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Abstract

Quantum machine learning (QML) has great potential for the analysis of chemical datasets.
However, conventional quantum data-encoding schemes, such as fingerprint encoding, are gener-
ally unfeasible for the accurate representation of chemical moieties in such datasets. In this contri-
bution, we introduce the quantum molecular structure encoding (QMSE) scheme, which encodes
the molecular bond orders and interatomic couplings expressed as a hybrid Coulomb-adjacency
matrix, directly as one- and two-qubit rotations within parametrised circuits. We show that this
strategy provides an efficient and interpretable method in improving state separability between
encoded molecules compared to other fingerprint encoding methods, which is especially crucial
for the success in preparing feature maps in QML workflows. To benchmark our method, we train
a parametrised ansatz on molecular datasets to perform classification of state phases and regres-
sion on boiling points, demonstrating the competitive trainability and generalisation capabilities
of QMSE. We further prove a fidelity-preserving chain-contraction theorem that reuses common
substructures to cut qubit counts, with an application to long-chain fatty acids. We expect this
scalable and interpretable encoding framework to greatly pave the way for practical QML applic-
ations of molecular datasets.

1. Introduction

The integration of machine learning (ML) techniques in chemistry has led to significant advances, such
as improved prediction of protein structures [1] and the estimation of blood-brain barrier permeability
for small molecules as potential drug candidates [2]. Quantum computing is a promising approach for
enhancing ML pipelines involving classical and quantum data [3]. In this context, quantum machine
learning (QML) algorithms have been proposed to improve in-silico screening and quantum-assisted
drug design [4-6]. In the near term, QML may continue to deliver practical advantages in specialised
tasks, such as learning from quantum data, simulating physical systems, and employing quantum fea-
ture spaces, particularly when paired with hybrid quantum-—classical architectures. As quantum hard-
ware is set to improve with longer qubit coherence times [7-9], reduced leakage [10], and suppressed
cross-talk [11], QML models may outperform their classical counterparts in representing and optim-
ising high-dimensional, structured, and entangled data, especially in domains like quantum chemistry,
material science, and drug discovery. This potential is expected to become even more significant in the
fault-tolerant quantum computing (FTQC) regime, where QML is expected to offer competitive spee-
dups for variational [12] and kernel methods, feature selection [13], and generative models [14, 15].

In addition, various studies involving QML have found significant advantages via the combination of
superior generalisability [16] alongside higher accuracies for less training data inventories [17] compared
to their classical equivalent. As both software and hardware frameworks continue to advance, QML is
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poised to become a foundational element in achieving quantum advantage across computational learn-
ing and scientific discovery [18]; even more so when next-generation fault-tolerant quantum devices and
algorithms become available.

Besides trainable architectures, a key component of any ML pipeline is the choice of encoding data
as input vectors. In particular, molecular representation learning seeks to optimise the transformation
of molecular structures as suitable input vectors in trainable models [19]. Standard techniques, such
as one-hot encoding [20] and its embedded variants [21] are effective in partially alleviating the ‘curse
of dimensionality’ associated with representing molecular structures by compressing high-dimensional
binary vectors into lower-dimensional real-valued representations. In addition, more sophisticated tech-
niques such as graph-based molecular representation learning methods (e.g. group graphs [22]) improve
upon atom-level encodings by representing substructures as nodes and encoding connectivity via edges.

Quantum encoding schemes, such as basis encoding, angle encoding, and amplitude encoding, map
classical features into data-encoding quantum circuits for QML processes [23]. Basis encoding typ-
ically represents a binary molecular fingerprint of length 7 directly into 7 qubits, but this procedure
becomes unfeasible for larger fingerprints. Amplitude encoding reduces qubit requirements to O(logT)
by mapping a normalised feature vector into the amplitudes of a quantum state, but preparing arbitrary
amplitude-encoded states requires an exponential scaling of two-qubit gates in the worst case [24-26],
rendering it impractical on near-term devices. Angle encoding, which parametrises one-qubit rotations
with feature values, offers a hardware-efficient alternative, but can suffer from poor state separation and
trainability issues, especially when paired with dimension-reduced features to reduce quantum hardware
requirements. These limitations motivate development of new encoding techniques that strike a balance
between expressivity, trainability, and resource efficiency.

