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In general, a finitely presented group can have very nasty properties, but many of these

properties are avoided if the group is assumed to admit a nice action by isometries on a

space with a negative curvature property, such as Gromov hyperbolicity. Such groups are

surprisingly common: there is a sense in which a random group admits such an action, as

do some groups of classical interest, such as fundamental groups of closed Riemannian

manifolds with negative sectional curvature. If a group admits an action on a Gromov

hyperbolic space then large scale properties of the space give useful invariants of the group.

One particularly natural large scale property used in this way is the Gromov boundary.

The Gromov boundary of a hyperbolic group is a compact metric space that is, in a

sense, approximated by spheres of large radius in the Cayley graph of the group. The

technical results contained in this thesis are effective versions of this statement: we see

that the presence of a particular topological feature in the boundary of a hyperbolic group

is determined by the geometry of balls in the Cayley graph of radius bounded above by

some known upper bound, and is therefore algorithmically detectable.

Using these technical results one can prove that certain properties of a group can

be computed from its presentation. In particular, we show that there are algorithms

that, when given a presentation for a one-ended hyperbolic group, compute Bowditch’s

canonical decomposition of that group and determine whether or not that group is

virtually Fuchsian.

The final chapter of this thesis studies the problem of detecting Čech cohomological

features in boundaries of hyperbolic groups. Epstein asked whether there is an algorithm

that computes the Čech cohomology of the boundary of a given hyperbolic group. We

answer Epstein’s question in the affirmative for a restricted class of hyperbolic groups:

those that are fundamental groups of graphs of free groups with cyclic edge groups. We also

prove the computability of the Čech cohomology of a space with some similar properties

to the boundary of a hyperbolic group: Otal’s decomposition space associated to a line

pattern in a free group.
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Chapter 1

Introduction

Geometric group theory has its roots in the idea that one can learn about a group from the

geometric properties of its Cayley graph, or more generally the geometry of other spaces

on which the group admits a nice action. Fundamental to this idea is the Švarc-Milnor

Lemma, which tells us that, given a group G acting nicely on a metric space X , the large

scale geometry of X depends only on G , and so large scale properties of X can be powerful

invariants of the group G . This raises the following question.

Question 1.0.1. On how large a scale does one need to look at a space to see its large scale

features? To what extent does the geometry of a ball of large but bounded radius in the

Cayley graph of a group determine the large scale geometry of that group?

In this thesis we answer this question for certain large scale properties of groups

satisfying an important curvature condition, called Gromov hyperbolicity. This property

was introduced by Gromov [Gro87] as a coarse notion of negative curvature. Groups that

act on these spaces are well behaved in very many ways, and share many nice properties

with free groups, but the definition is not narrow: many groups of classical interest—such

as fundamental groups of hyperbolic manifolds—are hyperbolic, as are most finitely

presented groups.

Here we are particularly interested in those geometric properties of a hyperbolic group

that are derived from its Gromov boundary. See Section 2.2 for a definition of this space.

This space can be thought as a limit of spheres in the Cayley graph of the group. Large

spheres give good approximations to the boundary, and it is possible that, for a given

question about the boundary, we might be able to say that some large sphere approximates

the boundary sufficiently well to answer that question.
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Question 1.0.2. Given a property P that the boundary of a hyperbolic group G might and

might not possess, can we decide whether or not ∂G has P by looking at a sphere in G of

some predetermined size?

Some important properties that the boundary of a hyperbolic group can possess are

equivalent to abstract algebraic properties of the group, so that showing that such a

property of the boundary is determined by a ball in the Cayley graph of predetermined

size is equivalent to showing that such a finite ball determines an algebraic property

of the group. The connectivity properties of the boundary studied in this thesis are

closely connected to the structure of splittings of the group as amalgamated products

and HNN extensions. Disconnectedness of the boundary is equivalent by a theorem of

Stallings [Sta68, Sta71] to the existence of a splitting of the group over a finite subgroup.

In the absence of splittings over finite subgroups, decompositions of the group over its

virtually cyclic subgroups are governed by the structure of cut pairs in its boundary. (A cut

pair in a connected topological space M is a pair of points p and q such that M − {p, q} is

disconnected.)

We shall also be interested in the property of having circular boundary. By the Con-

vergence Group Theorem of Tukia, Gabai, Casson and Jungreis [Tuk88, Gab92, CJ94], a

hyperbolic group has circular boundary if and only if it it maps with finite kernel onto the

fundamental group of a closed hyperbolic orbifold of dimension two.

Finally, by a theorem of Bestvina and Mess [BM91] the Čech cohomology of the bound-

ary of a hyperbolic group is equal (modulo a shift in dimension) to the cohomology of

that group with coefficients in the group ring. Čech cohomological properties are the final

class of boundary properties studied in this thesis, now for a space closely related to the

Gromov boundary of a hyperbolic group: Otal’s decomposition space of a line pattern in a

free group.

Answers to Questions 1.0.1 and 1.0.2 have implications for the computability theory of

groups: if one can say in advance that a particular large scale geometric property would

be visible at a certain scale then by looking at a ball in the Cayley graph of the group of

that scale one can tell whether or not the group possesses that property. To do this one

must be able to algorithmically construct arbitrarily large balls in the Cayley graphs of

the groups under consideration. This is equivalent to requiring a solution to the word

problem in the group. This requirement is no impediment to the results of this thesis,

since the word problem is known to be solvable for hyperbolic groups.

This thesis is structured as follows. We begin by reviewing some preliminary material

which will be required later in the thesis: in Chapters 2 and 3 we review some key properties
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of hyperbolic groups and splittings of groups respectively. No part of either chapter is

original, except for the proof of Proposition 3.6.9.

In Chapter 4 we answer Question 1.0.2 for some connectivity properties of the bound-

ary of a hyperbolic group. This answer has applications to computability results: in

Chapter 5 we show how to apply the results of Chapter 4 to prove the computability of

certain canonical decompositions of hyperbolic groups. Most results of these two chapters

appear in [Bar18].

In Chapter 6 we answer Question 1.0.1 for cohomological properties of a space closely

related to the Gromov boundary of a hyperbolic group: the decomposition space associ-

ated to a line pattern in a free group. A line pattern is a collection of words in a free group;

geometrically it can be thought of as a family of lines in the Cayley graph of the free group,

which is a tree. The geometry of these lines is modelled locally by the Whitehead diagrams

for the line pattern, and these diagrams take the role previously played by large balls in

the Cayley graph. These results are taken from [Bar17]. As a corollary, we show that the

Čech cohomology of the boundary of a hyperbolic graph of free groups with cyclic edge

groups is computable.

1.1 Detecting connectedness properties of the boundary

In Chapter 4 we answer some questions about topological properties of the boundary

of a hyperbolic group. In answering these questions Bestvina and Mess’s [BM91] double

dagger condition ‡(n) is very useful. This is a geometric property of the Cayley graph of the

group and is equivalent to a quantitative local connectedness property of the boundary.

See Section 3.6.1 for a definition of the double dagger condition. The size of the sphere

that one must look at to answer questions about connectivity properties of the boundary

will depend on the value of the parameter n with which the double dagger condition

holds.

The main geometric results of this thesis answer these types of questions. The following

theorem will be proved in Chapter 4.

Theorem 1.1.1. There are functions N1(δ,n,k) and N2(δ,n,k) such that, given a group G

with a generating set of size k such that the Cayley graph with respect to that generating set

is δ-hyperbolic and satisfies ‡(n), we have the following equivalences.

1. There is a cut pair in ∂G if and only if the ball of radius N1 in the Cayley graph of G

with respect to the given generating set contains a particular feature, which we shall

call a coarsely separating geodesic segment.
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2. Secondly, ∂G is homeomorphic to a circle if and only if the ball of radius N2 in the

Cayley graph of G with respect to the given generating set contains a second feature,

which we shall call a coarsely non-separating geodesic segment.

1.2 Computing splittings and JSJ decompositions

As a corollary to Theorem 1.1.1, we obtain the following computability results.

Theorem 1.2.1. There is an algorithm that takes as input a presentation for a hyperbolic

group G and returns the answers to the following two questions.

1. Does ∂G contain a cut pair?

2. Is ∂G homeomorphic to a circle?

After some precomputation to compute the constant δ with respect to which the

Cayley graph is δ-hyperbolic and the constant n such that the Cayley graph satisfies ‡(n),

the algorithm of Theorem 1.2.1 only requires the computation of a ball in the Cayley graph

of known size. Therefore (after precomputation of some constants associated to the group)

we can give an explicit upper bound on the worst-case running time for these algorithms,

although this upper bound is sufficiently high that these algorithms are infeasible in

practice.

The topological properties of the boundary discussed in Theorem 1.1.1 have important

implications for the algebraic properties of the group. First, recall that the Convergence

Group Theorem of Tukia, Gabai, Casson and Jungreis [Tuk88, Gab92, CJ94] tells us that

a hyperbolic group has circular boundary if and only if it maps with finite kernel onto

the fundamental group of a closed hyperbolic orbifold of dimension two. Therefore,

Theorem 1.2.1 shows that there is an algorithm that determines whether or not a given

hyperbolic group is a two dimensional orbifold group. In other words, the class of virtually

fuchsian groups is recursive in the class of all hyperbolic groups. Secondly, cut pairs in

the boundary of a hyperbolic group are related by a theorem of Bowditch [Bow98b] to

splittings of the group over its virtually cyclic subgroups.

When given a group, it is natural to try to cut it up into simpler pieces by splitting

over its particularly easy to understand subgroups. By a splitting of a group G we mean a

decomposition of G obtained by repeatedly taking amalgamated free products and HNN

extensions. Such a splitting is recorded as a graph of groups: this is a graph with a group

at each vertex and a group at each edge so that G is obtained by gluing the vertex groups

together along the edge groups. We will usually want to place restrictions on the edge
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groups: if A is a class of subgroups of G then a splitting of G such that all edge groups are

contained in A is called a splitting of G over A . See Section 3.2 for precise definitions.

In the first instance, one might try to split a given group over its finite subgroups. By a

theorem of Dunwoody [Dun85] a finitely presented group admits a maximal splitting over

finite subgroups, so that none of the vertex groups of the splitting admit further non-trivial

splittings over finite subgroups. In a maximal splitting over finite subgroups one sees all

possible splittings of that group over finite subgroups.

Furthermore, if the initial group is assumed to be hyperbolic then this maximal split-

ting can be computed from a presentation of the group. By Stallings’s theorem a finitely

generated group admits a non-trivial splitting if and only if it has more than one end. If

the group is hyperbolic then it has more than one end if and only if its Gromov boundary

is disconnected. Gerasimov [Ger] proved that there exists an algorithm that determines

whether or not the boundary of a given hyperbolic group is connected. This algorithm

is unpublished; see also [DG08]. Given a hyperbolic group with connected boundary,

Gerasimov’s algorithm detects this connectedness by computing a number n such that

the Cayley graph of the group satisfies ‡(n). Equipped with this algorithm and Stallings’s

theorem on ends of groups it is not difficult to compute a maximal decomposition of a

given hyperbolic group over its finite subgroups. With Gerasimov’s result in hand, we may

restrict to the case of one-ended hyperbolic groups and consider splittings over virtually

(infinite) cyclic groups.

When studying splittings over virtually cyclic groups one immediately encounters

a difficulty that was not present for splittings over finite groups: splitting over some

virtually cyclic subgroups can hide splittings over others, so a maximal splitting does not

have to reveal all possible splittings of the group over virtually cyclic subgroups, as is the

case for splittings over finite groups. A maximal splitting over virtually cyclic subgroups

requires some choices to be made. This is unsatisfactory: in many applications a canonical

decomposition associated to the group is vital.

The solution to this problem is inspired by the characteristic submanifold decomposi-

tion of Jaco, Shalen and Johannson [JS79, Joh79], in which the family of embedded tori

along which a 3-manifold is cut is unique up to isotopy. Similar JSJ decompositions were

introduced to group theory by Sela [Sel97] to answer questions about rigidity and the iso-

morphism problem for torsion-free hyperbolic groups. In [Bow98b] Bowditch developed a

related type of decomposition for hyperbolic groups possibly with torsion. This decompo-

sition is built from the structure of cut pairs in the boundary of the group and is therefore

an automorphism invariant of the group; this property of Bowditch’s decomposition was
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used in Levitt’s work [Lev05] on outer automorphism groups of one-ended hyperbolic

groups. For other constructions of JSJ decompositions of groups see [RS97, DS99, FP06].

More recently, Guirardel and Levitt [GL17] have introduced a general framework for JSJ

decompositions of groups. Their construction begins with a class A of subgroups of the

given group and defines a JSJ decomposition over that class of subgroups by formalising

the idea that in a JSJ decomposition one should split along precisely those subgroups in

A that do not cross other splittings over elements in A , so that the decomposition splits

the group as much as possible without hiding any of the splittings of the group. Guirardel

and Levitt show that such a JSJ decomposition exists in considerable generality. Those

parts of a JSJ decomposition that admit further splittings are called flexible. Then a JSJ

decomposition of the group over A , together with an understanding of the splittings over

A of all flexible subgroups, gives a full description of the structure of the splittings of that

group over A .

An important consequence of Bowditch’s construction is that if G is a one-ended

hyperbolic group G such that ∂G is not homeomorphic to a circle, G admits a non-trivial

splitting over a virtually cyclic subgroup if and only if its boundary contains a cut pair.

Using this result and Theorem 1.2.1 it is possible to determine algorithmically whether

or not a given one-ended hyperbolic group admits a non-trivial splitting over a virtually

cyclic subgroup. Using this we prove the following theorem.

Theorem 1.2.2. There is an algorithm that takes as input a presentation for a one-ended

hyperbolic group G and returns the graph of groups associated to the three following JSJ

decompositions:

1. A JSJ decomposition over virtually cyclic subgroups of G, which can be taken to be

Bowditch’s canonical decomposition for G.

2. A JSJ decomposition over virtually cyclic subgroups of G with infinite centre, which

we shall call a Z -JSJ.

3. A decomposition over maximal virtually cyclic subgroups of G with infinite centre

that is universally elliptic over (not necessarily maximal) virtually cyclic subgroups of

G and is maximal for domination in the class of such decompositions. We shall call

this a Zmax-JSJ.

Many existing algorithms that compute related decompositions of groups make use of

a variant due to Rips and Sela [RS95] of Makanin’s algorithm [Mak82]. This is a procedure

that determines whether or not a given system of equations in a hyperbolic group has a
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solution. It is difficult to relate such an approach to the geometry of the group; in contrast

to these methods, the proof of Theorem 1.2.2 is purely geometric.

In fact, the algorithm of Theorem 1.2.2 needs something a little stronger than The-

orem 1.1.1. Given a splitting of a one-ended hyperbolic group over virtually cyclic sub-

groups, we need to be able to tell whether or not the group can be decomposed further. It

is not enough to be able to tell whether or not each vertex group admits a splitting over

a virtually cyclic subgroup: we need the splitting to be consistent with the splittings we

have already taken, so we need to know whether a vertex group admits a splitting over

a virtually cyclic subgroup that does not cross the incident edge groups. This difficulty

is solved by replacing the Gromov boundary with a closely related object: the Bowditch

boundary of a given group relative to a collection of virtually cyclic subgroups.

The main content of Theorem 1.2.2 is the computability of Bowditch’s decomposition;

it is shown in [DG11] to be closely related to the Z -JSJ and Zmax-JSJ and can converted

into either algorithmically. The Zmax-JSJ is the decomposition shown to be computable

by Dahmani and Guirardel [DG11].

The Z -JSJ also plays a result in Dahmani and Guirardel’s work, although they comment

that their methods cannot compute this decomposition, since such a decomposition does

not necessarily give rise to infinitely many distinct outer automorphisms of the group. For

example, let G be a rigid hyperbolic group (such as the fundamental group of a closed

hyperbolic 3-manifold) and let g be an element of G that is not a proper power. Let k > 1

and consider the group G ′ =G ∗g=t k 〈t〉 obtained by adjoining a kth root of g to G . In this

case the Zmax decomposition computed by Dahmani and Guirardel is trivial while the

Zmax-JSJ is not.

Like Gerasimov’s algorithm, our approach uses the geometry of large balls in the

Cayley graph. This is in contrast to existing algorithms computing JSJ decompositions

over restricted families of virtually cyclic subgroups, most of which rely on Makanin’s

algorithm for solving equations in free groups.

In [DG11] Dahmani and Guirardel show that a canonical decomposition of a one-

ended hyperbolic group over a particular family of virtually cyclic subgroups is com-

putable; the family in question is the set of virtually cyclic subgroups with infinite centre

that are maximal for inclusion among such subgroups. Crucial to this method is an algo-

rithm that determines whether or not the outer automorphism group of such a group is

infinite. If a group admits such a splitting then that splitting gives rise to an infinite set

of distinct elements of the outer automorphism group that are analogous to Dehn twists

in the mapping class group of a surface. The converse of this statement is a theorem of

Paulin [Pau91] that is refined by Dahmani and Guirardel.
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Dahmani and Guirardel comment that it is not known whether or not Bowditch’s JSJ

decomposition is computable. Their approach is not suitable to this problem: only central

elements of the edge groups in a splitting contribute Dehn twists to the automorphism

group, so it is quite possible for a group to admit a splitting over an infinite dihedral group,

say, while having only a finite outer automorphism group; in this case the decomposition

computed by Dahmani and Guirardel is trivial while Bowditch’s JSJ decomposition is not.

For examples of hyperbolic groups exhibiting this property see [MNS99].

In the absence of torsion, the JSJ decomposition of a hyperbolic group over its cyclic

subgroups was shown to be computable by Dahmani and Touikan in [DT13]. Their result

is based on Touikan’s algorithm [Tou18], which determines whether or not a given one-

ended hyperbolic group without 2-torsion splits acylindrically. Touikan’s methods are

based on application of the Rips machine.

It seems plausible that the techniques of this thesis might extend to the problem

of detecting the presence of splittings of relatively hyperbolic groups with parabolic

subgroups in some restricted class. In particular, it is natural to try to solve this problem for

groups that are hyperbolic relative to finitely generated virtually nilpotent subgroups. Such

groups arise as fundamental groups of complete finite volume Riemannian manifolds

with pinched negative sectional curvature. However, it is of fundamental importance

to the argument presented in this paper that the cusped space associated to the group

satisfies Bestvina and Mess’s double dagger condition, and we do not know under what

circumstances this condition holds for virtually nilpotent parabolic subgroups. In [DG08]

it is established that the double dagger condition holds if the parabolic subgroups are

abelian, so it seems likely that the methods of this paper could be extended to the case

of toral relatively hyperbolic groups. (A group is toral relatively hyperbolic if it is torsion

free and hyperbolic relative to a finite collection of abelian subgroups.) However, the JSJ

decomposition of a toral relatively hyperbolic group is shown to be computable in [DT13],

so we do not introduce additional technical complexity by trying to give a new proof of

this result here.

1.3 Decomposition spaces

In the final chapter, we turn our attention to a more complicated topological property of

the boundary of a hyperbolic metric space: its Čech cohomology. By a theorem of Bestvina

and Mess, for any ring R there is an isomorphism of G-modules Ȟk
r (∂G ,R) ∼= Hk+1(G ,RG)

between the reduced Čech cohomology of ∂G and the group cohomology of G with

coefficients in the group ring RG . Epstein asked whether or not there is an algorithm that
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computes these cohomology groups. This question is listed as Question 1.18 in Bestvina’s

problem list [Bes04].

In Chapter 6 we prove the computability of the Čech cohomology of a space related

to the Gromov boundary: Otal’s decomposition space. A line pattern in a free group F

is the set of translates of a finite collection of bi-infinite lines in the Cayley graph of F .

It is determined by a finite collection of cyclic subgroups; if these cyclic subgroups are

assumed to be maximal and non-conjugate then Otal’s decomposition space is equal to

the Bowditch boundary of F relative to those cyclic subgroups.

Using the computability of the Čech cohomology of the decomposition space of a free

group, we then show how to compute the Čech cohomology of the Gromov boundary for

a class of hyperbolic groups that can be built out of free groups: fundamental groups of

graphs of groups with free vertex groups and cyclic edge groups. Therefore we answer

Epstein’s question in the affirmative for this class of groups.

Theorem 1.3.1. There is an algorithm that takes as input a presentation for a hyperbolic

group G that is the fundamental group of a graph of free groups with cyclic edge groups and

computes the Čech cohomology of the Gromov boundary of G as a G-module.





Chapter 2

Group actions on hyperbolic spaces

In this chapter, we summarise some aspects of the theory of group actions on hyperbolic

metric spaces. We begin by describing hyperbolic groups: these are the groups that admit

the nicest possible action on a hyperbolic space, and are the main subject of this thesis.

We shall then loosen our restriction on the types of action that we consider to those actions

satisfying a geometric finiteness condition. The groups that admit such an action are

called relatively hyperbolic.

Most of the ideas outlined in this chapter are originally due to Gromov [Gro87]. For

additional details see [CDP90, GdlH90, BH99].

2.1 Word hyperbolicity

2.1.1 The word metric and the Švarc-Milnor Lemma

Begin by fixing a group G with a finite generating set S. Let Γ(G ,S) be the Cayley graph

of G with respect to S; this can be made into a metric space by isometrically identifying

each edge of Γ(G ,S) with a copy of the interval [0,1] and endowing Γ(G ,S) with the path

metric. The induced metric on the vertex set G ⊂ Γ(G ,S) is called the word metric and

is denoted dS . Then dS(g ,h) = min{n | h = g s±1
1 . . . s±1

n , si ∈ S}. Crucially, note that if S′ is

another finite generating set for G then the metrics dS and dS′ are closely related: they are

Lipschitz equivalent with constant equal to the maximum length of any element of S or S′

when written in the alphabet S′ or S respectively.

We now extend this independence of generating set to the metric on the Cayley graph,

and further to the geometry of a large class of metric spaces on which G acts, so that

geometric properties of metric spaces admitting G-actions becomes an intrinsic property
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G itself. To do this we loosen our idea of metric equivalence from Lipschitz equivalence to

“Lipschitz equivalence up to an additive error”.

Definition 2.1.1. Let (X ,dX ) and (Y ,dY ) be metric spaces, and let f : X → Y be a map.

(Note that f is not assumed to be continuous.) Then f is a λ-quasi-isometric embedding

for λ≥ 1 if

1

λ
dX (x1, x2)−λ≤ dY ( f (x1), f (x2)) ≤λdX (x1, x2)+λ. (2.1)

Furthermore, f is λ-quasi-surjective if for every y ∈ Y , dY (y, f (X )) ≤λ.

Finally, f is a quasi-isometry (and X and Y are quasi-isometric) if it is a λ-quasi-

surjective λ-quasi-isometric embedding for some λ.

Lemma 2.1.2. Quasi-isometry is an equivalence relation on metric spaces.

Immediately we see that (G ,dS) is quasi-isometric (with λ= 1/2) to the Cayley graph

Γ(G ,S); it follows that Γ(G ,S) and Γ(G ,S′) are quasi-isometric for any finite generating sets

S and S′ for G . Indeed, we shall soon see that much more is true: any two sufficiently nice

metric spaces on which G acts sufficiently nicely must be quasi-isometric.

Spaces that are quasi-isometric look similar on a sufficiently large scale, and we expect

large scale metric properties of a space to be invariant under quasi-isometry.

Definition 2.1.3. Let (X ,dX ) be a metric space. Then X is proper if all closed balls in X

are compact, or, equivalently, if X is complete and locally compact.

We call X a geodesic space if for any pair of points x1 and x2 in X , there is an isometric

embedding γ : [0,dX (x1, x2)] → X with γ(0) = x1 and γ(dX (x1, x2)) = x2. In this case we call

γ a geodesic segment. An isometric embedding γ : [0,∞) → X is called a geodesic ray and

an isometric embedding γ : (−∞,∞) → X is called a bi-infinite geodesic.

Definition 2.1.4. An action of a group G on a topological space X is called cocompact if

G\X is compact. An action is properly discontinuous if for any compact subset K ⊂ X ,

the set {g ∈G | g ·K ∩K ̸= ;} is finite. If X is a metric space, then an action of G on X by

isometries is geometric if it is cocompact and properly discontinuous.

Then Γ(G ,S) is a proper geodesic space and the action of G on Γ(G ,S) by left multipli-

cation is geometric.

Remark 2.1.5. Note that geodesics are not required to be unique when they exist. However,

we shall often ignore this issue and denote by [x1, x2] the image of some geodesic segment

from x1 to x2.
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δ

Figure 2.1: A δ-slim triangle.

Theorem 2.1.6 (The Švarc-Milnor Lemma). Let a group G act geometrically on a proper

geodesic space (X ,dX ). Then G has a finite generating set S and for any v ∈ X the orbit map

g 7→ g · v from (G ,dS) to (X ,dX ) is a quasi-isometry.

It follows that any two proper geodesic spaces on which G acts geometrically are

quasi-isometric, and the large scale geometric properties of any such space are properties

intrinsic to G itself.

2.1.2 Hyperbolic geometry

We now define a large scale negative curvature property called (Gromov) hyperbolicity.

Definition 2.1.7. [Gro87] Let (X ,dX ) be a metric space. A geodesic triangle in X is a

triangle in X , the edges of which are geodesics. We shall sometimes denote by ∆(x1, x2, x3)

some geodesic triangle with vertices x1, x2 and x3.

For δ≥ 0, a geodesic triangle is said to be δ-slim if each of its three edges is contained

in the union of its other two edges. See Figure 2.1.

The space X is δ-hyperbolic (or just hyperbolic if the constant δ is not important) if

every geodesic triangle in X is δ-slim.

Example 2.1.8. 1. All metric trees are 0-hyperbolic: geodesic triangles in trees are

tripods, and each of the edges of a triangle is contained in the union of the other

two.

2. For any n, the hyperbolic spaceHn is log(1+p
2)-hyperbolic.

This property of metric spaces is quasi-isometry invariant. This fact follows from the

Morse property of geodesics in a hyperbolic metric space. See Theorem 2.1.16 below.
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Figure 2.2: A δ-thin triangle

Lemma 2.1.9. Let (X ,dX ) and (Y ,dY ) be metric spaces and suppose that Y is δ-hyperbolic.

Suppose also that f : X → Y is a λ-quasi-isometric embedding. Then X is δ′ hyperbolic,

where δ′ depends only on δ and λ.

Alternative formulations of hyperbolicity

There are very many equivalent definitions of hyperbolicity. In this section we recall

two that will be used later on. The first is a condition on triangles similar to that of

Definition 2.1.7.

Definition 2.1.10. Let X be a geodesic metric space and let x, y and z be points in X . We

say that the triangle ∆(x, y, z) is δ-thin if there exist points ix , i y and iz on edges [y, z],

[z, x] and [x, y] respectively such that {ix , i y , iz} has diameter at most δ. See Figure 2.2.

Since the three points ix , i y and iz all lie close to all three edges of ∆(x, y, z), any one of

them can be thought of as a “coarse incentre” for the triangle. Then a triangle is δ-thin if

its “coarse inradius” is at most δ.

Lemma 2.1.11. Let X be a geodesic metric space. If every geodesic triangle in X is δ-slim

then every geodesic triangle is 4δ-thin. If every geodesic triangle is δ-thin then every geodesic

triangle is δ-slim.

This lemma shows that we could equivalently have defined a hyperbolic metric space

to be a geodesic space in which all triangles are uniformly thin.

Secondly, we give a formulation of hyperbolicity in terms of a quantity called the

Gromov product. This quantity will be used in Section 2.2.2 to define the visual metric on

the boundary of a hyperbolic space.
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Definition 2.1.12. Let X be a metric space containing a base point v and let x and y be

points in X . Then the Gromov product of x and y with respect to v is

(
x · y

)
v = 1

2
(d(v, x)+d(v, y)−d(x, y)) (2.2)

For intuition on this quantity, note that if X is a tree then
(
x · y

)
v is the distance from v

to the (unique) geodesic [x, y].

Definition 2.1.13. Let X be a metric space and let v be a base point in X . Then X is

δ-hyperbolic if for any x, y and z in X the following inequality holds.

(
x · y

)
v ≥ min{(x · z)v ,

(
z · y

)
v }−δ (2.3)

Proposition 2.1.14. A geodesic metric space is hyperbolic in the sense of Definition 2.1.7 if

and only if it is hyperbolic in the sense of Definition 2.1.13, although the constant δ might

be different.

Note that Definition 2.1.13 is applicable even when X is not assumed to be a geodesic

space, although we will not make use of this greater generality in this thesis.

The Morse property

Geodesics in hyperbolic metric spaces satisfy a useful rigidity property.

Definition 2.1.15. Let X be a metric space and let I ⊂ R be an interval. Let γ : I → X

be a (possibly discontinuous) map. Then we call γ a λ-quasi-geodesic for λ≥ 1 if it is a

λ-quasi-isometric embedding. We call γ a k-local-geodesic for k > 0 if the restriction to γ

to any subinterval of I of length at most k is a geodesic.

In a hyperbolic space both of these weakenings of the definition of a geodesic do not

substantially enlarge the class of paths under consideration.

Theorem 2.1.16 (The Morse property for geodesics). [BH99, Theorem III.H.1.7] Let X be

a δ-hyperbolic metric space and let λ≥ 1. Then there exists a constant R(δ,λ) depending

only on δ and λ such that for any λ-quasi-geodesic γ there is a geodesic γ′ such that the

Hausdorff distance dHaus(γ,γ′) between γ and γ′ is at most R. Furthermore, γ can be taken

to have the same end points as γ′.

Theorem 2.1.17. [BH99, Theorem III.H.1.13] Let X be a δ-hyperbolic metric space and let

k > 8δ. Suppose that γ : [0, l ] → X is a k-local-geodesic. Then γ is a max{2δ, (k +4δ)/(k −
4δ)}-quasi-geodesic and the Hausdorff distance dHaus(γ, [γ(0),γ(l )]) is at most 3δ.
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2.1.3 Hyperbolic groups

As a consequence of the quasi-isometry invariance of hyperbolicity (Lemma 2.1.9), to-

gether with the Švarc-Milnor lemma (Theorem 2.1.6), hyperbolicity is a group-theoretic

property.

Definition 2.1.18. [Gro87] A group G is (Gromov) hyperbolic if some (equivalently any)

proper geodesic metric space on which G acts geometrically is hyperbolic.

Example 2.1.19. 1. Any finitely generated free group is hyperbolic: such a group acts

geometrically on a tree, which is a 0-hyperbolic space.

2. If M is a closed hyperbolic n-manifold then π1M acts geometrically onHn , so M is

hyperbolic.

3. More generally, the fundamental group of a compact Riemannian manifold with

strictly negative sectional curvature is hyperbolic.

4. Let 〈S | R〉 be a finite presentation such that for any r ∈ R all cyclic conjugates of r

and r−1 are contained in R. If there exist r1 ̸= r2 in R such that the words r1 and r2

share a common prefix a then we call a a piece. If λ> 0 is such that for any r ∈ R

with prefix a such that a is a piece we have the inequality |a| <λ|r | then we say that

the presentation satisfies the small cancellation condition C ′(λ). Then any group

admitting a C ′(1/6) presentation is hyperbolic. For more details see [LS77].

5. As well as the above groups of classical interest, there is a sense in which most

finitely presented groups are hyperbolic. This idea is formalised by the notion of a

random group; see [Gro03]. In particular, a random group in either the few relator

model or the density model at density < 1/2 is infinite hyperbolic [Gro87, Gro92].

Subgroups of hyperbolic groups

Subgroups of hyperbolic groups can in general be complicated. However, those subgroups

whose geometry is in some way consistent with the geometry of the larger group are far

better behaved. Here we introduce Gromov’s notion of quasi-convexity [Gro87]. For a

more detailed introduction to the subgroup structure of hyperbolic groups see [BH99].

Definition 2.1.20. Let X be a geodesic metric space. A subset A ⊂ X is C -quasi-convex

(or just quasi-convex) if any geodesic in X joining two points in A is contained in a C -

neighbourhood of A.
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Lemma 2.1.21. [BH99, III.H.3.5–III.H.3.6] Let G be a hyperbolic group and let H ≤G. If H

is a quasi-convex subset of Γ(G ,S) for some (equivalently any) finite generating set for G

then H is finitely generated and H ,→G is a quasi-isometric embedding with respect to the

word metrics.

Conversely, if H is finitely generated and H ,→G is a quasi-isometric embedding with

respect to the word metrics then H is a quasi-convex subset of the Cayley graph of G.

From Lemma 2.1.21 and Lemma 2.1.9 we obtain the following corollary.

Corollary 2.1.22. A quasi-convex subgroup of a hyperbolic group is hyperbolic.

Note the following proposition.

Proposition 2.1.23. [Gro87] Any virtually cyclic subgroup of a hyperbolic group is quasi-

convex.

Virtually cyclic subgroups play an additional important role in the subgroup structure

of hyperbolic groups, as the following theorem shows.

Theorem 2.1.24. [Gro87] Let G be a hyperbolic group. Then any subgroup of G is either

virtually cyclic or contains a free subgroup of rank 2.

We call virtually cyclic subgroups of a hyperbolic group elementary.

2.2 The Gromov boundary

The space of ends of a graph measures its “connected components at infinity.”

