlling the phase behaviour.”® Sometimes, approxima-
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s a mechanical observable, but we can instead use the Gibbs—
s Helmbholtz equation,

o(G/T)
oT

et

3

able to predict phases that are not yet known experimentally and
thus help steer experimental exploration of new phases. There
are numerous approaches that can help us to identify potentially
stable crystal phases.64’68 Most such approaches usually entail (
some stochastic step to identify potentially unseen phases and

a subsequent energy minimisation step, often followed by
identification of the crystal space-group symmetry, for example
with tools like FINDSYM.% Broadly speaking, the larger a
crystal’s unit cell, the more difficult it is to find by random
searching. Since energy minimisation is usually involved,
these approaches are often able to identify polymorphs that are
competitive at very low temperatures, but may be less adept at
identifying high-temperature phases that are only entropically
stabilised. In random searches, low-enthalpy structures have ... 1. Choice of reference state
been shown to occur more frequently and so have a larger basin
of attraction;70 indeed, the volume of the basin of attraction of
each minimum can be approximated by the number of times
each structure is found in a random search, and this can provide
16 a crude first approximation of the relative entropies of the
competing polymorphs.49
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17 where G is the Gibbs energy, N is the number of particles and H
138 1S the enthalpy. Since for a one-component system G = Ny, this
139 thus relates the derivative of the chemical potential to another
120 mechanical observable, the enthalpy. Similar derivatives can
111 be constructed where variables other than the pressure or the
we temperature are held fixed, e.g. along iso-(8P) lines.”®77
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14 In principle, if we can determine how the enthalpy and the
15 density of a system change as a function of the thermodynamic
s variables of interest, we can also determine how the chemical
17 potential of a phase changes relative to the starting point.
1.5 However, this does not yet give us an ‘absolute’ chemical
149 potential of the phase in question, since the starting point is
50 arbitrary. We cannot in general integrate different phases to
151 the same starting point, since paths along which we perform
12 thermodynamic integration must be reversible to maintain
13 numerical stability. In order to ensure that chemical potentials
154 Of different phases are expressed relative to a common origin,
1ss there are several possible strategies. The simplest strategy would
16 be to determine a coexistence point of each phase of interest with
157 another common phase (e.g. the liquid or the vapour); this is the
1ss basic idea behind direct-coexistence simulations (Sec. I D). It
159 1S also possible to perform thermodynamic integration along a
160 non-physical reversible path from a liquid to a solid,”® such that
161 the chemical potential is well defined throughout the process.

w2 Alternatively, we can relate the chemical potential to a
Ly = —kBTln[/ (exp(=BAU(N, N + 1))y drys1|. (1) 1se state whose free energy can be computed analytically. There

1s4 are not many such states, but examples include the perfect
s gas and the Einstein and Debye crystals.!3:7°-82 However, such
166 reference states with analytically computable partition functions
167 are simple non-interacting systems, and to relate them to an
1es interacting system, we need to find a reversible path from the
169 reference state to the conditions of interest. For fluid systems,
170 this can often readily be achieved simply by reducing the density
1 until the particles are on average too far to interact; if the system
has long-ranged electrostatic interactions, these can often be
switched off gradually (see Sec. II B 2 below). In principle,
the Helmholtz energy could be integrated in volume using the
standard relation (0A/0V)y, 7 = —P expressed as an integral
176 in density,
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108 A. Direct estimation of chemical potentials

w9 If we wish to compute the chemical potential in computer
simulations, we can note that, although the chemical potential
cannot directly be determined as a canonical average over the
112 phase space, there are several approaches that we can take
to compute it. Using the Widom insertion method, we can
relate the excess chemical potential to the thermal average of a
Boltzmann factor for the change in energy AU(N, N + 1) when
an additional particle is randomly inserted into a system of N
particles,71 i.e.
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1s This and similar methods, such as the Gibbs ensemble ap-
11 proach,’?73 can be used to determine the phase behaviour of
120 systems that are sufficiently dilute to enable additional particles
to be inserted with a non-negligible probability. Phase switch-
122 ing’*7> is an approach based on a similar idea, but is also
123 applicable to solid systems.
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124 B. Thermodynamic integration
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125 For denser systems, however, we can also note that although
the chemical potential is a thermal quantity, its derivatives are
mechanical observables. For example, from the Gibbs—Duhem
relation du = vdP — sdT (where yu is the chemical potential,
120 v is the volume per particle, P is the pressure, s is the entropy
per particle and T is the absolute temperature), we can write "7
131 (Ou/OP)r = v. By integrating this equation numerically from
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Bap1) = Ba(po) + / ’;—zdp, @

PO

where 8 = 1/kgT and a = A/N is the Helmholtz energy per
particle. We could then use the ideal Helmholtz energy for

N
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S
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1% some initial pressure Py, we obtain e the reference state Ba(pg) = Ba'd = In(pA3) — 1, where A is
10 the de Broglie thermal wavelength. The difficulty with this
P 11 expression is that the integrand scales as 1/p at low densities
u(P) = pu(Po) + / v(P") dP’. (2) 42 (for which P — P9 = pkgT), whilst lim,_,oInx = —co. To
P o . oA

183 maintain numerical stability, it is therefore usual to compute
ivati ; s the excess Helmholtz energy, a®* = a — a9, using the relation!®

113 The analogous derivative with respect to temperature gy ; g

13 ((Qu/0T)p = s) is unhelpful, since the entropy is also not PLIBP 1
s = [ 52 B
O

0 p> P
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Figure 1. (a) A schematic illustration of the steps involved in determining the initial chemical potential of a solid phase. (b) A schematic of the
procedure to determine the phase diagram. The process in panel (a) can be applied to different phases, here labelled o and f [panel (i)]. This
leads to two initial chemical potentials at the initial conditions investigated, shown as brown points in panel (ii). Thermodynamic integration at a
constant pressure from these initial points can be used to compute the chemical potential at other temperatures [panel (ii)]. In this illustration, at
low temperatures, phase f is thermodynamically stable and phase o is metastable, while at higher temperatures the converse holds. The point
labelled in red is the point at which the temperatures, pressures and chemical potentials of the two phases are equal, and is therefore part of the
coexistence curve [panel (iii)]. The data in panel (ii) correspond to a slice of panel (iii), as indicated by the dotted cyan line. The rest of the
coexistence curve can be obtained for example by repeating the entire calculation at other pressures; by using thermodynamic integration as a
function of pressure and then repeating step (ii) to give another coexistence point; or by using a method such as Gibbs—Duhem integration.

with a'4(p;) added on at the density of interest py, rather than
in the limit of low density, in the final step. In this integration,
as the density tends to zero, the integrand tends to the second
virial coefficient, 38 which can be computed independently in
a Monte Carlo (MC) calculation.
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10 2. Artificial thermodynamic integration

For solids and systems with long-ranged interactions, another
approach is to define a reference potential Uy corresponding
to a simpler system whose partition function is calculable, and
relate it to Uy, the potential of interest, often with a simple
linear scaling such as U(1) = AU + (1 — )Up.83 When the
16 parameter A is zero, this potential is equivalent to the reference
197 potential, whilst when it is unity, it is equivalent to the potential
18 Of interest. The canonical partition function of this potential,
199 Q(A) = / exp(—BUN; 1) drV, is of course also a function
200 Of A, and is in principle not feasible to compute analytically.
200 However, as we have noted, derivatives of the free energy are
202 often mechanical observables, and using the product rule and
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203 the bridge relation A = —kgT In Q, we can readily compute that
ou;a

) J (22554 ) exp[-pU: )] ar

NVT [ exp[-BUEN; )] drV

Jou(a)
_< a4 >/1'

20« Since by construction we can compute Ag = A(A = 0) analytic-
205 ally, we can compute the Helmholtz energy of the potential of
206 interest as

(6A(/l)

1

A1=A0+/0 (U1 = Up) 1 dA, @)
207 provided the path is reversible. This approach is known as
20e artificial or hamiltonian thermodynamic integration,’® and with
200 it, we can compute an initial Helmholtz energy of the system
210 with the potential of interest. If we add a suitable PV term,80
211 We can also determine the Gibbs energy and hence the absolute
212 chemical potential.

