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Preface

The work described in this dissertation was conceived and
carried out under the suvervision of Professor P. W. Anderson
at Princeton University, New Jersey, over the period 1976-77,
drawing on experience gained during an apprenticeship of
twenty months graduate work with him at the Cavendish Laboratory,
Cambridge, and a summer as a visitor at Bell Laboratories.

Chapter one, and chapter two, sections 2.1 to 2.4, are
brief reviews of the mixed valence problem and the current state
of knowledge of the proverties of the Anderson and Kondo models.
Since these are potentially vast topics, these reviews reflect
my personal prejudices as to which aspects are most important.

To the best of my knowledge, the material presented from
section 2.5 onwards is original; those places where it draws
on previous work are indicated by references in the text to
the earlier authors.

The seminal idea that started this work was the suggestion
by Phil Anderson that screening effects from{ #3 scattering
channels of the rare-earth atoms might be important components
of the eventual explanation of the mysterious properties of
the mixed valence rare-earth compounds, and also that the tech-
niques he developed in conjunction with my oredecessors Gideon
Yuval and John Armytage could prove useful in this context.

I wish to express my gratitude to my Supervisor Phil
Anderson for his supvort and guidance during my graduate studies,
and also for sharing with me his insight into which asvects of a

problem are physically important,
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I must also express my deep appreciation to nmy good friend
Marcia Brubeck, who generously donated her#skills to the task
of transforming vast piles of incomprehensible and illegible
manuscript into the semblence of a thesis in the face of a
rapidly aporoaching deadline,

For financial support, I am indebted to the taxpayers of
Great Britain for an SRC studentship held at the Cavendish
Laboratory 1973-75, and a NATO studentship held abroad at
“rinceton University 1975-76, Finally, I was supported by a
contract with Bell Laboratories program of research in theo-
retical physics for the period 1976-77 at Princeton, While
at Princeton, travel funds and other overheads, such as the
support of my ALerox habit, were provided by NSF contract
DMR 76 00865 AD1,

I must also acknowledge the hospitality of the Aspen

Center for Physics, where T put the final touches to this

thesig,

Furthermore, I hereby declare that my dissertation entitled

"An extension of the Anderson model as a model for mixed valence
rare-earth materials" is not substantially the same as any that
I have submitted for gz degree, ‘diploma or other qualification

at any other University,

I further state that no part of my

dissertation has already or is being concurrently submitted for

any such degree, diploma or othel qualification.,

F, D. M. Haldane,

Aspen, Colorado, July 15, 1977.

-

Note on the Amended Yersion .

Following the.oral examination of this fhesis on ﬁctober 7 th 1977 by
Professor V, Heine of the Cavendish and Dr., D. M. Edwards of Imperial
College, certain amendments have been‘made. In particular the discussion
of the effects of coupling to a "slow" 'phonon field (chapter four) has
been extended, and the evaluation of the perturbation series discussed in
section 5.3 has been described in detail in an appendix to chapter five,
Other improVements are the discussion of Langreth!s Fermi liquid theorem
in section 2,5 and 2.6 ; the interpretation of the scaling equations
;(section 6.4) has also been modified, and the arguments presented in

what is hopefully a more physical and less formal form,

Fe De M, Haldane

Grenoble, France,

January 15th, 1978,

Publications:

Some material from this thesis has been published and may be'found as follouws:

"Hartree=Fock study of the Anderson model coupled to a boson fields mixed

valence states" 7
Fe.D. M. Haldane, Phys. Rev, B15, 281 (1977).

"New moéel for the mixed-valence. phenomenon in rare-earth materials"
Fe Do M. Haldane, Phys. Rev. B1S, 2477 (1977).

"Scaling theory of the asymmetric Anderson model”
Fe D. M. Haldane, Phys. Rev., Lett, 40, 415 (1978),
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ABSTRACT,

fhe Phenomenon of mixed valence in certain rare-earth compounds is briefly
feviewed; The Kondo=-like behaviour of the resistivity of mixed valence coumpound
compounds such as CeAl3 suggests that there is little cohergnce between rare-
earth atoms except at very low tempefatures, and that a model of a single
rere—earth impurity in a metal may be usefully studied. The configurational
instability reqgime (Edﬁi 0) of the Anderson model of a magnetic impurity in
a metal is a natural choice for such a study; however it is pointed that on
physical grounds it must be generalised to include dynamic screening processes;
coupling of valence fluctuations to the lattice is also included as a linear
coupling to the phonon field. The limit in.which these phonon frequencies
are slow compared to electronic relaxation times is treated in mean=Ffield
theory, and two degenerate Hartree-Fock states with different valence may
be found. Reincluding phonon dynamics with the Born-Oppenheimer approximation,
it is found that this implies that there are slow valence fluctuations, contr-
olled by tunnelling of the Phonon field between the two degenerate minima of
the effective potential.

A perturbation expansion in A, the hybridisation, is .developed for the
Anderson model and its generalisations, It is noted that, provided it is
large, the conduction bandwidth is not relevant in the unscreened case s and
the 1imit of infinite bandwidth is the most convenient to treat. By comparison
of the susceptibility expansion with that for the Kondo model, the Kondo
temperature of fhe local moment regime is found to be proportional to
(UAQ%exp(Ed(Ed+U)/(2AU/ﬁj) (corresponding to the Schrieffer-Wolff value for Jp
and (-Ed(gd+u))% for D); the precise proportionality coefficient may also'be -

obtained, The eventual crossover to a non-magnetic state as £, is changed

d

from the "symmetric" value of -%U is investigated by a scaling technique, as

it is associated with logarithmic terms in the pertubation expansion; the
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criterion for the existence of a local moment regim¢ and spin-compensated
Kondo ground states is found to be ﬂ<<§£5. When the above expression for TK

is of order A s the local moment description is never valid, and below a

liquid with sustantially non-integral valence, Properties in this crossover

reqion are found to depend solely on the scaling invariants A and E * o Ed + Dedicated to:
A-/Tln(u}/A), where W is a high energy cutoff given by U or the conduction band-

width, whichever is the smaller., The criterion for this mixed valence state

Phil Anderson,
is ,E (not[E N La, With the aid of the scaling theory, various crossovers

of the properties of the system as a function of temperature are described, whose model started it all,

The effects of screening and coupling to "fast® phonons on the mixed
valence state are also examined by these scaling techniques, and are found e
to result in a renormalisation of[ﬁ In the case of electronlc screening, Marcia Brubeck,
this renormalisation is estimated to be negligeable in practice, but coupling
to phonons, whether fast or slow, can potentially give rise to sustantially
reduced "valence fluctuation temperatures"; however, the dependence of this
on the model parameters is too sensitive for direct comparison with experiment
to be .reliable, The results are synthesised into a picture of the mixed
valence state as a2 Fermi liquid state with a virtual bound state, possibly

with substantially reduced width and weight as a result of coupling to phonons,

at the Fermi level,

ULC2HS
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A note on the structure of this thesis,

Bach chapter is written so as to be as self-contained as

possibles a list of references and any avopendices are given at the

end of each chapter, Except where experimental results are

referred to, units of temperature and frequency are such that k =

"H= 1|

Those interested only in the results on the standard Anderson
model (without screening terms) should read only chapters 2, 5:1-5.3,

and 6,

The relationship between chapters is shown below:

(Anderson model results only)
|
l

1. Mixed valénce
Problem,

2. Review of the
Anderson and
Kondo models.

3. Generalisation !
to include ,/
gcreening., ‘\Ek\ &L

' 4, Mean-field /.
Theory. 7
7/
T 1[ '
.| 5. Partition
N function  [(53)
exXpansion. ~
: e
~ Y
k\ : 5« Scaling
Theory.,

S

e e 3,
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REVIEW OF THE MIXED VALENCE PROBLEM

1.1 Introduction 2
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1-3 Introduction
M Ouetlon

Characteristically, f-electrons in rare-earth materialg do not
take part in conduction pProcesses. Intra-atomic interactions are so
strong that a bsnd pPicture cannot be applied to the f-electrons in a
solid; as the f-orbitals are spatially highly localised inside the
core region of the atom, not only are intra-atomic Coulomb matrix—
elements greatly enhanced compared to those between, say, d—electrons,
but matrix elements for hybridisation with orbitals onp neighbouring
atoms are also greatly reduced.

In this circumstance, the basic description of the f-electrons
must be in ferms of the electronic configurations of the. free atom,
with interactiong between neighbouring atoms treated as a small
perturbation. If the ground state configuration of the f-orbitals
is singlet, they are effectively inert, and f-electrons play no role:
if it has J # 0, the f-electrons will act as a lattice of Heisenberg
spins, with small effective exchange couplings between sites generated
by the weak hybridisation term. In such cases the f-orbitals are

said to have 'integral: valence.' 0f course, formally even an

free atom with different valences into the ground state, so technically
the atom in g solid is always in a state of "mixed valence'; however,
in contrast to the case of S-, p- or d- orbitals, such admixture ig
usually extremely small. To all intents and purposes, these excited
configurations occur 4S8 a consequence of the virtual Processes that
mediate the.exchange interactions between the effective Heisenberg

spins. The term "mixed valence' ig reserved for those Special casesg

where two configurations with different f-orbital valences are both

present in significant amounts in the ground state, while the

electronic state of the rare-earth atoms remains homogeneous throughout

the solid.

(1 B ( ) | "
11 /V\fn‘ ' Lf

|
E
|

(a) d-band (delocalised) . (b) f-orbital (localised) atomic
(single—particle) density configurational spectrum.
of states. '

Fig. 1.1. Model of a rareyeartﬁ,metél (see text). : -

Consider the following highly ovérsimplified model of a rare-

earth metal (Fig. 1.1): the d~electrons are assumed to have completely
delocalised into a conduction band which contains the Fermi level,

while the f-electrons reside in isolated atomic orbitals on each site,

with no ‘hybridisation. The configurational spectrum of the f—o?bltal

ifi i ions with the same valence
. 1s simplified so all relevant configurations

|

v
i
|

§

l

n-1
 are degenerate, and only the two valences f ,» £

- accessible.

™ are energetically

If the energy Efﬁi)Of the configurational excitation

fn-l +e £7 lies below the Fermi level, the ground state configuration
iwill be fn; if it is above, fn—l is stable.

| Figure (l.Z)ZShOWS the eftect of sysﬁematically increa?ing Ef(n),
‘while keepingrthe-fotal charge constant. When E . (n)' reaches the

i i and
Fermi level, f-electrons begin to empty into the conduction b

L ! : 3 h h mical p =
"(" ¢ he te o t a state Of "llxed Y nce
1 the System DO es 1ntco al() t e ( e (o]




The f-orbitals on each site have some amplitude for being in either

. : : : . '3 nfig-
tential M tracks Ef(n) until one electron Per rare-earth atom has been This state is sometimes described as an 'interco g

valence state.

transferred to the conduction band, and integral valence (fn—l) of the urational fluctuation state' (ICF), where the 'fluctuations' are understood
f-orbitals again holds. When hybridisation is included, the configura- in the sense of a zero-point motion.

tional excitation will acquire a finite lifetime, and may be regarded In a realistic model of the mixed valence state, many additional

as forming a very narrow 'f-band' in the single particle spectrum; factors must be taken into consideration; for example, lattice size and
however, this 'f-band' can only hold one electron per atom. conduction electron charge distribution around the rare—earth atom will be

v | i ill
T T strongly coupled to valence fluctuations. The effect of such terms wi

be considered in detail later.

=1 one elechoy
=— ( Per rare-
———1 ) eatfh ateny

(BLO

£ Fhoapr | g
Fig. (1.2). Effect of varying Ef(n).

If rare-earth materials are Systematically studied, most will be
in states of integral valence, as the energy level'splittings between
configurations with different valences are very large, and the proba-
bility that Ef(n)zﬁk is small. Nevertheless, a few compounds should
be foundvin the mixed-valence state, where the Fermi level is pinned
to the configurational instability. Such materials will be distin-
guished by highly anomalous properties.

In some materials, for example Fe304 s where two configurations
?e2+ and Fe3+ are present, the system stabilises itself by a struc-

tural charige so the iéng with different valences sit on twe equiv-

alent sublattices. Such systems are not in the mixed-valence state
in the sense used here; the rare-earth materials under consideration

are found to be spatially homogeneous.
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12 Some Characteristics of Mixed Valence Compounds

Extensive reviews of mixed valence (MV) compounds have been
given by Varma (1976), Jayaraman et al. (1975), Maple and Wohlleben
(1973) and Mott (1974). Ssee also the proceedings of the recent
Rochester conference (Parks, ﬁ977)) An overview, stressing
selected pProperties, will be gi&en here.

The most widely studied MV rare-earth compounds are samarium
chalcogenides, SmS, SmSe, SmTe (Jéyaraman et al. (1975)), which
change from semiconductors (Sngﬂ_= 4f6) to MV metals (Sm2+/Sm3+)
under the effect of pressure or alloying with the smaiier ion, Gd2+.
Similar transformations occur in ytterbium chalcogenides (Yb2t=4fl4/Yb3+)
and TmTe(Tm?t=4f13/Tm3+). These changes are isostructural, and
accompanied by a;~leZ decrease in volume. SmS 1is distinguished by
the change being'discontinuous, and strongly first order, leading to
the dramatic 'black/gold explosive transition.' The change ig
continuous in the other compounds. Much work has been AOne on the
investigation of the nature and thermodynamics of the transition
(which is also a metal-insulator transition); this work will, however,
be more concerned with the characﬁer of the MV metallic state itself,
possibly best represented by such systems as cerium metal (Jayaraman

(1965)), and the alloys CeAl), CeAl,, YbAl), YbAl, (Buschow et al. (1970),
Havinga et al. (1973)).

Three main effects indicate the presence of non-integral valence,

(a) Lattice constants of a particular rare-earth compound may be

studied as the rare-earth is varied through the lanthanide series
(Jayaraman et al.(1975)). 1In general MV compounds have anomalous

lattice constants, lying between extrapolated estimates of their

(b)

values for the pure +n and +(n-1) ionic states.

MBssbauer shift studies (Cohen et al. (1970)),when a suitable iso-

: 149
tope is available (e.g., Sm

), probe the conduction electron density

at the nucleus, and hence, through the screening interaction, the

f-orbital valence. Studies show that MV compounds are homogeneous
. =10 . ce e .

on a timescale of 10 s., but the line shift is intermediate

n n-1 o . .
between that found for pure f andf » ionic configurations.

(c) ZX-ray photospectroscopy (XPS) spectra (Campagna et al. (1974))

take a 'snapshot' of the configuration of the rare-earth ion

18

on a time scale of 10 s, Spectra of MV compounds show the

unambiguous 'fingerprints' of two different valence states in

the spectra. On the timescale of the experiment, the material

resembles a random alloy of the two configurations.

These three effects each allow an estimation of the mixing ratio

n-1

n :
£ /f; and produce comparable results. They also define a timescale

12 =13

" for valence fluctuations, usually estimated as 10 ~°-10 s

(corresponding to zero-point energies of a few meV). This behaviour

has recently been directly tested (Holland-Moritz et al. (1977)). by

diffuse neutron scattering on the MV compound CePd3; a configurational

-1
lifetime of 1.8x10 33. is reported.

In most MV materials studied (compounds of Sm, Eu, Yb and Ce)

one of the two configurations involved is a singlet, J=0. In that

case a characteristic of the material is its failure to order magnet-

ically, even if the proportion of J#0 configuration dominates. This

stands in dramatic contrast to normal rare-earth materials, which

are strongly magnetic if J#0. A striking example is the so-called

"dense Kondo system' CeAlB, which has recently been studied down to
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Properties of CeAl3.

sufficiently low temperature to observe the limiting behaviour

(Andres et al. (1975)). Though anomalous, like many other cerium
compounds, the amount of Ce4+(f0) mixed in with Ce3+(fl) is undetectable
(<5%). 1In spite of this, the properties of this material show that
the mixed valence effect is involved. CeA13 may be usefully compared
to LaAlj, which is expected to be very similar except that the
f-orbital is empty. The dramatic differences between the two materials
may then be attributed to the f-electrons. |

The resistivity, specific heat and susceptibility of CeAl.3 are
shown schematically in Fig. (1.3). The most striking feature is the
rise in excess resistivity over that of LaAl3 as the material is cooled;
at its maximum, around 40K, it is.comparable to the unitarity limit
of incoherent scattering by'an‘£=3 virtual bound state on each
lattice site (Andres et al. (1975)). Below 5K it drops off again,
finally vanishing with a strong TZ dependence, attributed by Mott
(1974) to Baber scattering between 'heavy' particles in a narrow
band; and 'light' particles in a wide band; using Baber's formula,

Andres finds T_. = 3K for the narrow band.

f
(1974)) shows a Shottky-

‘The excess specific heat (Mahoney et al.
like anomaly around 40K; the features around 4-6K are probably
impurity features (e.g., CeA%' ,» always present in small quantitites,
orders magnetically at 6K). Integration of the specific heat curves
shows that the zero temperature entropy is much less than the kin2
expected for a crystal -electric field doublet (J=5/2 in a hexagonal
field) (Andres (1975)), and possibly zero (Mahoney et al. (1974)).
The limiting low temperature behaviour is linear, with a huge Y™
coefficient

corresponding to a Fermi gas with degeneracy

temperature TfﬁfZSK. The susceptibility measurements at low
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10
temperatures show the Curie law giving way to a temperature independent
value; if this is é Pauli Susceptibility, Tf:P15KT'

The low temperature behaviour points to the ground state being
a Fermi liquid with a narrow band of collective excitations right
at the Fermi level.

The intermediate temperature behaviour is very reminiscent of the
Kondo effect (see section 2.4) and CeAl3 is sometimes described as a
'dense Kondo system.' The resistivity becomes so large that each
rafe—earth atom must be scattering incoherently. This naturally
leads to the idea that this intermediate regime can be described by
an ensemble of isolated "impurity' rare-—earth atoms in a metal. Only
at still lower temperatures when coherence develops must account of
interactions between rare-earth atoms be taken.

A phenomenological description might be as follows: as the’
temperature is lowered, the coupling of an isolatéd rare-earth
impurity, which is close to configurational instability, to the
conduction band of its host metal leads to the formation of a
collective virtual bound state (VBS) (Friedel (1958)) at the Fermi
level, and the resistivity rises. The first goal of a theoretipal
investigation should_be to examine how this comes about. In an array
of rare-earth atoms in a solid, the processes that give rise to VBS
formation are usually forestalled by a phase transition to a magnetic
state at a temperature TN higher than that for VBS formation. MV
materials may be characterised by having TVBS:>IN ; at lower tempera-
tures, coherence among the VBS will develop, and a narrow band of
collective excitations will form. The ground state may be characterised

as a Fermi liquid with a large density of states at the Fermi surface,

due to this collective band.

11

A very natural choice of impurity model for investigating the

intermediate temperature region is the Anderson model (4nderson (1961)),

which is reviewed in the . following chapter.
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The Anderson model (Anderson (1961)) was proposed as a model of
a transition metal impurity in a non-magnetic host metal, and used
to study the conditions determining the presence or absence of a local
magnetic moment on the impurity. These conditions were seen very

cl y i el
earl in the Hartree Fock treatment of the model and were
]

transition metal series (Clogston et al. (1962)). Following the
discovery (Kondo (1964)) that the reiated s-d or Kondo model (in
which a free spin is exchange-coupled to 2 Fermi gas) was not as
trivial as was first thought, and that higher order perturbation theory
in the exchange coupling constant was infra red aivergent as T+>(Q
| , s
1t was realised that the same effect was present in the Anderson
model (Schrieffer and Wolff (1966)).
The apparent simplicity of these models, coupled with their apparent
intractability, stimulated a vast literature (for a partial list, see
s
Kondo (1969), Grlner and Zawadowski (1974)) of theoretical studies
aimed at exposing the exact nature of the ground State, together with
the extensive experimental study (see the Teview by Rizzuto (1974))
of dilute systems of magnetic impurities. The nature of the solution
was clarified by the development of the Anderson-Yuval scaling theories
(Anderson (1970) ; Anderson, Yuval and Hamann (1970)); finally Wilson
(1975) developed the tools for the essentially exact numerical solution
of the problem with his renormalisation group (RG) technique
Like most successful models, the Anderson model is phenomenologicalJ

in char i i
acter. TIts detailed derivation from first principles would

be arduous, but mi ht perhs i i
g P aps be achieved using Anderson's 'chemical

pseudopotential’ formalism (Anderson (1969)) in which the wave functions

of solids are constructed from the non-orthogonal localised wave
functions of an 'atomic-like' pseudo-Hamiltonian. In any case, as the
bulk of the interactions in the ﬁodel are considered to have been
removed by a Landau Fermi-liquid renormalisation technique, the

numerical values of the parameters should not be identified literally

with their apparent 'bare' or 'a priori' values. Despite this

phenomenological nature of its parameters, the Anderson model has
allowed deep insight into the behaviour of magnetic impurities.

The physical rationale behind the Anderson model is intuitively
simple. A transition metal impurity, such as a gold atom, in an

otherwise similar host such as copper, has the effect of adding an
extra set of d-orbitals to the truncated Hilbert space of energetically
available s-p wave functions making up the host conduction band. The
conduction band Wannier function of the impurity atom is assumed to
be much the same as that of the host atom it replaces.

Interactions between conduction electrons have been removed,
and these particles are interpreted as Fermi-liquid quasi-particles.
As the d-orbitals are physically much more localised in space than s
or p orbitals, the Coulomb and exchange matrix-elements between d-
electrons on the impurity atom are much larger than those between
conduction electrons, and this extra interaction strength is
explicitly included in the Hamiltonian.

A small hybridisation term allowing d-electrons to 'hop' into the

conduction band, and vice versa, is included. This matrix element

will be relatively small, as symmetry requires d-electrons to hop

into the Wannier orbitals of neighbouring atoms only, not those of

the impurity site itself, which have s or p symmetry about the impurity.

As the d-orbital is very localised these matrix elements with orbitals
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On neighbouring sitesg are very small

The Hamiltonian is '
l
}% 'EZ E¥<<:k6’c%<¢ + :EZ \4<nq c:kh‘(;ﬂdr L H c., + LI 2,1 |
Z R | = o
H E ﬂ‘mg. + Uy%#mlﬁrnmlf —-Tg - K Ld +2 [-cl (2.1.2

|
|

Various i = ic .
intra-atomic exchange terms to model the configurational

s ..),‘
Es p i 5 and L T tll 1mpuri 57 Y la[
QY l)l lal CT eath[l ope at()]: § ) 1 are e p (o] b

spin and orbital angular momentum operators

symmetr a i i
Y, basis set of spherical waves (or, more generally represen

is most ¢
onvenient for descrlblng the conduction electrons

hyb '
ybridise with the d-orbitals, otherﬁu—values may be considered to

have been implicitly omitted from (2.1.1)

| “
IIIE" lIltaIa:thI)‘ i'lth‘ th'e CCIldu:thIl barld 1s CCInplez:e:L} deteIHllIled

by the spectral density
Ay = TL Vi, |* $(00-£4)

The resonance width A (¥€A(djv

(2.1.:3)
the chemical potential M being taken
as ze“o) of an impurity level at the Fermi level is the characteristic
measure of the hybridisation strength. For A << U , J etc, >the

ae - .f Of flIllte is tO allow reso an
I at()][l, (A ()), the e fect A n t

SCatteI lIlg Of COIldUCt LON e‘e(:t): ons dl.lI L[lg wth t[ e 1m yurit y S

'lItL'all) EXCZLted to Ct}ler 'alellces' In‘ t}le StICIlg 11§brldlsathIl

limit :
mit, A >>U,J, the d-electrons become highly delocaliged and the

e feCtS Of t e a1 terl t o a IeatEd Y pertur a-
f h n acti ns re Evea.k, alld can be t b b
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tion theory in U.

A more subtle property of the model is the difference between A
small, and the atomic limit, A =0. For finiteA , zero U , J, etc.,
the ground state of the model, now a non-interacting Fermi gas, is
clearly a singlet. This remains true if infinitesimal interaction terms

are 'switched on.' The system is essentially‘finite or 'zero dimensional,’
and in an analogous fashion to the effect of finite temperature on low
dimensional systems, the quantum fluctuations associated with finite A
prevent any sharp discontinuities or 'phase tfansitioné' as the inter-

action strengthsU , J are increased; hence the ground state of (2.1.1)

is always a singlet for finite hybridisation.v In contrast, for A =0,

the ground state may be degenerate, corresponding to a lowest energy conﬁaur-
ofion of H' Wﬂn non-zers a.nﬁndar mnmﬂnhlm in that case the ground state

for finite A.has a dlfferent symmetry from that at zero A . Since

the effects of coupling a finite system to a heat bath at finite tem-
perature prevents any discontinuities, such problems are limited to

zero temperature, where they cause an infra-red divergence of

perturbation theory in A as T = 0. This divergence is symptomatic

of the Kondo effect (dealt with later) and is what makes the treat—

ment of this model both difficult and challenging enough to have
inspired so much theoretical effort in the last decade.

The sinplest and most widely studied version of the model,
which will be discussed more fully in the next section, is the 'non-

degenerate' case where the set of impurity d-orhitals ¢ is
g g p v nG

replaced by an s-like single orbital Cis Only the Coulomb term U

in (2.1.2) need be retained. 1Insofar as the Kondo effect is concerned,
it is likely that this simpler case is qualitatively similar to the

full degenerate orbital model.
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The Anderson model has found other interpretations besides itg
original one as 3 magnetic impurity. Ip particular (Newns (1969)) it
has been used to model the chemisorption of gas molecules o

surface. 1In that case the extra orbital Tepresents g molecular

Two related models must now be'mentioned. The Wolff model.
(Wolff (1961)) is a single-site Precursor of the Hubbard model

(Hubbard (1964)): an eéxtra interaction term is included at a single

site in a metal.

. s |
H "g_EKCKkaf + Un°1\ nQb (2.1.4)
Dog is—the.ogcupation number»opéfator of the impurity-site

Wannier function. For large U this model also describes the

formation of a local moment; though their physical interpretationsg

(and hence the interpretation of such Properties ag impurity Specific

heat, transport propefties, etc.) are different, the Wolff mode]l

with a non-degenerate band, and the non-degenerate Anderson mode]

are in fact formallX equivalent through a canonical transformation,

= (ot 2
H=26cte,. -T3 DI (SEORT) T

For a certain range of jitg parameters, the non-degenerate Anderson

model may be transformed to the S= % weak‘coupling antiferromagnetic

(negative J) Kondo model. Care ig needed in relating § > L Kondo models

-
to degenerate Anderson models: the Pauli matrices O must be replaced by

full J;fi§>matrices, and the multiplicity of impurity site Wannier

III”(:! 1.0ONsS takell into account. thtle (o]

fC)Im Of 2-1-5 E) t]:le Splrl qua[l um Ilu[nber Of t‘h.e Iou‘n.d State 1s S /2

- ( 3)

i

Kondo-1like models.
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2.2 Formal Structure of the Non-Degenerate Anderson Model

Specialising to the non-degenerate Anderson model, it may be
b4

seen to i
be one of the simplest but decidedly non-trivial interacting

fermion sys
ystems. Con31der the general Hamlltonlan, in an unspecified b
R |

L_)b" L)\J Q(r J°" 2 Z,L VLJKL C(W Je"ak 'aLO‘ (2.2.1)
T i e
he choice of 4 separable interaction potential leads to the Anderson
model:
. .. = WAVE ' -
VLJK'\. U Ve \(J ViV . ?IVLI = 1 . (2.2.2)

Define the operator

Cie = Z Vo O g6 - (2.2.3)

and choose a basis to diagonalise h
, ~ij

8.

o
H ‘ Eg_(lurau;-) H = H + Uﬁo\,phd\!f (2.2.4)
T 8
he model is now in Wolff form, the natural form for small U. For

large U, a new basis is appropriate; define Ed’ V, and w
o+
EH Caed = dcdtr + qu
{C&r) %"} = . @.2.51

Furthermore

V l]UO_ = Z \'/KA CKU— ‘(2.2.6)

by:

"

where

° _+
[_H CK0—7 = EkC,K,_ + VKA (-da* (2.2.7)

Finally, in this new basis:

H= Zjo.r_gkckrct(r+ Eazhda—‘* Un&r”éw" ngAC;:CANHA (2.2.8)

In the 'atomic limit' P y g :
s de 0, (2.2.8) is in diagonal form, and the behav

10ur Of (6] p

shown in Fig. (2.1). Th i :
) e case Edz -%U is called the 'symmetric model',

indicating that the Hamiltonian has particle-hole Symmetry

°
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Fig. (2.1).

Ground state of the
atomic limit (A=0) of
the Anderson model as -
a function of the para-
meters (Ed+%U), U

Magnetic region is
shaded.

Of particular interest is the sector U>0, 0>Ed>~U, where the
ground state is degenerate, and hés ﬁon;zero spin S=%

The hybridisation with the conduction band is characterised by
the. spectral density A(Ww), given by (2.1.3). If the model is used

in the context of chemisorption, as ‘mentioned in the previous section,
it may be important to retain a vrealistic band structure; however,
in the study of the magnetic impurity it is often convenient to make

the choice A(w)=A , constant. If this is translated into Wolff model
form (2.2.4) this choice corresponds to a Lorentzian density of

states:
/O(w') = Ik aN (2.2.9)
T {LA—EH)1+'ZSL

It must, hdwever, be noted that this choice corresponds to an infinite
bandwidth for the conduction band of the Anderson model, and hence a
divergent but subtractable ground state energy that depends on A,
necessitating care in formulation perturbation expansions iﬁ that quantity.
This pfoblem is dealt with in chapter five.

When the hybridisation A is included, the model will exhibit
complicated behaviour near the regions of configurational crossover
shown in Fig. (2.1). Away from these regions, however, transformations

to a simpler effective Hamiltonian are available. These may simply




(BL
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seen to i i
be one of the simplest but decidedly non-trivial interacting

fermion nsi
systems. Consider the general Hamiltonian, in an unspecified b
c ayv

H=2 hgala; 1 ol at

L)ﬁ- h\.J a(ﬁ- a\jr = Z-ijzklb y‘-JKL a\d’ aJd-' aku.'a‘-o. (2-2-1)
) 6’

The choice of a separable interaction potential leads to the Anderson

model:

ijkL i UVC‘\j*VK\/._ ; ZLV'VL|Z=1,, (2.2.2)

Define the operator
Cdc“ = ZVLO..CO—- . (2.2.3)

and choose a basis to diagonalise h
, ij

g‘

(<]
H = Z—‘ QLO.t-am.; H = H®, UnM\nc\\L . (2.2.4)

Th . .
e model is now in Wolff form, the natural form for small U For

large U, a new basis is appropriate; define E_, V., and V_ by:
Goch = Eych v vyt 0
J ds"-f d Cde- + V q]o"
S
{C&r) ‘7‘)6") = 0 . (2.2:5)

Furthermore

Ve = 2—:’4 Vit Cieer (2.2.6)

where

° +
[_H,CKOJ = EKC;; + V:; (_'EP _ (2.2.7)

Finally, in this new basis:
! F=

H= Y€ + B0 ' “

; i g Cpeo &rhdd_—)- Jﬂ&p”é{,f ;VKACKQ-CAN"M- (2.2.8)
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Fig. (2.1).

Ground state of the
atomic limit (A=0) of
the Anderson model as

a function of the para-
meters (Ed+%U), U.

Magnetic region is
shaded.

Of particular interest is the sector U>0, 0>Ed>—U, where the

. e . 1
ground state is degenerate, and has non-zero spin S=73

The hybridisation with the conduction band is characterised by

the spectral density A(w) , given by (2.1.3). If the model is used

in the context of chemisorption, as ‘mentioned in the previous section,
it may be important to retain a realistic band structure; however,
in the study of the magnetic impurity'it is often convenient to make

the choice A(w)=A , comnstant. If this is translated into Wolff model

form (2.2.4) this choice corresponds to a Lorentzian density of

states:

/O(w) = | s (2.2.9)
T (Lr—ﬁd)z+'lﬁl'

It must, however, be noted that this choice corresponds to an infinite
bandwidth for the conduction band of the Anderson model, and hence a

divergent but subtractable ground state energy that depends om A,

necessitating care in formulation perturbation expansions in that quantity.

This pfoblem is dealt with in chapter five.

When the hybridisation A is included, the model will exhibit
complicated behaviour near the regions of configurational crossover
shown in Fig. (2.1). Away from these regions, however, transformations

to a simpler effective Hamiltonian are available. These may simply
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Note that the ground state is always an n=2 singlet.

(d) —Ed, aruV

n.=1, there is a spin degree of freedom left in the d-orbital and

23

be derived by examlnlng the eigenstates of
H = E:Lz Nde + UﬂdTﬂdv+VZ'7"¢CJ°-+hc (2.2.10)
These are shown in Fig. (2.2a). Note that the ground state is always
an n=2 singlet.
Examination of the low-lying eigenstates in the three limiting
cases (Figs. (2.2b-d)) shows that as far as low energy conduction

electrons are concerned, they are characteristic of simple effective
Hamiltonians with weak interactions plus potential scattering. In the

limits nd:O or nd=2 , the effective Hamiltonian is of Wolff form; for

d

the effective Hamiltonian is of Kondo form. The effective coupling

constants are given by

YA
\Ieﬁf’= rT"ézl
ofF ' -0,
VR = 5w ; u¥ers Faiptma) (2 (5,0

(&
V= (A T = Blhda) - D Gy

In particular, this last relation between the magnetic regime of the

e
T2 Edd (2644) (Md~a) (2.2.11)

=
-
-
r)
]

'y

Anderson model and the Kondo model is known as the Schrieffer-Wolff
transformation (Schrieffer and Wolff (1966)). Apart from these
coupling constants, these effective Hamiltonians also require a
band&idth parameter to characterise their conduction band. Derivation
of this is not so straightforward, but it will be of the order of the
separation of the next energy level above the low-lying states, as the
transformations break down for processes with high energies.

Precise evaluation may be achieved by direct comparison of the per-
turbation expansions in A of the Anderson model in each limit with
the perturbation expansion for the appropriate effective Hamiltonian.
Finally, symmetry properties of the model will be considered. First, a

magnetic field term should be added to (2.2.8), coupling to the d-orbital
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spin.
]

H = —H(nhar-ngy) . (2.2.14)

If the conduction band has particle-hole symmetry (i.e., Alw)= A(-w) ),

2.3 Properties of the Anderson Model in Mean-Field Theory

The basic character of a system is determined by its energetics,

which is the case for the canonical choice A(w) constant, the Hamil-
the gross features of which may be obtained by a variational treatment.

tonian exhibits various symmetries. Apart from constant terms, the '
Hartree-Fock or mean-field theory (MFT) is such a method. Because it

Hamiltonian can be parametrised by (E, H, U), where E=E +4U, and E=0
d is firmly based on a variational theorem, mean-field theory, to the

indicates particle-hole symmetry. The Hamiltonian is unchanged under
extent that it is valid, is valid at arbitrary interaction strengths.

the following transformations:
In perturbation expansions about the non-interacting limit of

(a) (E;H,U0) ~ (-E,H,U) : (particle-hole ¢p/h) transformation) ;
? systems, the approximation of truncating the perturbation series at

(b) (E,H,U0) + (E,-H,U) : (spin inversion);
lowest order is equivalent to MFT for a weakly interacting systen.

