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A B S T R A C T

The neutron noise equation contains a fixed source term where the neutron angular flux is present.
Deterministic noise solvers have tended to solve for and store this angular flux term in a preprocessing step.
This can be a substantial memory burden as the angular flux is a function of space, energy, and angle. This can
limit these solvers to smaller problems and can limit the obtainable angular resolution. This paper proposes
solving the neutron noise equation and the standard eigenvalue neutron transport equation simultaneously,
reducing the memory footprint of a noise solve while making frequency-domain method of characteristics
solvers practical. This approach is demonstrated using the random ray method but is applicable to any sweep-
based methods. Using the random ray method also has the advantage of exact geometry representation, no ray
effects, and cheaper transport sweeps, all of which have been problematic. These advantages are illustrated
on several noise problems.
1. Introduction

Recently, the analysis of neutron noise in nuclear reactors has
become popular as an approach to reactor core diagnostics and mon-
itoring (Pázsit and Demazière, 2010). While the field of neutronics is
most often concerned with the time-independent, average neutron flux
(estimated by the 𝑘-eigenvalue neutron transport equation), the flux in
an operating reactor is not truly static due to, for example, flow-induced
vibrations in fuel assemblies and control rods. Detectors in reactor cores
produce time-varying signals which, assuming the flux is stationary,
may be decomposed into a static average component and a time-
dependent noise component. In principle, this noise component may
be useful in identifying concerning behaviour during reactor operation
in an unobtrusive manner. In general cases, this can be done provided
a transfer function between possible noise sources and the detector
reading can be obtained. While neutron diffusion-based methods have
proven popular and successful (Demazière, 2004, 2011; Mylonakis
et al., 2021), much recent work has focused on applying neutron trans-
port methods to this task (Yamamoto, 2013; Rouchon, 2016; Rouchon
et al., 2017; Gammicchia et al., 2020; Yi et al., 2021; Belanger et al.,
2023; Kang and Joo, 2021; Carreño et al., 2022). However, some of
these transport approaches to neutron noise (namely those based on
deterministic methods) can entail a significant memory burden or be
impractical to extend to standard algorithms, making them challenging
to apply to reactor-scale problems which often require substantial
discretisation to obtain acceptable results.
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This paper proposes a means by which this memory burden can
be eliminated at the cost of additional computational expense during
a neutron noise solve. The approach taken is demonstrated using a
stochastic version of the method of characteristics (MoC), the random
ray method (TRRM), but the logic applies directly to the determin-
istic MoC and (with some minor modifications) to discrete ordinates
methods.

The paper begins by introducing the relevant concepts in neutron
transport and noise and highlighting where traditional deterministic
approaches suffer a significant memory burden. Subsequently, in the
framework of MoC, equations are derived which eliminate this memory
burden at the cost of solving both the noise equation and the transport
equation simultaneously. Finally, the computational features of the
derived method are illustrated on several numerical problems.

2. Neutron transport and noise

The general neutron transport equation applied to nuclear reactors
is:
1
𝑣
𝜕𝜓
𝜕𝑡

+Ω ⋅ ∇𝜓 + 𝛴t𝜓 = ∫

∞

0
d𝐸′

∫4𝜋
d𝛺′ 𝛴s(𝐸′ → 𝐸,Ω′ → Ω)𝜓+

𝜒p
4𝜋

(1 − 𝛽)∫

∞

0
d𝐸′ 𝜈̄𝛴f𝜙 + 1

4𝜋
∑

𝑗
𝜒𝑗𝜆𝑗𝐶𝑗 ,

(1)

where 𝜓 is the angular neutron flux (which varies with position in
space, 𝐫, neutron energy, 𝐸, flight direction, Ω, and time, 𝑡), 𝑣 is the
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neutron speed, 𝛴t is the total macroscopic cross section (a function of
position, neutron energy, and, generally, time), 𝛴s(𝐸′ → 𝐸,Ω′ → Ω) is
the differential neutron scattering kernel which redistributes neutrons
from their incoming momentum to an outgoing momentum, 𝜒p is the
prompt fission neutron energy spectrum (a distribution over energy
which varies with position), 𝛽 is the delayed neutron fraction, 𝜈̄ is the
average number of neutrons produced per fission (a function of position
and energy), 𝛴f is the fission macroscopic cross section, and 𝜙 is the
scalar neutron flux, defined as:

𝜙 = ∫4𝜋
d𝛺 𝜓 . (2)

The final term on the right-hand side is the production of delayed
neutrons due to precursor fission products. These precursors tend to be
lumped into several groups where, here, 𝑗 is the group index, 𝜒𝑗 is the
delayed fission neutron energy spectrum of group 𝑗, 𝜆𝑗 is the group’s
decay constant, and 𝐶𝑗 is the concentration of precursors, governed by:

𝜕𝐶𝑗
𝜕𝑡

= 𝛽𝑗 ∫

∞

0
d𝐸′ 𝜈̄𝛴f𝜙 − 𝜆𝑗𝐶𝑗 , (3)

here 𝛽𝑗 is the fraction of fission neutrons produced by the decay of
recursor group 𝑗 and 𝛽 =

∑

𝑗 𝛽𝑗 .
The above dynamic equations are rarely solved due to their com-

utational expense. Reactors also operate at very close to steady state,
uch that reactor analysts tend to zero the time derivative and enforce a
teady state by introducing the 𝑘 eigenvalue to scale the fission neutron
roduction. The 𝑘-eigenvalue form of the neutron transport equation is:

Ω ⋅ ∇ + 𝛴t
)

𝜓 = ∫

∞

0
d𝐸′

∫4𝜋
d𝛺′ 𝛴s(𝐸′ → 𝐸,Ω′ → Ω)𝜓

+
𝜒eff
4𝜋𝑘 ∫

∞

0
d𝐸′ 𝜈̄𝛴f𝜙 ,

(4)

where 𝜒eff is the effective fission spectrum, defined as:

𝜒eff = 𝜒p(1 − 𝛽) +
∑

𝑗
𝜒𝑗𝛽𝑗 . (5)

This form of the transport equation is most commonly used to model
nuclear reactors, even when they are not truly steady state. However,
provided the reactor is close to critical (𝑘 ≈ 1), this approach is
acceptable.