213 8. Einstein and Debye crystals

214 For crystalline phases, a possible reference system may be the

215 Einstein crystal, a very simple model of a crystal where particles
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are tethered to their lattice positions by harmonic springs. It
is straightforward to compute the canonical partition function
of such a crystal,l&79 even for non-spherical molecules.8* The
spring constants can then gradually be made weaker whilst the
potential of interest is switched on using hamiltonian thermo-
dynamic integration, as discussed above. In practice, to reduce
the scope for numerical issues in the integration, an additional
constraint of a fixed centre of mass is introduced; this can be
corrected for analytically, but with reasonable system sizes,
the correction arising from this constraint is in any case very
small.’ An alternative approach is to constrain the position
of a single molecule.®5 Another possible crystalline reference
state is the Debye crystal, where harmonic springs connect
atoms in such a way that their frequencies correspond to the
normal-mode frequencies of the original crystal.

In the normal-mode approximation,86 we first expand the
potential energy in a Taylor series to second (harmonic) order,

02U )

®)
where U(R) is the potential energy of the system as a function
of all the 3N co-ordinates of each atom, denoted by R. The
second derivatives are evaluated at the energy minimum, and
make up matrix elements Hj; of the hessian matrix H. Since
heavier atoms move less than lighter ones in each normal mode,
it is convenient to introduce mass-weighted displacements with
components g; = (m;)'/*8R;, and a mass-weighted hessian
matrix with matrix elements K;; = U;;/ (m,-mj)l/ 2. In this
representation, the potential energy, relative to the minimum
energy, can be written to harmonic order as

3N
1
UR) = U (B) = UlRyin) + 3 3 5,38
iJ

3N
1
Uharm (@) = U(Rpin) = 5 Zquiij‘
i,

®

Although all the 3N harmonic oscillators are coupled, since
the matrix K is symmetric, we can find a similarity transform
to diagonalise it, E‘KC, where C is the matrix of normalised
eigenvectors of K, and Cisits transpose. In this ‘normal mode’
representation, Q = ¢C, the potential energy is made up of 3N
uncoupled harmonic oscillator terms,

3N
1
Unarm (@) — URnmin) = 5 ) 107 (10)

where A; = a)% are the eigenvalues of the matrix K, and w; are
the angular frequencies of the corresponding oscillators. In the
Debye-crystal approach, in the first instance we therefore need
to compute the normal-mode frequencies. To achieve this, we
first equilibrate a system at the conditions of interest [Fig. 1(a),
Step 1]. We then minimise the potential energy of an example
configuration of the target solid at the correct density for the
temperature of interest [Fig. 1(a), Step 2]. We can achieve
this using steepest descent, conjugate gradient minimisation8’
or similar optimisation methods.®® To determine the matrix
of second partial derivatives [Fig. 1(a), Step 3], we can use a
finite-difference approach; namely, for each pair of degrees of
freedom i and j, we can estimate the hessian matrix element Hjj
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by moving the particles in question by some small distance +06,
1

Hi~ 15

[UR; +6, Rj+6) + U(R; — 6, Rj — 6) (11

—U(R;j+6, Rj) - U(R;, Rj + )],

where the remaining degrees of freedom are unchanged. Once
the full mass-weighted hessian matrix is obtained, we find
its eigenvalues A; = “)1‘2’ i.e. the squares of the normal-mode
angular frequencies. Since each of the normal-mode harmonic
oscillators is uncoupled by construction, we can easily find
the corresponding partition function and in turn the Helmholtz
energy. In particular, apart from the three translational modes
with zero eigenvalues, we can obtain the classical harmonic
Helmholtz energy of the harmonic crystal by summing over the
Helmholtz energies of each normal-mode oscillator [Fig. 1(a),
Step 3],

3N-3

hw;
PAnam = BURmin) + D 7. (12)
i=1

Finally, we can use the hessian matrix to define the energy
function of the Debye crystal, i.e. Eq. (8), and use hamiltonian
thermodynamic integration [Eq. 7] to couple it to the overall
potential energy [Fig. 1(a), Step 4]. Since the Debye crystal
energy is just the harmonic part of the overall potential energy, at
least at reasonably low temperatures the difference with the true
potential is small, and so the final hamiltonian thermodynamic
integration is usually smooth and results in a small anharmonic
correction to the free energy. The Debye-crystal route has
therefore been suggested to offer an approach that is often
numerically better behaved than the Einstein crystal route,3%-%°
although the final free energy should in principle be the same
with either method.

Once the absolute chemical potential is known at one set of
conditions, we can use thermodynamic integration to determine
the form of the chemical potential as a function of, for example,
the pressure or the temperature. Coexistence points can then
be identified by finding where chemical potential curves of
different phases cross [Fig. 1(b)].

At sufficiently low temperatures, the entropic part of the
chemical potential is always negligible. In principle, if all solid
phases of interest were stable at low enough temperatures, one
could simply use thermodynamic integration to determine the
change in AG as a function of temperature to determine high-
temperature phase behaviour. However, simulations at very
low temperature are often slow and require long equilibration
times. The harmonic approximation is usually reasonable3? at
somewhat higher temperatures, where equilibration is usually
less problematic, and so it is again often possible to use ther-
modynamic integration alone, without the full Einstein-crystal
formalism. This approach however does not work if the phase
of interest is not (meta)stable at temperatures at which the
approximation is reasonable.

