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1 Introduction

Quantum entanglement is an invaluable framework for modern theoretical physics. This
framework has led to profound insights into quantum information theory, quantum field
theory, and quantum gravity.1 Yet some of the most profound applications can be found
in the theory of quantum phases of matter. In particular, in (2+1) dimensional gapped
systems the presence of topological order cannot be diagnosed by any local order parameter.
Entanglement is a non-local phenomenon. It stands to reason that long-range entanglement
can provide a clean signature of topological order in (2+1) dimensions: the celebrated
“topological entanglement entropy” (TEE) [2, 3].

Low-energy effective field theories are potent tools for exploring TEE in manifestly
universal manner. These are topological quantum field theories (TQFTs), the prototypical
example being Chern-Simons theory in (2+1) dimensions. Topological order in higher-
dimensions is expected to be richer: already the discovery of (3+1) dimensional systems
displaying “fracton topological order” [4–6] has broadened our understanding of gapped phases.
Yet even the traditional classification of TQFTs can involve a large set of non-Gaussian
interactions which induce richer forms of operator statistics [7, 8]. It remains a broad open
question as to what universal entanglement signatures diagnose and distinguish topological

1See [1] and references therein for an (obviously) non-exhaustive summary.
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order in higher dimensions. Here we take modest steps towards understanding this question,
focusing on Abelian topological orders described by Abelian BF theory. This focus buys us
some muscle: we will be able to make broad statements about Abelian topological order in
arbitrary dimensions and quantized on (almost) arbitrary manifolds.2 We will use this muscle
to address two conceptually puzzling aspects of the traditional treatements of TEE.

The first conceptual puzzle we want to address is the area law. Traditional computations
of TEE involve an area law stemming from short-distance correlations at the UV scale and
to which the TEE appears as a subleading, scale-independent, correction. Heuristically
the scale-independence of this subleading correction is a signal of its universality (however
there are subtleties applying this argument to lattice and tensor network models [9, 10]).
It is initially surprising that a TQFT, which has a finite dimensional Hilbert space when
quantized on a compact surface, can support a divergent entanglement entropy. However,
the area law arises from an explicit addition of UV degrees of freedom when calculating
TEE. These either come in the form of an embedding into a microscopic model (e.g. a lattice
gauge theory [11–13], a “coupled wires” model [14], or a tensor network model) or in the
form of “edge-modes” living on an entangling surface [15–18]. These UV degrees of freedom
play an important role in calculating entanglement entropy: TQFTs are quantum gauge
theories which have a well-known obstruction to factorizing the Hilbert space into local
subregions [11, 19–22]. In this context the UV degrees of freedom provide an arena, the
“extended Hilbert space,” in which the Hilbert space can be factorized and the entanglement
entropy defined. Here we ask if there is another manner for defining entanglement entropy
that (i) bypasses invoking UV degrees of freedom, (ii) is strictly topological, and (iii) is
commensurate with a finite dimensional Hilbert space in the IR.

There is indeed an alternative for dealing with this obstruction. In a seminal paper,
Casini, Huerta, and Rosabal [20] illustrated how operator algebras provide a natural definition
of entanglement in gauge theories. The lack of Hilbert space factorization manifests itself as
a non-trivial center in the algebra of operators associated to a region. Algebraic definitions
of entanglement in gauge theories and their relation to the extended Hilbert space have been
largely explored in the context of lattice gauge theories [23, 24]. However, the algebraic
approach to entanglement is, in principle, valid even in the continuum. For TQFTs it provides
an intrinsically IR avenue for defining entanglement entropy. I.e. a definition that utilizes
only the ground states and operators available at low-energies, without involving UV degrees
of freedom, and is strictly finite. Despite the hotbed of research in entanglement entropy
in topological phases and quantum gauge theories, this aspect of topological entanglement
has been left relatively unexplored.

The second conceptual puzzle we want to address is “semi-locality” of the traditional
TEE which in (2+1) dimensions involves topological aspects (Betti numbers) intrinsic to
the entangling surface; this relation is argued to hold in higher dimensions [25]. The ground
states of topological field theories display extreme long-range entanglement.3 It is perhaps
then surprising that TEE does not “sense” farther than the entangling surface itself and is
insensitive, say, to how the entangling surface is topologically embedded into the Cauchy
slice defining the Hilbert space.

2We do restrict to torsion-free manifolds as well.
3Illustrated, for instance, in “multi-boundary” set-ups in Chern-Simons theory [26].
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We will address these two conceptual puzzles in this paper. Namely, we consider the
operator algebra, A[Σ], acting on a Cauchy slice, Σ, that is directly available in Abelian
BF theory. The operators generating this algebra are higher-form Wilson surface operators.
Due to the topological nature of the field theory, these surface operators are invariant under
deformations and so are naturally associated with homology cycles of Σ. Clearly this algebra,
and any subalgebra, is inherently topological and defined directly in the IR. However, such
operators are not wont to be localized to spatial subregions; as a result, there are potentially
large ambiguities in ascribing a subalgebra, A[R], to region, R. We describe two natural
choices that can roughly be stated as “the set of operators that can act entirely in R” and
“the set of operators that must act, at least partially, in R.” We name these two algebras
the topological magnetic algebra and the topological electric algebra, respectively, for reasons
that will become clear in due time. They are related by a form of subregion electric-magnetic
duality which we will make precise below.

We utilize these two notions of subregion algebra to assign an entanglement entropy to
ground states in the theory. This entanglement entropy is by nature (i) topological, and (ii)
finite and commensurate with a finite dimensional Hilbert space. To distinguish it from the
traditional TEE appearing as the subleading correction to an area law, we coin4 this entropy
essential topological entanglement, E . It comes in two forms, Emag and Eelec, and are related
by the subregion electric-magnetic duality mentioned above.

Owing to the power of topological field theory, we will be able to evaluate E in arbitrary
dimensions, on arbitrary surfaces, and associated to arbitrary regions. This allows to us
to show that E is indeed sensitive to more intricate and long-range forms of topology than
that of ∂R alone: in both forms it depends on topological aspects of ∂R, Σ, and how ∂R

is embedded into Σ. This is, again, innate to the operator algebra definition. Operators in
A[R] must, foremost, be operators in A[Σ]. It is clear then that cycles of ∂R that embed
to trivial cycles of Σ cannot contribute to E .

As we will see below, this topological data appears as the coefficient of what can be
regarded as the total quantum dimension of surface operators forming A[Σ] and a coarse
measure of non-trivial surface operator braiding. In this regard E mimics the traditional
TEE, however differs in some important aspects for its use in diagnosing topological order.
For instance, as will explain below, the ETE vanishes for the canonical examples defining the
TEE on the plane or sphere, ultimately following from the fact that the algebras associated
to these spaces must be trivial. It may then appear that E is of limited use as a diagnostic
of topological order. However, as previously emphasized, the sensitivity of E to long-range
topological features (beyond the entangling surface) can provide a view on richer features
that a topological phase may be sensitive to. We comment on these points in the discussion.

We pause to mention that similar notions to our definition of E have appeared in the
context of lattice gauge theories by examining the algebras of “ribbon operators” which
are also naturally topological operator algebras [27]. We are also aware of upcoming work
utilizing similar ideas to discuss the “area operator” in tensor network models of holographic
entanglement [28]. However, the focus on these quoted works is on (2+1) dimensional non-
Abelian models on spaces and subregions with simple topology. Our focus on BF theory

4Competing nomenclatures: intrinsic, core, and boneless topological entanglement.
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allows us to work directly in the continuum and deftly incorporate spaces and entangling
regions of arbitrary topology, albeit at the expense of working in an Abelian model. Because
of this it is hard to make a direct comparison between these works and ours at this time.
We will comment on this further in Section 4.

Lastly, we also mention that this paper is the first in a series of papers exploring Abelian
topological entanglement in higher dimensions. In a follow up paper [29] we will investigate
the “traditional” TEE in Abelian BF theory by the methods of the extended Hilbert space
and the replica path integral. There we will show that the edge mode spectrum organizes
into characters of an infinite dimensional current algebra which generates the entanglement
spectrum. This leads to a TEE of the more traditional variety: area and sub-area laws plus
subleading corrections dependent on the topology of ∂R alone.

1.1 Notation

We will delineate some basic notation for what follows here.
We will consider theories on torsion-free manifolds of spacetime dimension d. We will

denote such manifolds collectively as X. Theories will be quantized on (d− 1)-dimensional
manifolds that we will notate as Σ. We will often call Σ the “Cauchy slice” simply as a
term of familiarity and without reference to any causal structure of the TQFT. In what
follows we will make use of the notion of a subregion, R, which will be the closure of a
(d− 1)-dimensional embedded open submanifold of Σ. We will denote the interior of R as
R := R \ ∂R. We denote the complement Rc as the closure of Σ \R. Note that R ∩Rc = ∂R.

The space of forms of degree p, will be denoted Ωp(·). Unless stated otherwise these forms
are real valued. Cohomology groups will be denoted with their degree placed upstairs, Hp(·),
while homology groups will be denoted with their degree placed downstairs, Hp(·). Unless
otherwise stated, these groups are always defined with integer coefficients. For compact,
boundary-less manifolds, we notate the dimensions of the groups by the Betti number, i.e.:

bp(Σ) := dimHp(Σ) = dimHp(Σ). (1.1)

For (co)homology groups on manifolds with boundary or for relative homology groups we
will always write the dimension explicitly.

Given a Hilbert space, HΣ, defined on a Cauchy slice, Σ, we will denote the algebra of
bounded operators acting on HΣ as A[Σ]. For a subalgebra Asub ⊂ A[Σ] we will denote the
commutant as (Asub)c :=

{
O ∈ A[Σ]

∣∣∣ [O,O′] = 0, ∀O′ ∈ Asub
}
.

2 Quantization of BF theory

We begin by introducing the p-form Abelian BF theory, on a d-dimensional, torsion-free
manifold X, with action

SBF[A,B] := KIJ

2π

∫
X
BI ∧ dAJ . (2.1)

In the above AI ∈ Ωp(X) and BI ∈ Ωd−p−1(X) are vectors of p- and (d− p− 1)-form gauge
fields respectively. We will take p ̸= 0, d− 1.5 We have also allowed a possible square, integer,

5We expect much of what follows to morally hold true in these special cases, however some technical details
of our proofs would need to be altered.

– 4 –



J
H
E
P
0
1
(
2
0
2
5
)
1
0
6

non-degenerate — but not necessarily symmetric — K-matrix of rank κ. For notational
simplicity we will drop the indices, unless it is necessary. In Appendix A we provide a more
careful treatment of BF theory, allowing for manifolds with torsion. The action Eq. (2.1)
possesses a gauge redundancy of the form

δA = dα and δB = dβ , (2.2)

where α ∈ Ωp(X) and β ∈ Ωd−p−2(X).
Let us suppose that X possesses a boundary and discuss the quantization of the theory

on ∂X. Much of this procedure follows that of [30] and [8], however we provide these details
for completeness. We begin with the classical symplectic structure. The variation of the
action takes the form

δSBF[A,B] =
∫

X
(δB ∧ eom[A] + δA ∧ eom[B]) +

∫
∂X

ϑ[A,B; δA, δB], (2.3)

where the classical equations of motion are flatness conditions:

eom[A] = K
2π dA = 0 eom[B] = (−1)(d−p)(p+1)K⊤

2π dB = 0. (2.4)

The boundary term defines the symplectic potential, ϑ:∫
∂X

ϑ[A,B; δA, δB] := (−1)d−p−1 K
2π

∫
∂X

B ∧ δA, (2.5)

where the pullback along the embedding map, ι∂ : ∂X ↪→ X is implicitly understood above.
We see this theory is already in canonical, or Darboux, form, ϑ = p ∧ ⋆∂X δq, with

q = A and p = (−1)d−p−1 K
2π ⋆∂X B, (2.6)

which is consistent with fixing A as a boundary condition. We can switch the role of
(⋆∂XB,A) ∼ (p,q) to (⋆∂XB,A) ∼ (q,p) by the inclusion of the boundary action

Salt.
∂ [A,B] = (−1)d−p K

2π

∫
∂X

B ∧A, (2.7)

but we will work in the former quantization scheme. The symplectic form on ∂X, given
by the variation of

∫
∂X ϑ, is

Ω∂X = (−1)d−p−1 K
2π

∫
∂X

δB ∧ δA. (2.8)

This symplectic form is degenerate due to gauge variations. We will take care of this
soon below.

