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Abstract

The first principles computational modelling of molecular systems is a long-standing pursuit
in the scientific community. It has traditionally been tackled by developing approximate
solutions to quantum mechanics. Simulations using these electronic structure based methods
can be highly accurate but are limited to small system sizes or short time scales. The
traditional alternative is force fields that enable fast and accurate simulations by bypassing
the treatment of the electrons and describing the system solely in terms of the atomic positions.
The emergence of machine learning tools has opened up the opportunity for the development
of high accuracy force fields trained directly to reproduce the results of electronic structure
calculations.

This thesis presents new developments that lead to improved machine learning force
fields for molecular chemistry. Firstly, a set of linearly complete basis functions, called
ACE, is demonstrated to yield high accuracy custom made force fields for small molecules.
By recognising the symmetric tensor structure of these basis functions, the framework is
extended to enable the simultaneous description of a large number of chemical elements.

Next, multi-ACE is proposed, which provides a unifying theory of most classical and
machine learning force fields. Using the design space set out in this theory, a new method,
called MACE is created. MACE is shown to provide simple, robust, accurate, and efficient
force fields for a wide range of molecular systems. Finally, MACE-0FF23 a new transferable
force field for organic molecules is proposed and demonstrated to be capable of accurately

describing not only molecules in vacuum but also in the condensed phase.
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Chapter 1
Introduction

In the history of humankind, knowledge has always been advanced by the combined contribu-
tion of theoretical and experimental scientists. The scientific method requires the postulation
of hypotheses that can be experimentally verified or disproved. This way of working has
served as the basic foundation for rigorous academic work. As far as studying the world of
atoms and molecules is concerned, quantum mechanics is a theory that is, in principle, able
to predict everything with perfect accuracy. The theory was formulated in the early 20th
century and the main principles have not changed over the past 100 years. Since then, the
main goal of theoretical scientists has been to develop rigorous approximations of quantum
mechanics that enable the calculation of interesting predictions.

Over the past decades, there has been a technological revolution that has exponentially
increased the available computational resources. The availability of relatively inexpensive
compute transforms what is possible to predict by theoretical science. In fact, today a third
arm of science is often mentioned alongside the theoretical and experimental approach, called
computational science. Computational scientists use tools derived from theories of physics
and chemistry to carry out experiments on a computer simulating the conditions of real-world
experiments. Computational approaches allow for very precise measurements of observables
in simulations without disturbing the system compared to the real-world experiments. This
can lead to accurate predictions about the behaviour of chemical systems and also to insights
into the behaviour of chemicals and materials at the atomic scale.

The focus of this thesis are a set of new methods that have been developed to enable
computational experiments simultaneously at a scale and accuracy that have not been possible
before. In particular, the methods belong to the field of atomistic modelling of chemistry.
Using the most advanced quantum mechanical methods, it is possible to accurately simulate
at most tens or hundreds of atoms and for at most hundreds of picoseconds (1 picosecond =

10712 second). The source of the high computational cost in these simulations is the separate
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treatment of the electrons and the nuclei. In contrast, the tools discussed in this thesis build
upon quantum mechanics, but themselves consider the atoms as the indivisible units of the
computational experiments. This means that they bypass electrons altogether, describing
the system simply as a collection of atoms. This simplification enables the simulation of
10,000-s of atoms for time scales of up to 100-s of nanoseconds (1 nanosecond = 10 second).
Remarkably, this is achieved without a significant loss of accuracy compared to the quantum
mechanical methods.

These developments are enabled by using machine learning methods to infer the effective
interactions of atoms from high-fidelity, expensive quantum mechanical data. From the
dataset of quantum mechanical calculation results, it is possible to construct force fields, also
known as interatomic potentials, that describe the strength of interactions between individual
atoms at a fraction of the cost of the original calculations.

There are two key contributions in this thesis. Firstly, with my co-workers, we have
developed a new theoretical framework that lets us better understand the machine learning
methods used for creating atomistic models. Part of the theory also enables the simulation
of systems with many chemical elements, which was previously a notoriously difficult task.
Secondly, we have developed a new method for creating machine learning force fields called
MACE. The examples in this thesis present evidence that this new method enables the
routine parameterisation of new force fields with little training data and high accuracy. The
software implementation of MACE is available as an open source code that can be used by
computational scientists to run their own experiments of interesting physical or chemical

systems.

1.1 Outline and Key References

This thesis was written based on a number of publications. In this section, the outline of the
thesis is given, with references to the papers upon which each of the chapters and sections is
based. The thesis contains figures and text taken directly from these papers that are the work
of the author of this thesis.

Chapter 2 introduces the necessary background to understand the thesis. It builds on
a review manuscript of machine learning force fields that is under preparation. It also
introduces some of the most important datasets that were used in this thesis.

Chapter 3 is based on the paper Kovécs, David Péter, et al. “Linear atomic cluster
expansion force fields for organic molecules: beyond rmse.” Journal of chemical theory
and computation 17.12 (2021): 7696-7711. It introduces the linear ACE force fields for

the simulation of small molecular systems. Furthermore, in Section 3.3 the tensor-reduced
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version of ACE is introduced, which enables the simulation of systems with a large number
of chemical elements using machine learning force fields. This section is based on the paper
Darby, James P., Kovics, Ddvid Péter, et al. “Tensor-reduced atomic density representations.”
Physical Review Letters 131.2 (2023): 028001.

Chapter 4 is based on the paper Batatia, Ilyes, et al. “The design space of E (3)-equivariant
atom-centered interatomic potentials.” arXiv preprint arXiv:2205.06643 (2022). It extends
Atomic Cluster Expansion and TrACE to equivariant outputs and describes the Multi-ACE
design space of machine learning force fields.

Chapter 5 introduces the new MACE machine learning force field architecture based on
the paper Batatia, Ilyes, et al. "MACE: Higher order equivariant message passing neural
networks for fast and accurate force fields." Advances in Neural Information Processing
Systems 35 (2022): 11423-11436. This section is also based on the follow-up paper Kovécs,
David Péter, et al. “Evaluation of the MACE force field architecture: From medicinal
chemistry to materials science.” The Journal of Chemical Physics 159.4 (2023): 044118.
Finally, in Section 5.3 a pre-trained transferable force field for organic chemistry is introduced
based on the paper Kovics, David Péter, Moore, J. Harry, et al. “MACE-OFF23: Transferable
Machine Learning Force Fields for Organic Molecules” arXiv preprint arXiv:2312.15211
(2023).

Chapter 6 contains conclusions and outlooks, in particular, about the prospect of pre-

trained foundation models, like the one introduced in Ref [15].






Chapter 2
Background

In this chapter, the most important background and historical results relevant for this thesis
are briefly summarised. First, the key terms from quantum mechanics and electronic structure
are introduced. These serve as the foundation of the first principles or ab initio modelling
of chemical systems. Next, the central object of computational chemistry, the Potential
Energy Surface (PES), is introduced, and its significance is discussed, including the Born-
Oppenheimer approximation. It is followed by a discussion of a number of important
classical and machine learning approaches for parameterising the PES. Finally, a number of

benchmark datasets are described that are used throughout this thesis.

2.1 Electronic Structure Methods - The Ground Truth

Quantum mechanics provides a framework in which most of materials science and chemistry
can be understood. It postulates that all physical information about a system is contained
in its wavefunction. The system is defined by specifying its Hamiltonian H representing
the total energy operator. It is the sum of two terms that account for the kinetic energy and
the potential energy of the system. The potential energy term describes the interactions
of the particles (typically the electrons and nuclei in chemistry) and can also contain the
contribution coming from external fields. One way of formulating quantum mechanics is via
the Schrodinger-equation which the full wavefunction ¥ must satisfy.

iﬁi‘l’(r )= [—ﬁv%v(r t)} Y(r,1) 2.1
at ’ 2m ’ ’

When it comes to simulating chemical systems, the Hamiltonian typically corresponds
to a molecular structure. In this case, instantaneously it does not depend on time. This

simplifies the equation to the time-independent Schrodinger-equation.
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HY(r) = E¥(r) (2.2)

where the kinetic and potential energy terms are represented by H. For a chemical system
with fixed positions of the nuclei and using atomic units, the time-independent Hamiltonian

can be written as

ZaZp

VN N R e R M

i>] A>B

(2.3)

where i, j denote electrons with positions r;,r; and A, B denote nuclei with charges Z,, Zp
at positions R4, Rp.

The potential energy, E from Equation (2.2), can only be computed approximately for
all but the simplest systems. There are a variety of computational techniques for solving
this equation, with the most accurate ones requiring the largest computing power. Quantum
chemistry methods typically have the highest accuracy. These methods attempt to tackle the
description of the fully correlated wavefunction as presented in Equation (2.2). Examples
of quantum chemistry methods include CASSCF [177], FCI [91], and CCSD(T) [10, 164],
which are capable of computing the potential energy of systems with tens of electrons. Larger
systems are out of reach due to the unfavourable scaling of the computational cost with
the number of electrons. For example, the cost of computing the potential energy using
the CCSD(T) method scales as N’ with the number of electrons N. Some Monte Carlo
approximations of the wavefunction, such as FCIQMC [25] or diffusion Monte Carlo [237],
can be scaled up to a few hundred electrons before they become untenable [129]. Recently,
variational Monte Carlo methods were also combined with deep learning in new neural
wavefunctions such as FermiNet [158] and PauliNet [94], which are new alternatives to more

established electronic structure methods [95].

Density Functional Theory Density Functional Theory (DFT) is probably the most popular
method for computing the ground state energy of chemical systems [96]. DFT bypasses the
wavefunction and computes the energy as a functional of the electron density. According to

the Hohenberg-Kohn theory [96] the energy can be written exactly as

E[p(r)] = Te[p(r)] + Vee[p (r)] + Vie[p (r)] (2.4)

where p(r) denotes the electron density, 7, is the kinetic energy functional, and V,, and
Ve represent the electron-electron and electron-nuclei interactions, respectively. From the
theorem it follows that the electron density that minimises the energy corresponds to the
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ground state of the system. In practise, this implies that the ground state can be determined
by minimising the energy as a function of the electron density.

The most popular implementation of DFT is based on the Kohn-Sham method [114].
It assumes that the system is made up of noninteracting electrons in an effective potential
Verr(r). The total wavefunction is written as a product of atomic orbital wavefunctions
for each of the electrons denoted by y;(r). This reduces Equation (2.2) into an eigenvalue
problem.

ﬁZ
EAGAZ IR e3)

where ¢&; is the orbital energy. V, s(r) can be written as

Verr(t) = Vae[p ()] + Vee [p (1)] + Vi [p(r)] (2.6)

where V,,, is the Coulomb term between the electrons and the nuclei, V,, is the Coulomb
repulsion between the electrons, also known as the Hartree term and V,. is the exchange-
correlation functional correcting for the error made by the noninteracting electron assumption.

This formulation reduces the computational complexity compared to the wavefunction-
based quantum chemistry methods but comes at a price: The mathematical form of the
exchange correlation functional is unknown; therefore, one has to rely on different ap-
proximate functionals which are not systematically improvable. There are several DFT
exchange-correlation functionals whose parameters are tuned to match the electronic prop-
erties of small systems calculated exactly or at a higher fidelity level of theory or even to
reproduce experimentally measured properties, such as ionisation potentials [81].

In its modern implementations, the Kohn-Sham version of density functional theory has
a scaling of N with the number of electrons, N, making the calculation of the energies
of systems with up to 1-200 atoms relatively easily possible [115, 151]. Linear scaling
implementations also exist, though these typically have a much larger prefactor to their
computational cost [124].

Moving beyond DFT, more approximate semi-empirical quantum mechanics methods
such as tight-binding approximations have also been developed [9, 101]. These methods
still try to solve the Schrodinger-equation, but apply large simplifications to the Hamiltonian
to enable the treatment of systems with a few 1,000 atoms. These simplifications typically
come at the expense of decreased accuracy, making these methods useful primarily in

high-throughput screening tasks where quantitative accuracy is not necessary.
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2.2 The Potential Energy Surface

An important observation in theoretical chemistry is that the motion of the nuclei can be
treated independently from the motion of the electrons. This means that chemical systems
can be accurately simulated by decoupling the electronic and nuclear degrees of freedom,
which is known as the Born-Oppenheimer approximation [28]. This leads to the definition of
the potential energy surface (PES), which describes the mapping from nuclear positions to the
ground state electronic potential energy of the system, £ = E(R). The intuition behind the
Born-Oppenheimer approximation and the potential energy surface is that the electrons are
much lighter than the nuclei; therefore, given the same amount of momentum, the electrons
are moving much faster. This means that they intantenously rearrange to occupy their lowest
energy state as the nuclei are moving around much slower. The approximation breaks down
in cases where two potential energy surfaces are close in energy. In this thesis, only systems
where that is not the case are covered; therefore, it is sufficient to parameterise the system
only in its ground electronic state.

Having access to the PES, E(R), it is possible to use it to sample the chemically relevant
states of atomistic systems. There are many different sampling schemes that can be used
depending on the specifics of the system and the properties of interest. In principle, since the
PES is obtained via a rigorous approximation of quantum mechanics, most properties of the
system can be determined from it.

The PES can be used to explore the stable states that a chemical system can occupy. This
can be done in a number of different ways, for example, by employing energy landscape
methods such as basin hopping [217, 218] or random structure searching [159, 160]. These
methods enable the discovery of stable configurations of the system, such as the stable
conformations of a protein [219] or the possible stable structures of materials [3, 191]. The
PES can also be used to explore reactive systems and identify transition states and determine
the heights of energy barriers corresponding to different reaction mechanisms [182].

Chemical reactions can also be simulated in real time by propagating the nuclear wave-
function along the reaction coordinates. In fact, the very first potential energy surfaces were
developed to analyse the quantum dynamics of small reactive systems [18, 30, 103]. The
same methods can also be used to compute other observables like molecular spectra [111].

Finally, the largest use case of PESs is to simulate a chemical system using classical
molecular dynamics (MD) simulations. In these simulations, the nuclei are treated as
classical Newtonian point masses and the classical equations of motion are applied to them
to propagate their positions [70]. The instantaneous forces acting on the nuclei are computed

as the negative gradients of the PES
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F=-VE(R) 2.7)

where F is the force vector, which has dimensions Nyioms X 3. Without using a thermostat
such a dynamics keeps the total energy of the system constant. Molecular dynamics simula-
tions can also be coupled to thermostats and barostats to sample states of the system from
constant temperature or pressure ensembles. This enables the calulation of thermodynamic
observables by averaging their values over a sufficiently large set of samples of the system.

Formally, the expectation value of an observable X can be computed by evaluating

| Yioxp(=E:JkaT) (il X |i
) = T oxp(—EifkaT)

where the sum runs over all possible (quantum) states of the system i and (X) denotes

(2.8)

the thermal average of the observable X and kp is the Boltzmann constant [70]. The above
expectation value gives what a measurement of X would give in real life if the system
was in thermal equilibrium. In practice (X) is not computed by summing over all possible
micro states, which would not be possible for more than a few degrees of freedom, but is
rather estimated by taking a large enough set of samples from the above distribution. This
can be achieved using thermostated molecular dynamics simulations or using Monte Carlo
methods [70]. MD simulations can be useful either to make predictions from quantum
mechanics on unknown systems or to rationalise known experimental results. Examples of
simulations include the computation of the physical properties of materials, such as phase
diagrams [8, 112, 175, 178], densities [136], or diffusivities [7, 17]. It is also possible to
simulate chemical processes such as the binding of drug molecules to protein targets [44, 98],
the reconstruction of surfaces [208], or the reaction mechanisms of heterogeneous catalytic
systems [231].

In the next section, force fields, which are an essential tool enabling many of the aforemen-
tioned applications, will be introduced. Force fields are also known by the name interatomic

potentials.

2.3 Atomistic Modelling Using Force Fields

2.3.1 What Are Force Fields?

Force fields (FFs), are simplified representations of the PES. A force field is a set of mathe-
matical functions that describe the energy of a system as a function of the positions of atoms

and their chemical elements. Typically, they parameterise the PES directly, rather than as
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the solution of a complicated equation, as is the case in electronic structure methods. This
approach allows for the calculation of forces acting on atoms in a computationally efficient
way, enabling the simulation of larger systems where a full quantum mechanical treatment
of the PES would be computationally prohibitive. By approximating the PES, force fields
enable the study of molecular behaviour over longer time scales and larger spatial dimensions
than would otherwise be feasible, thus playing a crucial role in extending our understanding
of molecular chemistry beyond the quantum scale.

Empirical force fields have been used for atomistic simulations for several decades [130].
These models typically assumed a very simple functional form with the parameters fitted both
to quantum mechanical and real experimental data [176]. With recent advances in compute
hardware and machine learning over the past decade, machine learning potentials emerged
that also directly map atomic positions to the potential energy. The key difference from
empirical force fields lies in the functional form and the parameterisation relying on quantum
mechanical data only. These models are capable of approximating the quantum mechanical
PES to much greater accuracy, with the newest methods even retaining the accuracy far from
the training set used for the parameterisation [16].

In this section, the most important terminology and requirements that guide the design of

new force field functional forms are introduced.

2.3.2 Symmetries of Force Fields

There is a well-defined set of symmetries that a force field energy expression should obey,
which are illustrated in Figure 2.1. The potential energy is invariant with respect to trans-
lations of the system, which is trivially incorporated into the functional form by either
expressing the energy as a function of internal coordinates or by using an atom-centred local
coordinate system.

Next, the potential energy should be invariant with respect to the rigid rotations of the
system, also commonly referred to as the actions of the SO(3) group.

The final symmetry of the PES is the invariance with respect to permutation of the like
atoms, or the actions of the permutation group S,. This means that the energy should be
exactly unchanged if the atoms of the same chemical element are swapped with each other in
the force field energy expression.

Different models address these symmetry constraints in different ways. This has been
reviewed in Ref [147] and is further elaborated in Section 2.4 for a selection of classical and

machine learning force fields.
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Fig. 2.1 The main symmetries of force fields The figure illustrates the symmetries a potential
energy function should obey. The energy is invariant with respect to translations, rotations
and permutations of the like atoms.

2.3.3 Body Order

The body order expansion is a systematic method for approximating high-dimensional
functions in terms of lower-dimensional ones. The general form of the expansion for an N

dimensional function W is

N
Pxp,.ay) = PO+ Y WO () + Y@ (x,0) + -+ PV (x, ). (2.9)
i=1 i,

where ¥()) denotes the i-body term, depending on the simultaneous values of i coordinates.
Such an approximation is useful if it can be truncated at a maximum body order much smaller
than the total number of variables N. The quantum mechanical PES is an N-body function,
which means that solving the full Schrodinger equation of an N-particle system results in an
energy expression that simultaneously depends on the position of all N nuclei.

Writing the PES in terms of low body order terms and truncating early (around 3-5)
is an approximation that underpins directly or indirectly many of the force field models
developed in the past. It builds on the intuition that the complex potential energy surface can
be described in terms of lower-dimensional transferable terms that describe the interactions of
pairs of atoms (distances), triplets of atoms (angles), etc. This approximation has theoretical
foundations in quantum mechanical tight-binding theory [194] and is generally found to
work well when describing the ground state potential energy surface.

To compare the different force field models in terms of their body order, it is useful
to have a precise definition which captures the expressivity of the functional form. The

body order of an atomic representation ¢(ry,...,ry) of N atoms in interaction is the largest
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integer .7 such that the descriptor can be be made complete on the space of .7 atoms. Here
completeness loosely refers to being able to approximate any smooth function of .7 atoms
to arbitrary accuracy, as explained in detail in Ref [63]. Based on this definition, the body
order of a force field model expresses the maximum number of atoms N for which it is
always possible to find parameters approximating a smooth energy function of the N atoms

to arbitrary accuracy.

2.3.4 Topology - transferability and reactivity

A force field parameterisation is called transferable if the same functional form is able to
describe different chemical systems without changing the parameters.

A nontransferable force field, such as SGDML [38] or PIP-s force fields for molecules [30],
can only describe the one molecule for which they were parameterised. The input to
these models is the entire structure either with a canonical ordering of the atoms or in a
permutationally symmetrised form. These models are inherently reactive, meaning that they
can be parameterised to be able to describe arbitrary (potentially reactive) rearrangements of
the atoms of that one system.

On the other hand, most classical empirical force fields and many of the machine learning
force fields are transferable. This means that they are made up of functions that can simul-
taneously parameterise the interatomic interactions of many chemical systems. It is also
possible to fit them to energies and forces of small systems and evaluate them on larger ones.

There are a number of different ways in which a chemical system can be specified as the
input to a force field model. Classical empirical force fields typically require the topology of
the system in addition to the coordinates of the atoms. The topology comprises the chemical
connectivity of the atoms together with the assignment of so-called atom types. These
are determined by using a set of rules that encode all information about an atom’s local
environment. They are then used to retrieve the appropriate parameters for the force field
functional form (bond, angle, torsion parameters) for the simulated system. The topology
and the force field parameters together define the PES of the system and are fixed at the
beginning of a simulation. This makes these models non-reactive. By using parameter sets
that depend on the local connectivity of the system, the force field parameterisations are
transferable to a variety of systems of different sizes and different chemistries as long as the
atom-types can be assigned accurately.

Most local machine learning force fields are not only transferable, but also reactive. They
usually decompose the total energy into atomic site contributions which depend on the local
environment only. Since neighbour atoms are allowed to enter or leave the local environment,

which is determined on-the-fly, the models are reactive. The transferability of these models
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is achieved by only using local terms, as discussed in detail in the next subsection (2.3.5).
Transferability in practise means that the model remains applicable for any system that is

locally similar to the training set used for parameterisation [13, 20].

2.3.5 Local or Global Terms

As introduced in Section 2.3.1 force fields provide a simplified representation of the PES
compared to computing it by solving the Schrodinger equation for each new arrangement
of the nuclei. Such a simplified functional form can have many different building blocks.
Locality is one of the key concepts that can be used to classify the terms in a force field
energy expression.

Early work on parameterizing potential energy surfaces relied on a fully global description.
This means that all interatomic interactions in the system were taken into account [30]. Such
a functional form has an evaluation cost that increases combinatorially as the body order
of the terms is increased. There are (];] ) pair terms, (g’ ) 3-body terms, etc. This makes the
global methods feasible for simulations of systems with up to dozens of atoms.

Most transferable force field models build the energy expression from local terms. For
example, many of the most successful machine learning force fields decompose the total
energy of an N atom system into the sum of atomic site energies.

N
Eo =) E (2.10)

where E; is the energy contribution of atom i and the sum is taken over all atoms in the
system. An energy expression is called local if E; depends only on a subset of all atoms j
that are in the local environment of i [13, 20]. To be precise, the local environment of an
atom 7 is made up of all atoms j for which ||r; —r;|| < ey, Where rey < oo is the predefined
cutoff distance. Therefore, a term in a force field expression E; is called local if for all set of
atoms {r;} the value of E; is constant if any of the atoms j is not in the local neighbourhood
of atom i.

If a potential energy surface is parameterised using local terms only, it is called a local
force field and is valid under the locality assumption. This assumption can be formally
justified by the nearsightedness of quantum mechanics [43, 205] and can be tested emprically
using locality tests [56]. It has also been shown recently that for condensed phase systems,
a short-range (local) model can give an accurate description of bulk properties even if the
true underlying function is long-range (non-local) [45]. The use of local terms was originally
introduced with the bonded terms (bond, angle, dihedral) of classical empirical (Lifson-type)
force fields as early as the 1970s [89, 220]. Building force fields from local terms has a
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number of favourable computational properties. Their evaluation is scalable to large systems
because the computational cost scales linearly with the system size. Furthermore, under
the assumption of the system being well represented by local terms, the functional form
also implies a constant per-atom error compared to the true quantum mechanical PES. The
evaluation is also trivially parallelisable. Finally, local terms can be transferable across many
different systems that are made up of similar local environments [144].