In analytical reference states for both fluid and solid phases,
the canonical partition function and hence the chemical po-
tential depend on the de Broglie wavelength once momentum
degrees of freedom have been integrated over. In principle,
in classical statistical mechanics, the choice of the de Broglie
wavelength cannot affect thermodynamic properties, as it is
shifts the free energy by the same amount across all phases
under given conditions. Even though A2 = B2 2nmkgT de-
pends on temperature, it is in practice often chosen to be a
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fixed value, such as A = 1 A, for numerical convenience.!8

If this is the case, care must be taken to exclude the transla-
tional kinetic energy from other thermodynamic integrations
(e.g. in the enthalpy when integrating Eq. (3)) in order to ensure
thermodynamic consistency. “ Finally, it ought to be borne in
mind that the above discussion applies to systems governed by
classical mechanics. If the momentum degrees of freedom are
not factorisable, i.e. in systems where quantum effects may be
significant, the translational part of the partition function can no
longer straightforwardly be integrated out. The quantum kinetic
energy depends on the environment®!=3 and is therefore no
longer phase-independent. When exploring the role of nuclear
quantum effects on phase behaviour, it is thus often convenient
to compute the chemical potentials of the corresponding clas-
sical system and then add a quantum correction in a separate
step 9194

C. Estimating the density of states

Instead of using thermodynamic integration to known refer-
ence states, it is also possible to estimate the density of states
in a Wang—Landau simulation® 3 and in turn to compute the
free energy of a system. In a usual Wang—Landau calculation
in the canonical ensemble, the density of states of a given
system, g(E), is approximated by constructing a histogram with
a random walk biassed towards visiting previously unsampled
states. The initial estimate for the density of states can be
g(E) = 1if no information is known about the system, although
a reasonable initial guess can speed up convergence in some
cases.”190 A Monte Carlo acceptance probability between
states 1 and 2 is computed as min[1, g(E;)/g(E>)]. Each time
a state with energy E is visited, its corresponding density-of-
states histogram value is multiplied by a modifier f > 1 so
that g(E) <« g(E)f, and a histogram of how many times each
energy state was visited is incremented by one. The process
is repeated until the histogram shows a uniform sampling of
relevant states. Since g(F) changes between Monte Carlo steps,
the Wang—-Landau algorithm does not obey detailed balance,””
although if f is progressively decreased towards unity to minim-
ise the final error, this is not usually a significant concern. The
choice of how f is scaled can significantly affect the algorithm’s
performance.101 Finally, thermodynamic properties such as the
Helmholtz energy can be computed as”®

= ~kTInQ ~ ~kpT1n| }’ g(E;) exp(~BE)|.

bins i

A 13)

where Q is the canonical partition function that we approx-
imate by summing over the bins of the histogram. All other
thermodynamic quantities can then be computed from the Helm-
holtz energy. A similar approach can be used in the grand
ensemble.”®

The Wang—Landau sampling approach and its analogues
have been very successful in modelling the behaviour of lattice
models such as the Ising model,%’97 the XY model!?? and
even lattice-based liquid crystalslo3 and alloys,104 as well
as in modelling the phase behaviour of fluids®$:105-106 3pd
solutions. %7 In lattice models with discrete energy levels, the
minimum and maximum energy to consider is usually well
defined. By contrast, in systems with continuous energy levels,
the Wang—Landau approach of binning energies into histograms
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and imposing a minimum and maximum energy to consider
can lead to inefficiencies and errors; systematic discretisation
methods!'® have been proposed to address this problem.

Moreover, since solid-state densities of states are usually
much narrower than those of liquid phases, approaches based
on densities of states are likely to find supercooled liquid
structures instead of solid phases in a random walk.'% It has
been proposed that starting from low-energy structures and
partitioning the energy space upwards permits the calculation
of the density of states of known solid structures.' 10 It is also
possible to bias the sampling of solid states with a suitable
order parameter, for example using umbrella sampling.'!!

Another strategy for estimating the density of states is known
as nested sampling.!'2~11% The approach relies on estimating
the degeneracy of a given energy level by generating a pool of
K random configurations, identifying the configuration with the
highest energy, and replacing it with a new random configuration
that has a lower energy. In each step of the procedure, we can
estimate, relative to an unimportant origin, the volume of phase
space at the maximum energy as & (i) = [K/(K+1)]",1* where
i is the iteration number. The density of states can then be
computed as g(i) = @(i) — @(i — 1). This approach does not
require the binning of energies; however, its ability to find
solid phases is similarly limited as the Wang—Landau-based
approaches mentioned above. In particular, a random sampling
of position co-ordinates corresponds effectively to sampling at
a very high temperature, where the large entropy of vapour and
liquid states completely dominates the system’s behaviour, and
it is very unlikely, unless a very large number of configurations
is sampled, that potential energy wells of solid phases will
be adequately represented. However, such states are usually
possible to obtain by energy minimisation; a way of computing
the density of states that captures solid phases that dominate
the phase behaviour at low temperatures entails a combination
of optimisation and nested sampling.“s’116

D. Direct coexistence

As an alternative to computing ‘absolute’ chemical potentials
relative to known analytical models, we can instead determine
phase coexistence analogously to its experimental determin-
ation: by simulating the two coexisting phases explicitly in
a “‘direct-coexistence’ simulation.!17-1® In this approach, we
typically simulate a system in a slab geometry in an elongated
periodic box with two explicit interfaces between the phases in
question, one on each side of the two coexisting bulk phases.
We usually run simulations at a given pressure over a range
of temperatures and then bracket regions where a given phase
shrinks or grows to determine the coexistence temperature,
although simulations in other ensembles (e.g. microcanonical
or canonical) are also possible.'!® This approach was intro-
duced in the 1970s as a way of investigating both the interfacial
structure!!7 and the thermodynamic behaviour!!'® of Lennard-
Jones (LJ) particles. As computational power has increased
and much larger system sizes could be simulated, the method
has been used in progressively more contexts since, from hard
sphereslzo’122 to metals!23-124 to water.125-126

The main advantage of direct-coexistence simulations is their
relative simplicity: often, they are very easy to implement,
since in principle the system is just evolved using normal MC
or molecular dynamics (MD) algorithms. However, there are
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also several possible disadvantages. The simulation relies on
the stable phase growing rapidly at the expense of the unstable
phase when away from their coexistence temperature. If the
two phases in question have very similar chemical-potential
gradients, the driving force for the phase transition may not
be sufficient to enable the coexistence point to be bracketed
accurately. Moreover, even if the driving force is significant
but the phase transition is dynamically slow, direct-coexistence
methods are unlikely to be productive.

There are further practical considerations that may limit the
applicability of direct-coexistence simulations. When comput-
ing chemical potentials directly, pure phases are simulated, and
relatively small system sizes are often sufficient to obtain accur-
ate results. By contrast, in direct-coexistence simulations, an
explicit interface forms between the bulk phases. Although in
the thermodynamic limit, the role of the interface is immaterial,
typical simulation-box sizes are much smaller and the propor-
tion of particles at the interface is non-negligible. The interface
can thus dominate the system’s apparent behaviour. With large
enough system sizes, such finite-size effects in theory disappear,
and so probing the behaviour as a function of simulation-box
size is especially important in such simulations. In practice,
even if the system is in principle large enough to simulate
coexistence, large blocks of the two coexisting phases must
still be brought into direct contact and the interface properly
equilibrated at each set of conditions being considered, which
can be a laborious process. The larger the system size, the
longer such initial equilibration will take, while for smaller
systems, an unfortunate initial, pre-equilibration choice of in-
terface structuring may result in such large restructuring of the
coexisting phases that they disappear altogether even if they are
not far from coexistence. When explicit interfaces are present,
particular care must be exercised in interpreting simulation
results when using truncated potentials.!*127

When one of the phases in question is a solid, further diffi-
culties arise, since the simulation box must be compatible with
the unit cell at the conditions studied to prevent placing stress
on the solid.!28-130 Practically, this can be addressed by (i)
determining the crystal’s unit cell parameters as a function of
pressure and temperature, (ii) scaling the box with an interface
to these dimensions at the pressure and temperature studied, and
(iii) applying a barostat only in the direction orthogonal to the
interface.!8 This approach relies on the coexisting phase being
able to adapt to the box shape and size consistent with the solid
phase, which in general will only be possible with a fluid phase.
However, this does not preclude direct-coexistence simulations
from being used in determining solid—solid coexistence lines as
long as both solids can coexist with a fluid phase, even if they
are only metastable.!20