The neutron noise problem asserts that there is a time-varying
neutron flux composed of a static flux governed by Eq. (4) and a small
time-varying perturbation:

𝜓(𝐫, 𝐸,Ω, 𝑡) = 𝜓s(𝐫, 𝐸,Ω) + 𝛿𝜓(𝐫, 𝐸,Ω, 𝑡) , (6)

where 𝜓s is the static component of the neutron flux (governed by
Eq. (4)) and 𝛿𝜓 is the noise component of the neutron flux. Integrating
over angle gives an equivalent scalar flux noise, 𝛿𝜙(𝐫, 𝐸, 𝑡). This noise
is induced by small, stationary fluctuations in the macroscopic cross
sections. The equation governing the noise component is obtained
by inserting the definition of flux given by Eq. (6) into Eqs. (1)
and (3) (with the addition of a noise source term) and subtracting
the static terms given by Eq. (4) while neglecting second-order noise
terms (Pázsit, 1984). This results in a time-dependent equation for 𝛿𝜓
which is similarly difficult to solve as Eqs. (1) and (3). However, given
the noise is asserted to be stationary, this equation can be Fourier
transformed to solve for different frequency components of the neutron
noise, 𝛿𝜓(𝐫, 𝐸,Ω, 𝜔), which are associated with the noise source. Doing
so results in the neutron noise equation:
(

Ω ⋅ ∇ + 𝛴t +
𝑖𝜔
𝑣

)

𝛿𝜓 = ∫

∞

0
d𝐸′

∫4𝜋
d𝛺′𝛴s(𝐸′ → 𝐸,Ω′ → Ω)𝛿𝜓

+ 1
4𝜋𝑘

[

𝜒p(1 − 𝛽) +
∑

𝜒𝑗
𝜆𝑗𝛽𝑗
𝑖𝜔 + 𝜆

]

∫

∞
d𝐸′𝜈̄𝛴f𝛿𝜙 + 𝑆 ,

(7)
2

𝑗 𝑗 0
where 𝑆 is the noise source, a function of space, energy, angle, and
frequency. This is generally written as:

𝑆 = −𝛿𝛴t𝜓 + ∫

∞

0
d𝐸′

∫4𝜋
d𝛺′𝛿𝛴s(𝐸′ → 𝐸,Ω′ → Ω)𝜓

+ 1
4𝜋𝑘

[

𝜒p(1 − 𝛽) +
∑

𝑗
𝜒𝑗

𝜆𝑗𝛽𝑗
𝑖𝜔 + 𝜆𝑗

]

∫

∞

0
d𝐸′𝛿

(

𝜈̄𝛴f
)

𝜙 ,
(8)

where the cross section terms prefaced by 𝛿 are the frequency-
dependent perturbations to each macroscopic cross section.

Eqs. (7) and (8) are solved by the same methods applied to solv-
ing the standard 𝑘-eigenvalue transport equation (Eq. (4)): Monte
Carlo (Yamamoto, 2013; Rouchon et al., 2017; Belanger et al., 2023)
and various deterministic methods (Rouchon, 2016; Yi et al., 2021;
Carreño et al., 2022). This paper is concerned with deterministic ap-
proaches to solving the noise equation, i.e., approaches which discre-
tise Eqs. (7) and (8). This discretisation is typically performed over
space (creating a mesh), energy (using the multi-group approximation)
and angle (using either the discrete ordinates approximation or an
expansion in spherical harmonics).

In neutronics, the quantities of interest are angle-integrated reaction
rates or ratios of reaction rates: reactor designers care about the rate
at which reactions occur in a given volume but not whether they
are caused by neutrons travelling left or right. As such, for static
calculations, one very rarely needs to explicitly solve the transport
equation to obtain 𝜓 (a function of space, energy, and angle), instead
solving for 𝜙 (a function only of space and energy) through what is
known as a transport sweep.

The transport sweep is a solution algorithm used by both first-
order discrete ordinates methods and the method of characteristics
where the neutron angular flux is not stored but is used to accumulate
estimates of the scalar flux sequentially in space along the neutron’s
flight direction. This is equivalent to inverting the operator on the
left-hand side of Eq. (4) and integrating over all angles. One of the
advantages of this approach is significant memory savings: one need
only store the scalar flux vector and not the angular flux vector. This
is because the right-hand side of Eq. (4) can be written as a function
of only the scalar neutron flux (if isotropic scattering is assumed) or of
the scalar flux and several of its higher spherical harmonic moments (if
anisotropic scattering is allowed). Given that, in reactor calculations,
one must discretise the angular variables into (100) directions to
obtain reasonably accurate results (Knott and Yamamoto, 2010), the
scalar flux vector is much more compact than the angular flux vector.

Solving the neutron noise equations can be approached like the
solution of a fixed-source problem where 𝑆 is the source term and all
static components are precomputed with a prior eigenvalue problem
solution. Unfortunately, unlike the right-hand side of Eq. (4), the first
term in Eq. (8) explicitly depends on the angular flux. This implies
that one must store the angular flux vector from the static transport
solution (at least in regions which are perturbed) in order to obtain
a noise solution. Even if only small regions are perturbed, this can be
a substantial memory burden which can limit the achievable angular
resolution of both the static and noise solutions. This can also limit the
achievable size of noise problems which are analysed. It is this problem
which the present paper aims to address by demonstrating that it is
possible to solve the transport and noise equations simultaneously.