(¢)  (B,H,U) >~ (H,E,-U) ; bher A ;
s o N L FrensivEAEion I o Spin eubspasedy However, MFT is a far more profound approximation than this, because

This last is of particular interest, as in zero magnetic field it re-
it is not limited to the weak coupling regime, but allows the study

lates the particle-hole symmetric positive andvnegative'U'cases
: ’ of the energetics of strongly coupled systems. 1In fact, to first order

(Iche and Zawadowski (1972)).
in A , mean-field theory and perturbation expansions about the strong-

This implies that along the boundary separating n=0 f =
7 P g 0 from n=2 coupling limit of the Anderson model agree, except at the singular

ground states in Fig. (2.1)the model with finite A is equivalent lines of configurational imstability (Fig. (2.1)) E, =0, B; = U,

to i z .
7 the Konde model, with the change that charge, not Spin, 1s where fluctuations dominate the energetics.

fluctuating.
The energetics of a system are largely determined by its high
energy fast response modes, which relax almost instantaneously into
mean-field-like configurations: where the MFT approximation fails is
in the description of the low-energy collective modes that determine
the long-timescale behaviour, and the symmetry of the ground state.
MFT often indicates the nature of the missing collective modes
by predicting a spuriously broken symmetry. An éxample is the theory
of ellipsoidally deformed nuclei, which are in J = 0 rotation states.
Mean-field theory assigns a definite orientation for the nuclear
deformation necessary to achieve the lowest energy configuration:

1

he spuriously broken rotational symmetry is accompanied by the

i
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'rs? appearance in random phase approximation (RPA) of a zero energy 'Goldstone'

rotational excitation mode. Rotational symmetry may be restored by

———

——

- MAGNETIC.
SetLuNeN

phenomenologically making the order Parameter (the deformation axis)

a dynamical variable, leaving its moment of inertia as a phenomenolégical

parameter (to be determined by experiment) that is beyond the scope

[ =

of MFT or RPA to predict.

Such a modern view of MFT has been recently successfully applied

to the thermodynamics of the ferromagnetic transition in nickel,

an itinerant ferromagnet ((Prange and Korenman (1976)). Local magnetic

the non-degencrate Anderson mod-1

(BI order must exist both below and above the transition temperature, hence

the Stoner criterion governing the occurrence of local moments must
be irrelevant in determining the properties of the transition. In the
Korenman and Prange treatment, the local band structure corresponds

to the magnetic MFT solution, with the magnetisation in some given direc-

tion. Long wavelength collective modes, where the order parameter

direction varies slowly in space, with little energy cost, must exist.

These are controlled by gradient terms which must be inserted into the

model 'by hand,’ and treated semi-classically. From this ansatz

1 ° X
Phase d1ag;am'~of the‘Hartree—Fock ground state of

X
. .
CE_;; . L the properties of the transition can be recovered in terms of a few
i t
iy, 0 o
‘»&-&‘ - \:f unknown parameters.
£3° ‘ -
-~ Cr > B The preceding remarks are by way of a tribute to mean-field theory,
L <ugi o] L&
i
W L— e the virtues of which are often unjustly treated with disdain by
o 4 7
A =
z = o7 ]
~ B {;'Qé a '"diagrammaticians' armed with exact theorems about the symmetry of
- g —~ o -
g 3 : 1 & the ground state, which may be violated by MFT. In this work, MFT
LU : . "
o~ 1n 5 : o results, suitably reinterpreted, are used to give a qualitative
1% [ Ix) e P b
= o ¥ e
BN = 9
-+ 43 o\ . picture of the true properties of the systems.
tzi o 1 :
] - + i3 The mean-field theory of the Anderson model is a special case of that of
¢ T ; 0 ¥ A ' ’ L)
T T T ety P e
\n O ! l § the model discussed later, so only the results will be described here.
w y

—
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A 'phase-diagram' of the Hartree-Fock ground state (corresponding to
Fig. (2.1) with finite &) is given in Fig. (2.3), and values of <nd>
andl(zi{7\ are plotted. The horizontal axis is the line of particle-
hole symmetry.

By comparison with Fig. (2.1), it is seen that the discontinuity
between (ncb"-'-'o and <n(?‘=-"2 states has been smoothed out for [U|<LTTA

h ] - o - - ° —-7
and the magneti¢-region with non-zero ](Séﬂ is now bounded by a

second-order 'phase boundary.' For large negative U the discontinuity
between (nd>"10 and {ncpﬁZ contiﬁues to exist. Both the 'phase transi-
tions' and magnetic phase are of course in violation of exact theorems
(e.z., Hepp (1970)) stating that for finite A , all properties are con-
tinuous functions of the model parameters. Deep in the 'magnetic'
region, the HF mean spin correctly gives the reduction of the suscepti-
bility in the Curie-law temperature range to first order in A .

Various regimes of the expected exact behaviour may be characterised

on the basis of the HF diagram (Fig. (2.4)).

Ed+ifo

WERKK  PoTENTIRL s

WMol
SCATTERING

FLU CTU AT RS ———
| R G

Resogh T
Do Te

WERK Po oL stamer

Fig. (2.4). Characterisation of regimes of the Anderson model.

In the weak potential scattering and resonant scattering regions.
MFT is essentially exact, since interactions may be treated in first
order perturbation theory. There are two Kondo regions, the region

= ﬂ |
where [(Sé)lﬁ‘ﬁL, and a corresponding region of Kondo charge fluctua-
tions, where the discontinuity between (ng':O and (n5;=20ccurs. By
the symmetry relations mentioned at the end of section 2.1, positive
and negative U particle/holé symmetric models are iéomo;phic; so fhis
region of charge fluctuations is equivalent to the region of Kondo
spin fluctuations. Since the Kondo fluctuations are very slow collec-
tive effects, HF theory is still valid on shorter timescales, as
suggested in the earlier discussion.

Also shown in Fig. (2.4) are the crossover regions where the
behaviour is intermediate between that in the three main regions.
These are regions of strong fluctuations, and HF theory is least adequate
there. There are the regions of so-called 'local spin fluctuations'
(LSF) (Mills and Lederer (1967)), and the equivalent region of 'local
charge fluctuations.' Finally there are the 'interconfiguratiénal
fluctuation' (ICF) regions (Hirst (1970)), with valence fluctuations
between states With<hé>ﬁio and 1 or {p&)cﬁlland 2. These are the regions
of interest for the mixed valence problem, and are studied in the

later sections of this work.
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2.4 The S=1% Kondo Model

The behaviour of the S= % Kondo model (Kondo (1964)), once
enigmatic, is now reasonably well understood with the help of modern
renormalisation group (RG) technlques Recalling (2.1.5):

H = z"-gk CKO“CKr TS £ CCT“‘}Ca)
Co-r" ; Uk Cree | (2.4.1)
(Note that various authors use different coﬁventions for the sign of J3

and may omit the factor of L ),

A perturbation expansion in J for the impurity susceptibility
yields (Yosida and Okiji (1964)) . ;
o~ I AN Z_Vl'f J
'XM?* 1+ TP (Tf)l?’b(."?/]’) +-’0\(@}°3-;,‘m (@ /D)BQ*“)
where P=p(0) , and

;@0) EEL‘LKI S (- —€x) . ‘ (2.4.3)

D (= D D ) ) 1s an effcctive bandw1dth Diland D2 are particle and hole

cutoffs, precisely defined by

e . XJ} 9;‘:<—V
s_nl B C é-i‘ (!ﬁ KX jdﬁ 5:, y /Q( / )) 2.4.4)

i?“,()) Yo

C is Euler's constant, 0.57721.... D2 is glven by an analogous

expression where p(x)>p(-x) - Equation (2.4.2) is valid for . <<D D

th .
EUI t]:le U-Sual Syﬂunetrlc CaSe D] DZ—D s the gelleraln OIdeI te'[m in

(2.4.2) has the structure
n 4Rl P _— a
(97 {;;Q Kp n" ‘/D} (2.4.5)

Summation of the leading logarithmic terms (Jp)nlnn-l(;T/D).(correspondim

to the so-called 'parquet' diagrams) leads to (Abrikosov (1965))
§¥ R (‘ + Je + (less divergent I))
- Mmp T 4T\ {~7p] o('r/D) terms } (2.4.6)
In the antiferromagnetic (AFM) case (Tp negative), the sum of leading

terms grows at lower temperatures, and diverges at a temperature TH

Dexp(1/Jp) (formerly identified as the Kondo temperature, T );
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the ferromagnetic (FM) case, the leading corrections become small,
vanishing as T*0 as (1n(7f/D))—l The structure of the problem became
clear following the development of scaling techniques by Anderson and
Yuval (Yuval and Anderson (1970),‘Anderson (1970), Anderson, Yuval and
Hamann .(1970)), later extended by Armytage (1973). Scaling techniques
will be discussed in chapter six; the basic idea is to reduce the
bandwidth D by integrating out high energy particle and hole intermediate
states during scattering. For small Jp, it is found that to lowest order,
this merely renormalises the matrix element Jp, scaling one Kondo model
to another with different parameters.f This scaling property implies
'universality': instead of depending on two parameters D (an energy)
and Jp (dimensionless), the properties of all Kondo models with Jp

small must be the same when expfessed in terms of‘a characteristic

energy scale TKﬂJp,D).

For example:

L LA\
() = = ${T/Te) 2.4.7
jxan} ‘ 1?1 5 % ’ . )

where f(x) is some universal function.
The scaling equation,developed‘by Anderson, Yuval and Hamann (1970),

and extended to second order by Armytage (1973) is

57((5%3 = p* r L (TP + 0@t (2.4.8)

For Jp small, this may be 1ntegrated

[d(p) <op“ =, +0(1)) = f:l(w) (21.9)
yielding

D Q)(P ["—'3:? + ’é__Lh/jf?) + O CJP)) = TK “ | constant. (2:-4. 10)
The Kondo temperatureﬁH{ is an invariant under scaling, and provides
the energy scale for 'universal' Kondo.behaviour in the weak-coupling
AFM case. D may be precisely defined through (2.4.2).

The scaling equations are in fact a systematic method of summing

the logarithmic divergences in the perturbation expansion. The
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truncation of the series in (2.4.8) after first order yields the
quantity‘T* as the universal energy scale. The form (2.4.10)

was first obtained by Sakurai and Yoshimori (1973) after summing next-
most divergent terms in the ground state energy expansion. It is
noteworthy that third-most and less divergent terms do not contribute
to the non-analytic form of TK.in the lpr<<l limit.

The scaling equation (2.4.9) allows immediate solution of the
weak coupling FM Kondo problem. As D is reduced ¥Mﬂ’ gets even smaller,
and the correct procedure is to scale to a model with D=T, and a new Gﬁm

:C_g? + 4 nl3p) +O(f5)=$§f§f%[ﬂi@!fo[7{a) = (T/b) | @)
For T=D, the logarithmic terms in the perturbétion expansion vanish. |
As ISZ[ isvsmall, the susceptibiiity is then given by

o~

X(T) = 4%'—-{! + TP + olFp): ) O (2.4.12)
AsT>0 ,55+0 , and TX*% for the FM problem. If the scaling
equations are truncated at lowest order, the result (2.4.6), the sum
of leading divergences, is obtained.

The weak coupling AFM case is not so easily solved. As D is de-
creased, ISE' increases, and soon it is outside the range of valid-
ity of the scaling equation expansion (2.4.8). On heuristic gfounds,
invoking the fact that in the 'asymptotic' or weak-coupling, low
temperaturellimit there is a correspondence between the partition functio
expansion for the Kondo model and that for a certain Ising model (Anderso
and Yuval (1971)), Anderson, Yuval and Hamann (1970) argued that the
weak coupling AFM Kondo model was equivalent to this Ising model just
above its ordering temperature; scaling the Kondo model to larger Ifrf]
was equivalent to scaling to Ising models at higher temperatures. The
Ising model properties behave smoothly as T | corresponding to
infinite lJplas D+0. This suggests ,Jp]*w, D>0 is the eventual fixed

point of the AFM scaling trajectory, just as [Jp,+0 » D> 0 was for the !

tréjectory. At low enough temperatures weak coupling AFM models behave

like strong coupling models. The variation of X with T is schematically

shown in Fig. (2:§).

TX(T) ' _
)g’_\.._._..___._-_..______--.._—UF—')'V
3 Throng @uplmsy FM

Fig. (2.5)

Temperatﬁre
dependence of
the S=!5 Kondo
model impurity
susceptibility.

Weak wuplivg FM

weok- cuphng AFM
7[’:—'00

Steons coupling AEM _— \/\
0 *T

It may be remarked that using a procedure similaf to that uéed in
section 2.2 to derive the Schrieffer-Wolff transformation, the
strong coupling FM S = % Kondo model may be transformed to a weak
coupling AFM Sd=ilfmodel. Similarly, the strong coupling AFM S=1 model
is equivalent to the weak coupliné FM S = % model. The general corres—
pondence (weak,:AFM;:S)v+f?(stroﬁg,tEM,fS—%),,and (weak, FM, S) <> (strong,
AFM, S+i5) . may be used to confirm the existence of £he IJp|=w fixed
points of the scaling ' transformations and to determine their stability.

Finally the impressive numerical calculation by Wilson must be
mentioned. Wilson (1975) devised an RG scheme that could be ¢arried
out numerically on a computer, and succeeded in scaling from the weak
coupling AFM model right through to the strong coupling limit, and
explicitly calculated the universal function £(x)of (2.4.7).

His method was to study the Hagilﬁfzifn: ) - .

HAN) = —Ug-i(cjggb) +- \./";)j\ ";(t,;}_\ﬂ_ Cne-th-C) (@2.4.13)
This Idescribesa tight-binding chaiﬁ of orbitals coupied to a free spin.
In the limit A+l; N>  the spectrum projected on the zeroth orbital
is continuous, and this is a standard Kondo model with D=V . For
the hopping matrix elements between successive orbitals

A>1 ),




34/

~D, and the, "Kondo effect' disappears, universality being limited to T=0.
decreases as n increases, and the spectrum of‘t‘:O becomes discrete, with '

025 - —
poles uniformly distributed on a logarithmic scale for positive and o~édl Fig. (2.7).
i . ! Universal curve for
negative energies;w =0 is a limit point of this sequence of poles E;‘°'15* the temperature-
, dependent impurity
(Fig.(Zﬁ )). Since arbitrarily low energy excitations above the Fermi }‘;.°:}°4- ‘susceptibility of
\ ; N\ l the S=% AFM Kondo
. S . o 0+05 - model.
WA t T/Te : :
s dh ._.}_\\ SMQQﬂ‘Qd Fi_ . (2.42 000 . - N ! : . — (after Wilson (1975)) o
2fAcing, °‘CP°’U ——— &~ spechwl T lor o jo® po! 10 1o} 1o 1% lof o7
decreases | o aensity. Spectrum of zeroth ' : ' 5
bogunikwutnla. o= = (qufc a< E srbltal dn Wilson's As an aside, it may be pointed out that Wilson's assertion
i
w=0 e 1Sy, J Kondo model when A>1. .
U“ﬂﬂ‘-_—v——’;?:::;__a ,‘EJ%E& af I ' (Wilson (1975)) that the Yuval-Anderson expansion does not reproduce
point I Poles clecreases
rf/" t:GEHEBy) the universal behaviour of the weak coupling Kondo limit is incorrect.
CrCoses
He bases this statement on a comparison of his calculation with Schotte's
(B level are possible, A>1 models also show the Kondo effect. If N is '

LN version of the expansion (Schotte (1970)), which does falsify the vital
finite, the spectrum has a gap of order DA * around the Fermi level .

?-{
: second order term of the scaling equations (2.4.8). However,
at w =0. pnrm - P
- : . I ) . 4 the Yuval-Anderson treatment, as demonstrated by Armytage (1973% does
To calculate the properties of the model at temperature T, it is .

. give the correct form for T_ -

necessary to calculate the low-lying eigenstates of (2.4J3>v with finite K
> LN . Using the fact that the scaling limit is Jp*e , Nozieres (1974)

NsoTZ<DA®.

has devised a phenomenological Fermi liquid description of the low
Wilson calculates the spectrum perturbatively starting from N=0, -

temperature properties in terms of a single parameter, which can be
and adding one orbital at a time to the chain (1.4.12). For A~2 or 3, :

fitted to Wilson's result X(O):O.IT»—l. Apart from its methodological
each new term is a small perturbation on the scale of the previous K ; :

importance; the achievement of Wilson's calculation is. in numerically
spectrum. At each stage, Wilson truncates the Hamiltonian, retaining

matching the known high temperature behaviour of the model, and the
only the lowest 1000 or so eigenstates. For small negative Jp
‘ : ' low temperature behaviour, which is known once the correct scaling

the succession of small perturbations always eventually causes a drastic

. limit is identified.
modification of the low-energy spectrum to the form characteristic of

the case Jp~—© , confirming Anderson's hypothesis that AFM models . . i
? & 4y ¥ A, Luther (private communication) points out that a reworking

always scale to the strong coupling limit. The calculation confirms of Schotte's expansion, retaining the quadratic or 'orthogonality

. . = , , :
the form (2.4.10) for TKf For T~0, Xf0'103TK ; at finite temperaturé catastrophe' term of the'X-ray exponent' is sufficient to restore

the suceptibility of all AFM models maps onto the universal curve (Fig. v : .
: - universality.

2.7)) for T << an effective bandwidth parameter D(Jp), for large Jp, I ’%Cérﬁwﬂxa&thDT“A Samnﬁﬁw} egaments Guﬁ%fﬁg’ﬂuwlﬂm%;%UMt apgﬁﬂimah@ﬂ

el how Cuer r%ﬂuir&&.
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The Wilson technique may also be used to calculate the exact propertieg

of the Anderson model (Krishna—murthy et al. (1975,1977)). These calcul-

ations confirm the Schrieffer-Wolff result
T A /] [
J P = 28 = T (2.4.14
m VBl Egru iy

eff
for [J p]<0.2. They are also consistent with the complementary relation

ship . . tam v ] .
P gDy XE D, w&(Ed +U) , and hence D o

. ) d
(-5, (5 +0)) /2

Tirst derived in the course of the present work (Section 5.3).

p——

(for Dl, D2 much smaller than any Anderson model bandwidtm

2.5 Derivation of Properties of the Models from Impurity Site

Green's Functions

In this section it is shown that all the transpoft and thermo-
dynamic properties of the class of impurity model being considered
may be extracted from a knowledge of the spectrum of a particular single-
particle Green's function. The Anderson, Wolff, and Kondo models have
the form: " ~
H=H +2 A clcy + B |
W= 2 60 Crr Cor = ZoVilhe (5.1

The spin dependence of € allows for the presence of a magnetic

Ka~
-~ A ) :
field. Aamqu act on some Hilbert space internal to the scatterer.

The fundamental single particle Green's function is
' _ +

Gt () = Lo C°€i>>w,FH 2.5.2)
Where GZCthE%%DHiS 2T times the conventional Zubarev (1960) double-—
time thermal Green's function, and satisfies

w&ashy gy = (Tobly)  + KBa)ibY), |, @5

and has the property:
| fi; At . '

Caby = —— @ == byl ,

< >ﬁH 2T eﬂw_m < 2 >us,/3H (2.5.4)

i . v
I is aicontour that encloses the real axis: (~w—ig) > (+w—ie) + (dotie)
(—otig) > (—o-ig) ;Y = + 1 as appropriate for ithe Permi/Bose character
of a and b. The most general form of the quantity G_ ,(w) is

~ 00
Gog'led = 9+ Q[ heo,, s (2.5.5)

/\ 3 3 3 e
where h is direction of any magnetic field (or broken spin symmetry),

__).
and 0 are the Pauli matrices. By a suitable choice of spin coordinates
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Gy _G(w) can be made to vanish. If there is no impurity scattering
(3=0): .
- b - Wy \2
Ge (e = Gl = T (@ (2.5.6)

Because of the separable form of the scattering potential, the conduc-

tion electron Green's functions must have the form
LCrey (ke = Gppe = (ée 3% (6’“5«0') tkk’o"“) /o—c’«’ ) '; (2.5.7)
where. the t-matrix has the form (w) = vty (w)v 5
.and can be consfructed from G
CT‘o_ B Zj} Vi CTKK'G“ V! = G;— “+ C?rtu_lw) Gy (2.5.8)
Er = (Ge—-6%) /(G . , | (2.5.9)
By 1nsert1 on of (2.5. 9) into (2.5.7), it can belverlfled that G Kko (W) no

lonOeL has poles at Ek’ they are at the poles of G " TF B =_O

(Wolff model, or zero-field Kondo model) the equations of motion may

be used to obtain the impurity internal energy SUs= S<H>§H in tegrms, of G.

i
|

. o :
_Z,,{r (- x6) VeV G = 1= ;o_,«l%ﬂ.: o5 Cood) (2.5.10) ;
Using (2.5.7) E
.0 i
;r &« @n"(‘of'jcl'c'>» = Z'_ Qe Eoteo) (2.5.11) g

The conduction electron energy change is obtained from:

o f Cra Exs IV i)?
g; Exe K Cre ) e D Z Py T exslVel™ L ()

K6 (L0~ &) o

R —

EK w~g % ._..T J qo 4R o] z :
ZZQ- ~ (b-2xe) L(0 23519, G% ) by 1) (£.5.12)

¢ dw |

i

Using (2.5.4), the impurity contribution to the internal energy is just ;

< = | Ao Jd [}
= L dw d /
ou 27T :'Z— I" ePe usq"’c") to'/w) (2.5.13)
Go“ is specified by its spectral density:
=
G,.(e) = /dw Vs /“’) : (2.5.14)

From a knowledge of ’)Jr[u)'r) tﬁ{.w) and hence EU((T) can be con-

structed. The number of internal states of the impurity gives the en-
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tropy SS at =0 together with §WU(T) this allows the free energy
SF(T) to be constructed, completely specifying all thermodynamic
properties. ‘

The transport properties may also be obtained: the quantity of
importance is the scattering time C€(w) , obtained from the forward
scattering amplitudes. Setting \Q=k' in (2.5.7), and dropping spin

indices

. IV&\ E(w
Ok = Ghe ™ (G-n)*

- bt
= (w—Ek.dlvnlzc:(wD + O Vil (2.5.15)

Since (Vx| ~ O (/) , the correction term can be neglected

in the continuum limit. The inverse scattering time is defined as

tk_' = Im tKK (EK—L‘S) (2.5.15)
Averaging over all states with energy &J
-\ _'_ ) 3 Y
T (W) Tt ( V) IME/wD (2.5.16)

where ‘O/b} is the total density of conduction band states, and Vo(m) S
the spectral density of Go .

A unitarity bound on the scattering time (Z" £ QTP)—’) can
be obtained by assuming spherical symmetry, in which case (2.5.1) must
describe C= 0 scattering only. In the absence of spherical symmetry,
the usual derivation becomes invalid. The unitarity bound can, however,

be derived on more general grounds, dependent only on the separability

of the scattering potential.

Using the separabilit’y of the effective Scattering potential, V

*
Vvkvk' s a Dyson equation for G may be written

Glwy = G + G%) Vie) G (u, | (2.5.17)

Because of the internal structure of the scatterer, |/(w) is a fre-

quency and temperature dependent effective potential of the form

kk' ©
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V(w) = fau ffw,

j?uﬁ is a real, positive spectral density, with poles at internal

+  Coushant. (2.5.18)

excitations of the scatterer. By solving (2.5.17), t109 is easily
found in terms of V{w):
Vi) ,
E (e = T Vi Ere) . (2.5.19)
Writing \/fts-(e) Viw) + { §/w) s G Cu-ce) = RiI4 LY 7w

for ¢ real, the scattering time (2.5.10) is given by

(vov) s (V°§)1 w(YoF ) (2.5.20)

T ) —
T ( (1=RV)™(rV)* ¢ 20v%5) o) (VR)) 72

The inequality (2.5.20) is evident. The condition for maximum scatter-

ing, or the unitarity limit, is that JIm \/(w"io‘f,)and P\,g_ (l—-\/lw)Cf/w—,ie))

are zero.

The properties of the Anderson model are best expressed in terms

of the d-orbital Green's function. In particular

by = Y? qa((w)

where |

V Cog‘ = z“: VKA CK:S‘ ~

In an analogous fashion to the derivation of (2.5.14)

(2.5.24)

(2.5.29)
» the impurity

‘ i 3
internal energy is found to be ..

u 3 ZT'L V‘éeﬂ“ [ (C‘J—’-Ear) + (—L aé)ZWMI }C’ (w)} (2.3.238 :

io-;;« ‘)

|
I

Mattis (1976) has reported a somewhat similar derivation of

thermodynamic properties of these models from a single Green's function.

However,his formulae are apparently different from the above, as he Seemil

to have omitted correlation energy terms and identifies 'SU' with only=

the change in occupation of conduction band states:

5 in particular, his

basic equation (his '"Eqn. (6) ') states that the internal energy is given §

Z qkmf (com18) )

ke

= KHY, = fw

. P
N R +
quality is apparently in error as the correlation terms (Acoca>

e [ Im
ot

(2.5.24)
efi 1 £

\‘LJ

The second e
included here through (2.5.11) have evidently been omitted from <H:>H; the

third quantity in (2.5.24) is just {H)o .
Two key (and much unappreciated) theorems on the zero temperature properties

of the Anderson model, due to Langreth (1966) are available. Gdsj&» may be

written as

Gty = (- By = Zgy0e0 =Ty (o)
Wil 2 A
= = B ax
iSd{wx Z —'EK -y ¥ d
PV f M" dx (2.5.25)
AArA ATy, x5

Z: is the d—electfon self-energy due to hybridisation with the conduction
s
Zd &

The amplitwde for decay of a particle into more complex

band, present when U = 03 (#) is the self energy due to interactions between
y 3

. .
the d-electrans. exci

ations is proportionzal to K(U); at low energies, this is sharply limited by the
Consider the process

lack of phase space for such decay at the Fermi level.

where a bare particle decays into N+1 particles and N holes:

7ng holeg

A } NS Parh(( X9

For small CO, the density of final states that conserve energy is
- IV
204}
priw) = Prod fdw; cdy g, Siw- Ewr/)
A lN'r\ XY
Y 2.5.26
(/ {o> =7 ( 26)

s

where P(D) is the fermion density of states at the Fermi level. Thus as &0

ering processes (N=0) are allowed. The dominant contribution

only elastic scatt

s o v . °
to § (¢3) for small W comes from the N=1 process:

\
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}ceracting systems as well (Langer and Ambegaokar (1961)) also applies to the
in

derson model at T=8, Langreth points out the existence of the Ward identity
An :

(Luttinger and Ward (1960))
. Lim é‘ d““’ 9‘244;’“’ q /u) = O(—rl)
pov "‘T“ 1efs) \ oo |

The change in total parulcle number due to the impurity is
s > = g B 8, (Bl -oei) 46
divided into elastic and inelastic _contributions: S "'> . K 46">

| Al . D= SE
i () ~ = nlm én e (b gr:fd) . | . :A,(2.5.32)
Celashe = Alw) + 41wy Ctoted | | _

(2.5.31)
(internal lines and vertices are dressed ); thus b’(w) 'VD(LUZ) as U-0 ,

Langreth pointed out that the decay time Z' () given by (2.5.16) can be

The addi of (2.5.31) allows this to be integrated directly at T=0:
a <1 - '
- o) Sen ..9291 ey 92,
_CMU‘—\ShL = . INTIER (4 Fokd (2.5.27) -3¢ t.-> '?n-t- ’3&‘ (l — Cyds q;‘_/w)
. ) 5 e 12V
For small enough energies (i.e., at low encugh temperatures) elastic processes
dominate, and the properties of the model are those of a Fermi liquid, - __I_ - LV\ q
Elastic scattering may be described by a phase shift; such a descrlptlon
is thus valid for low temperatures and particle energies near the Fermi level, . [ O_
R | o - ( : ) (2.5.33)
‘For slastic scattering of electrons in a spherically symmetric conduction : e dw "a"w Clh% C‘dc‘/“”tc ,
—pe
band, the t-matrix takes the form: . Hence
i 1 e te)
£ €) = : - -
kk (B #(€) < TP(sx) < Swb ray; (2.5.28) 7 ‘3
: A - (2.5.34)
hence,summing cver the energy shell: vy % (ﬂ \ = ~rr Q.l"g C\e‘*r!Q-‘lE> (T O)
~ t 5 thls is seen to be just the phase shift at the Fermi
: , LSK"“) : Using the form (2 5e30)5
2 tm.ff:crﬁi)g/“"fk) 0 Mmb lwy = Alw) @‘dr/w) . (2.5.30) _
“ level, This then gives an exact expression for Gdo,(éﬁr:i’j)'ln terms of S(n;) at
Since the properties of the model are independent of the individual behaviour
ZeTo tempazrature:
of the coefficients V)es the form (2.5, 30) is valid in general, whether or g | " f-g
. 5 . ,1 .’ = e 2t A o
§ PR = IN{D)
not *hera is spherical symmetry ( recall the similar general validity of "_’39.1{ (0+ “\ . £ e Sw"go-
tha wunitarity ine vality (2.5.20). It should once again be emphasised that ~ - - = NN LS/ . 2.5.35
q ) va - S < nc’> = NYg2 \"ﬁ-‘ Kﬂ!f.‘«;f' - ! )
(2.5. 30} is nly valid at T=g, Inciden_-:lv, this relation is satisfied by the Hartras-Fock solutions
The other theorem pointed aub by Lengreth (1966) is thati the relation batuaeJ! described in section (2.3}, The full implications of this relation were not
phase shifts at the Fermi surface and impurity charge: derived by Friedel (1952) aparon the time, and reduire the additional informatinn {j;—];.-é-,’ faor finite _,{\.‘fa)!
and used in his famous sum rule, and subsequently demenstrated 'to hold for $in isotcooy is never broken in rerq magnatic field, and hence 3]\ _ C“i ;
We consacusnces of (2.3.35) are discussed in the following section,
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(internal lines and vertices are dressed ); thusb’(u) NO(LQZ) as Q-0 ,
Langreth pointed out that the decay time 7f104) given by (2,5.16) can be

divided into elastic and inelastic _contributions:

.,4 Y- Al > —f
’ZQIC\S'}'IL, = vAfw)—l-'{/l_.;) Foted

_ w) =
t lV\LlQShL - A'Ip,_*r/u) 2' 'h)"‘-—q (2.5.27)
For small enough energies (i.e. at low enough temperatures)velastic processes
dominate, and the properties of the model are those of a Fermi liquid,
Elastic scattering may be described by a phase shift; such a description
is thus valid for low témperatures and particle energies near the Fermi level,
‘For elastic scattering of electrons in a spherically symmetric conduction
band, the t-matrix takes the form: .
- 1 2§ f5)

t €) < 3 — -

KK (EK*L‘i) = TPR(sx) Slhga,/&); (2.5.28)

hence, summing sver the energy shell: q

Et;;(’fxrii)g/w'&) :.el's‘fm) Sy = Alw) Ga /() , (2.5.30)
Since the properties of the model are independent of the fmdividual behaviour
of the coefficients Vk’ the form (2.5.30) is valid in general, whether or
not there is spherical symmetry ( recall the similar general validity of
tha wunitarity inequality (2.5.20». It should once again be emphasised that
(2,5.30) is only valid at T=0,

The other theorem pointed out by Langreth (1966) is that. the relation betuwed
phase shifts at the Fermi surface and impurity charge: derived by Friedel (1951)

and used in his famous sum rule, anhC subsequently demenstrated to hold for
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geracting systems as well (Langer and Ambegaokar (1961)) also applies to the
in er

derson model at T=8. Langreth points out the existence of the Ward identity
Ander ! = :

(Luttinger and Ward (1960))

. Lim 95 v 92446-0') q (W)= o). (2.5.31)
o DJTL 16“—” AN

The change in total partlcle number due to the impurity is

SNy = . : (Z(qm qmﬁ‘) +qdr> _
~_g__§sa> qd? | . [ (2.5.32)

{
= am @P aﬂ“-:-'l (L'

The addition eof (2.5.31) allows this to be integrated directly at T=0:

Sy = L 36 (1~ 2z 9%4 /u)) G o
= 8{3’4 ("adl—hqa_o->

‘ 0
= ﬁ[«—-[dw ??Zo a.h%(qdq_/m__ic) | (2.5.33)

Henes

{ v D034

%(/ﬂﬁ_\} = = 5“‘3_(»\ (Q_ng> (T:o) (2.5,34)
i i

form (2.5.30), téls is sesen to be just the phase shift at the Fermi

Using the
level, This then gives an exact expression for Gdg(usﬁ)vin terms of ${ns) at
¥eTo temgsrature:

- ;t':gt',.

Yy foxie) = Al @ S §

of
% = SNy = <N + 87 (neS - (2.5.35)
K

Incidentally, this relation is aatLo‘ifd by the Hartras-Fock solutions
described in section {2.3). The full implications of this relation were not
diparant 2t tha time, and reduire the additional dwformatinn it?'u;*‘-‘., far finite

. C e - sananatic Fial and hence . :_,"- %
Spin isntrooy is mever broken in zero magnatic field, and hence t)T t{@ 3

. e
The consamisnces of (2,3.35) are discussed in the follo no section,

Alo),
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2.6 Spectrum of the Impurity Site Green's Function in the Kondo and

Anderson Models

Consider the case of a spin exchange-coupled to a free orbital:

H=ELCree — 35 LET0)

The eigenvalue spectrum of H is shown in Fig. (2.2(d)) on page 22

(2.6.1)

.
il G ' i (c ;c IIaS tl]e S])E(:i rum E g. (208)}n
t e reen s fu[lctloll ( 00 00’» . ( i -

' (2.6.2)

Viewy = T (6(0-8+243) + 5(a-£,-3473)) .
(SN
537 e () Fig. (2.3)
,ét-fw_;-- The spectrum V(w)
7 | , (see text).
Eg-l-z_'_? e C ‘/1)
&

’

The pole at E h it in .
. as been split into two by the formation of a singlet

ground state by exchange-coupling to the spin
A variational approach to the Kondo model ground state may be

taken (Aps : Zond
(Applebaum and Ronao,(1968», and a trial singlet ground state

of the form (2.6.3) chosen:
L (oa*Y, ~al P
“,_Q:(Clo,? X\;f Qa&?(¢3g Gnp Qpy, [Vacs

where @., '} are line i i
0 {?k rear combinations of Ecgg » and X are the spin

- (2.6.3)

waverTunct Ko} 1 e n 1 a
DO bg_ateS ] it ] i v
c W h € near the Fe;.ml ie el- ThiS can be seen in the

simpler trial form (2.6.4).:

i A, AN N T A 4 .
75 (Cen Xy, ~Citl N ) 2:‘3,/0 Calp Culy, (VoS 5.5.43
. R '
This has an energy expectation value of
(/H'\:‘ = Cc,-z +- '//'
> = | &kl 4 J (2.6.5)

This is lowest when |S, | is ze : .
= , k’ 1s zero, 1.e., SR right at the Fermi level

Ind

Such singlet formation 1 v n
singiet Formation is favoured by antiferromagnetic coupling
£ B “ : g o
O

S N AN s aEsE =

45

(negative J). The absolute value lekknters as such a state requires

an extra particle to be bound if €1 is positive, and a hole to be

_bound if it is negative, thus tying the lowest energy singlet state

to the Fermi level.

When the form (2.6.3) is used, the effect that splits the
pole of the Green's function in (2.6.2) leads to a hole in the
spectral density of G opening up at the Fermi level at low temperatures.
The AFM scaling limit lE;?T)l >o as T > 0 suggests that the effec-
tive scattering potential V(w) (2;5.18)Vdevelops a pole at =0
From (2.5.17)
C?ﬁw\ =

So Im.G(w)»0 as w*0 , if V(w)~ w—l. Likewise (2.5.19) shows

as T>0 .
] (@)

| — V(<) G Y0) (2.6.6)

that a narrow resonance develops in t(w)at the Fermi level. This
resonance = is known as the Abrikosov-Suhl resonance (Abrikosov (1965),
Suhl (1965, 1966)). It is evident in various approximation schemes
that attempt to treat scattering self-consistently within Green's
function truncation schemes (Nagaoka (1965)), dispersion relation
approaches (Suhl (1965, 1966)), and diagram summation (Brenig and GBtze
(1968)). However, although they qualititatively indicate the forma-
rion of such a resonance in t(w) , these schemes, which turn out to

be equivalent (Duke and Silverstein (1967) , Zittartz (1968)), break

down in the region of interest.

