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We examine the mixture equivalence principle (MEP), which states that proper and improper mixed
states with the same density matrix are always experimentally indistinguishable, and a weaker version,
which states that this is sometimes true in gravity theories. We point out that Mgller-Rosenfeld
semiclassical gravity violates the weak MEP and that nonlinear extensions of quantum mechanics violate
the MEP. We further demonstrate that modifications of the Born rule in quantum theory also typically
violate the MEP. We analyze such violations in the context of thermal baths, where proper and improper
thermal states induce different physical situations. This has significant implications in the context of black
hole physics. We argue that Mgller-Rosenfeld semiclassical gravity is not the semiclassical limit of
quantum gravity in the context of black hole spacetimes, even in the presence of N > 1 matter fields.
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I. INTRODUCTION

In this paper we consider a class of extensions of
quantum theory that have the same mathematical descrip-
tion of physical states as quantum theory, but allow
nonstandard measurements on these states. Our prime
motivating example is Mgller-Rosenfeld semiclassical
gravity, which we generally hereafter refer to simply as
semiclassical gravity for brevity, and which is defined as
taking the semiclassical Einstein field equations

8

G;u/ = ? <T/w> (1)

to be fundamental.

Contradictions with observation [1] and apparent para-
doxes [2—4] arise in a theory coupling classical gravity to
quantum matter in this way. However, these can at least
partly be addressed by adding other hypotheses (as dis-
cussed in, e.g., [5-8]). For example, if the quantum state of
matter undergoes objective collapses that normally prevent
superpositions of macroscopically distinct matter states, or
if we suppose that semiclassical gravity is an approxima-
tion with a restricted domain of validity, then there is not
necessarily an immediate contradiction with experiment or
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observation. Moreover, models of this type can be con-
structed without introducing superluminal signaling [9,10].
So, there continues to be some motivation for exploring
theories involving some form of semiclassical gravity and
investigating their features, implications, relationships, and
potential problems.

Another alternative to quantizing gravity is to try to
construct consistent theories that combine a classical
gravitational field with a linear stochastic quantum state
evolution (e.g., [7,11]). We do not consider these possibil-
ities in this paper, which focuses on the properties and
implications of nonlinear theories.

The semiclassical Einstein field equations [Eq. (1)] are
also often taken as a limit of quantum gravity. In this context,
it is not usually argued that the above paradoxes and
contradictions with observation are problematic, and indeed
they are not much discussed. One of the points of this paper is
to resolve what might initially seem a sociological puzzle by
noting that the relevant “semiclassical limit of quantum
gravity” is not identical to Mgller-Rosenfeld semiclassical
gravity, though closely related.

The role of mixtures in the relevant theories is key to our
discussions. There are two kinds of state mixing in quantum
theory: improper mixing, which arises as a description of a
subsystem obtained from tracing out a degree of freedom of
an entangled multipartite system, and proper mixing, which
arises from (classical) statistical considerations of an ensem-
ble of states. A priori, one might expect that these could be
physically and observationally distinct notions. In particular,
this might seem natural if pure states represent or imply
distinct ontologies, as is the case in several versions of
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quantum theory. In this case, proper and improper
mixed states are ontologically distinct, and it seems
logically possible that they might always be empirically
distinguishable.

In fact, of course, in standard quantum theory, both
proper and improper mixed states are described by a
density operator p € D(H), which encapsulates all the
physically accessible information obtainable from acting
(only) on the relevant (sub-)system. In particular, the
expectation value of any operator O representing an
observable of the (sub-)system is Tr(Op), whether p
represents a proper or an improper mixed state. Every
experimental prediction of quantum theory can be
expressed in terms of expectation values. Hence, if a proper
mixed state and an improper mixed state are represented by
the same density matrix, pproper = Pimpropers then these two
states are experimentally indistinguishable.

However, we are interested in extensions of quantum
theory that retain its mathematical description of physical
states but allow nonstandard measurements. Thus, the
states of a system S are represented by rays in a Hilbert
space Hg and those of a composite system S; + --- + Sy
by rays in Hg, & ... ® Hg, . For simplicity, we restrict our
discussion to countable probabilistic ensembles. We
assume throughout that the preparation statistics of any
ensemble are independent of the outcome statistics of any
later measurements (i.e., the probability weighting {p;},
chosen for the y; does not influence the statistics of
measurements on each individual ;). For completeness
and later reference, we spell out the implication in the
following trivial lemma.

Lemma 1. Let

(1) {ly;)}i€H be an ensemble of pure states with
associated probabilities {p;};, > ; p; = 1, where H
is the Hilbert space of the theory,

(2) Pproper = 2_i Piwi € D(H) be a proper mixed state,
where we wrote the pure state w; = |w;){y;| €
D(H), and

(3) O € L(H) be an observable, i.e., O = O, where the
expectation value of measurements of O on a pure y;
is denoted (O)

Then,

Vit

(O} = S 1ilO),,. )

Proof. Any measurement of observable O conducted on
a pure state y; has expectation (0),, . Thus, undertaking
measurements of an observable (O conducted on an
ensemble of pure states {|y;) }; with associated preparation
probabilities {p,}, has expectation

S pilO),. 3)

since the preparation statistics and the outcome statistics are
independent. m

We also suppose that the system S; (or later §) we consider
may always be taken to be part of a composite system
|¥) € Hs, ® Hy,, where Hj, is infinite-dimensional.

Given an ensemble {|y;)}; €Hs of pure states with
associated probabilities {p;};,> ; p; = 1, we define the
corresponding proper mixed state

Pproper = Zpi|l//i><1//i|' (4)

Given a pure state |¥)€Hg & Hs,, we define the
corresponding improper mixed state for S| as

Pimproper — TrHSZ (|T> <lP|) (5)

Because our extensions include measurements not allowed in
quantum theory, it may be possible to distinguish a state of S,
prepared as a probabilistic ensemble from the state repre-
senting it as a subsystem of a composite system in an
entangled pure state, even when the corresponding mixed
states are mathematically equal, i.e., when ppoper = Pimproper-

There are various interesting possibilities. One is that the
extended theory satisfies what we will call the mixture
equivalence principle (MEP) [10].

MEP: Let {|w;)}, € Hs be an ensemble of pure states

with associated probabilities {p;};,>_; p; = 1, where
‘Hs is the Hilbert space representing a system S, and
let pproper be the corresponding proper mixed state. Let
|¥)eHs ® Hy be a state in the Hilbert space
representing the combined system S+ A, and let
Pimproper D€ the corresponding improper mixed state
of S. Suppose pproper = Pimproper- LNEN, NO €Xperiment
on S can distinguish these two cases.

By transitivity, the MEP also implies that no experiment
can distinguish any pair of proper mixtures, or any pair of
improper mixtures, represented by the same density matrix.
The MEP is well understood to be a fundamental feature of
standard quantum theory, and in particular of the physics of
decoherence. When a quantum system interacts with an
environment or a macroscopic apparatus or observer, the
(improper) reduced density matrix of the quantum system,
assuming unitary evolution, asymptotically tends to the
(proper) density matrix defined by an ensemble of pure
states with associated Born probabilities in some natural
basis defined by the interaction. Hence, the statistics of
experiments conducted on the quantum system are identical
to those one could get from preparing an ensemble of pure
states with these probabilities.

Another is what we will call the weak mixture equiv-
alence principle (WMEP).

WMEP: There exists an ensemble of experimentally

distinguishable pure states {|y;)}; € Hs with associ-
ated probabilities {p;};,> ; p; =1, and a state
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|¥) € Hs ® H 4, such that pyoper = Pimproper and such
that no experiment on S can distinguish these
two cases.

Related to these is the so-called purification principle (PP),
which was defined for more general theories but makes sense
in the restricted context we consider here [12,13].

PP: For any ensemble of pure states {|y;)}; € Hs with

associated probabilities {p,};, > ; p; = 1, there exists
a state |¥) € Hs ® H 4, such that pponer = Pimproper
and such that no experiment on S can distinguish these
two cases.'