We will quantize the BF theory on a (d − 1)-dimensional manifold, Σ, by performing
the path-integral on X = R× Σ. Here, R is coordinatized by t and the Cauchy slice at time
t is represented by {t} × Σ. The path-integral measure is formally given by

dµ (A,B) = DA DB
vol(Gp) vol(Gd−p−1)

eiSBF[A,B], (2.9)
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where Gp and Gd−p−1 are the gauge groups for the redundancies Eq. (2.2). On top of it,
it includes a sum over non-trivial bundles. For a full definition of the measure and the
gauge groups, we refer the reader to Appendix A. Currently, we consider the case where
∂Σ = ∅ (we will revisit the case with boundaries in a follow-up paper). Additionally, let
ιΣ : Σ ↪→ X be the embedding of Σ into X.

We can express A and B as A = A0 + a and B = B0 + b respectively, where

ι∗ΣA0 = 0 ⇐⇒ ι∗ΣA = ι∗Σa

ι∗ΣB0 = 0 ⇐⇒ ι∗ΣB = ι∗Σb.

To make the decomposition clearer we can use coordinates {xm}d−1
m=1 for Σ which gives us:

A = (A0)m1···mp−1
dt ∧ dxm1 ∧ · · · ∧ dxmp−1 + am1···mp dxm1 ∧ · · · ∧ dxmp and (2.10)

B = (B0)m1···md−p−2
dt ∧ dxm1 ∧ · · · ∧ dxmd−p−2 + bm1···md−p−1 dxm1 ∧ · · · ∧ dxmd−p−1 . (2.11)

In these coordinates, let us also write d = dt ∧ ∂t + dxm ∧ ∂m =: dR + d. Integrating
Eq. (2.1) by parts and utilizing the fact that dRA0 = 0 and dRB0 = 0 (since they involve
dt ∧ dt ∧ · · · = 0), we arrive at

SBF[A0 + a,B0 + b] = K
2π

∫
X

(
(−1)d−p db ∧A0 +B0 ∧ da+ b ∧ da

)
. (2.12)

It is easy to see that A0 and B0 act as Lagrange multipliers enforcing the Σ-flatness of a and b:

da = db = 0. (2.13)

We will refer to Eq. (2.13) as the “Gauss law” constraints. Using the property Eq. (A.6)
of the path-integral measure we can write

dµ(A,B) = dµ(A0, B0) dµ(a, b) eiSBF[A0,b] eiSBF[a,B0] (2.14)

and performing the integrals over A0 and B0 we get dµ(a, b) δ[da]δ[db]. The delta-functions
force a and b to be closed under d; Hodge decomposition implies, then, that

a = dψ + θ, and b = dχ+ ϕ, (2.15)

for some ψ ∈ Ωp−1(X), θ ∈ ι∗ΣHp(Σ), and χ ∈ Ωd−p−2(X), ϕ ∈ ι∗ΣHp(Σ). This results into
the path-integral measure:

dµ(a, b) δ[da]δ[db] = DψDχDϕDθ
vol(Gp) vol(Gd−p−1)

exp
( iK
2π

∫
X
ϕ ∧ dRθ

)
. (2.16)

The integral over ψ and χ over the volumes of the gauge groups yields the Ray-Singer torsion
of the manifold [31, 32],6 and so we simply get

ZBF[X] =
(∫

DϕDθ exp
( iK
2π

∫
X
ϕ ∧ dRθ

))
TRS[X](−1)p−1

, (2.17)

6For a modern exposition see also [33].
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where TRS[X] is the Ray-Singer torsion:

TRS[X] :=
d∏

k=0

(
(det ′△k)k

detGk

) 1
2 (−1)k+1

, (2.18)

with △k being the Laplacian on the space of k-forms on X, and Gk the metric in the space
of harmonic k-forms, defined as follows. Let

{
τ
(k)
i

}bk(Σ)

i=1
be the topological basis of harmonic

k-forms, with bk(Σ) the kth Betti number of Σ. This basis is defined such that given a
basis of k-cycles

{
ηi
(k) ∈ Hk(Σ)

}bk(Σ)

i=1
, there is a unique harmonic representative, τ (k)i , of each

cohomology class in Hk(Σ), such that∫
ηi

(k)

τ
(k)
j = δi

j. (2.19)

It is in terms of this basis that the matrices Gk above are defined. Explicitly:

[Gk]ij :=
∫
Σ
τ
(k)
i ∧ ⋆τ (k)j , (2.20)

where ⋆ is the Hodge-star on Σ. Before moving on let us make a quick digression to mention
that the inverse of Gk is the linking matrix

[Gk]ij[Lk]jk = δk
i , (2.21)

which can be alternatively defined as an oriented intersection number in the following way.
Let us pick a basis of k-cycles

{
ηi}bk(Σ)

i=1 of Hk(Σ) and a basis of (d− k− 1)-cycles
{
σi}bk(Σ)

i=1 of
Hd−k−1(Σ). The transversal intersection of ηj and σi in Σ is a zero-dimensional manifold (that
is, a collection of points) and [Lk]ij counts the number of points signed by their orientation:

[Lk]ij ≡ Lk

(
ηi, σj

)
:=
∫

ηi∩σj
1. (2.22)

Let us focus on the remaining path-integral in Eq. (2.17), which is the quantum mechanics
for the large-gauge degrees of freedom, ϕ and θ. We can expand ϕ and θ in terms of the
basis {τi}

bp(Σ)
i=1 . Namely

ϕ(t, x) = ϕi(t) τi and θ(t, x) = θj(t) ⋆ τj. (2.23)

Note that Eq. (2.19) with Eq. (2.15) implies

θi =
∫

ηi
a ϕi =

∫
σi
b, (2.24)

in terms of our original field variables. Since ϕi(t) and θj(t) are circle-valued functions on
R they are identified with

ϕi(t) ∼ ϕi(t) + 2π and θj(t) ∼ θj(t) + 2π. (2.25)

All in all the action reduces to

Seff
BF[ϕ, θ] =

K
2π [Gp]ij

∫
R
ϕi ∧ dRθj. (2.26)

– 7 –
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This is a simple quantum mechanical system whose symplectic form reads (reinstating the
I, J indices)

ΩΣ = (−1)d−p−1

2π KIJ[Gp]ij δϕi
I ∧ δθ

j
J . (2.27)

which is the restriction of Eq. (2.8) to ϕi
I and θj

J.
Given the our interpretation of A = q coming from the symplectic potential, Eq. (2.5),

we will identify θj
J as “positions” and ϕi

I as “momenta”.7 Passing from Poisson brackets to
commutators, promoting ϕ and θ to operators, we arrive at[

ϕ̂i
I, θ̂

j
J

]
= 2πi (−1)d−p−1

[
K⊥
]

IJ
[Lp]ij, (2.28)

where K⊥ :=
(
K⊤
)−1

is the inverse transpose. Hereafter we will drop the index p and the
square brackets from Lp, and Gp for conciseness.

Since these operators are U(1)-valued, we should exponentiate them to construct gauge-
invariant Wilson surface operators:

Ŵwj
ηj := exp

(
wJ

j θ̂
j
J

)
= exp

(∫
ηj
wJ

j aJ

)
(2.29)

V̂vi
σi := exp

(
vI

i ϕ̂
i
I

)
= exp

(∫
σi
vI

i bI

)
, (2.30)

where
{
wJ

j

}J∈{1,...,κ}

j∈{1,...,bp(Σ)}
and

{
vI

i

}I∈{1,...,κ}

i∈{1,...,bp(Σ)}
are bp(Σ) × κ collections of integers. These

surface operators are defined with respect to fixed bases of homology p- and (d− p− 1)-cycles,{
ηj}bp(Σ)

j=1 and
{
σi}bp(Σ)

i=1 , respectively; however it is easy to verify that they are homotopy
invariants when acting on gauge-invariant states due to the Gauss-law constraints, Eq. (2.13),
and thus well defined on homology classes.

2.1 The algebra of Wilson surface operators

The Wilson surface operators constructed above satisfy a “clock algebra” which can be easily
found using the canonical commutation relations Eq. (2.28):

V̂vi

σi Ŵ
wj

ηj = e2πi (−1)d−p−1 wJ
j vI

i (K
⊥)IJLij

Ŵwj
ηj V̂vj

σi . (2.31)

The Ŵ’s commute amongst each other as do the V̂’s. From the above algebra we can clearly
see that wj and vi give the same algebra as wj+m ·K and vi+K ·m′, for arbitrary m,m′ ∈ Zκ.
The entire algebra is, then, generated by operators labelled by charges in the lattices

wj ∈ ΛA := Zκ/ imK⊤ and vi ∈ ΛB := Zκ/ imK. (2.32)

It will be notationally useful to collect wJ
j and vI

i as the components of a bp(Σ)×κ-dimensional
integer vectors denoted as w and v, respectively. Also for notational convenience, we will
define an inner product on these vector spaces as

Γ(v,w) := 2π(−1)d−p−1v ·
(
K⊥ ⊗ L

)
·w = 2π(−1)d−p−1wJ

j v
I
i(K⊥)IJLij. (2.33)

7More correctly handling the index placement, the momenta are pJ
j = (−1)d−p−1 KIJ

2π
[Gp]ijϕi

I.
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Then Eq. (2.31) can be written succinctly as

V̂vŴw = eiΓ(v,w)ŴwV̂v, (2.34)

with

V̂v =
bp(Σ)∏
i=1

V̂vi

σi , Ŵw =
bp(Σ)∏
i=1

Ŵwj

ηj . (2.35)

In this notation, the Ŵ’s and V̂’s satisfy an Abelian fusion algebra

ŴwŴw′ = Ŵw+w′ and V̂vV̂v′ = V̂v+v′ , (2.36)

where it is understood that the sums are taken in the respective lattices, (ΛA)bp(Σ) and
(ΛB)bp(Σ).

Constructing states.

To construct the states on HΣ we pick a maximal set of commuting operators and use the
space of their eigenvectors. For that we can use either

{
ϕ̂j
}bp(Σ)

j=1
or
{
θ̂i
}bp(Σ)

i=1
. We will first use

the basis given by
{
θ̂i
}

eigenvectors which is morally consistent with fixing a as a boundary
condition. To construct the states systematically, we will first define a fiducial state |0⟩
annihilated by all

{
θ̂i
}

. This is an eigenstate of Ŵwj
ηj with all eigenvalues one:

Ŵw |0⟩ = |0⟩ . (2.37)

We will call this state the “p-surface operator condensate,” or “the condensate” when the
context is clear. We then use V̂vi

σi as raising operators. A general ground state will then
be given by

|v⟩ := V̂v |0⟩ =
bp(Σ)∏
i=1

V̂vi
σi |0⟩ . (2.38)

for any integer vector, v ∈ (ΛB)bp(Σ). These are indeed eigenstates of Ŵw with eigenvalue

Ŵw |v⟩ = eiΓ(v,w) |v⟩ . (2.39)

Additionally, since

⟨0|v⟩ = ⟨0|Ŵw|v⟩ = eiΓ(v,w) ⟨0|v⟩ , (2.40)

for any w ∈ (ΛA)bp(Σ) and since K and L (and thus Γ) are non-degenerate,

⟨0|v⟩ = δv :=
bp(Σ)∏
i=1

δ(ΛB)
vi , with δ(ΛB)

v =

1 v = 0 mod imK
0 otherwise

. (2.41)

This fact, coupled with (V̂v)† = V̂−v, and the fusion algebra, Eq. (2.36), implies the
full-orthonormality of HΣ = span{|v⟩}. The dimension of the Hilbert space is

dimHΣ = dimZ (ΛB)bp(Σ) = dimZ(ΛA)bp(Σ) = |detK|bp(Σ). (2.42)
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We note that the quantization can be repeated in a wholly similar procedure by using Ŵw as
ladder operators (this builds a Hilbert space of eigenvectors of V̂v) to arrive a Hilbert space
of the same dimension. We will call the isomorphism of the Hilbert spaces built on p- and
(d− p− 1)-surface operator condensates, electric-magnetic duality in this context.8 Below we
will describe how this duality can be refined to a notion of subregion electric-magnetic duality.

3 Subregion algebras and essential topological entanglement

We now move to the main act of this paper: how to associate subregion entanglement entropy
to this theory after we have “integrated out” all of the local degrees of freedom. We will do so
in the algebraic approach. We briefy remind the reader of the broad features of this approach.