The width of the resonance will be of order TK’ and V(W) ~ TK/(uJﬁHO)),

In the case of particle-hole symmetry (Re. GO(D) = 0) 1?1(0) reaches the

unitarity limit; for a non-symmetrical model, (2.5.20) shows that 1?1(0)
=1 . 2 a] ' . e e

reaches (ﬂ?) sin“(arg(G (0)). The likely modification of Im.G(W) for

T < TK is shown in Fig.(2.9).
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Fig. (24) &
probable modif.

ication of Im,

Tl ARG = 5000
$Tx Kondo effect g

léw temperatur W - No) (l_ d p&(idd *‘Esd)

If the phase shift when U=0 is denoted by S/‘-’): the impurity spec:.f’lc: heat

From (2.6.7)s (2.5.25)

(2.649)

s b : . — may be written o
= G oL (:L 48 @[S(««D—wa))

S " The developpent  of a resonance in the t—matrix-corres_pc;nds in the -_6 /0 <0 HDJ Ww=d .(2'6'10)
Anderson model to the developmé_vs‘i:- of a resonance in r;d(w) at the Fe’rm{ For U = 0, and specialising to the case A(OJ) =N sconstant, Im.Gd(_w) =
surface since the t-matrix is juskt \lzed(w) (2.5.21). This is particulan YAl 5J2 +lﬁ\2), and '51_ _S;(ed =A—ﬂ'. For large U, in zero magnetic field,
seen in studies of the symmetric Anderson model. éecause of particle- (2.5.23) shows that the energy is determined solely by iGd (¢); since it
hole symmetry, Re. Gd(o) =0 , and E) <n1\>+ S<n4,;>= = 1. (2.5.35) satisfies a variational prlnc.l;ie, the Hartree-fock v;lue of this cuantig
then reads (at T = 0): ' cannot differ greatly f‘rqm the true value except at small energies. The
[J'l,o’ B A@_,) 'Gd ) S ebgrffﬁ)g.w\ So,/w) S true solution is of course non—magnetié, sa the true Greens function must

he closas to the Hartree-Fock one, averaged over spin. The Hartree-Fock

‘o/;Ji’, 'g\_y(o) = T

- (2.6.7) sclution becamas exact in the limit U9 %, For large U, the HF solutions

For finite Q(G), there is no magnetisation in zero field, sao S(nﬂ: €[n® show that the main weight of Im‘.Gd(Lv) ia diwidad batsEN RESBORMESS OF

’ ; ’ =1 . -1
= 3, g¢m = g\i,/°)= 3 , and the scattering cross-cection reaches the width & and height ;}_A at = 3 35 hodever sines Im'Gd@J =0) =4
unitarity limit, Im.G_(0) is thus A(D)_1, (For A(D) = o, the: . for all U at T = 0, a very narrow resonance whose width is the Kondo '
alternative magnetic solution is ST=TT ,%(HT> =1, S =G ; 84%3 = ) temperature TK must be left at the Fermi surface, containing the very small

fraction T”Aﬁ of the total ueightp(Fig.2.1D) Since Re.G, is the Hilbert

Thus independant of the value of U, Im Gd(O) is fixed at A(U)—
transform of Im. G b(D) Re,Gd(L~ =0) ( = —-g(td> ) is of order 1/TK.

for finite A(D). -The impurity limear specific heat may be evaluated

using (2.5.23); noting that by symmetiy %C‘I'm@[;d(w=ﬂ) - For large U, this is the domipant contribution to the specific heat (2.6.10).

‘SC / | The passage to the U/A3%¥1limit is singular in that the height of the Fermi
C 7770{0) ( Afo) ( ‘}*m tzg'i : + A“)fw&e QA{‘“ surface resonance stays constant, but its 'width vanishes. This singularity

1

1 be seen in chepter five to give rise to divergencies in perturbation

1
]

1

E

(2.6.8)
expansions in Afor finite U at T = 0.
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— WS A g L QJ (o) = A'l Sint T <N o (2.6.11)

] X
t
{ v
: Re qd“’) = s ?f IM') deo!
b 77— w ) 4
: -
!
i » ~{ —

SN z z

-+LL/Q__ w | where (hé§is the total d-orbital occupancy, summed aver spin. (2.6.11) clearly

(Figes 2.70) Im.Gd(W) at T = 0 for the symmetric, constant Anderson model
with U = 0 (broken curve) and UPA (snlid curve). Note the resonance at

the Fermi surface which is always present at T=0 in addition to the

shows that whenever the Hari:ﬁee—Fock solution is magnetic, with one resonance
well below the Fermi level and another well above, so that (jip ~1, a narrouw

Ty o, \ . -1 : ) . )
Hartrae-Fock resonances at I 3U, ' resonance of height A& and width TK((A must be present at the Fermi

t

level at T = O, For such a case, a sequence of plots of Im.Gd(&0 far &

This behaviour is confirmed in detail by Yamada's (1975) perturbation | decreasing temperatures is shown in Fig.(2.11).
E |
calculation in U, which shows a large degree of cancellation of diagrams i i
in sach order, and hence has good convergence properties well beyond the : Btk ; ; S
: |
limit U =Td yhere the Hartree—Fock and Rand ; i i i E ’ 1
a g andom Phase Approx1mat10ns diverge o} Eg+§u—» A ‘:::::D R :
° - 2 p 3 o 1 \! n B
His Flg.(3.5) shows Im.Gd(uQ at T=0 for a series uf increasing values of U, i @ //, ° " Abrikesev ~Suh]
, | | c ] YeSohans "
For UATA = 5, ythe limiting large U behaviour of a narrow resonance. at the ; s B+
|
Fermi surface, superimposed on Hartree-Fock resonances at + U, i ’
e +5U, is well i oy o
: : T & el 1ESL EHU ST T | Tk>IT.
established, :
L \ . -
At T > T,, inelastic scattering at the Fermi surface becomes important, Fig. (2.U s Temperature dépendencé',of-lm.Gdﬁw); (Ed<<()<<Ed+U)‘

and ths sum T € i i o T
L um rules that require the Fermi surface resomance no longer hold; the At high temperatures, there is mo magnetic HF solution, and there is

reonance thus disappears, and a rotationally symmetrised Hartree-Fock picture

: a2 single resonance in the spectrum. At lower temperatures the

becones sssentially exact.
resonance splits into two as the local moment develops. Mean-field

Similar considerations can be applied to the asymmetric c
. PP asymmetric case . . theory is least reliable at this intermediate temperature, where

Specialising to the case A= constant, where there is no conduction electron ' : : L
strone 'local spin fluctuations' will occur. At lower temperatures
o P p >
rig 3 e e s
polarisation, (2.3.35) implies e . . .
HF theory is reliable, until the onset of the Kondo regime,

where the Abrikosov-Suhl resonance develops at the Fermi level.

p——c = -
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A sequence of T=0 Hartree-Fock solutions as Ed rises is shown in fig.
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CHAPTER THREE

GENERALIZATION OF THE ANDERSON MODEL TO INCLUDE DYNAMIC
SCREENING PROCESSES

3.1 Physical Incompleteness of the Anderson Model (54
in the Valence Fluctuation Regime

3.2 Rederivation of the Anderson Model to Include 57
Screening Processes

3.3 The Tomonaga Boson Representation él

3.4 Boson Representation of Screening Processes 65

3.5 Other Uses of the Tomonaga Model &7
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3.1 Physical Incompleteness of the Anderson Model in the Valence

Fluctuation Regime

The Anderson model was originally devised for the study of the ;
formation and properties of local magnetic moments; these are now

fairly well understood, and interest has shifted to its properties in

e —

the valence fluctuation regime; this is a natural choice of a model
for investigating 'mixed valence' effects. The model parameters are
chosen so it is in a condition of configurational Instabilitys g =20,

(nd=O,1) or Eéi—U,‘(nd=l,2),

On inc¢lusion of- thé"«hybfidisatioh ‘term, theaf
configurations are strongly mixed. Recently Krishna-murthy et al.
(1977) have applied the Wilson renormalisation group technique to this
problem; the results of these studies will be menhoned  later.
Although this model may seem tb be the 'natural' one to use

in this context, it is in fact physically incomplete in one very

fundamental way: it does not allow the Friedel sum rule to be

satisfied. 1In these impurity models, the charged electrons have

r———

been renormalised to non-interacting quasi-particles by the Fermi

liquid scheme; this imposes the constraint of local charge neutrality

on possible effective impurity potentials. This is expressed as the

e

Friedel sum rule, which in this context takes the form:
i - °

51";,1 nf}'w% -E‘ (me(“) Q) +LAND =0,
<hd>'is the electronic charge associated with the impurity;,nois the
nominal ionic charge. (3.1.1) statesthat the charge density of the
conduction electrons must respond to exactly screen out any impurity
charge, within some finite region, so there are no infinite range
effects produced by the impurity.

In cases where the configuration of the impurity is static, the

Friedel sum rule (3.1.1) is satisfied by regarding the Anderson model
parameteriEd as an effective parameter chosen so the impurity charge
is neutralised. This was done in the initial study of the (orbitally
degenerate) Anderson model to understand the systematics of local
moment occurrence across the transition metal series (qlogston et al.
(1962)). Such an ad hoc approach to the charge neutrality constraint
is perfectly adequate in configurationally stable models where éll
charge fluctuation processes are virtual. If there is a local
moment, spin fluctuation processes will dominate the dynamics, and
departures from charge neutrality 6nly occur as transients during a
'spin—-flip' process. 1In the case of configurational instability,
however, such arguments fail. Such a situation entails the existence
of a two different quasi-stable configurations, representing different
charge states of the impurity orbital, both of which must satisfy the
charge neutrality requirement. With only one parameter to vary, such
simultaneous obedience of (3.1.1) is impossible. This can be seen in
detail as foliows: using a phase-shift formulation appropriate for
general (i.e., notvnecessarily spherical) ﬁoint symmetry, the. Friedel
sum rule takes the form:

<yt 3600 + -T%-:L;,,a_dp S5p®) = Mo (51,
5{1@}-15 the 'phase shift' of conduction band states belonging to
point group representation'1 (with multipliﬁity&r‘) at the Fermi level.
The impurity orbital belongs to representation rL; dpazl in the non-
degenerate case. Only conduction band states with that symmetry will
interact with the impurity orbital by hybridisation; all other E%T[oa)
will be zero. (In the 'flat' density of states model, é;/EO constant,
éf%““) is also zero, and <na> is the only term in (3.1.2) dependent

"I 3 3 5
on the model parameters.) The quantity <?g> +1 E%T(u} is a monotonically
b

-
‘)
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decreasing function of the parameter E;)so there is oﬁly one valuerof £
J

that solves (3.1.2). If there are to be two solutions to (3.1.2) 3.2 Rederivation of the Anderson Model to TInclude Screening Processes
.2), :

at least one other phase shift gp/“) must be able to vary, so that

] / ~ ! yi
<WJ> T+ (6,10 “+ Oin 8n> = (n4> +T7 (Sﬂm -f-dn gn ) .(3.1.3) The physical situation under consideration is that of a rare—earth
i
t! 3 o ° s » & . . " ™ ! ° ‘
his implies that an explicit screening mechanism involving scattering impurity in a transition metal .(or rather a rare—earth material from

I
by the lmpurity in channels other than those with I} Symmetry must which the f-orbitals on all sites but one have been owitled , as a i
be included. s ; ) . \
uch a model is proposed in the next section. prelude to studying the full problem). The conduction band may be ‘

thought of as a tight binding d-band with one set of d-orbitals per
site. It can be represented either by Bloch states, or reorganised |

into representations of the point group symmetry of the impurity site:

E7n0' r‘/‘-tc‘ FL i

c <$7 + TZ:: + (3.2.1)
H = L g?hci’nrcgnr = € C("/J-c'a‘ Cr'/uio' .
n=1..5 is a band index: since there are five d-orbitals per site, (e
there are five bands. [ labels irreducible representations with ‘
~multiplicity df 5 u=l,-,dP indexes the components of each representa- [
& .
tion. 1fH dis written in a basis reflecting the lower point symmetry,

the disguised translational invariance of H~ gives rise to 'accidental'

degeneracy, which is broken by the introduction of an impurity. This

is reflected by the 'accidental' proportionality of the density of states
y y [

of each representation: » [

d
DS (w-Epy) = 75‘(1 Z (W= E2n) (3.2.2)

En

) is the order of the point group. The usual Anderson model il

L )

p (=)pd
description of the impurity orbital can now be used. At this point il
a notational difficulty is encountered. 1In this context the impurity I

orbital physically represents an f-orbital, though conventionally in I

the Anderson model it is labelled 'Cdgi' This would cause confusion

with the impurity-site Wannier orbital, which is a d-orbital. 1In this

i T

d

section the labels 'f' and will be used to represent the physical

interpretation of the orbitals. When the model has been derived, the ‘
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' for the impurity

notation will revert to the conventional form jcdd
orbital.

The f-orbitals are described by

H'MPz Efgr Cftn'rcgmtr + L( Z n-FMS‘ ijr' (+ exchange) (3.2.38

meEm!r

It wili be convenient to make the usual simplification by specialising
to a non-degenerate 'f' orbital, and dropping the m-labels in (3.2.3).
If the f-orbital belongs fo the (singlet) representation r; of the point
group, the hybridisation term is
uhrb Z V, pr (fs th.c. (3.2.4)
to generalise the Anderson model, screening terms must be included.
The most important intra-atomic term not included so far is the
Coulomb interaction between the d- and f-orbitals of the impurity.
scr. ' ; 325
H . = 3 2.—— n:fo’;;, nclMd", . : , ‘ )
Such a term gives rise to a screening mechanism sufficient to satisfy
the charge neutrality condition.

The configurational instability that will be investigated is

really of the type

n+l m n mtl

G+ T (¢=2) Ezﬁ fd + e (L=3)

This reaction satisfies charge neutrality, but needs the substrate

conduction band to 'catalyse' it as the wave function of the free electrd

e e e i atas

associated with it must change symmetry. In the free atom (or at least
|
in the simple model of one considered here), this is a symmetry—forbiddeﬁ

internal transition. The d-orbitals are also the impurity site Wannier :
functions, and they will be assumed to belong to representations other

than r‘ , reflecting the symmetry prohibition of the direct transition

fn-rl m}?{fn m+l

parts, H = T

The Hamiltonian can then be written in two

(3.2.6) l'
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1 ; +
(3.2.7)
+
€t Zn : :
r?.; r'L. mic Cf’/uur + % _JC“' fg‘) \/LJ CP’M.G' C\",,LJJ‘
P ' Py T (3.2.8)
HAnd is just the standard Anderson model; the'new feature is the.
screening term Hscr, where
(3.2.9)

Co\mc' ™ z f‘,m.m Cplu,écs-
) L (3.2.10)
]

»
Vy Z‘ Crpim TPpmjm

r . .
Note that Vii is necessarily positive. Because ¢

I8

dmg 2T the impurity

site Wannier functions, the density of states projected onto these

orbitals is proportional to the conduction band density of states G fw)

T Wnin [ S(w-en) = 5 Vi Slo-ga) = & STOY. (5,011
f,A.Lm‘

ppMl e
The.effective screening parametergis not a free parameter of the theory,
but must be chosen so as to sa;isfy the Friedel sum rule. In this
respect it‘may be said to havé been renormalised from its 'bare'’
value by the Fermi liquid scheme. In the limit Vi=0 5 nf is a good
quantum number, and the charge neutrality condition (3.1.1) becomes,
in Born approx 1mation

3<ngy -
Using (3‘2 11)

[l f o cx‘rmd (Lp'mf'](m‘ﬁ

this fixes g so that

2 \/LL%(“ =E) = q'(u)/ffdud‘(w)( '\ ] = @'_{9). (3.2.14)

O—IG)

S, Ve dngy = O (3.2.12)

TT‘- e""p;/wi

i
O

(3.2.13)

The screening condition thus reads

OLT \j,(‘ Clo-¢) == | (3.2.15)

[l s

In Born (linear) approximation, the impurity is now screened whether {0gy= 0,
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1, or 2. Born approximation is good in the limit of a very degenerate
conduction band; there are essentially d=2x(2€+l)= 10 scattering
channels involved in the screening response. When d is large, each
channel need only respond slightly, so its phase shift =w/d when the
impurity charge state charges by 1. For small phase shifts, the
response will be effectively linear.

When the response is linear, another useful simplification is
possible. The F%Pbelectrons of gl respond passively to‘
fluctuations in nfwith density fluctuations. When these are small
enough to be linear, the resemblance of the charge dénsity excitation
spectrum to a boson spectrum may be exploited to rewrite: 25T in
a formally simpler, if phyéically more obscure, boson form V(Secticn 3.4),

At this point, the notation for the model reverts to the usual

form, with ¢ '

4o labelling the impurity orbital:

|
B

Ahd

Kﬁ' (3.238
Sc X
where y
% 0~ ()
9 Z—YQ Vkk 8 (W-Ek) = o 5 9IV>0, .2

InH » the screening electrons have been represented as ak to

o
emphasize that they are distinct from the electrons taking part in
hybridisation, and their various conserved spin and symmetry indices

have been contracted into a’'single index o

e ——————
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3.3 The Tomonaga Boson Representation

In this section, the Tomonaga boson representation (Tomonaga (1950))

usually used in the study of the one-dimensional interacting Fermi gas,
is rederived in a form suitable for impurity pfoblems, and shown to

be equivalent fo a linear approximation. The usual formulation is

in terms of momentum variables, and requires a restrictive form of
band stfucture, which is necessafy for the 1-D electron gas but

irrelevant for the impurity problem, where only energy variables

need be used.
In some arbitrary basis, consider the following fermion scattering

0

problem (which may be time dependent) where Y~ has a continuous

single-particle spectrum at the Fermi level:
Ha = 2 gc CCe
4 H + X% (6) 33 ) cr¢y (3.3.1)
A 'charge fluctuation operator,' p(E} may be defined.
ID(E)’ U“J S(-€,+E) (CL G~ L) - (3.3.2)

0 (E) has the property

ij pLE) = % Wy (cre £33, ) : (3.3.2)
A |

i

it satisfies p+(E)=p(—E) , and

CPCE)/ Ho] = E pLE) | | (3.3.4)

P(E)  has complicated commutation relations:

Lpe),pEi]l = Z—; @(gu‘fnﬁ\)%(&-%‘ri')-S(&-wé)&(&-&e))uwyw’ ch :

{3.3.5)
Nevertheless, they are on the whole 'boson-like' in character, as
may be seen by taking the expectation value of the commutator. in the

system HO'
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LTpE, pEN]),

ot oo |0 e v s b o I

" (3.3.6)

SEre’) %‘, I:u-k)'\l 864t €) @“%J <0,

By normalising P, we can define the boson-like operator b(E)

| Y
b (6= 2 /GE).  (E»e)
4 _ ! . ; ’
CLb@), b (E')]>H; SE-) ; {Ibee),b(e)] ~ © @l
By comparison with (3.3.6) f(E) is linear in E as E + 0 :
2 !
£y = 5; (g *B(E-+B) ((Nyp= <Ny, (338
Lir 5:_5_5_) fdw d (= ) Tlu“u;"gfu-a)S(w ~€5) . (3.3.98
B3 B -2 Awl\ep B, L)
Since it is Hermitian,vij may be written as
Zj V,a U’C}f Ty ( \/3 real) (3.3.10
For low temperature, (3.3.9) becomes
él_f‘ ﬁEE) 2 , Va Uy |2 i Gy § l0-5 | (3.3.1])
2 AN :

It may be noted that in Born approximation, the change in the number

of occupied states (when A(t)=1) is given by:

fdw e'" \vag(_g) ““”) ZV (Z\Uly,\ SCo—za)

(3 3. lﬂ

1-1

| .
Only‘in the special cése where each A corresponds to a different value
of 2, m (or a different representation of the point symmetry group)
can (3.3.11) be represented as a sum of squares of 'phase shifts'
via (3.3.12) (as in the Schotte and Séhotte (1969) treatment of the
X-ray problem).
The spirit of the Tomonaga approximation is to treat the mean

and regard the ©p(E)as true

commutation relations (3.3.7) as exact,

The Hamiltonian becomes :

<,

bosons.

H =

- — T p—— T —————

defined

w ‘ _ i/2, ‘
+ fas. elebe + ’/\\(e)g’(g»(b(gﬁﬁ(g)). (3.3.13)
v}

o
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or, in less cumbersome notation,
o= e v Zwdbe +AB Zlbe rhie)
Do bi]e Sy ot 5 ZW\S-w) =L G

A diagrammatic interpretation is available (Fig. 3.1) ; . the

linked cluster expansion shows that the Tomonaga approximation

---Q"‘ 5 . + ,..,._\.., ekc .
' fermions o
_Q ..... + ;M"B .
omonaga
oson
approximatlon

Fig. (3.1) (see text).

reproduces perturbation theory to second order. It is thus valid for

small coupling constant provided perturbation theory is convergent.

The Tomonaga representation is useful as it reproduces the

infra-red divergences or 'orthogonality catastrophe' associated

with the response of a Fermi gas to a time-dependent potential.

Suppose A(e)= A6(t).
HA = Z[ds bt LL

The ground state of

+ }.z:°ﬁ-bu + h-c

] . {3,3.15)
is
& ghz o
l)} e 1 exp -~ (7‘ Z! : )&xp -Z Lb lo> (3.3.16)
The overlap between two such coherent states is given by
— L - A f(E) 3.1
LAloy = p- P Tl = Cxp 2 fde (3.3.17)

As f(E) ~E as g»g , the integral is dlvergent, and the overlap vanishes

for any finite A . The ground state ova is thus unobtainable by per-

A

turbation theory. This reflects the fact that, given long enough, any

=

finite potential will excite infinitely many particle-hole excitations,
which can be made with arbitrarily low energy if there is a free

Fermi surface. However, the perturbation expansion for the ground
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state energy is convergent, as the divergent number of particle-hole

excitations carry infinitésimal energy.
I1f £(E) ~ "€E.~as E > 0 , the amplitude for the system still

. 0
to be in the ground state of H a time t after the potential has been

switched on is
8- _( . oo d ‘.7- _ “‘:‘*’Lt
8" 10 < erpli (LA e AT B (- )]
= QxFE(AE(ﬂ)ﬂ-[.t: ‘}‘E(}\) (E=> ) (3.3.18
Eo@0 |

|
AE g the (finité)ﬂgrouﬁd staterenergy shift; tO is a charééteristic‘
response time of the system. The exponent € characterises the relaxa-
tion of the system about the scattering péﬁential. This behaviour Can
‘also be seen directly in the fermion representation.. In fact,& will
be given by a power series expansion ink: é=aj£+bi3... ,- where the
Tomonaga approximation stops at the lowest order terﬁ%_ The Tomonaga
method, because it allows the direct conStrﬁction of the wvarious

ground States,eads to a particularly clear demonstration of the

infra-red anomalies .of the Hamiltonian (3.3.1).

X Siedarly;
i
= fn L :
AEM) = el 3" o LTy
L. ” = H ' {
‘L;o(A} Do T E/Q\ # 6 B o= @
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3.4 Boson Representation of Screening Processes

The screening term 1S¢%(3.2.17.) is analogous to the model treated
in the last section, as it describes a Fermi gas that reacts to a time-
dependent scattering potential, iﬁ this case due to the quantum
fluctuations of Ny Since Hscris itself just an ansatz valid in

linear approximation, it is convenient to replace it by the equivalent

boson representation, which is easier to handle. The screening terms

become

ser . ¢ M o

H i (3.2 Yes <a“"““°“>u°>€:‘“a¢ N Zg,“”h""’* i 3;%—2‘*«,%“ Gt
where

’ : 2 ' \
ast e e ar) VS et b S - | TR
$097 9L W) S-2= ‘?:JJ ) S(Ba Bt 02) (<O o i)+ (314, 9)
The first term can be absorbed into the impurity energy level, Ed
From the origin of Vzk' as screening by the impurity-site Wannier

orbital, (3.2.10)

A Aol %
\'/KKI - FZ U.Km Uj:c’m . (3.4.3)
The characteristic exponent ¢, is given by

u W - r o & | - 8
3, £ = e = B (G Al seoa)

REY (3.4.4)

The screening condition is,Fﬁﬁn(SrLWS)i

v (E‘l[\&:,{)‘g(o—-Em{)} = 1 - (3.4.5)

X
Since there are d (=10) Wannier orbitals labelled by m,0 , the exponent €
' Ay
which reflects the Friedel sum rule, obeys the inequality:\
o ]
o= £ e<L [ ; (3.4.6)

The lower bound is the case where all d orbitals participate equally

o

; o d A v o =
V4 in Ihg absence cﬂﬂ(x {nasmgPlC SIQKA} 5?0\({€§€ﬂéfﬂf%

gL ies & < VL

e
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in the screening process. Crystal field terms, which split the d-levely
3.5 Other Uses of the Tomonaga Model

will raise € somewhat above this lower limit. The boson spectrél

density f(w) remains roughly linear in g up to w~D , the bandwidth
. ) . fod : in t

of the conduction band. It is mainly characterised iy the bt sl The Tomonaga transformation as applied above to screening in the
it gives rise to in the long-time or 'asymptotic' limit (dsstisccd Anderson model is a well-defined small coupling constant approximation.
The same‘procedure could be applied to the Kondo model, resulting in

later)t This is described by the ground state energy shift due to

the boson relaxation after a change in n s slven by a model of a spin coupled to a vector boson field; in this case the

(V-]
C= fas fr£r A2
o w o

procedure is not valid as perturbation theory in the Kondo model

(3.4.7) ,
and the singular behaviour 88 = B, chernsierisad by e and r ~ D_l ‘ coupling cons#ant is divergent, so truncation of the expansion after
where o0 o the second order term falsifies the behaviour of the model. Other

: * —23X ’ ' ;
59-‘:70 fdw f&é—i) ((““e ) = ~& Ln(X "'Z) . formulations of the Tomonaga model have been applied to the X-ray
o ' J (3.4.8)
‘ and Kondo models (Schotte and Schotte (1969), Schotte (1970)). These

Valence changes in the very localised f-orbitals of a rare-earth atom |
|

r i . treatments reproduce the long-time behaviour of the relevant propagators

cause relatively large charges in the ionic radii, with the result . N Propes ’

. P . . : ut often encounter scepticism, as they involve the use of aﬁ operator

that configurational fluctuations will be strongly coupled to local b P sm, hey e u P

'identity,' which is only 'asymptotically' exact, to express single

distortions of the lattice around the impurity site. Such phonon
: . ] \ fermion operators in terms of bosons. Because of the somewhat dubious

coupling may be notionally included in the boson screening term P |
e ~ . N o f e e . | |
The contributions to F(w) are shown in Fig. (3.2) reputation of these procedures, it should be emphasized that they are

' not involved in the use of the Tomonaga representation in this work. il

~
F e
Phanens

; i
Fig. (3.2). Il
Il

QJ&C*POh;L. s &ahiﬂj Rel?tive contri- |
butions to f(w) |
1 . from phonon and
o kaya 7 e electronic screening :
FQM?, v bahduudfh. Processes. '

.--—-—--::’

The phonons do not change the infra-red exponent €, but will increase
C somewhat, and, as the overlap between coherent phonon states relaxed
about different configurations of the impurity may be small (Sherrington
and Von Molnar(1975)) may gre;tlyrdecrease Te €, T, and C should thus be |

regarded as essentially independent parameters.
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CHAPTER FOUR

MEAN-FIELD THEORY OF THE ANDERSON MODEL COUPLED
TO A SLOW BOSON FIELD.

The Mean-Field Theory and Variational Function

4.1

4.2 Character and Stability of Solutions of the Mean-
Field Equations

4.3 Collective Excitation Modes in the Random Phase
Approximation (RPA)

4.4 Discussior 6f. the Mean Field Theory Results;
Corresctions to Mean Field Theory. . ‘

‘ : a 7y

Appendices:

4A Eres Energy of the Spinless Anderson Model.

48 Asymptotic Evaluation of the Tunnelling fFrequency

of a particle in ths Double Harmonic Well of
Section 4.4.
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4s71 The Mean Field Theory and Variational‘Function.

The Anderson model with coupling to bosons will now be studied in its
own right, The effect of the boson modes will depend on whether their
response is faster or slower than the characte:istic electronic fluctuation
time [1f1. If the bosons are phonons the dominant modes have frequencies
of order {)ps the Debye frequency (see, for example, Fige. (3.2));  two
different types of behaviour will be found according to whether A
is greater or less than LOD.

For [X((édo, the (fast) phonons respond adiabatically to the

electronic charge fluctuations, rsnormalising the electronic parameters
in a way discussed in section ‘5.5, Fer CJDZZ A the mean field
approximation, where the bosons see only the average electronic

distribution, is appropriate. The next level of approximation beyond this

is the Born-Oppenhesimer approximation, where the boson field Jjcan move

around its mean position in an effective potential derived from the adiabatic

reponse of the electrons to the instantaneous dispacement of the boson field.

The case of Tomonaga bosons, derived in section 3.4 as a representation
of the electraonic screening response modes, is more complicated. Since the
spectral density is linear from a high energy cutoff of the order of the
conduction bandwidth right down to (= 0, both high and low frequency modes
are present, After renormalisation of the electronic parameters by the

high frequency modes, the remaining low freguency modes i.2., those’
] ) 3 g 3

slower thaﬁ the ﬁenorm:lised'oharacteriséic electronic frequency) must

be treated by the mean field approximation of this chapter. Further
discussion of this separation of the Tomonaga boson speétrum into fast and
slow components is postponed until a later chapter.  , and a treatment of the

Anderson model with coupling to slow boson modes is now presented.

71
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A finite temperature version of Hartree-Fock theory may be based
on the free-energy inequality

F(H) < < F(H%) +<H Heﬁ),_ieff (4.1.1)
This is the generalisation of the Rayleigh-Ritz inequality, and holds

for any partition of H into H_ff nd G{}Fff IfHFffis a free-particle

Hamiltonian, Wick's theorem can Be used to disentangle correlation
eff\ . . 5

terms in H-H TE The mean field eguations are generated by

ef »
finding the free-particle Hamiltonian H ‘that minimises the RHS of
(4.1.1). If
H= 'ZHUCLCJ + Z V\,JKLCLCJCKCL- O (4.1.2)
HefF = ZL\H C,_c_j (4.1.3)
The quantity to'be minimised is

1 \]
C i T ' N — Y ‘ ’
F) + L hgle) , w32 Vi (C703, 008y, = R Faer) - (41,8

and

varying hij leads to the Hartree-Fock effective Hamiltonian
h‘:\ = }-\ -}42(\/\-)‘\3 -'VL;«:,J;.) <CK.CL> Lyt . | (4.1.5)
hij may be restrlcted to the form (4.1.5) w1th<§kcl:> (no subscript)
replacing the expectation value<g£ci}ﬁeff in (4.1.5) as a parameter
to be determined variationally. The HF equation then reads
LCECD <C':C“>H€ﬁ’— . (4.1.6)

The Hamiltonian under consideration is

H= %_fkcszKr + %""’1{9::.!9)
+ a;ndr?/dﬁbi‘?}vc

n Eaéd}ma— +UNdr Ny,

+ ZVM CQ;C%— +hee. (4.1.7)°%
&

The variational parameters needed are <b‘\'\> 3 (bz> , and the four

+ |
quantitites (Cda* Cda!> , which can be regrouped into <Nd> 8‘“" ( Q«!

|
l

|
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o) = o+
and {5aY = 10 Qe UidD

: = &
Hamiltonian may be chosen so it is aligned with <34), so that (Cd,‘pCd'\lb

The spin axis for the effective

vanishes.

Writing

b/n, = by — <byd (4.1.8)
Eeff = By +udlngy + 3; by {ba)y +hac. (6.1.9)
the effective Hamiltonian can be constructed:
peff - %’i & Nicr + L Eny, + 2 Vica Cig Qe+ h-c
r Dbl by & P [ 68y +9%3 Tl )by +he  (4.1.10)
— (U chancndyy +Zwﬁ ISy + 9 Z Sndey 2 dq <"D’f‘u]
+ U (s~ conaey) (Mg~ i) +9 2, (Nac-chiry) Z*qbq .

It is easily shown that the variational equation for <b4>1s only sat-

TURTL

(4.1.11)

jsfied if the linear boson term in (4.1.10) vanishes, so that

b = — 8 ;_(hdr>’0d;/wq/

The displacement of the boson field gives rise to an effective attractive

(4.1.12)

interaction between electrons with coupling censtant C.

C = 2g%3 ldal*

T e (4.1.13)

The effective Hamiltonian reduces to
Hef = 20 el + 7; Ef,f*naﬁ %_VKA Cr e (4.1;.14)
o (4.1.15)

£F = Ci-Cingey +E-0 <

This effective Hamilfoﬁian shows an important new feature due to the
bosonsy in addition to responding to the average occupation number of d-
electrons of opposite spin, the d-electron responds to its gwn average
occupation number, This comes about because the Pauli principle effect

that prevents two electrens)from:being in the same state.and hence usually

prevants such electrons interacting only rules out instantaneous interactionsrs

ndy(tindd(t') is in general not equal to ”dc(t) unless t = t'. The slow

bosons introduce a highly retarded interaction by which a d-gle on can
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interact with electrons of the same spin in the same orbital at earlier
times,. In plainer language, an electron may cause displacements of

the slow boson field which remain long after it has moved .away, and

may in the future act to attract it back to its past position, effectively
allowing the electron to "interact with itself". This phenomenon is well
xnown in polaron theory, where, if the electron phonon coupling is strong
- enough, the electron may "dig" itself a potential well so deep that it
becomes bound, greatly enhancing its effective mass, since it cannot move
wvithout dragging its well along with it. A feature related to such

"self-trapping" will be seen in the mean field analysis of the model

under consideration here.

The free energy F(Heff) is easily|

to this chapter) using Green's function equation of motion techhiques

\
f

and coupling constant integration » The variational functlon becomes:

Py 1y 0H = ° ._;_I - - Eo,... » -
FO) <t Ry = PUE) < G2 [Tin (oE2oz)] —cmmossy
(4.1.16)
where +J§- C (;C“3r> )L
= - T IV : (4.1.17)
) ZL e ’
Ferc’ - = (4.1.18)
() } (E_E»d\m— -g-c’ZCJ:‘Q:;’,I,i + EIEJr ) .
E' is arbitrary. -
It is convenient to define the function
. d o =l
Nx = f‘ﬂ ) S (emx ZM))j (4.1.19)
The expectation value <Fg§%jﬁ is given by
(ﬁac—> = N(gY¥) (4.1.20)

n(x) decreases monotonically from 1 to 0 as x increases. This

can be seen from the spectral form

: [v-} /
(c_)_.x—'z[u))—l = #’é do' m‘

o~ 2o’

evaluated in closed form (see‘appendix/

(4.1.21)}
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where v(x,w) is real, positive; and normalised to T . Then:
nexd = fd"*’ Vierx) (4.1.22)
T eft

(except in the singular

hence 0<n(x)<K1 with equality only at 0

case B=, Z(w)=0 ). Taking the derivative of (4.1.21) with respect

to X d“ l

, ﬂ'q0 = E#Lﬁca“ (Ox—=res))*
7TZ' fdu V(u,x? jdvvwx) 27‘LSB
= 'n’l fduwu;x)fde“) -+ (ean e,,\,“) <L O (4.1.23)

~'The variatlonal functlonal (4.1.16) may be rewritten in terms of

1 (b—‘*“-)(“-VJ

[ (o
¥T as the variational parameters by using (4.1.15) to eliminate <
s do

f . Writing x = Eeff y = Eiff H

n
F(He§)+ (H-Hep> = Foyy)

C <
P, 2 1 (U= Nox —
+ 2fac)? [ Ed +{t=2<) (oo +ncp) (“7):) 5 am

F
in favour of Ee

where the function F(x,y) is:

; 2
Foy) = const + Ed (hodngy) + Unoyney) — %€ N+ ney))

— fizznts — [foznles) | (4.1.25)

is a smooth function of x and y and bounded below (F(x, y)>>

F(X>Y)

;ziEdlflu('— 2C + const., at worst). It thus has an absolute minimum

at a solutidn of:

9[: hoo(ga{ CNed — ~(U-Anty)—x) = o3 2F_ o (4.1.26)

2

Since n (x)<f 0, the Hartree-Fock equations must be satisfied at such

a minimum:

=E,y - Chex) +@-C) Ny)% Y= E4 — C}My) Hu-O) NCX) -

(4.1.27)

Thué, at a minimum, the non-negative second term in the variational

function (4.1.24) vanishes, with the._result Lhat
i._(H‘u’f F -0 >/(/\>’) F(H)

(4.1.28)




F(x,y) » a function with stationary points only at solutions of the
Hartree-Fock equations (4.1.24), may thus be used to obtain a varia-
tional appfoximation to the true free energy. It may be objected that
the Hartree-Fock equations can be obtained far more directly, and that
the cumbersome procedure to arrive at (4.1.28) is unnecessary. However,
it will turn out that there are multiple stable solutions of these

Hartree-Fock equations, and a variational functional is indispensable

to determine which solution is globally minimum.