There is growing traction in the number of strategies devised for the deployment of quantum neural
networks (QNNs) in predicting chemical phenomena, in particular the training and prediction of poten-
tial energy surfaces and molecular force fields [27-29]. Recent studies have also proposed techniques
to encode molecular properties in Hilbert spaces accessible via quantum computing. Boiko et al [30]
introduced stereoelectronics-infused molecular graphs, which enrich traditional molecular graphs by
incorporating orbital-centric nodes (e.g. o, 7, ¢*, 7*, lone pairs) and quantified donor—acceptor inter-
actions derived from Natural Bond Orbital analysis [31]. A surrogate graph neural network is trained
to predict these features directly from 3D molecular geometries, enabling fast and accurate inference for
downstream property prediction. This approach enhances model interpretability and generalises to large
biomolecules. Compared to classical descriptors, namely Coulomb matrices [32], SOAP [33], or graph-
based encodings such as ChemProp [34], surrogate graph neural networks offer superior chemical fidelity
by encoding quantum interactions explicitly. The advantages of such models include interpretability and
high performance in message-passing neural networks, while their limitations include the initial compu-
tational overhead of quantum chemical calculations and the need for dataset-specific retraining when the
datasets are extended.

Torabian and Krems [35] proposed a novel isomorphism between quantum circuits and polyatomic
molecules, enabling the mapping of circuit architectures to molecular descriptors, such as Coulomb
matrices, molecular fingerprints, and Gershgorin discs. These descriptors can be used to predict the per-
formance of quantum support vector machines (QSVMs), offering a strategy to reduce the search space
in circuit design. Their method complements efforts to mitigate barren plateaux [36], exponential kernel
concentration [37], and noise-induced degradation in kernel methods [2]. They also relate to advances
in covariant [38] and Fisher kernels that aim to preserve relevant data structure. The main advantage
is the physically interpretable restriction of circuit composition using descriptors well-established in
chemoinformatics. However, limitations include the potential ambiguity in reverse-mapping molecules
back to unique quantum circuits and scalability concerns for deeply layered architectures or high-qubit-
count regimes.

Finally, Kamata et al [39] developed the molecular quantum transformer (MQT), a hybrid classical—
quantum architecture that uses quantum self-attention to represent and predict molecular ground-state
energies. The model encodes bond length—dependent molecular Hamiltonians via parametrised quantum
circuits and exploits training on multiple geometries for efficient learning of potential energy surfaces.
In contrast to methods like variational quantum eigensolvers (VQE) [40] or meta-VQE [41], which
require separate circuit evaluations for each molecular configuration, MQT offers a more data-efficient
alternative. It also outperforms classical Transformer models when learning from small datasets and sup-
ports pretraining and fine-tuning workflows. However, its reliance on amplitude encoding and large
circuit ansitze may limit feasibility on near-term hardware. The work aligns with recent proposals for
quantum-enhanced transformers [42] and builds on advances in neural-network quantum states and
denoising [43].
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Despite early theoretical and experimental advances [44], realising quantum advantage in supervised
QML remains challenging in training strategies like QNNs due to barren plateaux, high circuit depth,
noise, and the expressivity of parametrised quantum circuits [36, 37, 44—46]. Other works have shown
that trainable circuit architectures, such as convolutional QNNs, can be classically simulated [47], atten-
uating potential advantages of using quantum devices as opposed to classical computers. In some cases,
such prospects for exponential speedups over classical ML are found to be generated by explicit or impli-
cit assumptions introduced in mathematical proofs [48], making practical quantum advantage uncertain
[49].