Starting with a region, R ⊂ Σ, one associates a subalgebra, A[R] ⊂ A[Σ], of the operators
which act naturally on R. The commutant of A[R] is then associated to the complement of R:
A[Rc] = (A[R])c. Given a state,9 ρ, one can reduce it to A[R]: i.e. ρR is the unique Hermitian
and trace-normalized element of the subregion algebra, A[R], reproducing the expectation
values of all OR ∈ A[R]. The von Neumann entropy of this reduced density matrix then
provides an algebraic definition of the entanglement entropy of ρ reduced to R:

SA[R][ρ] = SvN[ρR] := −Tr(ρR log ρR). (3.1)

This situation is complicated in theories with gauge invariance. The non-local manner in
which gauge constraints are applied to states manifests itself in a non-trivial center in the
subregion algebra: Z[R] = A[R] ∩ A[Rc]. Operators generating Z[R] can be simultaneously
diagonalized. The state, ρ, and subsequenty, the reduced state, ρR, can be decomposed with
respect to the eigenspaces of the operators generating Z[R]:

ρR =
⊕

α

λ(α)ρ
(α)
R , (3.2)

where α labels the eigenspaces. The ρ
(α)
R can be individually trace-normalized and so∑

α λ(α) = 1. This leads to a refinement of Eq. (3.1) where the algebraic entanglement
entropy naturally splits into the weighted sum of von Neumann entropies of reduced density
matrix projected to fixed eigenspaces plus the Shannon entropy of the probability distribution
given by

{
λ(α)

}
:

SA[R][ρ] =
∑

α

λ(α)SvN
[
ρ
(α)
R

]
−
∑

α

λ(α) log λ(α). (3.3)

We will make these broad features explicit in what follows and show that the Shannon
contribution takes a universal, topological, form. Before doing so we will first need to define
a notion of a subregion algebra, A[R]. Given the topological nature of the operators in A[Σ],
we will take care to define it in a manifestly topological manner below.10

8This duality is simply a statement that the Hilbert space built on the p-surface operator condensate
is of equal dimension to the Hilbert space built on the (d − p − 1)-surface operator condensate. They are
automatically isomorphic. This is a simple consequence of Hodge duality on Σ.

9We will generally call density matrices “states” regardless of their purity.
10As a benefit to these definitions applied to A[Σ] and its subalgebras: these are all Type I von Neumann

algebras acting on finite dimensional spaces. As such there is no subtlety in defining traces, reduced density
matrices, and von Neumann entropies.

– 10 –



J
H
E
P
0
1
(
2
0
2
5
)
1
0
6

3.1 Topological subregion algebras

We begin by regarding Σ as the union of two, otherwise disjoint, submanifolds Σ = R ⊔∂R R
c

sharing a common boundary, ∂R. We will assign an operator algebra, A[R], to R and A[Rc]
is then defined as the commutant of A[R]. There is some ambiguity in this assignment; in
what follows we will assign this in a “natural” way. Since our operators in this theory are
only defined up to homotopy, however, there may be multiple “natural” ways to associate
an algebra to R. Different choices of subregion algebra may result in different centers and
different definitions of the entanglement entropy.

Let us introduce the following notations. Suppose that M is a submanifold of Σ and
let iM :M ↪→ Σ be the embedding map. We can use iM to push-forward homology groups:
iM• : H•(M) → H•(Σ).11 In what follows, given α ∈ Hk(Σ) and a map as above, we will
denote α ∈̃M , iff α ∈ im iMk . In words, α ∈̃M says that α is continuously deformable within
Σ to a cycle completely contained in M . Similarly, we denote α✓✓̃∈M , for an α ∈ Hk(Σ), iff
α ∈ coker iMk . In words, α✓✓̃∈M is not continuously deformable within Σ to a cycle completely
contained in M . We will alternate between the im / coker and ∈̃/✓✓̃∈ notation freely. To state
the results of the following sections up-front, there are two natural algebras associated to R:

1. Topological magnetic algebra

Amag[R] := U
{
Ŵwi

ηi , V̂
vj
σj

∣∣∣ ηi ∈ im iRp , σ
j ∈ im iRd−p−1

}
(3.4)

≡ U
{
Ŵwi

ηi , V̂
vj
σj

∣∣∣ ηi, σj ∈̃R
}
, (3.5)

where U{·} denotes the universal enveloping algebra. This algebra consists of all surface
operators deformable to being completely contained in R.

2. Topological electric algebra

Aelec[R] := U
{
Ŵwi

ηi , V̂
vj
σj

∣∣∣ ηi ∈ coker iRc
p , σj ∈ coker iRc

d−p−1

}
(3.6)

≡ U
{
Ŵwi

ηi , V̂
vj
σj

∣∣∣ ηi, σj
✓✓̃∈Rc

}
. (3.7)

This algebra consists of all surface operators that are not deformable to being completely
contained in Rc.

As we will soon explain both of these algebras have non-trivial centers, Z[R], which we name
the topological magnectic center and topological electric center, respectively. We can seek
centerless operator algebras by either systematically removing operators in Z[R] from A[R]
or by systematically adding operators to A[R] that do not commute with operators in Z[R].
We do so in appendix B. There we show that it results in two centerless algebras, that have
more tenuous relationships to their underlying subregion, while additionally ground states
have trivial entanglement with respect to these algebras.

These different choices of subregion algebras are illustrated in Figure 1.
11For notational convenience we will avoid indexing the push-forward with an asterisk or a hash, as is

common in the mathematical literature and we will index it solely by the rank of the homology groups it is
connecting.
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R

Rc

∂Rm1

ℓ1 m3

ℓ3

m2

ℓ2

∂R

R

Rc

∂Rm1

ℓ1 m3

ℓ3

m2

ℓ2

∂R

Figure 1. The algebra on a 3-torus, generated by a basis of operators along longitude and meridian
cycles, {ℓi,mi}i=1,2,3. To the region, R, depicted in pink, we associate an algebra A[R] generated by
cycles depicted in red and purple. The commutant, A[Rc], is generated by cycles depicted in blue and
purple. The center, Z[R], is generated by cycles depicted in purple. Cycles generated neither in A[R]
nor A[Rc] are depicted in black. (Top) The topological magnetic algebra, Amag[R]. (Middle) The
topological electric algebra, Aelec[R].

3.1.1 The topological magnetic algebra

Let us begin the discussion with the topological magnetic algebra

Amag[R] := U
{
Ŵwi

ηi , V̂
vj
σj

∣∣∣ ηi, σj ∈̃R
}
, (3.8)

The algebra associated with Rc is the commutant of Amag[R]. It is clear that the operators
that can commute with Amag[R] are precisely those that cannot link homology cycles in
R. This is equivalent to the following.

(Amag[R])c = U
{
Ŵwi

ηi , V̂
vj
σj

∣∣∣ ηi, σj ∈̃Rc
}
≡ Amag[Rc]. (3.9)

The proof of this claim is given in Appendix C.
As alluded to above, this algebra has a center, Zmag, which is generated by surface

operators lying within the entangling surface, ∂R, itself:

Zmag[R] := Amag[R] ∩ Amag[Rc] = U
{
Ŵwi

ηi , V̂
vj
σj

∣∣∣ ηi, σj ∈̃ ∂R
}
. (3.10)

The heuristic argument is simple: Zmag[R] ⊂ Amag[R] since any cycle, ηi ∈̃ ∂R or σj ∈̃ ∂R,
can be deformed “slightly inward” along the flow of an inward-pointing normal vector to be
contained completely in R. Similarly by flowing in the other direction, “slightly outward,”
any cycle can be contained completely in Rc and so Zmag[R] ⊂ Amag[Rc]. Perhaps one might
question if operators in Zmag actually commute with themselves (as required for Zmag to be
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a center). A potential puzzle arises because p-cycles and (d− p− 1)-cycles have no notion
of intersection numbers as defined intrinsically on ∂R: the intersection of a p-cycle and a
(d − p − 1)-cycle on a d − 2 dimension manifold is not a collection of points, but instead
itself a 1-dimensional manifold. The key here is the algebra Zmag is not defined intrinsically
on ∂R but instead up to homotopy in Σ ⊃ ∂R. It is then clear that all (d − p − 1)-cycles,
σj ∈̃ ∂R, can be deformed to have zero linking number with ηi ∈̃ ∂R by evolving them slightly
along an outward pointing normal vector.

We call Zmag the topological magnetic center because of its similarity to the magnetic
center of 2+1 dimensional lattice gauge theories [20, 27], generated by line and/or ribbon
operators wrapping ∂R. Here the interplay of the dimensionality, d, with the degrees of the
gauge fields, p and d − p − 1, allow for a richer flavour of magnetic center, generated by
topological operators of different dimension. Additionally, the topological magnetic center
defined here is sensitive to the bulk topology while the magnetic center appearing in [20]
is only sensitive to the intrinsic topology of ∂R. Namely, an operator can only appear in
Zmag if its defining cycle is also non-trivial as a cycle on Σ.

In the interest of counting how many basis operators generate Zmag, it will be useful
to formalize the above as follows. The dimension of the magnetic center will be the sum
of the number of p-cycle surface operators, Ŵw

η , and (d − p − 1)-cycle surface operators,
V̂v

σ, spanning Zmag:

|Zmag| = |detK|
(
hp

mag+hd−p−1
mag

)
, (3.11)

where hk
mag is defined in the following way. A surface operator, Ŵw

η , in the magnetic center
must be supported on a p-cycle that lies in the intersection of the images of the push-forward
maps iRp and iR

c
p . Using the push-out square

∂R R

Rc Σ

j∂R

iR

iRc

j∂Rc

we see that the corresponding p-cycle then has to lie in the image of push-forward map(
iR ◦ j∂R

)
p
∼=
(
iR

c ◦ j∂Rc
)

p
. Utilizing the associated long-exact sequence we prove in Ap-

pendix C

hp
mag =

p−1∑
n=0

(−1)p−1−nbn(∂R) +
p∑

n=0
(−1)p−n (bn(Σ)− dimHn(Σ, ∂R)) , (3.12)

and similarly for hd−p−1
mag via the replacement p → (d − p − 1). We remind the reader that

bn(·) is the nth Betti number. Let us point out two broad features of Eq. (3.12). Firstly
we have the alternating sum of Betti numbers intrinsic to ∂R; as we will show later this
will give contributions to the entropy analogous to those found in [25]. Secondly, however,
we find an interesting dependence on bulk topology relative to how ∂R is embedded in Σ.
Although perhaps initially surprising, we can easily argue why we expect this dependence on
the bulk topology to show up: Amag is defined with respect to homotopy equivalence within
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Σ. If hp
mag only detected intrinsic topology of ∂R it could easily12 count more operators in

Zmag[R] than actually exist in Amag[R], or even in A[Σ]! These additional bulk terms are
then crucial for ensuring that this counting makes sense.

Summing hp
mag and hd−p−1

mag the total dimension of Zmag can be simplified utilizing the
long exact sequence (see Appendix C) to

log |Zmag| =
[
2

p−1∑
n=0

(−1)p−1−nbn(∂R) + (bp(Σ)− dimHp(Σ, ∂R))

+ (−1)d−p−1( dimHd−1(Σ, ∂R)− dimH0(Σ, ∂R)
)]

log |detK|. (3.13)

Above, all of the bulk dependence has been isolated to dimensions of pth absolute and relative
homologies, plus the additional, p-independent term: a potential mismatch between the
bottom and top relative homologies.

3.1.2 The topological electric algebra

In contrast with the topological magnetic algebra, whose center is generated by operators
“wrapping” the entangling surface, we will pick the topological electric algebra such to be
such that its center is generated by operators “piercing” the entangling surface. Specifically,
for a region, R, we define

Aelec[R] := U
{
Ŵwi

ηi , V̂vj

σj

∣∣∣ ηi, σj
✓✓̃∈Rc

}
. (3.14)

In words, Aelec[R] is generated by operators that cannot be deformed to being contained
completely in Rc. The algebra associated to Rc, the commutant of Aelec[R], is generated
by all operators that do not link with any cycle that cannot be deformed to be contained
in Rc. We claim that this is, in fact, generated by operators that cannot be deformed to
be contained in R:

(Aelec[R])c = U
{
Ŵwi

ηi , V̂vj

σj

∣∣∣ ηi, σj
✓✓̃∈R

}
= Aelec[Rc]. (3.15)

The proof of this claim is given in Appendix C.
In this case, the center is then given by cycles of Σ, that cannot be deformed to be

contained completely in R nor Rc:

Zelec[R] = U
{
Ŵwi

ηi , V̂
vj
σj

∣∣∣ ηi, σj
✓✓̃∈R and ✓✓̃∈Rc

}
= U

{
Ŵwi

ηi , V̂
vj
σj

∣∣∣ ηi ∈ coker iRp ∩ coker iRc
p , σj ∈ coker iRd−p−1 ∩ coker iRc

d−p−1

}
. (3.16)

Zelec[R] are topological surface operators that must cross ∂R non-trivially. We name this
center the topological electric center on account of its similarity to the electric center of
lattice gauge theories generated by link operators emanating transversely from the entangling
surface [20]. However, let us caution that this is a somewhat shallow comparison: the electric
center typically discussed in lattice gauge theories is microscopic, being given by operators

12Easy examples are cooked up when Σ is topologically trivial, e.g. a (d − 1)-sphere, Sd−1.
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acting on all links intersecting ∂R in a UV lattice realization of a topological phase.13 Our
topological electric center is an extreme course-graining of this, generated by a handful of
topological surface operators that are only defined up to homotopy.