Definition 2.2.1. Let Γ be a locally finite graph. We define the space of ends of Γ to be the

following inverse limit of finite discrete topological spaces.

Ends(Γ) = lim←−−
K

π0(Γ−K ) (2.4)

Here the limit is taken over finite subgraphs of Γ partially ordered by inclusion.

By applying this construction to the Cayley graph of a finitely generated group with

respect to a finite generating set we obtain the space of ends of the group: this space is

independent of the choice of finite generating set, so we let Ends(G) = Ends(Γ(G ,S)) for

some finite generating set S.

In the case of hyperbolic groups we can give the ends additional structure: we can

make each end into a topological space in a natural way. By viewingHn in the Poincaré
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ball model, we immediately see that it admits a compactification by a “sphere at infinity”.

Hyperbolic spaces admit an analogous compactification by a boundary. This boundary

is a large scale property of the space. It is quasi-isometry invariant, and can therefore be

thought of as a group invariant. See [KB02] for a more complete overview of the subject.

2.2.1 Definition and topology

Definition 2.2.2. [Gro87] Let X be a hyperbolic metric space. Then the Gromov boundary

of X is defined to be the following quotient.

∂X = {geodesic rays}
/∼ (2.5)

where γ1 ∼ γ2 if the Hausdorff distance from γ1 to γ2 is finite. For a geodesic ray γ we

denote by γ(∞) the equivalence class of γ in ∂v X . The boundary ∂X is endowed with the

quotient of the topology of uniform convergence.

It is clear that any group of isometries of a hyperbolic metric space acts naturally on

the boundary of that space.

Remark 2.2.3. In view of Theorem 2.1.16, in Definition 2.2.2 we could equivalently have

defined ∂X to be a set of equivalence classes of quasi-geodesics.

Proposition 2.2.4. Let X be a hyperbolic metric space and let v ∈ X . Then the natural

inclusion

{geodesic rays γ | γ(0) = v}
/∼→ ∂X (2.6)

is a homeomorphism. Here γ1 ∼ γ2 if the Hausdorff distance from γ1 to γ2 is finite and the

topology is the quotient of the topology of uniform convergence, as in Definition 2.2.2.

Proposition 2.2.4 gives an alternative definition for the boundary of a hyperbolic space,

which will usually be more convenient for our purposes.

Remark 2.2.5. The equivalence relation on rays in Proposition 2.2.4 may be replaced by

uniformly bounded distance. Let X be δ-hyperbolic, then for geodesic rays γ1 and γ2

with γ1(∞) = γ2(∞), the geodesic triangle ∆(1,γ1(t ),γ2(t )) is δ-slim for all t , from which it

follows that d(γ1(t ),γ2(t )) < 2δ for all t .

We claim that the boundary ∂X compactifies a hyperbolic metric space X . We now

give two descriptions the topology on the union X ∪∂X , first in terms of convergence of

sequences and then in terms of fundamental neighbourhoods.
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Definition 2.2.6. Let X be a hyperbolic metric space and let x ∈ X ∪∂X . Let (xi ) be a

sequence of points in X ∪∂X ; we define a topology on X ∪∂X by giving a condition to

determine whether or not xi converges to x.

1. If x ∈ X then lim xi = x if and only if xi ∈ X for i sufficiently large and the sequence

then converges to x with respect to the metric on X .

2. If x ∈ ∂X then we say that lim xi = x if and only if there exists for each i either a

geodesic segment γi with endpoints v and xi (in the case when xi ∈ X ) or a geodesic

ray γi with γi (0) = v and γi (∞) = xi (in the case when xi ∈ ∂X ) such that every

subsequence of γi admits a subsequence that converges uniformly on compact

subsets to a geodesic ray γ with γ(∞) = x.

Alternatively, we can explicitly describe a fundamental system of neighbourhoods for

points in X ∪∂X .

Definition 2.2.7. Fix k > 2δ. Then consider the following set of subsets of X ∪∂X .

1. For each point x ∈ X and each r > 0, the open ball in X with centre x and radius r .

2. For each point γ(∞) ∈ ∂X and each n ≥ 0, the set Vn(γ) of equivalence classes of

geodesic rays and end points of geodesic segments γ′ of length at least n such that

γ′(0) = v and d(γ′(n),γ(n)) < k.

This set of subsets of X ∪∂X is a fundamental system of (not necessarily open) subsets of

X ∪∂X , and therefore defines a topology.

Proposition 2.2.8. [BH99, III.H.3.6] The topologies on X ∪∂X given in Definitions 2.2.6

and 2.2.7 are equal. This topology is independent of base point. The inclusion X ,→ X ∪∂X

is a homeomorphism onto its image and X ⊂ X ∪∂X is open. Finally, X ∪∂X is compact.

Proposition 2.2.9. Let f : X → Y be a quasi-isometric embedding of hyperbolic metric

spaces. Then the map f∂ : ∂X → ∂Y defined by f∂(γ(∞)) = ( f ◦γ)(∞) is well defined and

continuous. (Note that f ◦γ is a quasi-geodesic. See Remark 2.2.3.) If f is a quasi-isometry

then f∂ is a homeomorphism.

In view of Proposition 2.2.9 and Theorem 2.1.6 we may make the following definition:

the boundary of a space on which a hyperbolic group acts is an intrinsic property of the

group.

Definition 2.2.10. Let G be a hyperbolic group and let X be proper geodesic metric space

on which G acts geometrically. Then we define ∂G = ∂X .
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It is easy to prove the following proposition relating the boundary of a hyperbolic

group to its ends.

Proposition 2.2.11. Let S be a finite generating set for a hyperbolic group G. Then the

map that sends a the equivalence class of a geodesic ray to the end of Γ(G ,S) containing

that ray gives a continuous surjection ∂G → Ends(G) and the preimage of any point is a

connected component of ∂G. In particular, the number of ends of G is equal to the number

of connected components of ∂G.

Example 2.2.12. 1. Let F be a free group of rank n. Then F acts geometrically on a

2n-regular tree, so ∂F is a Cantor set.

2. If M is a closed hyperbolic n-manifold then π1M acts geometrically on Hn , so

∂π1M = ∂Hn ∼= Sn−1.

3. More generally, if M is a compact Riemannian manifold with strictly negative sec-

tional curvature then ∂π1M ∼= Sn−1.

4. In contrast to these groups with spherical boundary, most boundaries of hyperbolic

groups are quite complicated topological spaces: Champetier showed [Cha95] that

most small cancellation groups are hyperbolic and have boundary homeomorphic

to a Menger curve.

For an arbitrary group acting on a hyperbolic space we define the following set.

Definition 2.2.13. Let G be a group acting by isometries on a hyperbolic metric space X .

Let x ∈ X . Then the limit set ΛG of G is defined as follows.

ΛG = {p ∈ ∂X | p = lim
n→∞gn · x for some sequence (gn) in G} (2.7)

It is easy to see that this set is independent of the choice of x.

The limit set is particularly well behaved when G is a quasi-convex subgroup of a group

acting geometrically on X .

Theorem 2.2.14. [GdlH90] Let G be a hyperbolic group with generating set S and let H be

a quasi-convex subgroup of G. Then the inclusion H ,→ Γ(G ,S) extends to a topological

embedding ∂H ,→ ∂G and the image of this embedding is ΛH.
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2.2.2 The visual metric

The boundary of a hyperbolic space has much additional structure beyond its topology.

In particular, it admits a natural family of metrics called visual metrics. These measure

something like the angle between geodesics from a fixed base point.

To begin, recall the equivalent formulation of hyperbolicity through Gromov prod-

ucts 2.1.13: fixing a base point v ∈ X , X is hyperbolic if and only if there exists δ′ such

that
(
x · y

)
v ≥ min{(x · z)v ,

(
z · y

)
v }−δ′ for any points x, y and z in X . It follows that for

a > 1, the quantity a−(x·y)v is bounded above by a quantity comparable to the maximum

of a−(x·z)v and a−(z·y)v . Therefore one might hope to use a−(x·y)v as a measure of the angle

between x and y with respect to the base point v , at least when x and y are both far from

v . Some modification is required, but such a metric can be built.

First we must extend the definition of the Gromov product to points on ∂X .

Definition 2.2.15. Let x and y be points in ∂X and let v be a base point in X . Then we

define the Gromov product of x and y with respect to base point v as follows.

(
x · y

)
v = supliminf

i , j→∞
(
xi · y j

)
v . (2.8)

Here the supremum is taken over sequences (xi ) and (yi ) in X converging to x and y

respectively.

In calculations the following inequality is often useful.

Lemma 2.2.16. [GdlH90, Remarque 8.9] If X is δ-hyperbolic and (xi ) and (yi ) are sequences

in X converging to x and y respectively then

liminf
i , j→∞

(
xi · y j

)
v ≤ (

x · y
)

v ≤ liminf
i , j→∞

(
xi · y j

)
v +2δ. (2.9)

Proposition 2.2.17. [GdlH90, Section 7.3] Let X be a hyperbolic metric space. Then there

exists parameter a > 1 and 0 < k1 ≤ k2 and a metric dv on ∂X inducing the topology of

Definition 2.2.2 and satisfying the following inequality.

k1a−(x·y)v ≤ dv(x, y) ≤ k2a−(x·y)v . (2.10)

Such a metric is called a visual metric on ∂X and a is the visual parameter of the metric.

Remark 2.2.18. A visual metric on the boundary of a hyperbolic space is not unique, and

there is usually no canonical choice. Nor is there a canonical choice of visual parameter.

There is, however, a canonical class of metrics, called a quasi-conformal structure on

∂X [Pan89].
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2.2.3 Local connectedness

Boundaries of hyperbolic groups are compact metric spaces, but as we saw in Exam-

ple 2.2.12, they can be topologically complicated: for example, they are not generally

homotopy equivalent to CW complexes. However, they do possess useful connectivity

properties, which we will use later. Here we are particularly interested in the case in which

∂G is connected.

Definition 2.2.19. A continuum is a compact connected metric space. A Peano continuum

is a continuum that is locally connected at each point. That is, it admits a topological basis

consisting only of connected sets.

Theorem 2.2.20. Let G be a hyperbolic group. If ∂G is connected then ∂G is a Peano

continuum.

The substance of Theorem 2.2.20 is that the boundary is locally connected. This deep

result was first proved by Bestvina and Mess under the assumption that the boundary

does not contain a cut point. (Recall that a cut point in a connected topological space is a

point whose complement is disconnected.)

Proposition 2.2.21. [BM91] Let G be a hyperbolic group. If ∂G is connected and does not

contain a cut point then it is locally connected.

We shall return to this result in Section 3.6.1

The problem of whether or not the boundary of a hyperbolic group can contain a cut

point remained open for several years, before being finally settled in full generality by

Swarup.

Theorem 2.2.22. [Swa96] Let G be a hyperbolic group such that ∂G is connected. Then ∂G

does not contain a cut point.

This theorem was originally proved by Bowditch [Bow98a] under the additional as-

sumption that G is strongly accessible. Swarup demonstrated in [Swa96] how to extend

these arguments to the general case.

2.3 Relative hyperbolicity

Many of the appealing properties of closed hyperbolic manifolds 3-manifolds are shared

by complete hyperbolic manifolds with cusps. Motivated by this, relatively hyperbolic

groups are defined to be groups that admit actions on hyperbolic spaces that are not
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necessarily cocompact, but satisfy a weaker “geometric finiteness” condition. The theory

of relatively hyperbolic groups was introduced by Gromov [Gro87]. Gromov’s concept was

later expanded on by Bowditch [Bow12] and Farb [Far98]. Farb’s definition is weaker than

Bowditch’s, and today Bowditch’s more restrictive definition is more common. Groups

that are relatively hyperbolic in the weaker sense of Farb may be termed weakly relatively

hyperbolic. In this thesis we adopt the stricter definition.

2.3.1 A dynamical characterisation

There are now many equivalent formulations of relative hyperbolicity. Bowditch [Bow98a]

gives a dynamical characterisation, which we adopt as a definition. This characterisation

makes the connection with geometrically finite Kleinian groups particularly clear and has

its origin in work of Beardon and Maskit [BM74] on limit sets of Kleinian groups.

Given a Kleinian group G ≤ PSL(2,C), define the limit set ΛG ⊂ S2 of G to be the set

of accumulation points in S2 = ∂H3 of an orbit in H3 of G . Unless G is finite or virtually

cyclic, this is the unique non-empty minimal G-invariant closed subset of S2. Beardon

and Maskit give a characterisation of geometric finiteness in terms of the action of G on

ΛG : G is geometrically finite if every point in ΛG is either a conical limit point (roughly, a

point approximated sufficiently well by translates of a point inH3, such as a fixed point of

a loxodromic element of G) or a bounded parabolic point (a point x stabilised by a purely

parabolic subgroup of G such that the quotient of ΛG − {x} by that subgroup is compact.)

This result gives a plausible generalisation of the notion of geometric finiteness to group

actions on other hyperbolic spaces, at least as long as we can generalise the definitions of

conical limit points and bounded parabolic points.

Definition 2.3.1. Let G be a group acting by homeomorphisms on a compact metric space

M . Then a point x ∈ M is:

1. a conical limit point if there exist p and q in M and a sequence (gi ) in G such that

gi ·x → p and gi · y → q for every y ∈ M − {x}.

2. a bounded parabolic point if the action of StabG (x) on M − {x} is cocompact.

Definition 2.3.2. Let G be a group and let H be a finite collection of finitely generated

subgroups of G . Suppose that G acts properly discontinuously and by isometries on a

proper hyperbolic metric space X such that ∂X does not contain a closed non-empty G-

invariant proper subset and every point in ∂X is either a conical limit point or a bounded

parabolic point. Assume further that the stabiliser of each bounded parabolic point is
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conjugate to an element of H and that every element of H arises in this way. Then G is

hyperbolic relative to H .

We call elements of H peripheral subgroups. A subgroup that stabilises a parabolic

fixed point is called a parabolic subgroup, so the maximal parabolic subgroups are pre-

cisely the conjugates of the peripheral subgroups.

From the discussion at the beginning of this section we see that this definition gener-

alises that of a geometrically finite Kleinian group. It also generalises the definition of a

hyperbolic group: a group is hyperbolic if and only if it is hyperbolic relative to ;.

Remark 2.3.3. Without the assumption of cocompactness the Švarc-Milnor lemma (Theo-

rem 2.1.6) does not apply, and the quasi-isometry type of the space X in Definition 2.3.2 is

not determined by the pair (G ,H ).

Remark 2.3.4. It is possible to phrase this definition purely in terms of the action of G on a

compact metric space without the assumption that this action arises as the boundary of a

properly discontinuous action on a hyperbolic metric space. If one assumes that the action

satisfies the technical condition of being a convergence group action, then the equivalence

of these formulations of relative hyperbolicity is a theorem of Bowditch [Bow98c] in the

case when H =; and of Yaman [Yam04] in the general case.

As mentioned at the beginning of this section, Definition 2.3.2 is stronger than Farb’s

definition. It is equivalent to Farb’s condition “relatively hyperbolic with bounded coset

penetration”; for details see [Bow98a].

When G is hyperbolic and H is a finite collection of finitely generated subgroups of

G , Bowditch [Bow12] gives is a simple condition to decide whether or not G is hyperbolic

relative to H . Recall that a collection H of subgroups of G is almost malnormal if, for H1

and H2 in H and g in G , H1 ∩ g H2g−1 is finite unless H1 = H2 and g ∈ H1.

Theorem 2.3.5. [Bow12, Theorem 7.11] Let G be a non-elementary hyperbolic group and

let H be a finite set of subgroups of G. Then G is hyperbolic relative to H if and only if H

is almost malnormal in G and each element of H is quasi-convex in G.

2.3.2 The cusped space

A hyperbolic group comes with an easily described geometric model: its Cayley graph

with respect to any finite generating set. Definition 2.3.2 does not immediately give a

corresponding model for a relatively hyperbolic group. We now introduce the Groves-

Manning cusped space [GM08] as a geometric model for a relatively hyperbolic group.

This space is a graph that will take the role of the Cayley graph of a hyperbolic group. Like
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the Cayley graph of a hyperbolic group, this is a hyperbolic metric space. It is obtained by

gluing to the Cayley graph a hyperbolic space along each coset of a peripheral subgroup.

These hyperbolic spaces are called combinatorial horoballs and they are designed to look

like horoballs inHn . This construction is analogous to the thick-thin decomposition of a

hyperbolic manifold: the Cayley graph is the thick part of the cusped space, and the group

acts cocompactly on this set, while the cusps are the thin part.

To begin, we define the combinatorial horoball; for more details of this construction

see [GM08].

Definition 2.3.6. Let C be a graph. Then the combinatorial horoball based on C is the

graph Hor(C ) with the following description.

The vertex set of Hor(C ) is C (0) ×Z≥0.

Each edge of Hor(C ) takes one of the following three forms.

1. One horizontal edge from (v,0) to (w,0) for each edge from v to w in C . (Note that

we allow vertices to be connected by multiple edges.)

2. One horizontal edge from (v,k) to (w,k) whenever v and w are connected in C by

an edge path of length at most 2k .

3. One vertical edge from (v,k) to (v,k +1) for each v ∈C (0) and k ∈Z≥0.

We define a height function h : Hor(C ) →R≥0 sending a vertex (v,k) to k and extending

to an affine function on each edge of Hor(C ). Denote by Hor(C )k the set h−1[k,∞), which

we shall call the k-thin-part of the horoball based on C .

Definition 2.3.7. Let G be a group, let H be a finite set of finitely generated subgroups of

G and let S be a finite generating set for G such that S∩H is a generating set for H for each

H ∈H . For each H ∈H let TH be a left transversal of H in G . (Recall that a left transversal

of a subgroup H of G is a choice of one element of each left coset of H in G .) For each

H ∈H and each t ∈ TH let ΓH ,t be the full subgraph of Γ(G ,S) with vertex set t H ; note that

this is isomorphic to Γ(H ,S ∩H). Then we define the cusped space of the triple (G ,H ,S).

X (G ,H ,S) = Γ(G ,S)∪ ⋃
H∈H ,t∈TH

Hor(ΓH ,t ). (2.11)

Here the part of Hor(ΓH ,t ) at height zero is identified with ΓH ,t ⊂ Γ(G ,S). The height

function h defined on each horoball extends to X : it takes the value 0 on Γ(G ,S).

Denote by Xk the set h−1[0,k], which we shall call the k-thick part.

Note that G acts on the cusped space X properly discontinuously and by isometries.
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Theorem 2.3.8. [GM08, Theorem 3.25] Let G be a group, let H be a finite set of finitely

generated subgroups of G and let S be a finite generating set for G such that S ∩ H is a

generating set for H for each H ∈H . Then G is hyperbolic relative to H if and only if the

cusped space of the triple (G ,H ,S) is a hyperbolic metric space.

2.3.3 The Bowditch boundary

As noted above, a pair (G ,H ) where G is hyperbolic relative to H does not determine

a canonical quasi-isometry class of spaces on which G admits a geometrically finite

action. However, the cusped space is unique up to quasi-isometry: if S1 and S2 are finite

generating sets for G such that Si ∩ H generates H for each H ∈ H then X (G ,H ,Si ) is

quasi-isometric to X (G ,H ,S′
i ). Therefore, following Bowditch [Bow98a], we make the

following definition. (Note that the cusped space satisfies the conditions on spaces studied

in [Bow98a, Section 6].)

Definition 2.3.9. Let G be hyperbolic relative to H . Then we define the (Bowditch)

boundary of (G ,H ) to be the boundary of the hyperbolic metric space X (G ,H ,S) for

some finite generating set S for G such that S ∩H generates H for each H in H .

In fact, the boundary of a space on which a relatively hyperbolic group acts as in

Definition 2.3.2 is unique up to homeomorphism even though the space itself is not

unique up to quasi-isometry. Note the following theorem of Bowditch.

Theorem 2.3.10. [Bow98a] Suppose that G is hyperbolic relative to a collection H of sub-

groups of G. Let X be a proper hyperbolic metric space on which G acts properly discontin-

uously and by isometries such that ∂X does not contain a closed non-empty G-invariant

proper subset and every point in ∂X is either a conical limit point or a bounded parabolic

point. Suppose further that ∂X contains no proper non-empty closed G-invariant subset.

Then ∂(G ,H ) ∼= ∂X .

Unlike in the case of hyperbolic groups, the boundary of a relatively hyperbolic group

may contain a cut point. The implication of cut points in the boundary will be discussed

in Section 3.5.3.

In the situation discussed at the end of Section 2.3.1 in which G is hyperbolic, there is

a simple description of the boundary of ∂(G ,H ) in terms of ∂G due to Tran [Tra13].

Theorem 2.3.11. Let G be a hyperbolic group and let H be a finite collection of finitely

generated subgroups of G so that G is hyperbolic relative to H . (Equivalently, each element

of H is quasi-convex and H is almost malnormal.) Then ∂(G ,H ) ∼= ∂G/ ∼, where x ∼ y if

and only if x = y or {x, y} ⊂ gΛH for some g ∈G and H ∈H .



Chapter 3

Splittings and JSJ decompositions

In this chapter we review some of the theory of splittings of groups. We begin with an

overview of Bass-Serre theory, before moving onto the theory of JSJ decompositions.

3.1 Amalgams and HNNs

We begin by recalling the two basic operations from which our decompositions of groups

will be built. These operations are motivated geometrically.

First, let X be a CW complex and suppose that X = U1 ∪U2, where U1 and U2 are

connected subcomplexes with U1∩U2 connected. Then the Seifert-van Kampen Theorem

tells us that this decomposition of X into its subcomplexes induces a decomposition of

π1X as an amalgamated product:

π1X ∼=π1U1 ∗π1(U1∩U2)π1U2

In this case, U1 ∩U2 is separating: cutting X along U1 ∩U2 separates it into disjoint

pieces. There is a second possibility that results in a different decomposition of the

fundamental group. First recall the following definition.

Definition 3.1.1. Let H be a group with A,B ≤ H . Suppose that there exists an isomor-

phism α : A → B . Then the HNN extension of H relative to α is defined to be the following

group:

H∗α = 〈H , t | t at−1 =α(a) for a ∈ A〉.

Now suppose that X is a CW complex and U is a connected subcomplex that is non-

separating. In other words, there exists a CW complex Y with disjoint subcomplexes U1
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and U2 such that U1 and U2 are isomorphic, and the quotient of Y obtained by identifying

U1 with U2 is isomorphic to X , where this isomorphism identifies each of U1 and U2 with

U . Then another application of the Seifert-van Kampen Theorem gives the following

decomposition of π1X :

π1X ∼=π1Y ∗α

where α is the isomorphism π1U1 →π1U2 determined by the identification of U1 with U2.

We see that the two ways in which a CW complex can be cut (along separating and non-

separating subcomplexes) correspond at the level of fundamental groups to amalgamated

products and HNN extensions.

3.2 More general splittings

In this section we develop the general theory of group decompositions that can be built

from amalgamated products and HNN extensions. For a full account see [Ser77].

3.2.1 Graphs of groups

The decompositions of groups that can be obtained by repeatedly decomposing as amal-

gamated products and HNN extensions are described through the formalism of graphs of

groups. First, let us recall Serre’s definition of an oriented graph.

Definition 3.2.1. A graph Y is a pair of sets V =V (Y ) and E = E(Y ) equipped with a map

ι : E → V and a fixed-point-free involution E → E , which we denote by e 7→ ē. We call

elements of V vertices and elements of E (oriented) edges. We think of the map ι as sending

an oriented edge to its initial vertex and the map e 7→ ē as sending an oriented edge to the

same edge with the opposite orientation. We then define a map τ : E →V by τ(e) = ι(ē),

sending an edge to its terminal vertex.

Y is connected if for any vertices v1 ̸= v2 in V (Y ), there exist edges e1, . . . ,en such that

ι(e1) = v1, τ(en) = v2 and ι(ei ) = τ(ei−1) for i = 2, . . . ,n.

We now recall the definition of a graph of groups, which is intended to record how a

collection of groups should be glued together to obtain a larger group.

Definition 3.2.2. A graph of groups Y is a connected graph Y together with the following

data:

1. a group Yv for each vertex v ∈V (Y );
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2. a group Ye for each edge e ∈ E(Y ) such that Ye =Yē for each edge e;

3. an injective homomorphism ∂e− : Ye →Yιe for each edge e.

We then define injective homomorphisms ∂e+ : Ye →Yτe by ∂e+ = ∂ē−.

We still need to describe how to use the data recorded in a graph of groups to obtain a

group by a process of attaching the vertex groups together. This can be done combinato-

rially (this is the approach taken by Serre [Ser77]), but we instead follow the topological

approach of Scott and Wall [SW79].

3.2.2 Graphs of spaces

We follow Scott and Wall [SW79] in defining graphs of spaces analogous to graphs of

groups.

Definition 3.2.3. A graph of spaces Y is a connected graph Y together with the following

data:

1. a CW complex Yv for each vertex v ∈V (Y );

2. a CW complex Ye for each edge e ∈ E(Y ) such that Ye = Yē for each edge e;

3. a π1-injective continuous map ∂e− : Ye →Yιe for each edge e.

We then define π1-injective continuous maps ∂e+ : Ye →Yτe by ∂e+ = ∂ē−.

It is now easy to describe a gluing process through which one can define a CW complex

from a graph of spaces.

Definition 3.2.4. Given a graph of spaces Y, define the space obtained by gluing XY to be

the following CW complexes:

XY =
( ⊔

v∈V (Y )
Yv ⊔

⊔
e∈E(Y )

(Ye × [0,1])

)
/ ∼, (3.1)

where for each e ∈ E(Y ) and each y ∈Ye , (y,0) ∼ ∂e−(y).

Using this construction we can now describe an analogous process for gluing together

graphs of groups. Note that one can obtain a graph of groups from a graph of spaces Y by

defining Yv =π1Yv and Ye =π1Ye and defining edge homomorphisms using functoriality

of π1. On the other hand, one can go the other way by replacing each group in a graph of

groups by a topological space with that fundamental group; for uniqueness and to ensure

that the edge maps may be defined we do this by applying the functor K (−,1).
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Definition 3.2.5. Given a graph of groups Y , let Y be the associated graph of spaces. We

then define the fundamental group of Y by π1Y =π1XY.

If G ∼=π1Y then we call Y , together with the isomorphism π1Y →G , a splitting of G .

Let A be a set of subgroups of G closed under conjugation. If the isomorphism π1Y →G

sends each edge group to an element of A then we say that Y is a splitting of G over A .

Remark 3.2.6. Note that the image of a vertex group Yv in the fundamental group π1XY is

only determined up to conjugacy: it is dependent on the choice of a path in XY from the

base point to the base point of Yv . Therefore we will only refer to this image when either a

preferred conjugacy class representative has been chosen, or we are discussing a property

of subgroups of π1XY that is conjugacy invariant.

Remark 3.2.7. The requirement in Definition 3.2.2 that the edge homomorphisms in a

graph of groups be injective (and, analogously in Definition 3.2.3, that the edge maps

in a graph of spaces be π1-injective) seems artificial. Certainly, it is not required in the

constructions above. We impose this restriction for two reasons: firstly so that we may

obtain Bass and Serre’s relationship between graphs of groups and actions on trees in

Section 3.3, and secondly so that Lemma 3.2.8 below is applicable.

In any case, this requirement is not particularly restrictive: if Y is a “graph of spaces”

in which the edge maps are not assumed to be π1-injective, a graph of spaces with π1-

injective edge maps can be obtained by the following process. For each edge e and each

loop γ in Ye such that either ∂e− ◦γ or ∂e+ ◦γ bounds a disk, attach a disk to Ye along γ

and attach disks to Yι(e) and Yτ(e) along ∂e− ◦γ and ∂e+ ◦γ. Then extend ∂e− and ∂e+ in the

obvious way. Note that this process does not change the fundamental group of the space

obtained by gluing, XY. This process might have created new loops in edge spaces that

do not bound disks in the edge spaces, but do in the adjacent vertex spaces. Repeat this

process and take a direct limit to ensure that the edge maps are π1-injective.

A similar process is possible for graphs of groups: this is most easily described by

applying the process described for graphs of spaces to the graph of spaces associated to

the given graph of groups.

With the assumption that the edge maps are injective, the following lemma holds; this

is a generalisation of Britton’s lemma for HNN extensions.

Lemma 3.2.8. [Ser77, Corollary 1] Let Y be a graph of groups. Then for each vertex v the

map Yv →π1Y is injective. The same holds for the edge groups.

Rather than trying to study all splittings of a given group G , we frequently take some

particularly nice class A of subgroups G (for example, finite subgroups, or virtually cyclic
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subgroups) and restrict to studying splittings of G over A . We will also sometimes be

interested in studying a group relative to a preferred subgroup or collection of subgroups.

In this case we will be interested in splittings with the following property.

Definition 3.2.9. Let H be a collection of subgroups of G . Then a splitting Y of G is

relative to H if every element of H is conjugate in G to a subgroup of the image in G of a

vertex group Yv .

3.2.3 Domination and refinement

A given group may admit many splittings, some of which will encode more information

about the structure of the group than others. The following definitions formalise these

relationships between splittings. Some of these definitions are more clearly stated in the

language of group actions on trees, which will be discussed in the next section. For more

details see [GL17]; we adopt their terminology here.

Throughout this thesis, all maps between graphs will send vertices to vertices and

edges to edge paths.

Definition 3.2.10. Let Y1 and Y2 be splittings of a group G with underlying graphs Y1 and

Y2. We say that Y1 dominates Y2 if for each v ∈ V (Y1) there exists w ∈ V (Y2) such that

(Y1)v is conjugate in G to a subgroup of (Y2)2.

Sometimes we will be interested in a particularly nice type of domination, called

refinement.

Definition 3.2.11. Let Y1 and Y2 be splittings of a group G with underlying graphs Y1 and

Y2. We say that Y1 refines Y2 if there is a collapse map p : Y1 → Y2 (i.e. a map obtained by

collapsing certain edges of Y1 to points) such that the following conditions are satisfied.

1. For each v ∈V (Y2), (Y2)v is the fundamental group of the graph of groups induced

on p−1(v).

2. For each edge e ∈ E (Y2) with preimage e ′ ∈ E (Y1), (Y2)e may be identified with (Y1)e ′

such that the map ∂e− is conjugate in (Y2)ι(e) to ∂e ′− , where we identify (Y1)ι(e ′) with a

subgroup of (Y2)ι(e).

Remark 3.2.12. A refinement is obtained by blowing up certain vertex groups as graphs

of groups: a refinement of a graph of groups Y is equivalent to a choice of splitting of

Yv relative to {∂e−(Ye ) | ι(e) = v} for each vertex v : see [GL17, Lemma 4.12]. We quote

Guirardel and Levitt’s precise statement of this result later in the setting of group actions

on trees.
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Definition 3.2.13. A splitting Y of a group G is trivial if there exists a vertex v in the

underlying graph of Y such that Yv =G .

Note that any group admits a trivial splitting with one vertex, which is refined by any

other splitting.

Also note that any splitting is refined in a trivial manner by subdividing the edges in

the splitting, or by adding redundant edges and vertices to the graph. We will sometimes

wish to rule out such refinements, so we make the following definition.

Definition 3.2.14. Let Y be a graph of groups with underlying graph Y . Then Y is

minimal if there is no proper subgraph Y ′ ⊂ Y with the following properties, where Y ′ is

the graph of groups with underlying graph Y ′ and the same vertex and edge groups as Y .

1. The inclusion Y ′ ,→ Y is a homotopy equivalence.

2. For each edge e ∈ Y − Y ′ oriented such that ι(e) is closer to Y ′ than τ(e), ∂e+ is

surjective.

A vertex v ∈V (Y ) is a redundant vertex if it is of degree 2 and for each edge e of Y with

o(e) = v , ∂e− is an isomorphism.

3.3 Group actions on trees

In [Ser77], Serre demonstrated a relationship between the splittings of a group and the

actions that group admits on trees. This gives an alternative viewpoint on splittings, which

we will find useful later on.

Definition 3.3.1. A tree is a graph with no cycles. A group G is said to act on a tree T

without edge inversions if, for any g ∈ G and any edge e ∈ E(T ), g · e ̸= ē. For a vertex

v ∈V (T ) we denote by Gv the stabiliser of v , and for an edge e ∈ E (T ) we denote by Ge the

stabiliser of e.

Theorem 3.3.2. [Ser77] Suppose that a group G acts on a tree T without edge inversions.

Then G is isomorphic to the fundamental group of a graph of groups Y with underlying

graph G\T . Let v be a vertex of T and let [v] be its image in G\T . Then under the identifica-

tion of π1Y with G the group Y[v] is conjugate to Gv . Similarly, when e is an edge of T we

have that Y[e] is conjugate to Ge .

Conversely, if G =π1Y where Y is a graph of groups then G admits an action on a tree

T without edge inversions such that the stabiliser of each vertex of T is conjugate to a vertex

group in Y and the stabiliser of each edge of T is conjugate to an edge group in Y .
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These operations give a one-to-one correspondence between the actions of a group on

trees and the graph of groups decompositions of that group.