For small systems, building a model from global terms can have advantages. Global terms
parameterise the interactions between all atoms of the system regardless of their distance,
ensuring that no interaction is excluded from the model. For example, when it comes to
parameterising the PES of individual small molecules or a small number of atoms for a
reactive system, the traditional approach is to use global models. The prime example of
such potential energy surfaces are the Permutation Invariant Polynomials (PIPs) that have
been used to fit the PES of several small molecules with very high accuracy [150]. The
disadvantages of global models are that they have to be fitted uniquely for each system
studied and that they are typically not scalable to more than 10s of atoms. Recent work has
demonstrated that it is possible to scale up these models to up to a few hundred atoms by
filtering out some of the features, thereby preventing the explosion in model size [40, 165],
but it is still far from the large-scale (up to millions of atoms) simulations possible with local
models.

There is a third class of terms in force field expressions that are global, but rather than
being general functions, they have a simple physically motivated functional form. These are
usually pair potentials describing Van der Waals dispersion and electrostatic interactions. For
these global long-range terms, there are several efficient algorithms such as Particle Mesh
Ewald [48] making the evaluation of these terms in large-scale simulations with hundreds of

thousands of atoms still feasible.

2.4 Overview of Force Field Methods for Molecular Chem-
istry

In this section, a brief overview of different force field functional forms is given. First
classical empirical force fields are described followed by an introduction to machine learning
force fields. The strength and limitation of these methods are also briefly discussed.
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2.4.1 Classical Empirical Force Fields
Functional form and parametrisation

The functional form of the major empirical force fields dates back to 1969 [130]. These
models were developed for running large-scale simulations specifically targeting biochemical
applications, such as the simulation of proteins, DNA and RNA. The energy expression of the
so-called Lifson-type force fields, which includes AMBER [180, 226], CHARMM [33, 215],
GROMOS [188] and OPLS [107, 108] can be written as

E(l‘) = Ebond(r) ‘|’Eangle (I’)+

2.11)
+Et0rsion (I‘) +Eimpr0pert0rsi0n (I‘) + Eelectrostatics (I‘) + EVdW (I‘)

where E(r) is the potential energy of the system with the position of the atoms described
by r [50, 88, 176]. The terms can be divided into bonded and non-bonded contributions
depending on whether they express contributions from atoms that are covalently bonded
or not. The bonding graph of the system is predefined in the topology and is kept fixed
throughout the simulations. The bonding interactions usually have a harmonic functional

form; for example, a typical bond term between atoms i and j is of the form

Epona(Ti,1}) = %K,-j[r,- —r;)? (2.12)
where K;; is the harmonic force constant of the bond between atom i and j. Its value is
usually stored in a look-up table and is determined by the atom types of i and j. Similar
simple functional forms apply for the angle and torsional terms. These terms represent a
body order expansion, bonded terms being 2-body, angles 3-body, and torsions 4-body. It is
important to note that the terms in this functional form do not represent general N-body terms,
meaning that they can only approximate a small subset of all possible N-body functions. This
restricted functional form is the key limitation of the accuracy of Lifson-type force fields.

The parameters of the bond and angle terms in empirical force fields are typically
fitted to reproduce experimental vibrational frequencies, crystallographic, and microwave
spectroscopy data [176]. Parameterisation of dihedral torsion terms was initially also done
using experimental data, but more recently it has been increasingly carried out using reference
quantum mechanical calculations [99]. More modern classical force fields also include
cross terms such as bond-bond interactions, or angle-angle interactions. These can also be

parameterised directly from quantum-mechanical data [67, 140, 202].
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The non-bonded terms describe long-range interactions and act between atoms that are
not connected by a covalent bond. These global terms are usually 2-body and have a physics-
derived functional form. The bonded terms can be viewed as the remaining short-range
part of the quantum mechanical energy after subtracting the long-range electrostatic and
dispersion interactions. For example, the electrostatic energy has exactly the functional form

of the potential energy of two fixed point charges g; and g; separated by a distance r;;

qiqj 1

= 2.13
471'8081 Tij ( )

Electrostatics (T)
where € is the background dielectric permittivity. Due to the very special decaying 2-body
functional form it is possible to implement highly optimised algorithms such as the particle
mesh Ewald method [48] which scale as Nlog(N) with the system size, making simulations
of millions of atoms feasible [156]. The partial charges can be determined using quantum
chemistry or by fitting to experimental data such as liquid and hydration properties or a
combination of the two.

Classical force fields and machine learning

Several avenues of development have been pursued to improve the accuracy of empirical
force fields using machine learning. One approach is to reparameterise the force field for the
small molecule parts of simulations, which is especially relevant for protein-ligand binding
free energy calculations. For example, the QueBeKit method automatically refits the bonded
terms using reference Quantum Mechanical calculations. This improves the description
of torsion barriers, whilst retaining the parameters of the generic force fields for the large
biomolecules (the protein part of the system) where they work best [99, 100].

An alternative is the Espaloma approach which aims to machine learn the parameters of
classical force fields using graph neural networks [223]. The key idea is to relax the discrete
atom-types of classical force fields and replace them with smooth graph neural networks.
The output of these neural networks is atomic environment-dependent force field parameters,
thus retaining the computationally efficient simple classical force field functional form whilst
enabling increased flexibility and fitting to experimental or QM data thanks to the continuous
atom typing. The parameters are determined once at the beginning of the simulation and
then kept fixed. This way the force fields have identical computational cost compared to the

previously described classical force fields.
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Current capabilities, challenges and recent developments

The typical total energy errors of Lifson-type force fields for small molecules compared to
quantum mechanical energies are on the order of 2-10 kcal / mol (80-400 meV), although
it can vary widely depending on how close the structure is to its equilibrium geometry.
Furthermore, large differences in accuracy can be observed for different functional groups,
for example, strained (3-4 member) rings being particularly challenging for these force
fields [26, 99, 119].

Current capabilities in terms of computational performance are rapidly improving thanks
to developments in both software algorithms and available hardware. Single-GPU perfor-
mance of up to 800 ns / day with a 2 fs time step for a system of 24,000 atoms is possible
using even relatively old GPUs. For larger systems of up to 1 million atoms using multiple
GPUs, it is possible to achieve simulation performance over 100 ns / day with a 2 fs time
step [125, 156].

The current limit of possible achievable performance is set by D E Shaw’s custom built
Anton 3 supercomputer which achieves up to 100 microseconds / day using a 2.5 fs time step

for 1 million atoms [190].

2.4.2 Machine Learning Force Fields

The key limitation of the classical empirical force fields is their relatively high error in the
PES. This error can be reduced significantly by relaxing the restricted functional form of
classical force fields. Several new machine learning (ML) based functional forms have been
proposed over the past 15 years. ML in the context of the approximation of potential energy
surfaces can be regarded as a tool for accurately regressing high-dimensional functions.

The first methods that used machine learning to parameterize potential energy surfaces
were all global methods. As discussed in Section 2.3.5 these methods are only applicable for
small systems. The topic of the rest of the thesis is local force fields that potentially have a
number of long-range terms.

In the following, a brief description of the most important machine learning force fields
architectures is given. These methods served as the foundation and inspiration for the new
methods proposed in this thesis in Chapter 3 and Chapter 5.

Symmetry-function based neural network force fields

The first class of widely adapted machine learning force fields is the symmetry-function
based neural network potentials proposed by Ref [20] in 2007. The atom centred symmetry
function (ACSF) based force fields rely on the locality assumption already introduced in
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Section 2.3.5. They decompose the total energy of the system into atomic site energies
following Equation (2.10). Site energies are parameterised as a function of the geometry
of the atomic environment and are characterised by a set of fixed symmetric features, the
ACSFs [19]. The ACSFs respect all relevant physical symmetries of the systems; i.e. they
are invariant with respect to rigid rotations and translations of the environment and to
permutations of like atoms in the environment. The ACSF descriptors are fed through a
learnable nonlinear feedforward neural network to obtain the atomic site energies. In the
following, the precise form of the ACSF descriptors as well as neural network regression are

briefly reviewed.

Symmetry Function Descriptors The symmetry function descriptors serve the purpose
of representing the local chemical environment of an atom by an array of numbers that
are invariant with respect to the symmetries described in Section 2.3.2. Invariance with
respect to rotations and translations is achieved by using internal coordinates (distances and
angles) to define the symmetry functions. The radial symmetry functions are the products of

Gaussian-type terms and a smooth cutoff function:

(e 2
Gﬁ(}z: Z e~ Mulrij=ru) fCut(rij)SZZj (2.14)
J#i
rij<reut

where the sum is taken over all atoms j within the local environment of atom i as defined in
Section 2.3.5. f.(r;;) is a cutoff envelope function that ensures that the value of the symmetry
function goes smoothly to 0 at r¢; distance from the central atom. A separate set of radial
symmetry functions are used for each central atom chemical element u and neighbour atom

chemical element z. A usual choice for the cutoff function is

0.5 x [cos(%) +1]  for rij < rew

feut(rij) = (2.15)

for rij > reu

The parameters 7, and r;, control the rate and position of decay of the symmetry functions.
Using only radial symmetry functions would not be a sufficiently expressive representation of
an atom’s environment, as even trivially different environments like a square and a tetrahedron
could not be distinguished if they have the same set of distances from the central atom. That

is why a set of angular symmetry functions was also introduced.
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where the sum is taken over all neighbour pairs and 6;; is the angle between neighbour
atoms j and k and central atom i. A set of different { values are used to control the angular
resolution of the features. The parameter A takes the values +1 or —1 and is used to center
the maxima of the functions at 6;;;, = 0° or at 6, = 180°. In some variants of the symmetry
functions the cutoff envelope between the two neighbour atoms j and & is omitted, leading to
a sum over all possible triplets centred at atom i.

The final descriptor of the environment is formed by evaluating the radial and angular
symmetry functions on all neighbours and pairs of neighbours and concatenating them into
an array of numbers, where each entry corresponds to a distinct symmetry function. Note
that the above is not the only valid choice of symmetry functions, and several other sets have
been introduced since. A notable one is the ANI symmetry functions, which modified the
functional form of the angular part [197]. It is also possible to create symmetry functions
that have learnable parameters which are optimised based on the training set, as done by the
DeepMD models [239].

Feedforward Neural Network Regression The descriptors introduced above are typically
fed into a relatively small feedforward neural network, which is introduced next. Feedforward
neural networks are probably the simplest examples of machine learning algorithms that can
be used for regression or classification tasks and that also serve as a key component of many
of the more advanced architectures. They take as input a number of variables and apply a
series of linear and non-linear transformations to them to form the output.

More precisely, a layer of a neural network has the form

) — FW0al—) 4 p0) 2.17)

where f is a non-linear function, like sigmoid [23], ReLU [90] or SiLU [65]. The argument
to the pointwise non-linearity is a linear transformation of the previous layer values. The
width of layer ¢ is the size of the array al®) and the depth of the network is the number of
layers, indexed by ¢ above.

W and b are the free parameters of the neural network that are estimated during
training to minimise the value of a loss function .Z’, given a set of labelled training examples.

In the case of fitting potential energy surfaces, the training examples contain quantum
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mechanical energies and forces (gradients) of a number of arrangement of atoms. Neural
networks are usually trained using the stochastic gradient descent algorithm [29]. It is an
optimisation method that iteratively updates the weights of the neural network using gradient
decent based on a random subset (batch) of the data. The parameters 6 of a neural network
are updated as

0=0-—n-Ve2(0;x y1) (2.18)

where 7 is a parameter called the learning rate that determines the step-size during the
optimisation, . (G;x(i), y(i)) is a loss function computed on a set of randomly selected
datapoints labelled by i and Vg means the gradient of the loss function with respect to the
model parameters. In regression tasks, such as fitting the PES, the mean squared error is the

commonly used loss function.

>4

g(e;x(l),y(l)> — N . (y(l) _5]\(1))2 (219)
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where the sum is taken over the batch with NV data points, ﬁ(i) are the predictions of the neural

network and y) are the ground truth labels.

ACSF based neural network potentials in practice Usually the ACSF based neural net-
work potentials use small feedforward neural networks with 2-5 hidden layers. This makes
fitting them relatively straightforward without the need for large-scale specialised hard-
ware [20]. Recently, methods for automated parameterisation of neural network potentials
have also been developed using active learning based on a committee of potentials [184].
Although symmetry functions provide a simple and intuitive way to describe the chemical
environment, the framework has several limitations. The first key limitation is that most
ACSEF sets only use up to 3-body terms in the characterisation of the environment, but there
are physical arrangements of atoms that cannot be distinguished by 3-body terms only [163].
It is possible to define 4-body ACSFs, but their evaluation cost gets prohibitively expensive.
A further limitation is the quadratic scaling of the number of symmetry functions with the
number of different chemical elements, making the models substantially slower for systems
with many different chemical elements. This can be overcome by using element-specific
weighting of ACSFs rather than indexing them by the chemical elements [75] which is a
special case of a general class of tensor-reduced descriptors introduced in Section 3.3 [47].
A further limitation of the method is the need to explicitly sum over all triplets in the
environment to construct the angular symmetry functions. This can become a computational

bottleneck, especially in simulations of condensed phase materials where each atom can have



2.4 Overview of Force Field Methods for Molecular Chemistry 21

a large number of neighbours, on the order of 50 to 100, in a typical 6 A neighbourhood. For
example, in the case of a typical water model based on ACSF-s with a 6 A cutoff the average
number of neighbours is around 80, resulting in (820) = 3,160 triplets to sum over for each
central atom.

ACSF based potentials have been used successfully over the years, for example, to study
the 2D phase diagram of nanoconfined water [112] and to create a general purpose transfer-
able organic force field [58]. The method has also been used to simulate reactive phenomena
such as proton transfer at interfaces between ZnO and water [166] or the decomposition of

urea in water [230].

SOAP-GAP Force Fields

In parallel with the development of ACSFs, an alternative representation of the atomic
environment was also developed. The goal was to create a local Gaussian process regression
based potential, also called Gaussian Approximation Potential (GAP) [13]. This required
a rotationally and permutationally invariant kernel that quantifies the similarity of atomic
environments. The most successful such kernel was based on the Smooth Overlap of Atomic
Positions (SOAP) descriptor [12].

The construction of the SOAP descriptor incorporates the permutations symmetry first,
followed by symmetrisation with respect to rotations. This is in contrast to ACSFs, which
start by incorporating rotational symmetry first through using internal coordinates, and
incorporate permutation symmetry second by summing the functions of internal coordinates
over the neighbours.

In more detail, the SOAP framework is derived by first constructing a smooth atomic
neighbourhood density, p. For a central atom 7, of chemical element y and with neighbours
indexed by j, the neighbourhood density is written as

2
. —|r—r
piH = ZSWJ. exp (—;) Seut(7ij) (2.20)
. 20,
J u

The smooth cutoff function f., ensures that only atoms within a given radius contribute to the
neighbourhood density. This density is a smooth and continuous function of atomic positions
and is invariant to the permutation of like atoms. The parameter ¢ is a hyperparameter.

In the second step, the atomic density is expanded in a set of radial basis functions, R,,,

and spherical harmonics, Y}, giving expansion coefficients with radial and angular indices

LU,

Calm-

cifh, = [[dr R0, (1)p (1) 221)
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Finally, a rotation invariant descriptor p;"%‘ called the power spectrum of the atomic envi-

ronment is constructed from the expansion coefficients

. ’ 1 , Lo
LUK — LU LU
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The SOAP descriptor encodes the symmetries of permutation, translation and rotation
invariance and by using a smooth cutoff in Equation (2.20), it varies smoothly with atomic
positions.

In principle, a surrogate model of the PES could be constructed as any function of the
power spectrum coefficients. The most widely used models fit the PES through kernel
regression [23]. In this case, the potential energy of an environment, described by its power
spectrum p' is written in terms of a kernel function on the power spectrum k(p, p’) and a set

of reference environments {p/}Y |:

N
E(p) = 21 wjk(p',p’) (2.23)
i=
This formulation explains the name ‘Smooth Overlap of Atomic Positions’. If a linear dot
product kernel is used (k(p’,p’) := p' - p/), then it can be rewritten as a symmetrised overlap
integral between two atomic neighbourhood densities p’ and p/ [53].

The emergence of symmetrised atomic density-based descriptors provided a simple recipe
for constructing invariant or equivariant functions of local environments [147]. Coupled
with the machinery of Gaussian processes in GAP [13], this method allowed an accurate
description of complex materials with relatively straightforward parameterisation. The
method has been applied to a wide range of materials science and chemistry problems,
as recently reviewed in Ref. [53]. Examples are force fields for pure elements such as
carbon [179], phosphorus [55], boron [57] and silicon [11, 54] as well as numerous functional
materials [242], heterogeneous catalysis [182] and battery electrolytes [137].

Notably, the critical ingredients of the modern machine learning potentials discussed in
this thesis were already present in SOAP. The use of a product of a radial basis and spherical
harmonics as the set of 2-body functions still largely prevails to this date. The density trick
is used in most models to achieve permutation invariance at no cost. Finally, the tensor
products and the Clebsch-Gordan coefficients are the key elements of modern equivariant
architectures such as NequlP [17] and MACE that will be introduced in Chapter 5 [16].

The main limitations of the SOAP GAP framework are similar to those of ACSF. It also
scales poorly with the number of chemical elements and suffers from the same problem of
incompleteness of 3-body descriptors [163]. These limitations are probably best observed
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when the method is applied to approximate the PES of molecular systems, where it cannot

achieve the accuracy of newer methods [119].

Message Passing Neural Network Force Fields

Message Passing Neural Networks (MPNN) are a class of machine learning methods that are
designed to learn functions on graph structured data [79]. Chemical structures can naturally
be represented as graphs embedded in 3D space. The nodes of the graph are the atoms, and
there is an edge between two atoms if their Euclidean distance is less than a cutoff distance
Feut-

In the following, the precise form of MPNNSs is summarised. This is a crucial background
for both the unified design space of machine learning force fields presented in Chapter 4 and
the MACE model presented in Chapter 5.

Invariant Message Passing Potentials MPNNSs have four sub-parts. In the first part, a

node state G.(t)

.’ 1s defined on each atom as a collection of three quantities,

6" = (ri,z;,h("), (2.24)
with r; the position of atom i, z; the atomic number of i, and hf a collections of learnable
features or descriptors of the environment of atom i. In the O-th layer, these features are
usually initialised as the one-hot embedding of the chemical element. A one-hot embedding
is a technique often used in machine learning to turn categorical features into numerical
representations.

h" =Y .6, (2.25)

Z

where the learnable embedding matrix W has dimensions k X Z, with k being the length of
the embedding and Z being the number of different chemical elements of the model.

In the next step, a general learnable function, usually a feedforward neural network, M, is
applied to the states of each pair of neighbouring atoms i and j to form the edge features.
This function M depends on the states of the atoms but is otherwise the same for the entire
chemical structure, ensuring that the model is extensible and transferable to new unseen
graphs. To achieve permutation invariance, a “message" is constructed by applying a pooling

(f))

operation P ;c_y(;) to the set of edge features Mt(Gi(t), o) This pooling can in principle be

any permutation invariant operation, such as min or max, but in practice it is almost always
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chosen to be the sum of the edge features

m) = @ m(c".cl"), (2.26)
JjeAN (i)

(1)

where m; ’ represents the message on atom i in layer 7 of the network. The resulting message

contains information about the neighbourhood of the central atom i. An MPNN force field
()

is called invariant if the message m, ’ is invariant with respect to the rigid rotations of the
structure. Next, the message is used to update the state of the central atom to form a set of
new features,

b =6, m"), (2.27)

]

with U; being a linear or non-linear learnable update function. The steps in Equations (2.24) -
(2.27) represent a layer of an MPNN.

Each iteration of the message passing operation leads to an increase in the body order.
The features h; are multiplied by one additional term leading to an iterative increase in
body order. A side effect of this mechanism is that the receptive field of the representation
increases in each iteration by rqy. Many typical MPNN models use up to 5 layers, leading to
a receptive field of 25-30 A.

In the final readout phase, the states of the atoms are mapped to the output quantity,

usually the site energy, by a readout function,
v (1)
Ei=)Y %(c;"”). (2.28)
=1

This step is analogous to fitting a model on a set of features in ACSFs or SOAP GAP, with
the difference that the features themselves already contain a large number of free parameters
as they were constructed by stacking MPNN layers. Although most of the message functions,
M;, of MPNNSs are two body functions, meaning that they depend simultaneously on the state
of just two atoms; DimeNet [76] and GemNet [113] expanded them to invariant three and
four body functional forms by considering triplets or quadruplets within the neighbourhoods
of a central atom. The mechanism for this is analogous to how ACSFs create higher body
order features by incorporating functions of angles between two neighbours.

The most well-known example of invariant message passing force fields is SchNet [187]
which uses a graph convolutional architecture. In SchNet a learnable convolution filter
is iteratively applied to the chemical graph with the filter being a function of interatomic

distances. This means that M; in Equation (2.26) is only a function of the distance r;; and
(t)

the node features of the neighbour atom h o but it is not a function of the features of the
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central atom i. The use of distances only is analogous to forming a one-particle basis in
SOAP, but taking only the / = 0 spherical harmonics, i.e. only using radial features. The
formal connection between MPNNs and graph convolutional neural networks like Schnet
has been discussed at length in Ref. [32].

Due to its relative simplicity, the SchNet architecture gained popularity as a building
block for creating more sophisticated networks. When used as a force field though it is not
able to achieve the same accuracy as the kernel and linear models [42, 119]. One of the
key limitations of SchNet is similar to the problems with ACSF and SOAP-GAP models,
there are atomic configurations that a SchNet model, even with infinitely many layers cannot
differentiate [162].

Equivariant Message Passing Potentials

There are two ways to improve the expressiveness of MPNN models. One way is to increase
the body order of the messages. If done naively by summing over triplets and quadruplets,
this significantly increases the computational cost of the models [113]. The other way is
to allow for the messages to be of higher order geometric tensors describing the atomic
environment. MPNNSs that use messages which are vectors or tensors are called equivariant
MPNN models. Cormorant [4] and Tensor Field Networks [206] were the first two examples
of MPNNs that used tensor products of spherical features to construct rotationally equivariant
messages. A message m, 7, is rotationally equivariant (with symmetry label L) if it transforms

according to the irreducible representation L of the SO(3) symmetry group,
m;; (Q-(ry,....ry)) =DH(Q)m, 1 (ry,...,rx), VQ€O(3) (2.29)

where Q- (ry,...,ry) denotes the action of an arbitrary rotation on the set of atomic positions
(r1,...,ry) and D¥(Q) is the corresponding Wigner D-matrix. Hence, a message indexed by
L transforms like the spherical harmonic Y7, under rotations. By using equivariant messages,
the model becomes capable of constructing a more comprehensive set of invariant features in
the subsequent layers and at the readout phase [186].

The NequlP model demonstrated that this architecture is capable of improving the
accuracy of invariant models on several benchmarks [17]. Similarly to Cormorant, NequlP
also uses tensor products of spherical features to construct equivariant messages, but achieves
significantly higher accuracy by using better normalisation of the weights, a better radial
basis, readouts, and updates [14].

In NequlP the message of Equation (2.26) is constructed from edge features defined as a

tensor product of a radial part, spherical harmonics and the equivariant node features of the
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One key innovation of NequlP was the use of different radial basis for each quadruplet of
channels and angular momenta &/, />, [3, which greatly increased the flexibility of the model.
The message of NeuqulP is then used to update the node features, and the process is repeated
for typically 4-5 iterations. Finally, the site energy of the atoms is predicted from the invariant
part of the last layer features using a feedforward neural network.