2.1. The Random Ray Method of Characteristics (TRRM)

Before describing the new solution method, it is necessary to pro-
vide details of the neutron transport (and noise) algorithm that will
be used for the remainder of the paper. This paper will use TRRM, a
stochastic version of MoC. As mentioned previously, the approach to
solve the noise equation can equally be applied to any sweep-based
deterministic transport method (directly to deterministic MoC and with
some small differences in algebra for discrete ordinates). It should

be mentioned that, perhaps partly due to the memory limitations
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highlighted above, MoC has not yet been used to directly solve the
neutron noise equation, although it has been used in a time-dependent
mode to deduce the neutron noise behaviour (Gammicchia et al., 2020;
Kang and Joo, 2021). This is not to be confused with work using the
Method of Short Characteristics (Rouchon, 2016; Vinai et al., 2021).
In the standard method of characteristics featured presently (or the
method of long characteristics), tracks are traced across the geometry
and the angular flux balance is performed across these tracks – this
algorithm is commonly implemented in lattice physics codes due to its
geometric flexibility. The method of short characteristics is essentially
a discrete ordinates method, but using a characteristic closure across a
given mesh while assuming a flux shape on the surfaces of a given cell.
This approach tends to have more limited geometric capability. The
previous difficulty with the method of long characteristics in frequency-
domain noise calculations is the necessity to store angular fluxes along
each track (and there may be many tracks in each angle in each cell),
while the method of short characteristics should only have to store the
angular flux in each angle in each cell (which may still be a challenge).

TRRM has been well described across several publications already
(Tramm et al., 2017), but the main equations will be briefly revisited
here. Much of the discussion to follow is common to both MoC and
TRRM, but where differences occur they will be highlighted.

First, we assume a multi-group discretisation of Eq. (4), i.e., we
define:

𝜓𝑔 = ∫

𝐸𝑔−1

𝐸𝑔
d𝐸𝜓 , (9)

and

𝜙𝑔 = ∫

𝐸𝑔−1

𝐸𝑔
d𝐸𝜙 , (10)

here 𝐸𝑔−1 and 𝐸𝑔 are the upper and lower bounds, respectively, of the
iven energy group. As is common in reactor physics, we assert that in
n energy group the cross sections and fission spectra are constant and
hosen such that they preserve the energy-integrated reaction rates in
q. (4). This gives:

Ω ⋅ ∇ + 𝛴t,𝑔
)

𝜓𝑔 =
∑

𝑔′
∫4𝜋

d𝛺′ 𝛴s,𝑔′→𝑔(Ω′ → Ω)𝜓𝑔′

+
𝜒eff ,𝑔
4𝜋𝑘

∑

𝑔′
𝜈̄𝛴f ,𝑔′𝜙𝑔′ .

(11)

lthough not strictly necessary, for simplicity we assume isotropic
cattering (along with the appropriate corrections to 𝛴t,𝑔 and 𝛴s,𝑔→𝑔
hat result), such that the source term is wholly isotropic:

Ω ⋅ ∇ + 𝛴t,𝑔
)

𝜓𝑔 =
1
4𝜋

∑

𝑔′
𝛴s,𝑔′→𝑔𝜙𝑔′ +

𝜒eff ,𝑔
4𝜋𝑘

∑

𝑔′
𝜈̄𝛴f ,𝑔′𝜙𝑔′ = 𝑞𝑔 , (12)

where 𝑞𝑔 is a compact form for the isotropic source. The method of
characteristics transforms this equation by considering the distance,
𝑠, from a particular reference position in a particular neutron flight
direction. In such a coordinate system, the characteristic form of the
transport equation is:
d
d𝑠
𝜓𝑔 + 𝛴t,𝑔𝜓𝑔 = 𝑞𝑔 . (13)

his equation describes how 𝜓𝑔 varies along the direction of the given
haracteristic of the transport equation. Following this one also tends
o apply the ‘Flat Source Approximation’, where one asserts there are
lat Source Regions (FSRs) over which both 𝑞𝑔 and all cross sections
re spatially constant (these regions correspond to individual mesh
lements). Given these approximations, the solution of Eq. (13) can be
nalytically obtained along a characteristic in an FSR as:

𝑔(𝑠) = 𝜓𝑔(0) e
−𝛴t,𝑔𝑠 +

𝑞𝑔
𝛴t,𝑔

(

1 − e−𝛴t,𝑔𝑠
)

. (14)

Here 𝜓𝑔(0) is the angular flux of the characteristic as it enters the
3

given FSR. These characteristics are generated by ray tracing across the
geometry of interest in many starting positions and directions. If this
equation is solved along sufficiently many distinct characteristics (ad-
equately covering the spatial and angular phase space of the problem)
the solutions may be combined to give the scalar flux solution across
the geometry. This is because the FSR volume-averaged scalar flux is
defined as:

𝜙𝑔 =
4𝜋

∑

𝑐 𝑤𝑐 ∫
𝐿𝑐
0 d𝑠 𝜓𝑔(𝑠)
𝑉

, (15)

where 𝑐 is an index for a given characteristic track, 𝑤𝑐 is the quadrature
eight of a given track, 𝐿𝑐 is the length of that track, and 𝑉 is the
olume of the given FSR. In deterministic MoC, quadrature weight is
ypically non-uniform, but in TRRM it is uniform and equal to the
otal volume of the problem divided by the total track length traversed
uring a transport sweep — given that this is an eigenvalue calculation,
his can be set to 1, as it is uniform and normalisation will otherwise fix
he amplitude of the flux. Combining Eqs. (14) and (15), one obtains:

𝑔 =
4𝜋𝑞𝑔
𝛴t,𝑔

+ 4𝜋
𝛴t,𝑔𝑉

∑

𝑐
𝛥𝜓𝑔 , (16)

where 𝛥𝜓𝑔 is defined as:

𝛥𝜓𝑔 =
(

𝜓𝑔(0) −
𝑞𝑔
𝛴t,𝑔

)

(

1 − e−𝛴t,𝑔𝐿𝑐
)

= 𝜓𝑔(0) − 𝜓𝑔(𝐿) . (17)

These equations are extremely computationally convenient as they
imply that, given a neutron source and an initial angular flux along a
characteristic, one can proceed along each characteristic track, calcu-
late 𝛥𝜓𝑔 , increment the local scalar flux (𝜙𝑔 += 4𝜋𝛥𝜓𝑔), decrement the
angular flux (𝜓𝑔(0) −= 𝛥𝜓𝑔) and proceed to the next FSR until all tracks
have been traversed. The estimate of the scalar flux is then scaled by
1∕𝛴t,𝑔𝑉 and incremented by 4𝜋𝑞𝑔∕𝛴t,𝑔 and a scalar flux solution will
have been obtained.