. Finally, it may,befremarked that when magnetic ‘solutions with
: " o
x # vy are found, these_have:(Sé)along the z-axis. By a spin rotation
: T . '. : 5 . v >
such solutions are of ‘course degenerate with those where <§d>is in an

arbitrary direction.

o ——————————
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4.2 Character and Stability of Solutions of the Mean Field Equations

For the case A(w) = A , the function n(x) (4.1.14) is

given by q o / / o
N K = g‘{dw (’é?@a) C"f(x/b) (4.2.1)
. 1 ettka) (TFe (4.2.2)

For large temperatures T >> A; n(x) ~ (1 + exp®@x)) for |x|<T,
returning to (4.2.2) asymptotically. The cases considered here will

be those where A(w), has little dependence on band structure effects,

and, as for the case A(w) A, n'(x) is characterised by a unique minimum

at Xx = X , where n'(x ) = -1/U (Fig. (4.1)):
c c c
n/ !
A ) XC.
Mdeth }
S{OP{ —a‘c i
\x\\;\‘—__“#
o A -
Xe \\ X -
N
(a). n(x). b). n').
Fig. (&4.1) Form of n(x), n'().

This form is found for most 'reasonable' band structures, though no doubt

pathological forms of A(w) giving rise to more than one minimum

of n'(x) can be constructed. At T=0 UC~WA(O) : UC increases with
_temperature: for T >> A(0), Uc = G
ff eff
The HF ecuations, where Ei = X E¢ =y , are

x=Ey —Cnw +(u=-0O) ny)

y = By —-Cngyy + (0-0Des)

(4.2.3)

The solutions are best illustrated graphically (Fig. 4.2)




There is always a non-magnetic solution x=y:

X = E._0£ + (=2C) NG k2.8

Ed

/

This is solved graphically in Fig. (4.(a)). For U=2C > -Uc,

é

this. solution is unique; for U-2C <—UC , there are multiple

W

R P Y

N
o X
’/

<
u-2
U

,

T

solutions in a certain range of E,. 1In particular, if such solutions
5 d 2

\

exist, 1 - (U-2C)n'"(x). <$ 0 when x 1is given by the intermediate solution
1 E
)

tabl

(Fig. (4.2())). The condition for a solution to be locally stable

is that it is a2 minimum of the free energy functional F(x,y) ('4,1_2'5),

7U-2C,

To test whether this is so, the second derivatives of F at the solution

nstable
S

must be examined. It is convenient to take derivatives in the directions

u = (xty) /2, v = (x=y)NV2. At a stationary point of F(x,y), (x=y)

o =~ 000 (1= (w20n0))
F’Z\V = Fvv. = 0

. |
Fy = =N (1 + un'e ) (4.2.5)

r":

Graphical gclution of the HF equations (see text).

For stability, both F and F__must be positive. U was defined
uu LAY ¢

so that 0 <»Ucn'. £l ; when U-2C > —UC , the non-magnetic

—
e

solution is unique, .and stable in the x=y direction. If the condition

1+ Un'"(x) >0 is also satisfied, the solution is locally stable. 1If

‘!K
Fig.

1+ tn'(x) <0, it is locally unstable against magnetism: this is only

1

X
R
>
—_—
ooy
S,

A
Slopes of Lines:—-
(4.2).

~ i . ! :
;f ) N T ; mrw} possible if U > Uc (Fig, (4.2(c)): then it can be seen that there is a,
- (\J ) b i ' range of the parameter Ed where no locally stable non-magnetic solutions
e § ‘, i T ? \/ ‘
O 4 i O - exist. If U-2C. <—UC, and U <UC, solutions are stable against ..
N ) //‘\ R R ‘

¥
!
et | P : : : N R,
, i magnetism, but multiple non-magnetic solutions may exist; if they do,
i
»

those with 1 - (U-2C)n'(x). < 0 are not stable.
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Such an unstable solution lies between two stable ones (Fig. (4. (b)) ; J
E RN - ;

J 4 !
- - s

as E iévﬁévéd through the range (-w~,©) , a discontinuity will

d
occur with a first order transition between two different locally
stable non-magnetic solutions. In the remaining region of parameter

space, U-2C <:—UC, U > UC . non—magneticgsolutions may ‘be ‘unstable
in eithgr‘or’both direttions.

Magnetic solutioné, x#y, must now be examined. Taking the differeng
between fhe two HF equations (4.2.3):

Zz + UhKW = VY + UV\(\/) (4.2.6)
Figurés,(4.?.(d)), (4.2(e)) éhowvthét magnetic'sblgtidqs oniy exist if U
> 1. For U-2¢ > —UC, U > Uc)m_aghéhgm c.S. s?abfél;: ‘o.t.'-"fm'i’e.;v‘mediofe, AEG\ ;
At the special value U=C, the?HF equations for the two spin directions
are decoupled, and the free energy functional can be written

Fcr,y) = F (x) + FY)

The conditions U = C, U > Uc, imply that U~ZC'<rUc, so there is a fegioﬁ

(4.2.7)

of.the parameter Ed in which there aye multiple non-magnetic golutions.
Suppose (x,y)=(a,a), (x,y)=(b,b) are two different'localiy”stable

non-magnetic solutions, andEd is precisely at that wvalue where‘they aré
degenerate.

Then (x,y)=(a,b) is also a solution of the HF equation,

and has the same free energy. Evidently, the line U= is the
dividing line where the behaviour as a function of Ed switches from
a discgntinuity between two non-magnetic solutions.at:some critical
value, ito the appearance of an intermgdiate magnetic solution. This

can be seen in more detail by examination of the free energy surfaces

for the solutions (a,a), (b,b), (a,b) in the neighbourhood of U = ¢

in the (Ed,U) plane,when cC>1U.

Cc

I
!
i
I
;
!
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‘The solutions may be analytically continued to nearby values of E

‘, 4 and U.
Expanding the free energy of a solution (X(Ed,U),y(Ed,U)) Jabout given
values of E, and. U : . .
_afd n : 25\ L NUFh G
R g oy 464
Hence a—l-zf = h()‘)n(Y) -+ Ch(ﬁ)""n[)’)) J_LL . (A-2.9)
Suppose n(a) > n(b);: .
dF@,a) _ (Dm® ¢ 200e) 4_54); dega,b),_ (nmmu+(ncu+n(a))d§(l) ok, (4-2:10)
AR - du /' Ju aun
% i % 2
At U =2¢C, Ed = Ed (where a +'Cn(a)s b + Cn(b) = E; ),F(a,a) = F(b,b) =
F(a,b) s ‘that is, all three solutions argidégénerate.f The liné%’Ed(U)ﬁ
along which two of,these;remaiﬁ degeﬁe?éﬁé.(i;eﬁ,iF(a,a) =F(b,b), F(a,a) =
F(a,b) and F(b,b) = F(a,b) ) must be examined:
Feoo) = Fhh) — 484 = — 4 (A ped)
Fla,oy= Flab) =3 °F o — )
F(o,b) = FlauBd = » = —NCY), (4.2.11)
%
The sectors of the plane around Ed = Ea , U= C, where each of
the solutions remain globally stable, are shown in Fig (4.3)
. W . ‘*
. TEsED
@ b | ' .
% 4 : Fig. (4.3
% « (b, b) srble 1g. (4.3)
\{A . Global stability
< (g . of HF solutions

R ; (U-0 (x,y) in the (E,,U)
(a,a I 3 plane. - -
stable = (for C > U ).
N == &

(ob) Stoble =
MBAGNETVC . =

= —

A=

As the three solutions are distinct, the stability boundaries dividing
the (Ed’U) plane in the neighborhood of (EZ,C) ,Vinto three sectors

are lines of first order discontinuities of the globally stable solution.
The magnetic solution is globally stable in the sectof -n(b)SU > égd S
-n(a)du

., 0U > 0; as U = C +UC, the two non-magnetic solutions

(a,a), (b,b) merge, and the angle between the upper and lower boundaries




|
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of the magnetic section shrinks to zero. At U= C = U , the first : .

c boundaries in the (U,C) plane, one marking the criterion for the ‘

|

order boundaries of the magnetic sector come togcether i
nto a cusp at . '
5 P upper magnetic boundary to be first or second order, and the other

* \
(E4,0). : . , |
¢ representing the lower boundary. If the band structure has particle-

The condition. U> C for the existence of o- globally stable \ A
’ hole symmetry, (A(w) = A(-w)), these two boundaries are identical.)

A critical solution, where the magnetisation goes continuously

effective coupling, U-C, between opposite spin electrons to be
’ ’ to zero, always exists, and satisfies l+Un'(x)=0 (Fig.(4.2{£))). A necessary

repulsive, a prerequisite for magnetism.

magnetic solution is easy to understand. It is the condition for the '
|
\

condition for the transition to be second order is that this solution

The behaviour of the globally stable solution as E, is varied L E o :
d is locally stable. It is a sufficient condition if -at most one distinct

from —® to +° is shown as a function of U and C in the (U c) half—plane
L% locally stable magnetic solution exists for any Ed . (Solutions (b,a)

(Flg (lf 4)) finy e .".‘{
R A = are not distinct from (a,b) , neither are those others rotationally
;_;}E;_a_—-é:> i h \\\ Fig. (44) degenerate with (a,b).) Along the lines U = C, (U >Uc ), where the |
S na orger line wnen . il
4 —1| 1 beliaylong of th? transition is first order, and U =U , (C > U), where it is second
n(x)=m7-cot- TTX/WJC stable HF solution as . c
E. is raised. ; - . g o
d order, the condition that only one locally stable magnetic solution |
I. non-magnetic, ' i
Ue - magnetic thSQ ‘ continuous. exists is satisfied (due to the simplifying assumption that n'(x) has i
I C X|STS IT.non-magnetic,
I///// /é%%ié;; discontinuous. a unique minimum). By continuity, this is true in the neighbourhood
. ITI.magnetic solution
lhc intervenes ;A- first U = Uc + 8U, C = U +5C. The criterion for stability of the critical :
— order transition; B- = |
second order. solution is found by examining higher derivatives of F, as the deter- @

In region I, the solution is non-magnetic, and varies continuously . : ; ; e
minant of second derivatives vanishes at that point. The condition

withEd . In region II, there is a discontinuity between two non-magnetic
for the critical solution to be stable turms out to be: ;
solutions at some intermediate E_, . In region III, a magnetic region N (xe) 3(1 W-2¢ o
d - - C . (4.2.12)

—_—
) (n“cxs))
intervenes between regions of non-magnetic solutions. The remaining h (1 + Un' (x.))=0.A i i 5 % th tabilit diti
where n (x =0.As n' vanishes at x e stabili condition
w 0 | c b y

question to settle is the nature of the magnetic/non-magnetic 'phasef S . . . ,
around UZCEUc is found by expanding around X, » and is universally

boundaries. As this is a change-involving a 'broken symmetry,' it
5 B ¥ s (i.e, independent of the detailed form of n(x)):

can be either continuous or discontinucus. Along the line U = C, C < u 28& (4.2.13)
C. = 13 o Lo
U > U , the change is seen to be first order; the line y=7y , C <U , : ] . . . .
¢ c c Away from this region, the criterion depends on the particular

is a line along which the non-magnetic solution is a solution with ‘ -

form of n(x). For the case A(w) = const, T = 0, the condition is ‘
x~y = 0 of the magnetic equation (4.2.5), and hence the change is C < CA‘JC_/QfSCL"2([C> (4.2.14)
second order on this line. The first/second order dividing line i % .

(see Fig. (4w4)>, For large U, this asvmptotically becomes C <1UC/3.

obviously terminates at U =C =U . (In principle, there will be two
e
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For large T, the condition (4.2. 12) becomes less stringent, but

|
approaches (4.2.14) for large U, as n(x) is essentially unaffected '

by finite temperature for |x| > T. ‘ ‘

|
If the effect of finite bandwidth is examined, it is found that }
3 |

Uod&C

n(x) must eventually behave as (constant)/x2 for x >> bandwidth. .

H L(u-20)
3

Bdtls (u-20)

~ In that case, the stability condition for large U becomes C. <U/10, '

even less stringent than (4.2. 14). ' |

fiens

Detailed examination of the canonical case A constant, T = 0 to

b

test whether the necessary condition of a stable critical solution was I

<hd>f-’0
O p

ot disceti nuiby

WA Ny

‘imhci

sufficient to guarantee a second order transition, showed it was in

that case, as there were no secondary stable magnetic solutions. It \

o0
be first ovdor

vith o {o

Dreg t{S‘S‘t‘Vdﬂ

beeomes €rst evden .
Serlanin

causes

Magn e
fo

is plausible that this will be true for all cases where n'(x) has a “

|
unique minimum, as this simple form would seem to preclude the existence 1
I

of many magnetic roots of the HF equations (at least three distinct

magnetic solutions are necessary for two to be stable). It is I

SpmALe o

thus concluded that C = U /3is indeed a lower bound for first order ‘
C I

magnetic 'phase boundaries.'

jnehic!

Mean-field phase diagrams in the presence of screening.

(see text.)-

The 'phase diagrams' for the gl obally stable mean field solutions ‘

are shown in Fig. (4.5 ) . . They are plotted in the (Ed,U) plane

C"?' Ue
(4.5).

C_ << \Ue

for a series of values of the boson coupling constant C. The vertical il

TEd x4 (1-20)

coordinate is chosen as (Ed-l-l/z(U—-ZC)) so the horizontal axis is a line .

Tig.

F |
f of particle/hole symmetry (that is, if A(w) = A(-w)). Of main interest |

are the limiting cases UC>>C (standard Anderson model), and C>>Uc .

The amusing (but largely irrelevant) 'crossover' behaviour is also |

shown. The important new feature " .is the existence

eeond ovdor

{ ontinugus )

H of first order discontinuities in the physical positive U region, at

CroSSeven~ ot

wWheree Feeond avdor

b oumd wbry vemishes

Fagn eic +rangi Moy
{

WS reened

Lot

w

which two different stable HF configurations are degenerat

race

N
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4.3 Collective Excitation Modes in the Random Phase Approximation (RPA)

it is instructi&e to use the RPA to examine the spectrum of col-
lective excitations about HF solutions, and in particular to find the
stability conditions which ensuré'that unstable modes with imaginary
frequency do not exist.

The effective Hamiltonian méy be diagonalisedbaround a general

HF solution, and written as

H e nst + 2 ErChicier  + ? tq b log O (4.3.0)
Lo . % 1

where
Cyge = Z}. Uir Cis | | (4.3.2)

The RPA equations are obtained by linearising the equations of

motion of a particle-hole pair:

RP4 R0 | |
Dnctg) = Ry iy g U (4.3.3)

where the approx1wat10n is the replacement:

CLCP GG = o>, + G A —‘@PCDCLQ, LAY, CPcd (4.3.4)
The RPA eigenvalue equations for the collective modes are easily solved,
and the résults are stated here. First a 'generalised susceptibility'

will be deflned for the 1mpuL1ty  orbital:
z f W] > Wy d b ¢
- n -{nya >
Xo‘ﬁ/ /w) y W~ (‘Ew-ﬂ)f ) (< 7 ! > (4.3

X o fw) = Xg G( w), and with some manipulation using the definition of
(L

n(x) (4.1.19), it can\be shown that:

Korg? 1) —[nE¥)- n(ES7 J}/(Efg ) (4.3.6)

£f  _eff . eff

If ® =E;r this reduces'to -n (h

)

On solving the RPA eigenvalue equations, four sets of collective

¢

modes are found. There is a conjugate doublet of modes, related by

.
time reversal, involving pairs ¢' ¢ , with eigenvalue equation
i0 J—O
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U 7(6._( [y =0 (4.3.7)

The other two modes mix cidch' and bz with eigenvalues given by
, be .
| = [U-¢/w] [ Aor Kb *j z (4.3.8)
where R -t A ) (I-Crey X L)

Cles) = 251Zldq‘lwﬁ/(uﬁz_wg) o (4.3.9)

C(w) is the w-dependent electron-electron attraction mediated by the
bosons. The effective coupling constant C entering in the HF equations
is the static value C(0).

In the non-magnetic case, X = X , (4.3.6) and (4.3.7) reduce

ago "

to a triplet of spin fluctuation modes with eigenvalue equation I-Uy(w)=0,

and (unnormalised) eigenstates ch,U o U,(m) , where

oo’

uduj * ‘

C C — C C > . @ ° -v .

_@_ oj(“) oo (&_@)( w (o’ -l Qi ) - (4.3.10)

There is also a set of singlet charge fluctuation modes with eigenvalue -

equation 1- 2C(w)-)x(w) = 0., and eigenstates
— + (4.3.11)
(L -—2 ( )
Qc y - u)Z’.@“ 32 s, br "3733" .

Shnce 0 = W) «{EHOR M 3o30) ; GaD > $0 = Ot alse B 200, <,

hence the stability conditions (i.e., no imaginary éigenﬁalues' Y
; X ‘ B s . ff
are 1 + Un'(EEff) > 0 for spin fluctuatien medes, and lf(U—ZC)n'(Ee
e 1

)> 0

for charge fluctuation modes. These are just the criteria derived
from the previous variational treatment of the free energy (4.2.85).

In the magnetic case,the spin modes.split into a singlet parallel to

ey

—
Sé> and a perpendicular doublet. Owing to the rotational degeneracy
of the broken-symmetry magnetic solutions, there must be a set of zero

energy 'Goldstone boson' modes corresponding to infinitesimal rotations

g el .
of “Sd> ; these arise from the perpendicular ©'=Qdoublet; the condi-

tion for zero energy modes is l~UxO ”(w) = 0; (4.3.6) then implies
el
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4,4 Discussion of the Mean Field Theory Results: Corrections to Mean

£F Lun (e - Ee_’i Fun(E®)

(4'3'M) Field Theory. : it

This is just the condition (4.2.6) that magnetic solutions must satisfy, :

On examining the physical positive U half—plane of the mean field phase
The other two modes mix charge and spin modulus excitations. Equation ' |

diagrams {Fig. (4.5)),0ns sees that the important new features due to the il
(4.3.7) implies that when U > C, at least one of these two sets of SR

bosons are the discontinuities in the mean displacement of the boson field,
modes is stable, and magnetic solutions in this region are either
v and hence <:n5>, as the bare level Ed is raised, Such discontinuities |
minima or saddle-points. |
are of course artifacts of the mean field approximation; the problem thsy 3
» To summarise: the RPA stability criteria reproduce those derived

| ' raise may be resolved by going to the next level of approximation, the
earlier from the variational procedure: non-magnetic minima correspond

' Born=0ppenheimer approximation. In this approximation, the dynamics of
to HF solutions that are stable in RPA. Magnetic 'minima' are not

the bosons are reincluded in the theory, and the boson field is treated as

truly stable, as a zero energy Goldstone mode exists.
moving in an effective potential derived from the adiabatic response of |

the electrons, so they are always in equilibrium with the instantaneous

L
O

displacement of the boson field, ’
I
If there is a single minimum of the effective potential, the only

modification of the mean field results is the inclusion of the boson

field motion around the potential minimum corresponding to the
mean field solution; =sibce the electrgn-boson coupling is linear,
there is no modification of the boson frequencies, and in the case

of phonens at temperatures below the Debye temperature this motion !
|

D!
is just ths zero-point motion.

minimum of thes effective potential, but with a

=
C
(9]
J
:V
=y
[le]
b )
L
vl
©
s |
V]
P2
[{m}
~<
cr
=
o]
b
i
s |
20}
-y
ds
g}
o
or
e
o+
o
[y
93]
o]
jdo
9]
cf
=
9]
©
£
g
oo}
ot
3
a
-
o
)
o

Howaver -, as this sscond minimum is lowsred with respect to the firs
and eventually becomszs the trus minimum, mean field thecry spuriously

discontinuity .as.the mean boson amplitude jumps from one

e
£
4]
(@R
iyid
\.)
r
w
)]

minimum of tha potential to the nther. In zeality, when the two

minima ara close in energy, the boson field will tunn=1 bstusen them




=ln)

and the discontinuous crossover of mean field theory will be smoothed out
over a range of energy given by the characteristic tunnelling frequency.

In the Born-Oppenheimer approximation, the boson Hamiltonian becomes

_ T
H = Z—z-‘dqbq 137 ot V(% %"ﬂc\ (bg 1bd) ) L (4esa)
whers V(x) is given by
V()()_ V= < H<_C,)()>ﬁ(x) N o bl e : .({"4'2)

HeO = (B0 2% + Ubsaiy + T + Z Vet Ghle the. (a.6.9

,’
As x is raised (nch will changs' from (say) (nd)':;“’!_ to<nd> ~0 over a range

D around x = xo'l‘ -E 3 outside this narrow crossover range V(x) = ‘(x—xo)
for x<<x0 and 0 far x>» X e

The gensral boson problem (4.4.1) is rather intractable as it stands,
being a complicated many-baody problem involving - strengly non-linear couplings
batusen all the boson mode.s. Its physics might be described by treating lou
firequency modes as experiencing a fluctuatin'g_,‘time dependent potetial due to
thrg motion of the higher greqgusncy modes. Howevery, in the case that the
bosons are phonons, specialising to the case of Einstein phonons without
dispersion reduces the problem toc a manageable simple quantum mechanical

problem of motion of a single particle in a double well,

The Hamiltonian (4.4.71) becomss

. s 7 /i
H..Q5Jb + V(3@+Uﬁ> | 3 (4.4.4)
or, using first—guantised opsrators:

,4 . b—i-—_!’.!? ""—‘___ b__é‘f‘ . - ; o

";ZS" ‘G:«%f: 3 ” - \fn?‘: ) E”) ,Q)__?: — L (4.4.5)

i - 2 {2 !

1= e (T +8%) 4+ \/(\ﬁig ®>

2
= CU:U (_/'n‘ + U (;5) ) (4.4.6)
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yhere the potential u(¢) is approximately

U@ B @0_)'3’_(?5—%)9%-@’ ) . (aen

As Ed ( and hence ¢° ) varies , the potential takes the forms shown in

Also shown is the ground state wavefunction, The cusp of the

Fige b4obe

<nay= | :

W niged valeno

gﬁb > —“'f”/éiqiiqu;

%0 = .- \3\/9.;\1")\(.39
| gy = O.

g, 4 —aon .
L4 = ~bifaom | -

Fig.(4.6) The approximation (4.4.7) to U(P) for increasing 9{0, showing

™

the ground state wavefunction changing valence. (-ese-= = true U(¢) Yo

potential at ¢o is of course an artifact of the limiting form (4.4.7),

and ‘is in fact smoothed out over a range §¢¢:Ng around ¢o'
This smoothing can be neglected when C 52-51_/“9 is much greater tham A.

In the other extreme C & A  the smoothing correction dominates,

and the potehtiél U(%) now only has a %minimum.
In the tunnelling limit C 724 >7LJD, the tunnelling frequency may bé
estimated variationally using a trial wavefﬁnction that is a superpo'sition
of the ground state wavefunctions appropriate to each minima, This is
) asymptoticélly

done in Appendix 4B this pfocedure is likely: to. pe

exact as “D—‘) 0. This tunnelling frequency can be expressed as a "yalence
fluctuation temperature" va. of order

Top = ()2 Lol >

- where (ol_‘]_> (=exp- c/ OJD) is the overlap of the boson ground states

(4.4.8)
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/NGO A ) N
, u- % — U~(H = U= b
corresponding to the two valences, The form (4.4.8) may also be expected Eﬂu’tL—:::D
_ Bg — ——
to hold when there is slight dispersion of the boson freguencies around : Abikosey- Subl.
0 ’ Taame, L e ks hE—=— |
D* L L s K 4
D —fF RIS . o === b === o o -7
Estimation of the tunnelling frequency va in the case of the _;gi ;::; -4 = A |
Tomonaga boson field would be much more difficult, but, as discussed later, fi-¢ L : >, % : i
. decreastnfj <DAD &
it turns out that the phenomenon of tunnelling is not relevant to these Eal+s \5—- ~— 4_4) Ea> ?f% 1
. . nd>= Ea= + SR raped valena Shaln . - . <hd> = o (
screening modes, since afterr the renormalising effects of the high ' Tt AT b o f
' Fig. (4.7) HF spectrum of Gd(w) as B4 rises. . Eeh§v1our i

frequency part of the Tomonaga spectrum have been taken into account,

of ‘'the Abrikosov-Suhl resonance is also depicfed.(T¢°>l

eff ‘
C f; zﬁ?ff, and the effective Born-Oppenheimer potential has only s — 5

a single minimum,

_,‘_Im__qa(/@ = AT 354,’)?. (.W?‘D/ﬂs,) e a (4.4.9)

It is instructive to examine the spectrum of Gd(UQ in Hartree-Fock ‘ -
the height of the Fermi surface resonance at T=0 is fixed in accordance with

approximation in the CH) A (tunnelling) limit , As discussed earlier .
' the mean valence., There are two fluctuation processes that may determine

(section 2.6) .the.true spectrum will resemble the Hartree-Fock

width of the Fermi surface resonance: one is the the valence fluctuation

+
o
@

result averaged over spine. Here, when the additional degeneracy between : o .
- process, controlled by the characteristic tunnelling frequency va; the other
stable solutions of different valence is encountered, the correponding _ o i
' is the Kondo spin-flip process while the system is in the magnetic valence
prescription is to take a combination of the two solutions, in proportions ) i R X .

state ndtr 1. This latter effect will dominate provided TK > va, 1eBey
that determine the actual non-integral valence. At T=0, these solutions '

as long - as the 1lifetims of the nd': 1 valence state is long snough for

must be modified at the Fermi-level in accordance with the sum rule (2.5.35); . ) ‘
the Kondo processes to occurj the width of the resonance will then be the TK

2e66l}) which is still valid .
( ) ‘ approptiate to the magnetic HF eplution. If on the other hand, vaf;ka’

A sequence of such spectra as E, is raised is shown in Fig. (4.7). ) . 2 :
q P d 9. ) the width will be TUQ, and in fact the spin fluctuation time should also |
t

At the valence crossover, one finds two Hartree-Fock resonances atx+%(; with
L) Z awik . s & 5 P g N .
C : bse T ., since a valence fluctuation will wipe out any memory of the previous

widths [% equally spaced above and below the Fermi level, with approximate

spin orientation.

0]
{

wveights (1 - <n£) ) and-%ékp réspectiuely. ( There is a second resonance at

a large energy of order U that contains the remaining weight of %(bd)).

Because of the T=0 sum rule (2-€-1{) ,fﬁ_:
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Appendix 4\ Free Energy of the Spinless Anderson Model.
: The spinless fermion Anderson model is _ ‘ |
. A _ + ‘
Reference , H ‘?EKCQCK + BaCd'Cd  + ZVKa Tl vhe 4.4.1)
. E
Anderson P. W. (1961); Phys. Rev. 124, 41. - the Green's function equations of motion are easily solved (Anderson ‘ I
(1961)) o ﬂ
| - Z [ Ved(* i
Gaa () = (“J Ed - O Ze , (4.A.2) i
' y = Ved ' . i
Quald = 55, Qaa (=) (4.A.3) I
S’ VKJ () Vak’ '
9 QKKI,M‘) = U-Ew “— &= 5“ qu VR - (heAld)

The free energy ma.'y' be constructed using the Hellmann-Feynman:

thporem . (coupling constam, 1ntegrat10n) ' ’ 140

FZeaksiny) + fd“ VK°‘<C3TCK> 4hH‘+h o ‘ ST |
F(EA) 'f'z-médu ﬁd 29%:':";1) ((.J Ey—- AZP@:"JL)—‘I (}4.A.5)~ g

Since Ed may likewise be treated as a coupling constant -
wd} i

(]w (JJ Q ; “/_ » e

- = fa(E) 4’27“95 L Fu (4.4.6) i

tLs— g7 . |
The contour I' encloses the reéal axis. This contour may always be v Il

closed 'at infinity', even though the integrand has a cut along the

real axis, if the integral without closure exists. (Fig. (4.9)).

Poles of ;I”“ Gt i tntegrand - | i
o

Ferrai ‘E“‘ chi | l.
/ Closure .
, _ o~ Ot T, il
‘.'—"—-’——7 i ‘L .-: | ) |
N ) ) o Re.u
¢ 3

+ [’S) ~plane.

Fig. (4.9) The contour T in thew- plane.

&




96

Appendix 4B: Asymptotic Evaluation of the TunnellingﬁFrequency of ar

particle in,the Double Harmonic Well of Section A4 .

The harmonic oscillator Hamiltonians H+(x) areg defined by:

i 2. —-l
H:ECX) = 7 g—x’L t+ (XF0Y —| (4.8.9)
The ground states are given by
i A | — 2.
L0 = N exp — e (4.8.2

where N is a normalisation constant. The full energy level spectrum is
given by £_ = 2n, the parity of the wavefunctions is (=1)".

The full Hamiltanian H will be defined by
&x) Ry(x) +o(-%x) H_ )

The potential is shawn in Fig. 4.7

“\V(x)

\ R E ' Fige (4.7)
y v * : _ Potential of the

Hamiltonian (4.B8.3).

H(K) =

(4.8.3)

In the limit 2=0, the spectrum of H is that of H_; in the limit a-y o?

the spsctrum is the product of that of H+ and H_ - every level is nou

a doublet with one state of each parity on reflection "x-3 =x. The
spectrum of H as a function of a is shown schamatically in Fig 4.5 ¢
- N ) . e
S ~ N - vy
B2 P o T
~ S
. \ R ™~
" ~ = e
Do e o TN P - - N"""*—cf.ﬁ Fige (4-% )
e — - H\\w-.‘\ “. N
— g ' = Spectrum
o | ‘i" lf »‘!\ -~ - ..\‘.___\.—l-d._ y P of H as
) \ -~ 13
- - “\-\\\~NN . a function of a.
—
2—- Lo it = I i P 2
S — —ag 1 e I Y
~ . S o 3
e, S—_— R )
o i -—\_‘.‘.___"____ N “MM/ ‘
a=o o= c®
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In the limit a — ® the ground state,with'Eo :;giving.the tunnelling
energy, is well separated from the first excited state of even parity
at E =»20

A variational estimate of E0 may be obtained using a superpostion (Y

Y}'+_¥I as an approximation to the ground state. Knowledge of the lowest
+ T - :

excited level of even parity will allow a lower as well as an upper bound
to E0 to be obtained for large a. The following integrals are evaluated

asymptotically as a—0° :
: @ 2 T !
Coloy = [dx oo +%) + 2 Ypx) P (x)
- .

= 2(l4exp-at) _\{:xp-—' xt dx

= 4@ (1+ xp-ot) . (4.8.4)
To evaluate (olH]o , Zo| H216> it is useful to note
v .
GIRtIsy = 2 fax ety W) (g0 p)  (bysymetsy) o (4.8.)
°
HeY =0 5 H v = —ber Y . (4 B8
Thent .
C(oHIe) = —8a fo-oﬂ' fa\x KREP-% (‘Hug-m)
. o
= —gaexpeat (4 + B * O(F)) (4.8.7)

| . | |
GIH WY = 314’-6}’& x> oxp-x* (1 +exp-2ax)

= 32 a_z-er-a"" (—9‘:{1?‘ = .‘Z‘i-s + o(al-:>") (d.B.B)l

Thus: . ;
» ColHIS> — <& Qxp_qt 1 ' ol .-) B
! Zoioy T p-e (‘ Y gax 7 O(Q“) A
- ¢oHEey - ~a* (4N Z +ofiNY. .0
Tl Z—STS§> \??r- exp ( o- + s (aq) ) (4,8.10)

-
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31 immediately gives an upper bound to Eo.

A lower bound is given by

considering

Col(H-EY(H-E)I0Y = 2 lanl* (Ea-E) (En-§) > 0 (4Bl
n : :

where E0 is the ground state energy (exact) of Hs and E1 is the lowest

(exact) excited level of the same symmetry, Writing in terms of

31, 32 e

- EOCSI'ED - E| -J: >/ (o) | (405.12)
Eo (5'3‘) > 3 Ca-3) — (72 "311) (44B413)

Now, provided E1 DY 31:

pa
Ero :3, Ji — 152;::55L-

(4.B.14
,'El - :yl )

giving a lower bound to EO.

_Evaluating the bounds asymptotically as a<y v

“gopt (i o(4)) <6< - exp-e® (et o (k)

(4.8,15)

et ¥ IR T e i

This attempt to get a rigorous bound has not been entlrely succégékul, as

the .upper bound is infinitely larger than the lower bound, reflecting the

fact that t@e'trial wavefunction has progduced a J

2
31 o ,;Q‘ However, it is at least confirmed that the tunnelling is controlled

exponentially larger than

by the exponentially small overlap factor., The estimate J is 1ndeed generallf

con31dered to beasymptotlcallycorrect in this type of problem (e, gey see

Landau and Lifschitz, "Quantum Mechanics?
Thus

E_o ~ -0 <'4’+|\l/> .

S . 3 (4.8.16)
In dimensional quantities, a =.(bzh)2, wvhere h is the barrier height,

and UO is the zero point energy of motion in the two disconnected wells,

Pergamon Press,Uxford;(1965), p. 175l
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5.1 Role of the Bandwidth in the Anderson -Model

" When U = 0, the Anderson model méy be exactly diagonalised: R
2 EK Cm- Cer +EAZQG-(J¢— +ZVMC¢Q,+1«;( —-—Zf Cislir | (‘5.1.1)
The ground state energy shift due to hybrldlsatlon is
Al W= EA—~Zlw)
AESS )3‘70" 2Trl. @P‘ﬁl Ln T -Ea “(5.1.2)
(@ = 2“/'«“ =L [ Alu‘) 5.1.3)
Z b-tx /ﬂl ¢
If A(w) is siven by
Alwyz A (W4 wz.W)
o (5.1.4)

= 0 atherwise

where W is the Auderson model baﬁﬁhidth; the ground state energy

shift AE is logarithmically divergent in the W~ o« limit:

g
DEy ™~ ?‘A LW 4 F(Eq )A)

The divergent ground state energy may be subtracted and

(5.1.5)
the

W > o limit taken ; subsequent perturbation theory in U is perfectly

well behaved as seen in the series of calculations, by Yosida andrYamada

(1970,1975) ,Yamada (1975a,b,1976) . The W limit is the most convenient,

as in that case the d-electron propagators have the particularly -

simple Lorentzian spectral density v(w) = A/((erd) +A7) .