In this work, we introduce the quantum molecular structure encoding (QMSE) scheme, which expli-
citly encodes molecular bond orders and interatomic couplings via a hybrid Coulomb-adjacency mat-
rix as parametrised one- and two-qubit rotation gates in the data-encoding quantum circuit in QML
workflows. This approach addresses several key challenges identified in recent QML literature. First, rig-
orous quantum speed-up results for supervised learning tasks suggest that specialised feature maps can
yield provable advantages [18, 44], but only if they produce sufficiently distinct quantum states; QMSE’s
graph-based representation can achieve a broader distribution of fidelities compared to conventional fin-
gerprint (angle) encoding. Second, subtleties in trainability and barren plateau effects have been shown
to impede variational QML models [45]; by constructing an encoding that exploits commutativity of
two-qubit interactions (e.g. Ry, rotations), QMSE provides a more robust optimisation landscape. Third,
exponential concentration in quantum kernel methods can render quantum-enhanced similarity meas-
ures ineffective for high-dimensional classical data [37]; the one-to-one physical mapping of the QMSE
scheme allows for a more bespoke representation of molecular datasets as data-encoding circuits that
better reflect chemical similarity, and thus we expect QMSE to alleviate the saturation issues associated
with traditional fingerprint-based kernels. Finally, the burgeoning success of classical large language
models in few-shot learning [50] underscores the importance of scalable, data-efficient architectures.
QMSE draws inspiration from this approach by encoding molecular graphs in a structured, modular
fashion, thereby facilitating generalisation in small-dataset regimes typical of chemical screening.

Compared to graph-based classical molecular representation learning, QMSE directly incorporates
quantum-chemical insights, such as bond orders, interatomic couplings, and stereochemistry, into the
single and entangling quantum gates of circuits in the data-encoding layer of QML, akin to a quantum
approximate optimisation algorithm (QAOA) circuit for connected graphs. We demonstrate that QMSE
not only reduces resource demands on near-term quantum hardware, but also yields significantly higher
training and test accuracies, outperforming standard fingerprint encoding in both classification and
regression tasks on chemical datasets. Furthermore, we prove a fidelity-preserving chain-contraction the-
orem that eliminates common molecular fragments in reducing qubit counts, paving the way for scalable
QML applications to long-chain molecules and large datasets.

This paper is organised as follows. In section 2, we review conventional feature encoding schemes
and their limitations in QML tasks of molecular datasets. Section 3 describes the QMSE approach by
defining the hybrid Coulomb-adjacency matrix and its representation as graph states in quantum cir-
cuits. Section 4 describes the chemical datasets used for benchmarking, and section 5 reports numerical
results for classification and regression tasks, highlighting improvements in trainability and generalisa-
tion compared to equivalent models using features as inputs. In section 6, we discuss the implications
of structure encoding in light of recent theoretical findings. Finally, section 7 summarises our contribu-
tions and outlines future directions, including extensions to quantum kernel methods and expectations
for molecular representations in the early quantum fault-tolerant computing regime.