NeuqIP demonstrated the power of equivariant MPNN models for parameterising po-
tential energy surfaces. There remain two limitations of NequlP: it still uses only 2-body
messages, and it has an inherently large computational cost. There are two reasons for the
relatively high computational cost. On the one hand, the equivariant tensor products that are
repeated in each layer, altogether 4 or 5 times. On the other hand, the very large receptive
field makes the model very difficult to parallelise across multiple GPUs. Both of these
limitations will be addressed by the MACE model introduced in Chapter 5.

2.5 Benchmark Datasets for Comparing Molecular Force
Fields

Benchmark datasets have played a very important role in the development of new force field
functional forms. Typically benchmark datasets contain a number of different atomistic
structures, which are labelled with quantum mechanically calculated energies and forces.
The task is to fit a model of the potential energy on a subset of the dataset, the training set,
and to evaluate the accuracy of the fitted PES on an unseen test set. These datasets are best
viewed as proxies: the models and PESs parameterised on these datasets are not useful for
any scientific purpose. However, they can be a good tool for guiding model development.
Empirically, it has been found that the models that are simple to fit and perform well on the
benchmark datasets are also the ones that are the most useful in real scientific applications
requiring high accuracy potential energy surfaces.

In this section, some of the most important benchmark datasets are summarised. They
are used in the later part of the thesis to compare the performance of the newly developed
force field functional forms with other relevant models in the literature.

There is also a different set of benchmark datasets that can be used purely for the

evaluation of already fitted PES-s rather than for functional forms. These do not provide a



2.5 Benchmark Datasets for Comparing Molecular Force Fields 27

training set, only a set of test structures or tasks. These are useful for evaluating potential
energy surfaces that are designed to be useful for scientific applications, such as a transferable
organic force field. Some of these tests will be discussed in Section 5.3 which tests the
MACE-OFF transferable organic force field.

2.5.1 Pre-existing Benchmark Datasets

QM9 The QM0 dataset [171] is one of the oldest and most widely used benchmark datasets
in atomistic machine learning. It can be used to validate ML models for chemistry in general
and not just for force field fitting. Most of the machine learning architectures published over
the past 10 years have reported their results on QM9. The dataset contains about 130,000
equilibrium molecular geometries that are made up of chemical elements H, C, N, O, and
F and contain up to 9 heavy atoms. The molecules were generated by enumerating all
possible such compounds using cheminformatics rules. Once the equilibrium geometries
were found using geometry optimisation, 12 different properties of the molecules were
calculated which include the potential energy, but also other intensive quantities such as heat
capacities and band gap energies. The ML models are typically fitted independently for the
12 properties [120].

rMD17 The original MD17 benchmark dataset consists of configurations of 10 small
organic molecules in vacuum sampled from density functional theory (DFT) molecular
dynamics simulations at 500 K [39]. It has been recognised that some of the calculations
in the original dataset did not properly converge; in particular, many of the forces are noisy.
A subset of the full dataset was recomputed with very tight SCF convergence settings and
is called the rtMD17 (revised MD17) dataset published in Ref. [41]. This new version of
the dataset is used throughout this thesis, including the five train-test splits as originally
reported. These revised training sets consist of 1,000 configurations to avoid the problem
of correlated training and test sets: When more than 1,000 configurations are used from the
full published trajectory, some of the test set configurations will necessarily fall between two
neighbouring training set data points that are separated by a much smaller time difference than
the decorrelation time of the trajectory, resulting in an underestimate of the generalisation
error [41, 119].

MD22 The MD22 dataset was designed to be challenging for short-range (local) machine
learning models of the PES [40]. The dataset includes large molecules and molecular
assemblies containing hundreds of atoms with complex intermolecular interactions. Similarly

to MD17, it was created by running ab initio molecular dynamics simulations at elevated
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temperatures to better sample the configuration space of the systems. The size of the training
set was determined so that the total energy error of the sGDML model [110] is below
chemical accuracy, 1 kcal/mol (= 43 meV). In this thesis, the same sizes of the training set
are used to allow a fair comparison of the different models [120].

Water The water dataset consists of 1593 liquid water configurations, with 64 molecules in
each [36]. This dataset contains a wide range of liquid water structures with about a third of
them being generated by path integral molecular dynamics (PIMD) simulations. The energy
and force labels were computed using the CP2K software [123] at the revPBE(O-D3 level
of density functional theory which is known to give a reasonably good description of the

structure and dynamics of water at a variety of pressures and temperatures [141].

2.5.2 Benchmark Datasets Developed in This Thesis

3BPA The 3BPA dataset contains snapshots of a large flexible druglike organic molecule,
3-(benzyloxy)pyridin-2-amine (3BPA), sampled from different temperature molecular dy-
namics trajectories [119] generated using the ANI-1x force field [198].

To ensure a good coverage of the full energy landscape in the training dataset, first a
grid of the three dihedral angles (&, B and ) was defined and the configurations with atom
overlap were removed. From each of the configurations corresponding to the grid points,
short (0.5 ps) MD simulations were performed using the ANI-1x force field [198]. This time
scale is sufficient to perturb the structures towards lower potential energies, but is not enough
to significantly equilibrate them. In this way, a set of 7,000 configurations was obtained, as
shown in the left panel of Figure 2.2.

From the configurations obtained, five different densely populated pockets were identified
in the space of the three dihedral angles. One random configuration was selected from
each of the five pockets, and a long 25 ps MD simulation was performed at three different
temperatures (300 K, 600 K, 1,200 K) using the Langevin thermostat and 1 fs time step. 460
configurations were sampled from each of the trajectories starting after a delay of 2 ps. This
protocol resulted in the final data set of 2,300 molecular geometries. The configurations
were re-evaluated using ORCA [151] at the DFT level of theory using the @B97X exchange
correlation functional [34] and the 6-31G(d) basis set. These settings are similar to those
used in the creation of the ANI-1x data set [201]. The benchmark contains two training
sets, one is created by randomly selecting 500 geometries from the 300 K set, and the other,
labelled “mixed-T”, is constructed by selecting 133 random configurations from each of the
trajectories at the three temperatures. The rest of the data not present in any of the training

sets make up the three test sets, each corresponding to a different temperature. The right-hand
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Fig. 2.2 3BPA data set. The three freely rotating angles of the 3BPA molecule together with
a characterization of the three different data sets sampled at different temperatures showing
how the phase space sample increases significantly with temperature.

panels of Figure 2.2 show the distribution of dihedral angles in the test sets. At 300 K the
stable pockets of the configuration space are sampled individually, whereas at 1200 K the
distribution widens significantly, and the sampling connects the stable pockets.

This benchmark dataset is significantly different from those introduced in Section 2.5.1. It
directly probes the smoothness and extrapolation of the fitted PESs. In particular, in the case
of the 300K training set, the 300K test configurations measure in-domain accuracy, whereas
the 600K and 1,200K test sets measure the extrapolation accuracy of the PES. Performance
on out-of-distribution samples is crucial because it correlates well with the usefulness of
the model in actual applications. When using the models to run MD simulations, they are
likely to encounter configurations far from the training set. Models that achieve low errors on
this extrapolation benchmark are typically the ones that perform best in molecular dynamics
applications. These are also the models that require the least amount of iterative retraining to
obtain a model capable of running stable MD simulations [15-17, 120, 121].






Chapter 3

Linear ACE Force Fields for Small
Molecules

In this chapter, first, the Atomic Cluster Expansion (ACE) introduced by Ref. [61] is presented.
This method was developed as a general framework for atomistic modelling and PES fitting
in the context of materials science. Following Ref [119], the ACE method is demonstrated
to be capable of parameterising high-fidelity PESs of small molecules even if it is used as a
regularised linear model. Finally, following Ref [47], a new general method is introduced
that enables the simulation of systems with a very large number of chemical elements using
atom centred descriptor based models like ACE and SOAP GAP.

3.1 Atomic Cluster Expansion (ACE)

The ACE model[61, 63] uses the body order expansion defined in Section 2.3.3. One of
the key features of ACE is that it reduces the computational cost of evaluating such an
expansion compared to models like PIPs that explicitly sum over the many-body clusters.
This is accomplished by projecting the atomic neighbour density onto isometry invariant
basis functions. This idea, detailed in the following, is referred to as the “density trick”,
and was introduced originally to construct the power spectrum (also known as SOAP) and
bispectrum descriptors [13, 12] which are, in fact, equivalent to the 3- and 4-body terms in
ACE, respectively. The ACE features can be considered to be a generalisation of SOAP and

the bispectrum to an arbitrary body order.
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ACE features, or basis functions, can be derived similarly to how SOAP is constructed in

Section 2.4.2. First, the neighbourhood density of an atom i is defined as
pi(r) =Y 6..,6(r—rj); (3.1)
J

where p; denotes the density of atoms of element z in the neighborhood of atom i. Note that
in SOAP the neighbourhood density was constructed from Gaussian basis functions centred
at the atomic positions, whereas in ACE it is made up of Dirac delta functions. This density
is projected onto a set of 1-particle basis functions, q);};i which are chosen to be the product

2iZ)

of a radial basis, Rnl ,

and real spherical harmonics, Yj,,,.
O (1) = Ry ()Y (R). (3.2)

Here, “1-particle” refers to the fact that the value of these basis functions depends on the
position of one neighbour particle j. There is considerable flexibility in the choice of the
radial basis; the specifics for this work are documented at the end of this section. Next, the
atomic base is defined as the projection of the neighbourhood density onto the 1-particle
basis functions.
Azoonim = {1 Ou) = L Ouim(i) (3.3)
where zj=2

where the index z; refers to the chemical element of atom i. For notational convenience, the
rest of the 1-particle basis indices are collected into a multi-index,

(znlm) = v. (3.4)

From the permutation invariant atomic base A_,,, also called the “A-basis”, many-body

basis functions can be formed by taking the products,

\4
A= IIAZM, v=(1,...,m). (3.5)

=
where the bold Ay is called the product basis. These basis functions are (v + 1) body
because the product containing v factors gives a basis function that is the sum of terms,
each of which depends on the coordinates of at most v neighbours. These functions are also
sometimes referred to as v-correlations. A graphical illustration of this construction is shown
in Figure 3.1 for the special case where the two factors are the same. For many (different)
factors, taking products of the atomic base (left side of Figure 3.1) takes much less time to
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evaluate than the explicit sum of all possible products (right side of Figure 3.1). This is the

key step of the density trick.

, GG + B0 + B0+
(@) + () + ¢ (ry))” = 20,0, )b, (x;) + 20,6, () + 20,(r, ), (x;.)

Fig. 3.1 Construction of high body order invariant basis functions. A graphical illustration
showing how higher body-order basis functions can be constructed as products of the
projected neighborhood density. The evaluation cost of the basis functions scales linearly
with the number of neighbours rather than exponentially by performing the density projection
first and then taking the products to obtain higher order basis functions. The figure (and
expression) also makes explicit the occurrence of self-interaction terms in the ACE basis.
They are automatically corrected through the inclusion of lower-order correlations in the
basis [63].

The product basis is not rotationally invariant. A fully permutation and isometry-invariant
overcomplete set of functions called the B-basis (technically not a basis but a spanning set),
can be constructed by averaging the A-basis over the three dimensional rotation group, O(3),

\%
B.. ::/ Az, ({Rr;; 1) dR = Y CyyA. v, 3.6
Mmg v ({Rri}) Z WALy (3.6)

where on the right the integral was rewritten as a linear projection expressed by the matrix
of generalised Clebsch-Gordan coupling coefficients Cyy/. The integral can be rewritten in
such a simple form because the angular dependence of A is expressed using the spherical

harmonic basis [63]. Many of the resulting basis functions will be linearly dependent (or even
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zero), but it is relatively straightforward to remove these dependencies in a pre-processing
step to arrive at an actual basis set. The details of the procedure used are outlined in Ref [63].

The B-basis in Equation (3.6) is complete in the sense that any smooth and continuous
function of the neighbouring atoms that is invariant to permutations and rotations can be
expanded as a linear combination of the basis functions. The atomic site energy of linear

ACE can therefore be written as
E;=Y c;vB.v=c-B. (3.7)

The above equation makes it clear that the model is linear in its free parameters, the ¢
coefficients. The B-basis functions are polynomials of the atomic coordinates, and to show
that the explicit body ordering has been retained, the site energy can be rewritten in terms of
the A-basis (with the product explicitly written out),

0 Vi=Va 2) V12V22>Vv3 3)
Ei = Zé:ziv AZiV + Z EZiVIVZ AZiVIAZiVZ + Z Ez;v1v21)3 AzilezivaziV3 + ... (38)
v viva V1iVav3

where the ¢ are a linear combinations of the ¢ coefficients appearing in Equation (3.7), using
the transformation defined in Equation (3.6). Now, the body ordering is readily identifiable.
Each term corresponds precisely to a sum of v-correlations, that is, (v + 1)-body terms
as in the traditional body-order expansion. In practice, a recursive scheme can be used to
efficiently evaluate basis functions, which leads to an evaluation cost that is O(1) per basis
function, independent of body order [63]. The number of basis functions increases with body
order, at a rate that has an exponent v.

The construction outlined so far yields infinitely many polynomials By, which can
be characterised by their correlation order v, and their (modified) polynomial degree D =
Y.} n; +wyl;, where n, and [, come from the multi-index v, and the weight wy is used to trade
off the radial and angular resolution of the basis set. When it comes to defining a model in
practice, the expansion is truncated both in the body order and in the maximum polynomial
degree at each body order.

3.1.1 Choice of Radial Basis

In the models in this chapter a simplified radial basis is used where Rflilz (r) = Ry(r), such
that

Rn(r) = pn(x(r))fcut(x)7 (3.9)
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r — x(r) is a one dimensional radial transformation, f.y is a cutoff or envelope function and

pn are orthogonal polynomials. The radial transform is chosen to be

1

=

(3.10)
which amplifies the effect of neighbours closer to the central atom. For the cutoff function,

both the inner and outer cutoffs are specified, ri, < rou, and the envelope is defined as

Seut(x) = (x—x(rin))z(x—x(rout))z, (3.11)

The polynomials p,, are defined recursively by specifying that po(x) = 1, pj(x) = x, and the

orthogonality requirement

/ (()) Ru(r(x) Ry (r(x)) x2dx = Sy, (3.12)
X{Fin

where the inverse of the radial transform is used, x — r(x). Equation (3.12) implies that the
radial basis R, and not the polynomials p,, are orthonormal in x-coordinates.

The introduction of an inner cutoff is necessary to prevent wildly oscillating behaviour
of the many-body basis functions in regions of configuration space where pairs of atoms
are very close to one another and little or no training data is available. Alternatively, one
could introduce such training data, but that would unnecessarily complicate the construction
of training data sets, and this inner cutoff mechanism is sufficient. To ensure short-range
repulsion, the large multi-body ACE basis is augmented by a small auxiliary basis set,
consisting only of low-polynomial-degree two body functions. The construction is exactly

the same as before, but the cutoff function is changed to
aut = (0= x(row))”. (3.13)

3.1.2 Basis Selection

Before the linear ACE force field can be parameterised, a specific finite basis set should be
chosen from the complete ACE basis. There are three approximation parameters in linear
ACE:

e cutoff radius (reut = rout)
max

¢ maximum correlation order v

* maximum polynomial degrees Dy'** corresponding to order v basis functions
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The cutoff radius was already defined in the definition of the radial basis in Equation (3.9).
The basis is then chosen as (a linearly independent subset of) all possible basis functions Bjy

max

with correlation order at most v""®* and polynomial degree at most D}'*.

In all models for molecules with three or fewer distinct elements, the maximum correlation
v = 4 was used, which corresponds to a general 5-body potential. In models for molecules
with four or more distinct chemical elements, the correlation order was reduced to v =3
(4-body potential). The weight wy specifies the relative importance of the radial and angular
basis components; here wy = 2 was used. The maximum polynomial degrees D}'** can be
adjusted to balance the size of the basis set against the accuracy of the fit and the evaluation

cost of the force field.

3.2 Regularised Linear ACE Models for Small Molecules

In this section, the parameterisation of linear ACE force fields for small molecules is sum-
marised followed by a number of selected results benchmarking the model against many

previously used methods developed to create small-molecule force fields.

3.2.1 Parameterisation of the Linear ACE Force Fields

The total energy of a linear ACE model with parameters ¢ corresponding to a spatial configu-
ration of atoms (denoted by X, e.g. a molecule in a particular configuration) is defined as the

sum of site energies,

E(¢:X) =) Ei(c) (3.14)
ieX

where E; is a site energy defined in Equation (3.7). Optimal parameters are obtained by

minimising the loss function given a set of labelled training configurations

L(c) = ; (WEIE (%) ~ Equ() | +wE|F(e:X) ~ Fu(X)[*),  (3.19)
where the Egm and Foum are energies and forces, respectively, in the training data, obtained
from electronic structure calculations and E and F are the energies and forces predicted by
the ACE model. The sum is taken over all configurations in the training set, and w&, w¥ are
weights specifying the relative importance of the energies and forces. Since the predicted
energies and forces are both linear in the free parameters, the loss can be written in a linear
least squares form.

L(c) = [[We—t|%, (3.16)
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where the vector t contains the QM energy and force observations, and the design matrix ¥
contains the values and gradients of the basis evaluated at the training geometries. ¥ has a
number of rows equal to the total number of observations (energies and force components) in
the training set and a number of columns equal to the total number of basis functions.

The least squares problem has to be regularised, especially when the basis contains high
degree polynomials [214]. One option is to apply Tychonov regularisation, where the loss
function is modified as

L(c) = ||¥e—t||> + A||Tc|®. (3.17)

This is widely used to regularise linear regression, often taking I" as just the identity matrix,
or alternatively in the case of kernel ridge regression (and Gaussian process regression) as the
square root of the kernel matrix [173]. In the present case, a diagonal I" is used with entries

corresponding to a rough estimate for the p-th derivative of the basis functions,

len(v)
|\VPB_y||2 ~ Z ()P + (1,)?, (3.18)
=1

where n; and /; are part of the elements of the multi-index vector v (cf. Equation (3.4)).
This regularisation scales down high degree basis functions, encouraging a smooth potential,
which is crucial for extrapolation, and is loosely analogous to the smooth Gaussian prior of
Gaussian process regression. The actual solutions are then found using the standard iterative

LSQR solver[155].
In the other approach used for solving the least squares problem the same I" matrix is

introduced, but without a Tychonov term,
L(e)=|(¥T") (Te) —t/*, (3.19)

and the solution is found using the rank revealing QR factorisation [97] (RRQR), in which a
QR factorization of the scaled design matrix WI'~! is performed. The algorithm truncates
the factorisation so that small singular values below some tolerance parameter A are omitted.
For more details on the exact implementation, see Refs. [2, 97]. When the linear system is
not underdetermined, RRQR is found to give solutions with lower error than LSQR.

The last modelling choice that needs to be made is the 1-body term, that is, the energies
of the isolated atoms of each element in the model. The energy of the isolated atoms
evaluated with the reference electronic structure method can be used, which ensures the
correct behaviour of the model in the dissociation limit. In other words, the force field is
modelling the interaction energy of the atoms. An alternative approach, often used in the
ML fitting of molecular energies, is to take the average energy of the training set, divided
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by the number of atoms in the molecule, and assign the result to each element. In this case,
the fitted model has zero mean energy. This usually improves the fit accuracy slightly by
normalising the target data. A third option is to use no reference potential for the fit, but
only use the forces. Once the coefficients are determined, the potential can be shifted by a
constant energy chosen to minimise the energy error of the training set. In this section, all
three strategies are evaluated for linear ACE. It is found that using the isolated atom energies
for the 1-body term gives slightly higher root mean squared (RMS) errors in domain but
leads to superior extrapolation. The other two strategies (using the average energy for the
1-body term and fitting only to forces) result in similar somewhat lower test set errors but

inferior physical extrapolation properties.

3.2.2 Experimental Results

The purpose of this section is to demonstrate the performance of linear ACE force fields for
small organic molecules. First, the performance on the rMD17 [39, 41] benchmark data set
is evaluated. It is also important to go beyond the RMSE or mean absolute error (MAE)
of energies and forces (the typical target of the loss function in the fit), because practically
useful force fields have other desirable properties too: chemically sensible extrapolation,
good description of vibrational modes, and accuracy on trajectories self-generated with
the force field, just to name a few. The insufficient nature of mean error metrics has been
pointed out before [69, 118, 232]. In addition, linear ACE is also fitted on the slightly larger
and significantly more flexible 3BPA molecule that is more representative of the needs of

medicinal chemistry applications.

rMD17

Energy and Force Accuracy First, the ability of linear ACE to fit small molecular potential
energy surfaces was assessed using the rMD17 benchmark dataset introduced in Section 2.5.
Table 3.1 shows the MAE of the different force field models trained on 1,000 configurations.
For comparison, in Table 3.1, a wide selection of models is included from the various
classes of force field fitting approaches that were discussed in Section 2.3. They include ML
approaches such as feedforward neural network architectures (ANI [58, 73], GMsNN [236]),
Gaussian process regression models (sGDML [38], FCHL [42], GAP [13]) and graph neural
network based models (DimeNet [76], PaiNN [186]). The models on the left of Table 3.1
were retrained for this evaluation using the exact train test splits of rMD17 (except for FCHL

which has published numbers available), while the models on the right of the solid vertical
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Table 3.1 Mean Absolute Error of MD17 molecules. Energy (meV) and force (meV/A)
errors of different models trained on 1,000 samples. Models on the left were trained and
tested using the same rMD17 train-test splits, whereas models on the right use MD17. The
best models for each molecule (on the left and right) are shown in bold font. The average
energy MAE is calculated per atom. For reference 43 meV ~ 1 kcal / mol.

ACE sGDML FCHL[4l]] GAP ANI FF | PaiNN[I186] GMSsNN[236] DimeNet[76]
Aspirin E_ 61 72 6.2 177 166 932 6.9 165 88
F 179 31.8 209 449 406 260 16.1 29.9 21.6
Asobenzenc E 36 i3 28 §5 159 1I2 - - -
F 109 19.2 10.8 245 354 246 - - -
Benzenc E 004 006 035 075 33 132 - 35 34
F 05 0.8 26 60 100 105 . 9.1 8.1
Ethanol E 12 24 0.9 35 25 421 27 43 28
F 73 16.0 6.2 181 134 208 10.0 143 10.0
E 17 31 15 78 46 459 39 52 45
Malonaldehyde ., 18.8 103 264 245 234 13.8 19.5 16.6
Naphthalene E 09 0.8 12 38 113 653 51 74 53
F 51 5.4 6.5 165 292 292 3.6 15.6 9.3
Paracetamol E 40 50 2.9 §5 115 939 : - -
F 127 233 123 289 304 248 . . -
Saliylicacia B 18 21 s 56 02 684 49 82 58
F 93 12.8 95 247 297 263 9.1 212 16.2
Toluene E 11 1.0 17 30 77 369 ) 65 44
F 65 6.3 8.8 178 243 183 4.4 14.7 9.4
Uracil E L1 14 0.6 30 51 433 45 52 50
F 66 104 42 176 214 233 6.1 143 13.1
E 0.2 0.16 0.12 037 050 39 0.33 0.49 0.36
Average MAE 4 12.8 8.6 25 241 227 8.0 17.3 13.0

line are from the literature and were trained on the original MD17 data set using different
train test splits.

Of the descriptor based models, sGDML, FCHL and linear ACE have the lowest MAE
for some molecules. Overall, based on the per-atom energy and force errors, the ACE model
achieves the lowest errors averaged across the entire data set. It is interesting to note that of
the neural network models, the PaiNN equivariant neural network achieves very low force
errors, but its energy errors are almost three times higher compared to ACE and FCHL. In
the second half of the thesis, the newer generations of equivariant neural network force fields
will be discussed and assessed in detail showing that they are capable of also fitting the
energy to very high accuracy. It is important to note that it is crucial for a model to have a low
energy error, especially in the relative energy of different molecular geometries, because even
though a molecular dynamics trajectory is only affected directly by the forces, the stationary
probability distribution that MD is used to sample is solely a function of the energy through
the Boltzmann weight, and so errors in predicted energy translate into errors of the stationary
distribution and thus of all equilibrium observables.