As a consequence of this theorem, we could have defined a splitting of a group G over

a class A of subgroups of G to be an action of G on a tree T without edge inversions such

that for each edge e ∈ E(T ), Ge ∈ A . Note that the splitting is relative to a family H of

subgroups of G if and only if each element of H fixes a point in the action of G on T ; in

this case the elements of H are said to be elliptic. Throughout this thesis we shall pass

freely between these two notions of splittings.

The following lemma reframes the concepts of Section 3.2.3 in the language of actions

on trees.

Lemma 3.3.3. Let G act on trees T1 and T2 without edge inversions. Then:

1. the splitting T1 dominates T2 if and only if there is a G-equivariant map T1 → T2;

2. the splitting T1 refines T2 if and only if there is a G-equivariant collapse map T1 → T2.

Let G act on a tree T without edge inversions. Then:

1. the splitting is trivial if and only if G is elliptic;

2. the splitting is minimal if and only if T contains no proper G-invariant subtree;

3. the splitting is without redundant vertices if, for any vertex v in T of degree two, there

is an element of G that swaps the two edges with initial vertex v.

Proof. The conditions for domination and refinement are noted by Guirardel and Levitt

in [GL17, Section 1.4.1–1.4.2].

The condition for triviality is clear.

For minimality, note that if T contains a proper G-invariant subtree T ′ then G\T ′ ⊂
G\T satisfies the conditions of Definition 3.2.14, since T admits a G-equivariant deforma-

tion retract onto T ′, and for any edge e ∈ T −T ′, Ge fixes the (unique) vertex of T ′ closest

to e. Therefore the splitting is not minimal.

Conversely, suppose that the splitting is not minimal and let Y be the graph of groups

associated to T , so there is a subgraph Y ′ ⊂ Y satisfying the conditions of Definition 3.2.14.

Then π1Y
′ is naturally isomorphic to G and Y ′ dominates Y . Let T ′ be the G-tree

associated to Y ′. Then there is a G-equivariant map T ′ → T . This map is not surjective,

so its image is a proper G-invariant subtree of T .

The condition for redundant vertices is clear.
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The following lemma tells us how to build refinements of splittings by splitting the

vertex groups relative to their incident edge groups.

Lemma 3.3.4. [GL17, Lemma 4.12] Let T be the tree associated to a splitting of G. Let v be

a vertex of G. Suppose that we have a splitting of Gv relative to {Ge | ι(e) = v}; let S be the

associated tree. Then T admits a refinement p : T ′ → T such that p−1(v) is Gv -equivariantly

isomorphic to S.

3.4 Splittings over finite subgroups

In this section we recall some results about splittings of finitely presented groups over

finite subgroups. In this setting each finitely presented group G admits a maximal splitting

that encodes all splittings of G over finite subgroups.

Definition 3.4.1. A group G is accessible if for any sequence (Yi )∞i=1 of finite splittings of

G over its finite subgroups such that each Yi is minimal and without redundant vertices,

and such that Yi+1 refines Yi for each i , there exists I ∈N such that Yi is equal to Yi+1 for

all i ≥ I .

The first result on accessibility follows from the Grushko theorem [Gru40]: this shows

that all finitely presented torsion-free groups are accessible. Dunwoody showed that the

assumption on torsion is unnecessary:

Theorem 3.4.2. [Dun85] All finitely presented groups are accessible.

Remark 3.4.3. Note that not all groups are accessible. Dunwoody constructed an example

in [Dun93] of a finitely generated (but infinitely presented) inaccessible group.

It follows that for any finitely presented group G there exists a splitting over finite

subgroups that is maximal for refinement; we shall call such a splitting a Dunwoody

decomposition of G .

Remark 3.4.4. Note that this splitting dominates all finite splittings of G : let T be the

corresponding tree and let S be the tree corresponding to some other splitting of G over its

finite subgroups. Then for any edge e of T , Ge is elliptic with respect to the action on S, so

for any vertex v of T , Gv must be elliptic with respect to the action on S, since otherwise

the splitting over finite subgroups corresponding to T can be non-trivially refined at [v]

using Lemma 3.3.4. So there exists a G-equivariant map from T to S.

Remark 3.4.5. This maximal splitting is not unique: for example, if G is a finitely generated

free group then the set of its maximal splittings over the trivial subgroup is closely related
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Figure 3.1: Cutting this surface along the red curves yields a maximal splitting of the
fundamental group over its cyclic subgroups. However, this splitting does not dominate
all others: in particular, it does not dominate the splitting obtained by cutting the surface
along the blue curve.

to the Culler-Vogtmann Outer Space [CV86]. However, the vertex groups in a maximal

splitting over finite subgroups are canonically determined: they are precisely the maximal

zero- or one-ended subgroups of G . Furthermore, if T1 and T2 are trees corresponding to

two maximal splittings over finite subgroups then there exist G-equivariant maps T1 → T2

and T2 → T1.

The first example of the splittings of a group being reflected in the large scale geometry

of that group is then given by the following theorem of Stallings.

Theorem 3.4.6. [Sta68, Sta71] Let G be a finitely generated group. Then G has more than

one end if and only if G admits a non-trivial splitting over its finite subgroups.

If G is accessible then a maximal decomposition has the property that each vertex

group is zero- or one-ended. Recall that if G is hyperbolic then the ends of G are in

bijection with the connected components of ∂G , so in the setting of hyperbolic groups

each vertex group in the Dunwoody decomposition has connected boundary.

3.5 JSJ decompositions

We now leave behind the problem of classifying splittings of a group over its finite sub-

groups: we suppose that the given group is one-ended and consider splittings over other

families of subgroups. In this case, Dunwoody’s accessibility theorem is replaced by a

theorem of Bestvina and Feighn. Recall that a finitely generated group H is small if for any

minimal non-trivial action of H on a tree, H maps either a ray or a bi-infinite geodesic

into itself. In particular, any virtually cyclic group is small.
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Theorem 3.5.1. [BF91] Given a finitely presented group G, there exists a bound on the

number of vertices in a minimal graph of groups decomposition of G without redundant

vertices with small edge groups.

We immediately encounter a difficulty that was not present in the case of splittings

over finite groups: there is not necessarily a splitting with the property of Remark 3.4.4.

This non-existence of a splitting dominating all others is essentially due to the presence of

surface pieces in the group: see Figure 3.1. JSJ decompositions try to work around this

difficulty, drawing inspiration from the following theorem.

Theorem 3.5.2. [JS79, Joh79] Let M be an irreducible orientable closed 3-manifold. Then

there exists a collection Σ of disjointly embedded incompressible tori in M such that each

component of M −Σ is either atoroidal or Seifert fibred. Furthermore, if Σ1 and Σ2 are

minimal collections of tori with this property then Σ1 is isotopic in M to Σ2.

Essentially, the theorem guarantees the existence and uniqueness of a collection Σ

of disjointly tori in M so that cutting M along Σ leaves only pieces that cannot be cut

further along tori (the atoroidal case) and pieces that can contain very many different

intersecting tori (the Seifert fibred case.) Although it is then possible to decompose M

further by cutting the Seifert fibred pieces along embedded tori, we choose not to, since

doing so would require the choice of a collection of disjoint tori on which to cut, violating

uniqueness of the decomposition.

A JSJ decomposition of a group attempts to capture this uniqueness property. JSJ de-

compositions were introduced to group theory by Sela [Sel97] to answer questions about

rigidity and the isomorphism problem for torsion-free hyperbolic groups. In [Bow98b]

Bowditch developed a related type of decomposition for hyperbolic groups possibly with

torsion; we return to study this decomposition in Section 3.5.2. Bowditch’s decomposi-

tion is built from the structure of local cut points in the boundary of the group and is

therefore invariant under automorphisms of the group. For other constructions of JSJ

decompositions of groups see [RS97, DS99, FP06].

3.5.1 Guirardel and Levitt

In [GL17] Guirardel and Levitt provide a general definition of the JSJ decomposition of a

group. This definition unifies and simplifies many of the preexisting ideas on this subject

and will be very useful later on, so we recall their definition here. We work in the language

of group actions on trees. As before, let G be a group and let A be a collection of subgroups

of G .
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Definition 3.5.3. [GL17] An A -tree is a tree equipped with a G-action without edge inver-

sions in which all edge stabilisers are in A , so A -trees correspond to splittings of G over

A .

A subgroup H ≤G is universally elliptic if it is elliptic with respect to any A -tree. We

denote by Aell the set of all universally elliptic elements of A .

A JSJ-tree of G over A is a Aell-tree that dominates any other Aell-tree. We call the

splitting associated to such a tree a JSJ decomposition.

Guirardel and Levitt similarly define a relative JSJ decomposition. Here let H be a

finite collection of finitely generated subgroups of G .

Definition 3.5.4. [GL17] An (A ,H )-tree is an A -tree in which every element of H is

elliptic.

A subgroup H ≤G is universally elliptic relative to H (or just universally elliptic if H

is understood) if it is elliptic with respect to any (A ,H )-tree. We denote by Aell the set of

all universally elliptic elements of A relative to H .

A JSJ-tree of G over A relative to H is a (Aell,H )-tree that dominates any other

(Aell,H )-tree.

Theorem 3.5.5. [GL17, Theorem 2.16 or Theorem 2.20] If G is finitely presented then a JSJ

tree over A (relative to H if applicable) exists.

If Y is a JSJ decomposition of G then for each vertex v in the underlying graph, there

are two possibilities. In the first case, which is comparable to the atoroidal case of the

classical JSJ decomposition of a 3-manifold, the decomposition Y cannot be refined at v .

Then Yv does not admit a non-trivial decomposition relative to the incident edge groups

by Lemma 3.3.4. In this case we say that v is rigid. Alternatively, and analogously to the

Seifert fibred case, there may be very many different ways to refine Y at v ; in this case we

say that v is flexible.

In many cases, Guirardel and Levitt are able to describe the flexible vertices. Essentially,

these all come from surfaces pieces in G , so Figure 3.1 is descriptive of flexible vertices in

considerable generality. We do not need the full strength of this description in a general

setting, although in Section 3.5.2 we will observe that this description of flexible vertex

groups holds for Bowditch’s decomposition.

3.5.2 Bowditch’s canonical decomposition

Before Guirardel and Levitt’s general definition of JSJ decompositions, Bowditch defined

a canonical decomposition of a one-ended hyperbolic group that coincides with a JSJ
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decomposition over virtually cyclic subgroups in the sense of Guirardel and Levitt. The

canonicity of this decomposition follows from the way it is constructed: the decomposi-

tion is built from the structure of local cut points in the Gromov boundary of the group,

and is therefore preserved by automorphisms of the group. The definition of this decompo-

sition motivates our interest in detecting local cut points in the boundary of a hyperbolic

group, which we discuss in Chapter 4. We use these results to prove the computability of

Bowditch’s JSJ decomposition in Chapter 5. This computability theorem is the main result

of this thesis.

In this section we describe Bowditch’s JSJ decomposition of a one-ended hyperbolic

group. We begin by recalling Bowditch’s terminology to describe the structure of local cut

points.

Let ∂G be the Gromov boundary of a one-ended hyperbolic group G ; note then that

∂G is compact, connected, locally connected and has no cut point (i.e. no x ∈ ∂G such

that ∂G − {x} is disconnected). Then, for x in ∂G , denote by val(x) the number of ends

of ∂G − {x}, the valency of x. If a point x in ∂G has valency at least 2 then we call x a

local cut point of ∂G . Let M(n) be {x ∈ ∂G | val(x) = n} and M(n+) be {x ∈ ∂G | val(x) ≥ n}.

For x and y in ∂G , let N (x, y) be the number of components of ∂G − {x, y}; note that

N (x, y) ≤ max{val(x),val(y)}. Define a relation ∼ on M(2) by letting x ∼ y if and only if

x = y or N (x, y) = 2. Define a second relation ≈ on M(3+) be letting x ≈ y if and only if

N (x, y) = val(x) = val(y).

Lemma 3.5.6. [Bow98b, Lemma 3.1, Lemma 3.8, Proposition 5.13]. The relation ∼ is an

equivalence relation. The relation ≈ partitions M(3+) into pairs.

Let T1 be the set of ≈-pairs and let T2 be the set of ∼-classes. Bowditch shows that

T1 ⊔T2 can be embedded as a subset of the vertex set of a tree T by adding a third class of

vertices T3. Under this embedding the “betweenness” of elements of T1 ⊔T2 is preserved.

Elements of T3 are the subsets F of T1 ⊔T2 satisfying the following two conditions. Firstly,

for any x, z in F and y in T1 ⊔T2, no pair of points in y separates a point in x from a point

in z. Secondly, for any x ∉ F , there exist y, z in F such that some pair of points in y does

separate a point in x from a point in z. For more details of the construction of the tree T

from T1 ⊔T2, see [Bow98b, Section 2].

As in Guirardel and Levitt’s JSJ decompositions discussed in Section 3.5.1, some vertices

in Bowditch’s decomposition correspond to surface pieces in G . To describe these vertices,

Bowditch makes the following definition.

Definition 3.5.7. Recall that a bounded Fuchsian group is a non-elementary group Q

that admits a properly discontinuous and convex cocompact action on the hyperbolic
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planeH2. The peripheral subgroups of a bounded Fuchsian group are the stabilisers of the

components of the boundary of the minimal non-empty closed convex subset ofH2 on

which Q acts.

Definition 3.5.8. A subgroup H ≤ G is hanging Fuchsian if there exists a splitting of G

over virtually cyclic subgroups such that H occurs as a vertex stabiliser, and H admits an

isomorphism with a bounded Fuchsian group such that the stabilisers of incident edges

are mapped precisely to the peripheral subgroups of the bounded Fuchsian group.

The following theorem summarises the properties of Bowditch’s construction.

Theorem 3.5.9. [Bow98b, Theorem 5.28] Let G be a one-ended hyperbolic group. Then G

acts minimally and without edge inversions on a tree T such that all edge stabilisers are

virtually cyclic. The vertex set of T is T1 ⊔T2 ⊔T3, and these vertices have the following

properties.

1. If v ∈ T1 then its stabiliser Gv is a maximal virtually cyclic subgroup of G.

2. If v ∈ T2 then its stabiliser Gv is a maximal hanging Fuchsian subgroup of G.

3. If v ∈ T3 then its stabiliser is neither virtually cyclic nor hanging Fuchsian.

Remark 3.5.10. It is convenient to modify the vertex set T1 by adding a degree 2 vertex at

the midpoint of each edge in T connecting a vertex in T2 to a vertex in T3. Then T becomes

a bipartite tree with vertex set partitioned into T1 and T2⊔T3. It is this decomposition that

we will refer to as Bowditch’s JSJ decomposition.

Theorem 3.5.9 has the following important corollary.

Corollary 3.5.11. [Bow98b, Theorem 6.2] Let G be a one-ended hyperbolic group. Suppose

that G is not cocompact Fuchsian. Then G admits a non-trivial splitting over its virtually

cyclic subgroups if and only if ∂G contains a local cut point.

Remark 3.5.12. The assumption that G is not cocompact Fuchsian is essential. If G

is cocompact Fuchsian then ∂G is homeomorphic to a circle, so certainly contains a

local cut point. However, not all cocompact Fuchsian groups admit non-trivial splittings

over virtually cyclic subgroups: all torsion free cocompact Fuchsian groups do, but the

hyperbolic triangle groups and their index 2 orientation preserving subgroups do not. This

exception to Corollary 3.5.11 will cause us difficulties in computing JSJ decompositions,

and is be discussed further in Section 5.3.
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Figure 3.2: The (graph of spaces corresponding to a) JSJ decomposition of a hyperbolic
group. Vertices in T1 can be seen as cylinders, vertices in T2 as surfaces and vertices in T3

as squares.

Remark 3.5.13. Bowditch’s JSJ decomposition is in fact a JSJ decomposition of G in the

sense of Guirardel and Levitt with A equal to the set of virtually cyclic subgroups of G .

This result is stated in [GL17]. For completeness, we give a full proof in Chapter 5: see

Proposition 5.5.6. In the language of Guirardel and Levitt, vertices in T2 will be seen to be

flexible unless the quotient ofH2 by the corresponding Fuchsian group is a particularly

simple orbifold, such as a pair of pants, while vertices in T1 ∪T3 are rigid.

Geometrically, Bowditch’s JSJ decomposition allows us to decompose a hyperbolic

group into surface pieces and rigid pieces connected by cylinders. (In the presence of

torsion the surface pieces are replaced by finite extensions of orbifold pieces and the

cylinders are replaced by finite extensions products of closed one dimensional orbifolds

with an interval.) Such a decomposition is shown in Figure 3.2.

3.5.3 Peripheral splittings

In [Bow01, Bow99a], Bowditch defines a second decomposition built from the topology

of the boundary of a group: the peripheral splitting of a relatively hyperbolic group. The

boundary of a relatively hyperbolic group can contain a cut point, and it is the structure of

cut points in the boundary that determines the decomposition.

Definition 3.5.14. Let G be a group and let H be a collection of subgroups of G . A

peripheral splitting of G relative to H is a representation of G as the fundamental group

of a graph of groups with bipartite underlying graph so that, up to conjugacy, the vertex

groups of one colour are precisely the conjugates of elements of H .
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A peripheral splitting of G relative to H is a special kind of splitting of G over subgroups

of conjugates of elements of H relative to H . It is clear that any peripheral splitting is

indeed such a splitting and the following proposition provides a converse to this statement.

Proposition 3.5.15. [Bow01, Proposition 5.1] The group G admits a non-trivial peripheral

splitting relative to H if and only if G admits a non-trivial splitting over subgroups of

elements of H relative to H .

The relationship between peripheral splittings and the boundary of a relatively hyper-

bolic group is demonstrated by the following two theorems.

Theorem 3.5.16. [Bow01, Theorem 1.2] Let G be a group and H a finite set of finitely

presented subgroups of G such that G is hyperbolic relative to H . Suppose that ∂(G ,H )

is connected. If G admits a non-trivial peripheral splitting relative to H then ∂(G ,H )

contains a cut point.

Putting together two theorems of Bowditch gives the following converse.

Theorem 3.5.17. [Bow99b, Theorem 0.2][Bow99a, Theorem 1.2] Let G be a group and H a

finite set of finitely presented subgroups of G such that G is hyperbolic relative to H . Suppose

further that every element of H is one- or two-ended and no element of H contains an

infinite torsion subgroup. If ∂(G ,H ) is connected and contains a cut point then G admits a

non-trivial peripheral splitting relative to H .

3.5.4 Cut pairs in the relative setting

To prove the results of this thesis we will only need to understand the implications of cut

pairs in the Bowditch boundary of a relatively hyperbolic group in the very special case

in which all peripheral subgroups are virtually cyclic. Elementary proofs of these results

will be provided in Chapter 5. However, some elements of Bowditch’s Theorem 3.5.9 have

recently been shown to have analogues in the relative case. For the sake of completeness,

we include this result here.

Theorem 3.5.18. [Hau17] Let G be a group that his hyperbolic relative to a finite set H of

subgroups such that every element of H is one- or two-ended and no element of H contains

an infinite torsion subgroup. If ∂(G ,H ) contains a non-parabolic local cut point (that is, a

point p that is not fixed by any conjugate of any element of H such that ∂(G ,H )−p has

more than one end) then G admits a splitting over a virtually cyclic subgroup. Conversely, if

G admits a non-trivial splitting over a non-parabolic virtually cyclic subgroup then ∂(G ,H )

contains a non-parabolic local cut point.
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Remark 3.5.19. Note that if {p, q} is a cut pair and neither of p and q is a cut point then p

and q are local cut points.

3.6 Detecting splittings over finite groups

In this section we give an overview of Dahmani and Groves’s result [DG08] that there

is an algorithm that computes a maximal splitting of a hyperbolic group over its finite

subgroups. This result will use Bestvina and Mess’s double dagger condition: this is

a geometric property of the Cayley graph of a hyperbolic group that turns out to be

equivalent to the connectedness of the boundary of that group. This condition gives a

quantitative local connectedness property for the boundary, which will be used in the

proof of Proposition 4.1.8, a key step in our proof of Theorem 1.1.1.

In fact, Dahmani and Groves work in the greater generality of a certain class of relatively

hyperbolic groups. Although our application of their results is to Theorem 4.3.2, which

concerns only hyperbolic groups, our methods require that we allow virtually cyclic

peripheral subgroups, since the Bowditch boundary of the group relative to this family

determines whether or not the group admits a splitting relative to this family.

Theorem 3.6.1. [DG08] There is an algorithm that takes as input a presentation for a group

G and generators for a collection H of abelian subgroups of G such that G is hyperbolic

relative to H , and returns a Dunwoody decomposition of G.

Note that it is not difficult to find splittings of G over finite subgroups algorithmi-

cally when they exist: using moves called Tietze transformations one may enumerate

all presentations of G . Assuming that G does admit a splitting, there is a presentation

that clearly demonstrates that G has the structure of an amalgamated product or HNN

extension; it remains to check that the edge group in this splitting is finite. The existence

of an algorithm that checks this is a standard result in the theory of hyperbolic groups.

A similar approach will be applied to the problem of computing splittings over virtually

cyclic subgroups in Chapter 5. Following this argument, Dahmani and Groves obtain the

following proposition.

Proposition 3.6.2. [DG08, Proposition 5.2] There is an algorithm that takes as input a

presentation for a group G together with generators for a finite collection H of abelian sub-

groups of G such that G is hyperbolic relative to H and terminates if and only if that group

admits a non-trivial splitting over a finite subgroup relative to those abelian subgroups.

(In other words, the property of admitting a non-trivial splitting over a finite subgroup
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is recursively enumerable among hyperbolic groups.) In the case when it terminates, the

algorithm returns the non-trivial relative splitting.

In light of this result, to prove Theorem 3.6.1 Dahmani and Groves required a way

of certifying that the group does not admit a non-trivial splitting over a finite subgroup

in cases when it does not. Recall Theorem 3.4.6: this is equivalent to certifying that the

boundary of the group is connected.

3.6.1 The double dagger condition

The so-called double dagger condition was introduced by Bestvina and Mess in [BM91]

to study the local connectedness of the boundary of a hyperbolic group. The condition

was later modified by Dahmani and Groves to guarantee its computability; we adopt

their definition of the condition here. Let X be the Cayley graph of a hyperbolic group

G with respect to a finite generating set, or, more generally, the cusped space associated

to (G ,H ,S) where H is a finite collection of subgroups of G such that G is hyperbolic

relative to H , and S is a finite generating set for G such that S ∩H generates H for each

H ∈H .

Fix a base point 1 ∈ X corresponding to the identity element of G and fix an integer

δ≥ 0 such that X is δ-hyperbolic.

Lemma 3.6.3. [DG08, Lemma 2.11] For any x in X , there is a geodesic ray starting at 1 that

passes within a distance 3δ of x.

For the remainder of this section let C = 3δ. Also let M = 6(C +45δ)+2δ+3.

Definition 3.6.4. [DG08] Let ϵ≥ 0. A pair of points x and y in X satisfy ⋆ϵ if d(x, y) ≤ M

and |d(1, x)−d(1, y)| ≤ ϵ.

Let n ∈ Z≥0. For a pair (x, y) of points in X satisfying ⋆ϵ we say that the condition

‡(ϵ,n)(x, y) holds if there is a path from x to y in X of length at most n that avoids the

open ball B1(m −C −45δ+3ϵ), where m = min{d(1, x),d(1, y)}.

We shall say that X satisfies ‡(n) if for any pair of points x and y in X satisfying ⋆0, the

condition ‡(0,n)(x, y) holds.

Remark 3.6.5. Note that the parameter n in ‡(n) differs from the corresponding definition

of the double dagger definition of Bestvina and Mess [BM91]; the definition given here is

more convenient for our purposes.

The following lemma relates the double dagger condition to the connectedness of ∂X .
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Figure 3.3: The points x and y , which we assume to satisfy ⋆ϵ, can be joined by a (blue)
path of length at most n outside the (red) open ball of radius m−C −45δ+3ϵ around 1, so
‡(ϵ,n)(x, y) is satisfied.

Proposition 3.6.6. [BM91, Proposition 3.2] Suppose that X satisfies ‡(n) for some n. Then

∂X is path-connected and locally path-connected.

This proposition is proved by noting that the double dagger condition allows one to

“push” paths in X out onto ∂X . This construction will be used in Chapter 4 and is key to

relating the existence of cut pairs in the boundary to the geometry of the cusped space.

See the proof of Proposition 4.1.8 for a detailed example of how to use the double dagger

condition in this manner.

A converse to Proposition 3.6.6 was proved by Bestvina and Mess [BM91, Proposition

3.3] in the absolute case (that is, H =;) under the assumption that ∂X does not contain a

cut point. Recall from Section 2.2 that this assumption is now known to hold for all hyper-

bolic groups. More generally, Dahmani and Groves [DG08] show that this converse holds

for relatively hyperbolic groups as long as we place some restrictions on the peripheral

subgroups, still with the assumption that ∂X does not contain a cut point. Dahmani and

Groves provide a complete proof of this converse in the case that H consists of abelian

subgroups of rank at least 2 of G and comment on how to extend their arguments to

abelian subgroups of rank 1. Most of their methods apply equally well when the elements

of H are virtually cyclic but not necessarily abelian, and it is this case that will interest

us in Section 4, so we now collate the results of [DG08] and fill in the gaps in the virtually

cyclic case. We divide into cases according to whether x and y are in the thick or the thin

part of X .
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The following proposition deals with the thick part of X , and holds without assumption

on the nature of the peripheral subgroups.

Proposition 3.6.7. [DG08, Lemma 4.2] Let k ∈Z≥0. If ∂X is connected and does not contain

a cut point then there exists n ∈ Z≥0 such that ‡(10δ,n)(x, y) holds for all x and y in Xk

satisfying ⋆10δ.

Note that although this proposition was originally stated for k = 2M , the proof given

in [DG08] works for any value of k.

The following proposition deals with cusps corresponding to abelian parabolic sub-

groups of G .

Proposition 3.6.8. [DG08, Lemma 2.16] Let K = 3(22M+3)+M +3. Let H ∈H be abelian of

rank at least 2 and let t ∈ TH be an element of the left transversal of H in G. Then consider

the horoball Hor(ΓH ,t ) ⊂ X . Let Hor(ΓH ,t )k be the set of points in the horoball of height at

least k. Let x and y be points in Hor(ΓH ,t )k satisfying ⋆20δ. Then x and y are connected by

a path in X of length at most K that does not meet the open ball B1(min{d(1, x),d(1, y)}).

As noted in the proof of [DG08, Lemma 2.16], a similar result holds for rank 1 abelian

peripheral subgroups. The authors of that paper indicate that this follows from the fact

that the corresponding horoballs are quasi-isometric to horoballs in H2. We now give

a precise statement and and an alternative proof of this result, generalised to allow all

virtually cyclic parabolics.

Proposition 3.6.9. Let L = 48 ·22M +5M +20. Let H ∈H be virtually cyclic and let t ∈ TH

be an element of the left transversal of H in G. Fix δH such that ΓH ,t is δH -hyperbolic with

respect to the path metric on ΓH ,t ⊂ X . Let k ≥ min{log2(2δH +1),δ}. Let x1 and x2 be points

in Hor(ΓH ,t )k such that d(x1, x2) ≤ M and d(1, xi ) ≥ m for each i . Then there is a path from

x1 to x2 in Hor(ΓH ,t )k of length at most L that does not meet B1(m −20δ−7).

Proof. First note that ΓH ,t × {0} ⊂ Hor(ΓH ,t ) contains a bi-infinite geodesic α× {0} with

respect to the path metric. Furthermore, t 7→α(2h t ) defines the integer points of a geodesic

in ΓH ,t × {h} with respect to the path metric. Also, since ΓH ,t × {0} is δH -hyperbolic, α is

(2δ+1)-quasi-surjective, and therefore every point in ΓH ,t × {h} is within a distance 1 of a

point on α× {h} as long as h ≥ log2(2δ+1). It follows that, at the cost of changing some

constants by 2, we may assume that t 7→α(t )× {0} ⊂ ΓH ,t × {0} is an isometry from R.

We therefore assume that this is the case and that x1 and x2 are points in Hor(ΓH ,t )k

such that d(x1, x2) ≤ M +2 and d(1, xi ) ≥ m −2 for each i . We must show that x1 and x2

are connected by a path in Hor(ΓH ,t )k of length at most L−2 that does not meet the open
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ball B1(m −20δ−7). To construct this path we must first understand the intersection

B1(m −20δ−7)∩Hor(ΓH ,t )k . Let v ∈ Hor(ΓH ,t )k be a point closest to 1 in Hor(ΓH ,t )k and

let y be an arbitrary point in B1(m −20δ−7)∩Hor(ΓH ,t )k . Then we apply the formulation

of hyperbolicity given in Definition 2.1.10: the geodesic triangle ∆(1, v, y) is 4δ-thin by

Lemma 2.1.11. Take points i1, iv and i y on edges [v, y], [1, y] and [1, v] respectively such

that {i1, iv , i y } has diameter at most 4δ. Then we have the following inequality.

d(1, y) = d(1, iv )+d(iv , y) ≥ d(1, i y )−4δ+d(i1, y)−4δ

= d(1, v)+d(v, y)−8δ−d(i y , v)−d(v, i1).

Furthermore, Hor(ΓH ,t )k is convex as long as k > δ by [GM08, Lemma 3.26], so [v, y] ⊂
Hor(ΓH ,t )k and therefore d(i y , v) ≤ d(iz , i1) ≤ 4δ. Also, d(v, i1) ≤ d(v, iz)+d(iz , i1) ≤ 8δ. It

follows from these inequalities that we have the following inclusion.

(
B1(m −20δ−7)∩Hor(ΓH ,t )k

)⊂ (
Bv (m −d(1, v)−7)∩Hor(ΓH ,t )k

)
.

Note that since Hor(ΓH ,t )k is convex in X the second intersection is equal to the ball in

Hor(ΓH ,t )k with centre v and radius m −d(1, v)−7 with respect to the path metric.

We now describe this set in terms of coordinates in Hor(ΓH ,t )k . By reparametrising

α we may assume that v = (α(0),k). Consider a geodesic segment from v to a point

(α(t),h) ∈ Hor(ΓH ,t )k of length at most m −d(1, v)−7. Immediately we see that k ≤ h ≤
k +m −d(1, v)−7. We may assume that this geodesic initially ascends vertically, then

travels horizontally a distance of at most 3, then descends vertically. The maximum height

of any point on this geodesic is at most (k +h +m −d(1, v)−7)/2, so t is bounded above:

|t | ≤ 3 ·2(k+h−7+m−d(1,v))/2.

It follows that B1(m −20δ−5)∩Hor(ΓH ,t )k is contained in the following set, which we

shall call B .

B =
{

(α(t ),h)|k ≤ h ≤ k +m −d(1, v)−5, |t | ≤ 3 ·2(k+h−7+m−d(1,v))/2
}

We now show that we have not enlarged the ball too much: we show that x1 and x2 are

not in B . Let xi = (α(ti ),hi ). It follows from the triangle inequality and the assumption that

d(1, xi ) ≥ m −2 that d(v, xi ) ≥ m −d(1, v)−2. There is a geodesic from v to xi comprising

an ascending vertical segment, followed by a horizontal segment of length at most 3,

followed by a descending vertical segment. If the descending segment is trivial then
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hi > k +m −d(1, v)−4, so xi ∉ B . Otherwise the horizontal segment has length at least

2, and the height of the apex of this path is at least (k +hi − 3+m −d(1, v)− 2)/2, so

|ti | > 2(k+hi−5+m−d(1,v))/2. It again follows that xi ∉ B .

We shall construct the path from x1 to x2 to avoid B . We divide into cases according to

the configuration of x1 and x2 with respect to B . First deal with the case in which t1 and t2

have opposite signs; in this case we show that both x1 and x2 must be higher than or almost

as high as the highest point in B . In this case, for each i we have d(xi , {α(0)}×[k,∞)) ≤ M+3

and d(v, xi ) ≥ m − d(1, v) − 2. By considering a geodesic from v to xi it follows that

hi ≥ k +m −d(1, v)−2M −8. Therefore if either x1 or x2 lies underneath B then this can

be rectified by moving that point along a path following α of length at most 24 ·22M that

avoids B . Still avoiding B , if either point has height less than the maximum height of B

then this can be rectified by moving that point upwards by a distance of at most 2M +5.

The two points can then be connected by a geodesic of length at most 6+ (M +2). The

lowest point of this geodesic is higher than the highest point of B , so the geodesic does

not intersect with B . Therefore x1 can be joined to x2 by a path avoiding B of length at

most 48 ·22M +5M +18 ≤ L−2.

Now assume that t1 and t2 have the same sign, say 0 ≤ t1 ≤ t2. Note that t2 − t1 ≤
2M+2+h1 and |h2−h1| ≤ M +2. If x1 and x2 both have height less that the highest point in B

then it follows that x1 can be connected to x2 by a path of length at most 2M+2+M+2 ≤ L−2

avoiding B ; this path consists of a horizontal segment from x1 until x1 lies directly over or

directly under x2, followed by a vertical segment.

If x1 and x2 are both at least as high as the highest point in B then it follows that the

geodesic from x1 to x2 avoids B ; this has length at most M +2 ≤ L−2.