2. Fingerprint encoding

In supervised QML pipelines, given a dataset D = {(x',5'),..., (x™,y™)} with M pairs of input vectors
x and their corresponding output values y, the first step involves the encoding of the input data as initial
states in a quantum circuit with N qubits via a chosen feature map. If a variational QML workflow is
utilised, as we will employ in this work, a parametrised ansatz circuit with unitary U() is subsequently
applied to the quantum circuit, and the expectation values of a specified Hamiltonian operator H from
each datapoint are obtained to evaluate a given loss function to be minimised classically. The regime will
then suggest new parameters to be fed back into the ansatz, and the cycle between quantum and clas-
sical interfaces repeats until either a maximum number of iterations or a suitable convergence criterion
is reached [51]. In the context of chemical datasets, where the input molecules in D may be represented
in the form of Simplified Molecular Input Line Entry System (SMILES) strings, the chemical moieties
and structural features of each input molecule can be further encoded as classical molecular fingerprints,
such as RDKit topological fingerprints [52].
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At first glance it may seem natural to employ basis encoding to map the binary sequences of clas-
sical molecular fingerprints, i.e. representing a given data point x = (xy,...,X;,...,x,)! of fingerprint
length 7 as a basis-encoded quantum state, i.e. |t)ga) = |X1...X;... X, ), in the computational basis within
the Hilbert space Hy =2 (C*)®¥, and applying Pauli-X gates to the corresponding qubits of the fiducial
state [0)®N for x; = 1 [53]. However, in practice, this procedure requires mapping the number of qubits
N linearly to the length of each molecular fingerprint, which defaults to 7 =2048, thus making such a
scheme unfeasible. Additionally, although the encoded data points can be expressed efficiently with the
lowest possible quantum circuit depth of 1, they only represent a tiny fraction of the total possible num-
ber of quantum states within H with no state overlap. Finding an ansatz that minimises the loss func-
tion of the QML task would therefore be an especially challenging endeavour.

One may instead consider using amplitude encoding to represent the normalised classical molecular
fingerprint as a quantum state |tan) in H, thereby drastically reducing the number of qubits required
to encode the state to N =1log, 7, or N=11 for a default molecular fingerprint. Amplitude encoding also
ensures a consistent means of comparing molecules based on the presence or absence of certain chem-
ical moieties, where similar molecular wavefunctions lie in close proximity for H (and vice versa), thus
facilitating the QML task. However, a serious drawback of amplitude encoding is the potential com-
plexity of decomposing the unitary operator Upy that evolves the fiduciary state into |1ay) in terms
of its basis one- and two-qubit quantum gates. Although various quantum gate decomposition schemes
have been proposed to prepare any arbitrary quantum state [24-26], such formulations generally require
an exponentially increasing number of entangling CNOT gates with N, thus making the expression of
amplitude-encoded quantum circuits particularly unsuitable for near-term devices.

To alleviate the drawbacks associated with either basis or amplitude encoding, angle encoding may be
employed as an efficient representation of classical data as angular amplitudes for rotational gates in the
data-encoding circuit [54]. As the default 7 is typically too large to implement angle rotation directly,
the number of input features in x can first be decreased via standard dimensionality techniques, such as
principal component analysis (PCA) to its compressed counterpart ¥ = (%, ... Xy)?, allowing for a linear
scaling in terms of the number of qubits and features. The elements of % can then be loaded as angles of
the rotation gates in the feature map with unitary operator Us:

L,
A)E:HUent ®Rp(32j) (1)

where P € {X,Y,Z} are the Pauli operators, Ly is the number of iterative layers of the data-encoding
circuit template, and Upy is an optional entangling layer between rotational gates. We will henceforth
refer to the process of mapping X to the data-encoding circuit via angle encoding as fingerprint encoding
(figure 1(a)). Angle encoding has been explored as a flexible means of constructing feature maps in data-
encoding circuits for machine learning tasks with real-world datasets on near-term devices, for example,
in the ZZFeatureMap scheme [55]. However, as explored in greater detail in section 5, we argue that
angle encoding of highly compressed data is generally a poor strategy in QML workflows, largely due to
the lack of transferability associated with the mapping of unbounded compressed features into bounded
angular amplitudes of rotational quantum gates, thus necessitating alternative encoding schemes for
molecular QML tasks that are also qubit- and gate-efficient.