The ANI model in this table refers to a fine-tuning of the published ANI-2x model [58].
This means that the weights of the neural network were initialised as the weights of the
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ANI-2x model. Using the pre-trained model was crucial for achieving the errors shown.
When the weights were randomly initialised, the errors were higher by a factor of 2. The
GAP model, using SOAP features, which are similar 3-body objects to ANI’s symmetry
functions, achieves comparable errors to the ANI model with pre-training. The fact that ANI
is only competitive with GAP if it is pre-trained can be rationalised by the relative sample
efficiency of kernel models compared to feedforward neural networks. Just like SOAP and
ANI, FCHL kernel models also use 2- and 3-body features, which have been designed and
tuned for molecular systems and are therefore able to achieve very low errors [42].

The classical force field (FF) refers to a reparametrization of the GAFF functional
form [220, 221] using the ForceBalance program[221, 222] and the rMD17 training set. This
model gives at least an order of magnitude higher errors compared to the ML force fields.
This is not a surprise given the very simple harmonic functional form. These results provide

a quantitative characterisation of the limitations of the functional form.

Learning Curves The first property to consider beyond the raw energy and force errors
is the learning curve, which shows how a model’s performance improves with additional
training data. For kernel models such as FCHL and sGDML, the “kernel basis” grows
precisely together with the training data. In contrast, for the linear ACE potentials the size
of the training set and the size of the basis are decoupled. This has the advantage that the
evaluation cost is independent of the size of the training set. By choosing a finite basis set
through the specification of the maximum body order and polynomial degree, the linear
ACE potentials can be tuned to trade off computational cost and accuracy. To motivate
the particular choices made here, Figure 3.2 shows the force accuracy of linear ACE as a
function of basis set size and the corresponding evaluation time, trained on 1,000 azobenzene
configurations, the largest molecule in MD17.

The timings were obtained using a single 2.3 GHz Intel Xeon Gold 5218 CPU. For context,
the accuracy and evaluation time of some of the other ML models is also shown, each called
in their native environment: ACE in Julia, GAP via the fortran executable, and sGDML and
ANI directly from their respective Python packages (TorchANI in the case of ANI [73]). Note
that in the case of ANI considerable speed up could be achieved using a GPU when multiple
molecules are evaluated simultaneously. Recently, further optimisation of the implementation
of ANI has been reported that led to increased computational performance [72]. The solid
part of the ACE curve corresponds to 4-body potentials (v = 3) where only the polynomial
degree is varied, while for the last point (dashed), the body order was increased to 5, because
the 4-body part of the curve showed saturating accuracy. Increasing the body order further is

likely to bring the error down even more; however, the cost of evaluation would also grow
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unacceptably if all basis functions for the given body and polynomial degree are retained.
Effective sparsification strategies can be developed that allow the inclusion of some high
body order basis functions without the concomitant very large increase of the overall basis
set size. One such approach, generating the high body order basis functions via message
passing is the subject of Chapter 5. For the comparisons in this section, for each molecule in
MD17 a basis set size was selected such that the evaluation cost was roughly comparable to
the other ML models. Note, however, that in a real ML force field application, one might
very well choose a much smaller basis to take advantage of sub-millisecond evaluation times.
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Fig. 3.2 Force evaluation times. The timing of force calls per atom for the azobenzene
molecule. In the case of ACE the number of basis functions is shown in parentheses. The
classical force field has a timing of about 1 s, which would not fit on this scale. For the
ANI architecture both the CPU and GPU timings are shown obtained from TorchANI [73].
Better performance is likely possible using the NNPOPS package and OpenMM [72].

In Figure 3.3 the learning curves for linear ACE and sGDML (the best models trained
from Table 3.1) are shown and compared to the literature results of FCHL [41]. The low
body order linear ACE is equal or better than the other many-body kernel models in the low
data limit, but with additional training data the kernel models overtake ACE in several cases.
The latter also saturates, showing the limitations of the relatively low body order model. The
energy and force learning curves show a broadly similar trend. Interestingly, the force errors
show a less pronounced saturation for ACE.
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Fig. 3.3 rMD17 learning curves. The learning curves of the best performing models on the
rMD17 data set. The body order and basis set size for the ACE models are given under the
title of each panel. The top panel shows the energy errors, whereas the bottom panel shows

the force errors.

Normal Model Analysis The normal modes and their corresponding vibrational frequen-
cies characterise the potential energy surface near equilibrium. This is interesting in the
context of the MD17 models because their training set contains geometries sampled at 500 K,
which means that they are, in general, far from the equilibrium geometry. This test evaluates
the ability of the models to describe the minima of the PES, even if it is not in the training
set.

To test how well the different models infer the normal modes, the DFT optimised
geometries were taken of each of the 10 molecules and re-relaxed with the force field models.
At the force field minima, vibrational analysis was carried out to find the normal modes and
their corresponding vibrational frequencies. They were computed as the eigenvectors and

eigenvalues of the Hessian matrix obtained by numerical differentiation.
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Fig. 3.4 Normal mode frequency test. The frequency error of the normal modes of each
of the MD17 molecules. The legend shows the frequency (w) MAE (in cm~ 1) and also the
force (F) MAE (in meV/A) from Table 3.1 for each model

Fig 3.4 shows the errors in the predicted normal mode vibrational frequencies for each
of the 10 MD17 molecules. The ACE model achieves the lowest error for all 10 molecules,
surprisingly even for those for which sGDML has slightly lower errors based on the 500 K
MD test set of Table 3.1. For example, for toluene, sSGDML has both lower energy and force
errors, but at the same time the ACE model has significantly lower errors in predicting the
vibrational frequencies, achieving a MAE of 1.0 cm™! compared to sGDML with an error of
1.4 cm™'. Observing the individual molecules in Fig 3.4 it is notable that the ACE model has
the lowest fluctuation in the errors of the normal modes, achieving nearly uniform accuracy
across the entire spectrum. The case of benzene also shows the limitations of characterising
the models by the force MAE alone. The linear ACE model has only slightly lower force
MAE than sGDML (0.5 meV/A compared to 0.8 meV/A) but the normal mode frequency
prediction is more than 3 times more accurate: 0.2 cm™' compared to 0.7 cm™'. The linear
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ACE model has very low errors for all normal modes, whereas sGDML has much higher
errors for the high frequency modes.

The ML models are also compared to the classical force field. The normal mode frequency
errors of the empirical FF are about 10 times higher than the errors of the ML force fields.

These errors do not fit on the scale of Figure 3.4.

Extrapolation test To test the extrapolation properties of the different models, two further
tests were carried out probing the torsional profile of azobenzene and O-H bond breaking in
ethanol. Both of these tests probe how far away the models can smoothly extrapolate from
the training data.

These tests were carried out with several different versions of the linear ACE models
differing in the definition of their 1-body terms because this choice is expected to influence
how chemically reasonable the fitted models are far from the training set. The energy and
force errors of these models are compared in Table 3.2

ACE models fitted only using force data are denoted by ACE F. This has the lowest force
error on the test set. For the other two ACE models, energies were also included in the
training. They differ only in the 1-body term, the model using average per-atom training set
energy is denoted as ACE AVG, while the model using isolated atom energies as the 1-body
term is denoted as ACE EO. The third option is the natural choice, as this ensures that if all
atoms are separated from each other, the predicted energy will correctly correspond to the
sum of the isolated atom energies.

Figure 3.5(a) shows the torsional energy profile of the azobenzene molecule. The ACE
EO model with the isolated atom 1-body term is able to extrapolate farthest, somewhat
overestimating the energy, while the ANI and sGDML models also extrapolate smoothly, but
slightly underestimate the energy. The linear ACE model with the average energy 1-body
term and the GAP model fail to extrapolate and predict a nonphysical drop in energy for
smaller values of the dihedral angle.

Figure 3.5(b) shows the energy profile as the O-H distance is varied starting from the
equilibrium geometry of ethanol. The only force field that shows qualitative agreement with
DFT is the ACE EO model. Note that none of the fitted models is expected to quantitatively
reproduce the DFT energy profile, even when the isolated H atom is described correctly
by design, because the C;HsO® radical is not. The smooth extrapolation of the linear ACE
model can probably be attributed to careful regularisation - as was the case in a similar test
for other polynomial models [2]. Figure 3.5(c) shows a detailed comparison of the different
ACE models together with their test set MAE value. This shows that having the lowest
possible test set error does not coincide with the most physically reasonable model, and



3.2 Regularised Linear ACE Models for Small Molecules 45

Table 3.2 Comparison of different 1-body terms Comparison of the mean absolute error
of energies (meV) and forces (meV / A) of ACE models trained on energies and forces using
the average energy shift, the isolated atom QM energy shift and trained on forces only and
then shifted to minimize training energy error.

ACE with ACE with  ACE with
iso E0 average E0 forces only

Aspirin EFn;rcgey 169.1 | 158..97 16i.19
Azobenzene EFnoeriiy 13248 134,58 130..69
Benzene EFn:rrciy 0(5954 00-954 06?54
Ethanol EFnoerrciy éj 51;‘2‘ ;i
Malonaldehyde EFI;erngey 112'?0 111- ?5 111-.71
Naphthalene EFIergey gi (5)3 gi
Paracetamol Eliz)izgey ilo9 13388 14207
Salicylic acid Fi;:)errcgey 121' .32 120-.25 ;g
Toluene F;:)errciy é; é; (lsé
Uracil Energy 14 1.2 L1

Force 8.7 7.8 6.6




46 Linear ACE Force Fields for Small Molecules

JUUPL JUPPL
251 — DFT — DFT — DFT
----- ACE F —— sGDML ---- ACEF MAE = 1.1 meV
—4192 4 —4192 4
2od NN e ACE AVG —— ACE EO REG wws ACE AVG MAE = 1.3 meV
—— ACEEO ANI —— ACEEO MAE = 1.4 meV
3 L —— sGDML — GAP ---- ACEFREG  MAE = 1.9 meV
s S ANI > --- GAPEO A | B ACE AVG REG MAE = 2.2 meV
& — GAP N T 71987 — ACEEOREG  MAE = 1.7mev
' 1.0 1 o o
3 2 2
g s w w
e _ —4204 4 ~4204 4
0.0 ¢
—0.5 1 —4210 1 —42101 -
2001 Training data 200 l BN Training data 200 l BN Training data
0 — PRy e 0 . . . o1& . . . . .
1 1 14 1 1 2 4 6 1 2 3 4 5 6
(a) (b) (c)

C-N-N-C dihedral angle O-H distance / A O-H distance / A

Fig. 3.5 Extrapolation test far away from training data. The bottom panels show the
histogram of the variables in the training set. (a) the energy change predicted by the different
models as the C-N-N-C dihedral angle of azobenzene is decreased from the equilibrium 180
degrees. ACE F refers to training on forces only, ACE AVG refers to using average per atom
energy as the 1-body term and ACE EO refers to using the isolated atom energy as the 1-body
term. (b) change in energy as the O-H bond distance of ethanol is extended from equilibrium,
as predicted by the different models. (¢) comparison of ACE models with (i) lowest force
MAE and (i1) with stronger regularisation, the latter indicated with the REG label.

using stronger regularisation can lead to much smoother extrapolation. The more strongly
regularised ACE models with relatively higher force error are still significantly more accurate
than SGDML, ANI, GAP or the classical force field.

Interestingly, having the isolated atom as the 1-body term is not sufficient for good
extrapolation. This is shown by the two different GAP models in Figure 3.5(b), which show
essentially no difference to the extrapolation, presumably due to the very poor description of
the radical.

3BPA

As a final test of the linear ACE method, it is evaluated on the newly introduced 3BPA
benchmark described in Section 2.5. Noting that all MD17 molecules are rather rigid, this
test can assess the capabilities of the different force field models on a more challenging
system that has relevance for medicinal chemistry applications. Although smaller than many

drug molecules, with a molecular weight of 200, this molecule has three consecutive rotatable
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Table 3.3 Comparison of errors on the 3BPA benchmark Root mean squared error of
the energy (meV) and force (meV/A) predictions of different models of the flexible 3BPA
molecule.

ACE sGDML GAP FF ANI | ANI-2x
Fit to 300K
300 K E 71 9.1 22.8 60.8 235 38.6
F 271 46.2 87.3 302.8 428 84.4
600 K E 24.0 484.8 614 1368 37.8 54.5
F 643 439.2 151.9 4079 71.7 102.8
1200 K E 853 774.5 166.8 3255 76.8 88.8
F 187.0 711.1 305.5 6709 129.6 | 139.6
Fit to mixed-T
300K E 93 11.7 277 86.0 21.6 38.6
F 30.5 55.1 85.7 3078 564 84.4
600 K E 19.7 25.6 50.2 1156 403 54.5
F 544 94.3 123.8 3920 814 102.8
1200 K E 47.1 78.2 103.0 268.8 77.6 88.8
F 1184 177.1 217.8 6343 131.0 | 139.6

bonds, as was shown in Figure 2.2. This leads to a complex dihedral potential energy surface
with many local minima, which can be challenging to approximate using classical or ML
force fields [216].

Comparison of force fields models Linear ACE, sGDML, ANI and GAP force fields were
trained, and the bonded terms of a classical force field (FF) were reparameterised, using the
300 K and the mixed-T training sets. Table 3.3 shows the energy and force RMSEs of the
different models along with the transferable pre-trained ANI-2x force field errors on the same
configurations. Just as before, the ANI label refers to a fine tuned version of the ANI-2x
force field.

For the case of training on the 300 K configurations the linear ACE and sGDML models
are able to achieve very low errors when tested at the same temperature, but the ACE model
shows significantly better extrapolation properties to the configurations sampled at higher
temperatures. The model extrapolating most accurately to 1200 K is the fine tuned ANI
force field. Just as for the smaller molecules, the fitted empirical force field shows much
higher errors, about a factor of 2-4 for energies and a factor of 4 for forces compared with
the ANI-2x machine learning force field.

Training on the mixed-T training set leads to a significant drop in the errors for the higher
temperature test sets for all ML models, but not for the empirical force field. The linear ACE
model achieves the lowest error in all cases, showing an approximately 40% decrease in the
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Fig. 3.6 Dihedral PES of 3BPA. (a) The dihedral potential energy landscape of 3BPA for
different fixed B, as predicted by DFT. (b) The 8 = 120 section of the PES for the different
force field models. The white dots on the DFT PES correspond to configurations from the
training set that lie within +10° of the planes considered here and the red star shows the
position of the energy minimum on each slice.

error for the high temperature test set. The other ML models also improve, by even bigger
factors because their extrapolation was rather poor before. Custom force fields outperform
the transferable ANI-2x model by nearly a factor of two in energies for all three test sets.
This shows that there is scope for much improvement in transferable organic force fields for
small molecules. The errors in the empirical force field are mostly unchanged, quantifying
the limitations of the simple functional form when describing the anharmonic high energy
parts of the potential energy surface.
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To look beyond the energy and force RMSE, dihedral torsional scans were carried out
using the different force field models and DFT. The complex energy landscape is visualised
in Figure 3.6. The Greek letters denote the three rotatable dihedral angles as introdcued on
Figure 2.2. Figure 3.6(a) visualises the PES at three different fixed values of 3, in the -y
plane, limiting the range to avoid overlapping atoms. Figure 3.6(b) shows a comparison
of ML and empirical force fields with DFT for the case of B = 120°, the plane with the
fewest training data points. The energy landscape of the empirical force field has most of the
features of the DFT landscape and even correctly predicts the position of the lowest energy
minimum in the B = 120° plane. However, some of the potential energies on this plane
are clearly too high. On the other hand, the landscape of the GAP model is quite irregular;
some of the most basic features are either missing or blurred together. The fine-tuned ANI
landscape is somewhat less irregular than GAP, but some of the high energy peaks are too
high and too broad. This is an example where the fixed functional form of the classical force
field gives better extrapolation behaviour to parts of the configuration space where there is
little training data. The RMSE results clearly do not give a full characterisation of these
models.

The ACE and sGDML models reproduce the landscape much more closely, and indeed
these are the models with the lowest RMSE. Some differences include the sGDML getting the
position of the lowest energy minimum wrong and ACE having too high a peak at oc = 230°,
Y= 150°.

3.2.3 Conclusions About Linear ACE

This section has demonstrated great potential in using higher body order models built using
the ACE framework for the simulation of molecular chemistry. The large improvements
compared to the SOAP-GAP and ACSF feedforward neural network type ML models served
as a guide to building even more accurate force fields in the next chapters of the thesis.
There are three key limitations or outstanding challenges that need to be addressed. First,
the ACE model, similarly to SOAP and ACSF-s, cannot be scaled for a large number of
chemical elements as the size of the model increases steeply. This is addressed in a general
new framework in the next section. Second, the fitting of linear ACE models can be quite
fiddly, as the polynomials can be highly oscillatory, requiring carefully tuned regularisation
for each new system. Finally, though the accuracy of the linear ACE is a large improvement
compared to the methods before, there is still great scope to improve the accuracy of these

models, as will be demonstrated later in Chapter 5.
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3.3 Tensor Reduced Atomic Cluster Expansion

In this section, the first limitation of linear ACE models is addressed: the unfavourable
scaling of the number of features with the number of different chemical elements, S. This
limitation is not a special feature of ACE; indeed, most of the different classes of atomic
representations used to create machine learning force fields have this same problem with
the exception of graph neural network based models. In the case of ACE, the number of
features scales as SY for basis functions with correlation order v (i.e., a body order of v+ 1).
This poor scaling severely restricts the use of these representations in many applications. For
example, when using the representations to build machine learning force fields for systems
with many (more than 5) different chemical elements, the large size of the models results
in memory limitations being reached during parameter estimation, as well as significantly
reducing the evaluation speed.

Multiple strategies have been proposed to address this scaling problem for the envi-
ronment descriptor based models. This includes element weighting [6, 75] or embedding
elements into a fixed dimensional space [228], directly reducing element-sensitive correlation
order [46], low-rank tensor-train approximations for lattice models [117] and data-driven
approaches for selecting the most relevant subset or combination of the original features for
a given dataset [82, 152, 238].

A different class of machine learning methods are graph neural networks or MPNNs that
were introduced in Section 2.4.2 [79, 187]. Instead of constructing full tensor products, these
models embed chemical element information into a fixed size latent space, using a learnable
transformation RS — RX where K is the dimension of the latent space. This construction
avoids the poor scaling with the number of chemical elements. As will be demonstrated in
Chapter 5, MPNN methods can achieve very high accuracy [14, 16, 17], strongly suggesting
that the true complexity of the relevant chemical element space does not grow as SV.

In this section, two approaches, that together can be referred to as Tensor-reduced ACE
or TrACE, are introduced for significantly reducing the scaling of atomic density-based
representations like SOAP and ACE. The key idea is to exploit the tensor structure of
these descriptors to either 1) approximate the parameters of a linear model with a tensor
decomposition or ii) use tensor sketching [229] to compress the features. Both of the
resulting approximations are systematically improvable and can be converged to the original
full descriptor limit. This is supported by a number of numerical experiments on real data in
Section 3.3.2. It is also possible to generalise this scheme to compress not only the chemical
element information but also the radial degrees of freedom, yielding an even more compact
representation. When fitting interatomic potentials for organic molecules a ten-fold reduction
in the number of features required is demonstrated for the linear ACE model. In Ref. [47]
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the method is also demonstrated for SOAP GAP models using a high entropy alloy dataset

showing a similar reduction in the size of the models.

3.3.1 Methods

All many-body density based descriptors can be understood in terms of the Atomic Cluster
Expansion [61]. To derive the new compressed descriptors, it is easiest to rewrite the ACE
equations emphasising the chemical element dependence. The one-particle basis ¢;}Z (r)
from Equation 3.2 can be rewritten to @,;,(r;;,Z;) as shown in Equation (3.20), where r;;
denotes the relative position of the central atom i and the neighbour j, while z and Z; denote
the atomic number of atoms i and j respectively. Following the ACE recipe, permutation
invariance is introduced by summing over the neighbour atoms in Equation (3.21) after which
(v 4 1)-body features are formed in Equation (3.22) by taking tensor products of the atomic
basis A; ., with itself v times. Finally, Equation (3.23) shows how the product basis A; znim
is rotationally symmetrised using the generalised Clebsch-Gordon coefficients Cllﬂ, where 1

enumerates all possible symmetric couplings [61, 63, 152].

Onim(¥ij, Zj) = Ru(rij)Y)" (Rij) 0.z, (3.20)
Ai,znlm = Z ¢znlm(rij7zj)u (3.21)
jeN (i)
A
Ai,znlm = Ai,z,n,l,m, (322)
t=1
Binin = Y. Cn Ai smim (3.23)
m

Rewriting Equation (3.7) to display the indices of the parameter tensor ¢, a linear ACE model
of the atomic site energy E; is

E;= Z CznlnBi,znln (3.24)
znln

where ¢ niy are the model parameters and in practice the expansion is truncated using the
maximum correlation order V., and polynomial degrees /.« and npnax = N. Note that
since B; zn1y is invariant under (24,74,14) <= (25,7, 1p), sSymmetrically equivalent terms are
usually omitted from Equation (3.24).

The tensor product in Equation (3.22) causes the number of features and therefore the

number of model parameters to grow rapidly as &'(NVSY). Previous work has reduced this
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scaling by first embedding the chemical and radial information into K channels as shown in
Equation (3.25), then taking a full tensor product across the Ahklm in Equation (3.26). This
leads to a 0(K") scaling. The embedding weights are optimised either before or during
fitting, the latter causing the models to be non-linear [228].

Aitim =Y WEA; im (3.25)
n

\4
Aiyam = [ JAikitm, (3.26)
=1
In this section, two principled approaches are proposed to further reduce the size of the
basis to &(K). In the first approach, the model parameters €y = Czniy in Equation (3.24) are
identified as elements of a symmetric tensor, invariant under (z,,n4,1,) <= (2p,1p,1p), which
can be expanded as a sum of products of rank-1 tensors as,

K
=) M Wi @ Wi -+ @ W, (3.27)
k=1 e

V times

or equivalently in component form

Cznln = Zlkn H ey (3.28)

where Wk n,1, are the components of wy. This expansion is exact for finite K, as ¢ is finite
due to bas1s truncation, and is equivalent to eigenvalue decomposition of a symmetric matrix
when v = 2. Note that the same weights Wkn ;, Were chosen to be used for all v and 7,
which significantly reduces the number of free parameters of this model. In practice, one
can choose to expand over the zn (or z) indices only, and then substitute the expansion into
Equation (3.24) as

ki~ Zlkln ZCln ZHWZI,CQI‘ lz;ntltm,] (3.29)

kIn n t=

=Y Aun Zc}ﬂ HA,v,kltm, (3.30)
kIn m t=1

=Y AuanBiuy (3.31)

kln



3.3 Tensor Reduced Atomic Cluster Expansion 53

Table 3.4 The density projection A; are viewed as vectors with a composite index (z,n,l,m)
whereas the embedded density projections A; = (WA;) etc. are indexed by (k,I,m). The
symbol @kl"’ means full tensor product across [ and m but element-wise product across k
whereas ® indicates a full tensor product across all indices.

Name Product Basis Index Notation Basis size
ACE Ai = Ki ®A’i t ®A’i Ai,znlm = Htvzl Ai,z,n,l,m, ﬁ(NS)V
Embedding A; = (WA) @ (WA;)--- @ (WA;) A, xm =117, ‘, k,l,m, O(K")
l Kelymy = Zzn "nlt my
Tensor decomposition A= (WA)) %9;'" (WA))... %9;'" (WA)) A, am =1 1 ~, klrmt O(K)
1 klymy — Zzn l znlymy
Tensor sketch A= (ngi) @klm (szi) ... ’g?klm (WVA'I.) A, am=1I1_,A A,t kl,m, O (K)
ll Klimy — Zzn l znlymy

where I?,-Jdn are the new tensor reduced features and the approximation arises because in
practice the tensor decomposition can be truncated early. The key novelty of this approach is
that element-wise products are taken across the k index of the embedded channels Ai,kltmn
rather than a full tensor product. For a detailed comparison of the different approaches, see
Table 3.4.