Despite some of these potential complications with using
direct-coexistence simulations in determining phase diagrams,
direct-coexistence simulations have especially recently been
very popular for studying what is effectively vapour-liquid
coexistence in biomolecular mixtures.20-28:131-135 1y guch Sys-
tems, proteins and nucleic acids are typically modelled using
fast, coarse-grained potentials with implicit solvents, enabling
any interfaces to equilibrate readily and coexistence proper-
ties to be determined easily. Typically, such simulations are
performed in the canonical ensemble at a fixed overall density
held somewhere in the range where phase separation occurs;
this typically corresponds to very low coexistence pressures. 14
Since phase diagrams are increasingly being reported in the
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experimental literature,'3¢ the computation of phase diagrams,

primarily using direct coexistence, has been instrumental in
both designing and benchmarking numerous coarse-grained
potentialsz6’28’l37 which have subsequently been used to probe
the fundamentals of protein phase behaviour, including the
effects of salt concentration,138 valency,134’139‘14] composi-
tion (of both the individual proteins and of the entire mixture)
and patterning/distribution of amino acids, 140142143 45 well as
evolving protein sequences to promote or inhibit their capacity
to phase-separate. 33133 As such models evolve and account
for more complex systems, it may well be that the limitations
of direct-coexistence simulations become more apparent, espe-
cially in the light of large systems sizes that may need to be
simulated to avoid artefacts. Other free-energy methods, such
as thermodynamic integration, may thus become more broadly
used in this field in due course.

E. Interface pinning

In direct-coexistence simulations, the coexistence point is
usually determined by varying the thermodynamic parameters
until one phase grows at the expense of the other. However,
rather than needing to rely on potentially slow equilibration
under different conditions, we can ensure that the system
remains in a two-phase state by applying a bias to the system
in an approach known as interface pinning.!#4-146 The bias
applied is related to the free-energy difference between the two
phases.

An order parameter must first be identified that can distin-
guish between the two phases of interest. Often, this is achieved
by probing the local environment around each particle, for ex-
ample with spherical-harmonic functions.!#’~133 The spherical
harmonics form a complete orthonormal system and any real
function on the unit sphere — such as the particle neighbour
density — can be expressed using the spherical harmonics as a
basis set in a Laplace series.!>* It can often be computationally
more efficient to use real spherical harmonics instead of their
more usual complex analogues.155 In typical simulation studies,
since order-parameter calculations often need to be repeated
many times, typically only one term in the series is picked that
can best distinguish between the phases of interest'*’ to help
reduce the computational expense. Other order parameters
may also be suitable,!7%~158 depending on the system studied,
and for simple solid—fluid interfaces, a simple density-field
approach is often sufficient. 4>

As long as an order parameter has been found that can
distinguish between two phases, say o and f, we can define the
total number of particles as N = Ny + Np + Nin, where Nig
is the number of particles at the interface. In a slab geometry,
like with direct-coexistence simulations, the interfacial area is
minimised by forming two planar interfaces across the smallest
box dimension, and as long as the interface remains planar,
the number of interfacial particles and the resulting interfacial
contribution to the free energy should not change as the interface
moves. The total Gibbs energy is thus given by G = Nouo +
Nppup + Gine or equivalently G = NqAp + constant, where
Ap = pq — pp and the constant accounts for terms that do not
depend on Ny. The chemical potential difference Ay is the
quantity we wish to determine; it is zero at coexistence, while
for non-zero values the sign tells us which phase, a or f, is
thermodynamically more stable.



To compute Ay, we can apply an additional bias potential to
ss2 the system that depends on the global order parameter of the
ss3 simulation box. In the following, we will use as an example
ssa Ny, the number of particles in phase o, as the order parameter
sss for simplicity; however,it is not actually necessary for us to be
able to determine the phase of each molecule individually: a
global order parameter that changes between the bulk phase o
and phase f is sufficient. 144143

One possibility is to compute the free energy directly using
a method such as umbrella sampling.] T If we apply a bias to
the global order parameter such that we force the number of
particles of phase o to change (i.e. the interface moves in a
direction we bias it towards) and repeat the procedure at different
target values of Ny, and then account for the bias, we find G(Ny )
relative to an arbitrary origin for a range of Ny, which permits
us to determine Ay as the gradient. Alternatively, suppose the
bias is of the harmonic form Upjas(No) = (k/2) [N — a]?, with
a chosen to be close to the number of particles in phase a at
the start of the simulation, and « a tuneable parameter. The
associated Gibbs energy is Gpiassed = G(No) + Upjas(No) =
(k/2)[Ng — a + Au/«]* + constant, where we have completed
the square and ignored terms independent of Ng.'4%145 The
Boltzmann probability for observing a particular number of
particles in phase o is P(Ny) o< exp{—BGpjassed }- Assuming
that « is chosen to be sufficiently large so that the interface
does not move appreciably, and that the number of particles
is sufficiently large to treat it as a continuous variable, we can
normalise this probability by extending the integration limits in
s19 N to oo without introducing significant error. The probability
P(Ng) then becomes of a standard gaussian form. Finally, we
can find
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(Ng) = /ooNaP(Na) dNg = a — Ap/x. (14)

We can therefore find Au simply by determining (Ny) in a
simulation with a bias. 4414

By changing the thermodynamic conditions and repeating
this calculation, we can determine the point at which Au =
0, i.e. where the phases a and P coexist. Since the two-
phase system is stable if a sufficient bias is applied, such
simulations are at equilibrium even when the phases are not
at coexistence, and are therefore less sensitive to how they are
initialised than direct-coexistence simulations. However, as
with direct-coexistence simulations, since an explicit interface
is present in the simulation box, the method usually requires
considerably larger system sizes than approaches based on
thermodynamic integration, and finite-size effects must be
investigated carefully.144 Similarly, because of the explicit
interface required, it is not usually possible to use this approach
to study solid—solid phase coexistence directly.
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sss F. Determining coexistence curves

Coexistence curves on a phase diagram correspond to loci of
points where two (or more) phases have the same temperatures,
pressures and chemical potentials [see Fig. 1(b)(iii)]. We can
determine a single coexistence point using the methods outlined
so far, either by explicitly evaluating chemical potentials or
s+ by using a proxy method such as direct coexistence. Other
es points may then be determined by repeating the procedure at
eos different initial conditions. Alternatively, the coexistence curve
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can itself be integrated. Perhaps the simplest approach is to run
a series of simulations for a pair of pure phases that are known
to coexist at a given point and, starting from this known point,
numerically integrate the Clapeyron equation,

dP AH
—_ = 15
dT TAV (15

This is often known as Gibbs—Duhem integration,18’159’160

although, potentially confusingly, it entails integrating the
Clapeyron equation rather than the Gibbs—Duhem equation.
Such an approach is often reasonable for integrating over
relatively small ranges of temperature or pressure, but there is no
inbuilt error-checking mechanism: small errors in the enthalpy
or volume change are cumulative. Other approaches, such as
multistate reweighting, are far more accurate. ®1-163 Although
their implementation may be more challenging, several open-
source tools exist that make their use straightforward.