In the remaining case, say that x1 has height less than that of the highest point in B and

x2 has height at least that of the highest point in B . Then h1 ≥ k +m −d(1, v)−4−M −2,

so if x1 lies underneath B then this can be rectified by moving x1 along a path following α

of length at most 3 ·2M+2 that avoids B . Append to this path an ascending vertical path

ending at height equal to the that of the highest point in B ; this path has length at most

M +2. The end point of this path is within a distance M +5 of x2, so x1 and x2 can be

joined by a path of length at most 3 ·2M+2 +2M +7 ≤ L−2.

Putting together Propositions 3.6.7, 3.6.8 and 3.6.9, we obtain the following.

Proposition 3.6.10. Suppose that every element of H is virtually cyclic or abelian. Suppose

also that ∂X is connected and does not contain a cut point. Then there exists n such that

‡(10δ,n)(x, y) holds for all x and y in X .
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3.6.2 The computability of ‡

In Section 3.6.1 we recalled the definition of the double dagger condition on the cusped

space of a relatively hyperbolic group; this is a quantitative local connectedness condition

for the boundary of that group. In order to apply this condition in algorithms we require a

method to compute the parameters with which the condition holds.

We now recall results of Dahmani and Groves [DG08] that accomplish this goal. To

incorporate the possibility of virtually cyclic parabolic subgroups we must modify the

constants of these results: Dahmani and Groves treat separately the parts of X that lie

in X2M and the parts that lie in Hor(ΓH ,t )M for some peripheral subgroup H ∈ H and

t in the left transversal TH . In the presence of virtually cyclic subgroups we still treat

the thick and thin parts of X separately, but we must allow the cut-off between these

two regimes to depend on the distortion of the virtually cyclic parabolic subgroups as in

Proposition 3.6.9. In spite of this minor modification the proofs of the following results

can be taken from [DG08] almost verbatim.

Proposition 3.6.11. [DG08, Lemma 4.4] Let k ∈Z≥0 and let R(n) = 4(n+M)+7k +50δ+3.

Suppose that n is given such that ‡(10δ,n)(x, y) holds for all pairs of vertices x and y

satisfying⋆10δ in B1(R(n)). Then ‡(0,n)(x, y) holds for all pairs of vertices x and y satisfying

⋆0 in Xk .

Theorem 3.6.12. [DG08, Proposition 5.1] There is an algorithm that takes as input a

presentation for a group G and finite generating sets for a finite collection H of abelian and

virtually cyclic subgroups of G such that G is hyperbolic relative to H and terminates if and

only if ‡(n) holds for some n ∈Z≥0. If the algorithm terminates it returns this value of n.

The following proof is modified from [DG08].

Proof. First compute δ so that the cusped space is δ-hyperbolic and δH so that Γ(H ,S ∩
H) is hyperbolic for each H ∈ H . Algorithms to accomplish this will be discussed in

Section 5.1.1.

Take k ≥ 2M and ≥ log(2δH )+M for every virtually cyclic group H ∈H . Initially set n

to be the maximum of the constants K and L defined in Propositions 3.6.8 and 3.6.9. Then

check whether or not ‡(10δ,n)(x, y) holds for all pairs of points x and y satisfying ⋆10δ in

B1(R(n)). If it does then ‡(n) holds by Propositions 3.6.8, 3.6.9 and 3.6.11. The algorithm

now terminates and returns n. If the condition does not hold for some pair of points then

increment n by 1 and repeat this process.



Chapter 4

Cut points and cut pairs

Our goal in this chapter is to relate the existence of cut points and cut pairs in the boundary

of a hyperbolic group (or a relatively hyperbolic group with virtually cyclic peripheral sub-

groups) to the geometry of some large ball in the Cayley graph or cusped space associated

go that group. The novel material in this chapter is taken from [Bar18, Section 1–2]. Refer

to Chapter 2 for definitions and key properties of the objects used in this chapter.

We begin the chapter by relating the connectedness of the complement of a pair of

points (or a single point) in the boundary to the connectedness of a cylindrical region

around a geodesic connecting those points (respectively a geodesic ray ending at that

point.) Importantly, this result is quantitative: we give explicit bounds on the size of the

cylinder. This is the goal of Section 4.1.

Then, in Section 4.2 we study the geometry of this cylindrical region when the geodesic

penetrates deep into a horoball in the cusped space. Since we assume that the peripheral

subgroups are virtually cyclic, the geometry of the cusps is particularly easy to understand.

Finally, in Section 4.3 we shall apply an argument based on the pumping lemma to

show that the existence of a cut point or cut pair in the boundary of a group is determined

by the geometry of a finite ball in the cusped space of known size. Supposing that there is

a cut pair in the boundary, we show that the geodesic γ connecting the points in a cut pair

may be assumed to be periodic and with bounded period: we take a short subsegment

γ|[a,b] of that geodesic such that both the geodesic and the components of the thickened

cylinder are identical in small neighbourhoods of a and b and form a new (local) geodesic

that also connects the two points in a (possibly different) cut pair by concatenating

infinitely many copies of γ|[a,b]. A similar method is used in [CM11] to control cut pairs in

the decomposition space associated to a line pattern in a free group. By characterising

circles as Peano continua in which every pair of points is a cut pair, we do the same for the

property of having circular boundary: we show that the boundary of a relatively hyperbolic
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group is homeomorphic to a circle if and only if the cusped space contains a periodic local

geodesic with bounded period such that the limit set of that geodesic is not a cut pair. This

completes the proof of Theorem 1.1.1 and is a key step in the proofs of Theorems 1.2.1

and 1.2.2.

4.1 Cylinders, cut points and cut pairs

4.1.1 Spaces and constants

Let G be a group and let H be a finite set of virtually cyclic subgroups of G . We work

under the assumption that G is hyperbolic relative to H . A virtually cyclic subgroup of

a hyperbolic group is always quasi-convex, and is almost malnormal if and only if it is

maximal among virtually cyclic subgroups of G . Then applying Theorem 2.3.5 gives the

following lemma.

Lemma 4.1.1. Suppose that G is hyperbolic and that H is a finite set of virtually cyclic

subgroups of G. Suppose further that each group in H is maximal virtually cyclic and no

two elements of H are conjugate. Then G is hyperbolic relative to H .

Let S be a finite generating set for G such that S ∩H is a generating set for H for each

H ∈H . Then let X = X (G ,H ,S) be the cusped space associated to the triple (G ,H ,S) as

in Definition 2.3.7. Note that this is a hyperbolic metric space. Let 1 ∈ X be the vertex

corresponding to the identity element of G .

We make the additional assumption that X satisfies a double dagger condition. Note

that by Proposition 3.6.10 this is guaranteed if the boundary ∂(G ,H ) is connected and does

not contain a cut point, and by Proposition 3.6.6 this implies that ∂(G ,H ) is connected.

We now fix some constants for the remainder of this chapter.

1. Fix δ such that X is δ-hyperbolic.

2. Let C = 3δ as in Lemma 3.6.3.

3. Let D be chosen so that for any (8δ+1)-local-geodesic γ and any geodesic γ′ with

the same endpoints in X ∪∂X as γ, the Hausdorff distance between γ and γ′ is at

most D . (See Theorem 2.1.17.)

4. Let M = 6(C +45δ)+2δ+3 and let n be such that X satisfies ‡(n).
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5. Let dv be a visual metric on ∂G and fix a, k1 and k2 such that it satisfies the following

inequality. (See Proposition 2.2.17.)

k1a−(p·q)1 ≤ dv(p, q) ≤ k2a−(p·q)1 . (4.1)

In fact, a, k1 and k2 can be taken to be 21/4δ, 3−2
p

2 and 1 respectively.

4.1.2 Cylinders in the cusped space

We now relate the existence of cut points and cut pairs in the boundary ∂(G ,H ) to the

connectedness of thickened cylinders around local geodesics in X . Let γ be an (8δ+1)-

local-geodesic in X with either one or both end points in ∂X . (In other words, γ is either a

local geodesic ray or a bi-infinite local geodesic.) Note that the end points of γ at infinity

are well defined by Remark 2.2.3. We shall denote by Λγ the limit set of γ in ∂X , which is

either one or two points. By translating by an element of G we may assume that the point

1 ∈ X is γ(0).

We define a subset of X , the connectivity of which will be seen to reflect the connectiv-

ity of ∂X −Λγ.

Definition 4.1.2. For R ≥ 0 let NR (γ) be the closed R-neighbourhood of γ and for 0 ≤ r ≤
R ≤∞ let Nr,R (γ) be {x ∈ X : r ≤ d(x,γ) ≤ R}. For K ≥ 0 let CK (γ) be {x ∈ X : d(x,γ) = K }.

Finally, for 0 ≤ r ≤ K ≤ R ≤∞ let Cylr,R,K (γ) be the union of those connected components

of Nr,R (γ) that meet CK (γ). Note that Cylr,R,K (γ) contains NK ,R (γ). See Figure 4.1 for an

illustration of such a subset of X .

Definition 4.1.3. For a component U of Cylr,∞,K (γ) define its shadow S U to be the set of

points p in ∂X such that for any geodesic ray α from 1 to p, α(t ) is in U for t sufficiently

large.

The condition of Definition 4.1.3 that all geodesic rays with a particular end point are

eventually contained in a component U of Cylr,∞,K is equivalent to a seemingly weaker

condition.

Lemma 4.1.4. Let α be a geodesic ray with α(0) = 1. Suppose that t ≥ 0 and d(α(t),γ) ≥
3δ+max{r,D}. Let U be the component of Nr,∞(γ) containing α(t). Then U meets CK (γ)

for any K ≥ r and α(∞) is contained in S U .

Proof. Let α′ be another geodesic ray with α′(0) = 1 and α′(∞) =α(∞). Let s be greater

than t +dHaus(α,α′). Then the triangle ∆(1,α(s),α(s′)), two edges of which are subseg-

ments of α and α′, is δ-slim. It follows that d(α′(t ),α) ≤ δ, and then d(α′(t ),α(t )) ≤ 2δ, so

d(α′(t ),γ) ≥ δ+max{r,D} and α′(t ) ∈U .
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r

γ(∞)

γ(∞)

γ

Figure 4.1: The three connected components of Nr,∞(γ) are shaded red, blue and green.
The small green component does not correspond to a component of ∂X −Λγ and is dis-
carded when Nr,∞(γ) is replaced by Cylr,∞,K (γ). The union of the red and blue components
is Cylr,∞,K (γ).
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We now show thatα′(s) ∈U for s ≥ t . If not then there exists s ≥ t such that d(α(s),γ) <
r ; let d(α(s),γ(s′)) < r . Then the triangle ∆(1,α′(s),γ(s′)) is δ-slim, so α′(t) is within a

distance δ of [1,γ(s′)]∪ [γ(s′),α(s)]. But [1,γ(s′)] is contained in a D-neighbourhood of γ,

while [γ(s′),α(s)] is contained in an r -neighbourhood of γ, so this is impossible.

Therefore α′(s) ∈U for s ≥ t for any geodesic ray α′ with α′(0) = 1 and α′(∞) =α(∞).

In particular, this is true for α′ =α and α diverges arbitrarily far from γ, so U meet CK (γ).

Furthermore, α(∞) ∈S (U ).

Lemma 4.1.5. Let r > D and let K ≥ r . Then ∂X is covered by shadows:

⋃
U

S U = ∂X −Λγ, (4.2)

where the union is taken over the set of connected components of Cylr,∞,K (γ). Furthermore,

S U ∩S V =; for distinct components U and V of Cylr,∞,K (γ).

Proof. The statement that shadows are disjoint is clear from the definition of the shadow.

The assumption that r > D ensures that when U is a component of Cylr,∞,K (γ), S U does

not contain a point in Λγ, since any geodesic ray from 1 to a point in Λγ is contained in a

D-neighbourhood of γ.

If p is any point in ∂X −Λγ then any geodesic ray α from 1 to p diverges arbitrarily far

from γ, so d(α(t),γ) ≥ 3δ+max{r,D} for some t ≥ 0. Let U be the component of Nr,∞(γ)

that containsα(t ). Then U is a component of Cylr,∞,K (γ) and p ∈S U by Lemma 4.1.4.

Lemma 4.1.6. Let U be a component of Cylr,∞,K (γ). Then S U is non-empty as long as

K ≥C +3δ+max{r,D}.

Proof. Let x ∈CK (γ)∩U . Then by Lemma 3.6.3 there exists a geodesic ray α with α(0) = 1

and t ≥ 0 such that d(α(t), x) ≤ C . Then α(t) ∈ U and d(α(t),γ) ≥ 3δ+max{r,D}, so

α(∞) ∈S U by Lemma 4.1.4.

Lemma 4.1.7. Let r > D, let K ≥ r and let U be a component of Cylr,∞,K (γ). Then S U is

closed and open in ∂X −Λγ.

Proof. Let p be a point in S U and let p =α(∞) where α is a geodesic ray with α(0) = 1.

For t ≥ 0 let Vt (α) be the set of end points of geodesic raysβ from 1 such that d(β(t ),α(t )) <
2δ+1. From Proposition 2.2.8, the collection {Vt (α) | t ∈N} of such sets forms a funda-

mental system of neighbourhoods of p ∈ ∂X .

Then there exists t0 such that for t ≥ t0, d(α(t),γ) ≥ 5δ+1+max{r,D}, and therefore

α(t0) ∈ U by Lemma 4.1.4. We claim that Vt0 (α) ⊂ S U . Let β be a geodesic ray with
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β(0) = 1 and d(β(t0),α(t0)) ≤ 2δ+1. Then β(t0) ∈U and d(β(t0),γ) ≥ 3δ+max{r,D}, so

β(∞) ∈S U by Lemma 4.1.4.

Since p was arbitrary in S U , it follows that S U is open. As U ranges over the con-

nected components of Cylr,∞,K (γ), S U ranges over a cover of ∂X −Λγ by disjoint open

subsets by Lemma 4.1.5 since r > D , so each is also closed.

To complete our proof of the fact that connectedness of ∂X −Λγ is equivalent to

connectedness of Cylr,∞,K (γ) for appropriate values of r and K we prove the following

proposition, in which we show that the double dagger condition can be used to push

paths in a component U of Cylr,∞,K (γ) onto S U . The proof of this Proposition is similar

to on the proof of [BM91, Proposition 3.2].

Proposition 4.1.8. Assume that r satisfies the following inequality.

r > 2loga

(
k2

k1

n −1

1−a−1

)
+M +12δ+D. (4.3)

If U is a connected component of Cylr,∞,K (γ) then S U is contained in one connected

component of ∂X −Λγ.

Proof. Let p and q be points in S U and let α1 and α2 be geodesic rays from 1 to p

and q respectively. Then there exist t1 and t2 such that α1(t1) and α2(t2) are in U . Let

φ : [0,ℓ] → X be a path in U parametrised by arc length connecting the two points α1(t1)

and α2(t2).

For each integer i in [0,ℓ] let zi be a point within a distance C of φ(i ) so that there is a

geodesic ray βi from 1 with βi (mi ) = zi . We can assume that β0 =α1 and βℓ =α2. Then,

following the argument of [BM91, Proposition 3.2], we show that βi (∞) and βi+1(∞) can

be connected in ∂X −Λγ for each i . For notational convenience we prove it for i = 0.

Note first that d(β0(m0),β1(m1)) ≤ 2C + 1, which implies that |m0 − m1| ≤ 2C + 1,

and therefore d(β0(m0),β1(m0)) ≤ 4C +2 ≤ M . Then, using the condition ‡(n), choose

a sequence of points w0 = β0(m0), w1, . . . , wn = β1(m0) such that d(w j , w j+1) ≤ 1 and

d(1, w j ) ≥ m0 −C −45δ for each j . Choose geodesic rays β1/n ,β2/n , . . . ,βn−1/n such that

d(w j ,β j /n) ≤C .

We claim that d(β j /n(m0 +1),β j+1/n(m0 +1)) ≤ M . To see this, choose s j such that

d(β j /n(s j ), w j ) ≤C , so d(β j /n(s j ),β j+1/n(s j+1)) ≤ 2C+1. If s j ≥ m0+1 then, since the trian-

gle∆(1,β j /n(s j ),β j+1/n(s j+1)) is δ-slim, d(β j /n(m0+1),β j+1/n) ≤ δ+2C+1, so d(β j /n(m0+
1),β j+1/n(m0 +1)) ≤ 2(δ+2C +1) ≤ M . Alternatively, if s j ≤ m0 +1, then |s j − (m0 +1)| ≤
2C +45δ+1, so by the triangle inequality d(β j /n(m0+1),β j+1/n(m0+1)) ≤ 2C +1+2(2C +
45δ+1) ≤ M .
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Now proceed by induction: using the condition ‡(n) as above, define geodesic rays βt

for each n-adic rational t in [0,1] inductively on the power k of the denominator of t to

satisfy the following inequality for each j with 0 ≤ j ≤ nk −1.

d
(
β j /nk (mi +k),β j+1/nk (mi +k)

)
≤ M . (4.4)

The triangle inequality gives the following lower bound on the Gromov product of

these points. (
β j /nk (∞) ·β j+1/nk (∞)

)
1
≥ liminf

n1,n2

(
β j /nk (n1) ·β j+1/nk (n2)

)
1

(4.5)

≥
(
β j /nk (m0 +k) ·β j+1/nk (m0 +k)

)
1

(4.6)

= m0 +k −M/2 (4.7)

Recall that we defined a visual metric dv on ∂X with base point 1, visual parameter a and

multiplicative constants k1 and k2. We obtain:

dv

(
β j /nk (∞),β j+1/nk (∞)

)
≤ k2a−m0−k+M/2. (4.8)

Inductively applying the triangle inequality, we arrive at the following inequality for

each n-adic rational t ∈ [0,1].

dv
(
β0(∞),βt (∞)

)≤ k2(n −1)a−m0+M/2

1−a−1
(4.9)

Define a path ψ : [0,1] → ∂X with ψ(t ) =βt (∞) for each n-adic rational t in [0,1].

This extends continuously to a path from β0(∞) to β1(∞) by the uniform continuity of

the map t →βt (γ) defined on the n-adic rationals, which is established by applying the

triangle inequality and Equation 4.8 repeatedly. This path is contained in the ball of radius

k2(n −1)a−m0+M/2/(1−a−1) around β0(∞).

We now bound below the distance dv(β0(∞),Λγ). Let γ′ be a geodesic ray from 1 to

γ(∞), so the Hausdorff distance between γ and γ′ is at most D . By Lemma 2.2.16, we have

the following inequality.

(
β0(∞) ·γ′(∞)

)
1 ≤ liminf

n1,n2

(
β0(n1) ·γ′(n2)

)
1 +2δ. (4.10)

Let n1 and n2 each be at least m0. Certainly d(β0(m0),γ′) > δ since r > δ+D , so there exists

a point p on [β0(n1),γ′(n2)] within a distance δ of β0(m0). In fact, d(β0(m0),γ) > 2δ+D,
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so d(β0,γ′(m0)) > 2δ. Therefore there exists a point q on [β0(n1),γ′(n2)] within a distance

δ of γ′(m0).

Suppose that q is closer to β0(n1) than p. Then by considering the geodesic triangle

with vertices β0(n1), β0(m0) and p we see that q is within distance 2δ of β0. Therefore the

distance from γ′(m0) to β0(m0) is at most 6δ. But we assumed that r > 6δ+D , which gives

a contradiction. This implies that d(β0(n1),γ′(n2)) is equal to the sum of the distances

d(β0(n1), p), d(p, q) and d(q,γ′(n2)).

Then we have the following inequality.

(
β0(n1) ·γ′(n2)

)
1 −

(
β0(m0) ·γ′(m0)

)
1 = d(β0(n1),β0(m0))−d(β0(n1), p) (4.11)

+d(β0(m0),γ′(m0))−d(p, q) (4.12)

+d(γ′(m0),γ′(n2))−d(q,γ′(n2)) (4.13)

≤ δ+2δ+δ= 4δ (4.14)

This implies a lower bound on the distance from β0(∞) to γ(∞) with respect to the

visual metric.

dv(β0(∞),γ(∞)) ≥ k1a−m0+(r−D)/2−6δ. (4.15)

In the case that γ is bi-infinite, dv(β0(∞),γ(−∞)) similarly satisfies the same bound.

Therefore, by the assumption on r the path constructed from β0(∞) to β1(∞) avoids

Λγ.

This completes the proof of the assertion that the connectedness of Cylr,∞,K (γ) de-

termines the connectedness of ∂X −Λγ. We now show that this connectedness can be

detected without looking too far from γ: we show that for R at least some predetermined

constant, Cylr,R,K (γ) has the same number of components as Cylr,∞,K (γ).

Proposition 4.1.9. Let R ≥ 2δ+2D+max{r+4δ+1,K }. Then the inclusion map Cylr,R,K (γ) ,→
Cylr,∞,K (γ) induces a bijection between the sets of connected components of those subspaces

of X .

Proof. Surjectivity is clearly guaranteed by the fact that R ≥ K . For injectivity, let x and

y be points in CK (γ) that lie in the same connected component of Cylr,∞,K (γ). We show

that the shortest path from x to y in Nr,∞(γ) stays within a distance R of γ. This argument

is illustrated in Figure 4.2. Let φ : [0,ℓ] → X be such a shortest path parametrised by arc

length. Suppose that d(φ(s),γ) > R . Let [t0, t1] be a maximal subinterval of [0,ℓ] containing

s such that d(φ(t ),γ) ≥ r +4δ+1 for t ∈ [t0, t1].
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r

R

K

γ

φ

x

y
φ(t0)

φ(t1)

γ(s0)

γ(s1)

≤ 2δ

[φ(t0),φ(t1)]

Figure 4.2: The configuration of points and paths in the proof of Proposition 4.1.9.
We show that the shortest path from x to y that avoids Nr (γ) is contained in NR (γ), so
the cusped space cannot contain a large “hole” obstructing such paths as shown in the
diagram.

Then for t ∈ [t0, t1], φ|[t−4δ−1,t+4δ+1]∩[t0,t1] has image in Nr+4δ+1,∞(γ). Therefore any

geodesic segment fromφ(min{t−4δ−1, t0}) toφ(max{t+4δ+1, t1}) is contained in Nr,∞(γ),

so by minimality of the length of φ, φ|[t−4δ−1,t+4δ+1]∩[t0,t1] is a geodesic. This means that

φ|[t0,t1] is an (8δ+ 2)-local geodesic. Therefore by Theorem 2.1.17 it is contained in a

D-neighbourhood of any geodesic from φ(t0) to φ(t1).

By maximality of [t0, t1], either d(φ(t0),γ) = r +4δ+1 or t0 = 0, so certainly d(φ(t0),γ) ≤
max{r +4δ+1,K }, and similarly d(φ(t1),γ) satisfies the same inequality. By δ-hyperbolicity

applied to the geodesic quadrilateral with vertices φ(t0), φ(t1) and the points γ(s0) and

γ(s1) on γ minimising the distances to φ(t0) and φ(t1), any geodesic from φ(t0) to φ(t1)

is contained in a 2δ+max{r +4δ+1,K } neighbourhood of a geodesic from γ(s0) to γ(s1),

so is a subset of N2δ+max{r+4δ+1,K }+D (γ). Hence d(φ(s),γ) ≤ 2δ+max{r +4δ+2,K }+2D,

which is a contradiction.

From the results of this section we draw the following conclusion, which was main

goal of this section.

Proposition 4.1.10. The map that sends a component U of Cylr,R,K (γ) to the shadow (with

respect to the base point 1 ∈ γ) of the component of Cylr,∞,K (γ) containing U is a well

defined bijection between the set of connected components of Cylr,R,K (γ) and the set of
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connected components of ∂X −Λγ as long as r , R and K are taken to simultaneously satisfy

the conditions of Lemmas 4.1.5, 4.1.6, 4.1.7 and Propositions 4.1.8 and 4.1.9.

Remark 4.1.11. The conditions on r , R and K depend only on δ, n and λ. Suitable values

for r , R and K can be computed from these data.

We end this section with the following proposition, which shows that it is possible to

detect which components of Nr,R (γ) meet CK (γ) just by looking at a ball of a bounded size

in X . Therefore it is possible to construct bounded subsets of Ar,R,K (γ) algorithmically.

Proposition 4.1.12. Suppose that γ is a bi-infinite λ-quasi-geodesic and that neither point

in Λγ is a cut point. Let r and R be chosen to satisfy Propositions 4.1.8 and 4.1.9. Let T be at

least loga(2k1/k2)+3D+2δ+K . Then every component of Cylr,R,K (γ) meets CK (γ)∩BT (γ(t ))

for any t such that γ(t ) is in X0.

Proof. Without loss of generality assume that γ(t ) = 1. Let U be a component of Cylr,R,K (γ)

and let U ′ be the component of Cylr,∞,K (γ) containing U . Then it is sufficient to show that

U ′ meets CK (γ)∩BT (1) since U ′∩CK (γ) =U ∩CK (γ) by Proposition 4.1.9.

Suppose that U ′ does does not meet CK (γ)∩BT (1). We show then that S U must then

be clustered around the two points in Λγ. Let p be a point in S U and let α be a geodesic

ray from 1 to p. Then α(s) ∈U ∩CK (γ) for some s; by assumption d(α(s), v) ≥ T .

Letγ′ be a geodesic connecting the points ofΛγ so that the Hausdorff distance between

γ and γ′ is at most D. Parametrise γ′ so that d(γ′(0),1) ≤ D. Then d(α(s),γ′) ≤ K +D; let

d(α(s),γ′(s′)) ≤ K +D. This implies that d(γ′(s′),1) ≥ T −D −K . We therefore have the

following inequality.

(
α(s) ·γ′(s′)

)
1 ≥ T −D −K . (4.16)

Assume that s′ ≥ 0; this implies that

(
p ·γ′(∞)

)
1 ≥ liminf

m,n→∞
(
α(m) ·γ′(n)

)
1 (4.17)

≥ (
α(s) ·γ′(s′)

)
1 −D (4.18)

≥ T −2D −K . (4.19)

So dv(p,γ′(∞)) ≤ k2a−T+2D+K . Similarly, if s′ ≤ 0, dv(p,γ′(−∞)) ≤ k2a−T+2D+K . Therefore

S U ′ is contained in a k2a−T+2D+K neighbourhood of Λγ. Also, for any s, the geodesic

from γ(t + s) to γ(t − s) passes within a distance D of γ(t), so
(
γ(t + s) ·γ(t − s)

)
1 ≤ D.

Then
(
γ(∞) ·γ(−∞)

)
1 ≤ 2δ+D, and so dv(γ(∞),γ(−∞)) ≥ k1a−(2δ+D). It follows by the

inequality satisfied by T that the closed balls of radius k2a−T+2D+K around γ(∞) and
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γ(−∞) are disjoint. By Proposition 4.1.8 S U ′ is connected, so is contained in one of these

two balls, say in the ball around γ(∞). But then S U is a non-empty proper subset of

∂X − {γ(∞)} that is closed and open, so γ(∞) is a cut point, which is a contradiction.

4.2 Cylinders in the thin part of the cusped space

As in the previous section, let G be a hyperbolic group and let H be a finite set of pairwise

non-conjugate maximal virtually cyclic subgroups of G , so that G is hyperbolic relative to

H . Let S be a generating set for G such that S ∩H generates H for each H in H . Let X be

the cusped space associated to (G ,H ,S). Let γ be a (8δ+1)-local-geodesic in X with one

or both end points in ∂X .

In this section we study the connectedness of the intersection of Cylr,R,K (γ) with the

thin part of X . Because of our assumption that the peripheral subgroups are virtually

cyclic, the geometry of the cusps of X is quite simple. We begin to restricting to the case in

which γ is a vertical geodesic ray contained in a horoball corresponding to a subgroup

H ∈ H . Then the vertex set of Hor(Γ(H ,S ∩ H)) can be identified with H ×Z≥0 and for

any k there is an inclusion of the Cayley graph Γ(H ,S ∩H) ,→ h−1(k)∩Hor(Γ(H ,S ∩H))

mapping a vertex g ∈ Γ(H ,S) to (g ,k). For k = 0 this inclusion is an isomorphism of graphs.

Let dH be the path metric in Γ(H ,S ∩ H) and let Γ(H ,S ∩ H) be δH -hyperbolic with

respect to this metric. Let α be a bi-infinite geodesic in Γ(H ,S) with respect to dH . Then

any point in Γ(H ,S) is within a distance of at most 2δH +1 of α.

Let γ : [0,∞) → X be a vertical geodesic ray with γ(0) = (α(0),0). The δ-thin part of the

horoball is convex by [GM08, Lemma 3.26], so for any point x in Hor(Γ(H ,S ∩H)) with

h(x) ≥ δ, the distance from x to γ is minimised by a geodesic comprising a vertical segment

followed by a single horizontal edge. Then for any k ≥ δ, the vertex set of h−1(k)∩Nr,R (γ)

is

{g ∈ H : 2k+r−2 < dH (g ,α(0)) ≤ 2k+R−1}× {k}. (4.20)

We will denote by Yk the set h−1(k)∩Nr,R (γ).

Assume now that k ≥ max{log2(2δH +1),δ}. Then every vertex in h−1(k), and therefore

every vertex in Yk , is adjacent to a vertex in α× {k}. Therefore Yk contains connected
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components Y +
k and Y −

k with

α|[2k+r−1,2k+R−1] × {k} ⊂ Y +
k , (4.21)

α|[−2k+R−1,−2k+r−1] × {k} ⊂ Y −
k , (4.22)

(4.23)

and each of these components meets CK (γ). Therefore each of the sets Y ±
k is a subset of a

component of Cylr,R,K (γ). Any vertex in the complement of these two components of Yk

is adjacent to a point in {(α(±2k+r−2),k)}, so is contained in the following set.

{g ∈ H : dH (g ,α(0)) ≤ 2k+r−1}× {k}. (4.24)

Therefore only those vertices of Yk that are in Y +
k ∪Y −

k are adjacent in X to vertices of

Yk+1. Furthermore, Y +
k is adjacent to Y +

k+1 and not to Y −
k+1 and likewise for Y −

k . Finally,

any vertex that is in Yk+1 but not in Y +
k+1 ∪Y −

k+1 is adjacent to a vertex in Y +
k ∪Y −

k .

Therefore, if k ≥ max{log2(2δH +1),δ} then Cylr,R,K (γ)∩h−1[k,∞)∩Hor(Γ(H ,S ∩H))

contains two unbounded components Y +
≥k and Y −

≥k containing ∪l≥k Y +
l and ∪l≥k Y −

l re-

spectively and the complement of these two components is contained in

{g ∈ H : dH (g ,α(0)) ≤ 2k+r }× {k}. (4.25)

To make precise the consequences of this description of Cylr,R,K (γ), we make the

following definition, now allowing γ to be any geodesic segment, geodesic ray or bi-infinite

geodesic in X .

Definition 4.2.1. Let γ be a geodesic segment, geodesic ray or bi-infinite geodesic in X .

We call an end point of γ a loose end if it is in X (as opposed to ∂X ), and this end point

is a local maximum of the function h ◦γ. (In other words, if the end point is at the start

of γ then γ is descending vertically at that point, while if the end point is at the end of γ

then γ is ascending vertically at that point.) Then let γ̂ be the bi-infinite path obtained by

concatenating γ with geodesic rays at any loose ends of γ. Note that this can be done in a

unique way, since the loose ends of γ have positive height.

Note that if the height of the loose ends of γ is at least 8δ+ 1, γ̂ is a (8δ+ 1)-local-

geodesic.
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γ
k

Γ(G ,S)

Hor(Γ(H , H ∩S))

Figure 4.3: The union of the red and blue components of Cyl′r,R,K (γ), where γ is a geodesic
with a loose end at height k. Note that extending γ by a geodesic ray (to obtain γ̂) does not
change the number of connected components of the cylinder.

With γ as in Definition 4.2.1, let Cyl′r,R,K (γ) be the space obtained by truncating

Cylr,R,K (γ̂) at the loose ends of γ:

Cylr,R,K (γ̂)− (
h−1[k,∞)∩NR (γ̂−γ)

)
. (4.26)

This space is shown in Figure 4.3.

The results of this section together give the following lemma, which we shall use to

control the depth to which geodesics in X connecting cut pairs in ∂X penetrate into the

thin part of X .

Lemma 4.2.2. Let γ be a geodesic segment, geodesic ray or bi-infinite geodesic in X such

that any ends of γ not in ∂X are loose ends of γ and have height at least min{R, log2(2δH +
1),8δ+1}. Let δH be such that each H ∈H is δH -hyperbolic with respect to the generating

set H ∩S. Then the inclusion Cyl′r,R,K (γ) ,→ Cylr,R,K (γ̂) induces a bijection between the sets

of connected components of those spaces.

4.3 The geometry of finite balls in the cusped space

In this section we apply the results of Sections 4.1 and 4.2 to prove some of the results re-

ferred to in the introduction. We show that certain topological properties of the boundary

of the pair (G ,H ) are determined by the geometry of a large ball in the cusped space. All
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of these results require the assumption that the cusped space satisfies a double dagger

condition.