Clearly, for the class of theories we consider here, the
MEP implies the PP, which implies the WMEP. As we will
see, even the WMEP does not hold in semiclassical gravity.

II. GRAVITATIONAL VIOLATIONS OF MIXTURE
EQUIVALENCE PRINCIPLES

In the context of theories of gravity, it is natural to define
gravitational versions of the above principles. For example,
we define the gravitational mixture equivalence princi-
ple (GMEP).

GMEP: Let {|y;) }; € Hs be an ensemble of pure states

with associated probabilities {p;};,>_; p; = 1, where
‘H s is the Hilbert space representing a system S, and let
Pproper D€ the corresponding proper mixed state. Let
|¥) € Hs ® H 4 be a state in the Hilbert space repre-
senting the combined system S + A, and let pjyproper b€
the corresponding improper mixed state of S. Suppose
Pproper = Pimproper- 1h€N, NO measurable gravitational
effect of S can distinguish these two cases.

It is logically possible that any of the above principles
could hold for all experiments not involving gravity, but
that their gravitational versions could fail. It is also possible
that the gravitational version of any of these principles
could fail only via violations of the original principle. In
this case, any gravitational effect that distinguishes proper
and improper mixed states arises because of the (perhaps
amplified) gravitational effects of an apparatus carrying out
measurements that do not involve gravity and that distin-
guish proper and improper mixed states.

We focus first on the (G)MEP. Note that it is possible that
the (G)MEP could be violated by running a single experi-
ment involving some classical or quantum observable
O—in which case we talk about a one-shot (G)MEP
violation—but that the asymptotic repetition of that experi-
ment involving that same observable O does not yield any
statistical difference between measurements on proper and
improper mixed states. If there is a statistical difference,
such that

<O>pPr0PCl‘ ?é <O>pimpr0pcr ’ (6)

'In the original formulation [12], the state |¥) is unique up to
the action of local unitaries on H 4.

where the expectation value may be classical or quantum,
we say that the (G)MEP is statistically violated with
measurements of O for that experiment. Of course, stat-
istical violations of the (G)MEP with some observable O
for a given experiment necessarily imply one-shot viola-
tions of the (G)MEP with that same observable in the
experiment, but the converse is not true. The (G)MEP may
thus either hold, be violated one-shot, or be violated both
one-shot and statistically with respect to an observable O in
an experiment.”

A. Semiclassical gravity and one-shot GMEP violations

Semiclassical gravity violates the GMEP, as we now
review (see discussions in, e.g., [6,8,14]). Consider the
thought experiment depicted in Fig. 1. Alice and Bob agree
on an inertial reference frame in which they will remain at
agreed fixed separation during the experiment, and on the
experiment’s protocol. There are now two versions.

In the version of the experiment depicted on the right of
Fig. 1, Bob then prepares a particle of mass m whose wave
function is localized around points x; and X, in one of two
boxes 1 and 2. Bob chooses the box randomly, with
probabilities |a;|?,i =1, 2 for each (say, by tossing a
weighted classical coin whose weights are also known by
Alice). Alice observes a test mass M initially at spacetime
point (y, #'). She initially has no information about which of
the two boxes the particle is in so, for her, the quantum state
of Bob’s mass is initially in the proper mixture

Pproper = |a1|2|X1><X1| + \az|2\X2><X2|- (7)

However, pyoper does not ultimately describe the actual
state of Bob from Alice’s perspective. Once gravitational
information (traveling at light speed) affects Alice’s mass, it
does so sourced by Bob’s particle located at a definite
position. If not, Bob and Alice would make different
predictions. From Bob’s perspective, his mass has a definite
position, so the gravitational interaction is not defined by

872G
G/w = TTr(Tﬂvpproper) (8)
but rather by
87G 4
G/w = 7 <T/w>Xi (9)

for the outcome i = 1 or 2 (with no summation on the
i index).

Note here that, although the terminology may suggest the
opposite intuition, one-shot (G)MEP violations are weaker than
statistical (G)MEP violations. That is, a statistical (G)MEP
violation for a given observable implies a one-shot (G)MEP
violation for that observable. The converse is untrue, as seen in
the case of semiclassical gravity in the following section.
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Improper mixed state Proper mixed state

1 Bob 2 1 Bob 2
/ \\
= = =
Alice Alice
8nG_ ~ 8nG I~
Guv = C—4Tr(T"vp) Guv = c—4<x1 |T#v x1>
FIG. 1. Gravitational violation of the MEP in semiclassical
gravity.

This is true in the standard understanding of both
quantum gravity and semiclassical gravity. For example,
in the nonrelativistic limit of semiclassical gravity (1) we
can define the semiclassical Newtonian potential to follow
Poisson’s equation

AD(x) = 4xG(p(x)), (10)

where p(x) is the mass density operator of the quantum
matter. For a single particle of mass m, the semiclassical
gravitational field at some point y (Alice’s position) can be
found from Eq. (10) and is given by

-Gm
(I)(y) (proper) — | (1 1)

X; =]

for the outcome i.

Thus, as soon as Alice enters the future light cone of
Bob’s random box choice, she can obtain information about
that choice, and updates the proper mixture to the relevant
pure state.

In the version on the left, on the other hand, Bob keeps
his random choice indeterminate at the quantum level by
preparing an entangled state

ar|0)[xy) + ax[1)x5). (12)

where |0) and |1) are orthogonal states of an ancilla qubit,
and the mass m is initially in an improper mixture

Pimproper = |a1|2|X1><X1| + ‘a2|2‘X2><X2|. (13)

According to semiclassical gravity, Alice’s mass follows
the semiclassical Finstein field equations

871G . A
G/w = 6—4 Tr(Tuypimproper) ’ (14)

which differs from (9), even though pinproper = Pproper- In
the nonrelativistic limit, the semiclassical gravitational field
is now given by

|«’11|2
x; —y]|

oo ) (15)

D(y); =-Gm
(Y)(lmproper) < |X2 _ yl
Determining the classical gravitational field provides
information about the quantum matter state by giving an
estimate of the |a;|* for i = 1, 2. Since Tr(p) = 1, one
reading of the gravitational field suffices to estimate both
|a;|> and |a,|?. The dynamics of her test mass give her no
information about the entangled state other than pjp,roper-
This suggests that her observations should not alter the
entangled state, and indeed semiclassical gravity postulates
no alteration.

Accordingly to semiclassical gravity, Alice can thus
perform a single (one-shot) Cavendish experiment to
distinguish between the case where Bob has a proper
mixed state (11) and that where he has an improper mixed
state (15) since @(Y) proper) F P(Y) (improper)- Semiclassical
gravity thus allows observers to distinguish between proper
and improper mixed states. In other words, the GMEP is
violated in semiclassical gravity. In contrast, it holds in
standard quantum gravity, according to which Alice’s
measurement of the gravitational field would effectively
collapse Bob’s entangled state into one of the components
of (12), leading to the same probability distribution of
outcomes obtained from the proper mixture (7).

In the standard account of semiclassical gravity, the MEP
holds for quantum matter experiments in which spacetime
backreactions are undetectable, but not for general experi-
ments involving gravity, i.e., the MEP fails only via the
failure of the GMEP. However, it is not clear from this
discussion whether there actually is a fully consistent
semiclassical gravity theory—we consider this further
below.

B. Mixtures of mixtures and GMEP violations

Consider, as above, a thought experiment involving
Alice and Bob with now four boxes, as depicted in
Fig. 2. Alice and Bob agree on an inertial reference frame
in which they will remain at agreed fixed separation during
the experiment, and on the experiment’s protocol. There are
now three versions.