There are multiple natural strategies for specifying the embedding weights WZ’ff, including
approximating a precomputed cznpy or treating the weights as model parameters to be
estimated during the training process, as is done in MACE (see Chapter 5). In this section,
the use of random weights is investigated, which is a simpler alternative. This ensures that
Equation 3.31 remains a linear model and allows B,-Jdn to be used directly in other, not force
field fitting tasks, such as data visualisation.

The second strategy developed by my co-author in Ref. [46] to reduce the scaling
with the number of elements is to compress the ACE features B; ;niy directly. Random
Projection (RP) [22, 49] is an established technique where high dimensional feature vectors
{X1,...,Xn} C R are compressed as X; = WX; € RX, with the entries of the matrix W being
normally distributed. This simple approach offers a tuneable level of compression and is
underpinned by the Johnson-Lindenstrauss Lemma [106] which bounds the fractional error
made in approximating ¥/ ¥; by &/ %;. This is used in compressed linear regression [1, 109,
139] where features are replaced by their projections, thus reducing the number of model
parameters. The drawback of RP is that it requires the full feature vector to be constructed,
which means that applying RP to ACE would not avoid the unfavourable &'(NVS") scaling.
Tensor sketching can be used instead of RP to avoid this problem. For vectors with tensor
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structure X = y® 7 where X € R4z ye R9 and 7 € R%2, the Random Projection WX can be

efficiently computed directly from y and 7 as
Wi =W73yoW"Z (3.32)

where o denotes the element-wise (Hadamard) product. Similarly, the ACE product basis

can be tensor sketched, across the zn indices, as
Aj= (W'A) g™ (W2A))... " (WYA)) (3.33)

where @kl’”

product over the lower index k and W! W2 etc. are independent random matrices. The Ai,klm

denotes taking the tensor product over the upper indices /m and the element-wise

can then be symmetrised as in Equation 3.23 yielding
A l v A
Biyn =Y Cu [ [Aikim, (3.34)
m t=1

where Ait,kl,m, is defined in Table 3.4. A summary comparing standard ACE, embedded ACE
and the two new proposed schemes, tensor decomposition and tensor sketching, is given in
Table 3.4.

3.3.2 Numerical Experiments

Linear ACE design matrix rank First it is demonstrated that the tensor-reduced features
are able to efficiently and completely describe a many-element training set. This is achieved
by considering a dataset comprised of all symmetry inequivalent fcc structures made up of 5
elements with up to 6 atoms per unit cell [93]. A set of features is considered complete on
this dataset if the design matrix for a linear model fit to total energies has full (numerical)
row rank, where each row corresponds to a different training configuration.

Figure 3.7 shows the numerical rank of the design matrix as a function of the basis
set. At a given correlation order, the standard ACE basis set is grown by increasing the
polynomial degree, and the tensor-reduced basis set is enlarged by increasing K, the number
of independent channels. In both cases, once the rank stops increasing at the given correlation
order v is incremented. The colours in Figure 3.7 correspond to three different geometrical
variations: blue contains on-lattice configurations only, whilst in magenta and red the atomic
positions have been perturbed by a random Gaussian displacement with mean 0 and standard
deviation of 0.025 and 0.25 A, respectively. The dotted lines correspond to the standard ACE
basis, whereas the solid lines corresponds to the tensor-reduced version from Equation (3.31).
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Although the standard ACE basis can always achieve full row rank since it is a complete
linear basis, it does this very inefficiently. In contrast, the row rank using the tensor-reduced
basis grows almost linearly. This demonstrates that the tensor-reduced basis, having removed
unnecessary redundancies, still retains the expressive power of the full basis.
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20000 A ’ Representation
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Fig. 3.7 Design matrix rank The row rank of the design matrix as a function of basis set
size on a dataset of all symmetry inequivalent fcc lattices of 5 chemical elements and unit
cell sizes of up to 6 atoms. The inset zooms in on the x = y region.

Organic molecules with 10 elements Next, a linear ACE [119] model is fitted on a training
set of 400 different organic molecules of size 19-168 atoms, randomly selected from the
QMugs dataset [104]. The molecules are made up of 10 different chemical elements (H, C, N,
O,E P, S, Cl, Br, I). The conformers were created by running 800 K NVT molecular dynamics
for 1 ps starting from a published minimum energy structure using the semi-empirical GFN2-
xTB method [9]. The test set is composed of 1,000 different molecules sampled the same
way. This is a small-data regime task that is particularly challenging because of the chemical
and conformational diversity. Figure 3.8 shows the convergence of the energy error with the
number of basis functions for the fully coupled and the tensor-reduced ACE models, both
using Vmax = 3 (4-body). By increasing the number of uncoupled channels K the accuracy

can be converged to the previous level, whilst reducing the size of the model by a factor of
10.
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Fig. 3.8 Energy error convergence of TrACE to ACE Convergence of the energy errors on
the independent test set with respect to the number of basis functions is shown for a linear
tensor-reduced ACE model and a standard linear ACE model. Error bars show the standard
error in the mean, computed across 5 fits using independently chosen random weights

3.3.3 Conclusions About TrACE

In this section a new theoretical method was proposed for reducing the scaling of the model
size with respect to the number of chemical elements and radial functions for atom centred
density based ML force fields. The proposed methods achieve this whilst retaining the
rigorous mathematical results of linear completeness of the ACE basis. The canonical tensor
decomposition was also analysed numerically and shown to be a promising route to create
linear models for systems with many elements. There are several other tensor decomposition
schemes that could be tried and that might have advantages in certain situations [210]. In
our paper on this topic, the tensor sketching is also shown to work well in materials science
examples, and an implementation for the SOAP kernel is also provided by my co-authors [46].

Importantly, the tensor-decomposed ACE product basis is used in Chapter 5 as a key
building block of the MACE model. By combining TrACE with equivariant message passing,
the remaining two limitations of ACE can also be overcome. MACE models are very easy to
fit and are robust with respect to the choice of the hyperparameters, and MACE also greatly
improves on the accuracy of ACE as will be demonstrated later.

The TrACE ideas combined with message passing also enables the development of
transferable foundation models. Recently, a paper on organic chemistry describing 10

chemical elements [121] (see section 5.3) and another on materials chemistry describing 89
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chemical elements [15] were published. These would not have been possible without the

techniques described in this section.






Chapter 4

Multi-ACE: The Design Space of
Machine Learning Force Fields

In Chapter 2 several different approaches were introduced to parameterise potential energy
surfaces. In particular, machine learning approaches could be divided into two main cat-
egories. There were the atom-centred descriptor based models and the message passing
graph neural network models. In Chapter 3 the Atomic Cluster Expansion descriptors are
described in detail. As they provide a linearly complete basis of symmetric functions of
local atomic environments, all other atom-centred descriptors can be expressed in terms of
ACE [61, 63, 147].

In this chapter, the multi-ACE theory is introduced. This theory provides a framework for
understanding the design space of machine learning interatomic potentials. Crucially, it brings
the message passing neural networks, including the more recent equivariant neural networks
and the atom-centred machine learning force fields, to the same footing. The connection
between MPNN models and atom-centred models was also investigated simultaneously with
our work in Ref. [153]. This work was motivated by a number of papers showing the great
potential of equivariant MPNN force fields, significantly improving on the accuracy of the
linear ACE models in molecular chemistry benchmarks. By understanding these models in
a unified framework, it is possible to rigorously analyse the architectures and propose new
ones that can further improve both accuracy and computational efficiency. This led to the

development of a new model called MACE that will be discussed in detail in the next chapter.
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4.1 The Multi-ACE layer: Equivariance and Continuous
Embedding

In the following, a version of the ACE formalism is presented for deriving E (3)-invariant and
equivariant basis functions that incorporates a continuous embedding of chemical elements.
This is closely related to TrACE and will serve as the main building block of the Multi-ACE

framework.

One-particle basis  As before in Chapter 3, the first step is to specify the form of the one-
particle basis as introduced in Equation (3.2). It is used to describe the spatial arrangement
of atoms j around the central atom i:

Orii(rji) = R (rin) Y™ (R50), (4.1)

where the index z; and z; refer to the chemical elements of atoms 7 and j. The one-particle
basis functions are formed as the product of a set of orthogonal radial basis functions R,; and
spherical harmonics ¥;". The positional argument r j; in Equation (4.1) can be obtained from
the states of the atoms introduced in Equation (2.24) (O'i(t), G]@), thus making the value of
the one-particle basis function depend on the states of two atoms.

The formulation in Equation (4.1) uses discrete chemical element labels. The drawback
of this approach is that the number of different basis functions rapidly increases with the
number of chemical elements in the system, as discussed in detail in Section 3.3. MPNNs
typically leverage a learnable mapping from discrete chemical element labels to a continuous
fixed-length representation. Using such an embedding with ACE eliminates the scaling of
the number of basis functions with the number of chemical elements. This embedding is
closely related to the tensor decomposition in TrACE, but can be expressed in a more general

form by introducing two new indices as explained below.
O (01, 07) = Riet (r0) Y/ (£ i) Tie (6, 6;), (4.2)

where T, is a generic function of the chemical attributes 6; and 6; and is endowed with two
indices, k and ¢, and the radial basis likewise. Of these, ¢, together with / and m, will be
coupled together when the many-body basis functions are formed (see Equation (4.4) below).
These coupled indices are collected into a single multi-index (v = Imc) for ease of notation.
On the other hand, k will be referred to as the uncoupled index.

Beyond chemical element labels, 7;. can account for the dependence of the one-particle
basis functions on other attributes of the atoms, such as charge, magnetic moment [62],
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or learnable features. Furthermore, the output of 7. can be invariant or equivariant to
rotations. In the case of equivariant outputs, the indices & (in the uncoupled case) or ¢ (in the
coupled case) will themselves be multi-indices that contain additional indices (e.g., I and
m’) describing the transformation properties of these outputs.

To recover Equation (4.1) with the discrete element labels, 6;, 8, can be set to z;,z; and it
can be assumed that kK = 1, i.e., there are no uncoupled indices. Furthermore, c is chosen to
be a multi-index, (¢ = nz;z;), with Tj, being an index selector, Tie = Tinzz; = 0;6,0;,6;- In
this case, the index n of the radial basis Ryizz; in Equation (4.1) is also part of the “coupled”
multi-index c.

In the language of MPNNSs, the values of the one-particle basis functions would be
thought of as edge features of a graph neural network model. This graph would be directed
since the one-particle basis functions are not symmetric with respect to the swapping of the
central atom i and the neighbour atom j.

Higher-order basis functions The next step of the ACE construction is analogous to
traditional message passing: the values of the one-particle basis functions evaluated on the
neighbours are summed to form the atomic- or A-basis. This corresponds to a projection
of the atomic density onto the one-particle basis. Therefore, in the atomic environment
representation literature, this step is often referred to as the density projection [147],

Aiv="Y, $(0i,0;). (4.3)

jeN (i)

The A-basis is invariant with respect to the permutation of the neighbour atoms, and its
elements are 2-body functions. This means that it can represent functions that depend on all
neighbours’ positions but can be decomposed into a sum of 2-body terms.

To create basis functions with higher body-order, tensor products of the A-basis functions

are formed to obtain the product basis, A; y:
\%
Ai,kV = HAi,kv57 V= (Vl, "'7VV)7 (44)
E=1

where v denotes the correlation order and the array index v collects the multi-indices of the
individual A-basis functions, representing a v-tuple.

Taking the product of v A-basis functions results in basis functions of correlation order
v, which thus have body-order v + 1, on account of the central atom. In the language of
density-based representations, these tensor products correspond to v-correlations of the

density of atoms in the atomic neighbourhood [153].
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For example, the v = 3, four-body basis functions have the form
Ai,kv = Ai,klei,kvai,kVp 4.5)

where v = (viv,v3). This illustrates the difference between the uncoupled k channels and the
coupled v channels - tensor products were not formed with respect to the indices collected in
k. This corresponds to the tensor decomposition introduced in TrACE. In the Multi-ACE
framework, there is freedom to apply tensor decompositions across any number of different

indices, including chemical elements or the radial features.

Symmetrisation of basis functions The product basis linearly spans the space of permuta-
tionally and translationally invariant functions but does not account for rotational invariance
or equivariance of predicted properties or intermediate features. To create rotationally invari-
ant or equivariant basis functions, the product basis must be symmetrised with respect to the
rotation group O(3) or SO(3). Symmetrisation takes its most general form as an averaging
over all possible rotations of the neighbourhood. In the case of rotationally invariant basis
functions, this averaging is expressed as an integral of the product basis over rotated local
environments, as was already introduced in Equation (3.6). In the more general notation

introduced in this chapter, the symmetrisation can be written as

Bi,kv = /0(3) Ai.,kV <{Q ’ (Gh Gj) }]G/V(l)) dQ7 (46)

where the dependence of the product basis on the atomic states is written out explicitly,
and Q- (0;,0;) = (Q- 0;,Q - 0;) denotes the action of the rotation on a pair of atomic states.
The above integral is purely formal. To explicitly create a spanning set of the symmetric B
functions above, one can instead use tensor contractions, as the angular dependence of the
product basis is expressed using products of spherical harmonics (see Equation (4.9) below).

The construction of Equation (4.6) is readily generalised if equivariant features are
required [62, 152, 240]. If the action of a rotation Q on a feature h is represented by a matrix
D(Q), then following Equation (2.29) the equivariance constraint can be written as

D) ({2 (016} e r) = ({0003} jvy)- 4.7)

To linearly expand the feature h, the basis functions must satisfy the same symmetries, which

is achieved by defining the symmetrised basis as

Buva= [ (D(0) eahias ({0- (616} 1 1 ) 40 “8)
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where the e, are a basis of the feature space h. This approach can be applied to parameterise
tensors of any order, both in Cartesian and spherical coordinates. For example, if h represents
a Euclidean 3-vector, the e, denotes simply the three Cartesian unit vectors, X, ¥, and Z.

Going forward, features with spherical L-equivariance are discussed. They are labelled
accordingly as h; and the corresponding basis functions as B; yqrm. The matrices D(Q)
become the Wigner-D matrices, i.e., D¥(Q).

The integration over the rotations can be reduced to recursions of products of Wigner
D-matrices and carried out explicitly as a tensor contraction [63, 152]. It is then possible
to create a spanning set of L-equivariant features of integrals of the types of equations (4.6)
and (4.8) using linear operations. This can be done by introducing the generalized coupling
coefficients:

Bijn.n = Y, CrvAi kv, (4.9)
v

where C%A/V[ are the coupling coefficients corresponding to correlation order v and imposed

equivariance L. The output index 1 enumerates the different possible combinations of A; 4y
that have equivariance L.

An additional degree of freedom is to have a different A, ;y; product basis for each
symmetry L (e.g., by choosing different one-particle basis functions depending on L) which
is a choice made for example in the NequlIP model [17].

The values of the B functions can be combined into an output m; 47 on each atom i and

each channel k via a learnable linear transformation

M kLM = Z WinLBi xn .1y (4.10)
n
Finally, to generate the target output of the layer for the atom i, the uncoupled channels &

can be mixed via a learnable (linear or non-linear) function ®; ; = .% (m; ).

4.2 A General Framework of Many-Body Equivariant In-

teratomic Potentials

In this section, multiple equivariant ACE layers from the previous section are combined to
build a message passing model. The resulting framework encompasses most equivariant
MPNN-based interatomic potentials. In the case of using a single message passing layer, the
framework can be reduced to linear ACE or the other atom-centred descriptor-based models.

To create a Multi-ACE model, it needs to be specified how the output of one ACE layer
is used in the next layer. This is done by updating the state of the atoms, assigning the output
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Table 4.1 Different machine learning potentials in the framework of MPNNs. We identify
SchNet, NequlP, and ACE as examples of MPNNs and exhibit their explicit components
in the design space: the message, symmetric pooling, and update functions. Note that in
NequlP, the choice of non-linearity is not fixed, and we have chosen a normed activation
with tanh to be shown here. In each case, learnable parameters (weights) are shown as W
and biases as b.

SchNet NequlP Linear ACE
Message function M, R (Il —rill) 1 R L (i)Y ®)h e Ra(rid) Y/ (#71)8.,6,8. 6,
Symmetric pooling @B jc s ;) Yjen (i Liimytomy Gl oy Lje A (i) Yown Ly I Ejeri)
Update function Uy hf-r) -+ tanh (Wmmlm + b(’)> h,m + tanh (HW(’)mST) ”2) W(')m,(t)

(t+1),

of the previous layer to the feature h; " :

G,'(tﬂ) = (1, 9i,h§t+1)),

(4.11)
hl(t—kl) _ UZ(Gi(z)’ml(z))’

(1)

where mi[ is a set of messages at iteration ¢ as defined in Equation (4.10) and U; is the update
function for each layer (see Equation (2.27)). In most MPNNSs, the k channel of the message
corresponds to the dimension of the learned embedding of the chemical elements [187]. Next,
Equation (4.2) needs to be extended further to incorporate the dependence on the output of
the previous ACE layer into the one-particle basis. This can be achieved by making it an
argument of the 7. functions
0 (0)0)") = R, (¥ () Ty (0 61,0). (4.12)
where (v =1Iymjc). The index L is also added to the one-particle basis to enable having a
different set of one-particle basis functions for messages m; yzy with different symmetry L.
These equations can now be directly related to the general MPNN framework introduced
in Section 2.4.2. First, the message function M; can be identified with the one-particle basis
of Equation (4.12):

M0, 0y =M (6" 6") =) (c)",6"). (4.13)

Next, the permutation invariant pooling operation € jc 4 (; of Equation (2.26) should be

(1)

defined. To obtain a symmetric many-body message M rm of correlation order v, the

pooling operation must map the one-particle basis, which are two-body, to a set of many-
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body symmetric features. These can be combined in a learnable way to form the message on
each node. This is what the ACE formalism of Section 4.1 achieves. The central equation of
Multi-ACE can then be written as:

lkLM @ Mi(o ’Gj(t szknL ZC H Z ‘kagL ’GJ('[))’ (4.14)

JeN (i) s=ljei

<

(1)

where w; kL Ar€ learnable weights, and v is the maximum correlation order. Cﬁ% denotes
the generalised Clebsch-Gordan coefficients defined in Equation (4.9).
The update function U; from Equation (2.27) corresponds to a learnable linear combina-

tion of the uncoupled channels of the symmetrised message. U; can be written as

h(z+l) t

PiKLM = UzG ,m; (4.15)

Z kkL lkLM

with W) being a block diagonal weight array of dimension [Nchannels X Nehannels X Lmax]
Nchannels 18 the number of uncoupled k channels in the message and L,y is the maximum
order of symmetry in the message that is passed from one layer to the next. U; can also
depend on the attributes (e.g., the chemical element) of the central atom via a so-called
“self-connection” [14]. In general, the update functions acting on equivariant features can
also be non-linear, but for that, it has to have a particular gated form [225].

After the T-th layer, a learnable (linear or non-linear) readout function that can depend

on the final message or all previous ones gives the site energy of the atom i.

4.2.1 Interpreting Models as Multi-ACE

The Multi-ACE framework includes many of the previously published equivariant mes-
sage passing networks. The most basic specification of a multi-ACE model considers the

following:
* the number of layers T
* the correlation order of each layer v

* the internal order of the spherical harmonic expansion within the layer in the one-
particle basis Inax

* the order of the spherical harmonics in the message passing phase after symmetrisation,

Lmax



66 Multi-ACE: The Design Space of Machine Learning Force Fields

Table 4.2 ML force fields in the multi-ACE framework Different choices in the Multi-ACE
formalism lead to different models in the literature. The internal /i, specifies the angular
information contained in the messaging function M; indexed by the highest weights of the
irreducible representations of O(3). The update L,y specifies the angular information in
the update function. The local correlation order is the correlation order of the first message
mfo). The total correlation order corresponds to the correlation order of the entire model as a
function of individual atoms. The models above the separation line correspond to spherical
equivariant interatomic potentials and the models under to Cartesian equivariant interatomic
potentials.

Imax Update Lyax  Local correlation order (v) Number of layers () Total correlation order TA(:) (hs-')ﬁ 6;, 9/-) Coupling (v)

SOAP [12] >3 0 2 1 >3 6;,9,5319/ nlm
Linear ACE [119] >1 0 >1 1 >3 .0, 62/9/ nlm
SchNet [187] 0 0 1 T>2 T hﬁ.{ ) 1o (Scalars) 0
DimeNet [76] 0 0 2 T>2 2T h(,'l,;:o (Scalars) 0
Cormorant [4] >1 >1 1 T T hﬁ,m (Spherical Vec.) Im
NequlP [17] >1 >1 1 T T h(fl_z,,m (Spherical Vec. ) Limylymy
GemNet [113] >1 >1 3 T T h}r_i,m (Spherical Vec.) Limilymy
NewtonNet [86] 1 1 1 T>2 T Cartesian Vectors

EGNN [181] 1 1 1 T>2 T Cartesian Vectors

PaINN [186] 1 1 1 T>2 T Cartesian Vectors

TorchMD-Net [204] 1 1 1 T>2 T Cartesian Vectors

Other choices include the type of features (Cartesian or spherical basis) and the type of
dependence of the radial basis on the indices kcl in Equation (4.12). Note that the point-wise
nonlinearities present in some of those models affect both the local correlation and the total
correlation, but do not change the expressivity of the architecture [14]. For simplicity, they
are not considered for the following discussion. A comparison of the design choices of many
different models is summarised in Table 4.2.

For example, the SchNet network uses 7" > 2 layers and a 2-body invariant convolution,
meaning v =1, L =0, and /,,x = 0. The DimeNet invariant message passing network
includes higher correlation order messages (more precisely, 3-body messages by incorpo-
rating angular information), which means that T > 2, v =2, Lip.x =0, and [pax = 5. The
equivariant MPNN NequlP uses several layers, T > 2, each of them being 2-body, v =1 and
having a higher order symmetry, Lyax > 1, and lnax = Lmax. In this case the symmetrisation

of Equation (4.14) can be simplified

) _ LM (t) a 2 (D)

M kv = Z Climy lymy Z Rk1112L<rji)YlT] (rji)hj,k12m2 (4.16)
hmylpmy jeN (i)

The models in the lower part of the table do not use a spherical harmonic expansion,

but work with Cartesian tensors. However, they fit into this framework by considering the

equivalence of vectors and [ = 1 spherical tensors. The coordinate displacements present in
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EGNN [181] and NewtonNet [86] can be rewritten as an [ = 1 spherical expansion of the
environment through a change of basis.

Based on the models presented in Table 4.2, the Multi-ACE framework presents two
main routes that have been taken thus far in building interatomic potentials. The models have
either few layers and high local correlation order, like linear ACE (and other descriptor-based
models), or many layers and low local correlation order, such as NequlP. In Chapter 5 MACE
will be introduced, which is a new model that combines high local correlation order with

equivariant message passing.

4.2.2 Message Passing as a Chemically Inspired Sparsification

A central aspect of message passing models is the treatment of semi-local information: while
in approaches such as ACE, the atomic energy is only influenced by neighbouring atoms
within the local cut-off sphere (panel (a) of Figure 4.1), the message passing formalism
iteratively propagates information, allowing for semi-local information to be communicated.
Equivariant MPNNs update the atom states based on a tensor product between the edge
features and neighbouring atoms’ states, which leads to “chain-like” information propagation.