4.3.1 Cut points

The first topological feature we treat is a cut point. As discussed in Sections 2.2.3 and 2.3.3

there is never a cut point in the boundary in the Gromov boundary of a hyperbolic group,

but cut points are possible in the Bowditch boundary of relatively hyperbolic groups. Note

also that we require a double dagger condition, which is not guaranteed if the boundary

does contain a cut point.

Proposition 4.3.1. Let G be a group and let H be a finite set of virtually cyclic subgroups

of G so that G is hyperbolic relative to H . Let S be a finite generating set for G such that

S ∩H generates H for each H ∈H . Suppose that the cusped space X associated to the triple

(G ,H ,S) is δ-hyperbolic and satisfies ‡(n). Fix r , R and K satisfying Proposition 4.1.10.

Let δH be large enough that Γ(H ,S ∩ H) is δH -hyperbolic for each H ∈ H and let k ≥
log2(2δH +1). Then ∂(G ,H ,S) contains a cut point if and only if there is a vertical geodesic

segment γ : [0,k] → X with γ(0) = 1 such that Cyl′r,R,K (γ) is disconnected.

Proof. It is shown in [Bow99b, Theorem 0.2] that any cut point in ∂(G ,H ) must be the

limit point of g H g−1 for some H ∈H and g ∈G . Therefore ∂(G ,H ) contains a cut point

if and only if ΛH is a cut point for some H ∈H . For H ∈H let γH be the vertical geodesic

ray contained in Hor(Γ(H ,S ∩H)) with γH (0) = 1. Note that γH (∞) =ΛH .

By Proposition 4.1.10, γH (∞) is a cut point if and only if Cylr,R,K (γH ) is disconnected.

By Lemma 4.2.2 Cylr,R,K (γH ) is disconnected if and only if Cyl′r,R,K (γH |[0,k]) is disconnected.

4.3.2 Cut pairs

We now assume that ∂(G ,H ) does not contain a cut point and give criteria for the existence

of a cut pair in ∂(G ,H ). In this situation all results of Section 4.1.2 are applicable. We use a

pumping lemma argument: we aim to replace an arbitrary geodesic joining the two points

in a cut pair in ∂X with a periodic local geodesic with bounded period that also joins the

points of a (possibly different) cut pair.

Before stating the theorem we define some constants. Let the cusped space X be

δ-hyperbolic and satisfy the double dagger condition ‡(n). Fix δH so that Γ(H ,S ∩H) is

δH -hyperbolic for each H ∈H . Take λ= max{(12δ+1)/(4δ+1),2δ} so that any (8δ+1)-

local-geodesic is a λ-quasi-geodesic as in Theorem 2.1.17 and fix D so that any (8δ+1)-

local geodesic is contained in a D-neighbourhood of a geodesic with the same end points.
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Fix r , R and K to simultaneously satisfy the conditions of the results of Section 4.1.2 as

summarised in Proposition 4.1.10. Fix T to satisfy the condition of Proposition 4.1.12. We

also make the following definitions.

k = max{8δ+1, log2(2δH +1),T +R}. (4.27)

ρ = (2R +λ+1)λ2 +λ+R. (4.28)

η= max{(8δ+1)/2,λ(T +K +λ),λ(R + r +λ),λ(R +ρ+λ),λ(2R +λ+1)}. (4.29)

To summarise, we take r ≪ K ≪ R ≪ ρ≪ η and k ≫ R.

Let Val be the maximum valence of any vertex in Xk+R and let V be the maximum

number of vertices in any ball of radius ρ around any vertex in Xk+R . Then define Nmin

and Nmax ≫ η as follows.

Nmin = max{8δ+1,λ(2R +λ+1)+1} (4.30)

Nmax = Nmin (k +R +1)Val2η2V +1 (4.31)

Theorem 4.3.2. There is a cut pair in ∂(G ,H ) if and only if and only if X contains one of

the following two features:

1. A short coarsely separating geodesic segment at shallow depth in X : a geodesic seg-

ment γ : [a−η,b+η] → X contained in Xk+R satisfying the following conditions. Such

a feature is shown in Figure 4.4.

(a) The segment is short: Nmin ≤ b −a ≤ Nmax .

(b) The ends of the segment match: h(γ(a)) = h(γ(b)), so there exists g ∈G such that

γ(b) = g ·γ(a), and γ|[b−η,b+η] = g ·γ|[a−η,a+η].

(c) The segment coarsely separates X : there is a partition P of the vertices of

Nr,R (γ)∩NR (γ|[a,b]) into two subsets such that adjacent vertices lie in the same

subset and each of the sets meets CK (γ)∩BT (γ(c)) for some c ∈ [a,b] such that

γ(c) ∈ X0.

(d) The ends of the partition match: the partition on the vertices of Nr,R (γ)∩Bρ(γ(b))

induced by the restriction of P to that subset is the same as the translate by g

of the partition on the vertices of Nr,R (γ)∩Bρ(γ(a)) obtained by restricting P .

Note that Nr,R (γ)∩Bρ(γ(b)) is equal to g ·Nr,R (γ)∩Bρ(γ(a)) by Condition 1b.

2. A short coarsely separating horseshoe-shaped geodesic: a geodesic segment γ : [a,b] →
X satisfying the following conditions.
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g

γ

Figure 4.4: A short coarsely separating geodesic segment in X . The partition P consists
of the red set and the blue set. Note that the two ends of the segment, and the partitions
around the two ends, match under translation by g .

(a) The segment is short: b −a ≤ Nmax −2R +2η.

(b) Both ends are loose ends: h(γ(a)) = h(γ(b)) ≥ k and h ◦γ is decreasing at a and

increasing at b.

(c) The segment coarsely separates X : Cyl′r,R,K (γ) is disconnected.

Proof. First suppose that the first type of feature exists in X . Define a path γ′ in X by

concatenating translates of γ:

γ′ ((b −a)m + t ) = g mγ(a + t ) (4.32)

for m ∈Z and t ∈ [0,b−a]. Then γ′ is an (8δ+1)-local-geodesic by Condition 1b. (Here we

use the condition that η≥ (8δ+1)/2.) It is therefore a λ-quasi-geodesic by Theorem 2.1.17.

We now show that Cylr,R,K (γ′) is disconnected.

Note that NR (γ′) is a union
⋃

m∈Z g m ·NR (γ|[a,b]) of translates of neighbourhoods of

γ. Since η ≥ λ(R + r +λ), Nr (γ′)∩NR (γ|[a,b]) is a subset of Nr (γ), so is equal to Nr (γ)∩
NR (γ|[a,b]). Therefore Nr,R (γ′) is also a union:

Nr,R (γ′) = ⋃
m∈Z

g m · (Nr,R (γ)∩NR
(
γ|[a,b]

))
. (4.33)
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Since b − a > λ(2R +λ+ 1), g m · NR (γ|[a,b]) and g l · NR (γ|[a,b]) contain no adjacent

vertices for |m− l | ≥ 2. Furthermore, if l = m+1 then any pair of adjacent vertices in these

two sets is contained in g m ·Bρ(γ(b)) since ρ ≥ (2R +λ+1)λ2 +λ+R.

For each set U ∈P define a set U ′ of vertices of Nr,R (γ′) by letting u ∈U ′ if g mu ∈U

for some m ∈ Z. This gives a well defined partition P ′ of the vertices of Nr,R (γ′) such

that adjacent vertices lie in the same set by condition 1d. Its restriction to Cylr,R,K (γ′) is

non-trivial: CK (γ′) contains CK (γ)∩BT (γ(c)) since η ≥ λ(T +K +λ) and this set meets

both sets in P ′ by condition 1c. Therefore Cylr,R,K (γ′) is disconnected and therefore Λγ′

is a cut pair by the results of Section 4.1.

Now suppose that the second type of feature exists in X . As in Section 4.2, let γ̂ be

the (8δ+1)-local-geodesic obtained by concatenating γ with vertical geodesic rays. Then

Cylr,R,K (γ̂) is disconnected by Lemma 4.2.2 andΛγ̂ is a cut pair by the results of Section 4.1.

Conversely, suppose that ∂X does contain a cut pair. Let γ′ be a geodesic in X such that

Λγ′ is a cut pair. Assume first that some connected component of γ′−1h−1[0,k+R] is an in-

terval of length less than Nmax+2R , say [a−R,b+R] with h(γ′(a−R)) = h(γ′(b+R)) = k+R ,

so h(γ′(a)) = h(γ′(b)) = k. Shortening γ if necessary, we may assume that h ◦γ is decreas-

ing at a and increasing at b. Let γ= γ′|[a,b]. Let c ∈ [a,b] such that h(γ′(c)) = 0. Cylr,R,K (γ′)
is disconnected and each component meets CK (γ′)∩BT (γ′(c)) by Proposition 4.1.12. Since

k ≥ T this is a subset of Cyl′r,R,K (γ), and Cyl′r,R,K (γ) is a subset of Cylr,R,K (γ′), so Cyl′r,R,K (γ)

is disconnected. Therefore γ′ is a feature of the second kind described in the proposition.

On the other hand, suppose that some interval [−η, Nmax+η] is a subset ofγ′−1h−1[0,k+
R]. Then there exist a0 < a1 < ·· · < a2V in [0, Nmax] such that h(ai ) = h(a j ) for all i and

j , so ai = gi a0 for some gi ∈ G , such that γ′|[ai−η,ai+η] = gi ·γ′|[a0−η,a0+η], and such that

ai − ai−1 ≥ Nmin. Let P ′ be a partition of the vertices of Nr,R (γ′) into two subsets such

that adjacent vertices are in the same set and so that both sets meet CK (γ′). Such a par-

tition exists by the results of section 4.1.2 since Λγ′ is a cut pair. Since η≥ λ(R +ρ+λ),

Nr,R (γ′)∩Bρ(γ(a0)) is equal to g−1
i Nr,R (γ′)∩Bρ(γ(ai )) for all i . This set contains at most

V vertices, so there exist 0 ≤ i < j ≤ 2V such that

g−1
i P ′|Nr,R (γ′)∩Bρ(γ(ai )) = g−1

j P ′|Nr,R (γ′)∩Bρ(γ(a j )). (4.34)

Let a = ai and b = a j and let γ= γ′|[a−η,b+η]. We claim that γ is then a feature of the

first kind described in the proposition. Setting g = g j g−1
i and P = P ′|Nr,R (γ′)∩NR (γ|[a,b]),

conditions 1a, 1b, and 1d are satisfied by definition of the ai . Let c ∈ [a,b] such that

γ′(c) ∈ X0. Then CK (γ)∩BT (γ(c)) is equal to CK (γ′)∩BT (γ′(c)) since η ≥ λ(T +K +λ)

and Proposition 4.1.12 guarantees that both sets in P ′ meet this set, so Condition 1c is

satisfied, too.
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4.3.3 Circular boundaries

We now show that the boundary is homeomorphic to a circle if and only if a large ball

in the cusped space satisfies a geometric condition. To identify circles we require the

following theorem from point-set topology.

Theorem 4.3.3. [Wil49, II.2.13] Let X be a separable, connected, locally connected space

containing more than one point that is without a cut point. If every pair of points in X is a

cut pair then X is homeomorphic to S1.

Recall a theorem of Bowditch [Bow99a, Theorem 0.1]: if G is hyperbolic relative to

H where every element of H is finitely presented, one- or two-ended and contains no

infinite torsion subgroup then ∂(G ,H ) is locally connected whenever it is connected. The

boundary of a relatively hyperbolic group is a compact metric space, so it is separable.

Therefore we see that the boundary of a relatively hyperbolic group is homeomorphic to a

circle if and only if it is connected, does not contain a cut point and every pair of points is

a cut pair. We call a pair of points that is not a cut pair a non-cut pair. This reduces the

problem of identifying circular boundaries to the problem of determining whether or not

∂(G ,H ) contains a non-cut pair.

By a similar argument to that of Section 4.3.2 we now show that the existence of a

non-cut pair is equivalent to the presence in a ball of large radius in the cusped space of a

short coarsely non-separating geodesic segment. First we prove the following lemma.

Lemma 4.3.4. Suppose that ∂X does not contain a cut point. Let (xn)n∈Z be a sequence

of points in ∂X with xn → x±∞ as n →±∞. Suppose that each pair {xn , xn+1} is a cut pair.

Then so is {x−∞, x∞}.

Proof. The boundary ∂X is locally connected by the main theorem of [Bow99a]. By as-

sumption ∂X does not contain a cut point, so the results of [Bow98b, Sections 2 and 3] can

be applied. We recall some definitions from that paper; these definitions were previously

discussed in Section 3.5.2. For x ∈ ∂X we define val(x) ∈N to be the number of ends of

∂X − {x}. Then we let M(n) = {x ∈ ∂X : val(x) = n} and M(n+) = {x ∈ ∂X : val(x) ≥ n}. For

x and y in M(2) we write x ∼ y if x = y or {x, y} is a cut pair; this defines an equivalence

relation. For x and y in M(3+) we write x ≈ y if val(x) = val(y) and ∂X − {x, y} has exactly

val(x) components.

Recall [Bow98b, Lemma 3.8]: if x ≈ y and x ≈ z then y ≈ z. Therefore xn ∈ M(2) for

all n, so {xn}n∈Z is a subset of a ∼-equivalence class σ. By [Bow98b, Lemma 3.2] σ is a

cyclically separating set, and so is the closure of σ by [Bow98b, Lem. 2.2], which implies

that {x−∞, x∞} is a cut pair as required.
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Let λ, r , R , K , T , k, ρ, η, Val and V be constants as defined in Section 4.3.2. Let N1, N2

and N3 be given by the following expressions.

N1 = 2(V −1)((k +R +1)Val2ηV V +1 +2η)+2η+2((k +R +1)Val2η+1), (4.35)

N2 = (k +R +1)Val2η+1, (4.36)

N3 = 2(k +R +1)Val2ηV V +1 +4η. (4.37)

Theorem 4.3.5. The boundary ∂(G ,H ) is homeomorphic to a circle if and only if X contains

one of the following two features.

1. A short non-separating geodesic: geodesic segments γi : [ai −η,bi +η] → X with image

in Xk for i = 1,2,3 with a2 = b1 and a3 = b2 satisfying the following conditions.

(a) The segments are short: 1 ≤ bi −ai ≤ N1 for i = 1 and for i = 3, and 1 ≤ b2−a2 ≤
N2.

(b) The ends of the segments match: γi |[bi−η,bi+η] = γi+1|[ai−η,ai+η] for i = 1,2. Also,

h(γi (ai )) = h(γi (bi )) for i = 1,3, so there exist gi ∈G such that γi (bi ) = giγ(ai ).

Finally, γi |[bi−η,bi+η] = gi ·γi |[ai−η,bi+η] for i = 1,3.

(c) The segment does not coarsely separate: all vertices of CK (γ2)∩BT (γ2(c)) lie in

the same connected component of Nr,R (γ2)∩NR (γ2|[a2,b2]) for some c ∈ [a2,b2]

such that γ2(c) ∈ X0.

2. A horseshoe shaped non-separating geodesic: a geodesic segment γ : [a,b] → X with

image in Xk satisfying the following conditions.

(a) The segment is short: b −a ≤ N3.

(b) Both ends are loose ends: h(γ(a)) = h(γ(b)) = k with γ descending vertically at

a and ascending vertically at b.

(c) The segment does not coarsely separate: Cyl′r,R,K (γ) is connected.

Proof. First suppose that X contains a feature of the first kind described in the proposition.

Then define a path γ′ in X as follows:

γ′(t ) =


g m

1 ·γ1(t ′) if t = m(b1 −a1)+ t ′ for m ∈Z≤0 and t ′ ∈ [a1,b1]

γ2(t ) if t ∈ [a2,b2]

g m
3 ·γ3(t ′) if t = m(b3 −a3)+ t ′ for m ∈Z≥0 and t ′ ∈ [a3,b3]

(4.38)
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That is, γ′ is obtained by concatenating infinitely many translates of γ1, then a copy of

γ2, then infinitely many translates of γ3. Note that this is an (8δ+1)-local-geodesic by

Condition 1b since η≥ 8δ+1 and is therefore a λ-quasi-geodesic.

Since γ′|[a2−η,b2+η] = γ2 and η ≥ λ(T +K +λ), CK (γ′)∩BT (γ′(c)) is equal to CK (γ2)∩
BT (γ2(c)). Furthermore, η ≥ λ(R + r +λ), which similarly guarantees that Nr,R (γ2) ∩
NR (γ2|[a2,b2]) is a subset of Nr,R (γ′). Therefore CK (γ′)∩BT (γ′(c)) lies in a single component

of Cylr,R,K (γ′) by Condition 1c, so Cylr,R,K (γ′) is connected by Proposition 4.1.12, so Λγ′ is

a non-cut pair by the results of Section 4.1.2.

Now suppose that a feature of the second type exists in X . Let γ̂ be the path obtained

by concatenating γ with vertical geodesic rays. Then γ̂ is an (8δ+1)-local-geodesic since

k ≥ 8δ+1. Also, Cylr,R,K (γ̂) is connected by Lemma 4.2.2, so Λγ̂ is a non-cut pair by the

results of Section 4.1.2.

Conversely, suppose that ∂X contains a non-cut pair. Let γ′ be an (8δ+ 1)-local-

geodesic in X such that Λγ′ is such a pair. Assume first that γ′ is contained in Xk+R and

reparametrise γ′ so that γ′(0) ∈ X0. Then CK (γ′)∩BT (γ′(0)) contains at most V vertices

and lies in a single component of Nr,R (γ′). Define n±
V to be ±λ(K +T +λ) and then for l

decreasing from V −1 to 1 let n+
l and n−

l be chosen to minimise n+
l −n−

l among pairs such

that CK (γ′)∩BT (γ′(0)) meets at most l components of

Nr,R (γ′)∩NR (γ′|[n−
l ,n+

l ]) (4.39)

and [n−
l+1,n+

l+1] ⊂ [n−
l ,n+

l ]. Note that the condition that |n±
l | ≥λ(K +T +λ) ensures that

CK (γ′)∩BT (γ′(0)) is a subset of Nr,R (γ′)∩NR (γ′|[n−
l ,n+

l ]).

Suppose that n+
l−1 −n+

l > (k +R +1)Val2ηV V +1 +2η. Let Q be the partition of CK (γ′)∩
BT (γ′(0)) into l non-empty subsets induced by connectivity in Nr,R (γ′)∩NR (γ′|[n−

l−1,n+
l−1−1]).

For each t ∈ [nl +η,nl−1 −η] define the following sets:

Yt = Nr,R (γ′)∩Bρ(γ′(t )) (4.40)

Zt = Nr,R (γ′)∩
(
Bρ(γ′(t ))∪NR (γ′|[n−

l−1,t ])
)

(4.41)

and let P t be the partition of the vertices of Yt into l +1 subsets: l corresponding to the l

sets in Q by connectivity in Zt and one containing the part of Yt not connected to CK (γ′)∩
BT (γ′(0)) in Zt . As in the proof of Theorem 4.3.2 there exist s1 < s2 in [n+

l +η,n+
l−1−η] such

that the following conditions hold.

1. The geodesic γ′ matches at s1 and s2: h(γ′(s1)) = h(γ′(s2)), so γ′(s2) = gγ′(s1) for

some g in G , and γ′|[s2−η,s2+η] = g ·γ′|[s1−η,s1+η], which implies that Ys2 = g ·Ys1 .
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2. The partitions matches at s1 and s2: the partition P s2 is equal to the translation of

P s1 by the group element g .

Then replace γ′ by another path defined by

γ′′(t ) =
{
γ′(t ) if t ≤ s1

g−1 ·γ′(t + (s2 − s1)) if t ≥ s2

(4.42)

This is an (8δ+1)-local-geodesic since η≥ 8δ+1. By definition of ρ, the intersection

of Zs2 and Nr,R (γ′)∩NR (γ′|[s2,n+
l−1]) is contained in Ys2 . Then by definition of n+

l−1, two

distinct sets in P s2 meet Nr,R (γ′)∩NR (γ′|[s2,n+
l−1]). Since η≥λ(R + r +λ),

g−1Nr,R (γ′)∩NR (γ′|[s2,n+
l−1]) = Nr,R (γ′′)∩NR (γ′|[s1,n+

l−1−(s2−s1)]), (4.43)

and it follows that CK (γ′′)∩BT (γ′(0)) meets at most l −1 components of

Nr,R (γ′′)∩NR (γ′′|[n−
l−1,n+

l−1−(s2−s1)]). (4.44)

This implies that the process of replacing γ′ by γ′′ leaves unchanged n+
l ′ for all l ′ < l and

n−
l ′ for all l ′ and strictly reduces n+

l . Therefore by repeating this process we can assume

that γ′ was chosen to ensure that |n±
l−1 −n±

l | is at most (k +R +1)Val2ηV V +1 +2η for all l ,

and therefore that

|n±
1 | ≤λ(K +T +λ)+ (V −1)((k +R +1)Val2ηV V +1 +2η). (4.45)

There exist a1 ≤ b1 ≤ n−
1 −η with n−

1 −b1 and b1 −a1 both at most (k +R +1)Val2η+1

such that the following matching conditions hold.

1. Firstly, h(γ′(b1)) = h(γ′(a1)), so γ′(b1) = g1 ·γ′(a1) for some g1 ∈G .

2. Secondly, γ′|[b1−η,b1+η] = g1 ·γ′|[a1−η,a1+η].

Then let γ1 = γ′|[a1−η,b1+η]. Similarly define b3 ≥ a3 ≥ n+
1 and let γ3 = γ′|[a3−η,b3+η]. Let a2 =

b1 and b2 = a3 and let γ2 = γ′|[a2−η,b2+η]; note that b2 −a2 ≤ N1. Then the triple (γ1,γ2,γ3)

is a feature in X of the first kind listed in the proposition: conditions 1a and 1b clearly

hold by construction and Condition 1c holds because the condition that η≥λ(R + r +λ)

ensures that Nr,R (γ′)∩NR (γ′|[n−
1 ,n+

1 ]) is a subset of Nr,R (γ2)∩NR (γ2|[a2,b2]).

If γ′ is not contained in Xk+R let γ′−1h−1[0,k +R] be a (possibly infinite) union of

(possibly infinite) intervals ∪i∈I [ai−R,bi+R] where we order the intervals so that ai+1 > bi

for all i . Then h(γ′(ai )) = h(γ′(bi )) = k for all i and we can apply the results of Section 4.2.
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For i ∈ I let γ′i = γ′|[ai ,bi ]. Let γ̂′i be the bi-infinite (8δ+ 1)-local-geodesic obtained by

concatenating γi with either one or two vertical geodesic rays.

Suppose that Λγ̂′i is a cut pair for all i . Then Lemma 4.3.4 tells us that Λγ′ is a cut pair,

which is a contradiction. Therefore there exists i such that Λγ̂i is a non-cut pair.

Arguing as before, the geodesic γ̂i can be altered to ensure that bi −ai ≤ 4η+2(k +R +
1)Val2ηV V +1; this yields a feature of the second type described in the proposition.

4.4 Generalisations

It seems possible that these methods could work for a wider class of relatively hyper-

bolic groups. The assumption that the peripheral subgroups are virtually cyclic is used

in two essential steps. Firstly, we need the cusped space to satisfy a double dagger con-

dition. As discussed in Section 3.6.1, the cusped space is known by work of Dahmani

and Groves [DG08] to satisfy this condition when the peripheral subgroups are finitely

generated abelian, and we showed in Proposition 3.6.9 that this result may be extended

to allow virtually cyclic peripheral subgroups. The arguments used make use of fairly

explicit descriptions of paths in the Cayley graphs of the peripheral subgroups, so any

generalisation to a substantially broader class of peripheral subgroups would require new

methods.

Secondly, in Section 4.2 we assumed that the peripheral subgroups are virtually

cyclic in our analysis of the geometry of cylinders in the thin part of the cusped space.

Lemma 4.2.2 followed from the two-endedness of the peripheral subgroups. It seems

likely that a similar result will hold for one-ended peripheral subgroups: the cylinder

Cylr,R,K (γ) should be connected whenever γ strays too deep into a horoball based on a

one-ended subgroup. However, without the double dagger condition this fact does not

seem to be particularly useful.



Chapter 5

Algorithmic consequences

In this chapter we prove some algorithmic consequences of Theorems 4.3.2 and 4.3.5. Our

ultimate aim is to prove Theorem 1.2.2: the computability of some JSJ decompositions of

a one-ended hyperbolic group, including Bowditch’s JSJ decomposition. The novel results

of this chapter are taken from [Bar18, Sections 3–5].

Central to the algorithm of Theorem 1.2.2 is an algorithm that determines whether or

not a given hyperbolic group with a (possibly empty) finite collection of virtually cyclic

subgroups admits a non-trivial splitting as an amalgamated product or HNN extension

over a virtually cyclic subgroup, relative to that collection of subgroups. One of the

consequences of [Bow98b] is that in the absolute case (that is, if the collection of subgroups

is empty), a one-ended hyperbolic group admits such a splitting if and only if its Gromov

boundary contains a cut pair, at least as long as its boundary is not homeomorphic to a

circle. In the case of interest here we obtain a relative version of this statement by replacing

the Gromov boundary with the Bowditch boundary of the group relative to the given family

of subgroups. Unlike the Gromov boundary, the Bowditch boundary might contain a cut

point, in which case the group admits a relative splitting. This is the peripheral splitting in

the sense of Bowditch [Bow99a]. In the absence of a cut point the existence of a relative

splitting is determined by the existence of a cut pair, as in the absolute case. It is the

presence of these topological features of the boundary that we use the results of Chapter 4

to show to be computable.

A maximal splitting is obtained from a JSJ decomposition by refining at the flexible

vertices. Conversely, to obtain a JSJ decomposition we must decide which edges of the

maximal splitting should be collapsed to reassemble the flexible vertices in the JSJ decom-

position. In Bowditch’s JSJ decomposition the stabilisers of flexible vertex groups are the

maximal hanging fuchsian subgroups. These are those subgroups that occur as a vertex
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stabiliser in some splitting such that the Bowditch boundary of the subgroup relative the

stabilisers of the incident edges is homeomorphic to a circle.

In Section 5.1 we apply the results of Chapter 4: we prove that it is possible to detect

algorithmically whether or not the boundary ∂(G ,H ) of a hyperbolic group relative to a

collection of virtually cyclic subgroups contains a cut point or cut pair, and whether or

not ∂(G ,H ) is homeomorphic to a circle.

In Section 5.2 we give a one-sided algorithm to compute non-trivial splittings of a

hyperbolic group over its virtually cyclic subgroups. The algorithm eventually outputs

every splitting, but we still need a way to tell whether or not a given splitting is maximal,

so that we can tell when to stop the process. This algorithm requires tools for dealing with

virtually cyclic subgroups of hyperbolic groups.

In Section 5.3 we deal with the special case of determining whether or not a group with

circular boundary admits a non-trivial relative splitting over a virtually cyclic subgroup.

We first recall some results that reduce the problem of determining whether or not such a

group admits a proper splitting relative to its given virtually cyclic subgroups to the case

in which the group is the fundamental group of a compact two-dimensional hyperbolic

orbifold and the given subgroups are conjugacy class representatives of the fundamental

groups of the boundary components of that orbifold. In [GL17] a complete list of such

orbifolds that do not admit such a splitting is described; we use this list to complete this

special case.

In Section 5.4 we show how the topology of the boundary determines whether or not a

group admits a non-trivial relative splitting, and then use the results of Sections 5.1, 5.2

and 5.3 to show how to compute a maximal splitting of a given one-ended hyperbolic

group over its virtually cyclic subgroups.

Finally, in Section 5.5 we put together these results to complete the proof of the com-

putability of various JSJ decompositions. We describe a processes to convert a maximal

splitting of a one-ended hyperbolic group over virtually cyclic subgroups into its V C -JSJ,

Z -JSJ and Zmax-JSJ. The V C -JSJ can be taken to be Bowditch’s canonical decomposition.

5.1 Detecting cut points, cut pairs and circular boundaries

5.1.1 Computing the constants

To begin, we review some results that prove the computability of the various constants

on which the criteria of Theorems 4.3.2 and 4.3.5 depend. Most importantly, we need an

algorithm that computes a constant δ such that the cusped space is δ-hyperbolic. For
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the Cayley graph of a hyperbolic group, the existence of such an algorithm is originally

due to Gromov [Gro87]. A more detailed account of an alternative (and more practical)

algorithm to accomplish this is due to Papasoglu [Pap95].

For relatively hyperbolic groups, the computability of δ such that the cusped space is

δ-hyperbolic is essentially due to Dahmani. Dahmani’s result proves that the constant

of a linear isoperimetric inequality satisfied by the group is computable. We recall this

result, then describe results of Groves and Manning that translate this linear isoperimetric

inequality into a quantitative hyperbolicity result for the cusped space.

Proposition 5.1.1. [Dah08, Prop. 2.3] There is an algorithm that takes as input a presenta-

tion for a group G, the generators in G for a finite set of subgroups of G with respect to which

G relatively hyperbolic, and a solution to the word problem in G and returns the constant of

a linear relative isoperimetric inequality satisfied by the given presentation of G.

In the case of interest here, G is hyperbolic. Hyperbolic groups have uniformly solvable

word problem, so the requirement that the algorithm be given a solution to the word

problem in G is no restriction to its applicability.

The linear relative isoperimetric inequality satisfied by the group is closely related to a

linear combinatorial isoperimetric inequality satisfied by the coned-off Cayley complex.

Refer to [GM08, Definition 2.47] for a definition of this space.

In [GM08] the cusped 2-complex is defined; this is a simply connected 2-complex, the

1-skeleton of which is the cusped graph defined in Definition 2.3.7. The length of the

attaching map of each 2-cell in this complex is bounded above by the maximum of 5 and

the length of the longest relator in the given presentation for G .

Theorem 5.1.2. [GM08, Theorem 3.24] Suppose that the coned-off Cayley complex of G with

respect to S and H satisfies a linear combinatorial isoperimetric inequality with constant

K . Then the cusped 2-complex X associated to the triple satisfies a linear combinatorial

isoperimetric inequality with constant 3K (2K +1).

The computation of δ from a presentation for G and a set of generators for each group

H in H is therefore completed by the following proposition:

Proposition 5.1.3. [GM08, Proposition 2.23] Suppose that a 2-complex X is simply con-

nected, that each attaching map has length at most M and that X satisfies a linear combi-

natorial isoperimetric inequality. Then the 1-skeleton X (1) of X is δ-hyperbolic for some δ

and this δ is computable from M and the constant of the isoperimetric inequality.

We also need to be able to compute the constant δH defined in Section 4.2. Recall

that δH is defined so that for each H ∈H , the Cayley graph Γ(H ,S ∩H) is δH -hyperbolic.
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Note that it is not enough to simply apply Papasoglu’s algorithm [Pap95] to each H ∈H ,

since Papasoglu invokes an algorithm of Epstein, Paterson, Cannon, Holt, Levy and

Thurston [Eps92, Theorem 5.2.4] that computes an automatic structure for a given auto-

matic group. This requires a presentation for the group, which we are not given for the

peripheral subgroups. Since we can compute large balls in the Cayley graph Γ(H ,S ∩H)

using hyperbolicity of G , this deficiency might be fixable, at least with our assumption

that H is a virtually cyclic subgroup of a hyperbolic group. However, rather than delve into

the inner workings of this algorithm, we adopt an alternative approach.

Proposition 5.1.4. There is an algorithm that takes as input a presentation for a hyperbolic

group G with finite generating set S and a set of subsets of S generating a set H of virtually

cyclic subgroups of G, and returns an integer δH such that Γ(H ,S ∩H) is δH -hyperbolic for

each H ∈H .

Proof. Using Papasoglu’s algorithm [Pap95] compute δ such that Γ(G ,S) is hyperbolic. Let

H ∈H . Since H is virtually cyclic, it is quasi-convex in G . The quasi-convexity constant

may be computed from the given data using an algorithm of Kapovich [Kap96, Proposition

4]. Equivalently, the inclusion Γ(H ,S ∩H) ,→ Γ(G ,S) is a λ-quasi-isometric embedding by

Lemma 2.1.21, where λ can be computed from the given data. If ∆ is a geodesic triangle in

Γ(H ,S ∩H) then it is a λ-quasi-geodesic triangle in Γ(G ,S), so by Theorem 2.1.16 is close

to a geodesic triangle in Γ(G ,S), where the distance depends only on λ. Therefore geodesic

triangles in Γ(H ,S ∩H) are uniformly slim with respect to the metric on Γ(G ,S), where

the thinness constant depends only on δ and λ. But the inclusion Γ(H ,S ∩H ) ,→ Γ(G ,S) is

a λ-quasi-isometric embedding, so geodesic triangles in Γ(H ,S ∩H) are uniformly thin

with respect to the metric on Γ(H ,S ∩H), where the thinness depends in a computable

way on δ and λ. Therefore there is a computable constant δH such that Γ(H ,S ∩ H) is

δH -hyperbolic.

Repeat this process for each H ∈H and let δH = max{δH | H ∈H }.

Finally, note also that there is an algorithm that computes n such that X satisfies ‡(n):

see Theorem 3.6.12.