1. Proper mixture of pure states

In the version of the experiment depicted on the far right
of Fig. 2, Bob prepares a particle of mass m whose wave
function is localized around points X, X, X3, and X4 in one
of four boxes 1, 2, 3, and 4. Bob chooses the box randomly,
with probabilities pi|a;|?, pi|as)?. p2las|?, and p,|as|?,
respectively (say, by tossing a weighted four-sided classical
dice whose weights are also known by Alice). Alice
observes a test mass M initially at spacetime point
(y,7). She initially has no information about which of
the two boxes the particle is in so, for her, the quantum state
of Bob’s mass is initially in the proper mixture

126016-4
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Improper mixture Proper mixture Proper mixture
of a pure state of improper mixtures of pure states
Bob Bob Bob
1 2 3 4 1 2 3 4 1 2 3 4
~—~ L~ N / “\‘ y /L\‘\h / A\\
\/ —
JJi// = JJ& )
Alice Alice Alice
8nG_ ~ 8nG_ ~
G/w = C—4TI’(T'UVP) Gyv = C_4Tr(Ty1/pl) Gyv = SZG X1 |T >

FIG. 2. Gravitational violation of the MEP in semiclassical gravity, which distinguishes between three types of mixtures: improper
mixtures of pure states, proper mixtures of improper mixtures, and proper mixtures of pure states.

pilaiPIx,) (x| + pilas]?[x;) (x5
+ palas|?[x3) (x3] + palas*[x4)(x4].  (16)

Pproper —

However, pproper does not ultimately describe the actual
state of Bob from Alice’s perspective. Once gravitational
information (traveling at light speed) affects Alice’s mass, it
does so sourced by Bob’s particle located at a definite
position. If not, Bob and Alice would make different
predictions. From Bob’s perspective, his mass has a definite
position, so the gravitational interaction is not defined by

872G . A~
Gpw = 7Tr(T;wpproper) (17)
but rather by
872G .
G =T (%, (18)

for the outcome i = 1 or 2 or 3 or 4 (with no summation on
the i index). Again, this is true in the standard under-
standing of both quantum gravity and semiclassical gravity.
Thus, as soon as Alice enters the future light cone of Bob’s
random box choice, she can obtain information about that
choice, and updates the proper mixture to the relevant
pure state.

2. Single pure entangled state

In the version on the far left of Fig. 2, on the other hand,
Bob keeps his random choice indeterminate at the quantum
level by preparing a pure entangled state

VP1(a1]0)[x1) +ax|1)[x2)) +/P2(a3]2)[x3) + a4|3)[x4)),
(19)

where [0),[1),]2), and |3) are orthogonal states of an
ancilla qudit, and the mass m is initially in an improper
mixture

= pilai2[x1) (x| 4 pilaa*|x2) (x5
+ palas*|x3) (X3] + palag*[x4) (x4].  (20)

P improper

According to semiclassical gravity, Alice’s mass follows
the semiclassical Einstein field equations

871G
G/u/ TI'( upimproper)' (2 1)

This differs from (18), even though pjyproper
violates the GMEP, as seen previously.

= Pproper- This

3. Mixtures of mixtures

Another scenario is described in the center of Fig. 2. Bob
first tosses a weighted classical coin (whose weights are
also known by Alice), and prepares, with probability p, the
entangled state

ly1) = a1]0)[x,) + aa1)[x2) (22)
and with probability p, = 1 — p; the entangled state
ly2) = as3|0)[x3) + as|1)[x4). (23)

where |0) and |1) are orthogonal states of an ancilla qubit
living in some Hilbert space ;. The mass m is initially in a
mixture

= pilay P|x1) (X1 + pi]as*[x2) (x5
+ palas*|x3) (X3] + polag*[x4)(x4].  (24)

Pproplimp
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According to semiclassical gravity, Alice’s mass follows
the semiclassical Einstein field equations

87G o

G/uz = TTI-(T”DPJ‘)’ (25)

where j =1 or 2 for

p1=Try, (i) {y ] = |a1|2|X1><X1| + \02|2|X2><X2| (26)

and

P2 = Try, [[w2) (wol] = las|?[x3) (X3] + |as|*|x4) (X4 (27)

This differs from both (18) and (21), although
Pproplimp = Pimproper — Pproper- Further note that, had Bob
prepared instead the entangled state

ly3) = a;|0)[x;) + asz|1)[x3) (28)

with probability p; and

W) = a2|0)[x2) + ag[1)[x4) (29)

with probability p, =1— p;, then the initial mixture
would be the same as all the above, although Alice’s mass
would follow the semiclassical Einstein field equations

871G~
G/u/ = TTI(Tﬂupk) (30)

for k =3 or 4 for

p3 =Ty, [ly3) (wal] = lay |*[x1) (x| + |as]?[x5) (x5]  (31)

and

pa =Ty, [lwa) (wall = laa|* %) (Xo| + |aa*[x4) (x4]. (32)

This differs from either of the above. Similarly, one can
think of an entangled state between boxes 1-4 and 2-3, and
generalize such considerations to any finite number of
boxes. Thus, one needs to carefully distinguish construc-
tions of mixtures in (G)MEP-violating theories.

We note here that there is no operational distinction in
this example between an improper mixture of a proper
mixture Try, [{ p1. [w1); 2. [w2) }], and a proper mixture of
improper mixtures {py, Try, [[y1)]; p2. Try, [ly2)]}. In
extensions of quantum theory where improper mixtures
are not built from partial traces—but rather from a non-
linear map—this need not hold. One could also postulate
nonstandard measurement rules that treat these two cases
separately.

C. Semiclassical gravity violates the GWMEP

We define the gravitational weak mixture equivalence
principle (GWMEDP) as follows:

GWMEP: There exists an ensemble of experimentally
distinguishable pure states {|y;)}; € Hs with associ-
ated probabilities {p;};,>_;p;i=1, and a state
|¥) € Hs ® H 4, such that pyoper = Pimproper and such
that no measurable gravitational effect of S can dis-
tinguish these two cases.

Consider a system S in a proper mixture defined by an
ensemble E of experimentally distinguishable pure states
{lw:)}; € Hs with associated probabilities {p;};, >, p; =
1 and p; > 0. All experimental measurements ultimately
involve measurements of mass densities in localized
regions. (This is true however one models measurement
outcomes: for example, as determined by the location of an
apparatus pointer, ink on paper, or local densities of
chemical species in an observer’s brain.) So, the exper-
imental distinguishability of the {|y;)};, means that there
must be an ancilla A initially in some reference state |0) 4, a
unitary operation U acting on H 4 ® Hg, and an ideal
position measurement { P} acting on H 4 ® Hg such that
the sets /; = {E;} of the expectation values of the P; on the
states U(]|0), ® |w;)) are distinct.

Now suppose that S is a subsystem of S+ §’. A joint
state |¥) € Hs ® H is indistinguishable from the ensem-
ble E by standard quantum operations (not involving
gravity) on § if and only if

¥) = Z(pi)l/2|llfi>s ® |i)g (33)

i

where {|i)¢ } are an orthonorma set in Hg . Introducing the
ancilla A and applying the operation U ® I to |0), ® |¥),
we obtain

UIs(10), ® [¥) =D (p)2U(|0)4 ® lwi) ® i)

i

(34)

By construction, this is a superposition of states with
different mass density expectation values. As noted above,
if this state describes the matter degrees of freedom,
semiclassical gravity implies a gravitational field obtained
from the weighted average of these mass density distribu-
tions. In contrast, for the proper mixture E, semiclassical
gravity implies a gravitational field obtained from one of
the mass density distributions. Since the distributions are
distinct, semiclassical gravity thus makes distinct predic-
tions for the proper and improper mixtures. This gives a
one-shot violation of the GWMEP.
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D. Nonlinear quantum mechanics
and statistical MEP violations

We now argue that extensions of quantum mechanics for
which the time evolution operator of the theory is not linear
violate the MEP.