Because of this, the only dependence on W in the W limit of the

partition function of the full (finite U) Anderson model must be of

,~2AE W

the form

:Z.(Eij)LJ)Z>)\AI)

it can be seen that expansion of Z in powers of A will

Z*(*QJJQA) . (5.1.6)

From this form,

lead to term by term logarithmic divergence in the W»>® limit, both

in the partition function expansion, and the free energy expan 3ion

that can be derived from it. However, these divergences are harmless,

as they must cancel in any expansion of derivatives of the free

As the Wo®

energy, which are the physically relevant quantities.

 dl
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A) limit of the models is probably the simplest, or

(or A(w)»=

' canonical' case, it will be treated by expansion in powers of A in

the knowledge that the apparently disastrous term by term divergences

in the partition function expansion are in fact of no consequence.
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5.2 Perturbative Expansion of the Anderson Model Partition Function

Perturbative expansions may be based on the identity

Z (oot ) =T P T e (fncwx)cx,o(/uzmx) ]
Ho = ePXH gt g-BrH®,

(5.2.1)
For the Anderson -model; H = H + Z S + H1 v
C 4 g O g
' D ;Encm@c (5.2.2)
He s 22 Byr Ny + Undrndy (5.2.3)
! ‘ +
Hr B Z VKA CKt— Cde+he = V(tquf Ua—f‘vu) (5.2.4)

The partition function expan51on is

Z(H) = pHd
i_(——Hc') <Tr€ TUP /Hq\(ua(x er /f‘f\p(x)a(x> /{C

-*2("') f“xmfdxm /Jnﬁ\y /gly, <TrQ. THT(XM) H,,(X‘)H SAR HJY> He
¢52:5)

Because H# is not a free particle Hamiltonian, Wick's Theorem will B
only apply to Hg-and expectation values of the operafors w,wT,

A basis of the exact eigenstates of Hd must be used. They‘areb1.ﬁ> = }vao>
(G>= cji-g lvac> , and [+ = chc§+[vac> . d

H” and H; may be written
in terms of standard basis. operators XaB ,‘v]d><B)

A‘-'- Z—J—I E;x Xx,( (5.2.6)
He = Z__[; Vap Y’:Xxp +h.C. (5.2.7)
where
Ex- A
Xo(/s(’d = e/x'g( o Xa (5.2.8)

The conduction band propagators take a particularly simple form in the

case A(w) = A

VTV ‘[’+>PH< = VléT‘z”"Zx)‘z”)/;ﬂf
= L fdar. ¢ X80 - 5P
== I+ eP° | +e-FY

= A/(/; Sih 7T><) .

It is instructive to examine the expansion for the general form

¢5.2.9)

—
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(5.2.10)

o — gf
= 2 : E; 4 z : .
H = a Koot Y AR Xa((z
The Anderson model may be written in this form, too.

The partition

function expansion is

- N { An Ko o~ ~ < ~
Z= ?([’) %Zxﬂldmaféxm_‘.--o/dx‘ : Vd'NNVVO{N“Niluv'(‘_*‘ “P"?FE‘*—Q

(5.2.11)

where_T; is the total 'interval' spent in state ]K) . This expansion
may be interpreted as a sum over all 'paths' or 'histories' on a

circular path of unit length (Fig. (5.1)):

Fig. (5.1)

A 'history" or

. 'path' of.ghe system
govefned by (5.2.10).

(see text).

By integrating over the position of the origin, the expansion can be

expressed as a sum over all distinct cyclical sequences a, =~ o, >

=g - a,. IfN is the number of ways a sequence may be 'rotated' into
1 Y

itself:

L (7”(,3 ){7[, ..Z'p&,\n (5.2.12)

is separable in subspaces of fixed fermion

Z = Jdistinet

histerres’
In the Anderson model, v

B
= KvavB (NG = Nal Only even cycles have non-zero ampli-

number: VuB
tude, as an electron of a given spin must hop on and off the impurity

orbital an equal number of times for the system to return to its

: N %
) becomes QA) HIVGL]

. N even
O Ky & ( )

original configuration. The product U(-V
L

and all allowed 'histories' of the system have real positive amplitude.
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This property simplifies the expansion for the Anderson model based on
(5.2.6) and (5.2.7), as only the moduli of amplitudes need to be calculated,
Since they act in different subspaces, X and |y operators either

commute or anticommute:
+
b 00 Xeg(¥) = F Xgg O Yo lx)
o Yrod = - FHR) $pi0

As the overall sign of the amplitude is known to be positive, w+, w¢, and

(5.2.14)

X may be treated as commuting operators, and expectation values factorised
into products of factors for each of the three independent subspaces.
Adapting (5.2.5) to the Anderson model, it is seen that:
(1) As ndc = 0 or 1 only, there must be an even number of events

Yox® and if (say) Xos represents emission of

KpseeeXoys Yyeeo

an t-spin fermion, x
p * 7235-1

versa, depending on the initial state of the system at x=0.,

represents absorbtion of one, or vice

(2) The trace over the initial state of the d-orbital at x=0 can be
incorporated into the integration limits by extending the range

of the integrals over x

10 Y3 The state of the impurity can be

defined to be (say) |- in the sector
R Pv X st Ma ()‘ZM)an) -1 4 X £ Muia Cx')yl)

The sum over the four initial states at x=0 can be carried out by

(5.2.15)

choosing this convention and extending the range of the % integr-

ation from (0,x2) to (XZM—l,xz) and ¥y from (0,y2) to (yZN—l,yz).

The choice (5.2.15) means that Xy, ¥, are emission events for i even and

absorbtion events for i odd. With factorisation of expectation values,

(5.2.5) - (5.2.7) become:

(5.2.13)
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Z ﬂ;XZH ﬁg‘)(l fAYN /A)’; (PVHMM)QKI’) ~§ 7-;(({&)7;9

ZKHC) Mhoo Xl O

(Fp7 Kamay - - 7R fzm'l)

(r‘l'f( Y- Gy [

‘éﬂ// (Koum) " Lf(”) l [ o (5.2.16)

where
’ (8

(o) E@)‘x c (TR = 20N
T = =4 Z(ﬂ (XL Ys | To#TaaTya T = | (5.2.17)

L;j
Using Wick's theorem and (5.2.9) on the conduction band expectatlon values,

and a shorthand notation for the integrations in (5.2.16):
" ET'T' .
= 2 (i o) (,Bé Qx(» 23T

'Idd‘ e \ Ak —t. .
(\) S‘MTT(XZL"X%)AB L) St (YZ(_-ijﬂ

These determinants may be evaluated as they can be put into Cauchy form

z(t‘f\
zcﬂc-)

) (5.2.18)

(Polya and Szegd (1945)):

def _ - :'l; S (di—0y) Sw (by - bz)
(j  sin(ai-b)) T com (Ac—by)
Y

since each permutation in the determinant changes the

(5.2.19)

Also, by inspection,

sign of the product, cancelling the sign change of the . pexrmutation:

ldd L | = R
li) S (d o~ J)) ?Qij Sin [ai-bs |

(5.2.20)

' inant, but
where 'perm.' indicates the permanent’(analogous to the determinant,

without the factor for the sign of the,permutation).
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Two useful final forms Qf the partition function expansion are
obtained: |
20 =70 (7 befiy (a0 Ex .
ZCH) Mn( [) P P~ §F
HM | l
¢y Swm| Xu-)(zJ., l ( S““”l‘/zﬂ';j-i} (5.2.21)
and

Z() -
Z(HY

3, (o) (™ 24~ ZpEaTa

&)
~--QKF [ th)(’l) ([_hSUn'lT]XL')‘J] +L‘“§“‘T'h'ml) (5.2.22)'_

These surprisingly simple forms are exact. The form (5.2.22) is very
similar to the Anderson and Yuval (1969) expansion for the Kondo model
partition function, except that there the bandwidth is an essential |
parameter that must be kept finite. This reqﬁires the logarithms to have
a cutoff for small argument, and in contrast to (5.2.22), the Anderson-

Yuval form is only an 'asymptotically exact' approximate form for the

Kondo model partition functionm.
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5.3 Low Order Perturbation Theory for the Susceptibility of the

Anderson Model

It is interesting to use this expansion to re-evaluate low
order perturbation theory for the impurity suscéptibility of the
Anderson model. The expansion for the impurity susceptibility of the
Kondo model is given by (2.4.2), repeated here.

(1 +@p) +(FP)* b (T/D) +--)

D2)2 , and Dl’ D2 are cutoffs or the upper and lower

Scalapino (1966) and subsequent workers

41(7‘ (5.3.1)

where p = (Dl
effective band edges.
(Keiter and Kimball (197{1)) report this form for the impurity suscepti-

bility of the Anderson model,and find Jp

Wolff transformation : éé é%

g
bandwidth parameter D with the Anderson model bandwidth W.

as given by the Schrieffer-
Ed-rb\ \ ) ‘, but identify the Kondo

In the

light of the discussion in 5.1, this is clearly incorrect in the

W > e limit; the numerical renormalisation group study by Krishna-Murthy
et al. (1975) reported correspondence to the Kondo problem with D ~ U/l12
independent of W (for W>>U) , for the symmetric case. These
earlier .authors worked in a formalism using energy variables,
which loses the simplicity of the expansion in 'imaginary time'
variables, and calculated only 'dominant diagrams.' They clearly have
omitted those diagrams that cancel the debendence on W.

[}

For low order calculatioms, it is best to. explicitly retain conduc-

tion electron propagators and work with the form (5.2.21). Integrating

out the p081tion of the origin x=0, the partltlon function is.given by:

(5.3.2)

£ = distind | C’»P‘Z/;‘f £ ¥ r s.nmxrﬂ
\““'am;
with a factor for each conduction band particle or hole line.

Writing
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= 1 = LI = = = = = = .
BE ¥BHO = 3%ho (0 = +1) , BE, B(E +0) g BE_ BEd €_, and The first order term is then

representing states l+7 5 L-—> by |T> s T'= 41, the expansion is diagramm- : ’ : i |

/ :
\' . Zl = ([SA) [%Trx (QXID"" 8’7< -+ D&F..g"k) ( 1 CoSL\ h/l(F";’()) (5’ 3.4) 1“
c Fig. (5.1) o | |

atically given in Fig. (5.1):

N

G O

0T Z

Partition yhere there is a factor (pA)/sin(vx) associated with the conduction electron ‘

function
expansion
for the
T Anderson
" model.

propagator, factors exp-Etx associated with the interval x spent in states il

T = +y=y and factors exp-3ho(1-x) associated with the interval (7j-x) ”“ i

Z@
c~ e
/

22 = T T + T z'+t®

- = p—r ~ gpent in states G:']‘)J, « The possible values of §,Tare then summed over. ‘!‘

e The singularities of the factor 1/sin(lx) should be regularised in the

The relation to a equivalent expansion for the Kondo .model, in the €*£’>)1 ‘
4 following way: ‘ I

limit, is apparent (Fig. (5.2)); the average length of the intervals spent 0 _ Lira &Q('é) Q("'X'é) (5.3.5)
in states T = +,~ become very small, as these states are energetically SthTx G“\"o-f : S(n (’ITX)
unf‘avorab‘le, arid mayr be incorporated into a nau,vertéx. € is essentially a bandwidth cutoff; though the expansion for 7 is term by |
- o 0- a" ‘term divergent in the limit €-0, expansions for derivatives of the free |
ZKonJo _ | energy that may bs derived f‘rom‘it are well-behaved, as pointed ocut in section \H } i
& gg ;é , 7 (i
& + \\_/ & IR | ). _ : I
e et 2 : Second orda;_g_: integration variables used will be XyYs and z: “} 1'
Fig.(5.2) Kondo model expansion as a limit of Fig.(5.1) : ' L/'Z\ : | i‘“\ |
The #ranslation of the diagrammatic series of Fig. (5.1) proceeds as R ]\ ' }“i ‘.
follows: Sk !
Zeroth orders : v Clearly the integration volume is restricted by x 2 0, y2 0, z2 O,
.Zo = Q—’(r—f- '\'eﬁf' et 4 Q'%e' L,/z 1_2%{)_’_ }yQ_ ' j=x-y-z 2.0, Furthermore, because of the two intervals z and 1=-x~-y=-z spent . |
_ in states & , double counting qf‘ equivalent diagrams must be avoided by \‘ |
= QJX.PVC rur'—qf +2 QEQAL\/L ) (5.3.3 restricting integration to z £ 1-x-y-z, i.e, 1-x-y-2z > 0, Applying l“ |
First order: there is only one diagram to cohsider; use the integration the rules used in the first order case to the three second order diagrams:

variable x: . |

X
q




110

| . |
Zy = (g [J; ﬁ, [a,zz G U-x-y-22) -

o 0

(ex P-E + exp-c_b() ( exp-stysexp-cy
Sth TX Sinry

(2.(08[« 2((»)(-7)

+ [ POy + exp-etoxty)
Sz SinT(x+y+2)

+ [(ePeReP-£T) +expetx sy
INTM(z4x) I (z4Y)

2 Gsh ib (1-x-)-22)
(5.3.6]

Higher order terms may be constructed, but of course become prodressively

more complicatad,

For calculation of impurity properties, the infinite bandwidth Anderson

model used here is expecially convenient, This is because there is no

conduction electron polarisation (this is Anderson's (1961) so-called

"compensation theorem"); the change in the

‘eonduction electron density

of states caused by the impurity is

S [L) = d . we
/ﬁm&. #IM J“(E;A(W) qd(w;> (54347
.whiCh vanishes because
.é ;Z;afio) = Ci ‘t£§ d '
©0 | du Jg= 4% =0 . (5.3.8
-y

The total impurity susceptibility can then simply be obtained by finding the

reponse to the local field H, which couples only to the impurity d-orbitsl

26sh b-xy) +2ash bxya
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This is easily obtained by taking the second derivative of the partition

function with respect to h:

|}‘\p 4 | AZZ _ _Z”
,X = /XAA = [52 Th> = f—i’ (5.3.9)
h*/, - |
If the expansion for Z in powers of 4 is ZD + Z1 + 22 .....)the expansion for
ﬂ is
r Z” I o | A I
A= PZ (1 +(2'2\ + Z_é-z_e._a/z,_z.)._,_
Z z# Z, 2, Zad Z\1? Z» ’
(5.3.10)
This is

These terms may be constucted using (5.3.3); (5.3.4) and (5.3.9).
done in appendix 5A, where these combinations of terms are explicitly

demonstrated to be well-behaved in the €<% 0 (infinite bandwith) limit of

the partition function expansion. ~ The susceptibility expansion is also

evaluated invariousésymptotic limits of ﬁi’ﬁﬁlarge_and small,

In the high temperature ((£+|J€1<11) 1imit (eppendix 5A= section (I1),

Eqne (5.8.29) ) 7{ is given by:

K = + %Ll'r?- (u ”2'?-‘&) iz O(’—lr'z) (IEA\)MT) (5.3.11)

The Curie law factor of 1/8 reflects the effective fourfold degeneracy

I
8T

of the impurity orbital at high temperatures. The integral A (which

must be evaluated numerically) - is associated with the broadening due to

hybridisation of a d=level whose distance from the Fermi level is small

LY

]

compared to the temperatureg, and is given by:
V2

A fmfé_)f_ XO=x) = 0-8928-..
0 _gln_n'%

For stmng.cnublir_)g,LU':»‘A) the effe_ctive nCyrie constant” T) increases

(5.3.12)

above 1/8 as the temperature decreases; for weak coupling, it decreases.

ey
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In the intermediate temperature

aszmmetrlc llmlt u 797’>7F
i_"'))‘l, 1$71¢1 (Appendix 5A - section (III), eqn. (5.8,38)¢

7( ': | (’ ZA 37-)) , ]8T [(Ed"ﬂ LnT ) o 3A A +0 (E"{)_ﬂmj

- A —-1\ . ¥
. Efu‘w(ﬁ;) + O<%J?) . ( 1E)&TK U)

where the coefficient X in the logarithmic term is.

= %e,f-c ; (Crtuersnstant, 05750y (5.3

In this large U limit, the .leading term in the Curie constant rises to 1/6,

reflecting the effective threefold degeneracy of the impurity, Fluctuations g}

the state ny =2 are. effectlvely frozen out at these: temperatures; the residual

|

effect of such fluctuations are seen in the carrection to the Curie constann
which is slightly less than 1/6, and the Pauli term "'A/U2, which represents
the small additional density of states available at the Fermi surface due to

the tails of a guasi=lorentzian high-energy resonance .with width A at

an energy of order U, These terms vanish in the limit U< 3 however

there is additional U-dependence in the Yogarithmic term (A/GT[TZ)ln(T/D(U)

which diverges in that limit, This is because in an Anderscn model with

U= 00 there is no longer any cancellation of ultra-high energy processes, |

‘and a finite bandwidth parameter is required, Using the terminology

"asymmetric Anderson model™ for such a U= oo model, the asymmetric Anderson

model bandwidth parameter U may be defined by the perturbation expansion
in A for % equivalent to (5.3,13), 1In the temperature range u» T>)IEd],

the full strong-coupling®(UD)A ) ‘Anderson ‘mbdel becomes equivalent to an

asymmetric model with W = &{U, where % is given by (5.3.14). It might be
considered that the term 3AA/ﬂ"T2 should be absorbed into the definition

of W, since it is of the same form as Aln d/?rTQ; however, the term A

is in fact associated with the broadening of the level near the Fermi surface,

'01 -

|
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and can be distinguished from the terms proportional to 1ln < by examining

~ 4 3 R
the next level of terms, proportional to 1/T s where these two type of contri-
bution have a different Ed—dependence.

The perturbation expansion in A

for the susceptibility of the asymmetric Anderson model thus defines W by:

- A '

et e

o
> —A La T\ 3A A
s rgr>| B (fr“i’?)*g T

o - . . )
- g T V 2 PATS “
— | BV 20 (BT - ISARE v 0(2))
168T SN W - Ti o \ .
b R 5
' (543.15)
, , |
It is evident that absorbing the term involving A in the 1/T” term into the
definition of W would still leave terms involving A floating around
unabsorbed in the 1/T3 term. (The 1_/T3 term of (5.3.15) may be obtained from
(5.A.38a) in appendix 54 ). Higher order terms might define a series
expansion W(A) in powers of A so that partially summing the series so
logarithmic terms appeared .as 1In(T/W(A)) left only universal (i.e., band=

structure-independent) series coefficients such as A . and other - similar

integrals appearing in higher order terms of the high-temperature series

-

(53.11).

In the low temperature Kondo limit,where E, is below the Fermi surface,

d
and Ed+U is above the Fermi surface, so that Ed+U, \ Ed)'>>T’ the suscepti-
bility may be written as

ondo sl
Y= xX“tn o+ XT

(Appendix 5A = section (IV), egn.(5.A.60,61) ).

4~ O(T) (5.3.16)

The leading terms give rise

to a series of Kondo form (5.3.1), with

(-yf, *‘»ff m( ) "_D(o) ‘5{(15@&1‘ (Ed+u>)’/2‘

Ed” E+UL

(5.3.17)

(z = L exp(€+14) )

I
|
i
i |
I 1]
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e prefactor of (5.3.18) from perturbation theory = tantalisingly, replacing
The parameter Jp eff agrees with the Schrieffer-Wolff value, and has Previggd the factor exp(C+}) by exp(C~%) would give essentially perfect agreement -
previously been obtained by such a perturbation expansion (Scalapino,(1966)), - howeger attempts to find such a correction have been fruitless despite much
The new value is that for Deff’ which has not previously been obtained f effort. Possiﬁle sources of a systematic error in the numerical calculétions
peturbatively, It corresponds to A(D1DZ)%’ where D1 and D, are the natural E will be briefly discussed l;ter.
upper and lower cutoffs (E +U) and |Ed| o The precise numerical proport- | The leading, Kondo terms inﬁl?hg susceptibility expansion may be
‘ionality coefficient is also obtained.  These values correspond to a Kondo L jdentified with the spin fluctwo.tions: depending on the single parameter
series with a T of " - T, these ﬁerms, uhen summed, contain no memory of the levels E_, E +U to

TK - D (|3’P[) QJPJ_/’ which residual charge fluctuations are possible. These charge flucteations

contribute to the next leading terms, the Pauli susceptibility (5,A.61) .

kK . e | -
(ZA )2' FEA{&H“) | ok = exp C(f /i) - | The full term is complicated, and given in the appendix 5A; its form
) ——— ,
(2a0/1TY. _ AT (5.3
' in two special limits will be given here.- the symmetric case, Ed=.%u
Comparison of this expression with some numerical renormalisation group '
{’m. 2
results is shown in the following table: , r IX = (, ad +0(€1) ) ) ( EA: -u/z_) (5.3.19)

_Ed/u - ufu zA/mij -Ed/U _-erff (Tk/w)calc T:hao/].;alc and the asymmetrlc llmn‘:, u '>>-Ed>> T

as 0°5 1-0 1+6 0<5 0-064 37 2+0 fau“ L | | 2
- - g -12 . P - = W\ b
x107 | xae™ | x107° X10‘12 | Az 4FTTE§A2~ [ | .V%%%EA tﬁw\giﬂ éé\)-+—0(é%i) T)

b 1°0 120 10 10 < | 0-100 2¢6 | 20 ~ '
s (uU>? —E4> T)

107> X102 x10~0 | x10”10

(5,3,20)

As in the intermediate UDY T >>{Ed\, regime, there is logarithmic depende}vce

co 1°0 10 10 10 0+100 76 22 ’ ‘ .
X‘IU-S X‘ID-Z X‘IO-S , Xm-—m ‘ on U which plays the role of a cutoff,

1
T R R ] ] T e ——
e i 1 ) - 5 1 !
. L8 L. i
N

i

4

In the other low temperature limit, the non-magnetic regime E +U, £, v
Source: (a) Krishna-murthy et al, (1975); (b),(c) Krishna=murthy HeR., pr;wata , P ? 9 gime Ly by > T
communication, (U is a bandwidth used in the numerieal work). (Appendix SA =~ section (v), eqne(5.A.90) ) the éxpansion is well behaved,

The numerical accuracy is said to be a few per cent,

J and the_leading terms are a Pauli suscebtibility, given in full in the

“The results range over a wide spread of asymmetry = and represent bona,—f‘ide'
. . . appendix, but quoted here in the asymmetric limit U ) Ed > T

Kondo systems since TK KA o« The ratio of the theoretical prediction

w .
from (5.3.18) to the numerical result is shown in the final column, There 'X PM“ - _A_ l — 9:_[_-\ Lh —] — _l,
| ITE; = =
is perfect agreement between the functional form of (5.3.18) and the numer-
ical calculation, but the theoretical value is systematically a factor of _ : : ‘ (u ) el >.7T)

about two higher, This may be due to an error in calculating the numerical

1
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- function with the expansion

Note how the correction factor$éof the two Pauli susceptibilities (5.3.2°)

and (5.3.2)) are ' the. same.

L od

full susceptibility is given by

X = AP o) .

In the nonemagnetic E )T 1imit the = °

(B.3.27)

Because it generates its own cutoff in such é natural way, the
Kondo limit of the Anderson model could provide a véry suitable case
for a perturbation-theoretic test of the 'universality' of the weak
coupling Kondo problem.

The statement of universality is equivalent

to the assertion that a universal Kondo temperature T,

X exists (Wilson

(1975)) such that

Iy = :D(U-P) ARP -& (37)
DEp) =D * 'DJ'JP +—£D‘“ (Ipd* + - - -

where D(JfO is a non-universal power series that depends on the

(5.3.2%3)
(5.3.2W)

details of the particular band structure, and ®(x) is a universal

B0 = _Ja'c —--;—_Lanl + (—h—+ét-a.> X 4+ ox?)

(note that this follows the convention of Krishna-murthy et al. (1975) ;

(5.3.25)

as Wilson (1975) defines it, the RHS of (5.3.7%5) is l'@(%x)'). Wilson

reports the coéfficient of x-in (5.3.25) as %X3.1648+0.01%, or a = = "~
0.9993 + 0.0001. The universal susceptibility ¥(T) is obtained from‘®:

BETA 1) = Blop) + WTHoP) (5.3.2)
(cf. (2.4.11), Expanding ¢, and rearranging, |

X = A (1 +7p +E W(T/D6R) + (5p)* [Litr/oEp)
4T '
b 3 i /
+ 5 (TheN) + @) [LET/pom) + 2L (Tfoom - gﬂh(‘i’,’b(m)} (5.3.27)
It seems likely that Wilson has underestimated the error im his

calculation of a, and that it is precisely unity. This series (5.3 3.27)

_exact value of a.

is also universal, with D(JF) containing all the band structure depend-

ence. Expandlng D(Jﬁ) to obtaln the full series in Jp) - @;@ W

Ay = ~r~* ( | + JP (U'ID) Ln (’T’/p} I (Tf‘)z [sz (’i’ ’@ . t,
iLn('r/D) - ] (TP 103 (T + S i (T/) -
(5.3.28) i

k(*xa 2%1»\(7-/») P (@Y -3 )] e i

Evaluation of the power series of D(Jp) up to (Jp) requires perturba-

tion theory to order nt2. It can be seen that evaluation of the.

expansion for ¥ to fourth order. (i.e., eighth order inrtheuAnderson

model) would not only yield D' andD" °, but, through the term in

(Jp)4ln(1le)] provide a consistency test of universality, and the

However, although this program is essentially straight-

forward, it has not been carried out as it involves a vast amount of

algebra., Another aspect of the expansion (5.3.28) fhat is worth pointing

out is that only the leading and next leading terms have explicitly universal

coefficients (these are precisely the termssummed by © . the scaling

equations to second order )' the coefficients of the universal series

(5.3.27) that emerges after partial summation of the full series (5&3.28)

are hidden behind the non—-universal derivatiﬁes of D(jf) ih all terms
beyond the next leading ones of the full perturbation expansion (5.3.28).
The effect of retaining a finite bandwidth in the Anderson model may

be taken intoc account by keeping the cutoff &€ of (5.3.,5) finite, or

introducing a similar cutoff to the logard¢hms in the alternative

representagion (5.2.22), namely the replacement

bn (1X1/T) = LWEaxl/e) = Ln (1x1/T) (X|> Z W
= O X1LTPow™
(5.3.29)

This is only an approximation, but is asymptotically exact in thezﬁy&d—ﬁ (o)

limit, For u 5>]Ed\ ’ U,,tha infinite bandwidth results will be
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Note how the correction factor$of the two Pauli susceptibilities (5.3.20)

and (5,3.2)) are the. same, - In the non-magnetic E 5T limit the k-

i

!full susceptlbllity is given by
X@ = X o) .

(E.3.22)

Because it generates its own cutoff in such a natural way, the
Kondo limit of the Anderson model could provide a véry suitable case
for a perturbation-theoretic test of the 'universality' of the weak
coupling Kondo problem. .

The statement qf universality is equivalent

to the assertion that a universal Kondo temperature T,

X exists (Wilson

(1975)) such that

TK :D(‘J',o) Q;&F -¢ (3'/’) (5.3.23)
DCP) = D o+ 2 z -
) D Jp +LDV (ap* ¥ - (5.3.21)
where D(JfO is a non-universal power series that depends on the
details of the particular band structure, and &(x) is a universal
- function with the expansion
(x) = =4 -1 +.(.L o
B = =L =3ix L+ o) X+ 00 (5.3.25)
(note that this follows the convention of Krishna-murthy et al. (1975)'
as Wilson (1975) defines it, the RHS of (5.3.?%) is "Q(%x)') Wilson

reports the coefficient of x in (5.3.25) as %X3.1648+0.01%, or a = .« -
0.9993 + 0.0001. The universal susééptibility X(T) is obtained from ¢:

_@(477\’(7’)~/> @& (7p) + M@'/DDP)) (5.3.2%)
(cf. (2.4.11), Expanding @, and rearranging,

a 4
XD =7 (1+ 37 @A W(T/20n) + (G [Litr/oep)
b 3 = ;
4 (D0 ] + @) [LiT/om) + £ Ut (Tfoon - Lo ba (T/p@g)]+5-327)
It seems likely that Wilson has underestimated the error in his

calculation of a, and that it is precisely unity. This series (5.3.27)

_ exact value of a.

;s also universal, with D(Jp) containing all the band structure depend-

ence. Expanding D(Jp) to obtain the full series in (Jp) - @A

AT = #( |+ 77+ (3P) La (’T’/p) F @‘7@)3 [Lmz(r@ 2 4‘]
SIn(Th) -2 ] L OP 13 (TR + S i m)
+'(///34 24 bv\('r/b) +h ((V\ -2 - "")] &

) up to (Jp)A requires perturba-

(5.3.28)

Evaluation of the power series of D(Jp

tion theory to order nt2. It can be seen that evaluation of the.

expansion for X to fourth_érder\(i.e., eighth order in/thewAﬁderson

model) would not only yield D' and D" -, but, through the term in

(Jp)Aln(Wf/D)j provide a consistency test of universality, and the

" However, although this program is essentially straight-

forward, it has not been carried out as it involves a vast amount of

algebra. Another aspect of the expansion (5.3.28) that is worth pointing

out is that only the leading and next leading terms have explicitly universal

coefficients (these are precisely the terms summed by the scaling

equations to second order ); the coefficients of the universal series

(5¢3.27) thét emerges after partial summation of the full series (5;3.28)
are hidden behind the non-universal derivatives of D(gf) ih all terms
beyond the next leading ones of the full perturbation expansion (5.3.28).

The effect of retaining a finite banduwidth in the Anderson model may

be taken intoc account by keeping the cutoff & of (5.3.5) finite, or

introducing a similar cutoff to the logard¢hms in the alternative

representation (5.2.22), namely the replacement

tn (1X1/2) = W axife) = L (1x1f2)  (XI> T~ W
= O X1LTrewW
(5;3.2q)

This is only an approximation, but is asymptotically exact in thezﬁ%ﬁd‘ﬁ o]

limit, For u ﬁylEd\ s Uy the infinite bandwidth results will be
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essentially unaffected; if W is smaller it will provide the cutoffs to any
logarithmic terms that enter in perturbatibn theery., In particular, in
the Kondo limit, the cutoffs D, and D, will be given by min(Ed+U,w) and
min(—Ed,w). Thus, in the asymmstric Kondo 1imit_‘,‘ u >7]Ed), £, - 1e

the Kondo temperature is given by

o | -
Te ~ (Un)*exp ;[fcl (W U > -g,) (5.3.30) |

. Iy , |
Ik ~ (WA) QXP T;_:—E: <u>>W>>—'EA> (5.3.31) |

T ~ W QAAI/‘Q'XP 'TT‘EJ (U S-ES>D W). . (5.3.39.)W

119
5.4v Inclusion of Boson Terms in the Partition Functions
The exact result (5.2"129 may be extended to include screening
terms, without making any approximations. If the level shifts due
to the boson field relaxation are absorbed into the definitions of
the Ex , © (3.4.1) may be written
ftr b
{2 00 X i (541
b o (5.4.2
W, = Zw%(bqﬂ ) (bo + 9 ) (5.4.2)
where
The operators X _(x) (5.2.%) now take the form b
*B(Ea~Ep) xpHy _xpH
Xﬁ(p (0 e Xap & e T F (5.4.3)
The bosons contribute.an extra factor to path amplitudes, of the form:
¥ |
(’I’e_xp—j? £ H"D<D> " (5.4.4)
where PH (o) /.
b 3 ] SET )X
Ho00 = Z“‘%U% + ANy 2a-y (L, 4+ aneg 8
2 Loy ) (5.4.5)
ne) = Z’@ INgleey B X) Ok-%) 5.5 B

“The MP(!MAQ(S‘i‘f)ls easily evaluated; define the boson operator ¢ Z"‘q,bc‘,

In the ,1nteract10n representation (5 4, 4) becomes
<Tup-pg fnooq!wdx uf A3 fncmg( mch) b
H%
3
_xp— (F) ZM"‘ f nexdx . (5.4.7)
Expanding the exponentlals, and noting that only expectation values

of products of equal numbers of boson creation and annihilation

operators are non-vanishing,

| wy, N
< >Hb(m , ch}) (T /n(x._)«ixc jn() )dyg%(ﬂ"g‘(‘d'“duﬂﬁ)¢+(Y4 "‘¢¢F~)>Hym
= Z(ﬁ"”L T, (4 nmaxtjn(méyg (T oxad “">7H (o)

= Q,XP[(/Ba)l(’fncx)dxfthy)dy LT d(ﬂ)q‘\{”(‘/)%br;l (5.4.8)

Using symmetry under interchange of X and Y (5.4.8) becomes
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5,5 Specialisation to the Asymmetric Case.

120

To simplify matters, it is convenient to specialise to the asymmetric

B { ) ‘ A ‘% I
2xp (,( dx Neo fdy()cy) &Cx-—ﬁv)] | SRR | : | | \‘m

casey; U = o , for the study of the mixedz\lalgnce problem. This removes \w
ey i _ ]
}O(‘)W = ([36\ E—L (<T¢C>O¢f?7)>+<r¢fz’()¢((ﬂ>> K:._ll Sl¥~ 7;) A ny = 2 states from the problem, so attention can be focussed on fluctuations
‘ I
) d : the two configurational states n, = 0 and n, = 1. The only atomic - M:u
- (!>3>’zqul( ((CRERINA | expptaivey) sy Riuest ¥ i prfia ’ ’ = |
Ly p (st ~| ) = xp-puy L9, states of the impurity orbital that contribute to the 'partition function |

- 9 9)’ F(,X Yl) (5.4.10) ‘L are l~> (henceforth denoted as 107 ) l’[‘> and \l/). H

|
\‘}Hﬁ
where » ' ‘. As noted in section 5.3, taking the U-2% limit necessitates retaining “ l
- _2)’- tﬁﬁ Qyp~XpLs |
Foo = t2 ) rembat.  (04r41) (s, - 1L b
Qxfﬁwﬁ- | = &xp-pely | a2 finite conduction electron bandwidth W, to cut off logarithmic divergences i
F(x) is undetermined by a constant, ar;dl F(x) = F(l-x) : A : in expansions for physical quantities, The necessary mofification to
Integrating (5.4.9) by parts, using (5.4.10) , it becomes ’ 1 (5.4¢14) is A |
] I . ) ’ . =
exp —{axfdy n'eo nfeyy FQX=y1) . - (5.4.12) | Lh(g(_h‘ﬂ"h(c*)‘gw — LH(SU"‘ W(IM'XJD )] S (W)
o

Using (5.4.6), the final form for the boson factor is

| | . . ’ .
Q*P*?}"‘“"‘”A“O‘ﬁ FCin-%)) (5.4.13) ? L (FW) y 1Y XJ | & (F )

As mentioned at the end of section 5.4, the patition function may be

2% ;/ZZ ExTy = Z(‘D (lnSmT/Xr)‘JI LS| y.-¥ l) R of & gas; ﬂﬂ acks a8 2 fugacity, and shen (P@»h

interpreted as that

| : (5.5.1)
é, where AN(%) is the change in {n;) at X;. The full (exact) expression { '
i ; - i
: ! is us . to define the function
i for the partition function of the infinite bandwidth Anderson model Jt 1s'useful. %a de
i ) ‘ ' Yy . .
i with boson coupling is then » ' (,l’\ IXl = th}(l ) le S>> |
l
M+n , : ‘ (545.2)
= z : A . e e = &) x| |

m (B2) [dyzm f&)ﬁ /A)’n r ﬂly, - exp — g } ' ’ 7 ! _ |

mn o ; il
@ ) X207 | ' A

"‘Z(’U J(qu"’x.),) +F (Y- YJ” ¥2 Flike- YJ”}} ) ~ the mean separation betweefi "pérticle"s"'at X4 xj is of the order (,9.'3) . H; (i

. <}
. - {i=X wWY.confi ti in which
ZEJ-L E + (Bp-E )Zt“) X +(Ey 6. )2}” y; - (Egres ee-E»)lif:(-\) le ) (5.4.14) The forn (5.5.1) is exact except for IX(XIS(H)seonfigurations

= )
any of the "particles" sre as close as (ﬁu) contribute negligeably to
It is interesting to note that this has the form of a configurational

' : teh partition function provided . (fm)"1 is much less than the average
partition function of classical particles in a one-dimensional rintor—postinle amparationty Lua.y 47 USHA « At N temperaturas
RIS Sraten. Sorsreting oy, wii mimigs fotass, m Swema ([?)A) Z& 1, the mean separation is of order unity, so ’chev corresponding
o condition is (ﬁ“))}h The form (5.5.1) is thu§ asymptotically exact in

the 1imit US) A, T,
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In. this approximation, the partition function may be written:

N ] Xo. . .
£ g oelfiec (5 2 Tog ot}

-1 Sy 29|
) " '.. ;
%g - § Z:(‘UEQM *ng (1) U (pwsnTT sl )
t>y 7Y |

XZN

& o | |
+ ZC‘U F(IX{,’XJ’)} . (5.5.3)
Y
i; x21—1 represents .
251 (= 0py)e
In the spirit of the asymptotic approximation , F( X;=Xg ) may be

X5s represents emission of a particle with spin 6}

absorbtion of a particle with spin O

replaced by its value for lxi-xsl>9(fm)-1, when i # jo Its behaviour for
large argument®depends on whether the bosons are phonons “or Tomonagons,
In the case of phonons F(x) behaves

| 42 » | th() - N
Foo = £ - Be) fo x <<,§E%>

-
Fc) = o _P,., L5 (fs“”)‘ . (5.5.4)

2 L) > . )
where &)D is the Debye frequency. At high ij, p 21l pairs XysX, are

within the range of F, since (’S(JJ'»R the sum in (5.5.3) becomes
K 5
2. ) ! FOri-x51) = 2/t Y = 0 (5.5.5)
LY ]

The only effect of the phonons at temperatureé above wD is fhus the level‘
shift that has been absorbed into E (this is a response to the mggﬁ
diplacement of the boson field éorresponding to each valence, a quantity
thch isiddependent of temperature when the electron-phonon coupling is

linear, as in this model ). However, in the other limit & 7> T (and

e

A ), the mean separation ]xi-—xj\ is much larger than (PQD)—1’ and the

: 123
sum in (5.5.3) becomes
" ) o 1
570y Favew) = 2 F(oy = angh)) Bl
ts S PR ‘ & 9 1 |
(5.5.6)

(pHT,A)

This may be absorEed into /) so that
257 (a2 . ,o>17- (505.7)
-t RXp — 9 Z AL =2 A l(o—\
A Dexp-9a 22

The interpretation of this is very simple: when the characteristic fluctuation

“time (which is 25'-1 in the ahsence of phpnons) is much larger than C)D,-the

phenon - field has ample tims to fully relax about the impurity charge
state in the interval between successive hops of an electron on and off

the impurity orbital, The matrix elements V are thus effe dively

kd
reduced by the factor <<% \ %:> s the overlap between the coherent ground
states of the phonon field appropriate to the two valence statess this

was first pointad out in this context by Sherrington and Von FMolnar (1975).