5.1.2 Algorithms

Let G be a group and let H be a finite collection of virtually cyclic subgroups of G such

that G is hyperbolic relative to H . Let S be a finite generating set for G such that S∩H is a

generating set for H for each H ∈H . Note that the values of δ such that the associated

cusped space X is δ-hyperbolic, n such that X satisfies ‡(n), δH such that Γ(H ,S∩H ) is δH
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hyperbolic for each H ∈H , and |S| together determine the values of all constants defined

in Chapter 4, and that these constants can be computed from these data. Note also that the

geometric features in X described in Proposition 4.3.1, Theorem 4.3.2 and Theorem 4.3.5

all have bounded size, so their existence or non-existence can be determined by looking

only at some finite ball in X , where the radius of that ball depends on the constants

defined in Chapter 4. Finally, note that for any given radius, the ball in X of that radius

can be computed from a presentation for G with generating set S and for each H ∈H the

set S ∩H of generators for H : this follows immediately from the uniform solvability of the

word problem in hyperbolic groups.

From this discussion we deduce the following corollaries.

Corollary 5.1.5. There is an algorithm that takes as input a presentation for a hyperbolic

group G with generating set S and a list of subsets of S generating a collection H of pair-

wise non-conjugate maximal virtually cyclic subgroups of G such that the cusped space

associated to the triple (G ,H ,S) satisfies a double dagger condition and returns the answer

to the question “does ∂(G ,H ) contain a cut point?”

Corollary 5.1.6. There is an algorithm that takes as input a presentation for a hyperbolic

group G with generating set S and a list of subsets of S generating a collection H of pairwise

non-conjugate maximal virtually cyclic subgroups of G such that ∂(G ,H ) is connected and

does not contain a cut point and returns the answer to the question “does ∂(G ,H ) contain

a cut pair?”

Corollary 5.1.7. There is an algorithm that takes as input a presentation for a hyperbolic

group G with generating set S and a list of subsets of S generating a collection H of pairwise

non-conjugate maximal virtually cyclic subgroups of G such that ∂(G ,H ) is connected and

does not contain a cut point and returns the answer to the question “is ∂(G ,H ) homeomor-

phic to a circle?”

Note that Corollaries 5.1.6 and 5.1.7 together prove Theorem 1.2.1.

5.2 Computing splittings

In this section we show that there is an algorithm that, when given as input a presentation

for a hyperbolic group G , returns all splittings of G over its virtually cyclic subgroups. The

algorithm does not terminate. First, we clarify exactly what we mean when we say that an

algorithm returns a splitting of G . The algorithm should return the following data.

1. A finite connected graph Y in the sense of Serre; see Definition 3.2.1.
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2. For each vertex v ∈ Y a finite alphabet Sv (with Sv1 ∩Sv2 =; for distinct vertices v1

and v2) and a finite set Rv of words in Sv .

3. For each edge e ∈ Y a finite alphabet Se and a finite set Re of words in Se such that

S ē = Se and Rē = Re , and other alphabets are disjoint.

4. For each edge e ∈ Y a map (∂′)e− : Se → Sιe such that (∂′)e− extends to an injective

group homomorphism ∂e− : 〈Se | Re〉→ 〈Sι(e) | Rι(e)〉.

5. For each vertex v ∈ Y a map θ′v : Sv →G such that θ′v extends to a group homomor-

phism θv : 〈Sv | Rv〉→G satisfying the following condition. Let Y be the graph of

groups given by the data of items 1–4. Then we require that there exists an isomor-

phism θ : π1Y →G and a choice of inclusion 〈Sv | Rv〉 ,→π1Y for each vertex v as

discussed in Remark 3.2.6 such that the composition of this inclusion with θ is equal

to θv .

In Section 5.2.1 we provide useful algorithms for solving various problems regarding

virtually cyclic subgroups of a hyperbolic group. These algorithms will be used several

times throughout the rest of this Chapter.

Then, in Section 5.2.2 we show that there is an algorithm that enumerates all splittings

of a hyperbolic group over its virtually cyclic subgroups in the sense described above.

5.2.1 Virtually cyclic subgroups

We will need the following lemma, which allows us to do various computations related to

virtually cyclic subgroups of hyperbolic groups.

Lemma 5.2.1. [DG11, Lemma 2.8] There is an algorithm that, when given a presentation

for a hyperbolic group G and a finite subset S ⊂ G, returns an answer to the question “is

〈S〉 ≤ G virtually cyclic?” If the answer is “yes” then the algorithm also determines the

following.

1. The (unique) maximal finite normal subgroup of 〈S〉.

2. A presentation for 〈S〉.

3. Whether 〈S〉 is of type Z or D∞. (Recall that we say that a virtually cyclic group of

type Z (respectively D∞) if it surjects onto Z (respectively D∞), and that any virtually

cyclic group has exactly one of these types.)

4. A generating set for the maximal virtually cyclic subgroup of G containing 〈S〉.
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The proof of this lemma in [DG11] uses Makanin’s algorithm for solving equations in

hyperbolic groups. We modify that part of the argument to use only elementary methods

in keeping with the themes of this thesis.

Proof. We give an alternative method to determine whether or not 〈S〉 is virtually cyclic

and to produce a maximal finite normal subgroup of 〈S〉 in the case that it is; the rest of

the argument can be copied verbatim from [DG11]. First compute δ with respect to which

G is δ-hyperbolic.

Use Kapovich’s algorithm [Kap96, Proposition 4] to search for a constant K with respect

to which 〈S〉 is K -quasi-convex in G . This algorithm finds such a constant if it exists and

does not terminate if 〈S〉 is not quasi-convex; note that if 〈S〉 is virtually cyclic then it is

guaranteed to be quasi-convex.

In parallel to Kapovich’s algorithm, search for a pair of elements g and h in 〈S〉 such

that the commutator [g 2,h2] has infinite order. This can be checked since the order of an

element of G of finite order is bounded above by the number of elements of G in the ball

of radius 4δ+2.

If Kapovich’s algorithm terminates, use K and δ to compute δ′ such that 〈S〉 is δ′-
hyperbolic, as in the proof of Proposition 5.1.4. Then any finite subgroup of 〈S〉 can be

conjugated into a ball of radius at most 4δ′+2 with respect to the word metric in 〈S〉,
so all finite normal subgroups of 〈S〉 can be computed using solutions to the word and

conjugacy problems in G . Once this is computed the algorithm of [DG11, Lemma 2.8] can

be used to determine whether or not 〈S〉 is virtually cyclic.

If 〈S〉 is not quasi-convex then it contains a free group on two generators, so a pair

(g ,h) such that [g 2,h2] has infinite order certainly exists. Conversely, if such a pair exists

then 〈S〉 cannot be virtually cyclic, since any virtually cyclic group contains a subgroup of

index two that surjects onto Zwith finite kernel. But for any g and h in a virtually cyclic

group, [g 2,h2] is contained in this index two subgroup and is mapped to the identity in Z,

so is contained in this finite kernel.

We also give an algorithm that checks whether or not given maximal virtually cyclic

subgroups of a hyperbolic group are conjugate.

Lemma 5.2.2. There is an algorithm that, when given a presentation for a hyperbolic

group G and finite subsets S1,S2 ⊂G such that 〈S1〉 and 〈S2〉 are maximal virtually cyclic

subgroups of G, returns an answer to the question “is 〈S1〉 conjugate to 〈S2〉 in G?”

Proof. Use Lemma 5.2.1 to check that 〈S1〉 and 〈S2〉 are either both of type Z or both of

type D∞; if they are not of the same type then clearly they cannot be conjugate.
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Compute presentations of 〈S1〉 and 〈S2〉, together with maximal finite normal sub-

groups Ki of those groups. Note that 〈Si 〉/Ki is isomorphic to either Z or D∞ according to

the types of the groups.

If both are of type Z , find the 2|Ki | elements of 〈Si 〉 that map to a generator of Z and

use a solution to the conjugacy problem in G (which exists due to Gromov [Gro87] since

G is hyperbolic) to check whether there is an element of 〈S1〉 with this property that is

conjugate in G to an element of 〈S2〉 with this property. If there is such a pair then the

groups are conjugate since they are maximal. If there is no such pair then they cannot be

conjugate.

If both are of type D∞ find the |Ki | pairs of elements of 〈Si 〉 that map to some precho-

sen pair of reflections that generate D∞. Use a solution to the simultaneous conjugacy

problem [BH05, BH13] to check whether some pair of pairs are conjugate in G up to

reordering. If there is then the groups are conjugate, again by maximality. If there is no

such pair then they cannot be conjugate since any pair of (unordered) generating sets for

D∞ consisting of two reflections are conjugate in D∞.

5.2.2 Enumerating the splittings

Lemma 5.2.3. There is an algorithm that takes as input a presentation for a hyperbolic

group G and outputs all minimal splittings of G over virtually cyclic subgroups. (The

algorithm does not terminate.)

Proof. At the beginning of Section 5.2 we described a finite set of data that together

determine a splitting of a group G . Given this data, one can use the Seifert-van Kampen

theorem find an isomorphism θ from a presentation 〈S | R〉 to G where there is a finite

connected graph Y with a maximal subtree Y ′ such that 〈S | R〉 takes the following form.

1. The generating set S can be partitioned as

S = ⊔
v∈V (Y )

Sv ⊔
⊔

e∈E(Y )
Se ⊔ {te | e ∈ E(Y )−E(Y ′)}

and there is a bijection from Se → S ē for each edge e, which we denote s 7→ s̄.

2. For each e ∈ E(Y ) there is a map (∂′)e−Se → Sι(e). We then denote by (∂′)e+ the map

(∂′)ē−.
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3. The set of relators R can be partitioned as

R =
( ⋃

v∈V (Y )
Rv

)
∪

( ⋃
e∈E(Y )

Re

)
∪

( ⋃
e∈E(Y ′)

{s−1 s̄ | s ∈ Se }

)
∪

( ⋃
e∈E(Y )

{s−1(∂′)e
−(s) | s ∈ Re }

)

∪ {te tē | e ∈ E(Y )−E(Y ′)}∪
( ⋃

e∈E(Y )−E(Y ′)
{te st−1

e s̄−1 | s ∈ Re }

)

where relators in Rv only involve generators in Sv for v ∈ V (Y ) and relators in Re

only involve generators in Se for e ∈ E (Y ), and so that for each relator r ∈ Re for each

edge e ∈ E (Y ), the word in the free monoid generated S ē obtained by replacing each

letter in s appearing in r by s̄ is in Rē .

4. For each e ∈ E(Y ) and each r ∈ Re , the word in the free monoid generated by Sι(e)

obtained by applying (∂′)e+ to each letter of r is in Rι(e). It follows that (∂′)e− extends

to a homomorphism ∂e− : 〈Se | Re〉→ 〈Sv | Rv〉, and similarly for (∂′)e+

5. For each e ∈ E(Y ) the group 〈Se | Re〉 is virtually cyclic.

6. For each e ∈ E(Y ) the homomorphism ∂e− : 〈Se | Re〉→ 〈Sv | Rv〉 is injective.

It is clear that when given such a presentation one can find a corresponding splitting of G ;

we shall say that such a presentation exhibits a splitting of G over virtually cyclic subgroups.

Note that Condition 6 and Lemma 3.2.8 guarantee that for any vertex v ∈V (Y ), 〈θ(Sv )〉 is

isomorphic to 〈Sv | Rv〉, and the same statement holds for edges.

Using Tietze transformations (see [LS77, Section 2.2]) one can enumerate all presen-

tations 〈S | R〉 for G together the isomorphisms 〈S | R〉→G . It remains to show that the

conditions for a presentation to exhibit a splitting of G over virtually cyclic subgroups can

be checked, and that one can check whether or not that splitting is minimal. The processes

to check Conditions 1–4 are clear. Condition 5 can be checked using the algorithm of

Lemma 5.2.1.

If conditions 1–5 hold, then condition 6 holds if and only if the restriction of θ to

〈Se | Re〉 is injective for each edge e. To check this condition for an edge e, compute the

maximal finite normal subgroup of 〈Se | Re〉 and check the injectivity of the restriction of

θ to this subgroup. If it is injective, next find an element of 〈Se | Re〉 of infinite order and

check whether or not its image under θ has infinite order. If it does then the restriction of

θ to 〈Se | Re〉 is injective.

To check minimality, it is enough to be able to check if a boundary map is surjective,

which we do by applying Lemma 5.2.1. To check whether ∂e− is surjective, first check

whether or not 〈Sι(e) | Rι(e)〉 is virtually cyclic. If it is, check whether or not the boundary
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map sends the maximal finite normal subgroup of 〈Se | Re〉 surjectively to the maximal

finite normal subgroup of 〈Sι(e) | Rι(e)〉. If it does, check whether or not 〈Se | Re〉 and

〈Sι(e) | Rι(e)〉 are both of type Z or both of type D∞. If they are both of the same type, pass

to an index two subgroup of each if necessary to ensure that they are both of type Z . Now

check whether or not the composition of ∂e− with the natural surjection to Z is surjective.

If it is then ∂e− is surjective; if any of these tests produced the opposite answer then ∂e− is

not surjective.

5.3 Splittings of groups with circular boundary

The question of the existence of a relative splitting of a hyperbolic group cannot be

answered by consideration of the topology of its boundary alone if the boundary is home-

omorphic to a circle: some groups with circular boundary split and some do not. In this

section we deal with this special case.

5.3.1 Groups with circular boundary

Relatively hyperbolic groups with circular boundary are closely related to fundamental

groups of compact orbifolds of dimension two, with peripheral subgroups corresponding

to boundary components. We now make this relationship explicit, so that we can answer

the question of when such a group admits a non-trivial splitting over a virtually cyclic

subgroup by analysing the structure of the orbifold.

Let G by a hyperbolic group with a finite collection H of subgroups such that G is

hyperbolic relative to H and ∂(G ,H ) is homeomorphic to S1. Then G acts as a discrete

convergence group on ∂(G ,H ) by [Bow99c], so we can apply the Convergence Group

Theorem of Tukia, Casson, Jungreis and Gabai:

Theorem 5.3.1. [Tuk88, CJ94, Gab92] Let G act as a convergence group on S1. Then there

is a properly discontinuous action of G by isometries on H2 and a G-equivariant homeo-

morphism ∂(G ,H ) → ∂H2.

Let K be the (finite) kernel of the action of G on ∂(G ,H ); note that this is the same as

the kernel of the extension of the action toH2. Then G is an extension

1 K G G ′ 1

where the quotient G ′ acts faithfully on H2. Let H ′ be the set of images of elements of

H in G ′. Note that H ′ is a set of conjugacy class representatives of maximal parabolic



5.3 Splittings of groups with circular boundary 81

subgroups of G ′ ≤ IsomH2, so each element of H ′ is either infinite cyclic or infinite

dihedral depending on whether or not it preserves orientation.

Lemma 5.3.2. With G and G ′ as above, G splits non-trivially over a virtually cyclic subgroup

relative to H if and only if G ′ splits non-trivially over a virtually cyclic subgroup relative to

H ′.

Proof. One direction is clear: if G ′ acts minimally on a non-trivial tree T with virtually

cyclic edge stabilisers then the quotient map G →G ′ induces a minimal action of G on T .

If e is an edge of T then Ge is an extension of G ′
e by K , which is a finite group, so is itself

virtually cyclic. Note also that elements of H act elliptically on T , since elements of H ′

do.

Conversely, suppose that G acts minimally on a non-trivial tree T with virtually cyclic

edge stabilisers. The kernel K is finite, so the restriction of the action to K fixes a vertex

v . Also, K is normal, so its action fixes the orbit G · v pointwise. Any point in T lies on a

geodesic path connecting points in G · v , since the union of all such paths is a G-invariant

subtree of T and the action was assumed to be minimal. Therefore K acts trivially on T .

It follows that the G-action descends to a G ′ action. If e is an edge of T then G ′
e is

the quotient Ge /K , so G ′
e is virtually cyclic. Furthermore, elements of H ′ are elliptic if

elements of H are.

Any finite normal subgroup of G is contained in the ball of radius 4δ+2 centred at

the identity by [BH99, Theorem 3.2], so by checking all finite subsets of this ball using a

solution to the word problem, the set of finite normal subgroups of G can be computed.

Any finite subgroup of G fixes a point inH2, and any finite normal subgroup ofH2 fixes the

G-orbit of that point pointwise and is therefore in the kernel of the action of G on ∂(G ,H ),

so K is the unique maximal finite normal subgroup of G . Therefore the kernel K of the

action of G onH2 can be computed from a presentation of G . By adjoining all elements of

K to the set of relators of G one obtains a presentation for G ′.
As described above, G ′ can be realised as a discrete subgroup of IsomH2. The con-

jugacy classes of elements of H ′ are then precisely the conjugacy classes of maximal

parabolic subgroups of G ′. The action of G ′ on ∂(G ′,H ′) is minimal, so the limit set of the

action is S1. It follows that G ′ is a Fuchsian group of the first kind: H2/G ′ is a finite volume

orbifold and H ′ is a choice of conjugacy class representatives for the cusp subgroups.

Truncating the cusps of the orbifold, we realise G ′ as the fundamental group of a compact

hyperbolic orbifold such that H ′ is a choice of conjugacy class representatives for the

boundary subgroups. (See the following section for the definition of an orbifold.)
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Recall Definition 3.5.7 of a bounded Fuchsian group. We shall call a choice of conjugacy

class representatives of peripheral subgroups of a bounded Fuchsian group a boundary

peripheral structure on that group. Therefore G ′ is a bounded Fuchsian group and H ′ is a

boundary peripheral structure on G ′. The results of Section 5.3.1 are summarised by the

following lemma.

Lemma 5.3.3. There is an algorithm that, when given a presentation for a hyperbolic group

with a set H of virtually cyclic peripheral subgroups, returns a presentation for another

hyperbolic group G ′ with a set H ′ of virtually cyclic subgroups such that ∂(G ′,H ′) is

homeomorphic to ∂(G ,H ) and G splits over a virtually cyclic subgroup relative to H if and

only if G ′ splits over a virtually cyclic subgroup relative to H ′. Furthermore, if ∂(G ′,H ′) is

homeomorphic to a circle then G ′ is the fundamental group of a compact two-dimensional

hyperbolic orbifold and H ′ is a set of representatives of fundamental groups of components

of the boundary of the orbifold.

5.3.2 Orbifolds

Given the results of the previous section, the problem of determining whether or not a

given group G with circular boundary splits non-trivially over a virtually cyclic subgroup

relative to a collection H of peripheral subgroups reduces to the case in which G is a

bounded Fuchsian group and H is a boundary peripheral structure on G . Equivalently,

we may assume that G =πorb
1 Q where Q is a compact hyperbolic orbifold, so H is a set of

conjugacy class representatives of orbifold fundamental groups of boundary components

of Q.

In this section we review some basic terminology for describing compact two dimen-

sional orbifolds. We then recall a result of Guirardel and Levitt [GL17], which tells us

precisely when a bounded Fuchsian group admits a non-trivial splitting over a virtually

cyclic subgroup relative to its boundary peripheral structure.

In particular, we concentrate on compact hyperbolic orbifolds. For more information

about orbifolds see [Sco83]. Hyperbolic orbifolds are particularly easy to deal with, since

they are covered by a closed convex subset ofH2. (This property is in contrast to a general

two dimensional orbifold: such an orbifold need not be covered by any manifold.) This

allows us to make the following definition.

Definition 5.3.4. A compact hyperbolic orbifold Q is a compact underlying surface, which

we denote Qtop, together with a map from a closed convex subset Q̃ of H2 to Q that is a

quotient by a cocompact properly discontinuous group action by isometries. The orbifold
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fundamental groupπorb
1 Q is the group of deck transformations, soπorb

1 Q acts cocompactly,

properly discontinuously and by isometries of Q̃ with quotient Q.

The orbifold Q can be described without reference to the covering map Q̃ →Qtop by

endowing the compact surface Qtop with additional structure.

Definition 5.3.5. A point in Q is a singular point if it is the image of a point in Q̃ with

non-trivial stabiliser. Otherwise it is a regular point The singular locus of Q is the set of all

singular points.

We now classify the singular points of Q. Note that we have the following classification

of elliptic subgroups of IsomH2: any elliptic subgroup is either cyclic acting by rotations,

cyclic of order two generated by a reflection or dihedral generated by reflections through

intersecting geodesics in Q̃.

Definition 5.3.6. The image in Qtop of a point in Q̃ with a cyclic stabiliser consisting of

rotations is a cone point. The image of the set of fixed points in Q̃ of a reflection in πorb
1 Q

is a mirror. The image of a point in Q̃ with dihedral stabiliser is a corner reflector.

Now we consider the boundary of Qtop. A point in the boundary of Qtop is either

contained in a mirror or is in the image of the boundary ∂Q̃ of Q̃. Note however that not

every point in the image of ∂Q̃ is in ∂Qtop, since two components of ∂Q̃ can be identified

in the quotient.

Definition 5.3.7. The topological boundary ∂topQ of Q is the boundary of Qtop, while the

orbifold boundary ∂Q of Q is the intersection of ∂topQ with image in Qtop of the boundary

of Q̃ under the quotient projection. Each component of the orbifold boundary is either

a component of the topological boundary homeomorphic to S1, in which case we call it

a circular boundary component, or is a proper subset of a component of ∂topQ, in which

case it is homeomorphic to an interval and we call it an interval boundary component

Note that the singular locus is the union of all cone points and mirrors in Qtop, and the

orbifold boundary ∂Q is the closure of the set of regular points in ∂topQ.

This description of the singular locus of an orbifold allows us to draw a picture of any

two dimensional hyperbolic orbifold as follows. Start by drawing the underlying surface

Qtop. Then mark each cone point in Qtop and annotate each one with the order of the

cyclic stabiliser of one of its preimages. Next, identify each component of the boundary of

Qtop with a polygon so that each edge is either a mirror or a component of the orbifold

boundary ∂Q and mark those edges that are mirrors. Finally, wherever two mirror edges

of a boundary polygon meet at a vertex, annotate that vertex with the order of the dihedral
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12
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30°
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Figure 5.1: Three pictures of orbifolds. Orbifold boundary components are coloured
red. The first has underlying surface of genus one with two boundary components, one
of which is a mirror and the other is an orbifold boundary component. The second has
underlying surface homeomorphic disc. Its topological boundary is identified with a
hexagon, two edges of which are orbifold boundary components and the other four are
mirrors. Where mirrors meet there are corner reflectors of order depending on the angle
at which the mirrors meet. Mirrors meet orbifold boundary components at right angles.
The third also has underlying surface homeomorphic to a disc. Here there is a single
cone point of order 3. The total angle around the cone point is 120°. Note that this is not
actually a hyperbolic orbifold: it is covered by a disc.

stabiliser of one of its preimages. Some pictures of this type—illustrating all possible types

of singular points in orbifolds—are displayed in Figure 5.1.

Orbifolds satisfy the Seifert-van Kampen Theorem. See for example [BMP03, Corollary

2.3]. Using this, one can recover the fundamental group πorb
1 Q from the picture described

in the previous paragraph.

Our description of πorb
1 Q from its picture is completed by the observation that one can

recover the boundary peripheral structure. The boundary peripheral structure consists of

a set of conjugacy class representatives of stabilisers of orbifold boundary components of

Q̃. The boundary peripheral structure contains a subgroup of πorb
1 Q isomorphic to Z for

each circular boundary component of Q and a subgroup of πorb
1 Q isomorphic to D∞ for

each interval boundary component of Q. Therefore the picture of an orbifold contains

sufficient information about that orbifold for our purposes.

Definition 5.3.8. A geodesic in Q is a curve γ that is the image of a geodesic γ̃ in Q̃ under

the quotient projection. A geodesic γ is closed if it is compact and simple if it is closed and

furthermore g · γ̃ is either equal to or disjoint from γ̃ for each g in πorb
1 Q. A simple closed

geodesic is homeomorphic to either a circle or an interval with each of its end points

contained in a mirror in Q. A simple closed geodesic is essential if it is not contained in

∂topQ.
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5.3.3 Splittings of fundamental groups of orbifolds

The theory of splittings of fundamental groups of orbifolds relative to their boundary

peripheral structures is developed in [GL17]; we recall the following results:

Lemma 5.3.9. [GL17, Corollary 5.6] The fundamental group of a compact orbifold Q splits

non-trivially over a virtually cyclic subgroup relative to its boundary peripheral structure if

and only if Q contains an essential simple closed geodesic.

Definition 5.3.10. We call a compact orbifold without an essential simple closed geodesic

small.

Any sufficiently complicated orbifold contains an essential simple closed geodesic, so

there are not very many small orbifolds. Guirardel and Levitt provide a complete list.

Proposition 5.3.11. [GL17, Proposition 5.12] A hyperbolic orbifold Q of dimension two is

small if and only if it is one of the following.

1. A sphere with three cone points, so πorb
1 Q has presentation 〈a,b | ap ,bq , abr 〉 where

p−1 +q−1 + r−1 < 1 and the boundary peripheral structure is empty.

2. A triangle, all three edges of which are mirrors, so πorb
1 Q has presentation

〈a,b,c | a2,b2,c2, (ab)p , (bc)q , (ca)r 〉

where p−1 +q−1 + r−1 < 1 and the boundary boundary peripheral structure is empty.

3. A disc with two cone points, so πorb
1 Q has presentation 〈a,b | ap ,bq〉 where p, q > 1

and the boundary peripheral structure is {〈ab〉}.

4. A cylinder with one cone point, so πorb
1 Q has presentation 〈a,b | (ab)p〉 where p > 1

and the boundary peripheral structure is {〈a〉,〈b〉}.

5. A pair of pants, so πorb
1 Q has presentation 〈a,b |〉 and the boundary peripheral struc-

ture is {〈a〉,〈b〉,〈ab〉}.

6. A disc with one cone point with edge consisting of an interval boundary component

and a mirror, so πorb
1 Q has presentation 〈a, t | a2, t p〉 where p > 1 and the boundary

peripheral structure is {〈a, t at−1〉}.
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7. A square with an interval boundary component and three mirrors edges, so πorb
1 Q

has presentation

〈a,b,c | a2,b2,c2, (ab)p , (bc)q〉

where p +q ≥ 1 and the boundary peripheral structure is {〈a,c〉}.

8. An annulus in which one edge comprises an interval boundary component and a

mirror and the other is a circular boundary component, so πorb
1 Q has presentation

〈a, t | a2〉 with boundary peripheral structure {〈a, t at−1〉}.

9. A pentagon with two non-adjacent interval boundary components and three mirrors

as edges, so πorb
1 Q has presentation 〈a,b,c | a2,b2,c2, (ab)p〉 with boundary periph-

eral structure {〈b,c〉,〈c, a〉}.

10. A hexagon, the six edges of which are alternately interval boundary components and

mirrors, so πorb
1 Q has presentation 〈a,b,c | a2,b2,c2〉 and the boundary peripheral

structure is

{〈a,b〉,〈b,c〉,〈c, a〉}.

5.3.4 Detecting whether or not an orbifold is small

In this section we complete the objective of Section 5.3: we show that there is an algorithm

that, when given a presentation for the fundamental group of a small orbifold together with

the boundary peripheral structure of that orbifold, eventually certifies that the orbifold is

small.

Lemma 5.3.12. There is an algorithm that takes as input a presentation for a hyperbolic

group G and a collection H of maximal virtually cyclic peripheral subgroups and termi-

nates if and only if ∂(G ,H ) is homeomorphic to a circle and G does not split relative to H

over a virtually cyclic subgroup.

Proof. First use the algorithm of Lemma 5.3.3 and let the output of that algorithm be

(G ′,H ′). Then ∂(G ,H ) is homeomorphic to a circle and G does not split over a virtually

cyclic subgroup relative to H if and only if there is an isomorphism from G ′ to one of the

groups with boundary peripheral structure listed in Proposition 5.3.11 that maps elements

of H ′ to conjugates of elements of the given boundary peripheral structure.

The algorithm runs infinitely many processes in parallel using a standard diagonal

argument, so that it first runs the first step of the first process, then the second step
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of the first process, then the first step of the second process, and so on. Enumerate

the groups and peripheral structures described in Proposition 5.3.11 and, in parallel,

enumerate all homomorphisms from these groups to G ′ and homomorphisms from G ′ to

these groups. Note that this is possible since one can test whether or not a map defined

on the generators of a group extends to a homomorphism using a solution to the word

problem in the codomain of the map, and G ′ and all groups listed in Proposition 5.3.11

are hyperbolic. Whenever an inverse pair of homomorphisms is found, start a search for a

set of conjugating elements to check that the map G ′ →πorb
1 Q maps each element of H ′

to a conjugate of an element of the boundary peripheral structure for Q.

If an inverse pair of homomorphisms and a set of conjugating elements is found, the

algorithm terminates.

5.4 Maximal splittings

We now apply the results of Sections 5.1, 5.2 and 5.3 to the problem of finding a maximal

splitting of a one-ended hyperbolic group over its virtually cyclic subgroups.

First we fix some notation.

Definition 5.4.1. Given a virtually cyclic subgroup H of a hyperbolic group G we shall

denote by Ĥ the unique maximal virtually cyclic subgroup of G containing H . Given a set

H of virtually cyclic subgroups of G let Ĥ be a set of subgroups of G obtained by choosing

one representative of each conjugacy class that meets the set {Ĥ | H ∈H }. Given a vertex

v in the underlying graph of a graph of groups Y , let Inc v be the set {∂e−(Ye ) | ι(e) = v} of

subgroups of Yv .

Remark 5.4.2. Given a hyperbolic group G and a finite set of elements generating a virtually

cyclic subgroup H ≤G , Lemma 5.2.1 provides an algorithm that computes a generating

set for Ĥ . Given a finite set of subsets of G generating a set H of virtually cyclic subgroups

of G one can compute finite generating sets for the elements of Ĥ by first applying

the algorithm of Lemma 5.2.1 and then throwing away any duplicate subgroups up to

conjugacy using the algorithm of Lemma 5.2.2.

Now note the following proposition, which allows us to iteratively apply the results of

Section 5.1.

Proposition 5.4.3. Let Y be a graph of groups with virtually cyclic edge groups underlying

graph Y such that π1Y is hyperbolic and ∂π1Y is connected. Then for each vertex v ∈ Y ,

Yv is hyperbolic relative to �Inc v and ∂(Yv , �Inc v) is connected.
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Proof. First note that Ye is virtually cyclic so is quasi-convex in π1Y for each edge e

in Y . Therefore Yv is quasi-convex by [Bow98b, Proposition 1.2], and therefore Yv is

hyperbolic. The elements of �Inc v are maximal non-conjugate virtually cyclic subgroups

of a hyperbolic group, so they are certainly malnormal. Therefore hyperbolicity of Yv

relative to �Inc v follows from Theorem 2.3.5.

If ∂(Yv , �Inc v) is disconnected then Yv admits a non-trivial splitting over a finite group

relative to �Inc v by [Bow12, Proposition 10.1]. This splitting is then also relative to Inc v .

Therefore the graph of groups Y admits a refinement Y ′ including an edge e mapping

to v under the collapse map Y ′ → Y such that Y ′
e is finite and neither ∂e+ nor ∂e− is

surjective. By collapsing Y −e to either one or two points (depending on whether or not e

is separating) one obtains a non-trivial splitting of π1Y over finite subgroups, contracting

the assumption that ∂π1Y is connected.

5.4.1 Boundaries with cut pairs

Recall Corollary 3.5.11 of Bowditch relating splittings of a hyperbolic group over its virtually

cyclic subgroups to the existence of cut pairs in its boundary. We require a relative

version of this theorem. Such a theorem was recently proved in considerable generality by

Haulmark [Hau17], but we only need the special case in which G arises as a vertex group

in a splitting of a larger hyperbolic group over virtually cyclic subgroups, and H is the

collection of edge groups incident at that vertex. In this section we give an elementary

proof that this simple case follows from Corollary 3.5.11. In particular we can avoidR-trees

machinery. For a discussion in greater generality, see [Gro13].

Proposition 5.4.4. Let v be a vertex in a minimal G-tree T with virtually cyclic edge groups

where G is hyperbolic and one-ended. Let Inc v be a set of representatives of Gv -conjugacy

classes of stabilisers of edges in T incident at v. Suppose that ∂(Gv , �Inc v) is not a single

point, does not contain a cut point and is not homeomorphic to a circle but does contain a

cut pair. Then Gv admits a non-trivial splitting over virtually cyclic subgroups of Gv relative

to Inc v.

First we need the following lemma.

Lemma 5.4.5. Let f : T1 → T2 be an equivariant map of G-trees with virtually infinite cyclic

edge stabilisers such that the action of G on T1 is cocompact and the action of G on T2 is

minimal. Let v be a vertex of T2 such that ∂(Gv , �Inc v) is not a single point, is connected and

does not contain a cut point. Then the action of Gv on T1 fixes a component of f −1(v).
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Proof. First we show that there is a vertex w ∈ T1 such that Gw ∩Gv is non-elementary. If

this is not the case then the stabiliser of each edge of T1 with respect to the action of Gv on

T1 is either finite or commensurable with the stabilisers of its end points. Therefore the

action induces a splitting of Gv with finite edge groups and virtually cyclic vertex groups.

By minimality of the action of G on T2 each edge e incident at v is f (e ′) for some edge e ′

of T1, and then Ge ′ is a finite index subgroup of Ge , since each is virtually infinite cyclic. In

particular, Ĝe is elliptic, and the splitting is relative to �Inc v . But ∂(Gv , �Inc v) was assumed

to be connected and not a single point, which is a contradiction.