G. Analysing errors

Since there are many potential sources of error in free-energy
calculations, both numerical and systematic, it can be difficult
to determine and propagate errors.!*18 It is usual in such calcu-
lations to employ a posteriori consistency checks!2:18:41.89 ¢4
ensure thermodynamic consistency. This is especially import-
ant if coexistence curves are directly integrated with methods
like Gibbs—Duhem integration, but consistency checks are a
valuable tool for finding implementation errors in all cases. For
example, if one performs an Einstein-crystal calculation at two
different pressures and temperatures for a given phase, it should
be possible to integrate the chemical potential from one of these
points to the other along many different isotherms and isobars,
and all such reversible paths should give the same chemical
potential (within numerical accuracy) as the Einstein-crystal
calculation itself. At least a few coexistence points should also
ideally be checked to ensure that coexistence temperatures and
pressures determined from chemical-potential crossovers can
be reproduced in direct-coexistence simulations. Of course it
is not impossible to estimate errors in the chemical potential
itself; for example, we can compute the chemical potential in
several completely independent simulations and determine the
corresponding standard deviation,® or use polynomial fitting to
isotherm or isobar data to give prediction bands for the chemical
potential.9 However, such error estimation cannot account for
any systematic errors, and consistency checks are usually rather
more revealing than numerical error analysis.

ess H. Capturing long-timescale entropies

ess  One significant potential difficulty with calculating chemical
potentials by thermodynamic integration from known refer-
ence states is that some features of phases may be impossible
to equilibrate at computationally accessible time- and length-
scales. A well-studied example of this is proton disorder in ice.
e« Many ice phases exist as proton-ordered and proton-disordered
655 analogues,8’164‘l70 with the former dominating at low tem-
ess peratures where the stable phase is determined primarily by
es7 low enthalpy, and the latter dominating at high temperatures at
ess Which the higher entropic favourability of (partially) disordered
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phases takes over. However, different manifestations of proton
disorder, which contribute to the overall entropy of such phases,
are not readily accessible to computer simulations. Moreover,
if a particular proton-disordered configuration that is not fully
representative of the phase in question is chosen, this can signi-
ficantly affect the calculated phase behaviour; the calculated
phase diagram of such phases can easily be wrong without any
clear signs that anything is amiss. 20 Although in principle
a direct-coexistence simulation should result in correct phase
behaviour, in practice the proton disorder in the crystalline
phases is largely locked in at all computationally accessible
time scales. In calculations of water phase diagrams, proton
disorder is therefore usually accounted for by assuming that
the experimentally determined proton disorder is correct!26-171
and adding a suitable analytically computed residual entropy to
the chemical potential.

Another example of a system whose entropy is difficult to
capture are quasicrystals, which have no long-ranged transla-
tional order, and so cannot be described by a periodic lattice,
but which often have long-ranged orientational ordering.!”?
They are often thought of as projections of a higher-dimensional
crystal into a lower dimension. Quasicrystals often, though
not always,173 arise because of a competition between multiple
lengthscales, either in multicomponent mixtures of differently
sized particles or in single-component mixtures with different
intrinsic lengthscales!’*173 or in systems with explicit orienta-
tional order.”7-176:177 A knowledge of the phase behaviour of
quasicrystals from simple models can help guide experimental
design; for example, computer simulations of quasicrystals
made from DNA nanostar motifs'’® have in part led to such
soft binary quasicrystals being realised experimentally.179

When it comes to determining a quasicrystal’s stability,
the configurational disorder clearly entropically stabilises the
quasicrystal, but is not straightforward to determine directly.
Although simple models sometimes have such fast dynamics
that an equation of state that accounts for bulk quasicrystalline
phase behaviour can readily be determined in brute-force simu-
lations, 87 in other systems, the timescale at which quasicrys-
talline structures can rearrange themselves can vastly exceed
the simulation time available. To determine thermodynamic
stability, sometimes the free energy of an approximant crys-
tal — i.e. a periodic crystal with a large unit cell featuring
motifs identified in the quasicrystalline phase of interest — is
computed.'81-183 Although the quasicrystal’s configurational
entropy is not captured,'84 it can be subsequently added using a
random-tiling approximation.185 186 Another possible approach
is to use the thermodynamic integration formalism introduced
above to compute the free energy of a particular quasicrystal
configuration and account for the configurational entropy using
an approximation of uncorrelated phason ﬂips.187’188 However,
in simulations of systems with intermediately fast dynamics, a
convenient approach would again be to use a direct-coexistence
simulation with an explicit interface with the fluid phase, in
a system that is sufficiently large that the free-energy cost of
defects arising from the periodic box are negligible. Once one
point of coexistence is known, the chemical potential of the
quasicrystal must by construction be equal to that of the fluid
phase, which can easily be determined using thermodynamic
integration from an ideal gas. The chemical potential of the
quasicrystal can then be integrated along isotherms or isobars
to other conditions of interest, and the full phase diagram can
be determined this way.”” Such an approach is only feasible if
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simulations are fast enough to be tractable even with systems
so large that the quasicrystal-fluid equilibrium is dominated by
bulk terms, which should be explicitly checked. More broadly,
a method can work very well for one system, whilst being
inappropriate to use for another, highlighting the importance
of having a range of tools at our disposal when investigating
different systems.

lll. MACHINE-LEARNING APPROACHES TO PREDICTING
PHASE-DIAGRAMS

As an alternative to free-energy calculations, machine-
learning methods have been gaining traction in recent years
due to their potential for high-accuracy predictions with low
computational cost. Machine-learning models can often make
accurate predictions quickly once trained on sufficient data, and
can moreover usually be updated or retrained relatively easily
when more data become available. However, on the flip side,
the process of developing and training such models can often
be complex and time consuming. One first has to decide on
the choice of model architecture, as well as the type and source
of data to use to train the model. These data need to be either
generated or extracted from repositories and then processed
into a suitable and consistent format to be used as training
inputs for the model. To this end, suitable descriptors that in
some way quantify features relating to the properties of interest
must be identified. Finally, the training process itself requires
considerations such as hyperparameter tuning, cross-validation
and regularisation techniques to prevent overfitting, as well as
benchmarking of the model with other methods. The appro-
priate route to follow in the case of machine-learned methods
is therefore often somewhat less clear than is the case with
traditional methods.

Here, we provide a brief summary of some machine-learning
methods that have recently been applied to predict phase dia-
grams.

A. Machine-learned potentials

One possible route that fruitfully exploits such techniques is
to use machine-learned potentials (MLPS)6’9’4548’190’193 that
can simulate systems with the accuracy of ab initio methods
but at a fraction of the computational cost [Fig. 2(a)]. Such
approaches permit the determination of phase diagrams at the
level of the underlying electronic structure theory; indeed, des-
pite some possible limitations of machine-learned approaches in
quantifying longer-ranged interactions,*>1%0 it has been shown
that the phase diagrams computed with MLPs are about as
different from the underlying DFT phase diagrams as different
DFT functionals are to one another.> When coupled with MLPs
to make the computations tractable,*> thermodynamic phase
behaviour could thus be used to obtain better approximate DFT
functionals and to understand the nature of the approximations
made in such functionals.