Thus the thermodynamics of the model at low temperatures is ﬁhus
equivalent to that of a medel without phonon coupling, but renormalised
Ed and A .

The d-electron Greens function is :

Gyler = AL T Calercd D,  (5.5.9)

This can be expanded in a similar fashion tb the partition function. The
only difference if that a term of order ASN now has 2(N+1) rather than 2N
valence fluctuations in its amplitude, and there is a spare phonon overlap °
factor Flcatiﬁg around, by which the Greens function must be multiplied,
The correpondence of the model with phaﬁon coupling to the one without

(denoted by the suffix 0) is thus:
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Z(E,nY = Z(e', 4p) -,(7j A& ey
qcl (W, E)‘A) = A G.: (w, E;dA) (Q;T;A '«w")"

KX = QXP—-S Z‘.{c\‘l = k&lb>ll | ‘ be rewritten

: F(’O = - %_- [h%((lﬁ(ﬂ/fmﬂ—/)(/ ) | | (5.5.13)

and the exponential term in the partition function expansion (5.5.3) can

(5.5,9)

Note that there is a fundamental restriction on the magnitude of Im.Gd: g g {Zt\) E X _Z’ 6_|> (\6% 6:)_,_ €> u\_(pw,ffhrl)ll-)gb}

-
o - - — ., .
writing Gd as (W Ey Esd/m Z"‘tﬂ . .where i - is the self energy (5.5.14)
due to hybridisation with the conduction band (n.b, Im. E = A ) and f p
where h = 1.

0 fhat due o dnterection processes, it is 93511Y peEn it It should be noted that such a form for the gartition function could

have been obtained directly from the model with an electronic screening

ImGy £ J £

]
= - ' (505010) 1
IM (ZSJ+ Z‘W’) A term without going through the intermediate Tomonaga boson representation.
e fHE &0 CuBa) gb S i ReSREE Sis l - Such a direct treatment would use- the techniques developed by Nozieres and
’ I deDominicis (1968) to solve the .X-ray edge preblem, and applied by Anderson
1MQ4/L-J = D{Im qd/w) < ol . = . © (sl . ‘ .
| XA A L 1  and Yuval (1969) to the Kondo problem, This allows ihe identification
In the case of Tomonaga bosons, representing electronic. screening of € wi ith the Nozleresf:deDomlmm.s X=ray exponent; it also allows the type
processes, F(0) as defined by (5.4.11) is divergent, This is easily remedied, of screening potential considered here to be generalised te include
as F(x) is undetermined by an arbitrary constant, allowing the divergence - screening in the same channel as.ths d-electron, and allows€ to become
to be subtracted: | ' A L j negative if this is important~ an effect that cannot be handled within the
F(K) = 61 Z ,‘>(‘\|'L ( Q.xf) —XFL’j - ’,_ &P-x/gui' : E framework of the Tomonaga boson representation used here.
> 4 A}12. -QX'D pc"‘l = ' / @,LP _FC\J@' | E For a spherically symmetric potential, € is thus identified as
| ‘ £
7 .(5.5418 C = 22(2“,)( ) __2% | (5.5.15)
hence A T T |
F(O) = O , . where the phase shifts SL satisfy the Friede; sum rule
- ‘ | 1 ' 5.5.16
Foo = ~Eln (psmax) s (pwy=) (5.5.12 Newy§) - o | (5.5.16)
o g : - y 'r-rL 2
. . L .
Here W is the high energy cutoff of the boson spectrum , which is just the .
. and g is the phase shift in the channel to which the d-electrons belong.
bandwidth of the conduction electrons from which these bosons were derived;
8 is just the exponent characterising the long-~time screening response
defined in (3.4.4), In asymptotic approximation,
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5.6 Equivalence to a Classical Spin Problem

Just .as in the case of the Anderson-Yuval Kondo model partition
function expansion (Yuval and Anderson (1970), the partition function
(5.5. 2) may be interpreted as the partition function of a classical -

spin system on a circular' one-dimensional lattice. Consider the model

with 151ng—11ke spins S = -1,0,1 : (SN+1,5 Sl )
® _ EZSL * 1117:3L —TZ8Sw + K2 39 T s} (5.6.1)
L) dy ) g :
where difs the direct (chord) distance between sitesi,j and N is
large:
ohJ _':’ sim T el -
N~ - (5.6.2)

For large positive (ferromagnetic) J, the lowest energy configura-

tion will have Si» constant.

[ w
= = N Z__
(&t &

Notlng that
N’I.

7 tay)

L>) Ag" Slh”ﬂ
= NEPaT (j’w’- dv — [ “ax N 4o(h)
NI e suix X%
= Tg t o(h) (5.6.2)

the ground state configuration energy is
6 = N+ Plowafsteus) vo ) (se9)

2
For (E+ g:(K1+K2)) and H small (in a sense to be determined later),

(5.6.3)

the dominant low energy configurations will be ones with Si= constant
over large segments; with a few widely separated discontinuities where-

the spin Si changes (Fig. (5.3):

;P.' = ¢ G-:'P G—‘P«H S - = 5;”1'
o°°$++++++++‘f-+++*'+—f-1—0‘ ©eocec0 06{7— —-——= -Toao- ..o

)

o Pap (=02 “ Nepy =200y

Fig. (5.3): Segment of a low energy configuration.

!_
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y = " 7 R
If the configuration has Si 02p for n2p—l' *i'°“n2p » Where 02 -1
GZP, (Un = +1), and Si = 0 for nzpr<Ii;5 n2p+l, “and p = ;,...Zm, ‘the

configurational energy is:

’ﬁ (2'\?)6})1 P l ZM) Q—Mj 4+ Eztl)p + H’ZLUG- ﬂP
O2p (-
(I(H()Z Z Z JL + Z(k‘ Oy +Ka f "1 (5.6.5)
(—'nzr ' ﬂlﬂ L= nlﬂ n -

These sums can be evaluated

AR 25 I )
L Z o
e d s aﬁn.-Jl N}L-a.%)-a.:m T (1)) Bre-i)®
(b>a)
Z (b-«-«-J [u =L so(d)
ot Stq(xy) =)
(‘o-«g)'\l’_)“ ~ - Lh(db&) +0({3) ' (5.6.6)
d b . |
(=<1 o dt) ,/;\x A + 0= L @*2‘.&5&} o) (5.6.7
- f XSW» ey )= Socdad | (N) 8.

(d>>c>7b>>o) - Ee o

C is Eulers constant. Finally the Hamiltonian can be re—-expressed as:

fg{ ancﬂ,P:"'l‘“) = & + 2M (D- CCkHvkz\) 4 (E.HT (I(‘HQ))'Z(") Ny
™M

Zelsn, z (ko35 +1) €0V L 4
= P>4

5.6.8
p\'\oy . ¢ )

The partition function is:

- o Ngn-l Ny Mot |
M=) 2 “'m-\ Nzo = 5 207 02¢~\
=M =t .
21
E+ Ik +k1>
(5.6.9)
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In the large N limit the sums over np can be " replaced by integrals;

the discreteness of the lattice provides the cutoff to the logarithms,and

a partition function of the form (5.5.3) is recovered, with the identifi-

cations:
' C (K +K) =D

.és e—> exp At

& o0—> E + T (krk) +0

w/ | p—

IS\A] &~ N

X —> 2% [T

I S P ) (5.6.10)
< €

The equivalence is for Anderson model parameters
is essentially an equivalence between the.kB - © limit of the weak-hybridis-
ation Anderson model and the N + » or thermodynamic limit of tﬁe strongly
ferromagnetic Ising chain.

Subsidiary conditions are Eg.saiw, and

K. ~ K

1 2 ~2T.

BW >> BA >> 1: this
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Appendix 5A. _Perturbation expansion for the Anderson model susceptibilitl

to second crder in A : asymptotic evaluation in various limits.

(1), Explicit demonstration of convergence in the infinite bandwidth limit,

The systematic expansion in powsrs of A rtor the partition function is
given in (5.3.3-€); the expansion for the impurity susceptibility is related tg

it by (5.3.10):

o .
. - Ze (ZI [ Z’ ’f’& Z‘” Z ),.;z )
X = ﬁ"-i" ( b+ z z‘ Z4 z , (54A.1)
where 7 = Z0 + Z1 + Z2 ....;L, 7N = dzz/dhz; The}pfefaotor F Z(‘J’/Z0 is
ZT I -
where ¢ = lg(Ed+u), - =_[3'Ea s
The first order term is given explicitly by
i :
AT o= () (2R (?%f’ ~€ x+ug—€*x) ((1—-2‘) - - (S.AA1E
Zy Lo S‘mTX 2+ T )

where the expression for Z1 has been constructedy; using the rules explained in

section 5,3, from the disgrammatic representation:

Z,:

.

(5..4)

« ’;("—’_T{*" ik =)

X T
Y...-

4

The conduction electron propagator factors (sinYx )-1 are to be understood

as the limit

Gx-e) 6 (1-x-€)
SinTTX H

A = L' 1
SINTX " ‘,S—? ©

this ensures proper regularisation of the integrals in the infinite bandwidth
limit,

To demonstrate that the limit £3)0 exists, (5.A.3) is written as

({M) é"‘f"f’”uf’ t+x>(<  2aet ")
€

SmTl‘
+ (p= 09 reyp- £ XJ) (X - .4; e :) (58460

(54R45) 1

-

{iv) 1-x-y-z 3.0,

™ ' 131

.of the integrénd as x% 0, where the integral is

) +0 cx))

Examine the limiting form

potentially singular:
- -t -
o~ 'l(' P -£+) + /6.,_1:‘%5)(

-2
Zietie?

~ 2 2re gt 22 ~ (e, ) LAy
L + O (x)
2+€‘He—“
~r OCl) al XK—» o , (5.0.7)
(5.R¢3) is thus well-behaved as @-—% 0.
The second order term in (5.A.1) may be broken into tuwo parts, one coming
from second order terms of the partition function, the other from first
order terms, The first part is
' o
LA Z& J (5.A.8)
Za” Za o
this may in turn be broken into three parts, one from each of ths three
istinct diagrams (a), (b) and (c) making up Z,%
o~ o G
Z, =
9. /
[4 z + T c 4 9z -7 «  (5.8,9)
o e’ —
(o) (k) ey .

The integration variables used in expressing these contributions will be XeYs2

where they correspond to

(5.A.10)

X

The integration volume is constrained by (1) x >0

T-¥-y-2
(ii) y 2 0, (iii) z%. 0,

To avoid double counting of identical diagrams, the

further constraint z {1-x~y~-z is imposed; this replaces (iv) by 1-x-y=-2z 2 0.
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Rppendix 5A. _Perturbation expansion for the Anderson model susceptibility

v

asymptotic evaluation in various limits.

to second crder in A

(1)e Explicit demonstration of convergence in the infinite bandwidth limit,

The systematic expansion in powers of [ for the partitiaon function is -

given in (5.3.3<€); the expansion for the impuriﬁy susceptibility is related to |

) ) ’ (5.A58

it by (5.3.10):

Zz-_7 FA 1
X = F-Zc( [+ zoﬂ Z') [( "é Za z.

ya z

wvhere Z = ZD + 21 + Z2 cecoe g I" = dzz/dhz; The‘pfefactor F Z;/Z0 is
Zo” /3 2.
E‘; - ; 14e” _é_e’-»E"“ P ....,.F(S.A.Z),“_ -
where g+ = lg(Ed-i-U), -3 ="ﬂ Ea .
The first order term is given explicitly by
i :
alh = (/35) d% (e%r ~€% +axp-ek) ((H‘) L (S
Zy Lo SnTTx 2+¢ et/ -

where the expression for Z1 has been constructed, using the rules explained in

section 5,3, from the diagrammatic representation:

Z, = T
| ® T s
...

v

The conduction electron propagator factors (sinTx )

, (0—5’]‘3\[/ ; ‘;—= ,.,.,,-) . (5¢A.4)

=1 are to be understood

as the limit

A -
SINTX

this ensures proper regularisation of the integrals in the infinite bandwidth

Gxe) 8 (1-x-&
Sin X H

Lim g5 0" (5.4.5)

limit,

To demonstrate that the limit €30 exists, (5.A.3) is written as

X
l @)(P-r)we.)t‘) t*x)(( =K = oagtie >

+ (exp-t (:wrc)&&ﬂ._ st(i- xJ) (X ".zw, :9 (5.8.6)

()

e SmTI.X

E

{iv) 1=x=y-z 2.0,
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Examine the limiting form .of the integrénd as x9 0, where the integral is
potentially singular: v

2(1~ % ) ¢ (€5eF) +0(%
?T)Q ( ( 2+e Pl | z.x(e £ et
5 -t = _ ' . ‘
P _2 1+€£-\e€ —-2-—(@‘%{»_ ﬁ) i ch)>
e 24 e~f% -2t
~ O(1) as x—>ao . (5.A.7)

e— o

The second order term in (5.A.1) may be broken into two parts, one coming

(54ARe3) is thus well-behaved as

from second order terms of the partition function, the other from first

order terms. The first part is

i
z°,, Zd e L]

this may in turn be broken into three parts, one from each of the three

distinct diagrams (a), (b) and (c) making up Z,%

o~ o G
-
2 z z! +rw 4+ z -2 . (5.1.9)
G'A 5"’ - G
(o) (b) ey .

The integration variables used in expressing these contributions will be x,y,z

where they correspond to

(5.A.10)

T=¥-1-2

(ii) y2 0, (iii) z%.0

The integration volume is constrained by (&) x 2 0,
To avoid double counting of idsntical diaorams, the

further constraint z {1-x=y=z is imposed; this replaces (iv) by 1=x-y=2z'2 O,
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These contributions to fhm second order term are, explicitly,

z, Zz pa)fax [d)’ fdz G (1-x-Y-22)
ZII
‘ 2
RAP-E X +ex p~£*;>(<we—€ Y*e*’[’"ﬁ ¥ ((’ %=y )"~ ot (0
( SnITX Staily
e ggp-?c"(x+y) + Cxp-eleney) ({ —y (1 ~%- Y-’Z.Z)z“_;éi‘_- ()
SINTTZ « ST (Kay42) 2+ G e® %

4 (%&ﬁ:&iﬁ—ﬁy + exp-£ikexp-cy ((,..;vy—zz)z.. 2 vl
STt (2+r) - Stm‘i'i(z-%"{) ) '

(50A|1

The integration volume is the tetrahedron with vertices (000),(100),(010), (0o

The integrand (a) diverges along faces x=0 and y=0; (b) diverges along ths
face z=0; (c) diverges along the edqes x=z=0 and y=z=0,
The remaining term, which will be denoted (d))comes from firstorder

terms in the partition function expansion:

| /
— Lt Z\ o s A)z GX {"}:4—659-” ™ ‘>
Zo z” Z) = ¢ [d-’\{[\ stvrr)f @*’eﬁ"e

Al
| exp-styaep-g i-
ofd\/ (ﬁg\n r]"; i f)(( 7) 2-'3‘(’,"""‘ =St (J) |

(5.A412)

The x-integral’'is singular as €-»0; the y integral is Just(5.A.3) which was

previously shown to be well behaved.
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The individual terms (a), (b) and (d) are logarithmically divergent as
¢ 0, though term (c) on its own exists in that limit, It will now be -

demonstrated that the total divergence of the sum of these terms cancels,

Term (a).
(1) do z—integral directly: (integrand is independent of z ) @
. Fe
f;x gxp_&: “xeexf-ctx fy e p-£7Y +xp-gly (9(; x—y) (‘-y Y)e
St A Sin Y

‘€

((\—X 2 —Zfe‘f' A )

(5.R.13)

- (ii) fold inteqgration range into (% > x> ¥y €):

3 ﬂ?‘ e -t xf"\Y eXp-£ 74 erposy [H Y)

StwTTX Som 1T

)

VL
+ ﬁx xp-¢* -9 + exp- €’(t—x>ﬂy€x -4 tyerp-£ )’[(x'/) R 0"\/:7 (5.A.44)

¢ KT STy

(iii) expand the y-integrals as

l/L
[d), C\(K) + bcx) 4_ C()()y (50Ao15)
On integration, only the leading term a(x) contributes to the singularity

of the integral; it gives rise to a facter a(x)ln(x/g). Only that part of

a(x) that behaves like x| combines with the 1n(x) factor to give a singular

term, Collecting singular terms, (a) behaves as

-
-2 Ine fdx expsnrenpex (1-x) ()~ 2 )
T ST X 2+c
~2 [t LhQE (5:R.16)

+ Gnsfent -
T \2+e e ™ | ‘

as €—> o0,
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Term gbge

(i) Use the 'identities

fdxf dy §o<+y)

1

&
S xfoo dy
6

o (S.A‘”)h
St % _
sz st (z4ny = GITZ — b (24 ERRT

to write (b) as .
1-2€& UZ '

f d¥ Q"P;ﬁ"ﬂ; exp-ETx g, . 4z (1-x-22) §(2-€) B (-2-€) O (z+x-€)
. : ' 2
¢ O (1-2-%-€) ( (ot Tz- Caﬂr(z—m)((w) vlx-22) — L E)(s.A.w}H

ZHeThe
tliminating the superfluous @-functions B8(1-2~8), B(z+x-€), B(1~z~x=€), ang

folding the range of the x-integral into 04 x¢&%:
- fax s RXp-C *x |
* texp- €t [‘
7 Sth X » Keofoda | cbm—cmrczw) (-x*+ (irx-22)" “z:;%_‘: )

Xy
esp-sT gt - |
- f Ax QMH"" 200 (1-%) . (42 [@+nz+®+rr[z—x)>{y.'"+ (v-22)*~ 4 .
Je WX é : 2re e T
(5.A,20)

‘Using the same procedure as before (part (a)) to extract the singular part:
I )
. _ '2 et
i€ S
,‘.
+/e-Fae

-2\ 2 42__>,‘.
ﬂ£+>"ﬁ{(@%+b/£) 2.(/& +anstpd (5. R

2- ln € ﬁh p'i "'{“{-fﬁ-‘ﬁ'}. C X ((, X)Z.

SunTrX

v ot
2+€°3e

Term (c).
The integrand of (c) is only divergent along edges of the integration volume,

where the intsgral behaves as:

fc‘*/ aly) fdx/}g,ﬂ (_(_x1—z~&) ~ /dya(‘f)fdz B e Comsész&‘ (5.0.22) ¢

Term (c) is thus nonusingu]ar.

The integral is of course (5680

;9 ,ud.Qh (’
: ’ - g%
U 2rehe® e
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gind (5.A.16) and (5.A.21) the total singular behaviour of terms (a), (b),

pddi
’—’—lhe fdv )t Ox (U -y -y >
ST | 2+e’re

4 Comsw .

3) which has been shown to be well-behaved.

and (c) ‘as €2 0 is

Lim  r)+bd+E) =
E2o

‘(5.A.23)

Term gdz,

(i) _as hefore, fold the singular x-integral of (5.A,12).into the range

It 4 ew*x + erp- iﬁ-x>*€-_xr;.__.€*f'-*>> :

o SuATT X Swva It X
F&
exp-ghiyey-¢ F ;
; efd»/ {Pswir,g (U i ,t,,} oot
N+7 lhe [ f Ay ums‘ﬁwé?’(a“\’)”z e"-”ﬂ
Sua iy
~1- Co\xsjrdmxl'. (5.Re25)

The singularity of (5.A.25) exactly cancels that of (5.A.23) and thus the

second order term (a)+(b)+(c)+(d) has been explicitly shown to exist in Fhe

1imit €= 0.
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- .

_temperature/asymmetric orbital limit),

{II1). Asymptotic svaluation to O(Q* < ) for 1€ lli [<Z_L (high temperEEHEE[ _i

free orbl*al limit).

qbchnique ugeds all terms exp—éf are set to zero,

(i) The prefactor (5.A.2) is
(1)e The prefactor (5,A.2) is

/gzzgq _ ﬁ 2 . o ‘ _ /65%9’(_‘ I . 9
Zo 4 48 Zo 4T B4
(et 4 ™) * ) = P €” e -)?
= E<I+L_.___ +0(€)$)- '(S.A.26#- = .—("1“ T 4 6(£7) . (5.A.30)
4 Af , . é 3 R
| (i) The Fizet order foew [Hu,) is | (i1). The first order term (5.A.3) is found by folding the integral into
| D ()((%) and eliminating terms of order exp -%if or less:

"Ze" Zi =_ (.5,;\) dx (g_ (‘,:-rs’r)x) ((l ¥) — (I-l—(f:‘ﬂz ))

e

2 s 7 Swmx b, l/
| | L2~ (p» (exf €t 41- z'"x)((:—x)"- 2
L' 2, ¢ smfo . 3-€"

= —2 [BA | 4 £*+Z’)> | ehe ) ® (5A42) | |
- @}( 7 A + 6[ £7) ‘ 5.A.21)f L (l —‘i'(l—X))_(XQ _ a2 )

: | I-e-
l where . ‘ , 7 ‘/Z
‘i V2 , e o | & M)f'dx . exp-g£tx ( 1) = 2 (14 §‘)> )
| A = QT f 4% X(-X) = ©0.88255--  (5.na8)) - g’ SInTrx P ¢ 3 ( z ') (
8 6 SWTX V' -
B Hf 2 (a0 ) v e (% x) | 6
i; The integral A cannct be evaluated analytical;y,‘ and has bee.n calculated SU\"TK (5.A031)

numerically, It is associated with the broadening of a pole of the d-electron

Greens function(due to hybridisation) from a §-=function to a Lorentzian he first part (a) of the-integral (5.A.31) is controlled by the exponential

d _

lactor, and is determined by the behaviour at small x. Expanding 1/sin 1Tk,

at high temperatures ,

The high temperature expansion is quite well bshaved, and does not . 2 ol ( | 4+ .é.(‘ﬁ)()l.. . >
. - TX

St X (5.A’.32)

generate any logarithms, The second order term will therefore not be
) L .8.31a) becomes
given here, The expansion for. the susceptibility is:

7{:: é(ﬂ-ﬁ- (i_jj;_s").,...:) - 2([%1})/% [H-CE}?C)] . O(Igfe)z . (5.R2 U%_f) Gf;; e,ﬂ;:_e_*x ((_3(___:‘9: Ef') - 92X +xz)(‘ 4_2‘(1‘_)01-”)
R 52T( %Atx-f—orzﬁ) + 0(») )(lz;\.l)uzcr). (5.A.29'(ﬁf?>(“é“$€')£;, (-€te) w&%_ + 4 +o<£ﬂ>> L

ST
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- Ei(x) is the Exponential-.Integral function (Gradshteyn and Ryzhik, 1965; 8,21)

r

2

i b

given by .
€
E

L
-

- Eie
For small x:
Eilk) = €+ X1 40(x); €= fuledconstant

6-5772215 ..

Part (b) of (5.,A.31) is easily integrated, using the integral A defined in
(5.A.28):

- {[%})A (14 £) GMA I:L" hnmx]v J_..Qg | (Sun3)

On expanding the exponential-integral function in (5.8,33) and adding (5.A.36),
and the sum is:

{[_L - LES )C@ + (n 26*} A.(H.C —E+ %(s;\m

~ Note the_lnET' term that has appeared, The term A again represents broadening 3

it can be seen that the 1ne terms cancel

?

of the.leuel &

X- b/

¢

near the Fermi level, The susceptibility is thus:

(+6- 5[ ( L0 (n2'+€) +A (450 12

%
FO (R )+ o(ka, <)

&t
Or in more physical terms:

X GT[I ~24. +0(Aj] S’IEEd -Aln +3AA] +o

et o)] +o(41)

where & = 2expC,
T

-
E}z

(SeR.308

&, a>)

(u, lEA\(Cr)_

=3
=3

(5. A, 36b)

The second order term is complicated, and as the logarithmic

nature of the series.-is shown up by the first order term, will not be given here.

(SOA.34

(S.A.:ss)HZ' 2 (PA){ X
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- t+ .. - 4 + Y| - tm-‘
‘V)Asymptotlc pvaluation to 0(1/E 14/5 )" for ene (low temp:

era»ura/Kondo 1imit).

set all terms with factors like exp- € equal to zero.

. ¥, exp- €7
igchnigues

) The brafactor (5.A.2) is

r

Pz’ - B

Z» 4 L
the first order term (5.A.3) is (after folding into 97
exponentlally suppressed terms)

pr_gx-(—up -ctx) ((1- x) ~1)

(5.R.39)

and rejecting

lii)

Smrr)(
= (B 7 ax s% vexp-itx) (<LK +xF 0 (3))
“(fp) | S e |
e of 1

gt g-

|

—L *—I- E.n. e-z.)

4
et E’

I

(ﬁb\ ) ] (s.A.ap)

In this case the logarithmic Kondo-type terms only enter in secohd order terms:

these must now be calculated,

(1ii) Some necessary integrals; references (GReeoo) are to Gradshteyn and Ryzhik
(1965).,
n
P - = 1€ - lnx K435
j;KXnLhXQV‘xK Kﬁ“ (?;lr : ) l’ ]
o .
(e= Eulc,rs Grsfant 6-577-)
v | %
(b) fq‘_}‘lizxp—okxf =~ EL(4Xx) (Geg-2n]
x ® |
) E, (x> = € +lalxl +0(X) farg-2m)
Vo |
ik _13 = 2
o ‘{dx SWTX K2
'e) | ' )
, . . "
(e) fd’ s%;“(. - ;—2) %(1-X) '3/2-—- T (uS?-S{ EC\K374{7,_/_’II> (5.A.41
(] . B .
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1) T )

Evaluating, using (5.R.41 b s€) , the contribution from terms (a) and (d) iss

C 141
140

ferm_(b Using the identity (5.A.17), and suppressing exponentially small terms,
Term .

(iv) Evaluation of the second order term, As in section I this term is brokep (b) becomes:

up into fquf parts = (a),(b) and (c) of (54A.11) and (d) of (5.4, 12).

V(%)

| W
' s + i - 2
Term (a} becomes (after doing the z-integral, folding into integration range ({}D)Z ﬂix X (QXP“: X texp-¢ *)de M . [(l X (l—x 22) - 2—]
' 0 ST 2 SLT(X+2) (5.R.47)
,%), and removing exponentlally small terms ) , : € ‘

This may be simplified using the identity

“’fdx - e f o epsheer (nteer)

0A042) ‘
S sunTry 7t = L /p i )
Using the symmetry in x&3 Ys and expanding 1/sinfx, (a) becomes: SINTTZ SuATr(242) Z (2+4X) S—(;,—:‘]zsmﬂ(z.q.;() ZCz-m
¢ S (‘” | d it ) 3 |
J W - == - +1x +6(x ) (5.R.48)
-~ ‘ . 2z 2
T Y AR ). | R e e 4R
. _ 6 [3 ’ ‘
6 X € Yy |
| 5 ‘ (b) becomes:
’ - X +3x-2 "3)()' +3)'
X( ' ) (58 A ( ) ﬁx K(Q(p -£% +c><(’~£*2\)
At this point, it is convenient to combine term (a) with term (d).
Term g ) is

| ’ btk )((:in) R f 2 (g (4 =9
v | e
_.Q% Ax (qcP-cmw-c"n) (l+@61)1--->€ﬂ;_; (up'-c7+e>.tp—c'7)[lv+ (ZTQ).I.).

Iy 14 _
L-,Q((u-x)"——l) f iz ( %’-m.. Ly = 4 [ 2(t“2>@ilnz-5‘z)
. o] .
e X (X —-2) . o - (5.A.44)

8
Combining (5.A.43,44) and keeping terms up to O (1/£4) : + X /;7' 6"2 Scu?TQ Z" {lz-«'lz)di SYM7TZ Z§> 'I‘ "X+0(K")] (5:A.49)

laluating the z—lntegrals with the help of (5.A.41) (b) becomes :

2 fd)((bf[)£7<+€)<f—64x)(:@txl;;);:xtiir:;ﬁ>

( ) fdx é,x,: £K+&x(’—£+)<)(2x —x%e0(x3)) er xp- £‘7+erp—£*7
¢ | 4 ,
(5.A.50)
+ [ (rf fdy (erp-£% + evp-g+x) (- zx-ro(x*)) fdy Ry p-2Y+ Exp—f“r (HO(‘}”))

(5.a.48 inally, (b) is

5L, N Lo+l N ptaar-4 ) he-2)
(B {-2[( él_;u.) 1c+ac—+u\c++m(:)+3(4+l) s (ko) {ﬁl;?} Z(ﬁ?:aé (garga)(4n€) “L/ + )( ) ( (
; ~ 4 be | } .
+° -L; il*')l’ | (5.n.46) | 4'( € , E“ ( ’C’) . (BeAeS0)

E 3
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Term (c).Recall that this term is non=singular, Suppressing small terms , (c)

becomes:

(355 for ot o) ferpen oot f 42

..0@”

[ (1= xr-234]

Qn rrém fmm(zex)

As with (b), the z-integral may be simplified using the identity:

Tt =
ST C+x) STl €_L+)<).CZ-+Y)

L. o
(wm .l> + (”Y)AC‘Z (swm_ —%) +0(%,y)

(c) becomes:

B Jiores cpers snonry.

f fdz ﬂl S )42(4-2>

(249 +(z+y>7— Az N2HY) 20240 -2(24)
(2+x) (z+Y)

(sc A.52
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This

finally, one can sum the four contributions (a), (b), (c) and (d).

15 the sum of (5.R.46), (5.A.51), and (5.A.56). The singular terms of order

)
in&é  that blow up as the bandwidth goes to infinity all cancel, as they must,

23d one is left with:

R + 1 e
(ﬁﬁé‘ E )( Lhe z(h%r+(,‘+\/4)

(ﬁﬁﬁ) ’ 5"3 erc- (i* < 1%2(1- ' >(€+l 2 Ln(§+)]

+ o (
fonstructing the whole series by adding the first order term (5.A.40), one sees that
that two distinct contributions to the susceptiblity,“?(Kondo" and ";XPaUl;“,

coming respectively from the leading and next=leading terms, may be distinguished:

Kende ,,EZ (5.A.58)
+1 (XH) fa\z (z —'z.)d ('IF" e p) @2 I)@ —l\ 3 7‘@«7)_‘ + OCX,Y)'L] 'X(T)-— (l + (9" + (F) <D 3 )
h 7
_ (5.A.54)] T (;TF)QE 2'9(_1 1 ) y :Dli_-: I Q,xf(C'*'@) (_E.d (EA-\UD 2 5. 1. 5
Evaluatmg the z—:.ntegrals wlth the help oF (5.8.41), (c) becomes: B4 E4HR il
This corresponds to a Kondo temperature (wilson's (1975) definition) of
(ﬁ“) Jx d (€)<p—£*x€fe-€7 +q<p~£7 are—t*) fed o+ § b 2T = 2.(74Y) (5.A460)

H(RAxY)ne + @Ay by
+ olx4)?*

Finally, one obtains:

({m [é{_(ueucme +1c—9.) 2.(&H

(u«e‘“ _lne? +he”
e*c

e‘.+ et

This completes the evaluation of ths second order term.

(s 8.55), X (1)

[M‘E" > 40 (g.r) ,)"J (S-A'SE)H'XP“U

exf(C+ %) (auw)?ex F[(‘l (EJN)]

280-/T)

’T;_ =

i may be identified with .spin fluctuations, and is expected from the

Pauli

Schrieffer-wolff. transformation; jK may likewise be identified with the

residual charge fluctuation processes, and is temperature independent. The

correction terms O(ﬁy}cgﬂgive rise to a contribution linear in temperature.

A 41 1 "' 1. l'
Ef +(£a+u1) + (rf (EA (tM) 54‘5&40,) (-f-d E)n"b

N 2("L EA-HL> ((éﬁu\z"éldl) L"[E‘;T{} =+ (5.A.61)

Ced, 0wHT)

Kondo
'_Xﬁ): A Ty + oy P + o(T). (5.A.62)




~ Transform. x = 1-y=z, and fold the y-integral into (D,%):
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(V) Asymptotic evaluation to o(1/ €Y .17 €Y ror €3 . (low temperaturef

-non-magnetic orbital limit),

(i) The prefactor (5.A.2) becomes:

ﬁ;g(r _ AQ_}(P £E- = ,’;-U(,D—’E-]
Zo ‘ 2 ~

(s‘Agﬁz)
The prescription for the higher order terms is thus to keep only terms with
the exponentially large factor exp flifl.

(ii) The first order term (5.A.3) becomes

ISA)f dx 'exp ~€" exp el (1-x) . (/~x)"
,, §ln1\’x

. | . _ |
- (/é_né) ’é(P.-‘-!E—I offl;:_((l +@‘;)l) Q)‘?—‘/?IX- X+

@A> em-‘“ g O(—éj:-) - : (5.h.64)

Again, logarithmic terms only enter into this tempsrature independent, Pauli-
type susceptibilty series in second order, which is now calculated,

(iii) The second order terms (5¢A.11) and (5.A.12) are again broken into the
four parts (a)~(d).

Term (a). In this case (a) must be subdivided into two parts (a1) and (a2),

shown diagrammatically:
-~ .

Cod
Term (a1)s d01ng the z-lntegral one gets

Expanding the 1/sin terms:

:(ﬁ,{?)%ypﬂz-l (— %3 *_5%33 ((me‘l L e:i% n€) 4_@(;)”)

\

(o]

i L
;’,,A) exp HTl fdz Up=leTlz. 23 f -—%~+2) +0(1)

‘The y-integral may now be done:

oy +1€1 ffz exp-1£7z . 223
¢J P / P 5 ( Z 3z +oc_1))

Finally completing the z—-integration,the term (a1) yields:

Tprm az2)e

(/AQ) fd)l fd“[ @(I~X“7’ Q)(E Zx&xp—ﬁ*}' (__x_:__f
€

SMTX S ™

transforming x-) 1=-x, and expanding 1/sin, etcs

L
| ) .o
z _ !
‘(@ —2 GD @r (5.R.65) k.