With respect to counting the number of surface operators generating Zelec,

|Zelec| = |detK|
(
hp

elec+hd−p−1
elec

)
, (3.17)

we show in appendix Appendix C that

hp
elec = hd−p−1

mag , hd−p−1
elec = hp

mag. (3.18)

The heuristic argument for this follows: a p-cycle surface operator in Zelec by definition can’t
be deformable to either the interiors of R or Rc and so must wrap a basis (d− p− 1)-cycle
intrinsic to ∂R. This cycle is precisely where one would put a (d − p − 1)-cycle surface
operator lying in Zmag. Consequently

|Zelec| = |Zmag|. (3.19)

Subregion electric-magnetic duality.

The equivalence of the counting |Zelec| = |Zmag| is a particular instance of a refinement of
the electric-magnetic duality described in Section 2 applied to the region R and its operator
algebras. More specifically, in Appendix C we prove that the intersection pairing, L, induces
a one-to-one correspondence between

coker iRc
p ↔ im iRd−p−1 as well as coker iRc

d−p−1 ↔ im iRp . (3.20)

This then implies a one-to-one correspondence between operators generating Aelec[R] and
Amag[R]. We refer to this correspondence as subregion electric-magnetic duality.

3.2 Decomposing the Hilbert space

The existence of a center prohibits the tensor factorization of the global Hilbert space, HΣ,
into Hilbert spaces corresponding to R and Rc in the following way. We will illustrate this first
using the topological magnetic algebra. Currently we are organizing HΣ by the eigenvectors
of Ŵw, |v⟩, which are created by acting V̂v on the condensate. Given this, we ask: “Can we
partition |v⟩ into the eigenvalues of Ŵw ∈ Amag[R] and the eigenvalues of Ŵw ∈ Amag[Rc]?”

|v⟩ ?=
∣∣∣{vR

}
,
{
vRc}〉

. (3.21)

One obvious obstruction to the above is the possible existence of Ŵw ∈ Zmag[R]
= Amag[R] ∩ Amag[Rc] whose eigenvalues are overcounted in the above partition. A more
subtle obstruction to the above comes from V̂ v ∈ Zmag, which, being deformable to ei-
ther inside R or Rc, make it ambiguous if their action should shift the

{
vR
}

or the

13As emphasized in [23, 24], the electric center of lattice gauge theories shares many features with extending
the Hilbert space with edge-mode degrees of freedom. We discuss the extended Hilbert space of BF theory in
a follow-up paper [29].
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{
vRc

}
sets of eigenvalues. To that end let us define the set

{
vR
}

as the eigenvalues of{
Ŵwi

ηi

∣∣∣ ηi ∈̃R and ηi
✓✓̃∈Rc

}
and similarly

{
vRc

}
the eigenvalues of

{
Ŵwi

ηi

∣∣∣ ηi ∈̃Rc and ηi
✓✓̃∈R

}
.

We can label the eigenvalues of Ŵw ∈ Zmag[R] as
{
v∂R
⊥

}
. The “perpendicular” notation here

denotes that because they are measured by Ŵw operators “living in ∂R” they are created
by the action of V̂v operators which cross the entangling surface transversally. These V̂v

operators do not belong in either Amag[R] or Amag[Rc] (in fact they are (d−p−1)-cycle surface
operators generating Zelec). Lastly we will denote by

{
v∂R
∥

}
the labels for states created by

the action of V̂v ∈ Zmag[R] on the condensate. These states are eigenvectors of Ŵw which also
cross the entangling surface transversally (which belong neither in Amag[R] nor Amag[Rc]).

Thus a general state can be partitioned unambiguously as

|v⟩ =
∣∣∣{vR

}
,
{
v∂R
⊥ , v∂R

∥

}
,
{
vRc

}〉
, (3.22)

which have natural action by operators in the center. I.e for all Ŵw ∈ Zmag[R]:

Ŵw
∣∣∣{vR

}
,
{
v∂R
⊥ , v∂R

∥

}
,
{
vRc

}〉
= eiΓ(v∂R

⊥ ,w)
∣∣∣{vR

}
,
{
v∂R
⊥ , v∂R

∥

}
,
{
vRc

}〉
, (3.23)

while for all V̂ v′ ∈ Zmag[R],

V̂v′
∣∣∣{vR

}
,
{
v∂R
⊥ , v∂R

∥

}
,
{
vRc

}〉
=
∣∣∣{vR

}
,
{
v∂R
⊥ , v∂R

∥ + v′
}
,
{
vRc

}〉
. (3.24)

Under this partitioning the Hilbert space decomposes as

HΣ =
⊕
{v∂R}

H(v∂R)
Σ , (3.25)

where we’ve used a short-hand,
{
v∂R

}
:=
{
v∂R
⊥ , v∂R

∥

}
. Each block in this decomposition

admits a tensor product on R and Rc:

H(v∂R)
Σ = H(v∂R)

R
⊗H(v∂R)

Rc . (3.26)

This partitioning is useful to illustrate the obstruction of a global tensor-product decomposition
of HΣ, however it is not computationally useful since the action of V̂v ∈ Zmag[R] moves between
different blocks of Eq. (3.25). It is more helpful to instead diagonalize their action. Their
eigenvectors are associated with Ŵw operators crossing the entangling surface transversally and
which V̂v ∈ Zmag[R] link non-trivially: these are the p-cycle surface operators generating Zelec.
Because of this we will label the eigenvectors with the set

{
w∂R

⊥

}
and partition our system as

∣∣∣{vR
}
,
{
v∂R
⊥ ,w∂R

⊥

}
,
{
vRc

}〉
, (3.27)

such that for all V̂v ∈ Zmag[R]

V̂v
∣∣∣{vR

}
,
{
v∂R
⊥ ,w∂R

⊥

}
,
{
vRc

}〉
= eiΓ(v,w∂R

⊥ )
∣∣∣{vR

}
,
{
v∂R
⊥ ,w∂R

⊥

}
,
{
vRc

}〉
. (3.28)
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This amounts to the change of basis

∣∣∣{vR
}
,
{
v∂R
⊥ , v∂R

∥

}
,
{
vRc

}〉
=
∑
w∂R

⊥

e
iΓ
(
v∂R
∥ ,w∂R

⊥

) ∣∣∣{vR
}
,
{
v∂R
⊥ ,w∂R

⊥

}
,
{
vRc

}〉
(3.29)

on the
{
v∂R
∥

}
part of the state.

With respect to this partitioning, we can decompose the global Hilbert space with respect
to the eigenvalues of operators spanning Zmag[R]:

HΣ =
⊕
{q∂R

⊥ }
H(q∂R

⊥ )
Σ , (3.30)

where we now use the short-hand,
{
q∂R
⊥

}
:=
{
v∂R
⊥ ,w∂R

⊥

}
. Again, each block admits a tensor

product on R and Rc:

H(q∂R
⊥ )

Σ = H(q∂R
⊥ )

R
⊗H(q∂R

⊥ )
Rc . (3.31)

In this set-up it is easy to see from our state partitions, Eq. (3.27), that all H(q∂R
⊥ )

R
⊗H(q∂R

⊥ )
Rc

blocks are isomorphic. To make the following discussion notationally cleaner will often drop
the (q∂R

⊥ ) superscripts from the tensor factors HR and HRc .
For the topological electric algebra, we can decompose the Hilbert space based on the

eigenvalues of the operators generating the center in a similar way. Again, the partitioning
of cycles into those that can and cannot be deformed being contained in ∂R provides a
useful partition of surface operator charges. It is precisely the operators contained in ∂R

(i.e. those in Zmag[R]) that can link non-trivally with operators in Zelec[R] and so their
charges,

{
v∂R
∥ ,w∂R

∥

}
are the eigenvalues of the basis generating Zelec[R]. A generic state

of HΣ then can be partitioned as∣∣∣{vR
}
,
{
v∂R
∥ ,w∂R

∥

}
,
{
vRc

}〉
, (3.32)

corresponding to a Hilbert space decomposition

HΣ =
⊕{
q∂R
∥

}H
(
q∂R
∥

)
Σ , (3.33)

where
{
q∂R
∥

}
:=
{
v∂R
∥ ,w∂R

∥

}
is a short-hand notation for the central eigenvalues. Each block

of Eq. (3.33) admits a tensor product on R and Rc:

H

(
q∂R
∥

)
Σ = H

(
q∂R
∥

)
R

⊗H

(
q∂R
∥

)
Rc . (3.34)

Again, since these blocks are all isomorphic, in what follows we will omit the (q∂R
∥ ) superscripts

from the tensor factors unless clarity demands it.
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3.3 Decomposing a state and the reduced density matrix

Now let us consider a generic state, ρ, on HΣ. With respect to either Hilbert space de-
composition, Eq. (3.30) or Eq. (3.33),

HΣ =
⊕
{q}

H(q)
Σ =

⊕
{q}

H(q)
R

⊗H(q)
Rc , q ∈

{
q∂R
⊥ , q∂R

∥

}
, (3.35)

we can write

ρ =
⊕
{q}

λ(q)ρ
(q), q ∈

{
q∂R
⊥ , q∂R

∥

}
, (3.36)

which corresponds to diagonalizing ρ as an operator with respect to the respective center,
Z[R]. The coefficients, λ(q), are chosen such that ρ(q) are normalized states on H(q)

Σ :

TrH(q)
Σ
ρ(q) = 1, (3.37)

which requires ∑
{q}

λ(q) = 1. (3.38)

Within each block H(q)
Σ we can construct the reduced density matrix with respect to the

tensor product, Eq. (3.31) or Eq. (3.34), by tracing out HRc :

ρ
(q)
R

= TrH
Rc ρ

(q). (3.39)

This results in a reduced density matrix on R which follows from the sum decomposition,
Eq. (3.36):

ρR =
⊕
{q}

λ(q)
(
ρ
(q)
R

⊗ τH
Rc

)
. (3.40)

where τH is the trace-normalized identity matrix on a Hilbert space:

τH := 1̂H
dimH

. (3.41)

Alternatively, we can define this reduced density matrix as the unique unit-trace, Hermitian
operator in A[R] which reproduces expectation values of all other operators in A[R]:

ρR ∈ A[R] such that TrHΣ (ρROR) = TrHΣ (ρOR) ∀OR ∈ A[R]. (3.42)

Given the decomposition Eq. (3.40), we assign an entanglement entropy to ρ and A[R] via

SA[R][ρ] :=
∑
{q}

λ(q)SvN
[
ρ
(q)
R

]
−
∑
{q}

λ(q) log λ(q), (3.43)

where
SvN

[
ρ
(q)
R

]
:= −TrH

R

(
ρ
(q)
R

log ρ(q)
R

)
(3.44)
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is the von Neumann entropy of the reduced density matrix in a fixed block, Eq. (3.39).
The second term of Eq. (3.43) is a Shannon entropy of the probability of measuring the set
{q} of eigenvalues in the state ρ. We emphasize that, while ostensibly classical in nature,
this Shannon entropy is present even for pure quantum states and is a generic feature of
entanglement entropies associated to centerful algebras. It will play an important role in the
following section. For a centerless algebra (such as Aaus[R] or Agreedy[R]), the entanglement
entropy, SA[R][ρ], can be defined in the usual way as the von Neumann entropy of ρ reduced
on the corresponding tensor-factorization.

3.4 Essential topological entanglement

We now illustrate the entanglement entropy associated to various choices of subregion algebra
for a ground state, |ψ⟩ = |v⋆⟩, for some fixed v⋆. As discussed in Section 2, this state is
prepared by the action of V̂v⋆ on a condensate. In the context of the BF path-integral, these
states are natural: they are prepared by path-integral on the interior of a manifold having
Σ as its boundary and with V̂ Wilson surface operators inserted. In (2 + 1) dimensional
topological phases, such states play a key role in the standard treatment of entanglement
entropy (say via the replica trick, lattice regularization, or an extended Hilbert space), yielding
the celebrated “topological entanglement entropy” discussed in Section 1. The primary upshot
of this section is to show that in our setup such states provide a new smoking gun topological
signature in the algebraic entropy, which we name the “essential topological entanglement.”
There will be two varieties: one associated to the topological magnetic algebra, and one
associated to the topological electric algebra:

Emag/elec := SAmag/elec[R][|v⋆⟩⟨v⋆|]. (3.45)

We will further see that these two essential topological entanglements are related by a
electric-magnetic duality.