In particular, considering a much simplified message passing architecture with a single
channel k and an update U which is just the identity

t+1 t A~ t
mWod =Y B Y R )y @Ry (4.17)
LymyLmy jeN (i)

leads to a simple two-layer update that can be written explicitly as

2 1 A 1
hl(,L)M = Z Cﬁ%lszZ Z Rl(l l)zL(rjl.)Yl’]nl (rji)h§1312m2

limylymy e (i) (4.18)
_ LM R (ri) Y™ (£ 1) R(O)( ..)ymz(ﬂ..)h(,o) '
Z hymy,lomy Z nLL\Tji) g, \Xji Z 1 i)y, " Xji)h )
lymylymy J1EAN (i) €N (j1)

(0)
J2
that it does not possess the / index. The 2-layer message passing is illustrated graphically in

where /. is assumed to be a scalar, learnable embedding of the chemical elements, such
panel (b) of Figure 4.1.

This mechanism defines a pattern of information flow in which the state of j; is first
passed onto the atom jj, resulting in the (jp, ji)-correlation being captured. This is then
passed onto atom i, which encodes the 3-body interaction between atoms (i, ji, j») on atom i.
This scheme induces a chain-wise propagation mechanism (j, — j; — i), which is different
from local models such as ACE, in which the three-body correlation on atom i arises from an
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Fig. 4.1 Panel (a) shows a green and a yellow 3-body clusters of an atom centred descriptor
model. Panel (b) shows a 2-layer MPNN with the same cutoff showing the green cluster
present in the MPNN, but the yellow not. Panel (c) illustrates the chain-like clusters of the
MPNN architecture.

interaction between (i, j;) and (i, j»). Some of these chain-like clusters are illustrated in the
bottom panel (c) of Figure 4.1.

One can then, under the assumption of linearity, view equivariant MPNNs as a spar-
sification of an equivalent one-layer ACE model but which has a larger cutoff radius
Teut, ACE = T X reur MPNN, Where T denotes the number of message passing steps and rcy¢ ACE
is the maximal distance of atoms that can see each other in a 7 layer MPNN. While in a
one-layer ACE, all clusters with central atom i would be considered, the MPNN formalism
sparsifies this to only include walks along the graph (the topology of which is induced by
local cutoffs) of length T that end on atom i.
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In practice, for typical settings of T, rcy, and v, a local model like ACE with a cutoff
of T X reye would be impractical due to the large number of atoms in the neighbourhood.
Furthermore, the clusters created by atom-centred representations for an equivalent cutoff
to MPNNs are less physical, as illustrated by the atom highlighted with a cross in panel
(b) of Figure 4.1. Most physical interactions in chemistry are short-ranged and semi-local
information propagates in a chain-like mechanism, thus causing the message passing sparsifi-
cation to roughly correspond to the chemical bonding topology. A more in-depth discussion
on the relationship between message passing and semi-local information can be found in
Refs. [24, 153].

4.3 Conclusions about the Multi-ACE Design Space

In this chapter, Multi-ACE was introduced, which is a framework that enables the under-
standing of many previously published O(3)-equivariant (or invariant) machine-learning
interatomic potentials in a common footing. Using this framework, a large design space
can be identified. In Ref [14] we have systematically studied how the different choices
made by the different models affect the accuracy, smoothness, and extrapolation of the fitted
interatomic potentials.

Using this framework, one can identify the choices made by existing ML force fields:
some use invariant 2 and 3-body features and nonlinear regression (SOAP-GAP, BPNN, etc.),
and others use higher body-order features and linear regression (linear ACE, MTP [189])
whereas most message-passing models use 2-body features locally but increase the body-order
via nonlinear activations and applying multiple messages passing layers. A yet unexplored
part of the design space was the use of locally many-body features in a message-passing

model, and it is the subject of the next chapter.






Chapter 5

MACE: Higher Order Equivariant
Message Passing Force Fields

Developing fast and accurate force fields for molecular systems was the main goal of this
PhD research project. Chapter 3 focused on the Atomic Cluster Expansion, which provided a
mathematical framework as well as a practical recipe to create features that can be used to
parameterise force fields. As discussed before, these models had several limitations. They
have very poor scaling with the number of different chemical elements modelled, which
was addressed by the tensor-reduced version introduced in Section 3.3. Further limitations
became apparent with the publication of a new generation of force fields based on equivariant
message passing neural networks [17, 186]. These models improved on the accuracy of linear
ACE substantially, whilst also being simpler to train, not requiring the careful regularisation
necessary for the linear models. They also had limitations; to achieve high accuracy, they
required 4-5 layers resulting in large computational cost and poor scalability to large system.
By having several layers, the receptive field of the models increased to 20-30A, making them
impractical to parallelise on large computers.

Seeing the strengths and limitations of each of the methods motivated the new theoretical
work described in Chapter 4, unifying the language of equivariant deep learning with the
more traditional formalism used in the machine learning force field community. This work
led to the definition of the design space of machine learning force fields.

In this chapter, a new machine learning force field architecture called MACE is intro-
duced [16, 120]. It was designed to address the limitations of previous equivariant MPNN
force fields by directly combining them with the mechanisms of TrACE for creating higher
body order messages.

First, the MACE architecture is described in detail, followed by a number of benchmark

experiments that show the excellent accuracy of MACE on a wide range of tasks. Remarkably,
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these results are achieved without changing or tuning the hyperparameters of the model for
each new system.

Finally, MACE-OFF23, a new transferable organic force field, is introduced based on
the MACE architecture [121]. This force field model is able to describe any closed shell,
neutral organic molecule at a hybrid DFT level of accuracy without any further training. The
capabilities of MACE-OFF23 are demonstrated on a number of different tasks both in the gas
phase and in the condensed phase.

5.1 MACE Architecture

In this section, the MACE higher order equivariant message passing force field architecture
is introduced. This is followed by a brief discussion of a general training strategy relying on
a loss scheduler. The body order of MACE models is also highlighted and its implications

for smoothness and extrapolation are briefly discussed.

5.1.1 Higher Order Equivariant Message Passing

The MACE model parametrises the mapping from the positions and chemical elements of the
atoms to their potential energy. This is achieved by decomposing the total potential energy
of the system into site energies (atomic contributions). The site energy of each atom depends
on symmetric features that describe its chemical environment. MACE parametrises these
features using a many-body expansion. To construct the features on the atoms first the local
environment .4 (i) of atom i has to be defined. As before, .4 (i) is the set of all atoms j in
the system for which |r; j\ < reut» Where r;; denotes the vector from atom i to atom j and 7y
is a predefined cutoff. Defining a local neighbourhood allows the construction of a graph
from the geometry where the nodes are the atoms, and the edges connect atoms in each
other’s local environment. The array of features of node (atom) i is denoted by h; and is
expressed in the spherical harmonic basis. Therefore, the elements of the features are always
indexed by [ and m. The superscript on h"") indicates the iteration steps (corresponding to
“layers” of message passing in the parlance of graph neural networks), and the number of
layers in the model is denoted by 7. Equivariance of the model is achieved by utilising the
transformation properties of spherical harmonics Y}, under 3D rotations, which are inherited
by the node features with the corresponding indices.

In the following, the MACE model is described as it was introduced in Refs. [16] and
[120]. The description of the model focuses on showing both the key equivariant operations

and also on identifying all free parameters of the model that are optimised during training.
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All free (“learnable”) parameters are denoted by the letter W, and all occurrences below
correspond to different blocks of free parameters - the shapes of these parameter arrays are
indicated by the use of different indices. Note that in addition to the explicitly shown free
parameters W, the fully connected multi-layer perceptrons (MLPs) also contain internally
further learnable parameters. o
0

First, the node features h; ™ are initialised as a (learnable) embedding of the chemical

elements with atomic number z; into k learnable channels.
0
Moo = Y Wiz, (5.1)
Z

This kind of mapping has been used extensively for graph neural networks [17, 76, 186,
187] and elsewhere [85, 228] and has been shown to lead to some transferability between
molecules with different elements [14]. The zeros for the /m indices correspond to these
initial features being scalars, i.e. rotationally invariant. The higher order elements of th) with
nonzero /m indices are implicitly initialised to zero. At the beginning of each subsequent
iteration, the node features (both scalars and higher order) are linearly mixed together,
resulting in h;.

() (t) 1 ()
hi,klzmz - ZWkidzhlde”U (52)

k

Next, the features of each of the neighbouring atoms (edge in the graph) are combined
with the interatomic displacement vectors pointing to them from the central atom. The
interatomic displacement vector is expressed using radial and spherical harmonic basis. This
is analogous to the construction of the one-particle basis of neighbour density representations,
such as SOAP [12] and ACE [14, 61] introduced in earlier chapters. The construction is
also closely related to the Cormorant [4] and NequlP [17] equivariant neural networks. The
relationship between the different approaches is discussed in Chapter 4. The radial basis set
is constructed using the first spherical Bessel function jjj for different wavenumbers, n, up to

some small maximum (typically 8) as proposed in Ref. [76].

) sin <n7r%>
Jo(rij) =\ ————"feu(rij) (5.3)
Icut

ri i
The Bessel functions are multiplied by a polynomial cutoff function fou(r;;) that goes
smoothly to zero at r;; = rcy. The radial information expressed in this basis is then passed
through an MLP that typically has 3 hidden layers of width 64. This learnable function has
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many outputs, indexed by (11,11,h,13), effectively referring to a large number of learnable

radial functions, but with substantial weight sharing between them.

Ry 15 (i) = MLP ({5 (r5)},.) (5.4)

This additional degree of freedom becomes relevant when combining the positional
information (itself an equivariant that transforms under rotation like a vector) with equivariant
node features. This is achieved by using the spherical tensor product formalism of angular
momentum addition [227]. All possible combinations of equivariants are constructed using

the appropriate Clebsch-Gordan coefficients. This operation creates the one-particle basis,

(])l.(;),{nl lyms? analogously to ACE.
(t) _ I3m (t) AN 7 ()
¢ij,kn113m3 o , lZ C7131J31m112m2Rk771l11213 (”ij) X Yllml (’”ij) hjvklzmz (5.5)
1hmymy

This operation is implemented using the e3nn library [78]. There are multiple ways of
constructing an equivariant combination with a given symmetry corresponding to (I3,m3),
and these multiplicities are enumerated by the index 1;.

The one-particle basis ¢ is summed over the neighbourhood to form the permutation
invariant 2-body descriptors. Note that the identity of chemical elements has already been
embedded, and hence this sum is over all atoms, regardless of their atomic number. A linear
mixing of k channels with learnable weights yields the atomic basis, A; (c.f. ACE [14, 61] in
Section 3.1).

o _ () (1)
Ai,kl3m3 o Z Wk/}mh ) Z ) ¢ij7/~<77113m3 (5.6)
k,m JeN (i)

Further following the ACE and TrACE recipe, many-body symmetric features are created
on each atom by taking the tensor product of the atomic basis, A, with itself v times, yielding

the “product basis”, A, .

05 _ TT 40
A jim = él_llAi,klgmé (5.7)

Note that in forming the tensor product, each k channel is treated independently. This
method of tensor decomposition has been widely used in signal processing [192] and was
formally shown not to degrade the expressibility of many-body models while substantially
reducing computational cost compared to a full tensor product [47] (Section 3.3).
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Next, the product basis is contracted to yield the fully symmetric basis, B;, using the
generalised Clebsch-Gordan coefficients, C, where again there are multiple ways to arrive at

a given output symmetry and these are enumerated by 1y.

LM t Y
lnvkLM ZC vlm i,klm (5.8)

The bold Im signify that these are multi-indices, and the bold styles of A and B are a
reminder that these are many-body features. Maximum body order is controlled by limiting v.
The tensor product and contraction of Equation (5.7)-(5.8) is implemented using an efficient
loop tensor contraction algorithm [16].

Finally, a “message” m; is formed on each atom as a learnable linear combination of the
symmetrised many-body features of the neighbours.

miy =LY W B (5.9)

vV v
To form the node features of the next layer, this message is added to the atoms’ (nodes’)
features from the previous iteration using weights that depend explicitly on the atoms’
chemical element (z;).

t—H
szM Z kLk szM Z kz,Lk lkLM (5.10)

Note that because the initial node features h(®) are solely functions of the chemical
element corresponding to the node, in the first layer the second sum of Equation (5.10) is
omitted. This allows the setting and fixing of the energy of isolated atoms (i.e. those with
no neighbours in their environment) [14], which is often desirable [53] as also discussed in
Section 3.2.

Equations (5.2)-(5.10) comprise a MACE layer, and multiple layers are built by iteration.
This means that the effective receptive field of the model (the region around an atom from
which information is used to determine the site energy of the atom) is approximately a sphere
of radius T X r¢y. More precisely, a neighbouring atom contributes to the site energy if it
can be reached in 7 hops on the graph defined above. The selected clusters form a sparse
set of all possible clusters in 7' X r¢y. Therefore, message passing methods can be viewed
as sparsifications of larger atom-centred methods, as discussed in Section 4.2.2. In practice,
almost always two layers of MACE are used, so T = 2.
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The output of the model, the site energy, is a learnable combination of the rotationally

invariant part of the node features,

2 2
E = tZ‘iEi(l) _ tzi%(t) <hl(f)> : (5.11)

where Z is a linear map for the first layer features and a shallow one hidden layer MLP for

the second layer features,

Yk Wk(t)hﬁfﬁoo if t=1
20 (h") = (5.12)
MLP ({A{l } ) if 1=2

Keeping the readout function linear for all but the last layer helps preserve the body ordered
nature of the model; see Section 5.1.2 and Ref. [14]. The forces on the atoms are determined
as usual by taking analytical derivatives of the total potential energy, using auto-differentiation
tools,
F=-VY E (5.13)
l

Neural network models such as MACE have a very large number of free parameters,
especially compared with linear or kernel based models previously applied to the same tasks.
This overparameterisation is believed to help training when using stochastic gradient descent
and brings accuracy and regularity [77, 105]. The trade-off between the size (and therefore
computational cost) of the model and its accuracy needs to be controllable. The key controls
for model size in MACE are the following:

* number of embedding channels k

(1),

* highest order L.y of the symmetric features B, kv

In this thesis, the different sized MACE models will be characterised using these two
numbers; for example, the invariant MACE model (corresponding to Ly.x = 0) with 64
channels is denoted MACE 64-0.

Computational cost of MACE The computational cost of running a MACE model depends
on the details of the systems studied (e.g. the average number of neighbours) and the
hyperparameters that control the size of the model. The latency of the models (i.e., the
shortest time to calculate forces on small systems, excluding calculation of the neighbour list

and other book-keeping necessary for running MD) ranges from 0.7-20 ms, corresponding to
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small (MACE 64-0) or larger (MACE 256-2) models as measured on an Nvidia A100 GPU. A
comprehensive assessment of MD performance needs to consider the relationship between
model size, accuracy, and execution speed. It is also useful to report the fastest possible
MD performance, which can be taken to be that of the smallest model able to run stable
MD for an arbitrary (in practice very large) number of steps. At present the performance of
MACE in MD simulations is between 2-50M steps / day (a million steps correspond to a
nanosecond with 1 femtosecond time step), depending on model size and the details of the
full software stack, with the highest performance achieved using the JAX version of MACE
using JAX-MD [183]. A comprehensive analysis of the computational speed and scaling
of MACE models can be found in Ref. [121], showing execution times in the OpenMM
and LAMMPS MD packages. The training times of the MACE models also vary vastly
depending on the dataset size and the model size, and typically range from 15 minutes to 1
day on a single A100 GPU for the models shown here.

The computational performance of MACE compares very favourably with other alter-
native equivariant neural network potentials. This is primarily the result of MACE forming
the high body order features very efficiently via the symmetric tensor products carried out
on the nodes. In comparison, the Allegro model [146], which is one of the other leading
architectures, which uses tensor products between the features on the edges of the graph
rather than nodes, has a fastest reported speed of 18M steps per day [146]. However, it
should be noted that the Allegro model has already been demonstrated to scale well to many
millions of atoms on many GPUs [122]. This is in principle possible for MACE, which is
also a strictly local model with a similarly moderate size receptive field, 5-10 A, though the
necessary LAMMPS domain decomposition implementation that would make it efficient is

ongoing work.

5.1.2 The Body Order of MACE Models

The node features h; of MACE can be considered as body ordered descriptors of atomic
environments. In the limit of complete basis of radial functions and spherical harmonics, these
descriptors, or basis functions, fully linearly span the space of symmetric functions over chain-
like clusters with hops of size r.,;, up to the maximum body order of the features [14, 47, 63].
In most MACE models with the default hyperparameters, each layer has a body order of 4
(corresponding to v = 3 in Equation (5.7)). Therefore, the node features of the first layer
are 4-body functions. They are then expanded in the second layer in the second one-particle
basis, which are 4 + 1 = 5-body functions, since each application of the one-particle basis
adds one to the body order on account of the central atom. Then, taking the tensor products of
these features with themselves three times, 3 x 4+ 1 = 13-body features are obtained. Note
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that the 5-body terms of the first layer all share the same central atom. This mechanism of
efficiently forming very high body order, linearly complete features is unique to the MACE
architecture, and it might be one of the reasons underpinning its excellent performance in the
low-data regime and extrapolation.

5.1.3 Loss Scheduler

MACE models are trained to reproduce the energies, forces and, if available, the stresses
of atomistic structures based on labelled reference data coming from quantum mechanical
calculations. The training loss, .Z, is typically computed as the weighted sum of the mean
squared errors of the total energy, the force components (and virials or stresses if available

for periodic systems),

A E.—E 2 A B Np,3 OE A 2
LR BEE () e

where the sum is taken over the atomic configurations b in the current batch with batch size B,
E}, is the model’s prediction of the total energy, £, and F}, are the training data corresponding
to total energy and force, respectively. The number of atoms in the configuration is Nj, atoms
are indexed by i, with elements of their position vector denoted by r;, ¢, in the Cartesian
direction o. The weights of energies and forces are controlled by Az and Ap.

To obtain the best performance from the MACE model, particular care has to be taken
with the weight factors in the loss function. The most accurate models are obtained when,
during the training, a higher weight is placed on the forces compared to the other properties.
A possible reason for this could be that the forces are local quantities and contain information
about the dependence of the total energy on each atom. However, having very accurate force
predictions does not necessarily result in accurate energy predictions. This is especially the
case in systems where the training set is heterogeneous, meaning that it is composed of a
wide variety of different systems well separated in atomic configuration space, e.g. different
molecules or phases of a solid with a very different structure. In this case, the model can
accurately learn the local potential energy surface of each system individually, but it might
not learn their relative energies correctly, resulting in large absolute energy errors. These
appear as shifts in the predicted energy - true energy plots.

To reduce absolute energy errors, a loss scheduler can be used. For about 60% of the
total training time, A > Ag is used. For the second part of the training, the weights are
switched so that Ag > A, and the learning rate is decreased by a factor of 10. In this way,
the absolute energy errors can be reduced while keeping the force predictions’ high accuracy.
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An example of the energy validation error dramatically improving as the loss is changed is

shown on Figure 5.1.

Effect of Loss Schedule
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Fig. 5.1 The effect of using a loss schedule The figure shows that the two phase training not
only accelerates the training of the model but also results in overall decreased errors.

The figure also compares the two phase training with using the weights of the second
phase from the beginning and shows that the two phase protocol not only accelerates the

convergence, but also results in overall decreased errors.

5.2 Selected MACE Applications

In this section a number of MACE applications are presented that showcase the capabilities

of this new machine learning force field architecture on a wide range of chemical systems.

5.21 QM9 Benchmark

First, the MACE architecture is evaluated on a general molecular machine learning benchmark
dataset. QM9 was introduced in Section 2.5, and contains 133,000 relaxed molecular

geometries and 12 corresponding quantum mechanical observables.
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Gap Homo Lumo Cy u ZPVE R? a G H U Uy

meV meV meV cal/mol K D meV a02 ch meV meV meV meV
NMP [79] 69 43 38 0.040 0.030 1.50 0.180 0.092 19 17 20 20
SchNet [187] 63 41 34 0.033 0.033 1.70 0.073 0.235 14 14 19 14
Cormorant [4] 61 34 38 0.026 0.038 2.03 0961 0.085 20 21 21 22
LieConv [68] 49 30 25 0.038 0.032 228 0.800 0.084 22 24 19 19
DimeNet++ [76] 33 25 20 0.023 0.030 1.21 0331 0.044 76 6.5 6.3 6.3
EGNN [181] 48 29 25 0.031 0.029 1.55 0.106 0.071 12 12 12 11
PaiNN [186] 46 28 20 0.024 0.012 128 0066 0045 74 60 58 5.9
TorchMD-NET [203] 36 20 18 0.026 0.011 1.84 0.033 0.059 76 62 64 62
SphereNet [133] 32 23 18 0.022 0.026 1.12 0292 0.046 7.8 6.3 64 63
SEGNN [31] 42 24 21 0.031 0.023 1.62 0.660 0.060 15 16 13 15
EQGAT [128] 32 20 16 0.024 0.011 2.00 0382 0.053 23 24 25 25
Equiformer [132] 30 15 14 0.023 0.011 126 0251 0.046 7.6 66 6.7 6.6
MGCN [134] 64 42 57 0.038 0.056 1.12 0.110 0.030 15 16 14 13

Allegro [146] - - -

. . 57 44 44 47
NoisyNodes [80] 29 20 19 0.025 0.025

6 0700 0052 83 74 76 13

L.16
GNS-TAT+NN [233] 26 17 17 0.022 0.021 108 0.65 0047 74 64 64 064
Wigner Kernels [21] - - - - - - - - - - - 4.3
TensorNet [193] - - - - - - - - 60 43 43 43
MACE 42 22 19 0.021 0.015 123 0210 0.038 55 47 41 4.1

Table 5.1 Performance of MACE on QM9 Mean absolute error (MAE) of various models
on the QM9 dataset demonstrating that MACE improves on the state of the art in several
tasks. The bold model has the lowest error, while the underline indicates models with error
within 10% of the best model for each task.

For all 12 tasks, the results are summarised for a large number of different machine
learning architectures in Table 5.1. MACE achieves state-of-the-art results on 3 of the
4 energy related tasks (G, H, U, Up) and also improves the state-of-the-art in one other
non-energy related task.

To achieve the best result on intensive properties (gap, homo, lumo, u, Cy and zpve),
the readout function of the MACE model had to be modified. This was necessary because
the simple sum of the site output in Equation (5.11) that is used in the MACE force fields
results in a size-extensive overall prediction. The modified readout is a non-linear pooling
operation which first applies both sum, mean and standard deviation pooling, followed by
the application of an attention mechanism to form the final output [145]. Such a readout
function led to up to two-fold improvement compared to the simple linear size-extensive

pooling operation.

Learning curve on Potential Energies Since MACE was designed to predict potential
energies, it is interesting to examine the (Ug) task in more detail. On the left panel of
Figure 5.2, the learning curves of 4 different MACE models are compared. The blue models
use hyperparameters of MACE that are similar to those used throughout the thesis (256-2).
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In comparison, the models denoted with red are larger versions of MACE, which use a deeper
and wider MLP in the learnable radial basis (see Eq. (5.4)) which has been shown to help
for QM9 for models like Allegro [146]. This extra flexibility results in higher accuracy,
especially in the very high data regime. A further interesting point is the comparison of
the models trained using energies only (the usual practice for QM9, denoted by the solid
line) with the models whose loss function also included forces exploiting the knowledge that
QM0 is made up of equilibrium geometries with zero forces on all the atoms. This extra
information (but needing no new QM calculations) increases the accuracy of both the small
and large MACE models.
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Fig. 5.2 QM9 Learning Curves The left panel compares the standard large MACE model
(256-2) to a modified version for QM9 where the size of the MLP in the radial basis was
increased. The figure also shows that including the 0 force information (labelled -wF) in the
training leads to lower errors. The right panel compares the best MACE with a number of
other machine learning models.