3. QMSE

3.1. Hybrid Coulomb-adjacency matrix

The Coulomb matrix is commonly used as an intuitive molecular descriptor [56] that encodes the elec-
trostatic interaction between pairs of atoms («, ) within molecules. The diagonal represents a fit of
atomic energies to nuclear charge data, while the off-diagonal elements scale with the interatomic dis-
tance ro5 as 1/rqg. In this work, we use the hybrid Coulomb-adjacency matrix, where we replace 1,3
with the dimensionless parameter b, € {1,2,3} depending on the order of the covalent bond. Thus, the
modified hybrid Coulomb-adjacency matrix M,z is:

0.56TZi7 a=p

2,2
T aftbi(ap)eB @)

0, a#p (xp)¢B,

Mus =
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Figure 1. Schematic of the variational QML workflow for two encoding strategies. (a) Fingerprint (angle) encoding: compressed
molecular fingerprints are loaded onto the data-encoding layer (in green) as angular rotations. After subsequent evolution of a

parametrised ansatz with unitary operator U(@), the circuit’s expectation values are evaluated by measuring an observable H,
and the resulting cost function C(8) is fed back to a classical optimiser to update the parameters of the ansatz until either the
maximum number of iterations or the convergence criterion has been reached. (b) Quantum molecular structure encoding:
SMILES strings are instead first converted into a hybrid Coulomb-adjacency matrix and encoded into the quantum circuit by a

dedicated data-encoding layer; the ansatz, measurement of H, and classical parameter-update loop are then applied.

where Z is the atomic number and b,g is the bond order defined in the bond set 5. The optional para-
meters ep and er can be specified to differentiate geometric and optical isomers respectively: for the
former, ep = 1 if a given double bond adopts an E configuration and e¢p = —1 if it adopts a Z configura-
tion, while for the latter e =1 if a given tetrahedral atom is assigned an R configuration and er = —1 if
it is assigned an S configuration.

The hybrid Coulomb-adjacency matrix differs from the canonical Coulomb matrix in three main
aspects, namely:

e The off-diagonal elements are non-zero only if atoms « and 3 possess a covalent bond between them
in the molecular bond set B, as opposed to the canonical Coulomb encoding, where the off-diagonal
matrix elements are generally non-zero due to the long-range interactions of the Coulomb potential,
regardless of whether v and 3 are covalently bonded. Therefore, this choice reduces the demands of
qubit connectivity when preparing the respective data-encoding quantum circuits.

e Using b,p in place of r,p gives rise to off-diagonal elements with larger magnitudes, enabling the
data-encoding rotation gates to be much more sensitive and thus facilitating a greater separation
between quantum states. Using b, is also much simpler from an implementation standpoint, whereas
rop requires an evaluation of equilibrium bond lengths from standard electronic structure methods to
sufficient accuracy.
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e The exponent of the diagonal elements, d, is empirically set to 3.0 instead of the commonly used value
of 2.4. In our tests, this change was shown to increase the separation of the encoded wave function of
molecules (described in further detail in section 3.3).

Thus, we propose hybrid Coulomb-adjacency matrices as a more efficient way to prepare quantum states
in QML pipelines.

3.2. Quantum circuit representation

In QMSE, molecules within a given chemical dataset are geometrically represented in the data-encoding
quantum circuit layer for QML tasks, by mapping the hybrid Coulomb-adjacency matrix as a sequence
of one- and two-qubit gates, similar to a QAOA ansatz circuit for connected graphs (figure 1(b)). As
QMSE depends heavily on the atomic identities and covalent connectivity of each molecule, it is expec-
ted to produce more distinct representations of the molecular structure compared to fingerprint encod-
ing. The unitary operator that describes the QMSE quantum circuit for a given molecule is:

L 18] No
Uc=]]{ & Rix(Mas) Q)Rp(M:) (3)
k=1 | No<Njs i=1

where R; € {Ry, R, R;} and Rp, € {Ry, Ry, R;;} are the one- and two-qubit parametrised rotation gates
representing the atoms and bonds of the molecule, respectively. It should be noted that N should be
greater than or equal to the length of the encoded SMILES string. We now prove the following:

Theorem. There exists a bijection ¢ : S — Q between the set of SMILES strings S and the set of QMSE
unitaries Q for a given Ly and N.