Then f (w) = v , otherwise any edge separating f (w) from v in T2 has non-elementary

stabiliser. Let S be the component of f −1(v) containing w . We now show that any other

vertex w ′ of T1 such that Gw ′ ∩Gv is non-elementary is also in S. Suppose that e is an

edge of T1 that is not in f −1(v). As in Section 1 of [Bow98b] there exists a partition of

∂(G ,;)−ΛGe as U1⊔U2. The intersection of Ge with Gv is either finite or commensurable

with a conjugate of an element of �Inc v , so the images of U1 ∩ΛGv and U2 ∩ΛGv under

the projection map ΛGv → ∂(G , �Inc v) cover all but at most a point of ∂(G , �Inc v). These

sets are disjoint, so one must be empty, say U2. But ΛGw and ΛGw ′ each contain more

than two points, so must both be contained in U1 ∪ΛGe . This implies that w and w ′ are

on the same side of e.

Therefore the action of Gv on T1 fixes S, for any element of Gv must send w to a vertex

of S.

Proof of Proposition 5.4.4. Let Σ be Bowditch’s JSJ tree for G . Σ is then elliptic with respect

to T , so by [GL17, Proposition 2.2] there exists a G-tree Σ̂ and maps p : Σ̂→Σ and f : Σ̂→ T

such that:

1. p is a collapse map. (That is, a map given by collapsing some edges of Σ̂ to points.)

2. For w ∈Σ, the restriction of f to p−1(w) is injective.

By Lemma 5.4.5 there is a component S of f −1(v) that is fixed by the action of Gv .

Suppose that a vertex w of S is fixed by the Gv -action.

If e is any edge of Σ̂ that is adjacent to but not contained in S then Ge ≤ G f (e) and

the subgroup is necessarily of finite index. Conversely the stabiliser of any edge incident

at v contains the stabiliser of an edge adjacent to S at finite index. The stabiliser of any

edge adjacent to S is then commensurable with the stabiliser of an edge incident at w ,

and vice versa. Therefore ∂(Gv , �Inc w) is homeomorphic to ∂(Gv , �Inc v). We assumed that

∂(Gv , �Inc v) was neither a point nor homeomorphic to a circle, so pw is not in T1 or T2,

and is therefore in T3, where here we recall the partition T1 ⊔T2 ⊔T3 of vertices of Σ.



90 Algorithmic consequences

Let x and y be points in ∂(Gv , �Inc v) and choose preimages x̃ and ỹ in ∂(Gv ,;), which

we identify withΛGv ⊂ ∂(G ,;). The set of components of ∂(Gv , �Inc v)−{x, y} is in bijection

with the set of those components of ∂(G ,;)− {x̃, ỹ} that meet ΛGv .

Suppose then that {x, y} is a cut pair in ∂(Gv , �Inc v), so at least two components of

∂(G ,;)− {x̃, ỹ} meet ΛGv .

Then by Corollary 3.5.11 there is a vertex u of Σ in T1 or T2 such that ΛGu contains

{x̃, ỹ}. Then {x̃, ỹ} =ΛGu ∩ΛGv , so {x̃, ỹ} is the limit set of an edge incident at v . Therefore

{x, y} ⊂ ∂(Gv , �Inc v) is a single point, which is a contradiction because ∂(Gv , �Inc v) was

assumed not to contain a cut point. Hence the action of Gv on S does not fix any vertex

and therefore gives rise to a non-trivial splitting of Gv relative to Inc v .

5.4.2 Boundaries without cut points or pairs

Our description of the relationship between the existence of splittings and the topology of

the boundary is completed by the following proposition, which serves as a converse to

Theorem 3.5.17 and Proposition 5.4.4.

Proposition 5.4.6. Let G be a hyperbolic group and let H be a finite set of virtually cyclic

subgroups of G such that ∂(G ,Ĥ ) is connected. Suppose that G admits a non-trivial

splitting over a virtually cyclic subgroup relative to H . Then ∂(G ,Ĥ ) contains a cut point

or pair.

Proof. Let T be the G-tree associated to such a non-trivial splitting. Without loss of

generality assume that the action of G on T is minimal. Let e be any edge in T . Let T1

and T2 be the two components of the complement of the interior of e in T . Then as in the

proof of Lemma 5.4.5 we obtain a partition of ∂(G ,;)−ΛGe as U1 ⊔U2 where Ui are open

sets given by

Ui = ∂Ti ∪
⋃

w∈Ti

(ΛGw −ΛGe )

If a subgroup H of G is in H , H ≤Gw for some vertex w ∈Σ and either ΛH =ΛGe or

ΛH ∩ΛGe =;. In the latter case either ΛH ⊂U1 or ΛH ⊂U2. Let q : ∂(G ,;) → ∂(G ,Ĥ ) be

the quotient projection of Theorem 2.3.11. It follows that the images of U1 and U2 under q

in the complement of q(ΛGe ) in ∂(G ,Ĥ ) are disjoint open sets; they are non-empty by

the minimality of the action of G on T . The image of ΛGe is either one or two points, and

therefore ∂(G ,Ĥ ) contains a cut point or pair.
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Figure 5.2: The decision process in the algorithm of Proposition 5.4.7.

5.4.3 Computing a maximal splitting

Proposition 5.4.7. There is an algorithm that takes as input a presentation for a hyperbolic

group G with a collection H of virtually cyclic subgroups of G such that G appears as a

vertex group in a minimal splitting of a one-ended hyperbolic group and H is the set of

incident edge groups and returns the answer to the question “does G split non-trivially over

a virtually cyclic subgroup relative to H ?”

Proof. Let the given group be G and the peripheral structure be H . First check whether

or not G is virtually cyclic. If it is then G does not split properly over a virtually cyclic

subgroup. If it is not then compute Ĥ ; then ∂(G ,Ĥ ) contains more than a single point

and the results of this section can be applied.

Next use the results described in Section 5.1.1 to compute δ such that the cusped

space X associated to the pair (G ,Ĥ ) is δ-hyperbolic. Search for a non-trivial splitting of

G relative to H using Lemma 5.2.3 and, in parallel, search for n such that ‡(n) holds in X ;

one of these processes must terminate by Proposition 3.6.10 and Theorem 3.5.17.

If a splitting is found then G does split non-trivially over a virtually cyclic subgroup

relative to H , and the algorithm can return “yes”. If X satisfies ‡(n) then use the algorithm

of Corollary 5.1.6 to check whether or not ∂(G ,Ĥ ) contains a cut point. If it does then G

does split properly over a virtually cyclic subgroup by Theorem 3.5.17
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If there is no cut point, use the algorithm of Corollary 5.1.6 on X to determine whether

or ∂(G ,Ĥ ) contains a cut pair; if it does not then G does not split relative to H by Propo-

sition 5.4.6.

If there is a cut pair then simultaneously run the algorithms given in Lemmas 5.2.3

and 5.3.12. If the former terminates then a splitting has been found; if the latter does then

no splitting exists.

Proposition 5.4.8. There is an algorithm that, when given a presentation for a one-ended

hyperbolic group, computes the graph of groups associated to a splitting of that group that

is maximal for domination.

Proof. Apply the algorithm of Lemma 5.2.3 to enumerate all minimal splittings of G

over virtually cyclic subgroups. By Bestvina and Feighn’s accessibility theorem (Theo-

rem 3.5.1), this algorithm will eventually output a splitting that is maximal for domination.

By Lemma 3.3.4 no vertex group in this maximal splitting admits a non-trivial splitting

over its incident edge groups.

Conversely, let T be the tree associated to a minimal splitting of G over its virtually

cyclic subgroups such that no vertex stabiliser admits a non-trivial splitting relative to

the stabilisers of the incident edges and let T ′ be a minimal G-tree that dominates T . Let

v be a vertex of T and let e be an edge of T with ι(e) = v . Since T is minimal, the map

T ′ → T is surjective, so there exists an edge e ′ of T ′ such that the image of e ′ contains

e. Then Ge ′ ≤ Ge . By assumption, T ′ is minimal and G is one-ended, so Ge ′ is infinite,

so it is a finite index subgroup of Ge , so the orbit of e ′ under the action of Ge is finite. It

follows that Ge is elliptic with respect to the action on T ′. Therefore Gv is elliptic with

respect to the action on T ′, since otherwise this action gives a non-trivial splitting of Gv

relative to {Ge | ι(e) = v}. This argument applies to every vertex of T , so T dominates T ′ by

Lemma 3.3.3 and it follows that T is maximal for domination.

For each splitting returned by the algorithm of Lemma 5.2.3 use the algorithm of

Proposition 5.4.7 to test whether each vertex group splits relative to its incident edge

groups. When a splitting is found such that no vertex group splits relative to its incident

edge groups, return that splitting.

5.5 JSJ decompositions

In this section we complete the proof of Theorem 1.2.2: we show that three closely related

types of JSJ splittings are computable for hyperbolic groups. Fix a one-ended hyperbolic

group G . We define three classes of virtually cyclic subgroups of G .
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1. Let V C be the set of virtually cyclic subgroups of G .

2. Let Z be the set of virtually cyclic subgroups of G with infinite centre. Equivalently,

Z is the set of virtually cyclic subgroups of G that surject onto Z.

3. Let Zmax be the set of subgroups of G in Z that are maximal among subgroups of

Z .

We consider JSJ decompositions over groups in these three classes of subgroups. Note

that here we follow [DG11] in defining the Zmax-JSJ: since a proper subgroup of a Zmax

group is not Zmax, this does not fit into Guirardel and Levitt’s framework for JSJ theory.

We call a splitting over Zmax a Zmax-JSJ if it is Z -universally elliptic and is maximal for

domination among Z -universally elliptic splittings over Zmax.

5.5.1 Virtually cyclic edge groups and Bowditch’s decomposition

In this section we show that a JSJ decomposition over V C is computable. We then show

that Bowditch’s canonical decomposition is a V C -JSJ and show how to obtain this special

JSJ algorithmically. This completes the proof of the first part of Theorem 1.2.2.

We first prove the following lemma.

Lemma 5.5.1. The tree obtained from the tree associated to a maximal splitting by collaps-

ing each edge whose stabiliser is not universally elliptic is a V C -JSJ tree.

Proof. Let T be the tree associated to a maximal splitting and let T ′ be the tree obtained

by collapsing each edge of T that is not universally elliptic. Then certainly T ′ is universally

elliptic, so it is sufficient to show that if Σ is another universally elliptic G-tree then T ′

dominates Σ.

The tree Σ can be refined to dominate T , so there exists a map f : T → Σ. Let v be a

vertex of T ′ and let S be a component of its preimage in T . Then f |S is constant: if an edge

e in S is mapped into an edge e ′ in Σ then Ge ≤Ge ′ , which is universally elliptic. But then

the image of S in T ′ contains more than a single vertex. Therefore Gv fixes the vertex f (S)

in Σ, so is elliptic with respect to Σ. This shows that T ′ dominates Σ.

We must now identify the edges in the tree associated to the maximal splitting that are

not maximally elliptic. We make the following definitions.

Definition 5.5.2. An extended Möbius strip group is a virtually cyclic group H of type Z

with peripheral structure consisting of the preimage of 2Z under the canonical surjection

H →Z. Equivalently, it is an extension of the pair (Z, {2Z}) by a finite group.
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Recall Definition 3.5.8 of a hanging Fuchsian group.

Definition 5.5.3. We say that an edge e connecting vertices v1 and v2 of a G-tree is a

internal surface edge if, for each i , either Gvi is a hanging Fuchsian group and Ge is

maximal among virtually cyclic subgroups of Gvi , or Gvi is an extended Möbius strip

group and Ge ≤Gvi is the peripheral subgroup of Gvi .

Lemma 5.5.4. Suppose that T is a maximal V C -tree. Then the edges of T that are not

universally elliptic are precisely the internal surface edges.

Proof. Let T ′ be the tree obtained by collapsing each edge of T that is not universally

elliptic as in Lemma 5.5.1, so T ′ is a JSJ tree and there is a collapse map from T to T ′. The

edges of T that are not universally elliptic are precisely those edges that are mapped to

flexible vertices of T ′ under the collapse map; by [GL17, Theorem 6.2] all flexible vertices

of T ′ are hanging Fuchsian vertices.

Any splitting of a hanging Fuchsian group is dual to a family of curves on the associated

orbifold, so any edge in such a splitting is an internal surface edge, so all edges that are

not universally elliptic are internal surface edges.

Conversely, let e be an internal surface edge. Let T ′ be the tree obtained by collapsing

each edge in the orbit of e. Let v be the vertex of T ′ in the image of e. Then T is obtained

from T ′ by refining at v . This refinement is dual to an essential simple closed curve ℓ on

the associated orbifold Q. Then Q contains another essential simple closed curve ℓ′ that

is not homotopic to a curve disjoint from ℓ. Refine T ′ at v dual to ℓ′ to obtain a tree T ′′;
then Ge is not elliptic with respect to T ′′.

Theorem 5.5.5. There is an algorithm that takes as input a presentation for a one-ended

hyperbolic group and returns as output the graph of groups associated to a V C -JSJ decom-

position for that group.

Proof. First compute a maximal splitting of the group over virtually cyclic subgroups

by Theorem 5.4.8. Let T be the associated tree. By construction T is reduced; in any

case, T can easily be made reduced using the processes of Lemma 5.2.1. For each edge

e connecting vertices v1 and v2 of the graph of groups T /G determine whether Ge is

maximal in G using the algorithm of Lemma 5.2.1 and whether the two vertex groups Gv1

and Gv2 have circular boundary relative to their incident edge groups by Corollary 5.1.7.

Check also whether each of Gv1 and Gv2 is virtually cyclic of Z -type, and, if it is, whether

or not Ge has index 2 in that group. One of these possibilities is the case if and only if e is

not universally elliptic by Lemma 5.5.4; collapse all edges where this is the case.
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Recall the description of Bowditch’s canonical decomposition from Section 3.5.2. We

now show that this decomposition of a one-ended hyperbolic group is computable. First

we show that it is a V C -JSJ decomposition.

Proposition 5.5.6. Bowditch’s canonical decomposition of a one-ended hyperbolic group

is a V C -JSJ decomposition.

Proof. Let T be the tree associated to Bowditch’s canonical decomposition of a one-ended

hyperbolic group G with vertex set partitioned as T1 ⊔T2 ⊔T3. First note that stabilisers of

edges in T are virtually cyclic.

By [GL17, Corollary 9.20] G admits a JSJ decomposition over its virtually cyclic sub-

groups in which all flexible vertices are hanging Fuchsian. Therefore the stabiliser of

any flexible vertex in the JSJ tree stabilises a point in T2 by [Bow98b, Proposition 6.1].

Automatically the stabiliser of any rigid vertex in the JSJ tree is elliptic in T , so the JSJ

decomposition dominates T and T is universally elliptic.

Therefore every edge in T is elliptic in the JSJ tree. The stabiliser of a vertex in T1 is

virtually cyclic and it contains stabilisers of its incident edge groups at finite index, so

it follows that the stabiliser of a vertex in T1 is elliptic in the JSJ tree. As in the proof of

Lemma 5.5.4 no stabiliser of a vertex in T2 admits a non-trivial universally elliptic splitting

over a virtually cyclic subgroup relative to its incident edge groups, so the stabiliser of

any vertex in T2 is elliptic in the JSJ tree. The stabiliser of a vertex in T3 does not split

non-trivially over a virtually cyclic subgroup relative to its incident edge groups (see the

remark after [Bow98b, Proposition 5.31]), so the stabiliser of any vertex in T3 is elliptic in

the JSJ tree.

It follows that T dominates the JSJ decomposition, so T is a JSJ tree.

In [DG11] Dahmani and Guirardel define an operation on V C -trees. Their construc-

tion is more general, but here we quote the special case that is relevant to Bowditch’s

decomposition.

Definition 5.5.7. Let T be a V C -tree. Define the commensurability equivalence relation

∼ on V C by letting A ∼ B if and only if A and B lie in the same maximal virtually cyclic

subgroup of G . Also denote by ∼ the equivalence relation on the set of edges of T defined

by letting e ∼ e ′ if and only if Ge ∼Ge ′ . A cylinder is a subset of T that is the union of all

edges in a ∼-equivalence class.

A cylinder in a subtree of T : if e ∼ e ′ and e ′′ is an edge separating e ′ from e then

Ge ′′ ≤Ge ∩Ge ′ , so Ge ′′ is commensurable with Ge and G ′
e .
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Definition 5.5.8. Let T be a V C -tree. The corresponding tree of cylinders Tc is a bipartite

tree with vertex set V1 ⊔V2, where V1 is the set of vertices of T that lie in at least two

cylinders and V2 is the set of cylinders in T . A vertex v ∈ V1 is connected by an edge to

Y ∈V2 if and only if v ∈ Y .

Remark 5.5.9. Guirardel and Levitt then define a collapsed tree of cylinders obtained by

collapsing all edges of the tree of cylinders that are not in the class of allowed edge groups.

This is unnecessary in this special case: let e be an edge contained in some cylinder in T

and let g be in the stabiliser of that cylinder. Then gGe g−1 =Gg ·e ∼Ge , so ágGe g−1 = Ĝe

and therefore g is in the normaliser of Ĝe , which is Ĝe itself. So stabilisers of cylinders are

virtually cyclic, so all edge stabilisers in the tree of cylinders are virtually cyclic.

Lemma 5.5.10. [GL17, Lemma 7.3] The tree Tc is equal to its own tree of cylinders (Tc )c .

Lemma 5.5.11. The G-tree corresponding to Bowditch’s canonical decomposition is the tree

of cylinders of any V C -JSJ tree.

Proof. Using Proposition 5.5.6 and Lemma 5.5.10 it is enough to show that Bowditch’s tree

is equal to its own tree of cylinders. Recall that Bowditch’s tree T is bipartite with vertex

set partitioned as T1 ⊔ (T2 ⊔T3) and the stabiliser of any vertex in T1 is maximal virtually

cyclic. Therefore cylinders in Bowditch’s tree are precisely the stars of vertices in T1, from

which the result follows immediately.

Bowditch’s canonical decomposition is the graph of cylinders of the decomposition

obtained in this way. The operation of replacing a decomposition with the decomposition

associated to its tree of cylinders can be done algorithmically using Lemma 5.2.1. This

result is the content of [DG11, Lemma 2.34]; note that while the result is stated for a Z -tree,

replacing this with a V C -tree makes no difference to the proof. Therefore the results of

this section give the following corollary.

Corollary 5.5.12. Bowditch’s canonical decomposition of a one-ended hyperbolic groups is

computable.

Remark 5.5.13. Using Lemma 5.2.1 and Corollary 5.1.7 one can algorithmically recover

the partition T1 ⊔T2 ⊔T3 of the vertex set of Bowditch’s canonical decomposition.

5.5.2 Z edge groups

We now prove the second part of Theorem 1.2.2.
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Theorem 5.5.14. There is an algorithm that takes as input a presentation for a one-ended

hyperbolic group and returns the graph of groups associated to a Z -JSJ decomposition for

that group.

In [DG11] it is shown that the Z -JSJ decomposition is closely related to the V C -JSJ:

a Z -JSJ tree can be obtained from a V C -JSJ tree T by first refining T by applying the

so-called mirrors splitting to each hanging Fuchsian vertex group and then collapsing

each edge with stabiliser of dihedral type. The second of these processes can be done

algorithmically using the part of the algorithm of Lemma 5.2.1 that determines whether

or not a given virtually cyclic group is of dihedral type. Therefore we must now show that

the mirrors splitting is computable.

Recall the definition of the mirrors splitting of the fundamental group of a compact

2-dimensional orbifold Q from [DG11].

Definition 5.5.15. Let N be a regular neighbourhood of the union of the mirrors and

D∞-boundary components of Q that does not contain any cone point of Q. If Q −N is an

annulus or a disc with at most one cone point then the mirrors splitting of π1Q is defined

to be trivial; otherwise it is the splitting obtained by cutting Q along each component of

∂N .

If the mirrors splitting is non-trivial then the graph of groups associated to the splitting

is a star; the group at the central vertex is the fundamental group of an orbifold with no mir-

rors and the group at each leaf is the fundamental group of an orbifold with no cone points

and underlying surface an annulus, one of whose topological boundary components is a

circular orbifold boundary component and the other a union of interval boundary compo-

nents and at least one mirror. If G is any hyperbolic group with a collection H of virtually

cyclic subgroups such that ∂(G ,Ĥ ) is homeomorphic to a circle then the mirrors splitting

of G relative to H is defined to be the splitting induced by the mirrors splitting of the

quotient G by a maximal finite normal subgroup of G as in Proposition 5.3.3.

Lemma 5.5.16. The mirrors splitting of a hyperbolic group G with a set H of virtually

cyclic subgroups such that ∂(G ,Ĥ ) is homeomorphic to a circle is computable.

Proof. Using Proposition 5.3.3 it is enough to show that the mirrors splitting is computable

in the case where G is bounded Fuchsian and H is the a collection of representatives of

peripheral subgroups of G . To do this we enumerate all mirrors splittings: for each non-

negative integer k enumerate all fundamental groups of compact orbifolds without mirrors

and with at least k boundary components and all k-tuples of fundamental groups of

orbifolds homeomorphic to an annulus with no cone points and such that one topological
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boundary component of the orbifold is a circular orbifold boundary component. In each

case form the graph of groups in which the underlying graph is a k-pointed star, the group

at the central vertex is the fundamental group of the orbifold without mirrors, the group

at each leaf is the fundamental group of an orbifold homeomorphic to an annulus and

the group at each edge is infinite cyclic and is identified with the fundamental group of

a circular orbifold boundary component of each of the orbifolds associated to the end

points of that edge. Compute the fundamental group of each such graph of groups and

record also the peripheral structure consisting of conjugacy class representatives of the

fundamental groups of components of the orbifold boundary of the orbifold.

Also enumerate all groups with trivial mirrors splitting, i.e. fundamental groups of

orbifolds homeomorphic as topological spaces to a disc with at most one cone point, or

homeomorphic to an annulus with no cone points and such that one topological boundary

component is a circular orbifold boundary component.

In parallel enumerate all homomorphisms from the fundamental groups of these

graphs of groups to G and all homomorphisms from G to the fundamental groups of these

graphs of groups. Some such pair of homomorphisms is an inverse pair that preserves

the peripheral structure up to conjugacy. On finding this pair the algorithm returns the

associated mirrors splitting.

5.5.3 Zmax edge groups

The Zmax-JSJ decomposition can be obtained from a Z -JSJ decomposition by performing

the so-called Zmax-fold: see [DG11, Proposition 4.11]. Let T be the G-tree corresponding

to a Z -JSJ. Dahmani and Guirardel show that the tree corresponding to the Zmax-fold is

obtained by iterating the following process. Suppose that there exists an edge e in T such

that Ge ̸= Ĝe . Then there exists such an edge e such that Ĝe ≤Gι(e). Then quotient T by

the G-equivariant equivalence relation generated by e ∼ g ·e for each g ∈ Ĝe . Repeat this

process until Ge = Ĝe for each edge e. Note that this process takes at most as many steps

as there are edges in G\T , which is finite as long as T is minimal.

We now note that this process can be performed algorithmically, which completes the

proof of the final part of Theorem 1.2.2.

Lemma 5.5.17. There is an algorithm that takes as input a graph of groups decomposition

of a hyperbolic group G over virtually cyclic subgroups and returns the graph of groups

associated to the Zmax-fold of the associated G-tree.

Proof. Let Y be the graph of groups with underlying graph Y associated to a Z -JSJ.

We describe the folding process described above at the level of the graph of groups Y .
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Unfortunately this description is a little more complicated than the description at the level

of the tree. Note that the folds do not change the quotient graph G\T , since e ∼ e ′ only

when e and e ′ lie in the same G-orbit.

Take an edge e of Y with the following two properties.

1. Let v = ι(e). Then ∂e−(Ge ) is not a maximal virtually cyclic subgroup of Yv .

2. For each edge e ′ with ι(e ′) = v with ∂e ′− (Ye ′) contained in the maximal virtually cyclic

subgroup of Yv containing ∂e−(Ye ), ∂e ′+ (Ye ′) is a maximal virtually cyclic subgroup of

Yτ(e).

Note that if such an edge exists then it can be found using the algorithm of Lemma 5.2.1.

Then change Y by making the following two replacements.

1. Replace Yτ(v) by the fundamental group of the graph of groups Y ′ with a single edge

e, Y ′
e =Ye , Y ′

τ(e) =Yτ(e) and Y ′
ι(e) equal to the maximal virtually cyclic subgroup of

Yι(v) containing ∂e−(Ye ). Note that this fundamental group is either an amalgamated

product or an HNN extension, so this can easily be done algorithmically.

2. Replace Y by the maximal virtually cyclic subgroup of Yι(v) containing ∂e−(Ye ).

Repeat this process until there is no edge e satisfying the given condition.

This completes the proof of Theorem 1.2.2.

5.6 Generalisations

In light of Haulmark’s theorem [Hau17], it seems possible that the techniques used in this

chapter might be applicable to determining whether or not groups in a larger class of

relatively hyperbolic groups admit non-trivial splittings over virtually cyclic subgroups.

As discussed in Section 4.4, the main impediment to our ability detect cut pairs in the

boundary in more general situations is the double dagger condition: except when the

peripheral subgroups are either abelian or virtually cyclic, we do not know that the cusped

space satisfies a double dagger condition, even when the boundary is connected and

without a cut point. A resolution to this problem would answer [DT13, Question 1.8] and

would therefore extend the class of relatively hyperbolic groups for which the isomorphism

problem is known to be solvable: in light of Dahmani and Touikan’s work, the problem

of detecting rigidity is the only barrier to the solution for the isomorphism problem for

relatively hyperbolic groups with virtually nilpotent peripheral subgroups. The class of
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relatively hyperbolic groups with virtually nilpotent peripheral subgroups is particularly

natural, since the Margulis lemma tells us that groups that act geometrically finitely

on complete simply connected Riemannian manifolds with pinched negative sectional

curvature fall into this class.



Chapter 6

The cohomology of decomposition

spaces

Epstein asked whether there is an algorithm that, when given a presentation for a hyper-

bolic group G , computes the Čech cohomology Ȟk (∂G) as a G-module. This problem

appears as Question 1.18 in Bestvina’s problem list [Bes04]. Throughout this chapter all

Čech cohomology groups will have coefficients in Z, although most of the results given

apply to other rings. Our purpose in this chapter is to answer a relative version of this

question in the case of Otal’s decomposition space, a special case of the Bowditch bound-

ary of a relatively hyperbolic group. We then apply this result to answer Epstein’s question

for a restricted class of hyperbolic groups: those arising as fundamental groups of graphs

of free groups with cyclic edge groups.

Fix a free group F of rank n with free generating set S. Let T be the corresponding

Cayley graph containing a vertex 1 corresponding to the identity in F . Fix a finite set {wi }

of cyclically reduced words in F . Then, following Otal [Ota92], we make the following

definitions.

Definition 6.0.1. The line pattern L associated to the set {wi } is defined to be the set

of lines spanned by the points {g w k
i }k for g ∈ F . Let D be the associated decomposition

space: this is the quotient of ∂F by the equivalence relation that identifies the two end

points of each line in L . Let q : ∂F →D be the quotient projection.

If we assume that each of the elements of {wi } is not a proper power and that for distinct

i and j the element wi is not conjugate in F to w±
j then D is the Bowditch boundary of

group F relative to {〈wi 〉} by a result of Tran [Tra13]: see Theorem 2.3.11.

We present an algorithm that computes the Čech cohomology of D as an F -module.

The F -module structure is induced by the action of F on ∂F , which descends to an action
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of F on D. The cohomology functor is contravariant, so we use the action of g−1 on D to

define the action of g on Ȟk (D). Given g ∈ F letφg be the corresponding homeomorphism

of D. Then we define the action of g on Ȟk (D) by setting g · x = (φg−1 )⋆x.

The Čech cohomology of D is defined to be the direct limit over open covers U of

D that provide successively better combinatorial approximations to D of the singular

cohomology of the nerve of U . In Section 6.1 we shall see how to associate an open cover

of D to a finite subtree of T . The combinatorics of such a cover will then be recorded in

the Whitehead graph associated to that subtree. Therefore Whitehead graphs provide

approximations to D, with larger Whitehead graphs providing better approximations.

These open covers have no triple intersections, so we immediately see that the Čech

cohomology is concentrated in dimensions zero and one. This could also be seen as a

consequence of the Urysohn–Menger addition theorem [Eng78, 3.1.17]: if X is a compact

metric space and A and B are subsets of X with X = A∪B then dim X ≤ dim A+dimB +1

where dim is the Lebesgue covering dimension. The decomposition space D can be

written as a union of the set of points in ∂F that are not end points of lines in L with the

set of images in D of end points of lines in L . The first of these sets is a subset of a Cantor

set, so has dimension zero, while the second is countable, so also has dimension zero,

thus proving that D has dimension at most one.

In Sections 6.2 and 6.3 we show how to compute the Čech cohomology in dimensions

zero and one respectively. In dimension zero this could be accomplished by computing a

maximal free splitting of the group relative to the set {〈wi 〉} of subgroups of F and then

relating the decomposition space to the tree associated to the splitting; in Section 6.4

we apply an argument along these lines. In Section 6.2 we take an alternative approach:

our methods rely on showing that some (large) finite subtree of T contains sufficient

information to compute the Čech cohomology. This approach is based on the proof of

[CM11, Lemma 4.12].

In Section 6.4 we apply these results to prove the computability of the Čech cohomol-

ogy of the boundary of a hyperbolic fundamental group of a graph of free groups with

virtually cyclic edge groups. This result answers Epstein’s question for this restricted class

of hyperbolic groups.

6.1 Whitehead graphs and open covers

Recall the following definition from [CM11].

Definition 6.1.1. Let X be a subtree of T . Then we define the Whitehead graph Wh(X ) of

L at X to be the graph with a vertex corresponding to each vertex of T adjacent to (but
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not contained in) X and an edge connecting a pair of vertices in Wh(X ) for each line in

L connecting the corresponding vertices in T . The edges of Wh(X ) are labelled by the

corresponding lines.

For more information about Whitehead graphs and their applications, see [Man10].

Definition 6.1.2. For v ∈ T let S 1(v) ⊂ ∂T be the shadow of v from 1 as defined in [CM11]:

the set of boundary points p ∈ ∂T such that the geodesic [1, p] contains v . These sets are

open and closed and the collection of such sets as v varies in T is a basis for the topology

on ∂T .

Lemma 6.1.3. Let X be a finite subtree of T containing 1. Then there is a covering of D by a

collection of open sets Ui in bijection with the vertices ai of Wh(X ) satisfying the following

conditions.

• The projection of S 1(ai ) to D is a subset of Ui .

• The pairwise intersections of sets in the cover can be read from the Whitehead diagram:

Ui ∩U j ̸= ; if and only if there is an edge connecting ai and a j in Wh(X ).

• There are no triple intersections.

Proof. We aim to construct open sets Vi covering ∂T satisfying the following conditions.

• The shadow S 1(ai ) is contained in Vi .

• Intersections are determined by the Whitehead graph: Vi ∩V j ̸= ; if and only if there

is an edge connecting ai and a j in Wh(X ).

• There are no triple intersections.

• For each line l in the line pattern L , each set Vi contains either both of the end

points of l or neither.

Then the projection of these sets in D satisfies the requirements of the lemma.

We build these inductively. For the first step, take V 0
i = S 1(ai ). Then, for each i ,

there are finitely many lines in the line pattern passing through ai . Add to V 0
i an open

neighbourhood of the end point not in V 0
i of each such line to obtain V 1

i . This can be

done in a way that ensures that V 1
i is the union of V 0

i and finitely many other shadows,

that the open sets added are all disjoint, and that no line in the line pattern has an end

in two different added sets. This is possible since if a subset of ∂T is a union of finitely
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many shadows then only finitely many lines in the line pattern have exactly one end in

that subset.

After each V 1
i is defined, continue inductively, ensuring that each V k

i is the union of

finitely many shadows, so that if a line in the line pattern has one end in V k
i then its other

end is in V k+1
i . We can do this without introducing any new intersections, so all inter-

sections correspond to lines from S 1(ai ) to S 1(a j ) for some i and j , so all intersections

correspond to edges in the Whitehead graph and there are no triple intersections.

Then let Ui = q(∪kV k
i ); these sets cover D and have the required properties.

For X a finite subtree of T , we shall denote by UX a cover of D associated to X as

constructed in Lemma 6.1.3. This cover is not unique, but this non-uniqueness will not

cause us a problem, since any two such covers are very similar. In particular, they admit a

common refinement, and refinement between different open covers associated to X as in

Lemma 6.1.3 induces a natural isomorphism between the singular cochain complexes

of the nerves of those covers. If X ⊂ X ′ then UX ′ can be chosen to be a refinement of UX

and the refinement map UX ′ →UX is canonical.

It will be convenient to define an open cover associated to the empty subtree of X : this

is the trivial covering U; = {D}.