One advantage of such MLPs is that they provide an intuitive
molecular-level description of the material in question, as well
as likely mechanisms by which phase transformations can occur.
However, the full machinery outlined so far in this article is
required to determine the phase behaviour of such potentials.
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Figure 2. Summary of different machine-learning approaches to determining phase diagrams. (a) Machine-learned potentials (MLPs). (b)
Predicting the enthalpies or free energies of different phases, which then allows one to assess their relative stabilities at different conditions
(e.g. via a convex hull construction) to construct the phase diagram. This can be done via a variety of methods, ranging from more common
machine-learning algorithms like neural networks and decision tree ensembles, to the sure-independence-screening sparsifying operator (SISSO)
approach and normalising flow models. (c) Obtaining phase diagrams by directly predicting the number and types of coexisting phases at a given
condition. The workflow presented here is from Zipoli and co-workers. '3

76 B. Predicting enthalpies and free energies 70 Database,!?® the Cambridge Structural Database or Pearson’s

701 Crystal Data for crystal structure data, or the NIST 31 database

77 Various machine-learning methods have also been used to 7 for experimental and computational phase diagrams.

76 predict phase diagrams and associated thermodynamic proper- 7 One approach to constructing phase diagrams is to predict the
7e ties of materials directly, without requiring expensive molecular 7+ relevant thermodynamic quantities of different phases directly
0 simulations. The success of such approaches depends heavily 7 from their composition, and sometimes structure, and assess the
7 on the availability and quality of data of the relevant proper- 7 telative stability of the phases using these quantities [Fig. 2(b)].
782 ties and existing phase diagrams for a number of materials 7 Such an approach has, for example, been used in materials
s to train the models. The amount of experimental and DFT 7% discovery to identify if materials with certain elemental com-
e data in various materials repositories that have become widely 7 Positions are synthetically accessible by developing models
s available in recent years has been instrumental in the develop- @ to predict their formation enthalpies.'”” Models are trained
% ment of these data-driven approaches using machine-learning %' On existing data of thermodynamic quantities obtained either
% methods. These include the Materials Project'9* or the Open 2 experimentally or from DFT calculations, and then extrapolated
% Quantum Materials Database'”> for DFT-calculated quantities ®° (O make predictions for new materials. The stability of a certain
s like the formation enthalpy, the Inorganic Crystal Structure material relative to others with similar elemental compositions
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can then be assessed with a convex hull construction.!?8 Al-
though differences between their relative entropies have often
been approximated to be negligible when dealing with solid—
solid transitions, models have also been trained to predict Gibbs
energies.®>1%? For example, neural networks have frequently
been used to predict formation enthalpies'®7200-201 and free
energies®® of materials. In general, neural networks are made
up of interconnected nodes in a layered structure: the input
layer first takes in and processes the input information before
passing it on to the next layer, and the subsequent hidden layers
analyse and process the output from the previous layer before
it reaches the output layer, where the final ‘result’ is given.
Connections between nodes are usually associated with a given
weight and bias, and during the training process the neural
network learns to adjust these parameters continuously via feed-
back loops to minimise the discrepancy between the predicted
and actual quantity to improve predictions. Neural networks
are thus able to learn complex relationships between the input
data and the target quantity of interest, and they have the ability
to make very accurate predictions, especially when trained on
large amounts of data. Other models including decision tree
ensembles292-293 and support vector regressors20420 have
also been used to predict thermodynamic quantities. Such
machine-learning approaches have been shown to be able to
predict the formation enthalpies of materials with an accuracy
comparable to DFT; however, predicting relative stabilities of
related compounds from their predicted formation enthalpies
using convex hull constructions is less accurate, as the advant-
ageous systematic error cancellation in DFT predictions does
not apply to these models.”’ Additionally, the majority of such
models only use compositional information and hence cannot
make predictions for polymorphic transitions. Models that
include both compositional and structural descriptors have been
shown to produce more accurate stability predictions;!?7-207
however, the structure is not always reported in the underlying
data set.

One common issue with machine-learning models is their
interpretability. For example, in neural network models, as
the input data are passed through multiple hidden layers and
processed, the predictions often become difficult to understand
at a physical level and we are often not able to get a sense of what
kinds of features make an important contribution to the accuracy
of the predictions, and hence have physical significance.!®’
In order to gain a better understanding of what properties are
the most relevant for predicting thermodynamic quantities, we
could make use of alternative methods which are explicitly able
to select features to construct descriptors that result in the best
predictions. An example is the sure-independence-screening
sparsifying operator (SISS0)?*® method, which searches a
space of mathematical expressions of selected features to find
an optimal solution for an accurate descriptor of the quantity we
want to predict. In this approach, to obtain a range of candidate
descriptors, a combination of different mathematical operations
is first recursively applied to an initial feature space consisting
of properties that are potentially relevant for capturing the pre-
dicted quantity, while ensuring that only sensible combinations
with physical units are permitted. From the set of candidate
descriptors, a subspace of the best-performing features with
the highest correlation with the target property can then be
selected. Within the selected subspace, /[p-norm regularisation
(or similar approximations) can be used to identify the best
one-dimensional descriptor, which is then used to predict the
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target property and the associated residuals for the training set.
This descriptor identification process can then be repeated to
consider higher-dimensional solutions with each additional iter-
ation, with the residuals from the previous iteration as the new
target property. The goal is to identify the lowest-dimensional
solution with acceptable errors below a desired threshold, and
the features which are ultimately selected in the descriptor
would be those that are the most important for capturing the
property of interest.

The SISSO approach has been used by Bartel and co-workers
to derive an accurate descriptor of the Gibbs energy of inorganic
crystalline solids.'%? As a starting point for the initial feature
space, they consider several quantities that are potentially rel-
evant for predicting the Gibbs energy of a material. These
include the atomic volume and band gap derived from the
Materials Project database, experimental formation enthalpy
and temperature, as well as tabulated elemental properties
(ionisation energy, electron affinity, covalent radius, electroneg-
ativity and atomic mass), which were then transformed into
compound-specific versions by finding suitable stoichiomet-
rically weighted arithmetic and geometric means. Despite
the larger set of properties being considered as input features
for the model, the SISSO-learned descriptor depends only on
temperature, reduced atomic mass and atomic volume, hence
showing that these properties are the most significant in predict-
ing the Gibbs energy. Their descriptor is benchmarked against
Gibbs energies calculated via the quasiharmonic approximation
(i.e. assuming harmonic normal modes [cf. Sec. II B 3], but
with a changeable lattice constant) and then used to predict
reaction energetics and equilibrium product distributions, as
well as to assess temperature-dependent stability via a convex
hull construction using the Gibbs formation energies of the
materials. However, since this descriptor only predicts the free
energies for solid phases, it is unable to determine the melting
point of solid-liquid transitions directly. Transitions between
different polymorphs are also beyond the scope of this predictor,
since the only input feature that describes structure is the atomic
volume, and errors from the descriptor are typically larger than
the free-energy differences between polymorphs.'*?