:

(ﬁA) pHeE] faZx fd‘f ep-l<iix epp-€Y . (X-Y) (, + 0 (%)
Xy

Eparatlng the integral into manageable parts yields:
X
dx exp-)g=| % fd.y exp~gty (~3x+3y)
.© )

0o
dy RLEY gy axp-leix | x>
Y v |

4:!f

x
| M dx RXPSITTY gy expogty. y2
(he)* fd?‘ [AY&(I'X Y) exp-€7¢x+y) | (1-x-y)3 . (5.A.66) ﬂ{ [;T [V ¥P-£'7- Y

Sy S‘mrry ’ e

1

iMBgrating over the first variable:
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: o ‘ )
HBr) exptie-| [d ep-lelz 2 [ ( T 00+6)
[ x| Z xp / + T O(y-2-€)
| | o '( Sl S Tr(f42) Ws—vyn—n—( 7-2)

(5.A.67)

(5.A.68)

(5.A.69)

| (5.A.70)

(54R.71)

) @cx-\/)

(5.8.73)
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[d)( ‘Q?‘P“li‘?(( E+’2— "é‘+ E,'Tix B (o). O
. | . /3 ‘
: ‘([éA)z fdxﬁxy fdz. O-x-1-2) exp=E % exp-€Ty (- x-y-22)" (5.A.81)
’ ' o 6 (3 "
'+' ﬂ!)( ef() ((m*'ﬁ))( J;-l' iR X .{. — _l 2 + 2 i ‘ gt x' = 1=x, and expand 1/sin :
g '“ e e) (enlz)x) Sl X
. exp*-'elﬂ 61 (3 expeey D67
Finally completing the integration of term (a2): X &p- ' opp- €Y D&Y d‘Z (x-y-22) -22)" (H-o(x)\/)z))
| _ ‘? - ° © (t72) (5.A.82)
ool § 2L ) - '
(%) QXP +l£i E.rz h{iti ('hé"'(h E =3 "f' C) doing the z-integral, one obtains
- =2 .bszr-m‘l AX Rp=IEIK [y expet -
LA )] R R ey (e )
| Teow ' : (5.A.83)
Temn(h) he remaining 1ntegra1 is conveniently split into two terms:
EA)" ﬂy f d\; [ 47_ Q(1-x-7-22)  exp—£Tx+y) ((4—7)14.[, X~ —zz>7-
e M e | dx exp-(<1x (dy exp-c? a1 _y
LR ¥ f - f p-€* - K —20ew)
Put x' = x+y, then x" .= 1-x': | ‘ E » ' ¥ '
X, | fdy 2xp-€ty fdx.ucp—l‘;'(x . QQ)’)U\Y | | (5.A.84)
f[iA> exp e fax aexp=lelx [dz 1 - (22D +x) b | X
\ | e ShTiz S(m'T(X*Z) ' (5.A.77) Ih doing the first integral, one obtains:
Expanding the functions 1/sin: g | IJX QJ‘PJC X ( nx ~ 'f’ (M.X * 2 >
ct* ,
2) 220 2 o
(/345 .QXP*F [¢] fdx (1~%) exp-le1x fc\—:_(;ﬁ:z’z«k_(g_;__:;“))/;-roc&z)) (S.As 76)Ifdx 240 = (e*—rwl)x( 2(2* ,z—n)’((’“‘ "(e*"’l g — +1> (5..85)
Dodng. &ha z-J.ntegral These two integrals may be evaluated to give the contribution from term (c):

-x) exp. -l ' _ €~ _0 2 y\l’-‘_@
q;:;) expt) el fdx(n ) exp- 1z lx X ((mx lne ) (s.mg)k_ ani {(@15- ew:-’- jebgl Frex ¥ 0(’5} ‘}
Finally, the contribution of term (b) is: ' _ | |

([’aﬁ‘ exp€] g -(Q +4 \(h\c +b\\z'l+C) +1 4 o(J)}

(5.A.80)

- (5.A.86)
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Finally, the contribution from term (d) is calculated:
- ~ g2 |
- ({;A) fol)( eyp—€ Xle%p—fg l O“f exp-27y. (1~4) (5.A.86)
“swTX 9‘“"’7 |
- putting x' = 1-x, y' = 1-y, and expanding 1/sin :
CHAPTER SIX .
2 .
Gﬁ&) Qxf li | folx @ Q)‘P ~|¢1y. ([+0CX )) ﬁu{ -QHHCW 7 ((-ro(f)) | SCALING THEORIES OF THE ANDERSON MODEL
, (5. A.87)
Evaluating the integrals, the contribution from term (d) is: y 6.1 . Tha Seald A N , ‘ Il
. ing Approac : i
150 |
o R\ > : 6.2 The Resonant Level Model with Boson Coupli |
- - o AR : pLin _ i
(fé“;) exp-tel| A (il +neE + c) G | - s
fr : fqu ’ 6.3 Scaling Equations for the 'Asymmetric Regime . }”
of the Anderson Model 167 W
X The contributions from terms (a1), (32)’A(b)’ (c), and (d), namely 6.4 Analysis of the Asymmetric Anderson Model
Scaling equations 173

(54A.70), (5.R.75), (5.A.80), (5.A.86) and (5.A.88), must now be added to give

the complete second order term. The singular ln& terms cancel, as do all

terms of order (1/5_2), leaving:

NF -1 .2 -2 VN ASSAVAR }.@: of |
//5 e;«f 2, <+ €i_+£_> (9‘1 E_!_;Uv 54_{_.+(£ | E

_— ]

€3 gre™ eng-

- (5.A.89) 8 ' |
A test of this evaluation is that the second order term (5.A.89) vanishes when %E
. ' I
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U=0, i.ee,y E'= g Writing out the full series, these leading terms _ ;
WM

are found to represent a temperature independent Pauli'susceptibility. ,
‘ i
Paulg A N/ G 2 > (J\ ’
- L [N + - . i
K= aMEL* T (3 3 EplEa) (EaH")L Fd*“ Ed ) (Eam)” EA

+ 0 (&) - (+ o(T)} (5.8.90)
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6.1 The Scaling Approach.

The idea of scaling, or the renormalisation groug (RG) has long been

used as a formal‘dévice in field theory for dealing with infra-red diver-
gences in perturbation theory (Bogoliubov and Shirkov (1959)), If a
perturbation expansion for the low energy properties of a model ( such as
the static susceptibility of the Kondo model) has logarithmic infra-red
'divérgences controlled by a high energy or ultra-violet cutoff (the band-
width of the Kondo model), this indicates that intermediate states at
arbitrarily highvenergies are involved in low energy processes in an ess-—
ential way. This gsuggests the idea of exorcising the divergences

progressively by truncating the Hilbert space, removing these high energy

States a few. at a timer and incorporating their effects in the renormalised

coupling constants of an effective Hamiltonian that acts in the residual
Hilﬁert space.

Exact ﬁransformations can be defined, yielding effective Hamiltonians
in the reduced Hilbert space; since such transformations can oﬁly be formal
simplifications of the problem, a price has to be paid: effective couplings
afe retafdeda(i.e,, energy dependent) and new types of couplings are also

generated. A simple example is the formal diagonalisation procedure:

-4, vt ' ‘
def wv tl/-H: — A&-}(@—-L!f‘:{/w‘,) (6.1.1)

where
H(f%/m = He + V"'/L;-H,)"\/ (6.1.2)
which acts in the subspace of Ho.
In general such transformations are formal devices, devoid of any
physical content. However, in the case where perturbation theory in
the original coupling coﬁstant is infra-red divergent, it is likely tﬁat

the new types of interacticns generated by the scaling transformations

are, in the RG jargon, 'irrelevant', in that fhey are dominated by the
coupling giving‘rise to the divergent processes, and may be ignored.
As an infra-red divergence is at the heart of the problem, the w-dependence
of the renormalised dominant coupling may also be ignored, and the w=0
values concentrated on.

In these circumstances, the Hamiltonian has a scaling property
under such a renormalisation procedure. The effective Hamiltonian generated
is of the same form as the original, but with different values of the
cutoff and coupling constants. Thus  the renormalisation transformation
shows that a family of Hamiltonians of the original form, lying along a
trajectory in the parameter space of Eoupling consténts of the modelare
in fact equivalent, at least in those properties of the weak-coupling,
long-time, low -energy limit associated with the divergence of perturbation
theory. As the cutoff is reduced, the effective Hamiltonian moves
along this trajectory in parameter space, hence the term 'scaling': the
problem has been scaled to a'different' but physically equivalent one.

Such scaling behaviour implies that the properties of the Hamiltonian
in an N-dimensional parameter space ( excluding the cutoff parameﬂﬁ) S0

that there are in fact N+l apparent parameters of the theory) may be

expressed in terms of the N scaling invariants, the N independent functions
of the N couplipg éonstants plus the cutoff that remain invariant under
scaling, and define the trajectories. '
Scaling tractories begin or end at 'fixed points' of the transfor—
mation in parameter space. The model around which pertuybation theory

is divergent will be one such fixed point. Fixed points are either

stable or unstable depending on whether the model moves away or towards

them as the cutoff is reduced (Fig. (6.1)). More complicated structures




Fig. (6.1) (a) Stable fixed point; (b)unstable fixed point;

(c¢) line of fixed points, stable at left.

such as lines of fixed points, etc. are possible. Detailed accounts of

renormalis&tion group theory, mainly applied to critical phenomena, are
given in the books by Ma (1976) and Toulouse {1977y,

Scaling equations may be developed analytically as power series
expansions in the dominant coupling, which vanishes at the fixed point.
They will only be valid in the immediate vicinity of the fixed point
in parameter space, where the divergent coupling dominates the physical
properties. They may be integrated to findlthe form of the scaling

invariants in the neighbourhood of the fixed point. These will in

general be non-analytic functions of the coupling constant, which is
why perturbation theory is divergent in the first place. As the‘
validity of the scaling equat%ons is restricted to the weak—coupling
limit Qgiy"the-ngn—analytic-part of these invariants will in general °

be obtainable by thesé tecﬁniques.

It is useful to summarise what can and what cannot be achieved uéing
these types of scaling theories, based on power series or diagramﬁatic
expansions of the scaling equations around the weak coupling limit.

Q). What is possible.
(1) Extraction of the non-analytic form of the N scaliung invariants

that characterise the (N parameter + cutoff) problem.

-
a
(@]

(2) Identification of 'phase transitions' in parameter space - surfaces
dividing the space into regions scaling to ('in the domain of')
different stablé fixed points. These are associated with unstable
fixed points (Fig.(6.1(b))): the power series expansion éf the
scaling equations allows identification of these 'phase boundaries'
only in the vicinity of an unstable fixed point.

(3) Scaling to an exactly soluble model, provided it is close enough

- to the fixed point to be within the range of validity of the scaling
'fequations. This proviso makes this a case of very limited applic-

ability.

(B) Wwhat is not possible.

(1) Scaling far enough awsy from the fixed point that the coupling .
constant becomes large enough so the problem is quantitatively
;ﬂ treatable by some other method (e.g., by an expansion in
1/(ccupling constant) ).
(2) Scaling to an Mexactly soluble" model that does not lie close
to the fixed point,

The reason that these approaches can not be made to work : quantitatively

‘is that as the scaling trajectory leaves the immediate vicinity of the

wesk coupling fixed point, the inevitable Pirrelevant" couplings graw,
and become of equal importance as the relevant ones; as such irrelevant
couplings are inherently untreatable at intermédiete coupling strengths,
quantitative connection of the two limits is not possible . Both
these two objectives were goals of the original of the original scaling
theories of the Kondo model; if was hoped.that by ebtaining enough
terms of the scaling equations expansion, that (2) at least could be
realised, as an "exactly soluble" ({exact in an asymptotic sense) model

was tantalisingly available at intermediate coupling strength (Toulouse,

(1969) 3. .
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It turns out that the scaling equation:expansién can only. be unambiguOuSly-
derived as far as necessary for obtaining the leading nom—analytic behaqi§Ur
of the scaling invariants, The higher order terms have coefficients that
dépend on the structure of the cutoff, and hence lack the "“universality"®
or "emaling" property that allows the cutoff to be charactefised by a single
scale parameter. The attehpt to obtain higher order terms (e.g., Armytage
(1973)) has thus not turned out to be fruitful, 7

In the following sections, it will be stressed thgt all information
available to characterise the universal weak coupling behaviour will
be extracted from the lowest order term of the scaling equation expansion
(or lowest two terms in marginal cases like the isstrapic Kgndo,model}Q

The scaling theory of the Kondo model was first introduced by Anderson,
Yuval and Hamann (1970). They sepérateq the exchange interaction into spin
flipping and spin conserving parts, thus considering a generalised problem
with an anisotropic exchange interaction. An asymptotically exact expansioh
of the.partition.function was developed in powers of the spin~flipping terms
the spin conservifg tefm being treated exactly., Scalihg equétioné vere
then derived by studying the effect of reducing the bandwidth cutoff. A
similar epplication of this so-called "space=time" technique to the
sgreened asymmetric Anderson model, using the partition function expansion
(565.3514), will be described here, |

A second version of the scaling theory, the so-called "poor man's" approach
was introduced by Anderson (1970), This is more similar to the field=theor-
etic approach, as it is based on a diagrammatic expansion, but still has
significant conceptual differences with such approaches., 1In tHis technique;
both spin-flip and spin—conserving processes are treated perturbativeiy, and

In many wyays this is a superior fermulation of

€y

thus on an equal footing.

the scaling technique, being "cleaner" and more easily generalised, and

providing certain terms not directly cbfainable by the "space-time" techniqueg
however both methods have their merits: the "space~timé” technigue allows the
complete summation of certain classes of terms such as the spin4conserving
processes which are treated exactly . An alternative derivation of the
scaling equations for the asymmetric Anderson model, usingia.teﬂhﬁique
related to the "poor man's" approach, will also be presented.‘

A third type of treatment, the numerical renormalisation group.
techniqus of Wilson (1975), has eventually proved most successful in
guantitatively studying the crossover from high temperature to low
temperature behaviour, It is not based on expansions in the coupling,
and is thus not restricted te studying properties near the fixed pointse
1t works with numerical representations of the effective Hamiltonian
as very large matrices, and is thus able to quantitatively take account
of manykof the "irrelevant! couplings that are important at intermediate
coupling strength, where there is no simple repfesentatiqn of the effactiua
Hamiltonian. Being numerical, such resulis are not as enlightening as
those obtained from analytical technigues,; and this method should perhaps
be resortoed to for providing precise numerical cﬁnnection'across the intrac-
table crossover regimes between simple limiting fixed points that have first
been explored gualitatively by oneof the analytical scaling techniques,»

As an example of the "space-time" technique, a simpler model, the
resonant~-ievel model, with coupling to Tomonaga bosons, is treated in the

next section. This model turns out to be isomorphic to the anisotropic

Kondn model originelly discussed by Anderson, Yuval and Hamann (1970).
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6.2 The Resonant Level Model with Boson Coupling . B

The resonant level modél (Toulouse (1969)) is the spinless analogue
of the Anderson model, with an impurity level right at the Fermi level.
. r + o

l—% Q %IEKCK C‘l{ 4+ ?VKd CL(CA + E(A(.ol

The term E may be regarded as a coupling to an external field, the

(6.2.1)

analogue of a magnetic field. This model is of course diagonalisable

and exactly soluble. For the case A(w) constant, T = 0, the static
‘ -1

susceptibility XE is (MA)

Coupling to a Boson field may be considered:

H = ;‘%bﬂ”p + 9N4 ;Kﬁrbﬁ thec. (6.2, 8

By :second order perturbationéfheqry in g: . _ .
=L (149" /) g4

A TTA( 3[%__4:&__&“ +0(§ )) (6.2.3)

(6.2.4)

froy = % ldo | 60—,

Unless the boson spectrum is phonon-like (i.e., Lim w0 f(w)/w > 0),
perturbation theory is term by term divergent in the A+0 limit.
Using the type of partition function expansion in A derived in the
last chapter, the small A, finite g, problem can be treated by the
scaling theory technique ('spaée—time' version) introduced by.Anderson‘
and Yuval for the Kondo problem (Anderson, Yuval and Hamann (1970)).
Since this includes the g = 0 problem as a special case, (6.2.3) will
provide a useful check on the results.

As seen in the previous chapter, in the A<< wD( =Debye temperature)
limit, a phonon-like boson field merely renormalises the hybridisation

parameter A by a factor of the square of the overlap between the two

relevant displaced coherent phonon fields.
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-EEF - %/” f:ﬁa)
z, . R T Wl .
A A exp -9 06‘ o (6.2.5)
hence 0 v}
by X = L oexpd fau{_g: (6.2.6)
o « 24
H" 2 A
Expanding the exponential in powers of g2 » (6.2.6) is seen to agree
with the A » 0 limit of perturbation theory in g (6.2.3). In general,
the argument. of. the exponential may be large, and (6.2.6) represents
sumnation to infinite order of the leading terms of perturbation theory
in g as A » 0.
For a Tomonaga-type boson field,
o2
Lo g o) g a8/ W) ,
A0 o wWita (6.2.7)
where W is a cutoff of the order of the bandwidth of the conduction
band the "Tomonagons' were derived from,
The partition function expansion of (6.2.1) in powers of the
hybridisation A dis a special case of (5.5.19 , with By = o, E, = E,
and U = 0. '
) Y ¥,
Z = 20 praw)" fkau fax eyp - §
Zo N ‘ Foi
a e sz-‘
( K2> Kayeg s = 3% Xzp~1)
' £) T, 07 O B s T 11
QEZMEZGUXL — (re) 2,00 T . T 6aas
L (.)_) Do . S
The cutoff in the logarithm may be characterised more explicitly:
¥
Sy = X (x>
= (x <& 1) (6.2.9)




The cutoff region is best described by the function g(x):
gery = 1 — X£0/fen

which is of order unity inside the cutoff region, and zero outside it

(6.2.10)

(Fig. (6.1)).

f : ‘ /
4§00 Ao = 1= X£9 /e

¥ A{ X ¥ X

Fig. (6.1). Form of the cutoff functions f(x) and g(x). L

In particular, for A infinitesimal:
) /
W((W\)X) = W) + Ax £ oo/feo

= (me ()C) n 7 “?3(’0 | (6.2.11)

By such a transformation, the problem can be related to a new problem

where W is replaced by W' = (1-A\)W:

% Z /;zAw) ﬁa Qxp - [PEZU)){L Q—z)Z’(\) Ce ( Bl (=) ST [XL“(J])J
gexp 2(&2)2’@}3) 2xp-) (m:)Z'(*f) 3(/3u:w.n‘lx¢ m)} (6.2.13)

The first factor in the correction factor in curly brackets reduces to

(1 A(lTE)) and renormallses (B Aw); the second factor leads to a

correction term given by a sum over all configurations (Xl,-,qu) subject
to the restriction that one pair (Xi,xj) have a separation inside the

Expanding the exponential to first

range of the cutoff function g(x).
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order in A, the correction factor in (6.2, 13) becomes:

4§ = §(:~'aa+s)) (-9 (”UZ(\) g[(WS“‘MT(M-FJ))} (6.2.14)
For BW large, g(BWsin x) is 1nf1n1te31mal except at very small x, so sinmx
can be linearised., Integrating out the restricted pair of veriables (xi,xj)
in a configurational term of order N leads to a correction of order N-1;
the dominant corrections ofrorder N come from configurations of order N+1
with the extra pair (xi,xj) having a spacing within the cutoff. Such
corrections may be systematically generated by adding such a closely
spaced pair to the configuration (xl,..,x2N9 in all possible ways, and
then integrating it out . This generates»all corrections where li—jl =1,
Higher order corrections come;from |i;j| = 2,3 etc.

These terms may be

neglected in the weak hybridistion limit. Figure (6.2) shows the corrections

graphically. A configuration is depicted by a graph showing the -
4 U‘)f‘egf‘qf’t
n= ‘ ‘ .
¢ L I .] ﬂ J— Lﬁﬂ.__l + Ol
n<o i
* | gl : [Lk3

d = |” ~+  oli-l=4)

lLJl"

Fig. (6.2). Corroctlon terms due to scaling cutoff.
occupation of the d-orbital as a functlon of imaginary time.
The ll—Jl =1 corrections depend on a single aspect of the cutoff

function g(x), essentially its range; in these terms the cutoff can

be described by a single parameter, while higher order terms will involve

more details of the cutoff region, and thus lie outside the validity of

the aeymptbtic approximation. The 'universal' aspects of the behaviour in
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the weak hybridisation limit must therefore be given by the ,i—j] =
termg alone, and henceforth only these will be considered.

The partition function expansion (6.2. lé) may be rewritten:
;_é—- = 74([?"4 W(i-a) fmmx{’ (PFZ(/)/Q (fZ)Z(’U (" @w:mf/»a-w/))
st (5 a1 9 o

where

dy H) exp
E J [61) PEX +U+E)T(.~I) JL» ([,’WSM"/;(,-}Q )]x_QxP (%)(“F(Y) (6.2.16)

Since Inf(y)=0 ‘inside the cutoff region, thQ‘ last - factof = 1 and'

may be neglected. Expandlng the exponentlal in (y/mBW) and integrating:

3> L+ 3000 50y —23040 4 (s9mdy [ 7

oW o
[ = -PEZc—u ) me)Z 61 L3 p s ixix (6.2.17)

since ) is infinitesimal
ig Q%FCBA(IH)A /4‘ fgrp)d)r) L;czoé(l-fi)lk (2. 139(3).4‘0["_])

The correction factor has the effect of merely shifting the ground
state energy, and renormalising the parameters of the initial partition

function. No new types of interactions appear. This scaling of the

problem to a problem of the same form but different parameters means

that a whole class of such problems becomes identical when expressed

in terms of some scaling parameters. For example, all weak coupllng

Kondo problems (a special case of the partltlon function (6.2. 8)

become identical when expressed in terms of the characteristic Kondo

temperature T ,

The cutoff parameter D, @& W) 1is defined by D= Ly w(ofmg(y)dy)

Though of the order of magnitude of W, it is not the same parameter,

W arises from the long-time asymptotic behaviour of the propagators,

and is known exactly (cf. (6.2.7)). D describes the short-time

(6.2.15)

(6.2.18)
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behaviour .and-is only known within the accuracy of the asymptotic
approximation. The problem has scaled so that
/ 5
- | ¢t 0
Z (WE, D) = e Pz vl el o (6.2.19)
z: A |
a | & (6.2.20)
F'o= —(+e) &
(where o is an undelervined . parameter of: order unity)
A
E' = E- AlHo £E
(o € 4+ 2A(14g)*4
& ® D
ZSI = A = :R €'ZS
D - P T2 (6.2.21)
wi = W -2Ww
These may be written as scaling equations.
dE - () B g+ olny
AlnD D z
de - 2(#D’2 + o(%)
Alu D =3 |
AN 2 .
JLRD = €A+ 0(5) E (6.2.22)
These équatiOHS were first developed for the Kondo model (Anderson,
Yuval and Hamann (1970)), generalised to anistropic coupling to the
tg” —st .' The correspondence to
spin, ( J 3.5 > JZSZ»Sz + %{i¥s S +88") e
the Anderson-Yuval-Hamann equations, clarified by Armytagelfl973), is
~ 2 B |
A P (7*) (( L'Ia"'(_:ﬁ> ~_Qé7=f) (1-%)
’ %
"22Y) ~t -{-—'sz3>
o (ﬂ )= 2 (i (6.2.23)
-'V,; Z 7<] - . \ Ll °
1+£‘ : |
Translating (6.2.22) and expanding in powers of J
! b
d3f o R (P +102p)(2)> )+ o (3p)
dlap 3
lc (6.2.24)
d32p (52t )02p) L )P4 Bz’ +olzp)

T

ot

ameter
o, is the cutoff parameter W/D , and P is an undetermined param
arising from |i—j|=3 terms in the expansion. In the isotropic Kendo
itd 3 3 symmeLr
problem, underlying Ward-like identities must preserve the symmetry
: Lem,

; i fest in the
J. = J even though this symmetry is no longer manifest in t
. .
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partition function (6.2.8), This allows the identification

=1, B=Xk (+O(JZ—J+)) , 8o the two: equations become‘identical,

and for the dsotropic Kondo model:
AP = (OP)2 ¢ L(zp)} + O(3p)l
L = PN+ Lop) P)

which as pointed out earlier is completely sufficient to determine the

(6.2.25)

» 1
form of the universal parametex TK.= D(IJp])ﬁexp(l/JD):in the weak-coupling
limit. - s R 7

For small A/W , the scaling equatidns (6.2.22) can be integrated; E=0

Iz i + 0 (2)

evﬂéx_‘ U _;_.?l: lnfire)) + Gnsturt

A e (6.2..26)

The scaling trajectories as D decreases arershown'in Fig. (6.3): A/D = 0 is

a line of fixed points, stable for €>1, unstable for €<1.

HE .
D £¥ Fig. (6.3).
= Scaling trajec-
‘LE tories in the
0§- (e,A/D) plane
=G as D is decreased.
24 @=0).
P i N
4) ¥ s e
E"e—- I unstaple —1

=
£=1
An important feature is the Kondo trajectory, going through the fixed

£= -\ _Q::O/

point at A/D = 0, € = 1, which divides stable from unstable fixed points.
Thié is the reason the Kondo model shows 'marginal' behaviour (in the
jargon of RG theory (Wilson (1975)). The FM trajectory ends at the A/D =0
fixed point, but the AFM trajectory moves away, corresponding to a 'phase
transition' at T=0, J = 0. ¢ = Fl represents a trivially soluble

model as the logarithmic terms vanish. The€ = 0 line is the line

of soiuble resonant level (RL) models, for which an exact solution
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exists for finite A/D.

For € small, positive, the trajectory passes through the line

of RL models at € =0 while &/D is still small. It would seem

at first sight that this is a case that can be solved by scaling
to the RIL model. If this program is naively carried out,

using the lowest order terms of the scaling equations (6.2.22),

~and the trajectory shown in Fig. (6.4), an incorrect answer is

n&/P
(°J¢ht)ib\j E()
(Solubh)

CFig. (6.4).
V Attempted solution

of the € small, posi-
tive problem by scal-

(gé-) AD/D %5 E—o)
- .,' T } E—

ing to the soluble
RL (¢=0) model.

0.

obtained. The reason for this can be seen by examining the

undetermined higher order terms of the scaling equations: over
much of the trajectory A/D is of the same order of magnitude as
€, and it is inconsistent to néglect terms of order (éyD)z while
retaining those of order'(EA/ﬁ) - yet if all such terms are
neglected, the scaling equations assume their £= 0 form and the
scaling program gannot be carried out.

Although scaling to the RL model is thus not possible,
scaling invariants (similar to Ty for the Kondo model) can bhe
identified in the weak hybridisation limit. For A/D<K 1,
d€/d(1nD) « 0 and & is one of the scaling invariants. The
Other scaling equation d&/d(1nD) =¢A can then be integrated to

give A/DE as another invariant. Taking a combination of the

two with the dimensions of enerqgy, the most convenient choice
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for the second invariant is A*(A,g,D) = A (L/D) 6/1-_;&.
Physical prqperties of the model, which has three parameterg
AD, and £, can, in thed/DL1 limit,‘be expressed solely
of the two invariants A* and €. In particular, on dimensional
grounds, the zero temperature suscéptibility must be given by

N(T=) = F(e) /¥

where F(£) is an unknown function of €.

(6.2,27
- Fer €< 1 the scaling
trajectories show continuity of behaviour.. Thz unKnews %lhd’\on

£ e a y
F(e) is thus analytic, and can be expanded as a power series

For £=0, Y(T=0) = (be*)—l, so for ¢ 20

X (7=2) 5,77_2(%-6 :ﬁﬁ exp —€LnAD) , (6.2.28

The precise value of D can be obtained through comparison with

in &.

pexrturbation theory in g: from (6.2.7)

@ @
~ebwlvey e L9 [l fr) foreary o2
and, as in the ‘phonon'’ case, o
1 . - - _L 2 -F/w) . P
Ago K(i=e> = A% P 3 @ﬂwm—ﬂuz_\» {0521441) 3 (6.2.30

A descripfion of the teﬁperature dependence of physical préperties may
also be deduced from the sealing theory. At fiﬁite temperatures, the scaling
equations are only valid when the effective bandwidth D is larger than T.

Thz equilibrium properties of the system at temperature T are determined by
real physical processes involving conduction band states with energies of
order T, Higher enmergy conduction band states are only excited in virtual
processes, and hence their only effect is to renormalise the low enefgy
Thus thermodynamic properties of the system may be

effective couplings.

described in terms of temperature dependent effective couplings defined

by using the scaling eguations to scale the bandwidth down to T. In the

eff
problem at hand, this gives a temperature dependent ﬁﬁu(T):

in termg |
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&
A I} . (6.2.31) |
/

eff
fs the temperature is reduced, [} (T) changes.

INCOPIRE

At high T, the physics is

1343 * . . .
corttrolled by T, and A “is irrelevant. - /A has a simple interpretation

Lo
as the crossover temperature T= [fxff)z A below which the thermal fluctuations

become irrelevant compared to those induced by the hybridisation. Below the

eff

% .
there is no further renormalisationy, and O (T) = A is constanty

crossover
properties in this low temperature regime are essentially temperature independent,

This scaling process and eventual crossover as a function of temperature is shoun

in Fige. (6.5)¢ The crossover temperature goes to zero as € goes to 1;

A’, (’\r) \v ',/\ /
b “‘ | é\ //v

oy ﬂ% E:c

'-'..’.--‘@"’ E?‘,O /
.!.- | Ve tm-\““l'mw ,

- - qE.VT”
4 ’ / (ne qa >
e ' T
c D

L: L T &£ D,

Fige (6¢5). Renormalisation ef éfff in the temperature range
where A¥ is the crossover temperature where Ay =T

" This may be seen more clearly by noting that the high temperature (T 24

T

Lot ER - SRS

for £) 1, there is no crossever and AEW/D -> 0 as T-» 0, so the susceptib-

ility diverges as T_1 with the same coefficient as the free orbital Gﬁ"o)_
i
)

expansion for the susceptibiiity derived from ihépattition-functiwn {6.2.8)

will take the form

¢ ra - - /\“E 53
){ ol i ( | — Constanr. & .. .. >
.T"

(602.32)




164

for the second invariant is A% (A,£,D) = A(D/D)E/lT&_

Physical properties of the model, which has three Parameterg

&A/D, and £, can, in the &/DL1 limit, be expressed solely
of the two invariants A" and €. In particular, on dimensionaj

grounds, the zero temperature susceptibility must be given by

X (T=0) F(e) /o

where F(£) is an unknown function of €.

(6.2,2
- Fer €< 1 the scaling
trajectories show continuity of behaviour.. |he uh Knows, %uhchon

F(&) is thus analytic, and can be expanded as a power series

E. TFor £=0, Y(r=0) = (a*)?, €20
= NS ‘L

X (r=2) QV'WA.(E) N eLpD)

The precise value of D ¢an be obtained through comparison with

L5 so for

pexrturbation theory in g: from (6.2.7)

~ ¢ blo/p) = A_” 7‘fc{w F/w)/[wlq—a’—) . (6.2,20:
and, as in the ‘phonon' case,
- e 2 f; ) 3 F
A‘?D X(t °> prﬁ ﬂwwL:A /Oég «I) (6.22308

A description of the temperature dependence of physical properties may

also be deduced from the scaling theory. At finite temperatures, the scaling

equations sre only valid when the effective bandwidth D is larger than T,

The equilibrium properties of the system at temperature T are determined by

real physical processes involving conduction band states with energies of

order T, Higher enmergy conduction band states are only excited in virtual

processes, and hence their only effect is to renormalise the low enefgy

effective couplings. Thus thermodynamic properties of the system may be

described in terms Qf temperature dependent effective couplings defined

by using the scaling equations to scale the bandwidth down to T. In the

eff
£ (T)s

problem at hand, this gives a temperature dependent

in termg

(6.2.28) /(Y .

.