We consider theories with a general time evolution
law defined by operators 7 ,(t. t)) : D(H) — D(H), so that
the state p=p(ty) at time 7, evolves to p(t) =
T,(t.19)[p(ty)] € D(H), where t > t;,. We say the theory
is nonlinear if there exists {p;},{p;}, to,?, such that the
mixed state

N
= Z pipi(to) (35)
i1

at time 7, evolves at time ¢ to

o (1. 10)[p(10)] # sz o, (1. 10) [pi(t0)]- (36)

Lemma 2. Let

(1) {lw:(%))}; € H be an ensemble of pure states with
associated probabilities {p;};,>; p; = 1, where H
is the Hilbert space of the theory,

(2) p(ty) =>_; piwi(ty) ED(H), where we wrote the
pure state y;(t9) = |wi(to))(wi(to)| € D(H),

(3) T,(t.1y):D(H) — D(H) be a time evolution oper-
ator for the state p(fy) such that p(7) = T,(z,
10)[p(t))] €D(H), and likewise we write (1) =
T, (t,t)[wi(t)], and

(4) OeL(H) be an observable, ie., O = O, with
(O) (1) = Tr(Op(1)), i.e., the statistics of the mea-
surements of observables satisfy the Born rule.

Then, if

TH(Op() # Y pTOWi(r).  (37)

the MEP is violated statistically for a system described by
p(1) through measurements of O.
Proof. Any proper mixed state at time #, can be written as

Zplll//z t0))(wi(to) | €D(H)  (38)

P proper t O

given an ensemble of pure states {|y;)}; € H with asso-
ciated probabilities p;, > ; p; = 1. Likewise, at time f,
preparing the entangled state

Zpi|i>|‘l/i(f0)> eEH®H. (39)

where the {|i)}, are orthogonal states of an ancilla qudit,
one can trace over H to get the improper mixed state

Zpllw, t0))(wi(to)| € D(H),  (40)

Pi 1mpr0per t 0

i.e.,  Pproper(f0) = Pimproper(fo)- If the Born rule is

unchanged, i.e., V 1€Z C R, (0),,) = Tr(Op(t)), then:

(1) In the proper case, by Lemma 1, we must have that

the statistics of the outcomes of any experiment on

any observable O with p;pe,(¢) must follow that of

the statistics of outcomes with the pure states |y; (7))
weighted by the p;’s, i.e.,

Zp,

= ZPiTr Oy;(1)). (41)

/’ pr oper

(2) In the improper case,
1) = T,(0.10 [ pa)| = (0. (42

If time evolution is nonlinear, then there exists
{pi}. {wi}. to, t > ty, such that this is not equal to
> i pawi(t). Thus, since the statistics of the mea-
surements of observables satisfy the Born rule,

Tr(Op(1)

(O) o (1) = ) # ZP;TY Oy;(t)). (43)

From (37), (41), and (43), we have

<O>pampmper(t) a <O>ﬂpr0per(t)’ (44)
i.e., the MEP is violated for a system described by p(7)
through measurements of O. [
Theorem 1. Let
(1) {|lwi(t))}; € H be an ensemble of pure states with
associated probabilities {p;};,>_; p; = 1, where H
is the Hilbert space of the theory,
(2) p(ty) = >, pivi(ty) € D(H), where we wrote the
pure state y;(fo) = [wi(to))(wi(to)| € D(H), and
(3) T,(t.ty):D(H) — D(H) be a time evolution oper-
ator for the state p(fy) such that p(7) = T,(z,
10)[p(to)] € D(H), and likewise we write y;(1) =
T, (1. 10) lwi(to)]-
Then, if

0# S pwlo) (45)

the MEP is violated for a system described by p().
Proof. We write y (1) =Y, paw;(t). If p(t) # (1), then
p(1) = x(1) # 0, so there exists a projection operator P such
that Tr[Pp(t)] # Tr[Py(¢)], which probabilistically distin-
guishes both through measurements. Thus, from Lemma 2,
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the MEP is violated statistically through measurements
of P. =

We extend this result to generalized probabilistic theories
(GPTs) with nonlinear dynamics in Appendix A.

In particular, if the time evolution of states is nonlinear,
then the MEP will certainly be violated through some
measurement, but may or may not be violated for a specific
observable O. Furthermore, nonlinear time evolution is not
sufficient for the violation of the MEP through measure-
ments of arbitrary operators: it may be that for some O,
Tr(O-) remains equal for proper and improper mixed states,
as is the case for the gravitational field in semiclassical
gravity, which we look at below.

Further note that nonlinear time evolution is not a
necessary condition for MEP violation: modifications of
the Born rule with linear dynamics can also violate the
MEP (as we discuss in Sec. II F).

E. Semiclassical gravity and statistical GMEP violations

Consider the case of semiclassical gravity and the
thought experiment of Sec. Il A. If O is the gravitational
field @, we see that repeating the experiment a large
number of times—taking the time average and assuming
that the matter from each experiment is “cleared away”
before the next—yields no statistical (G)MEP violations, as

-Gm -Gm

D(y roper) — |4 2'7—’_ af

< ( )>(p per) | 1| |X1_y| | 2| |X2—y|
= <q)(y)>(improper)’ (46)

although, as noted above, a single experiment does violate
the GMEP. Thus, statistical (G)MEP violations are inequi-
valent to one-shot (G)MEP violations for a given observ-
able and experiment.

However, since semiclassical gravity is a nonlinear
theory, the arguments of the previous section imply that

pproper(0)

Proper mixed state

FIG. 3.

it should produce statistical violations of the GMEP (as
noted, though not with this terminology, in [6]). We
illustrate this with a simple example. Consider now a mass
interferometer built from a needle-shaped potential, as
shown in Fig. 3. This mass interferometer could also be
constructed using a beam splitter or a Stern-Gerlach
apparatus, but internal degrees of freedom, such as polari-
zation or spin, are not required for the following argument.

We work in the nonrelativistic limit of semiclassical
gravity (1). In this regime, the gravitational field satisfies
Eq. (10). Assuming a particle has mass m, the Schrodinger
equation gets an extra term from the gravitational
Hamiltonian and becomes the Schrodinger-Newton equa-
tion in the position basis [15],

h2
2 ) = (o0 V) + ) w0,

(47)

where we assumed a time-independent potential V(x), and

ﬂm%x0=/mmmw&wfx (48)
— —Gm? —'T;y_ 2|2 &y (49)

is the nonlocal and nonlinear term introduced by semi-
classical gravitational interactions. Consider two quantum
states of the form

ly (1)) = ayulwru(t) + ayplyip(t)), (50)

lwa(2)) = arulwru(t)) + axplysp(t)), (51)

where a;,€C,i=1, 2 and « = U, D, where U and D
correspond to “up” and “down” branches of the wave

Improper mixed state

Mass interferometer with a needle-shaped potential (hashed area) splitting the wave functions into two branches. In the case of

a proper mixed state, the gravitational interactions between the two branches (represented by curly lines) happen within a single pure
state (e.g., blue or red) at every run of the experiment. In the case of an improper mixed state, the gravitational interactions between the

two branches happen across the whole mixture.
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functions, respectively, which are assumed to have orthogo-
nal support. Given p,, p, € [0, 1] with p; + p, = 1, we can
then construct the proper mixed state at time ¢ = 0,

Pproper(0) = P1lw1(0)) (w1 (0)| + p2ly2(0)) (w2 (0)]  (52)

or, in the position basis,
pproper(X’ y: 0) = <X|ppr0per(0) ‘Y> (53)

= piy1(x, 0)yi(y.0)
+ paya (X, 0)yr;(y. 0). (54)

Likewise, one can construct an improper mixed state at
time ¢ = 0 by preparing an entangled state

VP01 (0)) + /P2 | 1) w2 (0)). (55)

where |0) and |1) are orthogonal states of an ancilla qubit,
and tracing out the ancilla Hilbert space to get

pimproper(o) = p1|l//1(0)><l//1 (O)| + p2|l//2(0)><l//2(0)| (56)

with pimproper(0) = Pproper(0), and likewise in the position
basis pimproper(x’ y: 0) = pproper(Xv y: O)

The time evolution for the proper mixed state will follow
those of the pure states (47) weighted by the probabilities,
so that