In addition to training models to predict energies or free
energies directly, machine-learning methods can also allow us
to develop models to sample complex probability distributions,
such as the Boltzmann distribution of a given system with some
known potential energy function, from which we can sample
to compute equilibrium energies and structures. Sampling
from such distributions is traditionally done using methods like
MC and MD, which can become expensive for complicated
systems or when ergodicity is locally broken and rare events
need to be simulated. Recently, alternative methods like flow-
based sampling have been applied to various systems.zo‘)_212 A
normalising flow model?!3 transforms an analytically tractable
base distribution, such as a gaussian distribution, which we can
easily sample from and evaluate probability densities for, into
a more complex target distribution of the system of interest,
through a series of invertible and differentiable functions. We
can sample from the target distribution p, by first sampling
from the initial known base distribution p,, and then applying
this series of functions, i.e. taking x = f(z). The probability
density of such a transformed sample can be calculated using
the product of the density of the original sample under the
base distribution p, and the associated change in volume from
the sequence of transformations, which is the product of the
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absolute values of the jacobian determinants for each inverse
transformation, as given in the change of variable formula

px(x) = pa(2) |detJr(2)| ",

where Jy is the jacobian matrix of f. In theory, as long as
the two distributions are of the same dimension, any target
distribution px can be obtained from any base distribution p,
given a sufficiently complex transformation function f. Such a
function can comprise of a sequence of N invertible functions,

f=fNofn-10-0of1; (17)

this function composition successively constructs more complex
functions from the previous one, and the base distribution can
be said to ‘flow’ through the series of functions.
Deep-learning algorithms can help us find a suitable compos-
ition of functions which can transform the base distribution into
the target distribution. This approach has been used by Wirns-

(16)

berger and co-workers to estimate the free energy and structural '

properties of atomic solids from a flow-based model 210214
Here, the flow-based model is trained to approximate the
Boltzmann distribution of various atomic solids, starting from
a base distribution of a lattice model with spherically truncated
gaussian noise added to the atom at each lattice site, followed by
arandom permutation of all atoms. In this manner, we can target
specific crystal structures (such as cubic and hexagonal ice) by
using an appropriate choice of lattice for the base distribution to
guide the model towards the phase of interest, without changing
the potential energy function or using ground-truth samples.
To transform the base distribution into the target distribution,
each f;, in the series of functions transforms element-wise one
or two co-ordinates of all the atoms as a function of the re-
maining atom co-ordinates, and each f, is parameterised by
a separate neural network whose parameters are trained by
minimising the difference between the target and base distri-
bution (as calculated by the Kullback-Leibler divergence?!?
as the loss function). The trained flow-based model is able to
reproduce structural properties and free-energy estimates with
good accuracy: energy histograms, pair correlation functions
and local bond-order parameters computed from sampling from
the trained model for the truncated and shifted LJ face-centred
cubic phase and for ice I using the mW water model were
consistent with traditional methods, and free-energy estimates
obtained using ‘learned’ free-energy perturbation methods with
the trained model were also shown to be in good agreement with
multistate-reweighting methods for both ice and LJ systems.
Unlike traditional methods like thermodynamic integration
or multistate reweighting, where samples from intermediate
thermodynamic states are needed, this flow-based approach to
obtain free energies does not require sampling from the target
distribution for training the model or computing free-energy
estimates. However, although once trained, generating samples
and computing probability densities and various estimates from
the trained model is efficient since samples can be obtained
in parallel unlike in trajectory-based methods, one downside
to this approach is that constructing and training the model is
difficult and computationally expensive.21°

C. Predicting phase diagrams directly

The methods discussed above involve first predicting thermo-
dynamic quantities like free energies from the trained models,
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and the energies can then be used to assess the relative stabilities
of the different phases considered to obtain a prediction for
the phase diagram. An alternative approach may be to use
machine-learning models to construct phase diagrams directly
by training the models to predict the number and types of coex-
isting phases at a given condition, with or without predicting,
estimating or computing free energies of the phases as an inter-
mediate step.63’189’216 This approach has recently been adopted
by Zipoli and co-workers, who used machine-learning models
to predict the polymorphs that are thermodynamically stable
at certain conditions!%? [Fig. 2(c)]. For a certain condition
defined by the overall chemical composition, temperature and
pressure, we can first predict the types of phases (i.e. solid,
liquid or vapour) that are present and the formula units of any
solid phases using neural networks or random forest classifiers
and regressors trained on data extracted from experimental and
computational phase diagrams. Using the chemical formulae
of the solid phases obtained from the first step, we can then
use classifiers trained on crystal structure data of inorganic
crystalline materials to predict structural properties of the solid
phases in question (e.g. Bravais lattice types, crystal system,
space group, structure type and local atomic environments
characterised by the co-ordination polyhedra present). Such
a data-driven approach with the workflow proposed by Zipoli
and co-workers in principle has the potential to be able to build
up phase diagrams directly and relatively quickly, using just
the overall elemental composition, temperature and pressure
to make predictions from the trained model, without any sort
of feature construction required. However, the different com-
ponents of the overall workflow may have varying levels of
success: for example, even though structural properties of a
particular solid phase can be predicted using classifiers from
their chemical composition with good levels of accuracy, 89217
obtaining the formula units of the different phases from the
overall composition of the mixture when there are multiple
phases present has proved to be much more difficult.!8?

Although machine-learning models for predicting phase be-
haviour and thermodynamic quantities have mostly focussed
on inorganic crystalline solids, such approaches have also been
used on soft materials, for example to predict the melting tem-
peratures and the ternary phase diagrams of lipid mixtures,
by predicting the types of coexisting phases from the mole
fraction and properties of the lipids present.2'® Other recent
approaches in predicting phase behaviour for biomolecules in-
clude sequence-based predictions of the propensity for proteins
to phase separate.zlg’222 In addition to the protein sequence,
some models also take experimental conditions (protein con-
centration, salt concentration, temperature, pH and presence
of crowding agents) into account when making predictions of
phase-separation propensity;223 however, such models are in
general not able to predict quantitative measures such as the
critical temperature or the physicochemical properties of the
coexisting phases directly.

IV. FUTURE OUTLOOK

As evidenced by the large amount of work done in this
field, the computational prediction of phase diagrams has
already been very successful. Considerable effort has gone into
developing a range of methods for studying phase coexistence,
and even more to applications to a wide range of systems, from
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inorganic materials to biological systems. A knowledge of 110
the thermodynamic phase behaviour of a given computational 110s
model is useful both on the applied side, for example for 110
understanding the underlying physics of a given system that 110
may be difficult to study experimentally, and from the point 110
of view of model development and refinement. The various 1110
methods outlined in this paper all have their advantages, but 111
also some drawbacks.