In the right panel of Figure 5.2, the learning curve of the best MACE model is compared
to the learning curve of several other very good models. It shows that kernel models such
as FCHL [42], SOAP [12], the linear NICE model [152], the feed-forward neural network
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Table 5.2 Root-mean-square errors on the 3BPA dataset. Energy (E, meV) and force
(E, meV/A) errors of models trained and tested on configurations collected at 300 K of the
flexible drug-like molecule 3-(benzyloxy)pyridin-2-amine (3BPA). Standard deviations are
computed over three runs and shown in brackets if available.

Linear ACE Allegro (L=3) NequlP (L=3) BOTNet (L=3) MACE (L=0) MACE (L=1) MACE (L=2)

20k E 7.1 3.84 (0.1) 3.3(0.1) 3.1(0.1) 4.5(0.3) 3.4(0.2) 3.0 (0.2)
F 27.1 12.98 (0.2) 10.8 (0.2) 11.0 (0.1) 14.6 (0.5) 10.3 (0.3) 8.8 (0.3)
sok E 24.0 12.07 (0.5) 11.2 (0.1) 11.5 (0.6) 13.7 (0.2) 9.9 (0.8) 9.7 (0.5)
F 64.3 29.17 (0.2) 26.4 (0.1) 26.7 (0.3) 333 (1.4) 24.6 (1.1) 21.8 (0.6)
100k E 85.3 42,57 (1.5) 38.5 (1.6) 39.1 (1.1) 37.1(0.8) 31.7(0.5) 29.8 (1.0)
F 187.0 82.96 (1.8) 76.2 (1.1) 81.1(1.5) 81.6 (3.9) 67.8 (1.8) 62.0 (0.7)

GMSsNN [235] and the message passing SchNet [187] and PhysNet [212] models all achieve
comparable errors. The models that can surpass this significantly are Allegro [146], Wigner
kernels [21] and MACE, all of which use higher body-order features. This strongly hints that
high body order is a crucial property of the most successful atomistic ML. models.

5.2.2 3BPA Benchmark

The 3BPA dataset is introduced in Section 2.5 and is used to evaluate the linear ACE model
in Section 3.2. This benchmark tests a model’s extrapolation capabilities. Its training set
contains 500 geometries sampled from 300 K molecular dynamics simulation of the large
and flexible drug-like molecule 3BPA. The three test sets contain geometries sampled at
300 K, 600 K, and 1200 K to assess in- and out-of-domain accuracy.

The root-mean-squared errors (RMSE) on the energies and forces for linear ACE (Sec-
tion 3.2), three of the best equivariant neural networks Allegro [146], NequlP [17] and
BOTNet [14] as well as a series of MACE models are shown in Table 5.2. Remarkably,
MACE not only outperforms the linear ACE model by a factor of 2-3, but also achieves
lower errors than the other equivariant models by a significant margin. In particular, when
extrapolating to 1200 K data, MACE with L = 2 reduces the error of the NequlP and Allegro
models by approximately 30%. Even the MACE model with invariant messages (L = 0)
often nearly matches or exceeds the performance of competitive equivariant models, whilst

improving on linear ACE by a very significant margin.

The need for equivariant features It might seem counterintuitive that MACE uses equiv-
ariant features to predict an invariant property, the potential energy. From Ref. [63] it is
known that the invariant linear ACE features provide a complete basis for invariant functions.
However, Table 5.2 shows that the MACE model improves significantly when the invariant

ACE features are complemented with the equivariant ones. The reason for this might be
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the fact that in all practical scenarios the models are very far from the complete basis limit.
Therefore, in the pre-asymptotic regime, the extra flexibility in the functional form coming
from the equivariant features appears to be beneficial for these models. The need for equiv-
ariant features is easier to see in models such as NequlP, whose functional form is formally

not complete when only invariant features are used [162].

Dihedral torsions To further test the extrapolation capabilities of the models, Figure 5.3
compares BOTNet, NequlP, and MACE (L = 2) by inspecting their energy profile for three
dihedral torsion scans. Overall, it can be seen that all models produce smooth energy
profiles and that, in general, MACE comes closest to the ground truth. The fact that MACE
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Fig. 5.3 Energy predictions on three cuts through the potential energy surface of the 3-
(benzyloxy)pyridin-2-amine (3BPA) molecule by BOTNet, NequlP, and MACE (L = 2). The
ground-truth energy (DFT) is shown in black. For each cut, the curves have been shifted
vertically so that the lowest ground-truth energy is zero.

outperforms the other methods in the middle panel, which contains geometries furthest from

the training dataset [14], suggests superior extrapolation capabilities.

5.2.3 Vibrational Spectrum from 50 Coupled Cluster Calculations

In this subsection, the performance of MACE in the low-data regime is evaluated. Data
efficiency is crucial in atomistic machine learning as it can save time and computational
cost or enable the models to be trained with more accurate reference data. Recent work has
found that the majority of machine learning potentials are not able to run stable molecular
dynamics simulations without iterative fitting, even when they are trained on thousands of
configurations of a system [71]. Furthermore, it was found that very low energy and force

RMSE did not correlate with the ability to perform stable simulations.
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To demonstrate the excellent data efficiency and extrapolation capabilities of MACE,
the relatively large 256-2 MACE models published in Ref. [16] trained using rMD17 [41]
can be used. The models are trained on 50 and 1000 small molecule geometries sampled
randomly from the dataset.

Remarkably, 50 configurations are sufficient to train a MACE model that has sub-kcal/mol
total energy error on a large test set. For three selected systems, ethanol, paracetamol and
salicylic acid, 50 ps long NVT molecular dynamics simulations were performed and found
to be stable for both training set sizes, obviating the need for any further active learning or

iterative fitting.

Vibrational Spectrum of Ethanol
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Fig. 5.4 Vibrational spectrum of ethanol The figure illustrates molecular vibrational
spectrum computed from the velocity-autocorrelation function. The top panel compares the
MACE model fitted to 50 (red) and 1,000 (blue) random revMD17 ethanol geometries. The
bottom panel compares the spectrum of the small transferable MACE-COMP6-CC model
from Section 5.2.5 (brown) and a MACE model fitted to the same 50 random revMD17
geometries (green) recomputed using CCSD(T) level of theory.

The molecular vibrational spectrum can be used to validate the dynamics of the model
trained using 50 training points. The top panel of Figure 5.4 shows the spectra of ethanol.
The two MACE models are in excellent agreement, and are able to reproduce the peaks of

the experimental gas-phase IR spectrum of ethanol [66].
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To demonstrate that these findings are applicable to larger and more complex molecules
compared to ethanol, the same protocol of training to 50 and 1,000 reference geometries and
running MD calculations to produce vibrational spectra was repeated for the salicylic acid
and paracetamol molecules. The results are shown on Figure 5.5 and indicate that MACE
is capable of learning a stable and accurate force field from 50 random training geometries

even for these more complex molecules.

Vibrational Spectrum of Salicylic Acid
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Fig. 5.5 Vibrational spectrum of larger molecules The figure illustrates molecular vibra-
tional spectrum computed from the velocity-autocorrelation function. The top panel shows
the spectrum of salicylic acid, whereas the bottom panel shows the spectrum of paracetamol.
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Being able to train accurate force field models from as few as 50 molecular geometries
unlocks the possibility of using much more expensive, higher levels of theory to create
the training data. To demonstrate this, the 50 training configurations from rMD17 were
recomputed using CCSD(T) level of theory, including the forces [151]. A new MACE model
was fitted on this data directly, without transfer learning. The spectrum is also compared to
the smallest (64-0) transferable organic MACE model that was transfer learned to coupled-
cluster data from Section 5.2.5. Custom trained and transferable MACE models are producing
very similar spectra as shown in the bottom panel of Figure 5.4. Interestingly, the peaks
corresponding to stretching modes involving hydrogens are blue-shifted compared to the
experimental positions. This is the result of nuclear quantum effects, and the experimental
spectrum can be recovered by including these effects through techniques that treat the nuclei
as quantum particles [35]. Note how these shifts are smaller for the original rMD17-derived
models, an example of cancellation of errors from missing correlation in DFT and quantum

nuclear effects.

5.2.4 MD22 - Large Molecules

In this subsection, the effect of the locality assumption used by MACE is evaluated. The local
MACE model is compared to a global machine learning force field, sGDML, which does not
use a cutoff to decompose the energy into local site energy terms [37]. In particular, MACE
is assessed against the recent improved version of SGDML which uses a reduced set of global
descriptors to allow the fitting of systems with hundreds of atoms [110]. Furthermore, MACE
is also evaluated compared to the VisNet-LSRM model, which employs a mixed short-range
long-range description of the potential energy surface by combining local message passing
with long-range message passing between larger fragments [131].

As explained in Section 5.1 the effective cutoff in MACE is the number of layers times
the cutoff distance in each layer. In this section, the extent to which information is transferred
between MACE layers is also investigated by looking at how property predictions of large
molecular systems differ between a two-layer and a single-layer MACE models with the
same receptive fields.

For this study, the MD22 dataset is used, which was designed to be challenging for short-
range models [40] and was introduced in Section 2.5. The dataset includes large molecules
and molecular assemblies containing hundreds of atoms with complex intermolecular inter-
actions. The task is to parameterise a custom force field for each of the different systems

using the geometries and the corresponding energy and force labels.
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Table 5.3 Global vs Long-range vs Local models on MD22 dataset of large molecules.
Energy (E, meV/atom) and force (F, meV/A) mean absolute errors (MAE) of models. The
approximate diameter of the system is denoted by d.

d &) MACE MACE MACE VisNet-LSRM sGDML
2562 2560  256-2
Cutoff dis- 2x3A 1x6A 2x5A  Longrange  Global
tance
Tetranentid , E 0608 0345  0.064 0.080 0.40
clrapeptide F 76 17.0 3.8 57 34
. E 0446 0399 0.102 0.058 1.0
Fatty acid Y N Y 3.6 33
. E 0252 0357 0062 0.044 2.0
Tetrasaccharide ~14 F 6.8 270 38 50 29
Nucleic acid 5, B 0902 0155 0079 0.055 0.52
(AT-AT) F 133 14.9 4.3 52 30
Nucleic acid oy B 0603 0166 0058 0.049 0.52
(AT-AT-CG-
G F 163 201 5.0 8.3 31
E 0476 0171 0.141 0.124 0.34
Buckyball catcher - ~15— o 1000 5 n 35 11.6 29
Double-
ol 33 E 0207 0231 01% 0.117 0.47
nanotube F 179 396 120 28.7 23

Effect of locality on energy and force errors

In order to test the influence of the receptive field of local models on their accuracy, a series
of three MACE models with different combinations of cutoff distances and number of layers
were trained. The typical MACE model with two layers and 5 A cutoff at each layer is
compared to a one layer MACE with 6 A cutoff and a two layer MACE with both layers
having 3 A cutoffs.

The best performing MACE model, which employs a 2 x 5 A cutoff, improves the
errors of the sSGDML model by up to a factor of 10. Crucially, even this 10 A receptive
field is considerably smaller than the diameter of the systems in the dataset, so the MACE
model is effectively local. Even the 2 x 3 A and 1 x 6 A models outperform sGDML for all
systems. This is likely because the strength of local intramolecular (covalent) interactions is
much higher than that of long-range intermolecular interactions. Therefore, a better overall
accuracy can be achieved by only improving the short-range description, which MACE
evidently does.
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In Figure 5.6 the vibrational spectrum of the tetrapeptide is displayed. Again, all models
were stable for molecular dynamics simulations without any iterative fitting, and they are
showing excellent agreement between them. Even the low frequency part of the spectrum
aligns, which corresponds to the larger scale bending modes of the peptide. This plot indicates

the validity of the locality assumption for this system.

Vibrational spectrum of small peptide
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Fig. 5.6 Vibrational spectrum of a tetrapeptide The figure illustrates the vibrational
spectrum of the tetrapeptide system from the MD22 dataset. It shows that all three MACE
models, with different numbers of layers and receptive field, are capable of capturing the
vibrational modes accurately.

When comparing MACE to VisNet-LSRM, the best model reported to date, the strictly
local MACE model has significantly lower force errors, but in most cases the long-range
model has lower energy errors, though it should be noted that the energy errors of both
models are on the order of 0.1 meV / atom or lower. This small but consistent improvement
in the energies could result from a more accurate description of the remaining small long-
range interactions beyond the 10 A cutoff of the longest range MACE model, or from
different relative force and energy weights used during training. It is difficult to come up
with benchmarks that specifically test the description of long range interactions and might
pose a greater challenge for short range models.

Typical intermolecular interactions appear to be well captured at the 5-6 A range. The
evidence for this is in the energy errors for the nucleic acid and the Bucky-ball catcher
systems. In these systems, the intermolecular interactions contribute considerably to the total
energy, and the MACE model with 3 A cutoff in each layer cannot describe them well. In
contrast, the two longer-range MACE models have significantly lower energy errors. It is
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not a coincidence that most short range ML force field models in the literature use cutoff

distances between 5 and 10 A.

Effect of locality beyond RMSE - the dynamics of the bucky-ball catcher
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Fig. 5.7 Bucky-ball catcher MD The left panel illustrates that the Bucky-ball catcher
dissociates for short cutoff MACE model, but stays together with longer cutoff. The right
panel compares the molecular vibrational spectrum computed using local MACE and the
global sGDML model

Next, the Bucky-ball catcher system is investigated in more detail because this is a
system where intermolecular interactions play a crucial role in the dynamics. Following the
experiment in Ref. [40] a 200 ps, NVT molecular dynamics simulation was performed with
each of the three MACE models introduced in the previous subsection. As shown in the left
panel of Figure 5.7 for the 2 x 3 A MACE model, the system dissociated into the Bucky-ball
and the catcher within 10 ps. The model, which on the whole has excellent accuracy (just
0.5 meV/atom for energies and 13 meV/A for forces), is unable to fit the attractive dispersion
between the two sub-parts of the system because they are typically further than 3 A apart.
On the other hand, the two slightly longer ranged MACE models provide qualitatively
correct dynamics. The molecular vibrational spectrum was also computed by taking the
Fourier transform of the velocity-velocity auto-correlation function to analyse the dynamics
quantitatively. In the right panel of Figure 5.7, the spectrum of the 1-layer 6 A MACE
model is compared to the spectrum published in Ref. [40] computed using sGDML. The
figure shows excellent agreement including for low frequencies, demonstrating that a strictly
local model can simulate the dynamics of systems even when intermolecular interactions are

important.
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Table 5.4 Mean Absolute Errors on the COMP6 benchmark dataset Total energies are
given in kcal/mol, forces in kcal/mol/ A. Note, that the ANI-1x model was trained on 10 x
more data than the other models. “For NewtonNet, the decomposition of errors for the
subsets was not published and conformations of molecules whose energies were outside a
100 kcal/mol energy range were omitted from the testing.

ANI-1x GM-NN NewtonNet TensorNet MACE MACE MACE
64-0 96-1 192-2

E 340 3.83 - 1.61 103 281 325
ANI-MD F 268 1.43 ; 0.82 192 089  0.62
DrasBank E 265 278 - 0.98 1.81 1.04 073
ug F 286 1.69 ; 0.75 120 070 047

E 104 1.22 - 032 077 040 021

GDB7-9 F 243 1.41 - 0.53 0.96 0.54 0.34
E 230 2.29 - 0.83 154 088  0.53

GDB10-13 . o 2.5 ; 0.97 152 092  0.62
S66x8 E 206 2.95 - 0.62 .17 069  0.39
F  1.60 0.93 ; 0.33 065 033 022

Triventides E 292 3.06 - 0.92 210 118 0.79
pep F 249 1.48 ] 0.62 1.09 066 044

E 193 2.03 145" : 147 076 048

COMP6 total - 5 g 1.85 1.79* ; 131 077 0.2

5.2.5 COMP6 - Benchmark of Transferable Small Molecule Force
Fields

In this subsection, the MACE architecture is evaluated for training transferable organic force
fields on large datasets. This task is rather different from the previous ones presented in the
thesis, which focused on parameterising custom force fields for each chemical system. To
train the model, a subset of the ANI-1x dataset was used, which contains coupled cluster
calculations [201]. A series of MACE models was trained, going from a small (64-0) MACE
model to a medium (96-1) and a large (192-2) model.

First, the models were trained using DFT energies and forces and tested using the COMP6
benchmark suite [198]. The results are summarised in Table 5.4. Even the smallest MACE
model outperforms most previously published models [198, 234, 86]. The large MACE
model improves on the previous state-of-the-art by about a factor of 5, achieving an overall
error well below 0.5 kcal/mol. The only model with performance comparable to at least the
medium MACE model is another equivariant neural network, TensorNet [193].

The ANI-MD subset is one where the MACE total energy errors are relatively high
compared with the other subsets. This subset is comprised of configurations of 14 different

molecules sampled from ANI-MD trajectories. The MACE errors are relatively low on 12 of
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the 14 molecules. However, on the two largest ones (Chignolin - 149 atoms and TrpCage
- 312 atoms), the MACE energy is shifted by a constant value in comparison to the DFT
reference energy. The energy-energy correlation plot for all molecules in this subset is shown
in Figure 5.8. It can be seen that the MACE model predicts the relative energies of the
molecular conformers very accurately, but in the case of the two largest molecules at the
bottom two panels, the MACE energies are systematically shifted compared to the reference
energies. Predicting the energy of the larger molecules is made particularly challenging by
the fact that the training set contains very few molecules with more than 50 atoms; hence,
when testing on larger systems there can be an accumulation of small errors that is not
controlled in the training. A simple test of this hypothesis could be the addition of a small
number of larger molecules to the training set. Another possible reason for this systematic
error is that it results from missing long-range non-bonded contributions to the energy. This
is contradicted by the fact that the shift is going down during training, albeit very slowly
towards the end.

Transfer learning to the coupled cluster level of theory was also performed using the
models. This step only involved the energy labels, as the coupled cluster forces were not
available, following Ref. [234]. One of the coupled cluster accurate models was used in the
ethanol example in Section 5.2.3. The resulting six pre-trained MACE models are published
and available to download from the MACE GitHub page [120].

Biaryl torsion benchmark

Next, the coupled cluster transfer learned versions of the above MACE organic force fields
are evaluated on the challenging biaryl dihedral torsion dataset introduced in Ref. [126].
This dataset consists of 88 small drug-like molecules with different biaryl dihedral torsional
profiles. Such a benchmark is of particular interest in connection with small molecule
drug discovery. The description of torsional barriers in small molecules is a typical task in
which classical empirical force fields cannot provide sufficiently accurate descriptions of the
potential energy surface [176, 99].

MACE dihedral torsional scans were carried out on the subset of the full data set that
contains only H, C, N and O chemical elements (78 different molecules). In the following
the largest, most accurate MACE model (192-2) transfer learned to CCSD(T) level of theory
is compared to the ANI-1ccx model which was trained on the same dataset. The MACE
model achieves a mean absolute barrier height error compared to CCSD(T) of 0.36 kcal/mol,
improving significantly on the ANI-1ccx model, which was identified as the best in Ref. [126]
and has an error of 0.78 kcal/mol. The upper panels of Figure 5.9 show examples of torsional

profiles identified in Ref. [126] as particularly challenging. The MACE models are able
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Fig. 5.8 ANI-MD subset energies The Figure illustrates the ANI-MD subset of COMP6

showing MACE vs DFT energy correlation.
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Fig. 5.9 Dihedral scans The top three panels illustrates a selection of challenging dihedral
torsional scans computed using MACE 192-2 from Ref. [126] where the ANI force field has
particularly large errors. The bottom panel compares MACE 192-2 and ANI-1ccx torsional
barrier height errors.

to describe these profiles quantitatively accurately for the first and third cases and match
qualitatively in the second case. In the bottom panel of Figure 5.9 the cumulative error
distribution of MACE and ANI is displayed. The figure shows that MACE has very few
molecules for which it makes an error close to or larger than 1 kcal/mol. Notably, even the
medium and small MACE models perform better or close to the same as the ANI model with

average barrier height errors of 0.56 and 0.83 kcal / mol.
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Table 5.5 Energy and Force errors on liquid water dataset Ref. [36]

BP-NN [36] REANN [241] NequlP [17] MACE MACE

(L=2) 64-0  192-2
E RMSE (meV /
H,0) 7.0 2.4 - 1.9 1.9
F RMSE (meV / A) 120 53.2 - 37.1 36.2
E MAE (meV /
H,0) - 25 1.2 1.2
F MAE (meV / A) - - 21 20.7 18.5

Finally, it is important to remark that the MACE potential energy surfaces are found to be
smooth, resulting in rapidly converging constrained geometry optimisations across the entire
set. This is in contrast to the experience of slow convergence of geometry optimisations with

previous generations of machine learning force fields [92].

5.2.6 Water Structure and Dynamics

To assess the ability of MACE to describe complex molecular liquids, it can be tested in
the description of water. MACE models were trained on a dataset of 1593 liquid water
configurations, made up of 64 molecules each [36]. The QM labels of the dataset were
computed using the CP2K software [123] at the revPBEO-D3 level of density functional
theory which is known to give a reasonably good description of the structure and dynamics
of water at a variety of pressures and temperatures [141].

Table 5.5 compares the energy and force errors of the MACE model with other machine
learning force fields trained on the same dataset, but using different train test splits. The 3-
body Atom-Centred Symmetry Function based feed-forward neural network model (BPNN)
has the highest errors. The 3-body invariant message passing model REANN [241] and the
2-body equivariant message passing model NequlP [17] significantly improve the errors
compared to the BPNN model. A further improvement is achieved by the many-body
equivariant MACE model. Interestingly a relatively small MACE model using invariant
messages, but having an overall body order of 13 achieves already lower errors than the other
best models and the larger MACE model only slightly improves on the force errors. This
suggests that the model might be getting close to the inherent noise of the training and test
labels.
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Fig. 5.10 Thermodynamic properties of liquid water The top left panel shows the liquid
water density isobar at p = 1.0 bar pressure and compares the isobar from from Cheng
et. al. [36] and the ab initio density [154] to MACE 64-0. The bottom panel shows an
example of the density distribution in the NPT simulations. The right panel shows the
mean squared displacement of the water molecules in 3 independent NVT simulations at the
equilibrium density (0.91 g / cm?) of MACE. The corresponding DFT value was obtained
from a simulation at the DFT equilibrium density of 0.92 g / cm?.

Thermodynamics and kinetics of liquid water

To characterise the smaller and faster MACE water model 200 ps NPT simulations were
performed at a range of temperatures from 250 K to 315 K using a combined Nose-Hoover
and Parrinello-Rahman barostat [143, 142]. As shown on Figure 5.10 the average density
was calculated after an initial equilibration period at each temperature. The top-left panel
shows the water density isobar, showing the characteristic density maximum at around 270
K. This is somewhat lower than the experimental value, but is consistent with previous DFT
based studies of water [36]. At 300 K the density obtained using the MACE model can be
compared to the available ab initio value from Ref. [154] showing very good agreement.
Finally, a dynamic property, the diffusivity of water can also be investigated. This is a
property that is notoriously difficult to model accurately [136]. To obtain the diffusivity, a
water configuration from the NPT simulation was taken with the equilibrium density of 0.91
g/ cm?. Tt was used as the initial structure for 3 independent 200 ps long NVT simulations.
The mean squared displacements from these simulations are shown in the right panel of
Figure 5.10. By fitting a linear function on the diffusive part of the MSD, the value of the
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diffusion coefficient can be computed. It is found to be 2.144-0.14 x 10~2m? /s which is in

reasonably good agreement with the ab initio value estimated from much smaller simulations
in Ref. [141].

5.3 MACE-0FF23: Transferable Organic Force Field

5.3.1 Motivation for Transferable Organic Force Fields

Machine learning force fields have undergone major improvements in their accuracy, robust-
ness, and computational speed, as exemplified in Chapter 3 and Chapter 5 [16, 17, 120, 135].
They are now routinely used in materials chemistry simulations, where density functional
theory was previously the method of choice. In these applications, available empirical force
fields, such as the embedded-atom method [52], do not provide sufficient accuracy and
transferability to describe many scientifically interesting and challenging phenomena.