Let us begin the discussion with the topological magnetic algebra in mind. We will
illustrate the machinery in this instance; the consideration of the other subregion algebras
will be wholly clear afterward. We will consider the global pure state

ρ =
∑
v1,v2

ψv1ψ
∗
v2 |v1⟩⟨v2| . (3.46)

and reduce it down on Amag[R] for some region R. We can express the reduced density
matrix of the state, Eq. (3.46), as element of Amag[R] via

ρR = N−1∑
wR

∑
vR

∑
v1

ψv1ψ
∗
v1−vRe−iΓ(v1,wR) ŴwR V̂vR

. (3.47)

where N = dimHΣ = |detK|bp(Σ) ensures that ρR is trace normalized over HΣ. See
Appendix D for details on this decomposition. It will be useful to split this normalization into

N = NR N∂R NRc = |detK|hR |detK|h∂R |detK|hRc , (3.48)

where hR is the number of independent (d − p − 1)-cycles deformable to R but not to Rc

(i.e. the number of (d − p − 1)-cycles spanning the austere algebra for R). And vice-versa

– 19 –



J
H
E
P
0
1
(
2
0
2
5
)
1
0
6

for hRc . Thus NR and NRc are simply the dimensions of HR and HRc , respectively, in the
decomposition Eq. (3.31). Above, h∂R is the number of (d−p−1)-cycles piercing ∂R, hd−p−1

elec ,
(counting the independent

{
v∂R
⊥

}
in the decomposition Eq. (3.27)) plus hd−p−1

mag , the number
of (d− p− 1)-cycles deformable to ∂R. As discussed above in Section 3.2, the latter of these
is equal to hp

elec, and counts the independent
{
w∂R

⊥

}
in Eq. (3.27). Thus

h∂R = hp
elec + hd−p−1

elec = hp
mag + hd−p−1

mag . (3.49)

In writing Eq. (3.47), some of the Ŵ’s and V̂’s belong to the center, Zmag[R]. It will
be useful to separate them off as

ŴwR =
∏

ηj∈̃R,✁̃∈Rc

ŴwR
j

ηj

∏
ηj∈̃R,∈̃Rc

ŴwR
j

ηj ≡ ŴwRŴw∂R
∥

V̂vR =
∏

σi∈̃R,✁̃∈Rc

V̂vR
i

σi

∏
σi∈̃R,∈̃Rc

V̂vR
i

σi ≡ V̂vRV̂v∂R
∥ . (3.50)

Diagonalizing these central elements, we can write them in terms of their eigenvalues as

Ŵw∂R
∥ =

⊕
v∂R
⊥

e
iΓ
(
v∂R
⊥ ,w∂R

∥

)
, V̂v∂R

∥ =
⊕
w∂R

⊥

e
iΓ
(
v∂R
∥ ,w∂R

⊥

)
. (3.51)

This leads to a reduced density matrix in block diagonal form, as in Eq. (3.40):

ρR =
⊕

{v∂R
⊥ ,w∂R

⊥ }
λ(v∂R

⊥ ,w∂R
⊥ )

(
ρ
(v∂R

⊥ ,w∂R
⊥ )

R
⊗ τH

Rc

)
, (3.52)

with

λ(v∂R
⊥ ,w∂R

⊥ ) = N−1
∂R

∑
w∂R

∥

∑
v∂R
∥

∑
v1

ψ∗
v1−v∂R

∥
ψv1e

−iΓ
(
v1−v∂R

⊥ ,w∂R
∥

)
+iΓ
(
v∂R
∥ ,w∂R

⊥

)

ρ
(v∂R

⊥ ,w∂R
⊥ )

R = N−1
R

∑
wR

∑
vR

∑
v1

ψ∗
v1−vR

ψv1e
−iΓ
(
v1,wR

)
ŴwR V̂vR

, (3.53)

and τH
Rc is the trace-normalized unit operator of HRc with respect to the decomposition

Eq. (3.31). We can easily verify that∑
v∂R
⊥

∑
w∂R

⊥

λ(v∂R
⊥ ,w∂R

⊥ ) =
∑
v1

ψ∗
v1ψv1 = 1, (3.54)

because the sums over w∂R
⊥ and v∂R

⊥ enforce delta functions on v∂R
∥ and w∂R

∥ , respectively.
We now will take our pure state to be a ground state, |ψ⟩ = |v⋆⟩ for fixed v⋆, which

sets ψv = δv−v⋆ (defined in Eq. (2.41)). With respect to the decomposition Eq. (3.31)
|v⋆⟩ projected onto each central eigenspace remains a product state on HR ⊗ HRc and so
ρ
(v∂R

⊥ ,w∂R
⊥ )

R
is pure on HR:

ρ
(v∂R

⊥ ,w∂R
⊥ )

R
= N−1

R

∑
wR

e
−iΓ
(
v⋆,wR

)
ŴwR =

∣∣∣vR
⋆

〉〈
vR

⋆

∣∣∣ . (3.55)
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As such its von Neumann entropy vanishes, SvN

[
ρ
(q∂R

⊥ )
R

]
= 0. The entanglement entropy

of |v⋆⟩ then comes entirely from the Shannon entropy of the distribution,
{
λ(q∂R

⊥ )
}

, which
take the form

λ(v∂R
⊥ ,w∂R

⊥ ) = N−1
∂R

∑
w∂R

∥

e
−iΓ
(
v⋆−v∂R

⊥ ,w∂R
∥

)
= δv∂R

⋆⊥−v∂R
⊥
|detK|−hd−p−1

mag ; (3.56)

that is, their support is isolated to the v∂R
⊥ sector determined by the original ground state, and

is maximally mixed on the w∂R
⊥ eigenvalues. The algebraic entanglement entropy associated

to Amag[R] of |v⋆⟩ then determines the essential topological entanglement as

Emag = −
∑

{v∂R
⊥ ,w∂R

⊥ }
λ(v∂R

⊥ ,w∂R
⊥ ) log λ(v∂R

⊥ ,w∂R
⊥ ) = hd−p−1

mag log |detK|, (3.57)

where we remind the reader

hd−p−1
mag =

d−p−2∑
n=0

(−1)d−p−2−nbn(∂R) +
d−p−1∑

n=0
(−1)d−p−1−n (bn(Σ)− dimHn(Σ, ∂R)) . (3.58)

Let us dissect this result. We make note of several features of Eq. (3.57).

• Emag probes non-local operator statistics through |detK| which can be regarded as a
“total quantum dimension” in this theory.

• Emag is independent of the ground state, |v⋆⟩, in which it is evaluated. This is in keeping
with this being an Abelian topological phase. Since operator fusion is unique in A[Σ],
the “quantum dimension,” Dv⋆ , of the V̂v⋆ building |v⋆⟩ from the condensate is unity
and so any possible contribution going as logDv⋆ will vanish.

• Emag probes topological features intrinsic to ∂R: the alternating sum of Betti numbers
on ∂R. This contribution mimics a proposed (negative) correction to the area law in
higher-dimensional topological order described by membrane-net models [25]. Here we
find this term contributes positively and appears without an area law.

• Emag possesses additional terms that depend both on the topology of Σ itself, as well
as the relative homologies of Σ and ∂R. Thus, the essential topological entanglement
is sensitive to more than the topology of ∂R itself, but also how ∂R is embedded into
Σ.14 As we argued in Section 3.1, this has to be the case since the operators counted
by Emag have to descend from non-trivial topological operators on Σ.

• Emag comes entirely from the Shannon contribution to SAmag [|v⋆⟩⟨v⋆|], while the contri-
bution from the sum of von Neumann entropies exactly vanish. It was argued that this
latter contribution corresponds to the distillable entanglement in gauge theories [22, 34].
That Emag entirely enters through the Shannon term is in keeping with its essential
non-locality: it cannot be distilled into Bell pairs by local operations.

14Note, however, that Emag is insensitive to Euler-character ambiguities, identified in [25] as both local and
global. See, for instance, eq. (C.15) showcasing this fact in an example calculation.
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We can repeat this same exercise for the entanglement entropy associated to Aelec[R]. Running
through this process one finds for a pure state the reduced density matrix decomposes in
a way wholly similar to Eq. (3.52):

ρR =
⊕{

v∂R
∥ ,w∂R

∥

}λ(v∂R
∥ ,w∂R

∥ )

(
ρ
(v∂R

∥ ,w∂R
∥ )

R
⊗ τH

Rc

)
, (3.59)

with

λ(v∂R
∥ ,w∂R

∥ ) = N−1
∂R

∑
w∂R

⊥

∑
v∂R
⊥

∑
v1

ψ∗
v1−v∂R

⊥
ψv1e

−iΓ
(
v1−v∂R

∥ ,w∂R
⊥

)
+iΓ
(
v∂R
⊥ ,w∂R

∥

)

ρ
(v∂R

∥ ,w∂R
∥ )

R = N−1
R

∑
wR

∑
vR

∑
v1

ψ∗
v1−vR

ψv1e
−iΓ
(
v1,wR

)
ŴwR V̂vR

. (3.60)

Again, for a fixed ground state, |ψ⟩ = |v⋆⟩, the reduced density matrix projected to a fixed
block of Eq. (3.33) is pure and the electric entanglement entropy comes entirely from the
Shannon entropy of

{
λ(q∂R

∥ )

}
. This distribution again is isolated onto a specific block of v∂R

∥

eigenvalues determined by the ground state and are maximally mixed onto the w∂R
∥ eigenvalues:

λ(v∂R
∥ ,w∂R

∥ ) = N−1
∂R

∑
w∂R

⊥

e
−iΓ
(
v⋆−v∂R

∥ ,w∂R
⊥

)
= δv∂R

⋆∥ −v∂R
∥
|detK|−hd−p−1

elec . (3.61)

Eelec, being given by the algebraic entanglement entropy associated to Aelec[R] of a ground
state, is then

Eelec = hd−p−1
elec log |detK|, (3.62)

where we remind the reader

hd−p−1
elec = hp

mag =
p−1∑
n=0

(−1)p−1−nbn(∂R) +
p∑

n=0
(−1)p−n (bn(Σ)− dimHn(Σ, ∂R)) . (3.63)

Again we see many familiar features of this essential topological entanglement: the dependence
of log |detK| with a coefficient displaying topological dependence of ∂R as well as Σ and how
∂R is embedded into Σ. Comparing with Eq. (3.57) we also notice

Emag 7 p 7−→(d−p−1)−−−−−−−−→ Eelec, (3.64)

which ultimately stems from the electric-magnetic duality discussed in Section 2.
Lastly for sake of completeness, we consider the centerless algebras, Aaus and Agreedy.

Since the ground states are already product states on the tensor factorizations defined by
either Aaus[R] or Agreedy[R], these two algebras yield zero entanglement entropy:

SAaus[R] [|v⋆⟩⟨v⋆|] = SAgreedy[R] [|v⋆⟩⟨v⋆|] = 0. (3.65)
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4 Discussion

In this paper we considered the algebraic approach to entanglement entropy applied to
the algebra of surface operators in Abelian BF theories. On a technical level the algebraic
approach allowed us to address issues of Hilbert space factorization while respecting the
non-local and topological nature of the gauge-invariant observables available in the low-energy
theory. On a conceptual level this investigation was predicated on finding a suitable definition
of topological entanglement that (i) can be defined intrinsically in the IR TQFT (i.e. without
the need to embed into a microscopic model, or to extend the Hilbert space with “edge
modes”) and (ii) is sensitive to longer-range and intricate forms of topology than that of the
entangling surface itself. To that end we defined two non-trivial algebras that can be assigned
to a subregion: the topological magnetic and electric algebras. To each of these algebras
we associated an algebraic entanglement entropy which we coin the “essential topological
entanglement.” Our essential topological entanglement is manifestly finite, positive, and
displays a more intricate and long-range features than the topology of the entangling surface
itself: namely, how the entangling surface is embedded into the Cauchy slice.

Let us comment on some open questions and open directions implied by this research
below.

Comparing with traditional TEE.