Lemma 6.1.4. Let W be a finite open cover of D. Then some refinement of W is of the form

given in Lemma 6.1.3.

Proof. Let V be the pullback of W to ∂T . Consider the set

C = {a ∈ T |S 1(a) ⊂V for some V ∈ V }. (6.1)

The collection {S 1(x)|x ∈ T } is a basis for the topology on ∂T so sets of the form S 1(a)

for a ∈C cover each V ∈ V . Hence such sets cover ∂T .

The boundary ∂T is compact, so there is a finite set of points a1, . . . , an such that

{S 1(ai )} covers ∂T and each S 1(ai ) is contained in some Vσ(i ) ∈ V . Let H be the convex

hull of {ai }∪ {1}. Call vertices of H adjacent to vertices in T −H boundary vertices. If we

take {ai } to be minimal with its covering property then the set of boundary points of H is

precisely {ai }. Let X be the subtree of H obtained by pruning off its boundary vertices.

Let UX = {Ui } be the finite cover of D corresponding to X as in Lemma 6.1.3. Define a

new set U ′ of open subsets of D by

U ′ = {Ui ∩q(Vσ(i ))}. (6.2)
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The set U ′ is a cover of D since it covers q(S 1(ai )) for each i . It is certainly a refinement

of W and it is easy to check that it corresponds to X in the sense of the statement of

Lemma 6.1.3.

The results of this section together imply the following corollary:

Corollary 6.1.5. The finite Whitehead diagrams determine the cohomology of D:

Ȟn(D) = lim−−→
X

Ȟn(UX ) (6.3)

where the direct limit is taken over finite subtrees X of T , partially ordered by inclusion.

6.2 Computing Ȟ0(D)

For each element [σ] ∈ Ȟ0(D) there exists a subtree X ⊂ T such that [σ] is represented by

some σ ∈ Ȟ0(UX ) = ker
(
d 0 : Č0(UX ) → Č1(UX )

)
. Such an element is an assignment of an

integer to each connected component of Wh(X ). In this situation we shall say that [σ] is

supported on X and we shall refer to the minimal such subtree as the support of [σ]. A

unique minimal such subtree exists: it is clear that if [σ] is supported on X1 and on X2

then it is supported on X1 ∩X2.

As discussed at the beginning of the chapter, F acts on D by homeomorphisms, giving

the Čech cohomology the structure of an F -module with g acting as φ⋆
g−1 on Ȟ0(D). In

terms of Whitehead graphs, any g ∈ F induces a map

g : Ȟ0(UX ) → Ȟ0(g ·UX ) = Ȟ0(Ug (X )). (6.4)

This map takes an element represented by a Z-labelling of the connected components of

Wh(X ) to the element represented by the translate by g of this labelled diagram.

We now aim to find an algorithm that computes a presentation for this F -module. First

we describe an algorithm that computes a generating set. The argument is loosely based

on the proof of [CM11, Lemma 4.12].

Proposition 6.2.1. There exists a finite number N , computable from n and L , such that

Ȟ0(D) is generated as an abelian group by 0-cycles supported on subtrees of T with at most

N vertices.

Proof. Let [σ] be a 0-cycle supported on a subtree X of T with more than N vertices, where

N is to be chosen later. Then by induction it is sufficient to show that [σ] can be written as
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a

bWh(1)

1

Wh(X )

Figure 6.1: A partition of a disconnected Whitehead graph into two connected compo-
nents. An assignment of the integer 1 to the red part and 0 to the blue part represents
an element of Ȟ0(D). In this example F is free on two generators and the line pattern is
generated by the word a2bab.

the sum of 0-cycles supported on strictly smaller subtrees. The idea is that if N is large

enough then there will be two vertices in X at which [σ] looks similar and cutting out

everything between these vertices allows us to split [σ] into strictly smaller summands.

Ȟ0(UX ) is generated by 0-cycles represented by Whitehead diagrams at X with one

connected component labelled 1 and the others labelled 0. We can assume without loss of

generality that [σ] is such a 0-cycle. Then [σ] can be thought of as a partition of Wh(X ) into

a connected component and its complement. An example of such a partition is shown

pictorially in Figure 6.1.

Suppose that N is large enough that any subtree of T with more than N vertices is

guaranteed to contain an embedded arc of length at least M +2, where M is a computable

function of n and L to be chosen later. Then let v1, . . . , vM be the interior vertices of such

an embedded arc in X . Traversing this arc in the direction from v1 to vM , record for each

vertex vi an ordered pair (si , ti ) of elements of S±, where si labels the incoming edge at vi

of the embedded arc at and ti labels the outgoing edge.

Suppose that M is large enough that at least K of these pairs are equal. Here K is a

computable function of L to be chosen later. Then let vi1 , . . . , viK be vertices with equal

associated edge pairs. The edges of each Wh(vi j ) extend to edges in Wh(X ), hence the

partition of Wh(X ) associated to [σ] gives a partition of the edges of Wh(vi j ) into a subset

and its complement.

Treating the vi j as elements of F , the translation of Wh(vi j ) by v−1
i j

gives a partition

on the edges of Wh(1). There is a finite number of such partitions; let K be greater than

that number. Then we obtain v and w = g (v) in {vi1 , . . . viK } such that the translates of the

associated partitions agree.

Now we define two disjoint subsets of X . Let A be the vertices u ̸= v of X such that

the geodesic in T from w to u passes through v , and let B be the same with the rôles of v
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v w

A′ B

Figure 6.2: Vertices v and w are chosen so that σ induces the same partition on Wh(v) as
on Wh(w). Then τ is an element of Ȟ0(UA∪g−1B ) chosen to induce the same partition on
Wh(A′) as σ does.

and w reversed. Without loss of generality, A contains at least as many vertices as B does.

Then let A′ = A∪ {v}. See Figure 6.2.

We now cancel off the part of [σ] supported on A. Let Y = A′∪ g−1B . As described

above, σ induces a partition on the edges of Wh(u) for each vertex u in A′ and B , and

hence by translation on Wh(u) for each vertex u in Y . The partitions at v ∈ A′ and the

vertex of g−1B adjacent to v are consistent with respect to the attaching map between the

two Whitehead graphs, so we obtain a partition of the graph Wh(Y ) into its connected

components. Hence we can define τ ∈ Ȟ0(UY ) to be a cycle represented by assigning the

integer one to one component of Wh(Y ) and zero to the others in a way that agrees at the

vertices of A′ with the labelling of components represented by σ.

Then [τ] is supported on Y , which contains at most |A′|+|B | < |X | vertices, and [σ]−[τ]

is supported on (X −A′)∪g−1B , which has fewer vertices than X since A′ has more vertices

than B .

Therefore Ȟ0(D) admits a finite generating set as an F -module and this generating set

can be computed from the line pattern: this is equivalent to finding generators for the

kernel of the restriction of d to an abelian group of finite rank, which may be done using

Smith Normal Form. Let [σ1], . . . , [σk ] be a generating set for Ȟ0(D). This is equivalent

to a surjection p : (ZF )k → Ȟ0(D) of F -modules. Let ei be the i th basis vector in the

free module, and let it be mapped to [σi ] under p. To complete the computation of a

presentation for of Ȟ0(D) we need an algorithm that computes a generating set for the

kernel of p.

For each [σi ] let Xi be the support of [σi ]. A general element x ∈ (ZF )k is of the form

x =∑
j

(∑
i

ni j gi j

)
e j ,where ni j ∈Z, gi j ∈ F . (6.5)
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Define the support of x to be the convex hull

hull

(⋃
i , j

gi j (X j )

)
. (6.6)

Note that the support of px is contained in the support of x.

We can now state and prove a theorem that shows that the kernel of p is generated

by elements of bounded size, in the same way that Proposition 6.2.1 shows that Ȟ0(D) is

generated by elements of bounded size.

Proposition 6.2.2. ker p is generated as an abelian group by elements whose supports have

at most N vertices, where N is a computable function of L and n.

Proof. Our approach here is similar to that in the proof of Proposition 6.2.1: we show

that—for sufficiently large (computable) N —an element of ker p supported on a set with

more than N vertices can be written as the sum of two elements of ker p supported on

strictly smaller sets.

Let D be the maximum of the diameters of the Xi . Choose L such that any subtree of

T of diameter at most 2D contains at most L vertices.

From the proof of Proposition 6.2.1 it is clear that in picking a preimage x under p of

an element [σ] ∈ Ȟ0(D) it might well be necessary for the support of x to be strictly larger

than the support of [σ]. We will need to be able to bound the size of the support of x for

[σ] supported on a set with diameter at most 2D . We deal with this first.

With some care, the proof of Proposition 6.2.1 gives an explicit bound. At each step, the

cochain is split into two pieces, each supported on a set with strictly fewer vertices. Hence,

since [σ] is supported on a set with at most L vertices, it can certainly be written as a

Z-linear combination of at most 2L elements of our generating set. So if each generator has

at most M vertices, any [σ] supported on a set with diameter at most 2D has a preimage

supported on a set with at most 2L M vertices. By construction, this set can be taken to be

connected.

Let N be large enough that any subtree X of T with at least N vertices contains a vertex

v such that the connected components of X − v can be partitioned into two sets with

unions A and B , so that each of A and B contains at least 2L M +L vertices. For example,

this holds if X is guaranteed to contain an embedded arc of length at least 2(2L M +L)+1.

Then suppose that some element x ∈ ker p is supported on a subtree X ⊂ T with at least N

vertices. Let v be a vertex as in the definition of N . Then we aim to divide x as the sum of

two smaller relators by cutting at v .
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The element x is of the form of Equation 6.5 and is such that gi j X j ⊂ X for each i and

j . Let A and B be the two subsets of X − v as described above, and let C be the ball in X

of radius D centred at v . Let y ∈ZF k be the sum of those summands of x in Equation 6.5

whose supports are contained in A. Then the support of y is a subset of A and the support

of x − y is a subset of B ∪C .

Roughly, y and x − y will be the two desired smaller relators whose sum is x. However

py ̸= 0, so we shall need to add a small correction term.

Since py =−p(x− y), py is supported on A∩ (B ∪C ) = A∩C . This is a subtree of a tree

of diameter 2D , so by assumption py has a preimage w under p that is supported on a set

with at most 2L M vertices. Then p(y −w) = 0 and x = (y −w)+ (x − y +w) so it remains to

show that y −w and x − y +w have strictly smaller supports than x. But the support of

x has |A|+ |B |+1 vertices, while y −w and x − y +w are supported on sets with at most

|A|+2L M and |B |+ |C |+2L M vertices respectively. The subtrees |A| and |B | have at least

2L M +|C | vertices, so this completes the proof.

Proposition 6.2.3. There is an algorithm that computes a finite presentation for Ȟ0(D).

Proof. Note that F acts on ZF k by translation in the sense that if the support of x ∈ZF k is

X then the support of g ·x is g (X ). Hence if N is as in the statement of Proposition 6.2.2

then that proposition shows that ker p is generated as an F -module by those of its elements

that are supported on a ball of radius N ball centred at 1.

In other words, ker p is generated by its intersection with the set of those Z-linear

combinations of translates of the {ei } by F whose supports are contained in this ball of

radius N . To find all such linear combinations is simply to solve a finite dimensional

Z-linear equation, which can be done algorithmically, for example using Smith Normal

Form.

6.3 Computing Ȟ1(D)

The first cohomology Ȟ1(UX ) is the quotient of Č1(UX ) by dČ0(UX ), since Č2(UX ) is

trivial. Since taking direct limits of families of Z-modules is an exact functor, Ȟ1(D) is also

a quotient: the sequence

0 d lim−−→X
Č0(UX ,Z) lim−−→X

Č1(UX ,Z) Ȟ1(D) 0

is exact. Here we use the fact that for X ⊂ X ′ there is a canonical refinement map UX ′ →
UX . As in the previous section, each of these abelian groups can be endowed with the
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structure of an F -module so that the homomorphisms in the short exact sequence are

homomorphisms of F -modules.

Now finding a presentation for Ȟ1(D) is equivalent to finding a presentation for

lim−−→X
Č1(UX ) and a generating set for d lim−−→X

Č0(UX ). We present an algorithm that does

the former in Proposition 6.3.1 and an algorithm that does the latter in Lemma 6.3.3.

As in the previous section, cochains have a convenient representation in terms of the

Whitehead graph. A 1-cochain (with respect to an open cover U ) is a map that associates

an integer to each pair U1,U2 ∈U with U1 ∩U2 ̸= ;. Equivalently, if UX is the open cover

associated to a Whitehead graph Wh(X ), this is the assignment of an integer to each edge

in the Whitehead graph, with the restriction that if two edges connect the same pair of

vertices then they are assigned the same integer. Refinement to the open cover associated

to a larger Whitehead graph preserves the labelling of the old edges, and assigns the integer

zero to each new edge.

Proposition 6.3.1. The direct limit lim−−→X
Č1(UX ) is isomorphic as an F -module toZL with

F -action induced by the action of F on the set L of lines.

Proof. We define a map θ : ZL → lim−−→X
Č1(UX ). Given a line l , choose a subtree X ⊂ T

large enough that no line in L except l connects the same two components of T −X that

l does. Then let θ(l ) be the element of Č1(UX ) represented by labelling the line l in Wh(X )

with the integer one and all other lines with the integer zero. Note that the image of l

under this map is independent of the chosen subtree of T satisfying the condition, so we

obtain a map ZL → Č1(UX ).

From the description of all elements of lim−−→X
Č1(UX ) in terms of Whitehead graphs we

see that this map is surjective. From the description of the refinement maps in terms of

Whitehead graphs we see that the map is injective, and it is clearly F -equivariant.

Remark 6.3.2. We can give an explicit presentation for the F -module ZL . Let L be

generated by the words {wi }n
i=1 and let ŵi be the unique element of F such that wi is a

power of ŵi and ŵi is not a proper power. Then ZL ∼=⊕
i Z(F /〈ŵi 〉).

Proposition 6.3.1 and Remark 6.3.2 describe the F -module lim−−→ Č1(UX ) of one dimen-

sional cocycles. The cohomology Ȟ1(D) is the quotient of this module by the image under

the boundary map of lim−−→ Č0(UX ), so it remains to show that this image has a computable

generating set.

Lemma 6.3.3. The F -module d lim−−→X
Č0(UX ) is generated by dČ0(U{1}). This abelian group

is generated by the images under d of the cochains given by assigning the value one to one

of the 2|S| sets in U{1} and zero to the others.
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Proof. The cochain module Č0(UX ) is generated as an abelian group by those elements

that are contained in Č0(U{1}) for some vertex v of T , and is therefore generated as

an F -module by those of its elements that are contained in Č0(U{1}). It follows that

d lim−−→X
Č0(UX ) is generated as an F -module by dČ0(U{1}). The claim concerning the

generators of dČ0(U{1}) is clear.

Putting the results of this section along with Proposition 6.2.3 we obtain the following

Theorem.

Theorem 6.3.4. There is an algorithm that, when given a free group F and a finite collection

of elements of that group, computes presentations for the F -modules Ȟk (D), where D is the

associated decomposition space.

6.4 The cohomology of hyperbolic graphs of free groups

In this section we apply Theorem 6.3.4 to prove Theorem 1.3.1: we prove the computabil-

ity of the Čech cohomology of Gromov boundaries of those hyperbolic groups that are

fundamental groups of graphs of free groups with cyclic edge groups. By Bestvina and

Feighn’s combination theorem [BF92], these are precisely those fundamental groups of

finite graphs of free groups with cyclic edge groups that do not contain a Baumslag–Solitar

subgroup. By a theorem of Bestvina and Mess [BM91] this proves the computability of

the group cohomology of such a group with coefficients in the group ring. We do this

geometrically: we build the boundary of such a group out of the decomposition spaces of

the free vertex groups with line patterns generated by the incident edge groups.

In dimension zero an algebraic approach describes the cohomology in greater gener-

ality. In dimensions at least two one can easily prove topologically that the cohomology

must vanish. The most complicated part of the proof of Theorem 1.3.1 is the computability

of the cohomology in dimension one. It has very recently been shown by Manning and

Wang [MW18] that the cohomology of the Bowditch boundary of a relatively hyperbolic

group is equal to the group cohomology of the group relative to its peripheral subgroups.

In light of this, one could alternatively try to relate the cohomology of a hyperbolic funda-

mental group of a graph of free groups to the cohomology of the decomposition spaces of

its vertex groups algebraically using a group cohomological Mayer-Vietoris argument.

6.4.1 Boundaries of fundamental groups of graphs of groups

Let G be a hyperbolic group and let T be a minimal G-tree such that all edge stabilisers

are quasi-convex. Then by [Bow98b, Proposition 1.2], for each vertex v of T , Gv is quasi-
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convex in G and is therefore finitely generated and hyperbolic. The inclusion Gv ,→ G

extends to a map ∂Gv → ∂G with image ΛGv and this map is a homeomorphism onto its

image. Then by [Bow98b, Proposition 1.3] ∂G has the following description.

∂G = ⋃
v∈V (T )

ΛGv ⊔∂T (6.7)

Furthermore, whenever an edge e separates vertices v1 and v2 in T , ΛGv1 ∩ΛGv2 ⊂ΛGe

with equality when v1 = ι(e) and v2 = τ(e). We now aim to give a topological description of

∂G in terms of the subspaces {ΛGv | v ∈V (T )}.

Let X be a finite subtree of T . Now define the subset ∂X of ∂G as follows.

∂X = ⋃
v∈V (X )

ΛGv

/
∼ . (6.8)

Here ∼ is the equivalence relation generated by letting x ∼ y whenever {x, y} ⊂ΛGe for

some edge e ∈ E(T ) with ι(e) ∈ X and τ(e) ∉ X .

We specialise to two classes of edge stabilisers.

Infinite cyclic edge stabilisers

First consider the case in which all edge stabilisers are infinite cyclic and G is one-ended.

Then for any edge e ∈ T , ΛGe is a cut pair. Therefore there is a natural map ∂G → ∂X

obtained by, for each edge e of T with ι(e) ∈ X and τ(e) ∉ X , collapsing the union of ΛGe

with a component of ∂G −ΛGe to a point: for each such edge e, let Te be the component

of T − inte containing τ(e); then we collapse to a point following set.

⋃
v∈V (Te )

ΛGv ⊔∂Te (6.9)

Call this map qX .

Note that when X1 ⊂ X2 are finite subtrees of T , qX1 factors through qX2 : denote by

pX1,X2 the map ∂X2 → ∂X1 obtained by collapsing qX2 (ΛGv ) to a point for each vertex

v ∈V (X2)−V (X1). Then qX1 = pX1,X2 ◦qX2 .

From this discussion we see that ∂G admits a natural map to the inverse limit lim←−−X
∂X

of the system ({∂X }X , {pX1,X2 }) partially ordered by inclusion of subtrees. From the decom-

position of ∂G described by Equation 6.7 we see that this map is a bijection. Each space is

compact Hausdorff, so the map is a homeomorphism.



6.4 The cohomology of hyperbolic graphs of free groups 113

Trivial edge stabilisers

Secondly, we perform a similar construction in the case in which all edge stabilisers are

trivial. Here we must assume that Gv is infinite for each vertex v . In this case, for any finite

subtree X of T , ∂X is simply a union

⋃
v∈V (X )

ΛGv . (6.10)

This subset of ∂G has the topology of the disjoint union of the sets {ΛGv | v ∈V (X )}.

We now define retracts qX : X → ∂X . For each vertex v ∈ T choose a point zv ∈ΛGv .

Now for each edge e ∈ E(X ) such that ι(e) ∈ X and τ(e) ∉ X let Te be the component of

T − inte containing τ(e) and map the following subset of ∂X to the point zι(e) ∈ ∂X .

⋃
v∈V (Te )

ΛGv ⊔∂Te (6.11)

Then, as in the case of infinite cyclic edge stabilisers, we realise ∂G as an inverse limit

lim←−−X
∂X of the system ({∂X }, {pX1,X2 }).

In either case, using the fact that Čech cohomology is a continuous contravariant

functor we obtain a description of the Čech cohomology group Ȟk (∂G).

Proposition 6.4.1. If G is a hyperbolic group and T is a minimal G-tree such that either all

edge stabilisers are trivial and all vertex stabilisers are infinite, or all edge stabilisers are

infinite cyclic, then we have the following isomorphism.

Ȟk (∂G) ∼= lim−−→
X

Ȟk (∂X ) (6.12)

6.4.2 Computing the cohomology

We now use Proposition 6.4.1 to describe the cohomology of ∂G in terms of the vertex

groups.

Groups with more than one end

First, we apply Proposition 6.4.1 in the case when the edge stabilisers are trivial and

the vertex stabilisers are infinite. Assume also that G is torsion free. In this case we

have observed that ∂X ⊂ ∂G is a disjoint union
⊔

v∈V (X )ΛGv . We split into cases: first we

treat the cohomology in dimension zero, then in dimensions at least one. Let T be a

Dunwoody decomposition for G . Since G is torsion free this coincides with the Grushko

decomposition.



114 The cohomology of decomposition spaces

In dimension zero, Ȟ0(∂X ) ∼=⊕
v∈V (X ) Ȟ0(ΛGv ), but the inclusion Ȟ0(ΛGv ) → Ȟ0(∂X )

does not coincide with the map p⋆
{v},X , so we cannot conclude that Ȟ0(∂G) is a direct sum

indexed by V (T ). Instead we describe the cohomology in terms of the edges of T . Let

E+(T ) be a G-invariant orientation on T : that is, a choice of one element from each pair

{e, ē} such that if e ∈ E+(T ) then g ·e ∈ E+(T ) for all g in G . We define a map from ZE+(T )

to lim−−→X
Ȟk (∂X ). Choose a base point v ∈ T and let y = ∑

i ni ei ∈ ZE+(T ). Then for any

subtree X of T containing ei for each i , define the image of y in Ȟ0(∂X ) to be given by the

following assignment of integers to connected components of ∂X . For w ∈ X , assign to

ΛGw the sum of the coefficients in y of the edges traversed in the path from v to w in T ,

with edges traversed in the opposite direction counting negatively. The composition of

this map with the map q⋆
X is independent of the choice of X , so gives a homomorphism of

abelian groups ZE+(T ) → Ȟ0(∂G).

The map constructed in the previous paragraph depends on choice of base point

v , and therefore cannot provide an isomorphism of G-modules. However, the induced

map ZE+(T ) → Ȟ0
r (∂G) to the reduced cohomology is an isomorphism of abelian groups

and does not depend on the base point. Injectivity of this map follows from the fact

that for any edge e of T , Ge is an infinite index subgroup of Gι(e). It is clear that this

map is G-equivariant with respect to the G-action on ZE+(T ). All edge stabilisers are

trivial, so ZE+(T ) ∼= (ZG)|E(G\T )|. Finally, note that the map Ȟ0(∂G) → Ȟ0
r (∂G) splits, so

Ȟ0(∂G) ∼= Ȟ0
r (∂G)⊕Z, where G acts trivially on Z.

This gives the following proposition.

Proposition 6.4.2. Let G be a one-ended hyperbolic group. Let T be a tree on which G acts

minimally such that all edge stabilisers are trivial and all vertex stabilisers are infinite.

Then Ȟ0(∂G) ∼= (ZG)|E(G\T )|⊕Z.

Remark 6.4.3. Algebraic analogues of this statement are true more generally. See, for

example, [Geo08, Section 13.5].

In dimension k ≥ 1 the situation is simpler: if e is an edge of X and A and B are

the two components of X − inte then Ȟk (∂X ) ∼= Ȟk (∂A)⊕ Ȟk (∂B ) where the inclusions

Ȟk (∂A) → Ȟk (∂X ) and Ȟk (∂B ) → Ȟk (∂X ) coincide with the maps p⋆
A,X and p⋆

B ,X . It follows

that Ȟk (∂G) ∼=⊕
v∈V (T ) Ȟk (ΛGv ) as abelian groups for k ≥ 1.

The G-action is clear: if g ∈ Gv then the action of g fixes Ȟk (ΛGv ) ⊂ Ȟk (∂G) and

the action on this subspace coincides with the action induced by the action of g−1 on

ΛGv . If g ∉Gv then the the action of g−1 on ∂G maps g (ΛGv ) =ΛGg v homeomorphically

onto ΛGv , so the action of g on Ȟk (∂G) maps Ȟk (ΛGv ) isomorphically onto Ȟk (ΛGg v ).
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Therefore Ȟk (∂G) is isomorphic as a G-module for k ≥ 1 to the following direct sum.

⊕
[v]∈V (G\X )

(
ZG ⊗ZGv Ȟk (∂Gv )

)
(6.13)

This argument reduces the problem to the case in which G is one-ended: let Y be a

Dunwoody decomposition of G , which may be computed using [DG08], and suppose that

every vertex group in Y is infinite. Then the cohomology of G in dimension zero is given

by Proposition 6.4.2, while the cohomology in higher dimensions is given in terms of the

one-ended vertex groups by Equation 6.13.

Groups with one end

Now suppose that G is one-ended, that stabilisers of vertices in T are free and that the

stabilisers of edges in T are cyclic. We now describe Ȟk (∂X ) in terms of the limit sets of

stabilisers of vertices in X . Let e be an edge of X and let A and B be the two components

of X − inte. Let ∂̂A be qX (
⋃

v∈V (A)ΛGv ) ⊂ ∂X , so that ∂A is obtained from ∂̂A by identifying

the two points in ΛGe . Similarly define ∂̂B , so ∂X = ∂̂A ∪ ∂̂B .

Note that the Mayer-Vietoris exact sequence may be applied to the union ∂X = ∂̂A ∪ ∂̂B .

This is non-trivial: ∂̂A and ∂̂B are not open in ∂X and ∂̂A∩∂̂B is not a strong neighbourhood

deformation retract in either ∂̂A or ∂̂B . The exactness of the Mayer-Vietoris sequence for

this union is a special feature of Čech cohomology: Čech cohomology satisfies a very

strong excision property with the consequence that any compact triad is a proper triad

with respect to Čech cohomology, and therefore there is a Mayer-Vietoris exact sequence

for any compact triad (Y ,Y1,Y2) with Y = Y1 ∪Y2. For more details see [ES52, Chapter 10].

For dimension k > 1 the Mayer-Vietoris theorem tells us that we have the following

isomorphism.

Ȟk (∂X ) ∼= Ȟk (∂̂A,ΛGe )⊕ Ȟk (∂̂B ,ΛGe ) ∼= Ȟk (∂A)⊕ Ȟk (∂B ). (6.14)

Applying this repeatedly we reduce to a direct sum of groups Ȟk (∂{v}), where v is a vertex

of X . But ∂{v} is simply a decomposition space, so the cohomology in dimensions k > 1

vanishes. Therefore Ȟk (∂X ) = 0 for all finite subgraphs X , so Ȟk (∂G) = 0.

In dimension one, the map ∂X → ∂A maps ∂̂B to a point, so its restriction to ∂̂B is trivial

in first cohomology. Therefore the following diagram commutes.
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Ȟ1(∂A) Ȟ1(∂̂A)

Ȟ1(∂X ) Ȟ1(∂̂A)⊕ Ȟ1(∂̂B )

p⋆
A,X

Here the map Ȟ1(∂̂A) → Ȟ1(∂̂A)⊕ Ȟ1(∂̂B ) is the obvious inclusion map.

Note that Ȟ1(∂A) ∼= Ȟ1(∂̂A,ΛGe ), so the Mayer-Vietoris exact sequence applied to

∂X = ∂̂A ∪ ∂̂B and the long exact sequences associated to the pairs (∂̂A,ΛGe ) and (∂̂A,ΛGe )

give the following commutative diagram, in which rows are exact sequences.

Ȟ0
r (∂̂A) Ȟ1(∂A) Ȟ1(∂̂A)

Ȟ0
r (∂̂A)⊕ Ȟ0

r (∂̂B ) Ȟ0
r (ΛGe ) Ȟ1(∂X ) Ȟ1(∂̂A)⊕ Ȟ1(∂̂B ) 0

Ȟ0
r (∂̂B ) Ȟ1(∂B ) Ȟ1(∂̂B )

p⋆
A,X

p⋆
B ,X

Let M be the pushout of the maps Ȟ0
r (ΛGe ) → Ȟ1(∂A) and Ȟ0

r (ΛGe ) → Ȟ1(∂B ). The

kernel of the map Ȟ0
r (ΛGe ) → M is the image of the map Ȟ0

r (∂̂A)⊕ Ȟ0
r (∂̂B ) → Ȟ0

r (ΛGe ). We

therefore see that M fits into the following commutative diagram, in which rows are exact

sequences.

M

Ȟ0
r (∂̂A)⊕ Ȟ0

r (∂̂B ) Ȟ0
r (ΛGe ) Ȟ1(∂̂A)⊕ Ȟ1(∂̂B ) 0

Ȟ1(∂X )

By the five lemma it follows that Ȟ1(∂X ) ∼= M and the isomorphism from M to Ȟ1(∂X )

is induced by the maps p⋆
A,X and p⋆

B ,X .

Since the limit set of an edge stabiliser consists of precisely two points, Ȟ0
r (ΛGe ) ∼=Z for

any edge e ∈ E(T ). For each edge e ∈ E(T ) choose a generator for Ȟ0
r (ΛGe ) equivariantly

with respect to the G-action on T : if xe is the image in ∂G of the chosen generator of

Ȟ0
r (ΛGe ) then we require that g · xe = xg e for any g ∈ G . (Here we use the fact that G is

torsion free, so Ge acts trivially on ΛGe . If infinite dihedral edge stabilisers were allowed

then we would have to be more careful.)
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Therefore we see that, as an abelian group, Ȟ1(∂G) is the quotient of
⊕

v∈V (T ) Ȟ1(∂{v})

obtained by identifying the image of the chosen generator of Ȟ0
r (ΛGe ) in Ȟ1(∂{ι(e)}) with

its image in Ȟ1(∂{τ(e)}) for each edge e ∈ E(T ). Denote by xιe the image of the generator in

Ȟ1(∂{ι(e)}) and by xτe the image of the generator in Ȟ1(∂{τ(e)})

Then we have the following isomorphism of abelian groups.

Ȟ1(∂G) ∼=
⊕

v∈V (T )
Ȟ1(∂{v})

/
〈xι(e) −xτ(e) | e ∈ E(T )〉 (6.15)

We now describe the G-module structure of Ȟ1(∂G) in terms of the graph of groups Y

associated to T . Let Y be the underlying graph of Y . Vertex group in Y are only identified

with stabilisers of vertices in T up to conjugacy in G . To remedy this, let S be a maximal

subtree of Y and choose a lift S̃ of S in T . For each vertex and edge of S choose the group

labelling that vertex or edge in Y to be the stabiliser of the lift of that vertex or edge to

S̃. Denote this lift of a vertex v by ṽ and the lift of an edge e by ẽ. For each edge e in

E (Y )−E (S) choose a lift ẽ of e to T such that ι(ẽ) ∈ S̃ and label e with the stabiliser ẽ. Also

choose an element ge ∈G such that τ(ge (ẽ)) ∈ S̃. Note then that xτ(ẽ) = g−1
e ·xτ(ge (ẽ)).

We obtain the following isomorphism of G-modules.

Ȟ1(∂G) ∼=
( ⊕

v∈V (Y )
ZG ⊗ZG ṽ Ȟ1(∂{ṽ})

)/
R (6.16)

where R is the G-submodule generated by the following finite set.

{1⊗ (xι(ẽ) −xτ(ẽ)) | e ∈ E(S)}∪ {1⊗xι(ẽ) − g−1
e ⊗xτ(ge ·ẽ) | e ∈ E(Y )−E(S)} (6.17)

In the case of interest to us, in which all vertex stabilisers in T are free, ∂{v} is precisely

the decomposition space associated to the pair (Gv , Inc v), and therefore Ȟ1(∂{v}) is com-

putable by Theorem 6.3.4. Furthermore, xιe is simply the generator corresponding to the

line spanned by Ge ≤Gιe , which can readily be identified in Ȟ1(∂{v}).

Finally, note that given a presentation for a one-ended hyperbolic group that is the

fundamental group of a graph of free groups with cyclic edge groups, a decomposition of

G with free vertex groups and cyclic edge groups can be computed from that presentation.

First compute Bowditch’s canonical decomposition for the group using Theorem 1.2.2.

If this decomposition is trivial consisting of a single vertex in T2 then the boundary of

the group is a circle and the Čech cohomology of the boundary is Z in dimensions zero

and one, with trivial G-action. Otherwise, the stabiliser of every vertex in T2 is free.
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Bowditch’s canonical decomposition can be refined at vertices in T2 to dominate the

decomposition with free vertex groups, so every vertex in T1 ∪T3 is elliptic with respect to

this decomposition and therefore every vertex group is free. It follows that every vertex in

Bowditch’s canonical decomposition has free stabiliser.

Putting the results of this section together, we obtain the following theorem.

Theorem 6.4.4. There is an algorithm that takes as input a presentation for a hyperbolic

fundamental group G of a graph of groups with free vertex groups and cyclic edge groups

and returns presentations for the Čech cohomology G-modules of ∂G.

Corollary 6.4.5. The group cohomology of a hyperbolic fundamental group of a graph of

groups with free vertex groups and cyclic edge groups with coefficients in the group ring ZG

can be computed from a presentation of that group.
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