In eigenvalue calculations, this must also be iterated upon to obtain
the eigenvalue and eigenvector, typically by power iteration. Given an
initial guess, the eigenvalue can be calculated for iteration 𝑛 + 1 as:

𝑘(𝑛+1) = 𝑘(𝑛)
∑

𝑟 𝑉𝑟
∑

𝑔 𝜈̄𝛴f ,𝑔,𝑟𝜙
(𝑛+1)
𝑔,𝑟

∑

𝑟 𝑉𝑟
∑

𝑔 𝜈̄𝛴f ,𝑔,𝑟𝜙
(𝑛)
𝑔,𝑟

, (18)

where 𝑟 is the index of a given region. This is simply the ratio of
volume-integrated fission rates in the present iteration to that in the
previous iteration, multiplied by the previous estimate of the eigen-
value. This can then be used to update the source which, for the next
iteration in an eigenvalue calculation, would be defined as:

𝑞(𝑛+1)𝑔 = 1
4𝜋

(

∑

𝑔′
𝛴s,𝑔′→𝑔𝜙

(𝑛+1)
𝑔′ +

𝜒eff ,𝑔
𝑘(𝑛+1)

∑

𝑔′
𝜈̄𝛴f ,𝑔′𝜙

(𝑛+1)
𝑔′

)

. (19)

There are several differences in TRRM compared to deterministic
oC which are worth briefly revisiting. Deterministic MoC tends to

recompute the tracks distances which are followed and traverses the
ame tracks each iteration; these are started at the problem boundaries
here boundary conditions provide initial angular fluxes (or one can

terate to obtain initial angular fluxes). TRRM performs ray tracing on-
he-fly and does not traverse the same track twice. Rays are sampled
niformly in space and angle throughout the geometry and so the
tarting conditions are not known. However, they can be reasonably
stimated using a ‘dead length’ where the angular flux of the ray is
pdated without accumulating to local estimates of the scalar flux.
nce this dead length has been traversed, the scalar flux is accumulated

owards as normal. In deterministic MoC, the fidelity of a calculation is
etermined by how finely to discretise angle and how fine is the spacing
etween different tracks. In TRRM, there is no angular discretisation
rror (given uniform sampling in angle), but the final error has a
tochastic component which can be reduced by increasing the number
f rays and the distance over which they are followed. The standard
eterministic errors from both spatial and energy discretisation are also
resent.
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A final difference which has some importance for the present work
is determining when the solution has converged or, more correctly for
TRRM, reached stationarity. For deterministic MoC, convergence can
be measured in the standard manner, e.g., by checking that a relative
L1 norm on the difference between successive scalar flux vectors is
less than some tolerance threshold. This cannot reliably be done with
TRRM as stochastic noise between iterations tends to be significantly
larger than conventional choices of this residual value. One successful
approach to determining convergence has been using the Shannon
entropy of the fission source. Tramm et al. (2018) used a moving
window of entropy values across iterations, with a width of 200; the
mean values of the entropy of the first and second 100 values are
compared and, if they fall within one standard deviation, it is accepted
that the solution has reached stationarity. However, once these inactive
iterations have concluded in TRRM, active iterations must begin in
order to accumulate flux estimates (as in Monte Carlo).

A more detailed discussion of TRRM can be found elsewhere
(Tramm et al., 2017, 2018; Tramm, 2018; Tramm et al., 2020).

2.2. Neutron noise

The multi-group, isotropic version of Eq. (7) is:
(

Ω ⋅ ∇ + 𝛴t,𝑔 +
𝑖𝜔
𝑣𝑔

)

𝛿𝜓𝑔 =
1
4𝜋

∑

𝑔′
𝛴s,𝑔′→𝑔𝛿𝜙𝑔′

1
4𝜋𝑘

[

𝜒p,𝑔(1 − 𝛽) +
∑

𝑗
𝜒𝑗,𝑔

𝜆𝑗𝛽𝑗
𝑖𝜔 + 𝜆𝑗

]

∑

𝑔′
𝜈̄𝛴f ,𝑔′𝛿𝜙𝑔′ + 𝑆𝑔 ,

(20)

here 𝜔 is the noise frequency, 𝛿𝜓𝑔 is the angular flux noise component
n group 𝑔, 𝛿𝜙𝑔 is the scalar flux noise component in group 𝑔, and 𝑆𝑔 is
he isotropic neutron noise source in group 𝑔. The noise source is given
y:

𝑆𝑔 = −𝛿𝛴t,𝑔𝜓𝑔 +
1
4𝜋

∑

𝑔′
𝛿𝛴s,𝑔′→𝑔𝜙𝑔′

1
4𝜋𝑘

[

𝜒p,𝑔(1 − 𝛽) +
∑

𝑗
𝜒𝑗,𝑔

𝜆𝑗𝛽𝑗
𝑖𝜔 + 𝜆𝑗

]

∑

𝑔′
𝛿
(

𝜈̄𝛴f ,𝑔′
)

𝜙𝑔′ ,
(21)

where 𝛿 terms denote perturbations in the cross section. The isotropic
assumption is not necessary as flux and flux noise spherical harmonic
moments could also be calculated, though isotropy significantly simpli-
fies the computation.

As discussed previously, the angular flux remains in the total cross
section perturbation term in Eq. (21); this could result in an impracti-
cally large memory footprint even for relatively small problems. This
will be handled by developing an analogous MoC algorithm for the
noise problem and demonstrating how this can be solved simultane-
ously with the static problem.