The essential topological entanglement shares familiar features with traditional TEE: e.g.
the log dependence on the total quantum dimension, |detK|, and the appearance of the
alternating sum of bk(∂R) which has been argued to be the coefficient of the log |detK| in
higher dimensions [25]. However, the additional dependence of E on bulk topology makes
it clear that E truly a different object than the TEE. We have emphasized above and will
emphasize again that this has to be the case. A simple example to keep in mind when
comparing the two concepts is when the region is a D-ball: R = BD. There is simply no
non-trivial operator one can assign to either Amag or Aelec: physically the BF theory has
integrated out all local degrees of freedom and there is no probe that can distinguish R from
the empty set. It is easy to see that Emag/elec = 0 in this case. However, the TEE proposed
by [25] will generically be non-zero: this is because ∂BD = SD−1 can support a top and
bottom homology group. Again this difference stems from the fact that the TEE arises from
the long-range correlations amongst UV degrees of freedom localized to ∂R while E arises
from the long-range correlations of long-range operators delocalized on Σ.

With that difference stated, we can still speculate on the form of the traditional TEE in
BF theory. As discussed above, accessing this TEE is contingent on adding in UV degrees of
freedom. However, we can easily do this by extending the Hilbert space using the methods
in [35, 36] or by regulating a replica path-integral with “edge modes.” This is the subject
of immediate follow-up to this paper [29]. We will show that the inheritance of gauge
transformations on an entangling surface is an infinite dimensional algebra that completely
organizes the entanglement spectrum of an edge-mode theory living on ∂R. This algebra is
a direct higher-dimensional analogue of the Kac-Moody algebras arising on the boundaries
of Chern-Simons theories and provides a natural procedure for constructing the extended
Hilbert space. While in general dimensions this algebra is not conformal, it lends many
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tools reminiscent of conformal field theory, e.g. a state-operator correspondence for non-local
operators [37]. The computation of the entanglement entropy of a subregion is entirely
controlled by this algebra and leads to area and sub-area laws plus a constant correction
depending on Betti numbers of ∂R.

Accessing essential topological entanglement on the lattice.

Our definition of the essential topological entanglement is strongly motivated by the IR
effective TQFT described a topological phase. In practice, however, it is much more useful
to work directly with spin lattice models or with tensor network constructions of ground
states. How does one define E in these settings?

A natural starting place are the operator algebras defined in lattice gauge theories defined
on general graphs. One can then look for a projected set of gauge invariant operators that are
both homotopy invariant as well as independent to refining or coarse graining the graph. Such
algebras were precisely considered in [27] where an algebra of “ribbon operators” were used to
define algebraic entanglement entropies in lattice gauge theories that are graph-independent,
topological, and finite dimensional. These features resonate strongly with our definition of
essential topological entanglement. In that paper all entangling regions have trivial topology
and so the contribution to the entanglement entropy comes entirely from surface operators
terminating on (non-Abelian) quasi-particle punctures in the region. In this work we have not
considered punctured states; additionally it is unlikely they will contribute to E because of
the Abelian fusion of surface operators. This makes a direct comparison to difficult. It would
be interesting to extend the methods of [27] to more interesting topologies to investigate
if our notions of algebraic entanglement coincide.

More broadly, it is fair to ask if essential topological entanglement, either defined in a
TQFT or in a lattice gauge theory, affords any practical advantages over traditional TEE.
A well known use for TEE is to diagnose whether a tensor product ansatz for a gapped
Hamiltonian truly captures topological order [38]. With this regard we do not expect E
to provide any significant advantages. However, essential topological entanglement likely
displays conceptual advantages in models where manifest background independence and
diffeomorphism invariance are desired, such as loop quantum gravity [27] or tensor network
models of quantum gravity [28].

Relation to multi-boundary entanglement.

In this paper we have defined and evaluated the essential topological entanglement in
fixed ground states. However there may be other states where the essential topological
entanglement plays an important role. Notable examples are states prepared by path-integral
on three-sphere link complements introduced in [26]. The multi-boundary entanglement
across different link components escapes the standard paradigm of topological entanglement
entropy precisely because each subsystem is collection of tori with no boundary. There are
no edge modes and there is no area law; the topological contributions (which are related
to link invariants) appear as positive and finite contributions to the entropy. The essential
topological entanglement of any basis state vanishes for boundary-less regions in the d = 3,
and p = 1 theory. However, since the Hilbert spaces appearing in [26] are finite dimensional

– 24 –



J
H
E
P
0
1
(
2
0
2
5
)
1
0
6

and possess a basis defined by the action of line operators, it is easy to argue that the
entropies appearing there can be recast as algebraic entropies of line operators. At least
for the Abelian theory, the essential topological entanglement is the right arena to do so.
In these cases all of the essential entanglement appears from the mixture of ground states
instead of the ground states themselves. This connection also presents possible clues forward
for defining E in non-Abelian theories.

Probing essential topological entanglement in general states.

We can also discuss generic pure and mixed states. The calculation of the essential topological
entanglement in these cases follows easily, however the coefficients of superposition will
typically pollute the topological aspects of the entanglement.15 This also occurs in similar
calculations of the TEE using generic pure states; see e.g. [39] for example calculations. One
benefit of the algebraic approach to entanglement is that it is clear how the structure of the
subregion algebras and their central elements lead to E ; it would be useful if this structure
could be utilized to isolate E cleanly in arbitrary states. One such structure is that Amag and
Aelec appear as complementary operator algebras [40]. Viewing Agreedy = Aelec ∨ Amag, there
is a related structure of complementary conditional expectations, E and E′,

Agreedy[R] Amag[R]

Aaus[Rc] Amag[Rc]

E

c c

E′

(4.1)

(and similarly for Aelec). One can then try to use entropic certainty relations to place strict
bounds on the relative entropies in terms of the index of [Amag : Agreedy] [40]. As of yet we
have been unable to utilize this technology to constrain the entanglement entropy of generic
pure states: it is likely possible to construct pure states whose algebraic entropy saturates
log dimHΣ and so washes out the more intricate features of E . Regardless, this avenue and
the related avenue of the topological uncertainty principle [41] are worth exploring further.

Finer measures of essential topological entanglement.

In this paper we have focussed on the entanglement entropy of a reduced ground state
expressed in a basis of surface operators. This reduced state contains potentially much more
information than its von Neumann entropy. It is worth speculating on what can be learned
from the finer structures of reduced states in the context of essential topological entanglement.
One intriguing avenue is for an entanglement-based classification of (2 + 1) dimensional
topological order beyond modular data: it was demonstrated in [42] that there arbitrarily
many examples of distinct modular tensor categories with equivalent modular data. Many of
these examples, however, can be distinguished by representations of the mapping class groups
of genus-2 surfaces [43]. Due to its sensitivity to global topological structures and global
braiding of surface operators, this presents a tantalizing advantage of essential topological
entanglement over the traditional TEE (which is only sensitive to the number of connected

15The exception being if those coefficients are topological themselves as in the states discussed in the previous
subsection.
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components of the entangling surface in (2+1) dimensions). Our discussion of multi-boundary
entanglement above already provides some evidence towards this statement: it has been
demonstrated that all of the counterexamples of [42] can be distinguished through link
invariants [44, 45]. As it stands now, the entanglement spectrum of the reduced ground states
in this paper is too simple to be utilized in this fashion. Perhaps multi-partite entanglement
measures (such as the entanglement negativity), more appropriately chosen states (such as
those in the multi-boundary set-ups), or the essential entanglement spectrum generalized to
non-Abelian ground states can provide more leverage. More broadly, the role of correlations
that the algebra of higher-form operators induce on states in distinguishing topological order
in (2 + 1) or even in higher dimensions is a future research direction worth pursuing.16

Applications beyond BF theory: fractons.

As mentioned above, much of this paper and its follow-up is motivated by the question
of topological order in higher dimensions. While our focus has been on standard Abelian
topological orders, we hope some of our ideas translate to (3 + 1) gapped fracton phases.
This translation is most easily facilitated through the “foliated field theory” framework to
describe Type I, or foliated, fracton order [46]. Fracton phases, foliated phases included, have
interesting forms of UV/IR mixing that make the distinction between different UV scales
(e.g. the energy cutoff, the momentum cutoff, and the lattice scale) subtle and important.
Essential topological entanglement eschews at least some of this subtlety: it does not rely
on a UV embedding, but instead utilizes only the structure of symmetry operators (which
may still rely on a lattice scale for foliated fracton phases). It would be very interesting
if essential topological entanglement can provide a more natural way to extract universal
features of foliated fracton phases directly in the continuum.

Essential topological entanglement in non-Abelian topological orders.

Another promising application of our formalism is the study of non-Abelian topological orders,
i.e. hosting excitations with non-Abelian statistics. Identifying microscopic realizations of
such orders remains a significant challenge.17 Similarly, analyzing entanglement patterns
in lattice models hosting non-Abelian excitations [49] is a complex task. Fortunately, their
low-energy description is still governed by TQFT.

Although we have focussed on essential topological entanglement in Abelian BF theory,
the extension to other TQFTs is conceptually straightforward. We expect therefore our
formalism to be particularly valuable in this context, as it provides direct insights into the
entanglement structure of such topological orders, within the low-energy framework.

For instance, a non-Abelian topological order based on a finite group is described by
a Dijkgraaf-Witten theory [50]. There, topological operators are labelled by irreducible
representations and conjugacy classes, with their commutation relations and fusion rules
generalizing eqs. (2.34) and (2.36): they act on each other via characters, and fuse according
to Clebsch-Gordan and class multiplication coefficients. Our construction naturally extends
to this setting. The main technical challenge in computing ETE for Dijkgraaf-Witten theories

16We thank an anonymous referee for suggesting this direction to us.
17For recent progress, see [47, 48].
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lies in explicitly decomposing the Hilbert space and reduced density matrix. However, this
also reveals how ETE encodes fine details of the topological order: the braiding and fusion
rules should be reflected in the Shannon coefficients of the reduced density matrix. Beyond
this, even richer scenarios emerge in cases where the TQFT involves more general categories
(e.g. containing operators of more codimensions). Adapting ETE to such scenarios is an
area of ongoing research.

Essential topological entanglement in generic theories.

Finally, essential topological entanglement might prove to be a useful concept in generic
(non-topological) quantum field theories exhibiting generalized global symmetries. This
follows from the realization that symmetries, and more broadly generalized symmetries,
are synonymous with topological operators (of various codimensions, invertible or non-
invertible) [51, 52].18 One can then define topological operator algebras in a generic quantum
field theory, by restricting to the algebras of symmetry operators. More formally, the sandwich
approach [54, 55] to global symmetries, provides an avenue to delineate these operators
from the rest of the theory: all symmetry operators live in the one-higher-dimensional
SymTFT [56], which is a topological field theory in its own right. Therefore the essential
topological entanglement applied to this SymTFT is a potential probe of an indistillable,
symmetry-induced, entanglement of the original theory.

Along these lines, we can lastly speculate on consequences for gravity. It is strongly
believed that quantum gravity has no global symmetries (see e.g. [57–59]), although there
are exceptions in low-dimensional models excluding black holes [60]. It is tempting to phrase
this condition in the language of entanglement and conjecture that quantum gravity has no
essential topological entanglement, which might be a weaker, but more universal condition
on quantum gravity.
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A Precision BF

In this appendix we take a closer look at BF theory in cases where the usual definitions are
insufficient, such as when the theory is defined on a manifold with torsion. The appropriate
language to define BF theory precisely is that of differential cohomology. We use this
language to write down the BF action on a generic manifold and give a precise definition

18There is a multitude of results stemming from this realization, see e.g. [53] for a more complete list.
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of the path-integral measure and its properties. For the following we will take X to be a
d-dimensional manifold, possibly with boundary and we will denote by ι∂ : ∂X ↪→ X the
embedding of the boundary.

When studying p-form gauge theories on a non-trivial manifold the p-form gauge field
is insufficient to capture all the topological properties of the theory. Instead, the relevant
degrees of freedom can be captured by a (p+1)-cocycle in differential cohomology, Ȟp+1(X),19

i.e. a triplet Ǎ = (A,NA, FA), where A is a regular p-cochain (the gauge field), NA is a (p+1)-
cocycle (giving rise to the flux, upon integration) and FA is a closed (p+ 1)-form (the field
strength). The constituents of the triplet are related by a constraint: FA = dA+NA. To define
actions, we also need a product in differential cohomology, ∨ : Ȟp(X)× Ȟq(X) → Ȟp+q(X),
that will replace the usual wedge product of differential forms. For a gentle introduction on the
usage of differential cohomology in higher-gauge theories see [61], while for a mathematically
rigorous approach see [62]. The bottomline, is that using the product ∨, one can write the
BF action, on a generic d-dimensional manifold X, as a pairing in differential cohomology:

SBF
[
Ǎ, B̌

]
:=
∫

X
B̌ ∨ Ǎ, (A.1)

The above action can we written in more user-friendly way as

SBF
[
Ǎ, B̌

]
=
∫

X
Bflat ∧ dA+

∫
PD[NA]

B, (A.2)

where Bflat is, as the name suggests the flat part of B, with FBflat = 0 and PD[NA] ∈
Hd−p−1(X) is the Poincaré dual of NA. Here let us note that while differential cohomology is
the correct framework to define BF theory, in practice only the torsion part of X can have a
non-trivial effect. This is most readily seen in Eq. (A.2). Since Hd−p−1(X) ∼= Tord−p−1(X)⊕
Zbd−p−1(X), Dirac quantization implies that the non-torsion part of the second term contributes
as 2π × integer, which is trivial upon exponentiation. Therefore the action is effectively
S =

∫
X B∧dA+torsion, reducing to the usual BF action, Eq. (2.1), whenever X has no torsion.