Pproper (X, ¥3 1) = prwri (X, )y (Y. 1) + paya (X, )y (y. 1),
(57)

such that the statistics of position measurements at space-
time position (x, ¢) follow, by Lemma 1,

A A A

<X>/)pmper(x,x;z) =D <X>y/|(x,l) + P2 <X>l//2(X,[)' (58)

Once again, we stress that this just follows the weighted
statistics of position measurements on pure states. On the
other hand, in the improper case, the nonlinear term
S (Pimpropers X, t) Will typically couple the time evolution
of the two branches of the mixture with

F (Pimproper: X. 1) = —=Gm? / p_imp](;fei(i—]y; )Py (59)
where, in particular,
f (pimproper; X, 0)

— —Gm2 / pilwi(y. 0)|; ‘_Fi?lzh//z(yv 0)]* By, (60)

rather than just depending on either y(x,0) or w,(x,0),
respectively, as is the case for proper mixed states. Thus, in
general,

pimproper(x7 y: t) ?é P (X’ t)WT (y’ t) + pZWZ(X’ t)lllé(y’ t)
(61)

for generic initial states at ¢ > 0. Thus,

A A A

<X>Pimpropcr(XvX;t) ;é p1<X>W1(th) + p2<X>V/2(XJ)’ (62)

1.€.,

A ~

<X>/)impmper(x~x;t> # <X>/)pmper<x#X;t)' (63)

Hence, semiclassical gravity violates the GMEP both one-
shot, with measurements of the gravitational field in the
experiment of Sec. I A, and statistically, with position
measurements in a mass interferometer.

We leave as an open question whether semiclassical
gravity necessarily statistically violates the GWMEP.

F. Modifications of the Born rule violate the MEP

Consequences of modifying the Born rule have previ-
ously been studied by Aaronson [16], who noted that p-
norm generalizations imply (inter alia) the distinguish-
ability of nonorthogonal states, and by Galley and Masanes
[13], who showed that modifying the Born rule violates the
PP. Their result implies the weaker result of this section,
which we nonetheless include since it is simple to state and
show in our restricted context, and makes more complete
our discussion of MEP violations in this context.

We write { O)) for the expectation value of an observable O
defined via a modified Born rule. Let {|y;)}; €H be an
ensemble of pure states with associated probabilities {p; };,
> ;pi =1, and (pure) density operator w; = |y;)(w;| €
D(H), where H is the Hilbert space of the theory,
and let O € L(H) be an observable, ie., OF = O. Let
Pproper = 2 _i PiWi- As previously argued in Lemma 1,

(O = 2PNy (64)

Given an entangled state
> _pilidlwi). (65)

where the |i) are orthogonal ancilla qudits, we can trace over
these to get Pimproper = i Pi¥i = Pproper- I that case,

(O e = €OV (66)

so if
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(OIS . # D POy, (67)

then (ON,. e F €Oy, p.r» 1€ NONlinear modifications to
the Born rule violate the MEP statistically for a system
described by p through measurements of o

Note that even affine modifications of the Born rule, of
the form

kTr(Op) + ¢

€O), = N (KTr(Tp) + c)

. (68)

violate the MEP, for N measurement outcomes with
projectors Il; and constants k, c € R*, where the denom-
inator provides probability normalization. Indeed, for

p = Zj pjyj, where the y; are pure,

k> ;pTr(Oy;) + ¢

«O»Z,-Pf"’f = SN (kY2 pTr(Thy;) + ¢)
kTr(Oy;) + ¢
# Zl’f SN (kTe(Ty;) + ¢) )

in general. Nonlinear modifications of the Born rule thus
generically violate the MEP—this result is independent of
the dynamics, which may or may not be linear.

Note that the converse is not necessarily true, as we have
shown in the case of semiclassical gravity, which still
follows the Born rule. We emphasize again that Theorem 1
as well as the result above do not imply the equivalence
between violations of the MEP and signaling issues arising
from nonlinearities in the dynamics or in the computation
of probabilities. There exist nonlinear extensions of the
dynamics [9] and of the Born rule [13,19] that do not allow
superluminal signaling.

III. BLACK HOLES AND HAWKING RADIATION

Semiclassical gravity can also explicitly violate the GMEP
by distinguishing proper and improper mixtures of energy
eigenstates. This has significant implications for the treat-
ment of thermal ensembles. On the one hand, we may treat
canonical ensembles as statistical, taking the thermal state of
a system to be in one of the energy levels {E1, E,, ..., Ey}

with some associated probability {py, ps,....,py} =
{exp(—z ) exp(—¢ ) ..-,exp(—,i—NT)} originating from

class1ca1 uncertalnty, so that the resulting Gibbs state is a
proper mixed state

3One then expects de Broglie-Bohm theory to violate the MEP
in quantum nonequilibrium [17,18]. Indeed, initial conditions
give different probability distributions for proper and improper
mixed states. Whether these are experimentally measurable may
depend on the initial state, the details of the dynamics, and how
fast one reaches equilibrium.

pe = Zpk|Ek (Ex (70)
1 E;
=— ——— | Ex)(Ex], 71
I Cre 3 | ESICTRRCE
where Z = ), exp(— —) is the partition function serving as

probability normahzatlon Tr(p) = 1.

On the other hand, we may also derive the Gibbs state by
enlarging the Hilbert space H; to H; ® H,, where
dim(H,) > dim(H, ), considering the so-called thermofield
double state [20]

) fz <2kr>

and taking the partial trace with respect to H,, which yields

Pg™ " = Try, (Jy) (w) (73)

:-ZeXp( )

We see that Egs. (71) and (74) are equal: they both describe
a Gibbs state, but are ontologically different, describing,
respectively, a proper and an improper mixed state.

In conventional quantum theory, these are not exper-
imentally distinguishable, but in the context of semiclass-
ical gravity, they generally are. As in the thought
experiment of Fig. 1, semiclassical gravity gives a gravi-
tational field corresponding to a single energy eigenstate
|E;) (Ey| for some fixed k from the proper mixed state (71),
but a gravitational field determined by the full improper
mixed state (74) from the thermofield double state. These
are experimentally distinguishable, and this is relevant in
the context of black hole physics.

E) ® |E),,  (72)

E)(Exl. (74)

A. Hawking radiation is improper

We consider a Schwarzschild spacetime. Let the black
hole region be B = {(t,7,0,¢)|0 < r < 2GM/c?} and the
black hole exterior M = {(t,r,0,¢)|r > 2GM/c*}. In
practice, the Hawking spectrum (80) can be derived in
many different ways [20-26], though we start here by
outlining two (Lorentzian) pictures, which can equivalently
be adopted, for the following discussion:

(1) That of Werner Israel [20], depicted in Fig. 4(a). One
may formally analytically extend the spacetime
through the Kruskal extension and augment the
physical Fock space F of a hypersurface ¥ Cc M
to F ® F. Here, F corresponds to the Fock space of
a hypersurface in the hashed region in Fig. 4(a), i.e.,
¥ ¢ M, where M is the dual region to M of the
Kruskal extension. The thermofield double state on
T U L is then [20]
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A 4

i

FIG. 4. Penrose diagrams of black hole spacetimes highlighting
two different ways to recover Hawking radiation. (a) Penrose
diagram of a maximally extended Schwarzschild black hole. The
hashed region corresponds to regions of the extended spacetime for
which we have no information: it is traced over. (b) Penrose
diagram of a collapsing black hole. The hashed region 15 is being
traced out, yielding an improper Hawking-Gibbs state on Z ™.

1 E,
=75 e (-5

This is entangled. The (improper) reduced density
matrix of the state in £ C M is just its partial trace
with respect to F, which is given by summing over
the unknown states in the hashed region, yielding the
Gibbs state

npln)z.  (75)

ps = Tz () () (76
——%Z;am(—hii)nxwf 77)
1 I:IHawkin

where Z = Tr(exp(—%)) =5, exp(— kf;H) is
the partition function serving as probability nor-

malization Tr(p) = 1, and

N +o0 ~ N
mmm—A hob' (@)b(0)do  (79)

is the Hawking Hamiltonian with Hawking temper-

3 . . .
ature Ty = 87[2% From this Hamiltonian, one can

derive the blackbody spectrum from the expected
number of late time “out” particles with frequency w,

(B @)h(0)) = e (80)

which indeed corresponds to Hawking radiation.