The MoC version of Eq. (20) is:
(

d
d𝑠

+ 𝛴t,𝑔 +
𝑖𝜔
𝑣𝑔

)

𝛿𝜓𝑔 = 𝛿𝑄𝑔 , (22)

here 𝑠 is the distance along the characteristic and 𝛿𝑄𝑔 is the total
oise source in a given direction, equal to the right-hand side of
q. (20). The novelty in this work is in how the usual characteristic FSR
pproximation is applied. Here it is applied to all terms except for the
ngular flux-dependent term, splitting the source into a flat component
a function of the volume-averaged scalar flux and scalar flux noise)
nd a term which varies in space and angle:
4

𝑄𝑔 = 𝛿𝑞𝑔 − 𝛿𝛴t,𝑔𝜓𝑔 , (23)
here 𝛿𝑞𝑔 contains all flat source terms, i.e.,

𝑞𝑔 =
1
4𝜋

∑

𝑔′
𝛴s,𝑔′→𝑔𝛿𝜙𝑔′ +

1
4𝜋𝑘

[

𝜒p,𝑔(1 − 𝛽) +
∑

𝑗
𝜒𝑗,𝑔

𝜆𝑗𝛽𝑗
𝑖𝜔 + 𝜆𝑗

]

×
∑

𝑔′
𝜈̄𝛴f ,𝑔′𝛿𝜙𝑔′

+ 1
4𝜋

∑

𝑔′
𝛿𝛴s,𝑔′→𝑔𝜙𝑔′ +

1
4𝜋𝑘

[

𝜒p,𝑔(1 − 𝛽) +
∑

𝑗
𝜒𝑗,𝑔

𝜆𝑗𝛽𝑗
𝑖𝜔 + 𝜆𝑗

]

×
∑

𝑔′
𝛿
(

𝜈̄𝛴f ,𝑔′
)

𝜙𝑔′ .

(24)

From standard MoC, we know how 𝜓𝑔 varies across a FSR from Eq. (14):

𝜓𝑔(𝑠) = 𝜓𝑔(0)e
−𝛴t,𝑔𝑠 +

𝑞𝑔
𝛴t,𝑔

(

1 − e−𝛴t,𝑔𝑠
)

.

This equation can be inserted into Eq. (22) and integrated to give:

𝛿𝜓𝑔(𝑠) = 𝛿𝜓𝑔(0)e
−
(

𝛴t,𝑔+
𝑖𝜔
𝑣𝑔

)

𝑠
+
𝛿𝑞𝑔 −

𝛿𝛴t,𝑔
𝛴t,𝑔

𝑞𝑔

𝛴t,𝑔 +
𝑖𝜔
𝑣𝑔

⎛

⎜

⎜

⎝

1 − e
−
(

𝛴t,𝑔+
𝑖𝜔
𝑣𝑔

)

𝑠⎞
⎟

⎟

⎠

𝑖𝑣𝑔
𝜔
𝛿𝛴t,𝑔

(

𝜓𝑔(0) −
𝑞𝑔
𝛴t,𝑔

)

⎛

⎜

⎜

⎝

⎛

⎜

⎜

⎝

1 − e
−
(

𝛴t,𝑔+
𝑖𝜔
𝑣𝑔

)

𝑠⎞
⎟

⎟

⎠

−
(

1 − e−𝛴t,𝑔𝑠
)

⎞

⎟

⎟

⎠

.

(25)

The volume-average scalar flux noise in a mesh region is defined as a
sum over all tracks that cross that region:

𝛿𝜙𝑔 =
4𝜋

∑

𝑐 ∫
𝐿𝑐
0 d𝑠 𝛿𝜓𝑔(𝑠)
𝑉

. (26)

The integral of 𝛿𝜓𝑔 over a given track is:

∫

𝐿𝑐

0
d𝑠 𝛿𝜓𝑔(𝑠) = 𝐿𝑐

𝛿𝑞𝑔 −
𝛿𝛴t,𝑔
𝛴t,𝑔

𝑞𝑔

𝛴t,𝑔 +
𝑖𝜔
𝑣𝑔

+

⎛

⎜

⎜

⎜

⎝

𝛿𝜓𝑔(0) −
𝛿𝑞𝑔 −

𝛿𝛴t,𝑔
𝛴t,𝑔

𝑞𝑔

𝛴t,𝑔 +
𝑖𝜔
𝑣𝑔

⎞

⎟

⎟

⎟

⎠

⎛

⎜

⎜

⎜

⎜

⎝

1 − e
−
(

𝛴t,𝑔+
𝑖𝜔
𝑣𝑔

)

𝐿𝑐

(

𝛴t,𝑔 +
𝑖𝜔
𝑣𝑔

)

⎞

⎟

⎟

⎟

⎟

⎠

+
𝑖𝑣𝑔
𝜔
𝛿𝛴t,𝑔

(

𝜓𝑔(0) −
𝑞𝑔
𝛴t,𝑔

)

×

⎡

⎢

⎢

⎢

⎢

⎣

(

1 − e−𝛴t,𝑔𝐿𝑐

𝛴t,𝑔

)

−

⎛

⎜

⎜

⎜

⎜

⎝

1 − e
−
(

𝛴t,𝑔+
𝑖𝜔
𝑣𝑔

)

𝐿𝑐

(

𝛴t,𝑔 +
𝑖𝜔
𝑣𝑔

)

⎞

⎟

⎟

⎟

⎟

⎠

⎤

⎥

⎥

⎥

⎥

⎦

.

(27)

his equation can be made more compact by defining an additional
elta term (analogously with that in Eq. (17)):

𝛿𝜓𝑔 =

⎛

⎜

⎜

⎜

⎝

𝛿𝜓𝑔(0) −
𝛿𝑞𝑔 −

𝛿𝛴t,𝑔
𝛴t,𝑔

𝑞𝑔

𝛴t,𝑔 +
𝑖𝜔
𝑣𝑔

−
𝑖𝑣𝑔
𝜔
𝛿𝛴t,𝑔

(

𝜓𝑔(0) −
𝑞𝑔
𝛴t,𝑔

)

⎞

⎟

⎟

⎟

⎠

×
⎛

⎜

⎜

⎝

1 − e
−
(

𝛴t,𝑔+
𝑖𝜔
𝑣𝑔

)

𝐿𝑐
⎞

⎟

⎟

⎠

. (28)

Hence:

∫

𝐿𝑐

0
d𝑠 𝛿𝜓𝑔(𝑠) =

𝛿𝑞𝑔 −
𝛿𝛴t,𝑔
𝛴t,𝑔

𝑞𝑔

𝛴t,𝑔 +
𝑖𝜔
𝑣𝑔

𝐿𝑐 +
𝛥𝛿𝜓𝑔

(

𝛴t,𝑔 +
𝑖𝜔
𝑣𝑔

) +
𝑖𝑣𝑔
𝜔 𝛿𝛴t𝛥𝜓𝑔
𝛴t,𝑔

, (29)

nd so:

𝜙𝑔 = 4𝜋
𝛿𝑞𝑔 −

𝛿𝛴t,𝑔
𝛴t,𝑔

𝑞𝑔

𝛴t,𝑔 +
𝑖𝜔
𝑣𝑔

+ 4𝜋
∑

𝑐

⎛

⎜

⎜

⎜

⎜

𝛥𝛿𝜓𝑔
(

𝛴t,𝑔 +
𝑖𝜔
)

𝐿𝑐

+
𝑖𝑣𝑔
𝜔 𝛿𝛴t𝛥𝜓𝑔
𝛴t,𝑔𝐿𝑐

⎞

⎟

⎟

⎟

⎟

. (30)
⎝

𝑣𝑔
⎠
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These equations are strikingly similar to those used for the standard
static transport solve and imply that one can track both 𝜓𝑔 and 𝛿𝜓𝑔
simultaneously, i.e., one can solve both the static transport equation
and the noise equation at the same time. While a given simulation
becomes more computationally expensive, this may be cheaper than
doing two separate simulations and results in a memory reduction as
there is no longer a need to store and access the angular flux in all
groups and angles in all perturbed regions. The most involved differ-
ences in these equations from the standard MoC equations are requiring
complex arithmetic and the evaluation of a second exponential term,

1 − e
−
(

𝛴t,𝑔+
𝑖𝜔
𝑣𝑔

)

𝐿𝑐 .
As an aside, for TRRM, storing the angular flux along tracks is

essentially inconceivable as it would require following the exact same
track laydown for the noise solve as for the transport solve, which
differs on every iteration. This approach would be slightly less onerous
for deterministic MoC (where the track laydown does not vary between
iterations) but would still incur a dramatic memory penalty.

To be clear, a combined eigenvalue/noise algorithm would begin
with assumed sources (e.g., resulting from the initial guesses 𝜙𝑔 = 1
nd 𝛿𝜙𝑔 = 0 in all meshes). Both scalar flux terms would then be set to
ero and the transport sweep would commence. As normal, 𝛥𝜓𝑔 would
e incremented upon 𝜙𝑔 :

𝑔 += 4𝜋𝛥𝜓𝑔 , (31)

hile 𝜓𝑔 would be decremented during the sweep:

𝑔 −= 𝛥𝜓𝑔 . (32)

n addition to this, 𝛿𝜙𝑔 would be incremented:

𝜙𝑔 += 4𝜋𝛥𝛿𝜓𝑔 , (33)

hile 𝛿𝜓𝑔 would be decremented as:

𝜓𝑔 −=
(

𝛥𝛿𝜓𝑔 +
𝑖𝑣𝑔
𝜔
𝛿𝛴t,𝑔𝛥𝜓𝑔

)

. (34)

n the conclusion of the sweep these would be normalised as:

𝑔 =
𝜙𝑔
𝛴t,𝑔𝐿

, (35)

nd

𝜙𝑔 =
𝛿𝜙𝑔

(

𝛴t,𝑔 +
𝑖𝜔
𝑣𝑔

)

𝐿
, (36)

where 𝐿 is the total length traversed by all tracks during the transport
sweep. The noise term would be further incremented by:

𝛿𝜙𝑔 +=

⎛

⎜

⎜

⎜

⎝

4𝜋
𝛿𝑞𝑔 −

𝛿𝛴t,𝑔
𝛴t,𝑔

𝑞𝑔

𝛴t,𝑔 +
𝑖𝜔
𝑣𝑔

+
𝑖𝑣𝑔
𝜔
𝛿𝛴t,𝑔𝜙𝑔

⎞

⎟

⎟

⎟

⎠

, (37)

fter which the scalar flux would be incremented as:

𝑔 +=
4𝜋𝑞𝑔
𝛴t,𝑔

. (38)

oth 𝜙𝑔 and 𝛿𝜙𝑔 can then be used to calculate the corresponding source
erms (and 𝑘 eigenvalue) and the process can be repeated until some
easure of convergence is reached.

In this work it was found that the Shannon entropy metric (Tramm
t al., 2018) is not a robust indicator of convergence in stochastic
eutron noise problems. This metric was applied to the noise amplitude
nd indicated convergence much earlier than it should, resulting in
oticeable disagreement from other noise solutions. We believe this is
ecause the noise amplitude converges more rapidly than the phase.
he solution we found is instead to apply a similar metric to the noise
5

hase, which does evolve visibly even after many iterations. Hence, to
etermine convergence, each iteration we calculated the quantity:

=
∑

𝑟
𝑉𝑟

∑

𝑔
arctan

(ℑ(𝛿𝜙𝑟,𝑔)
ℜ(𝛿𝜙𝑟,𝑔)

)

, (39)

where the sum over 𝑟 is a sum over mesh cells, 𝑉𝑟 is the volume of
a given cell, the sum over 𝑔 is over energy groups, and ℑ represents
the imaginary part of a complex number and ℜ represents the real
part. This does not have any intrinsic meaning other than being a
volume weighted sum of all estimates of the noise phase in all regions
and energy groups. A window size of 400 iterations was used. The
average and standard deviation of 𝜃 was computed for both of the
200 iteration intervals. If the averages of each interval fell within
one standard deviation of each other it was decided that convergence
was reached. This metric tended to reproduce a number of inactive
iterations comparable to those reported in literature. It is probable that
even more reliable metrics for convergence may exist, but this seemed
successful in producing agreement with previous noise results.