{
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AACT) A(T) .
/

f.‘

?T) changes,
1153 . 3%

controlled by T, and 4 "is irrelevant. - A

‘ * .
as the crossover temperature T= [fgff)z £ below which the thermal fluctuations

e . ; s
s the temperature is reduced; [l At high T, the physics is

has a simple interpretation

become irrelevant compared to those induced by the hybridisation. Below the

eff(T) = A

there is no further renormalisationy and A is constantg

crossover

properties in this low temperature regime are essentially temperature independent,

and swventual crossover as a function of temperature is shown
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in Fige (6e5)e The crossover temperature goes to zero 2s € goes to 13
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Fige (6¢5). Renormalisation of ﬁfrf in the temperature range L; L T & Dy
where A&“ is the crossover temperature where ﬁf (T)“‘T .
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" This may be seen more clearly by nmoting that the high temperature (T 24
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eff

and A /D> 0 as T2 0, so the susceptib-

for &) 1, there is no crassover

with the same coefficient as the free orbital GﬁcrO)'
e
)

ility diverges as T"1

expansion for the susceptibility derived from théyattition'function {6.2.8)

will take the form

X

/7

(

Rs¥
Constant., N ... (602,32)

— i', -

T

/
e

(6.2.31) .
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&
The correction term vanishes as T Y0 when € 1, In the marginal caese.{ = 1,

6.3 Scaling Equations for the Asymmetriec Regime of the Anderson Model

the correction term stays constant, implying a Curie law with a reduced coeff‘icient;

however the higher order terms of the scaling equations eventually cause A/D to

: | | | T ; d just described wil b fed
increase, as can be seen from the scaling trajectories in Fig.(6.3), and this The gealing proce ‘,Jres J4= escribed will now be applied to the

Curie law is guenched below some characteristic temperature that vanishes asymmetric regime of the Anderson model. Recalling (5'54”))

the partition function is glven by -

:Zfo: 2‘, (Btwa) !axz fcbc, Z (Tf 807“ G, - .) {’(F {}

Finally, the problem of the RL model coupied to Tomonaga-bosons - . K=t B

- , , | P 5= Z;%U"PEnx.; ~ Z (£+‘68m~ 3(1) "W Mg . 2l

can be put in the context of the family of models where the boson spectral

1

exponentially as A/D g@w to zeroe

L
density f£(w) ~ wd as w > 0. For d > 1, i:he ‘small A limit becomes a where ¥=l - Agaln writing “
renormalised (unscreened) RL model. ~d =1 is the Tomonaga case treated L’\%i}mgmwlxl = Lh*FW(H?‘)S'MTHW A +2 j(ﬁ&/ﬂ'/xD : (6..3.2)
above. VFor d. <1, the boson propagators dominate the long time behav1our aad usi:g ("__'; '
with - an x( )dependence The system will order (i.e., X > ) below Zj 6“) ) (g-&'K&G‘LQB = - (E+X)N (6. 3.3

some finite temperature T.. Asd~>1, T.> 0, and at d = 1, whether or the partition function becomes y
| = 2 (ﬁiw(/m),:\(,” {s:w—u)) é’,x/: o 23
N

x (1+ 2:1_;3(£+b’8m3)6|)")9(awmx‘-m)) ' _ (6.3.4)

not the system orders depends on the coupling constant €. As d+> O,A

T, 7%, the effective level shift C ( =v°f<>i°wf(w) /w ) diverges,and mean-

field theory becomes exact. . 'Tc(d) is shown schematically in Fig. (6.6). As befqre, the dominant correction terms come from adding pairs

N T-C ' with lj_—jl =1, andnow 0,=0.. This can be done in four ways (Fig. (6.7)):
. 3. J
o _sa =
N j : Fig. (6.6). 5 Tewt Yap | . — _Fig. (6.7).
ey . . Yii Yol
I e Garl : e &emmﬂmg > (Schematlc ) ; _ 2!:47 7 " @ e e | L~ --—- . The four types
& Theory byack - ' L Modal- Orderlng temp- R N O R of Ji-j| =
N Lea : o erature’ TC, below : correction
& O‘L" &chm$ TR which ¥ = © , ag a : terms generated
r‘l ; o function of the : ﬂ : r ’ by scaling.
~ i R : boson infra-red ‘ A
LA . . ) W s | . S
= exponent d. ’ —t ' ‘
TTorornag pesers (f(w) ~ wd) i
— " : ¢

The correction factor becomes , Kl ()

= (B%awW) 202 (3, 4 Zsm.>ﬂx 2 gmep) AK[ j

1 T Cenen ond

[‘ :) = - (Enf-c"H)eu‘X + ?(&b’gﬂs)(—l FL PTSta]x-x,f |

N
o)
»
[SV]
.
S, |
~
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Repeating the mahipulgtions of the previous section, the correction
factor bécomes: v

7
Cxp 2B A (£4Y) Q_fgtv)) dy
X exp + rfa’)(f-m’ SJAN (—-TTW fg)u-,)dta. +%‘:f9"‘3)3¢13)27,ﬁ))&
S (=H f9ﬂo)g-4y) Z(U GXe

T
X Qx?q.r!?s (f-\-?s _z_;

Y Rxp A (f—ur) ﬁé“w /£555=3)Ay) . (9.?;)((5&-2{3 MS&J)(-;}') (h*ﬁm‘”"r/”t')ﬁb |

(6.3.6)
On replacing this correction factor " (6.3.6) in the expression (6.3.4) f
i v3. or
Z, a new Z of the same form as before (except for a ground state energy

shift) is obtained. The transformation is

W= wa ~ W
A > A X (T A
¢ — € + 22 A (Tlﬁ ftgﬁf‘ndy) [+¥) (Re+¥)
‘( — %+ 27 A & [+, [ qendy) (6438
"5 g - 7\(£+B)A( 36 L '(93:‘@3\[ 4 w_(?"’)‘"’)

H' = H o % (£%) & |

and the scaling equations are * (H Z ffgﬁf',‘))"e}f) (6.3.43

38 EAE—1) A

alnd ( ’) . 4%

aE B (645) (34 - B )Y

QE = G600 ) S Shy ™ 4 e

dE e{(e45) 2

— = = & 4 3(ew) dit .

s Y Y ¥ o D

where CAis an undetermined factor of order unity, arising from the precise
o0
structure of Q{X) 1ef = (y)d
g ik = fomdy,
For ¢ 4 Yy <2, the A/D = 0 fixed point is unstable and reducing D

results in scaling to larger A/D ., .Since initially § =1, and the X-ray

exponent € is strictly limited by the Friedel sum rule to -1 < € £ 4
, - S

the initial values E&Q{ satisfy fl:> E;€ﬁ 7 U; subsequent scaling may be

even more below the upper limit of 2,

4y

seen from (6.3.8) to reduce
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scoling is thus aluays away from the &/D = 0 fixed point,

In the limit A{¢ D, ¢ and € are not renormalised, and the scaling

lequations (6.3.8) become:

de a5 _ o iy s (6.3.9)
did 4l dup

AA = e (6.3.10)
dunD

df
TN (6.3.11)

~o(€) A
=

7 .
® () ie a postive constant of order unity that cannot be obtained within the

"gpace-time" scaling method. Note the new bghaviour of these scaling eguations

compared to those of the resonant level model (6.2.22): the level parameter E

is strongly scaled upwards as the bandwidth is reduced.

The occurence of an important undetermined constant in (663.,11) is unsatis—

factoryy fortunately this problem can be resolved using the alternative "poor

mants" approach to derive the scaling equations.

The effect of states near the high energy cutoff le mainly to rennrmalise

[0

is reduced this renormzlisation

the bare states and ]10€> of the impurity orbital., If the cutoff

must be taken into account, Suppose that

AN(©) ¥ 0 except in the cutoff region lw|=' p and A wW) = 0, The scaling

procedure is to divide A(Y) into [A@%?)w)] - E/\w A/fw)] , where ) is

positive and infinitesimal. The second term - C}LJAVVO%) (which is positive)

is that part of the spectral density ‘A(B) representing those high energy
particle and hole states that are to be integrated out, leaﬁing a residual

spectral density ZS@H?QL)> of the same form, but reduced in scale, so that

the cutoff parameter is now (1-2A)D, ise., dlnD = -2 .
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L

The high energy pafticle states to be integrated out will be

+ ' -
by k y, and the hole states by k ,
and \1&> with c lo>
free spin label ¢

e

hybridise with.

45
of>= 10y -3 Y

there are twice as many states available for i0>> to

labellegd
[O> hybridises with states ck—éllds>

the important difference is that because of the

By first order perturbation theory, the renormalisations are:
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&
The higher order terms are cutoff-dependent in they depend on the function Z&(&%

in the cuteff region (L= D; this should be contrasted with the non=triviakt
lowsst order term, whith depends only on the value of A (®) at the Fermi level,
The scaling equation for ZS(D) follows from the renormalisation of the matrix

element V

kg uhere ﬁk = 0:

Col | Cog-H 116>
(o'1e'> ie'ite'?) %

/
Vid =

(V&ML

= ey (l
= \(g—k\

Apart from small cutoff dependent terms,

1 Vid 12
’ T l€t¢ll>

!_1-— kj\;'

de is essentially unrenormalised.

(6.3.16)

C. .
k=i e 18] +E-Ey co L1577 (6.3.12)
/ 2
EO ¢ EO - Z_ ‘VKA‘ (6.3.13
' k':l:)a" €+ E-E. oy
) 11y - 57 Ved & 1o o
. Kokt | €. 1+E~E, > "
! .
E' - E| Z (643.15

J{=kﬁ“ ‘£k(*'£o-E;

\

Because (6.3.13) involves a sum over spin, while (6.3.15) daoas not, £, is reduced

by twice as much as E_. E_ 1is given by E1—EO; thus the scaling equation for E

de.
dlnD

w
{ / XA
— dﬁd ﬁ;/ﬂd) 0 i
;raf

1 d

.
wtEd L-Ed (63518

y
since AW 20 ynless WD YV | Edl :

dc.
diD

(0
:Ttrfdwz_\."(w) ..
6

_%o) + o <(‘A*§EDL) ( D> IEd T) (6.3.11

This scaling equation holds fuor lEdl<K b and-also T LD, as this was implicitly

assumed in (643,12=15) -.

‘have recently been independently obtained by Jefferson (1977), using a related

The scaling equation for A(0) is:

10 P N
db o(%)

Essentially similar equations, but in what is perhaps a less transparent form, -

(6.3.99)

technigue.

So fary, (6.3.17,19) are the scéling equations for an unscreened Andersoﬁ
model. The effect of the bosons is easily taken into account; since the boson
(Tomonaga) boson bandwidth was identified with the electronic one, both must
be scaled together. This is also true for arbitrary bosons,or any other
field that the eléétrons are coupled to, if the effects of scaling are to
be identified with the effects of lowering the temperature, as in the last
section. Since the level shifts associated with the bosons have been absorbed
intorthe definition of E, and as thase éhifts are independent of temperature,

E is unrenormalised by the bosons. However, there is renormalisation of 4&

which is reduced by a factor of the overlap af the coherent ground statos of

the bosons in the cutoff region appropriate to each valence (=ses. (5.5.7)),

7
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Thus I\ is renormalised as

1}

4 exp — [ (PddD]
, D%

o
Povey

(6¢3,20)

A+ A0 YLD

EA

The scaling equation (6.3.10) is recovered since for Tomonaga bosons F{t3) ig

given by (3.4.4) as € LQ )

Thg "poor'man's" type of methed thus gives the same scaling equations as

the "space=time" method, with the additienal advantage that the unknouwn poasitive
[l ’ .

constant Ciﬁ)of (6:3.11) is precisely identified as unity, independent nf €S

in_(ﬁ.a.17). The space-time method, as presented, is more rigerous  in deriving
the scaling enquation f A due t i eni 13 stit

ating eaquation for ue to electronic screening, as the partition
function expansion (5.5.14) is valid for arbitrary Xeray oxponent, includihq
negative € , while the derivation via the Tomonags boson representation is
only valid for € small and positive, A direct Ypanr man'g" deérivation
using an explicitly electronic representation of screening processess could

no doubt be easily constructed using a diagrammatic method,

(503c21 | 8

' or coupling to bosons,

Analysis of the Asvinmetric Andersen Model Scaling Fquatinns,

6.4

In the last section the scaling equations were derived ; for DX b, JEL »

+ 0{(@_@_)1
1D

dE

at —. &
A D

e

1B

(6;4.1)

dA
AlnD

5 A

%
= 4 o (% > (bo%n;cw;:“nﬂ) . (6.462)

: A
| +0(A
E- A 3 > (—ded‘rsm:. SCN.QIM‘hj) . (6-403)
These will first bs analysed in the original case without screening by electrons
In that case, A is unrenormalised

€ and f(©) zero.

by scaling in the 1imit N &K ]) -5 and is one of the scaling jnvariants,

The other invariant is easily obtained by integrating (6.4.1):

A(D) = YA (.Dav = /A y Con Stamt. (5.4,4)
E®) v & LD = ED) rAWUD, = Ey + & LnW , Grstamt, (6.4.5)
T m "
where the initisl, or "bare" values of E and T) are denoted by £, and U, to

make contact with the notation of section 5.3 The scalingAproperty of the

model implies that for T, Ed and é&lnuch less than W, the physical properties

of the model can be described solely in terms of the‘igg scaling invariants,
*

conveniently chosen as & and Ed s uvheras

% . A L /W ¢
E, Eq + ‘TT‘L%E) . (6.4.6)

instead of the three bare parameters £ s and W, This'"universality" is

STRNAN
similar to that found in the Kordo model where the low temperature,weak coupling

broperties depend only on TK’ rather than J and D,
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In line with the discussion of section 6.2)the properties at temperaturg
may be described in terms of temperature depeﬁdent effective parameters Obtained
by treating the rerormalising effects of. vitusl excitations of conduction
band states with energies in the range T4 & < W through scaling thevbandwidth
down to the order of T. Thus tﬁis problem is characterised by a temperature

dependent effective energy level E(T):

E(T) = EA*%M(I) = Ed*+ %LH(TQ_> . (8181 4T) (6.4.7)

W

This relation is only valid as far as the scaling eguations are valid, ise., for
T (=D) 2> &Eljﬁs « This form for E(T) could almost have been guessed by
examining the perturbation expansion (5¢3.15)3 the first few terms confirm Very

directly that all the anomalous logarithmic terms can be absorbed into the

effective level parameter E(T) given above. X(T) then has the form:

/ = 1.
L 6T

- ]
L l{:E(TMBA}}-]—— ~ 4
18T 4 loRT
(6.4.8)
where A and B are. universal coefficients, In general, it may be expected that

. %
the fitting of higher order terms requires a generalised form for Ed in (6.4

ol AL (WD .
= \EA A ﬁ_Ly\(_A__) ;

Wia)z W+ 0(8) (6.4.9)
The non-universal expansion W(A) plays the same role as D(3P ) in the Kondo
model (wWilson (1975)).

The scaling trajectories E(D) are shown in Fig.(6. 8) . For Ed*:€> A
sc:l{ng bresks doun when E(D) = D, “and there is a.cfossover to the regime
£ > Dy in which the charge fluctuation processes are frozen out, <in$>fi 0,
renormalisation of E, which tends to the constant

and there is no further

,),:_
value T , given by

: 2
ECTY+I1EABE(T) + |
rIRREM 15

prriesmmrenen

E®) A singlet

Fig. (6.8).

Scaling trajectories E(D),
ending at crossovers (broken
lines) to a {ndy & 0 singlet
regime for Eg° > & , to a
gy ®¢ 1 doublet local moment
regime for Ed*« ~0 4, and toa;
mixed valence Fepmi liquid

>N

A« et e i . B i, B et

regime for |Eg (£ A .

h 4
al <A

NN RN

| '% _ \é\-——\“\ E§<<-A

-5 doublet = l

E .| .

" + ;%-L”@*;) = Ef (6.4.10)

where a is a number of order unity characterising the scaling in the nen-

&nivéféal crossover region. If the scaling is interpreted as the procese
of reducing the temperature, then the crossover behaviour is associated with
a cutoff Function'relaﬁgﬁ»to the Fermi function, rather than the physical
(bandwstructure dependent) high energy cutoff; T is thus the crossover
temperature for freezing out charge fluctuation processes, and aAigjia
universal number that will later be. determined by an examination of the
perturbation series of section (5.3).

For Ed*<Z-2;, scaiing breaks doun when E(D) = -D, and there is é
croésover to the regime.E £L D in which charge fluctuation processes are
again frozen out and nouw <pé)ﬁi1. In this regime the Schriéfferéwolff
transformation is valid, and the sysuem‘becomes a Kondo system, Tha

. N
limiting value of E and the crossover temperature T =

-E(0 £<L ~F)
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L

is given by:

T

Al
5
-~
<
(=4
~—
]

@ is a number similar to a in (6.4.16} that characterises the crossover region,

Applying the Schrieffer~Wolff transformation, one obtains:

J ){fl :; "QLEQ;J . .:D{ei? e Cf: (604,92 |
7 mr |
This implies a Kondo temperature of
A
lg = )ﬁFiP,JP
*
= > TEY
.CAQ’YF A (644013

2 AN

where ¢ is a crossover-dependent constant; in terms of bare parameters this is

(6.4.14

Te = (way% 2-¥%p TEd
LW

in agreement with the previously deduced form (5.3.21).
: *
In the intervening region [Ed \ f;bxj scaling breaks down when DA 3
and the crossover is to a mixed-valent Fermi liquid regime with a characteristic

valence fluctustion temperature of A Note that as the parameter E 3 is

d
raised; and the low temperature character changes from a Kondo Fermi liquid to
a mixed valence Fermi %}quid, TK approaches the upper limit of A . Thus

the criterion for the existence of a louw temperature Kondo regime is TK/QK Va
in sccordance with the picture of the Kondo state described in section(2.6).

The crossover constants a, &, and c in (6.4.10,11,13) that..relate the
properties of the asymmetric Anderson model at temperatures below the rélevant
crossover to those at temperatures above the crossover are analogous to Wilson's
A (r=0) =

0'103/Tg)' of the Kondo modél to the propertiss at Ti & T& D, where the

number 0+103 that relates the low temperature properties (icee,

perturbation expansion used to precisely define T, is - =onvergent,

k

ol
Ed . : (604011'

B S P I iy & S S
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L
| Unlike the Kondo case, convergent perturbation expansions are available both
above (5.3.15) and below (5.3.16= 22) the crossovers, and the crossover
constants a, 3} and ¢ may be obtained by detailed examination of the limiting
forms of perturbation theory, without the necessity of recourse to numerical
methods.
*_
In the case Ed a4 5 below the crossover that freezes cut fluctuations
to ng = 1 states, the susceptibility may be written as
: ’Tﬁé‘ 2 A
A= L[EEP— : A L+ o(A) (teeT)
4T\ |+ 2exp-Trr an T | + " (6.4.15)
Expanding this as a powsr series in A by iterating (6.4.10):
Kir== L £ 28 Ln 2Bl 4oa™ :
% - : (60&016}
aATE, LLE I
. Comparing this with the expansion (5.3.21) for the zero temperature suscepti-
bility of tﬁe asymmetric limit of the infinite bandwidth Anderson model, ong
can meke the identification:
(n W - Lﬂ a. = (/hu - \/?s 5 (5.4.17}
but through comparison of the high temperature series ' (5,3,13,15)¢
(!o‘ w - (M(L- + b/l g— +‘ d: ° (604018)
B
Thus it is found that: ok
(6e4.19)

. 1
A = ﬁ%-Q%F (C+Y%)

Though this value has been cbtainad through examination of the particular

asymmetric Anderson model cbtained by taking the U=? ® limit of the infinite

banduwidth Anderson model, it is a universel number indspendent of the particular

cutoff structure of the asymmetric model, details of which only enter through

*®

the quantity Ed
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n the other limit LJ 2L =D the sus sceptibility may be written as 1 : ‘
: /
7 %Oﬂéo i
X = (T /nu + B, + o) v TX | eng & 0————p & 0¥ 23—+ <Ny |
41 (Ta« r ) ’ (6.4.20 1//4 - ' :
' e )
Expanding the Pauli term as a power series in /\ by iteratifg (6.4.11): B Ed >4 “'-7/"‘\_‘___ Fig. (6.9) (schematic).
?‘Pawﬁ A ( 1 | . 1/8 - _ ' Temperature dependence of
= 4mres = -h Slé? 6 (62) - the effective Curie constant
4ITEL N uf({ ] + (644,21 S s [ A ; “
| - 3k T for (a) E TR A
Comparing this with (5.3.20), one finds t { A rFL T _ U _T X % ?
4 nds that & = Bs 8s given by (6.4.19). . (b(i, 11 iii)) E ~A 0,-bh 3
C ari Lhe . V
omparing the Kondo temperature (6,4,14) with (5.3.18)3 one finds (c) E <3( A shoulng
€ = o exp {g/ ‘ T i X vg}gﬁge —» <—Ng = 2/3 peNg 1 crossovers between regimes
[l 2 - 2%-1, ﬂ?_x‘{:’; (:'Z + s:,g . (5.4.22! ”‘ mi;: e;fective ’r‘ourf‘c:):;/d )
il e , (T&e1/8), triplet (TXZ 1/6)
% A complete description of the behaviour of the Anderson model susceptibilit YA_nn\\\m,‘n_ ?
- Y] doublet (THZ 1/4) and sirgiet
E as a functi - : . A
E b unction of temperature can now be given. In Fng (6.9) the effective ! (TAT 0) degeneracy. At low
: | : '
o i 1 . /s ; /A L 5t i
.EI“W Curie constant TX is plotted as a function of temperature in various limits i ’ U T temperaiiioes Whels 18
8 ¥ ‘ . ! Fermi liquid regime where TX
28 of E, in the asymmetric Andersc . ; ' q S ‘
\ d lc Anderson modek, At high tem LTE .
EE gh temperatures, TX tends to | . is linear in T, Note that
the value 1/8, characterist r effecti ; : NG g | =P ==y Jh—b& x* o :
= il = 1/8, characteristic of effective fourfold degeneracy of the impuritys | Ky<nd = | g = 23 M= U, T, T,& and T, indicate
Lk o | . . - C
g . as T is reduced below U, charge fluctuations to the ng = 2 states are frozen out ; (C) ]/4 , different eneroy §_C_a,l.:.:>_w and
—=8 T - o L5 L 'y B =
=B y . 6 - vt may differ by many orders of
=& - and T/ tends to the value 1/6, cherac . . ' 6 _ \ ay differ by many ers o
. e s Characteristic of the threefold | B %
! o degenerate ]/8 Ed <-A magnitude.
,‘ asymmetric limit. At and below this temperature, the behaviour depends only
‘ il % { I K A |
b on the scaling invariant E 3 : ’ i T ’
g f 91‘ e d ° If ['d >>A (Fig.(ﬁ.%’a),the system hits: e cress- 0 rK - A T o - u T
= i over af T= T »A whe o £ 4
a : ] .,{) f?&,)uhure charge fluctuations to the ng=1 states are frozen out
—:3 and the impurity becomeg effectively non-degenerate; T;Y falls towards zero, N -
g : . . - In the limit E, &-A, there is a crossaver at T 2»A , whaere fluctuations to
finally becoming linear below some temperature TFL’ when the model shows the d ’7 5 )
g, 1
tem t ; i s A S . the states n,- = 0 are frozen outy and the system behaves like a S=7 local
emperature independent Pauli ‘susceptiblity characteristic of a Fermi liquid. d
moment, X rises towards its maximum value of 4, characteristic of twofold

*
|Eq IéA) TX stays at the asymmetric value of 1/6 till a temperature of
temperature T, ,4{A ; the local moment is

degeneracye. Finally, at a Kondo te K 5%

order A when the system crosses over directly into a mixed valence Fermi
es over into a Fermi liquid regime.

guenched, and the system crosse
The corresponding plot of T Afor the symmetric (E = =3U) model is

L

liquid without freezing cut charge fluctuations. The behaviour in the

crossover region depends sensitively - * :
' N depends sensitively on the value E " .
- : - a‘c' S] 1} ‘ '3 “
X% % d /A w4 shown for comparison in Fige (6.10), =nd shows a local moment regime’ for
Fige(6.9b)= (i) F v (553 R L ® : ‘
Ue ( ) ~ = A H (ll} Ed - O s (lli) Ld 2’ "[3 .
U \>>A° Numerical calculations of TXare available (Krishna-murthy et al.,

o

(1975,1977)), and illustrate this behaviour, though they are rather incomplete

in the asymmetric case.
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A (5) S oL
. S
'rX'[ " Ezk
i/!' S . .i; {94 ‘
Fige (6010) (schematic). Al //
(ai A >>(J ’a //
‘/9 ] Temperature dependance DFI ®e ‘
. ®.
/ the ef‘fechve Curie Consty wad\‘?ﬂ”ﬁ&hm'\ o g
L3 ~
J < T for the symmetrj ' / M
0 e A ~{Thetrie . o UNSCRELREA o e
A I Anderson model, showing th’ &ia e R : = = :
/ =
existence of g local mg Y
men . @p,gm&,wmf; &; 20
- (TA = %) regine when et /'
. &
/ UXRA. j . 7
v 5 [w] / -
(£) al Cowpling % D
‘/3 i 2 : $ T
i Wp W
? o (6e11) Scaling trajectéries A(D) 4 ending at the mixed valence Fermi
© i qu :id crossover D A(L% in ths case of qexepnznq with positive or negative
1
1 X=ray-cxponent £ and phonon coupling,
| .
The discussion of the unscreened Anderson model scaling equations is or :
v
easily gensralised tn include the effects of screening and coupling to honans ‘ - 3 J( = A <i°li>'! sy Coaplin
pling to p s e = A Q_)cF. d ks ofsvy piny )
- < o [ e ' “EpE
where \is also renormalis sed, and the scaling equs ilOﬂ& (6.4.2 3) must also ' | (6.4.24)
be integrated. The details of the configurational crossover at low temperatures ‘
7 ' In the case of screening, there are still residual louw Frequency response modes,
temperatures as the bare parameter Ed is raised is essentially similay and is

of little interest, The interesting case is the effect of screening ete., on

the properties of the mixed valence Fermi liquid obtained when the scaling

A

~2

L4

laws break down at

(6.8)

the crossover line D in the generalisation of Figs

‘The scaling trajectories A(D) are shown in Fige(6.11)e The
;rénarmélisatinn due to electronic screening stops at crossover to a Fermi 1liquid

with a valence fluctuation temper

ature va given by the value of O at the
crossover:
A € BNV - ug 5
~E& W E- - <
D¢ W & luFr
R g/""(-.. a
TU“(: = AN —f—\> ’ { sc rQE—V\Hf‘\c)) (6.4.23)

*
with frequencies less than the valence fluctuation temperature T e A that

have not yet been taken into account; the mean field treatment of chapter four

is the appropriate one here. The possibility that these residual modes cause

further reduction of the valence fluctuation temperature through the tunnelling

mechanism described in th

¢S
&f?(w)gw (: LE A”{} >> AE ,(:gy‘)

at chapter must he considered. The relevant criterion

was

C¥.

Since € is at most of order unity (because of the Friedel sum rule), and in

practise is much smaller, this condition cannot be satisfied, and there is no

further renermalistion of va by the tunnelling mechanism

(6.4.2 )
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Conclusion.

The results of these investigations will -be classified into three categoriggy
(A) Results on the local moment or Kondo regiﬁe of the (non-degenerate)
Anderson models
(B) Scaling, crossovers, and mixed valence states in thé‘ggimmetric (L!ﬁ)[EdL ar
U ‘Ed+U | ) Anderson model
(c) Eéfects of electronic screening and linear coupling to phonens on the

mixed valence state.

These categories are reviewed seperately belouw.

(n)

Loecal moment reqgime of the Anderson model.

The criterion for the existence of a local moment regime in the Anderson

model was investigated. The criterion was identified by Schrieffer and
Uolff as <nd§%§i1, but here this has for the first time been explicitly
related to the bare parameters of the theory. In agreement with the intuitive

picture derived in section 2.6 on the basis of Langreth's Fermi liquid theorems?

the criterion has been verified by the scaling theory of section 6.4 to be

Te & A &V

where , noting that necessarily Ed 04 Ed+U, Ty (the Kondo temperature) is

(7.9

given in various limits by
~ Va. Ed(Ed+0) -, "
T = (Un)Y*exp ey W =B, Epth ) (1

where W is the effective conduction electron bandwidth ( which may here be

taken to be infinite without inconsistency, as it is not a relevant .

2
parameter when it is large), and A refers to the value of £Xﬁ$=3;?gvmﬂ AR

at the Fermi level; if E -+l > W,~Eyq . , T, is given by:

T Wy Wy -gy 0

-

12 (T
\A! L/\!.) & R v H‘_ici\
(W, P (‘lm /

or

UD-Es>>wW, (7.1.4)

Y
2
w ( &) expfT E4
T3 P za
For -, §>\M)gafu7 E U should be substituted for -E, in (7.1.3,§).
In the particular case A=A (i.e.; U= 02) the perturbation theory
in A was found to take a simplified form, and a systematic expansion for the
susceptibility was developed, which in varicus asymptotic limits allowed

non—-logarithmic terms of the expansion to be explicitly obtained. Using

Wilsonfs definition of the Kondo temperature frem the intermediate temperature

expansion, T was explicitly found in section 5.3 to be:

« (W) rex

o

‘ Ed (EA‘*V»‘)
K

(2a0/ 1)

- {
K = = QM? (Q 5"3‘/.’1)) (@"—' Eulees Gmsfﬂh'})()v577...) (7.1.5)

This previocusly unrecognised form (though it can easily be understood using
simple arguments about upper at lower effective cutoffs, as mentioned at the
end of section 5.3) is in good agreement with the numerical calculations of
Krishna-murthy et al, over a wide range of parameters ;3 however the numerical
cunstanfﬁﬁ is consistently a factor of about 2¢1+ O¢1 greater than that found
numerically. This discrepancy could have three possible originse:

(i) There may be an errer in the asymptotic evaluation of the pertur-

bation theory integral in appendix 5A, section (1v). In particular,

if °< were in fact given by
/
X' e Arexp (€-%)

(a form that could arise naturally from the perturbation expansion)

(7.1.6)

the discrepancy would be entirely removed., However; no such «

+q

correction has been found despite (highly metivated 1) attemptis

" to find it.
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(ii) There could beAsome systematic . error of a factor of two in Krishna-

murthy's numerical renormalisation group calculations,

(iii) Since Ty for the Anderson model was humerically obtained by fitting
the low temperature part of the susceptibility curve to Wilson's
universal Kendo susceptibility curve, it is possible that the
factor of two is due to an error in Wilson's fit of TK’ defined by
the intermediate temperature (TK LT ¢L D) expansion, to his uni-

versal curve,
fleedless to sayy thess three possibilities are arranged ie exponentially
decreasing order of likslihood,

When the susceptibility expansion for T (< “Eys B4V was evaluated, the
leading terms reproduced the Kondo susceptibility expansion, with TK as given
by (7¢1¢5). The next leading set of terms was evaluated, and was a series for

a temperature-independent Payli susceptibility, not present»in the Kondo model,

-that could be identified with residual charge fluctuations to non—-magnetic

~3U, T

states, As Ed departs from its particle-hole symmetric value of

K

increases, and thus the low temperature Kondo susceptibilty decreases, while’

the residual charge-fluctuation Pauli term increases. The breakdown of the
when T, o

K2 A

Pauli terms (which also have logarithmic dependence on a high enerqgy cutoff,

local moment picture comes about because the next-leading

as seen in section 5,3) become more important than the leading Kondo terms,

The asymmetric reaime of the Anderson model,

(8)

In strong coupling models where U S5 A,!Ed] (or U A) IEd+Ul )s fluctuations
to one of the two non-magnetic states of the impurity orbital are frozen out

at temperatures below U, This limit has been described here as the "asymmetric

limit", and it is found that a perturbation expansion in powers of A generates

terms that depend logarithmically on a high enerqgy cutoff, The properties of °

- ArEsinmeea w i e i § 4

' is the smaller., 1In principle&

- expansion in powers of A

the model were thus explored by Scaling theory in section 6.4 and found to be

= ‘Eﬁ + »Z}/ﬁlﬂ(w/.ﬂ),

characterised by the two scaling invariants ;ﬁ(O) and Ed*

where U is a high energy cutoff of order U or the conduction bandwidth, whichever
W is given by W(A), a nom-universal reqular
y eut the true asymmetric limit implies;W}}Ak,
and the value W(0) may be used. (The properties of a model with w & A way be
trivially obtained by perturbation theory in W; such a model, which might

perhaps describe a chemisorped molecule on a metal surface, is. not of interest

in the present context), For temperatures T <32u5 the properties of the model

: *
are found to be universal functions of A and Ed

At intermediate temperatures, the properties ars essentially described

by a broadened, temperature dependent impurity orbiteal energy level

Ef -~ 4 )

4%

Ey(r) =

(7.1.7)

and _ are =

those of a free asymmetric orbital (eegey, TX

1/6).

=15 there is a crossover when Ed(T Lo

At

+
lower temperatures, if Ed N

to a local moment regime with Tk’:.'Aexp(TTE‘s/Z A) . If Ed*/A P> 1, the crossover

Ed*l‘é}A $

In all three cases

at T = Ed(T) ie to an orbital singlet regime, If on the other hand |

the system becomes a inixed-valence Fermi liquid for TS A,
the final Iow temperature state is a Fermi ligquid, in line with Langreth's
theorem,

Numerical coefficients (an

alogous to Wilson's number 0¢103 for the Kondo

trossover - 7{(T=U) = 00103/TK) linking the parameters of the local moment
and orbital singlet regimes to the asymmetric orbital regime above the:

Crossover$ were obtained by detailed examination of the perturbation

Expansion of the infinite bandwidth Anderson model in various temperature limits,
of

. ; : :
°ince these numbers are universal, they could be obtained by examination

he special case of the infinite bandwidth model, but .are valid for models
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with arbitrary bandstructure, (The equivalent problem in the Kondo model that

was soclved by Wilson is not as trivial as no valid perturbation expansion

exists below the Kondo temperature), These details are deséribed in section

Gedio

(C) Effects of screening and coupling to phonons on the mixed valence state,

The picture that has emerged of the mixed valence ground state of this
model is that of a Fermi liquid, characterised by a virtual bound state at the
Fermi level. The impurity density of states (that is, the imaginary part of the
impurity single particle Green's function ) has a resonance of' height’
Qﬁﬂ)_1sin2(%ﬂzﬁ)), where (% is the mean valence, and a width characterised
as a "valence fluctuation temperature" Tuf’

In the "bare" case described above, vatf A ; and the resonance contains
a major fraction of the total spectral weight of‘the Green's function, 1If
electronic screening of valence fluctuations is included in the model, so .
Friedel's sum rule is satisfied in either valence state, va is renormalised

the "bare' value.

from Using the scaling technigques of section 6s4y, it was

found that this renormalised value is

Torg = A (%)eﬂﬂg

(7.1.8)

where W is the effective conduction bandwidth, and € is the X-ray exponaent,

which 4s cbnstrained by the Friedel sum rules

2
€ = -2Q, +aXlun)oe
o L T

'

é’it, -] l ( Feiedel Sum Ew\e.)

= (7.1.9)
60 is the symmetry of the impurity orbital; for a rare earth atom, (0 = 3

G5 y Sels -3
aince the conduction band was taken to be a d-band, the screening was mainly

attributed to ths e S £ ,
a buted to ths response of the = 2 channels, and £ may be estimated as

g2 +0.1 3 since A/W cannot physically be less than "iDm‘5 (&= 0,01 ev BXpEr-

imentally, and W & T2 a few eV, ) the effects of electronic screening, though

formally interesting in that it gemerates non-integral power law dependence

of physical properties on /\ , seems not to give rise to any practically

important effect,
The effect of a linear coupling of the valence fluctuations to a phonon

field were also considered. This was found to give rise to significant effects
53 - -

if the overlaep of the coherent phonon states appropriate to each valence state

The effect depended on whether the characteristic phonon frequency

was: smalle.

QJD was fast or slow compared to the characteristic electronic frequency A .
For Dp>a the effect was just to renormalise A erd to reduce TvF:

(7¢7.10)

Toe = A |lalbS\>

where (p | b>> is the overlap between the two coberent phonon states, In the

other limit of slow phonons, the phonon field can be treated as moving in an

effective potential controlled by the adiabatic reponse of the electrons
to the instantaneous phonon displacement (Bofn-Dppenheimer approximation).
If the coupling.is strong enough, this potential may have two degenerate
minima, one associated with each valence state, and valence mixing in the

ground state is controlled by the tunnelling freguency of the phonon field.

The criterion fer-this is:

P ”7] /1%
C= R%“’%«J %‘cf > A (7.1.11)

C is essentially a Franck-Condon relaxation energy, and is the. effective
barrier height between the two minima, while the overlap between the two ceherent

"ground" states is

CO. ‘(Lﬁ> Lord

(7e112)

exp (%é_o:ﬁ
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Since “the slow phonon limit is (Wy {CA, the high barrier condition (7.1.11)
implies en exponentially small overlap (7.1.13). The tunnelling frequency

T . is given by

uf
S , \
7(,5 v (QJDC)é‘ Lot b, | (79w

Note that this is independent of Aﬁ o An additional complication in this casa

is that if the phonon~controlled valence fluctuations are slow enoughy the

magnetic configuration may have a long enough lifetime for a Kondo effect

te quench its spin. (i,e., TV)DTVf). In this case the width of the Fermi level

resonance and the fermi liquid properties will be controlled by T e If however . S ;
quid prop y Ty (&Y A>C (b C> A |

(A
TVF‘§%TK, both spin and valence fluctuations will be controlled by Tuf' This : % p? &

() Crayu,

coupling of electronic and phonon motion is in many respects analogous to Fige (7.1)e (schematic). Iﬁpurity orbital dehsitygof states at T=0 for
the dynamic Jahn-Teller effect, in which an electronic degeneracy is split the mixed valence ground state. The height of the Fermi level resonance
is fixed by the Friedel sum rule relation at OTA)—1sin2(%ﬁr<n>). (a)

by coupling to phonons, The slow phonon limit was discussed in chapter 4, v
shows the "bare" case without significant phonon coupling; (b) shows the effect

In contrast to the electronic screening mechanism, the effects of coupling of coupling to fast phonons - most of the spectral weight has been shifted
to phonons have a good chance of being physically important: because of the to multiphonon resonances at + ntys leaving a much narrowed Fermi surface

resocnancey (c) coupling to slow phonons shifts most spectral weight

large changes in ionic volume that accompany valence changes of rare earth
to the single-particle resonances of the two degenerate Hartree-Fock

atoms,; strong coupiing to phonons may be expected, and the parasmeter C may be solutions (see Chapter 4).

— e = = Z _
= = s g

of the order of a volt, while the typical phonon Frequency'a% is of the order

of hundredths of a volt. Such values would lead to exponential reduction Finally, Fig.(7.1) summarises the conclusitns that may be drawn about the

) : ) i . s a é
of the valence fluctuation temperature by the overlap factor <?’ E> that single particle density of states of the impurity orbital, and may be regarded

controls velence fluctuations in both the fast and slow phonon limits, as putting microscopic detail into the qualitative picture of a renormalised

Since these reduction factors depend so sensitively on the model parameters virtual hound ;tate at the Fermi level,
it is difficult to make more meaningful estimates of their importance in

the actual experimental situation; they do however indicate potentially

important effects,
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