Proof. It is easy to see that ¢ is surjective, since for every constructed QMSE unitary operator there exists at
least one corresponding SMILES string. For injectivity, suppose ¢(s;) = ¢(s;) where s;,s, € S, or equival-
ently U, = U,,, where U,,, U, € Q. This result implies that the two QMSE unitaries representing s; and

s, are composed of the same Rj and Ry;, with the same angular values. As each encoded rotational angle

X is not periodic, i.e. X; # X, — am for some a € Z, all encoded angles are uniquely interspersed between
[—27,27). Hence, each one- and two-qubit rotation gate uniquely represent each atom and bond of a given
molecule respectively. Moreover, since the corresponding Ry, operators commute with one another, the
ordering of the two-qubit gates does not matter even if a different permutation is chosen to populate the
two-qubit gates. Therefore, Uy, and Uy, must necessarily encode the same SMILES string, i.e. s; = s,. Thus, ¢
is bijective. O

Furthermore, the choice of P? in the construction of the two-qubit quantum gates is also useful as
it allows for rearrangement during transpilation to produce the same wavefunction with a lower circuit
depth. This effect can be illustrated in figure 2 with a four-qubit QMSE circuit for the molecule (E)-
but-2-ene with a SMILES string representation of CC/ = /CC. From equation 2, the hybrid Coulomb-
adjacency matrix with a qubit ordering of |qoq19293) of (E)-but-2-ene can be written as:

Designating R, and R,, as the encoded one- and two-qubit quantum gates respectively, the encoded
R, gate between qubits ¢, and g3 can be transpiled such that it can be run simultaneously with the R,
gate between ¢qo and ¢q; without changing Uy, due to the commutativity of the R,, gates.

3.3. Properties of QMSE quantum circuits

From the previous theorem, as a bijection exists between the unitary operators of QMSE and SMILES
strings, QMSE unitaries have similar properties with those of SMILES strings, and by extension, classical
Coulomb and hybrid-Coulomb adjacency matrices. Notably, QMSE operators are invariant to molecular
translations and rotations in SO(3); however, they are not permutationally invariant, as reordering the
atom-mapped qubits results in different unitary matrices [57].

6
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Figure 2. Example molecular encoding layer (bottom) forming part of a 4-qubit quantum circuit representing an (E)-but-2-ene
molecule (top) using R, and R, gates with L, number of data-encoding layers. The rotational angles associated with the gates are
tuned based on the elements of the hybrid Coulomb-adjacency matrix in equation (2).

Another similarity between Coulomb matrices and QMSE operators is the treatment of unrepresen-
ted atoms in smaller molecules. Coulomb matrix entries are filled with zeros up to the required max-
imum number of atoms, while for QMSE, a virtual identity gate is instead implemented for each unrep-
resented qubit. However, a major difference lies in computational complexity. The matrix entries asso-
ciated with unrepresented atoms of Coulomb matrices are typically used as input elements in the clas-
sical ML regime, while the computational cost of implementing unrepresented qubits in QMSE circuits
is essentially zero, as the qubits have already been set to the fiduciary state. This difference produces a
highly efficient linear scaling of the combined number of atoms and bonds in a given molecule with the
number of data-encoding quantum gates, allowing less complex molecules in a given dataset to be rep-
resented by simpler QMSE operators, and vice versa.