For example, some machine-learning methods are able to pro- 113
duce predicted phase diagrams quickly, and so may be useful in 1114
guiding experiments towards promising phases with interesting 111
properties. However, the ‘best’ approach in terms of the model 1116
architecture and training process is often problem-specific and 1117
might not be straightforward to decide on a priori. Indeed, 111
often several models are first trained and the performance of 111
the different models is then used to decide what kind of model 1120
architecture might work better for this one particular context 11z
considered. Despite the large amount of data available, the 112
accuracy of machine-learning-based models is also limited by 1123
the quality and diversity of the data. It is often difficult to 11es
train such models in an unbiassed way, since it is not uncom- 1125
mon for data-sets to contain missing or inaccurate information, 112
and unbalanced data sets with some underrepresented features 1127
might bias the model. Additionally, a large amount of data 11
is needed to train a transferable model that can be applied to 112
different system types whilst still achieving a high accuracy of 113
predictions compared to more system-specific models, in which 11a1
a smaller subset of components reduces the types of correla- 11z
tions that the model has to learn. Splitting a large data set into 11
different subsets of similar materials could improve accuracy at 113
the cost of generalisability. For soft materials in particular, one 113s
challenge in developing appropriate models is that fewer data 113
are available compared to inorganic materials in general, and 117
there is a wider variety of structures and behaviours that soft ma- 113s
terials can exhibit, so approaches will need to be more tailored 1139
to specific contexts and system types. The effects of entropy 110
may also be more significant for soft-matter systems, which 1141
may prove more challenging to capture with simple machine- 112
learning approaches. Moreover, a data-driven approach only 11
sees its input data — for example structures and energies from 114
DFT calculations or from experiment —, but does not know 114
anything about the underlying interactions between particles. 114
Although predictions of behaviours under given conditions can 114
often be surprisingly good, whether they are good for the right 114
reasons is less clear: they are entirely phenomenological and 114
even a significantly improved understanding or description of 11so
the physics of the building blocks would not directly help with 11s1
the accuracy of the predictions of such models.

By contrast, the traditional methods of statistical and classical 11s3
thermodynamics, such as thermodynamic integration, Gibbs— 115
Duhem integration, histogram reweighting or Widom insertion, 11ss
tend to be much slower because they require a number of s
well-equilibrated simulations to be run. The results obtained 115
with such methods can be drastically improved with a better 11ss
description of the building blocks, indeed perhaps even with 11se
a machine-learned interatomic potential, but the methods are 110
often both computationally and labour intensive, and are not 11et
easy to automate for larger-scale applications. A combination 1+
of data-driven methods for an initial screening followed by 11
traditional statistical-mechanical approaches to obtain accurate 11e
results may be the key to future applications of computational 11es
thermodynamics.
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Although we have focussed primarily on predictions of phase
diagrams in this article, several of the approaches we have
outlined can provide details that go beyond mere thermodynamic
stability. In particular, by determining the chemical potentials
of potentially competitive phases, we can determine regions of
metastability in addition to pure thermodynamic stability. This
can be especially useful in understanding the likely experimental
routes to synthesising metastable phases. For example, it may
be more productive to try to synthesise a given metastable
phase under conditions where the thermodynamically stable
phase is only very marginally more stable.® Metastable phases
can sometimes be relatively more stable in the initial stages
of a phase transformation, even if the final bulk structure is a
different one. An investigation of such metastable phases can
thus help to reveal the possible mechanisms by which phases can
transform into one another. For example, the metastable ‘ice 0’
structure was first proposed in the context of the mechanism of
ice I nucleation.2* We expect that, as calculations of chemical
potentials become more routine, the importance of metastable
phases will become clearer, and many more such pathways are
likely to be identified.

Of course understanding the thermodynamics, stability and
metastability is only the first step in understanding a phase
transition. Studying the way phase transitions occur under
different conditions is perhaps an even more challenging prob-
lem.?? Broadly speaking, relatively close to coexistence, there
are two main mechanisms by which phase transitions occur:
heterogeneous nucleation, where an external nucleation seed is
available, and homogeneous nucleation, where a spontaneous
fluctuation has to overcome a free-energy barrier. Even though
the phase diagram of substances like water close to atmospheric
conditions is well known, a huge amount of work has gone into
understanding the dynamics of ice I nucleation, !33-224,226-252
and there is doubtless more work to be done. Indeed, Oxtoby
remarked back in 1998 that the study of nucleation is ‘one
of the few areas of science in which agreement of predicted
and measured rates to within several orders of magnitude is
considered a major success’,253 and more than two decades
later, the same could be argued to hold. Nucleation is a rare
event and this makes it difficult to study in computer simula-
tions. Not only does it happen infrequently, but in order to
track its progress, and potentially to drive it with rare-event
methods, as with the interface pinning method, a suitable order
parameter must first be identified to distinguish between the
two phases in question, as discussed in Sec. I E. As systems
become more complicated, distinguishing between phases be-
comes more difficult, and machine-learning approaches might
again be helpful.234238 For example, Statt and co-workers
have used unsupervised machine-learning techniques for local
environments>? to identify and classify different aggregate
morphologies formed from model copolymer sequences
which the more conventional local order parameters failed to
distinguish.'#? Techniques such as principal component ana-
lysis have also been used to find order parameters for detecting
the freezing transition of hard spheres and ellipses, liquid—
vapour phase separation of patchy particles and compositional
demixing in the Widom—Rowlinson model.?61-262 Such order
parameters will likely prove to be a useful tool in investigating
nucleation mechanisms in more complex systems, including
possible transitions to metastable phases discussed above.

In this article, we have largely considered simple systems
made up of only one or two components. Even for such systems,
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it is challenging to determine their phase behaviour well. The
primary reason for this is still the quality of interatomic and
intermolecular potentials, which are generally not applicable
far beyond the range over which they were parameterised. We
anticipate that ever-better interaction potentials will become
available in the near future as machine-learned potentials are
better parameterised.263 However, there are still limitations in
what can be simulated. For example, computer simulations
often comprise relatively small systems, and it can be difficult
to study defect formation. Schottky-style defects can be ac-
counted for,80 as can interstitial defects of neutral atoms;ze’d"265
however, interstitial defects involving charged species pose
more of a challenge. Experimentally, it is possible to determine
the energy of interstitial formation, but not usually the free
energy: the effect of such defects on the phase behaviour is
consequently very difficult to ascertain using anything other
than computer simulations. Refining the methodology to facil-
itate the study of such defects would enable us to determine
accurate high-pressure phase behaviour of technologically and
geologically important materials even at high temperatures at
which entropically driven defects are likely to play a significant
role.

Much recent work has been done on extending the ‘standard’
free-energy methods to study both defects and interfaces.266:267
Yeandel and co-workers have, for example, used the Einstein
crystal framework to compute interfacial free-energy densities
of solid-liquid mixtures, including systems where the solid con-
tains miscible species that diffuse in the liquid.2%7 In particular,
they used the fact that Einstein crystal particles do not interact
with one another and therefore the precise location of each indi-
vidual molecule in either the bulk crystal phase or a crystalline
slab in contact with the liquid is immaterial. This simplifies
the calculation of interfacial properties considerably, and is
another illustration of the power of thermodynamic integration
and the construction of clever thermodynamic cycles, which
should enable a progressively simpler calculation of interfacial
properties at coexistence, and in particular the thermodynamics
of systems in contact with non-pure solutions.?®’

Finally, there has been significant recent progress in simulat-
ing multicomponent systems.2%8 Compositional phase diagrams
involving fluid phases could be obtained using chemical po-
tential measurements,2%270 and such ideas may be important
when investigating liquid—solid solutions. For example, deep eu-
tectic solvents are thought to be promising for green-chemistry
separation methods.?’1=273 Computational modelling of such
systems has often focussed on small systems that could be
treated with density-functional theory, empirical equations of
state or statistical associated fluid theory;274’275 as discussed
above, a determination of accurate phase diagrams for such
systems could help in the development of transferable empirical
potentials, allowing new insights to be gained into these techno-
logically important systems from a molecular perspective. This
challenging problem is only just beginning to be addressed.>’®
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