(2) That of Hawking and Wald [21,23], which is
depicted in Fig. 4(b). One here works with a
collapsing black hole spacetime, in which case the
thermofield double lies on a hypersurface E with two
connected components: one at Z (on which paro-
chial observers measure what escapes from the black
hole) and the other beyond the horizon (on which
parochial observers measure what fell into the black
hole). Because one does not observe inside the hole,
one has to sum over all possibilities for the surface
inside the hole and so obtains a density matrix
describing a mixed state [27,28]. Thus, the resulting
(improper) reduced density operator on F , obtained
after tracing out Fj, (assuming Fi, = Fou @ Fines
where F;, is the Fock space on Z~, F, thaton Z*,
and F;, that in E n B), is again a Hawking-Gibbs
state of the form (77), obtained by tracing out a
thermofield double of the form (75).

Now, as Wald puts it [23], “the density matrix for
emission of particles to infinity at late times by spontaneous
particle creation resulting from spherical gravitational
collapse to a black hole is identical in all aspects to that
of blackbody thermal emission at temperature kg7 y = g’—’;
where « is the surface gravity. One might take this to
indicate that one’s perspective on the nature of this Gibbs
state is purely interpretational. However, in the context of
Mgller-Rosenfeld semiclassical gravity, different perspec-
tives on the derivation of Hawking radiation give different
experimental predictions. Whilst in a unitary theory this
interpretational question is operationally irrelevant, it
becomes of importance in the context of nonlinear mod-
ifications to quantum theory, such as Mgller-Rosenfeld
semiclassical gravity. In the improper case, the semiclass-
ical gravitational field backreacts from a weighted average
of the energy levels; in the proper case, it backreacts from
only one of them.

In versions of quantum theory in which unitary evolution
is universal and the initial state is pure, all thermal states are
improper mixtures. Let us underline that the most com-
monly accepted derivations of Hawking radiation—the real
spacetime pictures and the Euclidean picture—do indeed
lead to an improper Hawking-Gibbs state.

The real (Lorentzian) spacetime pictures [20,26],
described above, obviously lead to an improper mixture:
the “inaccessible” or black hole Fock spaces are being
traced out. The Gibbs state (76) is an improper mixture
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arising from restricting our consideration of the whole
system—the mixed state on X (or Z™, respectively) can be
purified to the thermofield double state (75) living on the
whole of £ U X (respectively, the whole of E).

Another commonly considered approach is the Euclidean
derivation of Hawking radiation. Here, one Wick rotates the
Schwarzschild exterior solution and then deduces the
(Hawking) temperature measured by an observer that is
more than a few Schwarzschild radii away from the black
hole [29] a la Unruh [25] and Tolman [30]. The derivation is
recalled in Appendix B 1. The resulting vacuum state is an
improper thermal mixture. Indeed, one does restrict the
observer’s consideration to the Rindler wedge associated
with the observer’s uniformly accelerating trajectory (needed
to stay at a fixed radius and avoid falling into the black hole).
This restriction is precisely what makes the mixture improper
—restricting the algebra of observables to that wedge makes
the pure vacuum “become” an improper Kubo—Martin—
Schwinger (KMS) state [31-33], an analog of an improper
Gibbs state beyond type I von Neumann algebras.

Another example of the improper nature of this mixture
can be seen through the use of Euclidean path integrals [34]
to compute Hawking radiation—the derivation is recalled
in Appendix B 2. In this case, one extends the spacetime by
sending the imaginary time 7 to fz + x to land in M. The
path integral on this Euclidean black hole geometry then
yields an entangled state of the form (75) on hypersurfaces
living in the extended spacetime M U M. Thus, restricting
consideration to Z* in M, one recovers the (improper)
Hartle-Hawking state (76).

Hence, such derivations are still mutually consistent in the
context of a nonlinear theory, such as Mgller-Rosenfeld
semiclassical gravity. Any derivation that leads to a descrip-
tion of Hawking radiation as a proper mixture would be
inconsistent with either, however. For example, a ““statistical”
ensemble understanding of Hawking radiation, which may
seem operationally intuitive, would be inconsistent with the
above derivations if we assume that Mgller-Rosenfeld semi-
classical gravity holds. We stress that, when working in
nonlinear extensions of quantum theory, one must carefully
consider situations that concern thermal solutions since
proper (statistical) and improper thermal states are now
inequivalent.

B. Mgller-Rosenfeld semiclassical gravity is not the
semiclassical limit of quantum gravity

It is often (e.g., see [26,35,36]) argued that a semi-
classical approximation to quantum gravity, taken to be the
replacement of T, — (T ) in the classical Einstein field
equations (thus leading to a limiting theory of the form of
Mgller-Rosenfeld semiclassical gravity), is appropriate
when quantum fluctuations in the matter fields are sup-
pressed but at the same time still overwhelm the fluctua-
tions in the metric. The quantum backreaction effects of
gravitons in the presence of a single matter field can be

comparable in magnitude to those of the matter field.

However, when N matter fields are present, the quantum
backreaction effects from the gravitons are O(1/N) com-
pared to those of the matter. One can then recover a
semiclassical approximation to quantum gravity by taking a
large N expansion (see Appendix C).

It is, however, worth noting that, even though the forms
of the dynamical equations are the same, Mgller-Rosenfeld
semiclassical gravity and the semiclassical limit of quan-
tum gravity make differing predictions in the same context
of Hawking radiation if we make the (strong and non-
obvious, though maybe common) assumption that there is a
consistent treatment of measurements of the gravitational
field within the latter. Even though the resulting Hawking-
Gibbs state is improper in both cases, a measurement of the
gravitational field would identify a particular subcompo-
nent of the state in the latter case. The gravitational
backreaction would then follow that of a proper mixture
in the semiclassical limit of quantum gravity, as was high-
lighted throughout Sec. II. As we have shown in this paper,
this is different to the gravitational backreaction of an
improper mixture in Mgller-Rosenfeld semiclassical gravity.
That is, an observer at Z* performing a Cavendish experi-
ment will see different outcomes in the two theories: a one-
shot experiment would give information about whether the
observer lives in a quantum gravitational world or a Mgller-
Rosenfeld semiclassical world.

The quantum state used in the semiclassical Einstein
field equations in the semiclassical limit of quantum gravity
should thus always be interpreted as a proper mixture to be
consistent with the behavior expected from a unitary
quantum gravity theory combined with measurements of
the gravitational field. Importantly, this difference in
behavior between Mgller-Rosenfeld semiclassical gravity
and the semiclassical limit of quantum gravity is indepen-
dent of the number of matter fields present, and should be
understood as coming from the fact that the semiclassical
limit of quantum gravity comes from a theory that is
intrinsically unitary, while Mgller-Rosenfeld semiclassical
gravity is not. In other words, Mgller-Rosenfeld semi-
classical gravity is not the semiclassical limit of quantum
gravity in the context of black hole spacetimes.4
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APPENDIX A: GENERAL PROBABILISTIC
THEORIES WITH NONLINEAR DYNAMICS
VIOLATE THE MEP STATISTICALLY

We extend the discussion of Sec. IID to cover MEP
violations of GPTs with nonlinear dynamics, which we
now review [38]. In GPTs, a physical system is charac-
terized by a state space €2, which is assumed to be a convex
vector space. An element w € is called a state, and, by
convexity, the probabilistic mixture p;@; + p,w, €Q is a
state for any @, w, €Q and p; + p, = 1. A state is called
pure if it cannot be written as a convex combination of
other states (i.e., if it is an extreme point of Q), and mixed
otherwise.