Another change made from previous implementations of TRRM is
the use of double precision arithmetic during transport, rather than
single precision. This was done because some of the test problems to
follow were sensitive to numeric precision when, e.g., the imaginary
component of noise was very small. Although the noise amplitude
would be well predicted, the phase would be poorly predicted, some-
times resulting in premature termination of the inactive iterations due
to the use of the phase metric described above. For the problems tested,
the effects of this are an increase in runtime and memory, but these
are relatively minor due to the small number of energy groups and
relatively low arithmetic intensity of the test problems. For problems
with (10)s of groups, the resulting slowdown and memory impact

ould be more noticeable.

. Numerical investigations

The described algorithm has been implemented in SCONE (Kowalski
t al., 2021). SCONE is a Monte Carlo code, but recent work has
lso developed an eigenvalue TRRM solver capability (Cosgrove and
ramm, 2023). This was straightforward to modify to also solve for
he neutron noise equation.

The algorithm was tested on two popular neutron noise benchmarks
nd compared against previously reported results in terms of runtime,
ccuracy, and memory consumption. All calculations were performed
n 128 threads of an AMD Threadripper PRO 5995WX (2.7 GHz) node.

.1. C5G7

C5G7 is a popular deterministic transport benchmark (Lewis et al.,
001) with a recent extension to noise problems (Vinai et al., 2019;
i et al., 2021), where the kinetics data is provided by Hou et al.
2017). The most common version is 2D, featuring four assemblies (two
O2, two MOX), surrounded on two sides by a water reflector and
acuum boundaries and with reflective boundaries on the other two
ides (shown in Fig. 1(a)). There are several variants which introduce
oise sources. The variant which will be shown here is a ‘variable
trength absorber-type’ problem, described in Yi et al. (2021), where
here is a capture cross section oscillation in all groups in one of the
OX pins (highlighted in Fig. 1). In Yi et al. (2021), the time domain

scillation takes the form:

𝛴c,𝑔(𝑡) =
0.05𝛴0

c,𝑔

𝜋
cos𝜔0𝑡 , (40)

where 𝛴0
c,𝑔 is the nominal capture cross section and 𝜔0 is the angular

frequency equal to 2𝜋 rad/s. Fourier transforming this oscillation gives:

0 ( )
𝛿𝛴c,𝑔(𝜔) = 0.05𝛴c,𝑔 𝛿(𝜔 − 𝜔0) + 𝛿(𝜔 + 𝜔0) , (41)



Annals of Nuclear Energy 201 (2024) 110450

6

P. Cosgrove et al.

Fig. 1. C5G7 geometry. The layout is conventional, but the orange pin in the top right MOX assembly is subject to a cross section oscillation.

Fig. 2. Spatial discretisation of the 2D C5G7 problem.
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Fig. 3. Amplitudes and phases produced by SCONE and NOISE-SN for C5G7 with an oscillating capture cross section.
Fig. 4. UOX assembly geometry where blue is coolant, red is fuel, and bordeaux is
the perturbed fuel pin.

where 𝛿(...) is a Dirac delta distribution. The noise solution of a 𝛿(𝜔+𝜔0)
cross section source problem is simply the complex conjugate of the
solution to a problem with a 𝛿(𝜔 − 𝜔0) cross section source. Hence,
it is customary to only present the solution subject to a single 𝛿
7

Fig. 5. UOX assembly pin cell discretisation showing two pin pitches from the centre
of the central guide tube.

source. For comparison, pin-integrated amplitudes and phases from Yi
et al. (2021) were kindly provided along the top-left-to-bottom-right
diagonal, including in the reflector. In the study by Yi et al. (2021), the
fuel pins were square due to the constraints of using a discrete ordinates
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Fig. 6. Amplitudes and phases produced by SCONE and NOISE-SN for the UOX benchmark with a fixed noise source.
c
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solver (shown in Fig. 1(b)). Here we analyse both a square case for
consistency with Yi et al. (2021), as well as a circular case to produce
results which are more consistent with the benchmark definition and
exercise the advantages of MoC.

Based on previous investigations on the C5G7 benchmark (Cosgrove
and Tramm, 2023), TRRM used 1750 rays per iteration, an active length
of 200 cm, and 2000 active iterations. The number of inactive iterations
was decided by the stochastic convergence method outlined previously.
On experimenting, it was found that the noise solution is significantly
more sensitive to the choice of dead length than pure neutron transport:
for C5G7, a dead length of 20 cm has been successfully used previously,
but resulted in noticeable errors for this problem. Hence, the dead
length was increased to 40 cm, giving a total ray length of 240 cm.
The need for a larger dead length in noise problems implies a stronger
influence of distant regions upon each other than in transport.

The mesh discretisation for the circular pin case is conventional
for C5G7 and shown in Figs. 2(a) and 2(b), with five radial and eight
azimuthal regions in the pins, and a refined moderator discretisation
adjacent to the assemblies, coarsening towards the periphery of the
problem, and totalling about 142k mesh cells; for the eigenvalue bench-
mark this discretisation previously produced excellent agreement when
used with TRRM (Cosgrove and Tramm, 2023). Notably, MoC allows
for exact treatment of the C5G7 geometry, as opposed to needing to
approximate curved elements as squares and rectangles, which should
allow for an improvement in fidelity compared to previous work (Yi
et al., 2021). For the square pin case, a similar discretisation to Yi
et al. (2021) was used preserving fuel volume, but with an additional
refinement. This is necessary because flat source MoC has only first-
order spatial convergence, whereas the diamond difference scheme
applied by Yi et al. (2021) has second-order spatial convergence. The
8

discretisation of a single pin is shown in Fig. 2(c). This discretisation r
was also used at all points in the moderator and resulted in about 96k
mesh elements.