The final step to close this intellectual detour is to define the BF path-integral. The
formal path-integral measure is

dµ (Ǎ, B̌) := DǍDB̌ eiSBF[Ǎ,B̌], (A.3)

where we are summing over differential cohomology elements. The functional measure DǍ
instructs us to integrate over all closed (p + 1)-forms FA ∈ Ωp+1

cl (X), integrate over all
p-cochains A ∈ Cp(X), and finally sum over all (p+ 1)-cohomology classes, NA ∈ Hp+1(X),
respecting the constraint FA = dA+NA. Moreover, to avoid overcounting we need to identify
configurations that differ by a flat (p − 1)-form field that vanishes on the boundary. The
latter we will do simply by dividing out by the volume of these gauge transformations. The
integral over FA is trivial, due to the constraint, so we are left with∫

Ȟp+1(X)
DǍO[Ǎ] =

∑
NA∈Hp+1(X;Z)

∫
Cp(X)

DA
vol(Gp(X))O[(A,NA, δA+NA)], (A.4)

where O[Ǎ] is an arbitrary test-functional.
19More precisely, differential cohomology is categorical in spirit, so this is a workable model of it, known as

Deligne or Deligne-Beilinson cohomology.
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We will only be dealing with a continuous structure group, therefore, we can safely regard
A as a p-form. In this case, Gp is defined recursively as (taking G0 = ∅)

Gp(X) :=
{
α ∈ Ωp−1(X)

∣∣∣ ι∗∂α = 0
}/

Gp−1(X). (A.5)

Note that the gauge transformations act in principle also on NA. Their action has been,
however, absorbed into constraining NA to be in the cohomology rather than in Zp+1(X;Z).
Obviously, the story is the same for DB̌, with the appropriate changes in form-degrees.

One important property of the measure Eq. (A.3), which we use in the main text, is that
if we shift Ǎ and B̌ by some fixed α̌ and β̌ respectively, the measure transforms as

dµ (Ǎ+ α̌, B̌ + β̌) = dµ (Ǎ, B̌) eiSBF[α̌,B̌] eiSBF[Ǎ,β̌] eiSBF[α̌,β̌]. (A.6)

B Algebras with trivial center

As has been mentioned at several points in the main text, one hallmark of gauge theories is
the presence of centers in algebras assigned to subregions. While this feature is generic, the
assignment of an algebra, A[R], to a region, R, is ultimately a choice. As such one may ask if
there is enough ambiguity to assign a centerless algebra to R. To be clear, of course one can
always assign, by fiat, a centerless algebra to R; for two (extreme) instances:

A[R] = spanC{1} or A[R] = A[Σ], (B.1)

where A[Σ] is the full algebra of operators20 on HΣ. However, these assignments tell us
absolutely no physics about the region in which we are interested! Barring such “madman
assignments,” centerless subalgebras associated to a subregion R are highly non-generic in
gauge theories, yet they may still exist. We can attempt to build such an subalgebra by starting
from a generic (centerful) algebra, A[R], and either (i) systematically excluding operators from
Z[R] [20] (a process we will call reduction), or (ii) systematically adding to A[R] operators
from A[Σ] that do not commute with Z[R] (what we will call extension). In the course of both
of these processes, the resulting A[R] will have a more tenuous relationship to its associated
region R. However, to maintain at least some degree of association between A[R] and R we
will focus on reductions and extensions that are minimal to ensuring A[R] is centerless.

Starting then from Amag[R], minimal reduction and minimal extension result in two
centerless algebras associated to R, respectively:

The austere algebra.

For the process of reduction, we remove from Amag[R] the surface operators homotopic to ∂R.
Since these are also the operators deformable to being contained in Rc, this equivalent to

Aaus[R] := U
{
Ŵwi

ηi , V̂vj

σj

∣∣∣ ηi, σj ∈̃R and ηi, σj
✓✓̃∈Rc

}
= Amag[R] ∩ Aelec[R], (B.2)

i.e. Aaus[R] is generated only by surface operators that, homotopically, must be completely
in R.

20We assume that A[Σ] has no center. This is true for the algebra of surface operators in this section.
However, in lattice gauge theories, it is not typically true: there are an extensive number of Gauss operators
that generate a global center [23]. Gauge-invariant states in the BF theory (treated as an IR EFT of such a
lattice gauge theory) live in a fixed eigenvalue sector of this “microscopic center”.
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The greedy algebra.

For extension, we now add to Amag[R] the minimal basis of surface operators that “pierce”
∂R. These link with operators on ∂R and so prohibit them from forming a center:

Agreedy[R] := U
{
Ŵwi

ηi , V̂
vj
σj

∣∣∣ ηi, σj ∈̃R or ηi, σj
✓✓̃∈Rc

}
= Amag[R] ∪ Aelec[R] (B.3)

i.e. Agreedy[R] is generated by all surface operators that are either homotopically in R, or
topologically must have “a leg in R”.21

It is clear the same algebras can be constructed from the reduction and extension,
respectively, of Aelec[R], as well. It is also clear that

(Aaus[R])c = Agreedy[Rc], (Agreedy[R])c = Aaus[Rc]. (B.4)

Because these two subalgebras have trivial center, they should correspond to honest
tensor factorizations of HΣ. This is indeed the case. Returning to the partition of a general
state, Eq. (3.22), for the austere algebra, we simply group the charges associated with central
surface operators with Rc

|v⟩ :=
∣∣∣{vR

}
,
{
vRc+}〉 {

vRc+} :=
{
v∂R
⊥ , v∂R

∥ , vRc
}
, (B.5)

while for the greedy algebra, we group them in with R:

|v⟩ :=
∣∣∣{vR+}

,
{
vRc

}〉 {
vR+} :=

{
vR, v∂R

⊥ , v∂R
∥

}
. (B.6)

Correspondingly the Hilbert space decomposes as

HΣ = HR ⊗HRc+ or HΣ = HR+ ⊗HRc , (B.7)

under the action of Aaus[R] or Agreedy[R], respectively. There is a cost for being centerless:
our centerless algebras, Aaus[R] and Agreedy[R], have looser relationships to their associated
region. Correspondingly, Hilbert space decompositions such as Eq. (B.7) may possess less
information about a region than decompositions possessing a center. Additionally, even
though we have arrived at Aaus(greedy)[R] through minimal reduction (extension), owing to
the topological nature of the theory and its operator content, the dissociation from R may
still be drastic indeed. For example, as illustrated in Figure 3, there are situations (namely
when either A[R] = Z or A[Rc] = Z) where minimal extension or subtraction can result in
everything-or-nothing centerless algebras

Aaus[R] = spanC{1} or Agreedy[R] = A[Σ], (B.8)

even when R, Amag[R], and Aelec[R] are non-trivial. In such situations, insofar as the
entanglement entropy is concerned, the cost of being centerless is then very heavy: it is
zero for all pure states.

21To be precise Agreedy[R] should be the smallest algebra containing the two. That is the generated algebra,
Amag[R] ∨ Aelec[R] := (Amag[R] ∪ Aelec[R])cc. But for finite-dimensional operator algebras, as is our case, it
coincides with Eq. (B.3), since Acc = A is automatically guaranteed. See also [63].
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R

Rc

∂Rm1

ℓ1 m3

ℓ3

m2

ℓ2

∂R

Figure 2. The austere algebra Aaus[R] and the greedy algebra Agreedy[Rc], on a 3-torus, generated
by a basis of operators along longitude and meridian cycles, {ℓi,mi}i=1,2,3. The color-coding follows
that of figure 1.

m1

ℓ1

m2

ℓ2

m3

ℓ3

R
Rc

∂R

∂R

Figure 3. An example of “everything-or-nothing” centerless algebras: Agreedy[R] = A[Σ], Aaus[Rc] =
spanC {1}.

C Proofs for section 3

Proof of subregion electric-magnetic duality.

Subregion electric-magnetic duality as described in Section 3.1 is the statement that the surface
operators generating Amag[R] are in 1-1 correspondence with surface operators generating
Aelec[R]. Let us prove it. To do so, it suffices to show the following:

Claim. The pairing

L : Hp(Σ)×Hd−p−1(Σ) −→ R

(η, σ) 7−→
∫

η∩σ
1

is non-degenerate restricted to im iRp × coker iRc
d−p−1, where, as explained in the main text

iRk : Hk(R) → Hk(Σ) is the pushforward in homology of the map that embeds R into Σ and
similarly for Rc.

Proof. Let us assume the opposite of the claim. That is, either,

(i) There exists an η̂ ∈ im iRp , such that L(η̂, σ) = 0, for all σ ∈ coker iRd−p−1 or

(ii) There exists a σ̂ ∈ coker iRp , such that L(η, σ̂) = 0, for all η ∈ im iRd−p−1.
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Note that since η ∈ im iRp , it can always be homotopically deformed to lie entirely in R.
We can therefore restrict our attention to cycles restricted in R. Then η|R ∈ Hp(R), while
σ|R ∈ Hd−p−1(R, ∂R).

Let us assume case (i). By Poincaré-Lefschetz duality, Hd−p−1(R, ∂R) ∼= Hp(R \ ∂R)
∼= Hp

(
R
)
, we have

0 =
∫

η̂|R∩σ|R
1 =

∫
η̂|R

PD[σ|R],
∀PD[σ|R] ∈ Hp

(
R
)
, (C.1)

where PD[·] denotes the Poincaré(–Lefschetz) dual of a cycle. In words, there exists a p-cycle
of R that is orthogonal to all p-cohomology classes of R, which is impossible. The proof
of (ii) is wholly similar, with the difference being that the conclusion is that there exists a
p-cohomology class in R orthogonal to all p-cycles of R, which is again impossible.

Proof of claim Eq. (3.9).

Claim.
(Amag[R])c = U

{
Ŵwi

ηi , V̂
vj
σj

∣∣∣ ηi, σj ∈̃Rc
}
≡ Amag[Rc]. (C.2)

Proof. Consider first the commutant of the operators V̂v
σ ∈ Amag[R]. We want to show that

Ŵw
η commutes with all V̂v

σ ∈ Amag[R] iff η ∈ im iR
c

p . Firstly note that by the definition of the
algebra, Eq. (2.34), Ŵw

η commutes with V̂v
σ iff L(η, σ) = 0. The statement we need to prove

reduces, then, to the following:

L(η, σ) = 0, ∀σ ∈ im iRd−p−1 iff η ∈ im iR
c

p . (C.3)

(⇒) If η ∈ im iR
c

p , it is clear that L(η, σ) = 0, ∀σ ∈ im iRd−p−1, since we can homotopically
move σ and η to lie within the interior of R and Rc respectively.

(⇐) We will prove the only if direction ad absurdum. For that, suppose that η /∈ im iR
c

p . Then,
since Hp(Σ) = im iR

c
p ⊕ coker iRc

p , η ∈ coker iRc
p . Restricted to R then, η|R ∈ Hp(R, ∂R)

and σ|R ∈ Hd−p−1(R). By Poincaré-Lefschetz duality, Hp(R, ∂R) ∼= Hd−p−1(R \ ∂R) =
Hd−p−1

(
R
)

and we have then,

0 != L(η, σ) = L(η|R , σ|R) =
∫

σ|R
PD[η|R], ∀σ ∈ im ipR. (C.4)

where, PD[η|R] ∈ Hd−p−1
(
R
)

is the Poincaré-Lefschetz dual of η|R. That is to say,
PD[η|R] must be orthogonal to all (d−p−1)-cycles of R, which is impossible. Therefore
the assumption that η /∈ im iR

c
p was absurd.

The proof for the commutant of operators Ŵw
η ∈ Amag[R] is wholly similar, concluding thus

the proof of the claim.

Proof of claim Eq. (3.15).