The space of linear functionals f:Q — R is denoted
A(Q), which is ordered in the sense that f<g<
flw) <g(w) V w€Q. The zero and unit functionals
Oq) and lyq), respectively, are defined so that
V 0€Q, Opq)(w) =0 and l,q)(w)=1. An effect,
denoted e}, is an element of [0(q), 14(q)], in the sense that
itis alinear functional ¢;: Q — [0, 1]. Effects are interpreted
as events associated with the system considered, with
occurrence probability ¢;(w) when the system is in state w.

A (discrete) observable is a mapping from a finite set £
to A(Q),

e E = A(Q), (Al)

i e, (A2)
satisfying e; > Oy Y i€Eand ), pe; = l4q). Then,
V weQ, ¢;(w) = p(i), where p € A(E) is a probability
weight [living in the set of all classical probability
distributions over E, A(E)], such that each e; is an effect.
Here, i € E is then understood as a measurement outcome.
The measurement of an observable e on a state w, denoted
e(w), is then defined to be the set of effects associated with
that observable that sum to unit probability,

e(w) = {e,-|Ze,»(w) = 1}.

i€eE

(A3)

An operation is a linear mapping x:Q — €'. Here, we
will be interested in the case where Q' = Q, i.e., where
k € L(Q). There is an associated dual linear transformation

k*: A(Q) —» A(Q) defined as k*(e;)(w) = e;(k(w)) for all
effects e; € [04(q), 14(q)] and states w € Q.

In standard quantum theory, w =p€D(H), ¢; =
Tr(IT;-) for projective measurements, where II; is the
projection operator associated with outcome i of some
observable (now seen as an operation) k = O € L(H),
e;(w) = p(i) =Tr(Il;w), and e(w) is the set of all such
Tr(I1;-) associated with that measurement. Then,

<O>p = ZTT(HiOP) = Zei(’((a}))v

i€k i€k

(A4)

as Y epll; = 1.

We now provide a generalization of Lemma 1 to GPTs,
whose statement is again both trivial yet important to
highlight.

Lemma 3. Let

(1) {w;};,€Q be an ensemble of pure states with

associated probabilities {p;};,>_; pi = 1, where Q
is the convex state space of the GPT,

(2) p=>_,piw; €EQ be a mixed state,

(3) k€ L(Q) be an operation on Q, and

4) e={ej| > ;cpej(p) = 1} be a measurement on p,

where ¢;: Q — [0, 1] are effects and E is the set of
possible measurement outcomes.
Then,

(AS)

Y eilk(p) =Y _piy_ejlx(w)).

JjEE i JEE

Proof. This follows by the linearity of operations and
effects,

;ej<x<p>> :Z ((Zw)) (A)
-3 (Zp,«(wi)) (A7)
_ ;Zpie,(x(wi)), (A8)

and the result follows (since E is taken to be finite). =
We now generalize the discussion of the MEP to cover
GPTs.

MEP: Let {w;}; € Q be an ensemble of pure states with
associated probabilities {p;};,>_; p; = 1, where Q is
the state space representing a system S, and let pproper
be the corresponding proper mixed state. Let w € Q' D
Q be a state in the state space representing the
combined system S+ A, and let pjypoper be the
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corresponding improper mixed state of S Suppose
Pproper = Pimproper- LHEN, NO experiment on S can
distinguish these two cases.

We then generalize Lemma 2 to GPTs.

Lemma 4. Let

(1) {w;(ty)}; €Q be an ensemble of pure states with
associated probabilities {p;};, > ; pi = 1, where Q
is the (convex) state space of the GPT,

@) plto) = 22 piwi(ty) EQ,

(3) T,(t.tg) =T,(t.1;)T,(t1.10):Q — Qbe atime evo-
lution operator for the state p(fy) such that
p(t) =T,(t,1)[p(ty)] €Q, and likewise we write
w;(t) = Ty, (1. o) [wi(to)],

(4) k€ L(Q) be an operation on Q, and

(5) e={ej| > ;crej(p) = 1} be a measurement on p,
where ¢;: Q — [0, 1] are effects and E is the set of
possible measurement outcomes.

Then, if
Zej(lc(p(t))) # Zpizej("(wi(t)))v

jEE i JEE

(A9)

the MEP is violated statistically for a system described by
p(t) through measurements of .

Proof. If pproper (1) is a proper mixture of {@; (1)}, then
it must be so at all times ¢, i.e.,

pproper(t) = Zpiwi(t)’ (AIO)

following the same argument as in Theorem 1, with

Zej(K(pproper(t))> = Zpizej(K<wi(t))> (All)
by Lemma 3.

On the other hand, if p(ty) = >, p;w;(ty) is not a proper
mixture of {w;(fy)};, then in general its time evolution is
given by

pimproper(t) = T/)(t’ tO) [Zpia)i(tO)] (Alz)

so that the expectation value of measurements of x
on p(t) is

Zej(K(pimproper(t)))

| —;ej(x(mmo)[Zpiw,(ro)}))- (A13)

Thus, provided condition (A9), the MEP is violated
statistically for a system described by p(¢) through mea-
surements of . n

>That is, the corresponding state on S used for experiments on
S only.

In particular, if 7 ,(1, ty) is not linear, then the MEP is
violated for some « and e ;—again, under the constraints of
condition (A9), which may not be satisfied if, e.g.,
V i, (1) € ker(k) and p(r) € ker(k). We may now extend
Theorem 1 to GPTs.

Theorem 2. Let

(1) {w;i(t9)};, €Q be an ensemble of pure states with

associated probabilities {p;};, > ; p;i = 1, where Q
is the (convex) state space of the GPT,

() plto) =32, piwi(1y) €L, and

(3) T,(t.tg) =T,(t.1,)T,(t1.1y) :Q — Qbe atime evo-

lution operator for the state p(zy) such that
p(t) =T,(t.1))[p(ty)] €Q, and likewise we write
w;(1) = Ty, (1. 10)[@;(10)]-

Then, if

p(t) # Zpiwi(t)’ (A14)

the MEP is violated for a system described by p(t).
Proof. Let y(t):=>_, piw;t). If p(r)# (1), then
Jk*(e;) € L(Q,R), such that k*(e;)(p(1)) # «*(e;)(x (1)),
s0 ¢;(k(p(1))) # ;(k(3_; piw;(1))). Thus, by Lemma 4, the
MERP is violated through such measurements. [

APPENDIX B: DERIVATIONS OF HAWKING
RADIATION IN THE EUCLIDEAN PICTURE

Below, we recall two derivations of the Hartle-Hawking
Gibbs state in the Euclidean picture, both of which yield an
improper mixture.

1. A la Unruh-Tolman

For completeness, we here summarize and paraphrase
the derivation of Hawking radiation in Euclidean space
presented in [29]. We stress there is no novelty in the
discussions in this and the next section.

We start with the usual (Minkowskian) Schwarzschild
metric

2
ds? = —<1 —&) c2d* + dr +r2dQ3, (BI1)
r

1 =&
p

where Ry = 2GM/c? is the black hole’s Schwarzschild
radius. Since the angular directions dQ3 do not play a role
in the following, we omit them for conciseness. The near-
horizon metric, obtained through a change of coordinate
r Rg(1 + p?/4R%),t — 2Rt in an expansion p < Ry,
is the flat Minkowski metric ds’ ~ —p?c*ds?> + dp* in
hyperbolic coordinates. A free-falling observer will thus
see nothing special at the horizon r = Rg, and the geometry
can be analytically extended. Regardless, an observer near
the event horizon at fixed r is accelerating to avoid falling,
while in near-horizon coordinates, an observer at fixed p is
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uniformly accelerating in Minkowski spacetime, with
. 2
proper acceleration a = <