Running the circular pin case with the given settings took 9 min,
required 25,469 inactive iterations to reach convergence, and occupied
146 MB of memory. The more coarsely discretised square pin case took
7 min 15 s, required 26,885 inactive iterations, and occupied 118 MB
of memory. The noise amplitude and phase in groups 1 and 7 of each
simulation are compared with results produced by NOISE-SN (Yi et al.,
2021) using a refined quadrature setting. The results from Yi et al.
(2021) are pin-integrated along the diagonal line extending from the
top-left of the C5G7 geometry to the bottom-right. This comparison is
shown in Fig. 3. Despite the differences in geometry, there is excellent
agreement between NOISE-SN and the circular pin TRRM solution, with
relative differences smaller than 1% in all amplitudes and phases at all
points. As one would expect, there is even better agreement between
NOISE-SN and the more consistent square pin TRRM solution.

3.2. UOX assembly benchmark

The UOX assembly benchmark is a problem which has been used in
comparing various neutron noise solvers recently (Vinai et al., 2021,
2023). The geometry is a 2D 17 × 17 assembly with given two-group
ross sections/kinetic parameters and square fuel pins, with a cell
onsisting of fuel and water only. Each pin cell has a pitch of 1.26 cm
nd the square fuel pins have sides of length 0.7314 cm. Guide tube
ins are represented as a homogeneous water region. There is also a
hin water blade region surrounding the assembly with a thickness of
.08 cm. The geometry is shown in Fig. 4. The spatial discretisation of
he pins is shown in Fig. 5. This was chosen for convenience of input:
ach mesh element of each pin had a uniform width of 0.1219 cm,

esulting in a truncation at the boundaries of pin cells, where the thin



Annals of Nuclear Energy 201 (2024) 110450P. Cosgrove et al.

e
b
t
1
o

1
p
w

r

Fig. 7. Amplitudes and phases produced by SCONE and NOISE-SN for the UOX benchmark with oscillating cross sections.
lements are present. The discretisation of the water blade is similar,
ut with a width limited to 0.08 cm in the direction perpendicular to
he assembly boundary. For all problems to follow, TRRM is run with
250 rays per iteration, a dead length of 40 cm, a termination length
f 240 cm, and 2000 active iterations.

Performing a standard eigenvalue calculation of the geometry took
8 s, requiring 415 inactive iterations and 67 MB of memory, and
roduced a 𝑘eff of 0.99931 ± 2 pcm, which is in excellent agreement
ith the Monte Carlo reference results (0.99912 ± 8) (Vinai et al.,

2021).
There are several variants of the problem and two are presented

here, both are types of variable strength absorber problem: one with
a ‘fixed’ noise source (an inhomogeneous source in the noise equation)
and one with a cross section oscillation (an oscillation of a cross section,
which produces a noise source by multiplying the scalar flux). Results
for each problem are presented along the bottom-left-to-top-right diag-
onal of the geometry, normalised to the fast flux noise amplitude in the
bottom left pin cell. The presentation style differs slightly from other
publications as the quantities are averaged over the entirety of each pin
cell along the diagonal, rather than being the values in mesh elements
along the diagonal — this was done simply as it is more convenient for
the SCONE solver and due to the differences in spatial discretisation.

For the fixed noise source, there is no cross section variation and so
no dependence of the neutron noise on the scalar flux. To be precise,
the 𝑆𝑔 in Eq. (20) is replaced by a constant term in the source region
and 0 elsewhere. This constant source is only in the thermal group and
is given as:

𝑆2 = −1 + 𝑖 .

The noise source is designated as having a frequency of 3 Hz or 6𝜋
ad/s. When solving with SCONE, this took 7 min and 43 s, requiring
9

38,762 inactive iterations and 89 MB of memory. Both runtime and
memory could have been reduced given that the eigenvalue component
of the calculation is entirely redundant here. The phase and amplitude
results are plotted against results produced by NOISE-SN (which had
excellent agreement with other noise solvers) and shown in Fig. 6.
Likewise, there is an excellent agreement between SCONE and NOISE-
SN, with any differences produced being much lower than 1% in all
phase and amplitude results.

The second problem features a cross section oscillation in the same
location as the first. In particular, the oscillation occurs in all energy
groups for all cross sections. In the time domain it takes the following
form:

𝛿𝛴f ,𝑔 = 0.021𝛴0
f ,𝑔 cos(𝜔0𝑡) ,

𝛿𝛴s,𝑔→𝑔′ = 0.034𝛴0
s,𝑔→𝑔′ cos(𝜔0𝑡) ,

𝛿𝛴t,𝑔 = 0.041𝛴0
t,𝑔 cos(𝜔0𝑡) ,

where 𝜔0 = 2𝜋 rad/s and the 0 superscript represents the nominal
values of the cross sections. Solving this problem took 8 min and 1 s,
requiring 41,274 inactive iterations and 97 MB. The comparison against
NOISE-SN is presented in Fig. 7 and once again the results are in strong
agreement at all points.

4. Summary and conclusions

A new approach to solving neutron noise problems was introduced
where the transport equation and noise equation are solved simulta-
neously. This means that angular fluxes do not need to be stored to
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produce noise solutions. This also makes it straightforward to imple-
ment a frequency-domain neutron noise solver using the method of
characteristics, allowing improved geometric fidelity in deterministic
noise solvers. A random ray characteristics solver using this algorithm
produced results rapidly and accurately on several popular neutron
noise problems featuring absorbers of variable strength.

The most significant remaining work to attempt is solving prob-
lems featuring spatial vibrations, e.g., the third exercise of the assem-
bly benchmark (Vinai et al., 2023). These problems are notoriously
challenging due to featuring noise sources of similar magnitude but
opposite sign, particularly for Monte Carlo solvers (Rouchon et al.,
2017; Vinai et al., 2023; Belanger et al., 2023). This problem has been
attempted with the noise solver, albeit with less success than the other
problems presented. One might expect that this is due to stochastic
noise introduced by the random ray solver although the effects of
numeric precision also appear to be prominent — it is hoped that these
challenges can be resolved with further investigation.

Although the solver was performant, it required many thousands of
inactive iterations — if these iterations became more expensive (say,
when analysing a larger geometry) then this approach would not be
feasible. Further acceleration could be expected were an acceleration
algorithm to be implemented for the noise solution, such as was done
by Yi et al. (2021), resulting in only (10) inactive iterations needing
o be performed for C5G7. This should be pursued in future to improve
he efficiency of these calculations.
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