In contrast, simulating bio-organic systems entails a different set of trade-offs, with
greater emphasis on simulating systems over long timescales. This has meant that empirical
force fields, which sacrifice accuracy for computational speed, continue to be used routinely
for studying molecular liquids, crystals, biological systems, and drug-like molecules [27, 51,
74, 87].

Two alternatives to empirical force fields are available in molecular chemistry applications.
The first is semi-empirical quantum mechanics, such as the series of extended tight-binding
models [9], which represents a low-cost solution for small molecules. The method is
limited by its moderate accuracy compared to quantum chemistry methods, its restriction to
modelling non-periodic systems, and its cubic scaling with system size.

Second, a number of transferable machine learning force fields have also been developed
for organic chemistry. The most notable are the series of ANI [58, 197-199] and AIMNet
potentials [5, 243, 244]. ANI potentials pioneered the use of local symmetry function-
based feedforward neural networks [20] trained on a large dataset of organic molecular
geometries [196, 200] to create transferable force fields. The ANI-2x model became the most
widely adopted ML force field and therefore serves as one of the primary points of comparison
in this section. The ANI-2x model was recently combined with a polarisable electrostatic
model [102] in a hybrid MLL/MM simulation setting, and also with a neural network based
dispersion correction [209]. The AIMNet models apply a message passing architecture [79],
where the initial embeddings are the ANI symmetry functions. Compared to ANI, AIMNet
extends the applicability of the models to a larger set of chemical elements, as well as to
charged species. These models relax the locality assumptions by incorporating electrostatic
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and dispersion interactions. The PhysNet model uses a message passing architecture and
in addition to the semi-local terms also includes long-range electrostatic and dispersion
interactions [212].

Further recent (bio)organic force fields include the FENNIX model, which combines a
local equivariant machine learning model with a physical long-range functional form for
electrostatics and dispersion [161]. The model was trained to reproduce the CCSD(T)/CBS
energies of small molecules and molecular dimers. It was shown that such ML force fields
can be used to run stable dynamics of liquid water, the solvated alanine dipeptide, and an
entire protein in the gas phase. However, wider benchmarking is required to assess the
accuracies of the intramolecular potential outside the training set and of condensed phase
molecular dynamics simulations.

Similarly, the ANA2B potential employs a short-ranged two molecular body ML poten-
tial, with long-ranged, classical multipolar electrostatics, polarisation and dispersion interac-
tions [207]. Although this long-ranged model shows promising accuracy for condensed phase
properties and crystal structure ranking, its accuracy and computational performance has not
yet been demonstrated for larger biomolecules. Finally, the GEMS model [213], built on the
SpookyNet architecture [211], is another recent ML force field for biomolecular simulations.
Although SpookyNet has demonstrated application to more challenging condensed phase
simulations, including protein dynamics, these required a significant number of additional
reference quantum chemistry calculations on relevant large peptide fragments for each new
simulation to obtain a stable model. Therefore, this model is not a transferable force field.

In this section, MACE-0FF23, a new transferable force field for organic molecules is
introduced. It is based on the MACE force field architecture and was trained to reproduce
first-principles reference data computed with a high level of quantum mechanical theory.
MACE-0FF23 demonstrates the remarkable capabilities of local, short-range models by accu-
rately predicting a wide variety of gas and condensed phase properties of molecular systems.
It produces accurate, easy-to-converge dihedral torsion scans of unseen molecules as well as
reliable descriptions of molecular crystals and liquids, including quantum nuclear effects.
In Ref. [121], the capabilities of the models are further demonstrated for the determination
of free energy surfaces in explicit solvent, as well as the for the folding dynamics of pep-
tides. The model is also shown to be capable of simulating a fully solvated small protein,
observing accurate secondary structure and vibrational spectrum. These developments enable
first-principles simulations of molecular systems for the broader chemistry community at
higher accuracy and lower computational cost compared to the previously available methods.
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In this section, the training details of the MACE-0FF23 model and a subset of the exper-
imental validation results are presented. The rest of the test examples were carried out by

co-authors and can be found in Ref [121].

5.3.2 Training Data

The core of the MACE-0FF23 training set is the SPICE dataset [64]. Table 5.6 provides a
summary of both the training and test sets. The MACE-0FF23 model is trained to reproduce
the energies and forces computed at the wB97M-D3(BJ)/def2-TZVPPD level of quantum
mechanics [83, 84, 149, 172, 224], as implemented in the PSI4 software [195]. A subset
of SPICE was selected that contains the ten chemical elements H, C, N, O, F, P, S, CI, Br,
and I and has a neutral formal charge excluding the ion pair subset. Approximately 85% of
the SPICE dataset was retained. The geometries within the SPICE dataset were generated
by running molecular dynamics simulations using classical force fields [138] and sampling
maximally different conformations from the trajectories [64].

Table 5.6 Summary of training and test sets

PubChem  DES370K  DES370K  Dipeptides Solvated Water QMugs Tripeptides
Monomers Dimers Amino [104]
[60] Acids

Chemical elements H,C,N, H,C,N, H,C,N, H,C,N, H,C,N, H, O H,C,N, H,C,N,

O,EPS, O,FEPS, OFEPS, 0O,S 0O,S O,FP S, (¢}

Cl, Br, 1 Cl, Br, I Cl, Br, I Cl, Br, I
System size 3-50 3-22 4-34 26-60 79-96 3-150 51-90 30-69
# Train 646821 16861 263065 19773 948 1597 2748 0
# Test 33884 889 13896 1025 52 84 144 898

The SPICE dataset only contains small molecules of up to 50 atoms. To facilitate the
learning of intramolecular non-bonded interactions, the dataset was augmented with larger
50-90 atom molecules randomly chosen from the QMugs dataset [104]. These geometries
were generated by running molecular dynamics simulations using GFN2-xTB [9] similarly
to the protocol described in Ref. [47]. The energies and forces were re-calculated at the level
of QM theory used in SPICE. Finally, to obtain a better description of water, the dataset
was further augmented with a number of water clusters carved out of molecular dynamics
simulations of liquid water [185], with sizes of up to 50 water molecules. 95% of each subset
of the the final dataset was used for training and validation, and 5% for testing.

In addition, part of the COMP®6 tripeptide geometry dataset [198] was also recomputed at
the SPICE level of theory and used as part of the test evaluation.

After training the small MACE model and observing the training errors, the presence

of outliers was observed in the dataset. This is probably caused by errors in the underlying
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electronic structure calculations, some of which have been documented on the SPICE
GitHub repository (https://github.com/openmm/spice-dataset). To address this, the
configurations that had a maximum force error greater than 2 eV/A were removed from the
training set. This meant the removal of just 808 configurations. Many of the configurations
contained heavy elements, in particular phosphorus and iodine, which might have a more
challenging electronic structure. The outliers with the largest errors were re-evaluated, using
the level of DFT used in SPICE, and found that for about a third of the configurations, the
recomputed energies and forces agreed well with the MACE prediction and not with the
original DFT labels. This observation further validates the hypothesis that the outliers were
failed DFT calculations.

5.3.3 Training Details

The MACE model has parameters that enable systematic control of model expressivity
(accuracy) against computational cost, as discussed in Section 5.1. In the following, three
variants of the MACE-0FF23 model are presented, a small, a medium, and a large one, denoted
in the text as MACE-OFF23(S), MACE-OFF23(M) and MACE-OFF23(L) respectively. The
hyperparameters of the models are displayed in Table 5.7.

Table 5.7 Hyperparameters of the three MACE-OFF23 models

Small Medium Large

Cutoff radius (A) 4.5 5.0 5.0
Chemical channels

96 128 224
k (Eq. (5.1))
max L (Eq. (5.9)) 0 1 2

The MACE-0FF23(S) model has 96 channels, L = 0 invariant messages and a cutoff of
4.5 A. The MACE-0FF23 (M) model has 128 channels and L = 1 messages, and finally the
MACE-0FF23(L) has 224 channels and L = 2 equivariant messages. The medium and large
models have a cutoff of 5.0 A in each layer. All models used two layers and a body order of
4 in each layer. The models were trained using the PyTorch [157] implementation of MACE,
available on https://github.com/ACEsuit/mace.

During training, initially, the force weight in the loss in Equation (5.14) was set to 1,000
and the energy weight to 40. The learning rate was 0.01 and Adam optimiser with Amsgrad
was used. The exponential moving average of the weights was taken in each training step.
When the force error converged, the second phase of the training was started with force
weight 10 and energy weight 1000 and the learning rate was reduced to 0.00025. Finally,
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the training was terminated when the energy error also stopped decreasing significantly. All
models were trained on a single Nvidia A100 GPU. Training the small model took about 6

days, the medium about 10 days, and the large model 14 days.

5.3.4 Results
Extended SPICE Test Set

First, the pointwise errors of the energy and force predictions are evaluated on a held-out
test set for each of the three MACE-0FF23 models. Figure 5.11 shows the per-atom energy
and force mean absolute errors. As the size of the model increases, the models gradually
become more accurate, with the large model achieving errors of around 0.5 meV/atom and
15 meV/A, well below the 1 kcal/mol (43 meV) chemical accuracy limit for the organic
molecules studied here.

The last column of Figure 5.11 looks at an extrapolation task, the training set contains
only dipeptides, and this test set looks at tripeptides, indicating that the models are able to

extrapolate to larger fragments with more complex interactions.

Dihedral scans

Next, the performance of the MACE-0FF23 model is evaluated on dihedral scans of drug-like
molecules. This task is routinely carried out using quantum mechanical methods to create
reference data for re-parameterising classical empirical force field dihedral terms [100].
The task is particularly challenging, as constrained geometry optimisations can be difficult
to converge if the potential energy surface is not sufficiently smooth [92]. This has been
observed in particular for the ANI family of potentials, which are known to have convergence
difficulties in geometry optimisation tasks, as also discussed in Section 5.2.5, where the
MACE and ANI architectures were compared when they are trained on the same training
data.

TorsionNet-500 The top panel of Figure 5.12 summarises the results for the TorsionNet-
500 dataset [167]. This dataset contains torsion drives of 500 different molecules, selected
to cover a wide range of pharmaceutically relevant chemical space. The original data set
was reported at the B3LYP/6-31G(d) level of DFT theory. For consistency with the SPICE
dataset, the torsion profiles were recalculated using the DFT setting of SPICE, which is a
higher level of theory.

The first panel shows an example of a torsion drive, indicating the complex energy profile

that the MACE models are able to capture closely, including geometries far from equilibrium.
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Fig. 5.11 Test set mean absolute error. Errors in the MACE-OFF23 models compared to
the underlying DFT reference data, highlighting the relative accuracy of the three models.

The central panel shows the mean barrier height error of a number of representative models,
comparing the Sage classical empirical force field [27], a semi-empirical quantum mechanical
method GFN2-xTB [9], a recent transferable machine learning force field AIMNet-2 [5], and
the three MACE-0FF23 models. Again, systematic improvements in accuracy with the size
of the MACE model are observed, with medium and large models, in particular, achieving
errors of around 0.25 kcal/mol compared to the reference method. The AIMNet-2 model
achieves comparable accuracy to the small MACE-0FF23 model, a significant improvement
compared to the previous generation ANI models. A similar conclusion can be drawn from
the comparison of the molecular geometries by looking at the root mean squared deviation of
the atomic positions averaged over the full torsion scans, as indicated by the top right panel
of Figure 5.12. It shows that MACE optimised geometries have a deviation of about 0.025 A,
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Fig. 5.12 Dihedral benchmark scans. The top panel shows torsion drive data for the
TorsionNet-500 dataset [167], which has a wide chemical diversity (five example molecules
are shown). The bottom panel focusses on the torsion angle between two aromatic rings in
the biaryl torsion benchmark [127] which contains 78 molecules (five examples are shown).

meaning they are almost indistinguishable from DFT optimised structures. It is important
to note that the different models were trained to different levels of DFT, which might also
contribute to the observed differences.

Biaryl fragments The biaryl torsion benchmark was introduced in Section 5.2.5, here the
same subset of 78 molecules is used to evaluate the MACE-0FF23 models.

In the bottom panel of Figure 5.12, the results of the torsion drives are compared for
empirical force fields, semi-empirical QM methods, and the ANI-1ccx machine learning
force field [199] to the MACE-OFF23 models. The DFT potential energy surfaces (using the
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SPICE level of theory) are also displayed alongside the published gold standard coupled
cluster data.

The DFT torsion drives achieve a mean barrier height error of 0.2 kcal/mol, which
is therefore the best theoretically possible result using the MACE-0FF23 models. The
MACE-0FF23 (L) model comes close to this, with a mean absolute error of 0.3 kcal/mol.
The medium and small MACE models have barrier height errors of 0.4 and 0.5 kcal/mol,
respectively. Remarkably, the small MACE model is significantly more accurate than the
next-best non-DFT methods, ANI-1ccx and GFN2-xTB, as illustrated in the bottom-centre
plot of Figure 5.12. In particular, unlike MACE-0FF23, coupled cluster reference calculations
were used to parameterise the ANI-1ccx and GFN2 models. In the bottom right, the cumula-
tive error distributions are also shown to verify that the MACE-OFF23 barrier height errors are
not only accurate on average but are also robust, having essentially no outliers.

These examples showcased the potential of MACE-OFF23 for the quick and easy calcula-

tion of dihedral torsion profiles for drug-like molecules.

Molecular crystals

In the following, the ability of the MACE-0FF23 force fields to simulate the vibrational and
thermal properties of molecular crystals is demonstrated. This is an out of domain test, as the
model was trained only on individual molecules and molecular dimers in vacuum, but not on

periodic molecular crystals.

Vibrational spectroscopy of paracetamol Raman spectroscopy is one of the most widely
used techniques for characterising molecular crystals. Unlike IR spectroscopy, which only
detects vibrational modes that distort dipoles, Raman spectroscopy is more sensitive to
collective modes governed by weak, non-bonded interactions in a broad range of molecular
materials. The low-frequency region of the Raman spectrum (e.g., the THz regime) gives a vi-
brational fingerprint of the intermolecular interactions. Thus, it is widely used to differentiate
between polymorphs of molecular crystals. Meanwhile, the high-frequency Raman spectrum

probes intramolecular vibrational modes and their coupling to low-frequency modes.

Here, the MACE-OFF23(S) model is tested for the prediction of the Raman spectrum
of the “Form II" polymorph of paracetamol. To compare MACE-0FF23(S) directly with
experiments, quantum nuclear effects are rigorously incorporated using a recently introduced
ML-aided framework [111]. In particular, a bespoke effective potential energy surface [148]
is fitted also using the MACE architecture to calculate quantum nuclear corrections to the
MACE-0FF23(S) model within the path-integral coarse-grained simulations (PIGS) method.
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Fig. 5.13 Powder Raman spectrum of paracetamol form II [168]. Spectrum computed
at ambient conditions using the MACE-OFF23(S) model for the potential energy surface, a
MACE model of the polarizability, and a MACE model that incorporates quantum nuclear
effects on the potential energy surface using the PIGS approach [148]. The black lines
represent experimentally determined band positions [116].

A separate MACE model with equivariant readout function is also fitted to the first-principles
polarisability of paracetamol polymorphs (data taken from Refs. 169, 170). The remaining
steps to produce the spectra involve a classical calculation involving a NV E molecular dy-
namics simulation on the effective PIGS PES, prediction of the isotropic and anisotropic

components of the polarisability tensor, and calculation of their time correlation functions
following Ref. [111].

As shown in Figure 5.13, both the high- and low-frequency regions of the Raman spectrum
of paracetamol form II can be predicted with overall good agreement with the experimental
band positions [116]. Since the experiment captures the Raman spectra along different
crystal directions while the computational experiment estimates the “powder” Raman spec-
trum [170], the band intensities cannot be directly compared. It is interesting to note that the
predictions based on MACE classical MD are consistently shifted with respect to the experi-
ment. At the same time, quantum nuclear predictions encoded by the PIGS method play an

essential role in improving the agreement between theory and experiments. Moreover, a broad
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band at around 3300 cm ™! is only captured at the level incorporating quantum nuclear effects.

Overall, this example provides evidence that the MACE-0FF23 transferable force fields
are capable of accurately simulating the vibrational spectrum of molecular crystals, which
only a few years ago was only possible with custom made machine learning or classical force
field models [170].

Next, the MACE-0FF23 force fields are used to describe the structure
and stability of molecular crystals. The enthalpies of sublimation were computed for a range

Lattice enthalphies

of 23 representative small molecular crystals [174] following the protocol of Ref. [59].

Figure 5.14 compares the predicted sublimation enthalpies with the experimentally mea-
sured ones. This task is often used to test various DFT functionals. Since the ©B97M-D3(BJ)
functional used to parameterize MACE-0FF23 does not have a periodic implementation, an
estimate of the highest achievable accuracy is not available. The figure shows that the three
MACE models are capable of capturing trends and have higher accuracy than the ANI-2x
model, which was not designed for tasks involving molecular crystals. The MACE-0FF23 (L)
model achieves a mean error of just 1.7 kcal/mol, which is comparable to the errors of
several different dispersion-corrected density functionals for a fraction of the computational
cost [174].
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Fig. 5.14 Sublimation enthalphies of molecular crystals. Comparison between predicted
sublimation enthalphies of the MACE-0FF23 and ANI models and experiment.
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The relaxed unit cell vectors of the MACE-0FF23 models were also compared to the values
measured experimentally as shown in Table 5.8. The MACE-0FF23 (L) model has a relative

error as low as 5%, which is in close agreement with the experimental values.

Table 5.8 Crystal structure geometries The table compares the MACE-0FF23 (L) and exper-
imental lattice vectors for the X23 set of organic molecular crystals.

Molecule Texp Experiment MACE-OFF23(L)
Acetic acid 40 a 13.151 13.359
b 3.923 3.809
c 5.762 5.542
Vv 297.27 282.01
Ammonia 2 a 5.048 4.946
Vv 128.63 120.98
Benzene 4 a 7.351 6.59
b 9.364 9.303
c 6.695 6.851
Vv 460.84 420.51
Naphthalene 10 a 8.0846 7.821
b 5.9375 5.836
c 8.6335 8.430
B 124.67 125.26
Vv 340.83 314.23
Pyrazine 184 a 9.325 9.351
b 5.850 5.508
c 3.733 3.545
Vv 203.64 182.57
Urea 40 a 5.565 5.330
c 4.684 4.670
Vv 145.06 123.68

5.3.5 Conclusions

In Ref. [121] there are several further example use-cases of the MACE-0FF23 models. These
include several biochemical applications, such as the simulation of a small protein in explicit
solvent. Thanks to using a purely local short-ranged functional form, the models are capable
of simulating 10-s of thousands of atoms, whilst still keeping the computational cost relatively
low. This is further aided by a series of custom-made accelerated CUDA kernels. A
detailed analysis of the computational speed of the MACE-0FF23 models can also be found in
Ref [121].
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The accuracy, extrapolation capabilities, and computational speed demonstrated above
make the MACE-O0FF23 models a good starting point for many molecular chemistry applica-
tions and projects. There are a number of limitations, though, that will be addressed in its
next version. The lack of explicit long-range interactions limits the domain of applicability
of the present model to neutral, non-radical, and non-reactive systems. This is something that
the recently published AIMNet-2 model addresses by extending the ANI models to include
charged species and long-range interactions [5] These models were also trained on a more
extensive training set than ANI-2x or the MACE-0FF23 models, with a training set size of
about 20 million molecules.

The next generation of the MACE-OFF23 models will similarly include an explicit descrip-
tion of charges, enabling the description of amino acids with different protonation states,
charged nucleic acids, and counter-ions. This will pave the way towards obtaining an accurate
quantum mechanical transferable machine learning force field for simulating a wide range of

biologically relevant systems.






Chapter 6

Conclusions and Outlook

6.1 Summary

This thesis presents theoretical, methodological, and practical advances that improve molec-
ular simulations. The machine learning force field methods developed enable the simple
parameterisation of accurate and computationally efficient potential energy surfaces in a
systematically improvable way.

In particular, linear ACE gives the basic framework for this work, providing a rigorous
linearly complete basis for fitting functions of atomic environments. These basis functions can
be used to successfully fit custom force fields for small molecules. Linear ACE force fields
were competitive in accuracy with other state-of-the-art methods at the time of publication.
However, they have a number of limitations. Firstly, the size of the models scales poorly with
the number of different chemical elements in the system. Secondly, the fitting of the force
field can be sensitive to the regularisation hyperparameters. Finally, shortly after publishing
linear ACE, a number of new methods appeared based on equivariant message passing neural
networks, which significantly improved the accuracy compared to linear ACE.

The subsequent sections of this thesis detail the methodological developments to over-
come the aforementioned limitations of linear ACE. By exploiting the symmetric tensor
structure of ACE and applying tensor decompositions, the TrACE method reduces the scaling
of the model size with the number of elements to be effectively constant, with a single
convergence parameter. The method also comes with theoretical guarantees of convergence.

Next, the multi-ACE framework is presented which provides a unifying framework of
atom-centred and message-passing machine learning force fields. With the help of this
framework, it is possible to select different points of the design space to systematically design

more powerful models.
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Bringing together the tensor decomposed ACE descriptors of TrACE, and the under-
standing of their relationship to equivariant neural networks via the multi-ACE method, led
to the creation of MACE, a new machine learning force field. The robustness and ease of
fitting of the MACE models, evidenced by the examples in Chapter 5 marks a significant leap
forward from linear ACE. One of the highlights of the capabilities of MACE is the fact that
it can be fitted even at the very low data regime, to obtain a stable force field for molecular
dynamics simulations without the need for hyperparameter tuning or iterative fitting. This
is particularly significant because it greatly reduces the time and effort required by users
to obtain a working force field for a given scientific problem. Importantly, it is possible to
fit MACE models without having to have a deep understanding of the actual fitting process
or the details of the machine learning architecture. MACE is released as an open source
software and has an active user community with several contributors.

Finally, the MACE architecture was used to fit a series of short-range transferable organic
force fields released under the name MACE-OFF23. The models are shown to be accurate for

a wide variety of chemical systems, including gas phase and condensed phase use cases.

6.2 Outlook

The development of simple and accurate machine learning force fields holds the potential
of transforming the workflows of computational scientists. The new ML force fields enable
the use of ab initio methods in scenarios previously deemed impractical or even impossible.
For researchers reliant on ab initio calculations, the methods presented in this thesis allow
exploration of larger system sizes and longer time-scales, far exceeding previous limitations.
The classical empirical force field community can also benefit from these methods, gaining
the accuracy and transferability typically associated with ab initio simulations.

The remaining challenges are partially scientific and partially engineering. Despite
efficient implementations, these machine learning methods are still at least one order of
magnitude slower than their classical counterparts. This is likely to improve with new
hardware and software engineering efforts.

One of the key future development directions is the creation of foundation models such
as MACE-0FF23 and the recently published MACE-MP models [15]. These models can be
a useful starting point for almost any atomistic simulation research project. In particular,
the MACE-MP models were parameterised for 89 different chemical elements. This means
that it is possible to run geometry optimisation or molecular dynamics simulation for almost
any chemical or material system at quantum mechanical accuracy and force field speed.

This transforms the workflow of computational scientists. It is now possible to set up the
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simulations and obtain initial results and chemically reasonable structures with the foundation
model straight away. If the results are not sufficiently accurate, due to the level of quantum
mechanics or the accuracy for the particular system is not sufficient then the foundation
model can be fine tuned with little additional data. This is made easier by the availability
of self-generated trajectories. Future research will focus on the development of robust
fine-tuning protocols.

These recent developments have the potential to accelerate both academic and industry
research. This technology not only paves the way for breakthroughs in fundamental sciences
but also enables the discovery of novel materials and pharmaceuticals, promising substantial
societal benefits.
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