Claim.
(Aelec[R])c = U

{
Ŵwi

ηi , V̂vj

σj

∣∣∣ ηi, σj
✓✓̃∈R

}
= Aelec[Rc]. (C.5)
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Proof. Consider first the commutant of the operators V̂v
σ ∈ Aelec[R]. We want to show that

Ŵw
η commutes with all V̂v

σ ∈ Aelec[R] iff η ∈ coker iRp . As before, by the definition of the
algebra, Eq. (2.34), the statement we need to prove reduces to:

L(η, σ) = 0, ∀σ ∈ coker iRc
d−p−1 iff η ∈ coker iRp . (C.6)

(⇐) We will first prove the only if direction. This we will prove again by contradiction. For
that, suppose that η /∈ coker iRp . Then, η ∈ im iRp . Restricting to R we have η|R ∈ Hp(R)
and σ|R ∈ Hd−p−1(R, ∂R). By Poincaré-Lefschetz duality, Hd−p−1(R, ∂R) ∼= Hp(R \
∂R) = Hp

(
R
)

hence,

0 != L(η, σ) = L(η|R , σ|R) =
∫

η|R
PD[σ|R],

∀σ ∈ coker ipR. (C.7)

where, PD[σ|R] ∈ Hp
(
R
)

is the Poincaré-Lefschetz dual of σ|R. That is to say, every
p-cocycle in the interior of R must be orthogonal to η|R, which is impossible. Therefore
the assumption that η /∈ coker iRc

p was absurd.

(⇒) The if direction follows immediately from subregion electric-magnetic duality, proven
above, and the fact that the rank of L is bp(Σ) (since it is inverse to Gp as a matrix). The
restrictions of L to the subspaces
im iRp × coker iRc

d−p−1 and coker iRp × im iR
c

d−p−1 saturate the rank of L, hence the rank
of L restricted to coker iRp × coker iRc

d−p−1 is zero. In other words for any η ∈ coker iRp ,
L(η, σ) = 0, ∀σ ∈ coker iRc

d−p−1, concluding the proof.

The proof for the commutant of operators Ŵw
η ∈ Aelec[R] is wholly similar, concluding thus

the proof of the claim.

Counting the magnetic and electric centers.

Let us first focus on the magnetic center. Consider, as in the main text, the pushout square
that embeds ∂R into Σ through R and Rc:

∂R R

Rc Σ

jR

iR

iRc

jRc ℓ∂R

Each of these maps induces a push-forward on the homology,

jR(c)
k : Hk

(
∂R(c)

)
→ Hk

(
R(c)

)
(C.8)

iR
(c)

k : Hk

(
R(c)

)
→ Hk(Σ). (C.9)

The operators in the magnetic algebra of R, Amag[R], are generated by surface operators
whose cycles lie in the image of iRp and iRd−p−1 and similarly for Amag[Rc], replacing R by
Rc. The cycles generating the center then lie in im iRp ∩ im iR

c
p and im iRd−p−1 ∩ im iR

c
d−p−1.

Since R and Rc share only ∂R, it is evident that the cycles generating the center lie
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in im
(
iR ◦ jR

)
k
∼= im

(
iR

c ◦ jRc
)

k
=: im ℓ∂R

k , as illustrated by the above pushout square.
Therefore, the dimension of the magnetic center is

|Zmag[R]| = |detK|
(
hp

mag+hd−p−1
mag

)
, hk

mag = dim im ℓ∂R
k . (C.10)

Since ∂R ⊂ Σ, we can calculate dim im ℓ∂R
k by the long exact sequence of relative homol-

ogy [64]:

· · · → Hk(∂R)
ℓk→ Hk(Σ)

rk→ Hk(Σ, ∂R)
δk−1→ Hk−1(∂R) → · · · . (C.11)

Using exactness of the sequence, we find that

dim im ℓk = (−1)k−1
k−1∑
n=0

(−1)n dimHn(∂R)

+ (−1)k
k∑

n=0
(−1)n(dimHn(Σ)− dimHn(Σ, ∂R)

)
, (C.12)

which leads to Eq. (3.12).
It is useful to pause at this point and illustrate how the bulk dependent terms of Eq. (C.12)

ensure the correct counting of operators when Σ is topologically trivial. For example, consider
the case when Σ = S2, R is collection of q disks such that ∂R = ⊔q S1, and let k = 1. In
this case, since there are no non-trivial 1-cycles on S2, there are no 1-cycle operators in A[Σ]
to count. We should find dim im ℓ1 = 0. Applying Eq. (3.12) we find

dim im ℓ1 = dimH0(∂R)− dimH0
(
S2
)
+ dimH0

(
S2, ∂R

)
+ dimH1

(
S2
)
− dimH1

(
S2, ∂R

)
= q − 1 + dimH0

(
S2, ∂R

)
− dimH1

(
S2, R

)
(C.13)

To calculate the dimensions of the relative homologies, we note that Hn(Σ, ∂R) ∼= H̃n(Σ/∂R)
where H̃n(·) denotes reduced homology and Σ/∂R is the quotient space. By definition of the
reduced homology dim H̃0

(
S2/∂R

)
= 0 and we can easily calculate dim H̃1

(
S2/∂R

)
= q − 1,

as illustrated in Figure 4. Thus indeed

dim im ℓ1 = 0 (C.14)

in this case.
Coming back to the general case, we can now sum the hp

mag and hd−p−1
mag , to find

hmag := dimimℓ∂R
p +dimimℓ∂R

d−p−1

=2
p−1∑
n=0

(−1)p−1−ndimHn(∂R)+(−1)p−1χ(∂R)+dimHp(Σ)+(−1)pχ(Σ)

+
p∑

n=0
(−1)p−1−ndimHn(Σ,∂R)+

d−p−1∑
n=0

(−1)d−p−ndimHn(Σ,∂R)

=2
p−1∑
n=0

(−1)p−1−ndimHn(∂R)+(−1)p−1χ(∂R)+dimHp(Σ)+(−1)pχ(Σ)

+(−1)p−1χ(Σ,∂R)−dimHp(Σ,∂R)+(−1)d−p−1 (dimHd−1(Σ,∂R)−dimH0(Σ,∂R))

=2
p−1∑
n=0

(−1)p−1−nbn(∂R)+(bp(Σ)−dimHp(Σ,∂R))

+(−1)d−p−1 (dimHd−1(Σ,∂R)−dimH0(Σ,∂R)) . (C.15)
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Figure 4. (Left) The setup of the above example: Σ = S2 and R =
⊔q B2. (Right) Σ/∂R.

which leads to Eq. (3.13). In the second line above we’ve used Hn(·) ∼= HD−n(·) for absolute
homologies on D-dimensional compact spaces. In the third line we’ve used the similar relation
for the relative homology Hn(Σ, ∂R) which holds for all degrees except the top and bottom
degrees, Hd−1(Σ, ∂R) and H0(Σ, ∂R), respectively.22 Additionally,

χ(Σ, ∂R) :=
d−1∑
n=0

(−1)n dimHn(Σ, ∂R)

is the relative Euler characteristic of the pair (Σ, ∂R), and χ(∂R)−χ(Σ)+χ(Σ, ∂R) = 0, as it is
simply the rank-nullity relation of Eq. (C.11). Lastly, we’ve used dimHn(·) = dimHn(·) ≡ bn(·)
for absolute homologies on compact spaces.

For counting the dimension of Zelec[R], let us show

hp
elec = hd−p−1

mag . (C.16)

That is, the number of p-cycles, η, such that η✓✓̃∈R,✓✓̃∈Rc is equal to the number of (d− p− 1)-
cycles, σ with σ ∈̃ R, ∈̃Rc. To show this we need is suffices to show the following.

Claim. The pairing
L(η, σ) :=

∫
η∩σ

1 (C.17)

is non-degenerate restricted to (coker iRp ∩ coker iRc
p )× (im iRd−p−1 ∩ im iR

c
d−p−1).

Proof. Suppose not. That is either

(i) there exists a η̂ ∈ coker iRp ∩ coker iRc
p such that L(η̂, σ) = 0,

for all σ ∈ im iRd−p−1 ∩ im iR
c

d−p−1 or

22To see that, we note again that Hn(Σ, ∂R) ∼= H̃n(Σ/∂R). For the reduced homology, it holds that H̃n(·) ∼=
Hn(·), whenever n ̸= 0. On Σ/∂R, one can define a non-degenerate pairing L : Hn(Σ/∂R)×HD−n(Σ/∂R) → R,
as L(α, β) :=

∫
α∩β

1. This renders Hn(Σ/∂R) ∼= HD−n(Σ/∂R) whenever n /∈ {0, D} and shows the desired
statement for relative homology.

– 35 –



J
H
E
P
0
1
(
2
0
2
5
)
1
0
6

(ii) there exists a σ̂ ∈ im iRd−p−1 ∩ im iR
c

d−p−1 such that L(η, σ̂) = 0,
for all η ∈ coker iRp ∩ coker iRc

p .

If we suppose (i), then there is no homotopic obstruction to deforming η̂ to either entirely R
or Rc which contradicts it lying in the cokernels of iR and iR

c . So let us suppose (ii) and
pick a σ̂ satisfying (ii). Because L is a non-degenerate pairing on Hp(Σ)×Hd−p−1(Σ) there
exists a η̌ ∈ Hp(Σ) such that L(η̌, σ̂) ̸= 0. By assumption, η̌ must lie in either im iRp or im iR

c
p

and so is completely deformable within Σ to either R or Rc. But then L(η̌, σ̂) must actually
vanish because σ̂, which lies in im iRd−p−1 ∩ im iR

c
d−p−1, can be deformed to the respective

complementary region so that it has no intersection with η̌. This contradiction completes the
proof that L is non-degenerate on (coker iRp ∩ coker iRc

p )× (im iRd−p−1 ∩ im iR
c

d−p−1).

Similar arguments show that hd−p−1
elec = hp

mag. As a consequence

|Zelec| = |Zmag|. (C.18)

D Decomposition of the reduced density matrix

Given a state

ρ =
∑
v,v′

ρv,v′
∣∣v〉〈v′∣∣ , ρ∗v,v′ = ρv′,v,

∑
v

ρv,v = 1, (D.1)

we wish to write down the reduced density matrix, ρR, corresponding to the subregion algebra,
Amag[R]. The general ansatz for this reduced density matrix is given by

ρR =
∑
{wR

i }

∑
{vR

j }
C{wR

i },{vR
j }

∏
ηi∈̃R

ŴwR
i

ηi

∏
σj∈̃R

V̂vR
j

σj , (D.2)

for some coefficients C. We notate the charges wR and vR to indicate that they are for
surface operators deformable into R. Given that Ŵwi=0

ηi and V̂vj=0
σj both act as the identity,

it will be notationally useful to extend
{

wR
i

}
and

{
vR

j

}
to full charge vectors wR ∈ (ΛA)h

and vR ∈ (ΛB)h, respectively, with zero entries for all cycles not deformable into R:

wR
i = vR

j = 0 ∀ηi, σj
✓✓̃∈R. (D.3)

We then write

ρR =
∑
wR

∑
vR

CwR,vR ŴwR V̂vR
. (D.4)

Hermiticity and unit-trace (with respect to HΣ) imply

C∗
wR,vR = C−wR,−vR eiΓ(vR,wR) (D.5)

and
C0,0 = (dimHΣ)−1 = |detK|−bp(Σ) ≡ N−1

Σ , (D.6)

– 36 –



J
H
E
P
0
1
(
2
0
2
5
)
1
0
6

respectively. We can solve for the coefficients CwR,vR in terms of the coefficients of the
state, ρv,v′ , by enforcing

Tr (ρR OR) = Tr (ρOR) =
∑
v,v′

ρv,v′
〈
v′
∣∣OR

∣∣v〉 , (D.7)

for all OR ∈ Amag[R]. By considering a generic element OR = ŴŵRV̂v̂R (for fixed ŵR and
v̂R) we can easily work out

CwR,vR = N−1
Σ
∑
v̄

ρv̄,v̄−vRe−iΓ(v̄,wR). (D.8)

Thus we can write a generic reduced density matrix as

ρR = N−1
Σ
∑
wR

∑
vR

∑
v̄

ρv̄,v̄−vRe−iΓ(v̄,wR) ŴwR V̂vR
. (D.9)

In particular for a pure state (as in Section 3.3),

ρ =
∑
v,v′

ψvψ
∗
v′
∣∣v〉〈v′∣∣ , (D.10)

the reduced density matrix is written as

ρR = N−1
Σ
∑
wR

∑
vR

∑
v̄

ψv̄ψ
∗
v̄−vRe−iΓ(v̄,wR) ŴwR V̂vR

. (D.11)
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