Acceleration in a flat Minkowski spacetime induces an
apparent horizon and a Rindler wedge [33]. The restriction
of the Minkowski vacuum state to the subalgebra of field
observables in the Rindler wedge yields a so-called KMS
state (the algebraic quantum field theory equivalent to a
Gibbs state) [31,32]. Such a thermal state is thus improper: it
arises from an objective restriction of the available operations
and effects available to the observer. Thus, a uniformly
accelerating observer experiences thermal radiation—this is
the Unruh effect [25]. To obtain the temperature that this
observer experiences, one Wick rotates the time coordinate
0 = —ir and defines x% := p sin(0), x! == p cos(6). The new
coordinates (x%, x!) and (p,0) are, respectively, Cartesian
and polar coordinates on [E2. Now, an observer at constant p
moves in a circle of circumference 2zp. )

The partition function in a thermal state is Z = Tr[e~#/].
Any observable, e.g., Tr[O(r)(’)(O)e‘gH ], is periodic under
7 > 7 + if (or, in imaginary time, under € — 0 + ), since
O(7) = eif’*"Oe~i*, and using the cyclic property of the
trace. Thus, c¢f is the length of the Euclidean time
evolution, performed over a circle in Euclidean space.
The temperature associated with the partition function is
kgT = h/p, hence the temperature that an accelerated
observer at constant p feels is

n ch noa

T A =2
kBﬂ ZﬂkBp chzﬂ

(B2)

proper —

This is the temperature of the Unruh effect perceived by a
uniformly accelerating thermometer [25]. It is, however, felt
by an observer close to the horizon, and decreases as we move
away from the black hole. This decrease in temperature is
consistent with thermal equilibrium in the presence of a
gravitational potential. For a spherically symmetric configu-
ration, the temperature obeys the Tolman relation [30]

FIG. 5.

Tproper(r) \% —gn(r) = %

This formula is also valid in the full (Lorentzian) geometry, so
we can use it to find the temperature that an observer would
experience far from the black hole horizon. In this case, we
have g,, = —1 (Schwarzschild is asymptotically Minkowski)
and go to large r > Ry, so that

(B3)

_ch hcl
 4zkzRg  8aGMky’

Ty = Tproper(r > RS) (B4)

which recovers the Hawking temperature.

2. Euclidean path integral derivation

Again, for completeness, we summarize and paraphrase
derivations of the Hartle-Hawking state using Euclidean
path integrals provided in [29,34]. We start with the
analytically continued Euclidean spacetime

dr?

+ r2dQ2,

R
ds*> = (1 - 75) cd + (B5)

1 =8
p

where fj := —it is the imaginary (Euclidean) time, with
tg =tg+ p (as for € above). This spacetime only has
r > Ry, i.e., there is no interior, since r — Rg is like the
radial coordinate in polar coordinates and r = Rg is the
origin; however, it is analytically extended in the sense that
the ¢z = O slice of the Euclidean spacetime extends in M.
This is shown in Fig. 5. To avoid a conical singularity at
r = Rg, one needs to set ¢ff = 4zRg. This is necessary to
implement the Einstein equivalence principle: an observer
falling into an evaporating black hole should not see
anything special at the horizon.

Sending tg > tg +§ takes one to the other side of the
Penrose diagram in the maximal analytic extension, i.e.,
from M to M and vice versa. Thus, just like in Rindler

Lorentzian time

Euclidean time

Extended Euclidean Schwarzschild black hole spacetime [34]. The Euclidean path integral yields a pure entangled thermofield

double state on Z+' U Z*. The quantum state on Z is thus an improper mixture—the Hartle-Hawking state.
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space, we get to the other side of the horizon by going
halfway around the Euclidean circle.

Imaginary-time periodicity implies a temperature, as we
have seen previously. That is, we work with a quantum field
theory (QFT) at finite temperature, and the expectation
value of observables should be taken with respect to a
thermal state. Real-time evolution by e™#' corresponds to a
path integral on a Lorentzian spacetime, while imaginary-
time evolution e~ is computed using a path integral on a
Euclidean geometry. The Euclidean path integral from the
hypersurface £ U X living in M x M to Z+' U Z* on this
extended Euclidean black hole geometry can be computed
[34] and yields an entangled thermofield double state (75)
onZ* U Z". Thus, the reduced density matrix on Z* is the
improper Hartle-Hawking state (76).

APPENDIX C: GRAVITATIONAL
BACKREACTIONS IN THE LARGE N LIMIT

We here recall the argument which states that a semi-
classical approximation to quantum gravity is appropriate
when quantum fluctuations in the matter fields are sup-
pressed but still overwhelm the fluctuations in the metric.
As Wald [26] puts it:

“In the context of quantum field theory in curved
spacetime, it is natural to postulate that the
backreaction effects of the quantum field on
the gravitational field will be governed by the
semiclassical Einstein equation,
Gab = 8”<Tab>ql7 (Cl)
i.e., it is physically possible for the spacetime to
be (M, g,,) and for the quantum field to be in
state ¥ on (M, g,,) if and only if Eq. (C1) is
satisfied. Actually, Eq. (C1) would not be ex-
pected to arise as the lowest approximation to a
quantum field theory of gravity coupled to a matter
field. This is because in the full theory one would
expect to have (G,,) = 8z(T,,) hold exactly,
where G, is the full Einstein operator and the
state implicit in the expectation values now in-
cludes the degrees of freedom of the gravitational
field. Furthermore, one would expect that Gab
would be given in terms of the metric operator
by the same formula as holds classical,
Gap = Gapl§ea). However, since G, is a nonlinear
function of g.;, we expect (Gab) # Gup[(Gca))-
Indeed, if we write §,;, = ¢5,1 + 7.,—where g,
is a classical solution of Einstein’s equation and 7 is
the identity operator—and if we keep only terms
quadratic in 7, in the formula for G, then (G,,)
and G [ (945 )] will differ by —8x(7,,,), where 7,,;, is

given in terms of 7,, by a formula very similar to
that of 7', in terms of ¢ [...] and the contribution
from this term should be comparable to that of
(T",;,). One can then interpret this fact as saying that
the quantum backreaction effects caused by grav-
itons [...] are as important as that of any other
quantum field, and should not be neglected in
Eq. (C1). Nevertheless, one can justify Eq. (C1) in
terms of a systematic approximation to a full
quantum field theory including gravitation as
follows. If we have N matter fields present, then,
roughly speaking, the effects of the matter fields
will be N times as important as that of gravitons.
Hence, in the limit of large N, the neglect of
gravitons should be justified, and one will obtain
Eq. (C1)[...] as the lowest approximationina “1/N
expansion” of the full theory of quantum gravity
coupled to matter. In any case, Eq. (C1) should at
least provide a qualitative indication of the back-
reaction effects produced by quantum fields on the
gravitational field.”

In a 1/N expansion of quantum gravity with N matter fields
in the semiclassical limit, we indeed have [36]

A © A l
(T,,) =TS, + S nl{TL)) = TS, + O(NR),  (C2)
=1

where TED is the classical contribution (given by the one-

point functions ¢¢! = (¢;) only) to the energy-momentum
tensor and T,(,Q is the /th-order quantum correction to the
energy-momentum tensor. Likewise, we can make an

expansion of the metric

G = 95 + > 'l (C3)

n=1

In the 1/N expansion of quantum gravity, one can then
substitute in the g,(,';) with n < [into Eq. (C1) using <T,<j3> to
compute the next higher-order correction g,(,ly) [36]. In
particular, provided NA < 1 (while N > 1 and 7 < 1),
we have that the leading order corrections to the classical
metric gf,/ in the semiclassical Einstein field equations are
from the O(N#) contributions in the energy-momentum
tensor. Following Wald’s argument, we then have that

. 062 N N
<Gab> zb Gab [gsb] -8z <tab> =38 <Tab> (C4)
—— ——
o(n) TG,+O(Nh)
= GalgS,) ~ 81(Tw) + OFh,.h).  (C5)
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Thus, in the limit where N2 < 1 with N > 1, the semi-
classical Einstein field equations are indeed recovered.
These contributions are negligible at SI scales, which is
why classical general relativity (GR) is so successful. The

first quantum mechanical post-GR corrections in a 1/N
perturbative expansion, which come into play at Planck
scales for large N, yield the semiclassical Einstein field
equations to that order.
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