A basic problem in cheminformatics is the comparison of chemical moieties between two molecules,
which we will label as P and Q for illustration. The comparison can be carried out classically by cal-
culating the chemical similarity. One of the most popular methods involves computing the Tanimoto
similarity [58] between the corresponding molecular fingerprints of P and Q, xp and xq, respectively:

|xp Uxg|

T(P,Q) = . (5)
= ol T ol — errixa
In the quantum picture, we instead quantify the chemical similarity between P and Q via the
quantum overlap or fidelity F between the corresponding wavefunctions |¢p) and |¢)q):
F(P,Q) = |{¥q)¢»l’
(6)

= |{0|T,Usl0) .
We show that the following property holds for the fidelity of extended molecular chains:

Property. Let the SMILES string representations of P and Q be ordered as pya — 8p, and g1« — Bq,, with
common atoms « and 3 bonded with the same bond order and mapped to the same qubits. Now consider
the extended molecular representations of P and Q, Pand Q respectively, with some common molecular
fragment ¢ mapped to the same qubit arrangement, i.e. P = p;a — ¢ — 8p, and Q = q,a — ¢ — ¢,. Then for
Ly=1,F(P,Q) = E(P,Q).

Proof. Let Vand W be the unitary QMSE representations of the one- and two-qubit rotation layers,
respectively. Define:

>
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Figure 3. Tanimoto similarity (left) and QMSE fidelity (right) of the fatty acids series FA1 —FA7. The chemical overlap is com-
puted from SMILES strings encoded via QMSE, using the default R, 4 Ry« combination. For each overlap pair, the number of
qubits of the unitary circuits is also reported after chain contraction.

It follows that

F(P,Q) = [{0]U5U3/0)
- |<6\ngg\ UI W W W Wae Ue Wi, V5(0)]

O

This property is instrumental in setting up the following corollary for computing the fidelity between
molecules with common substructures using a reduced number of qubits:

Corollary. If two given molecular representations P and Q share some common molecular fragments
C = (c1,¢y,...) bonded identically to the same common atoms mapped to the same qubits, then F(P, Q) with N
qubits can be evaluated with N — N¢ qubits via F(P, Q) by eliminating C in both P and Q.

We will refer to the process set out in the corollary as chain contraction. This procedure is guaran-
teed for QMSE circuits with L, = 1, regardless of the choice of R; and Rp,. To highlight the effective-
ness of chain contraction, we numerically computed the quantum fidelities of a curated series of seven
unsaturated fatty acids labelled FA1—FA7, each containing 34 carbon atoms (figure 3), and compared
the result to the classical Tanimoto similarity (figure 3). Although the Tanimoto metric was generally
able to distinguish FA7, with a larger degree of unsaturation, from the rest of the structures, the long
saturated chains of FA1—FA6 make them difficult to distinguish. Quantum fidelities are more effect-
ive in evaluating chemical similarity, reflecting the wide variability of unsaturation and the double bond
positions. Although the evaluation of quantum fidelities would ordinarily be computationally intens-
ive due to the large number of atoms per molecule, eliminating common molecular fragments via chain
contraction allows for a potentially large reduction in the number of implemented qubits and quantum
gates. Figure 3 illustrates the number of qubits required to calculate each fidelity pair. The structures of
FA1—FA7 and the chain contraction procedure are outlined in appendix A.

4, Datasets

We compiled a dataset of 105 linear saturated small organic molecules from the CRC Handbook of
Chemistry and Physics (95th Edition) [59]. This dataset includes 50 alkanes, 38 monohydric alco-

hols, and 17 monohydric ethers with varying degrees of positional isomerism. Canonical SMILES for
each molecule were first constructed via the RDKit canonicalisation algorithm. The alcohol and ether
SMILES strings were then reordered with the oxygen atom in the left-most position, to maximise fidel-
ities between similar chemical moieties and vice versa. To assess the performance of the algorithm with
datasets of increasing size and complexity, we further partitioned the complete dataset of 105 molecules
into two subsets: the alkane subdataset with only the alkane structures, and the oxygen subdataset with
only the alcohol and ether structures.
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Figure 4. Heatmaps of fidelity matrices for chain-contracted molecules encoded with QMSE within the alkane- (top row) and
oxygen- (bottom row) subdatasets. The one-qubit data-encoding gate for all configurations is fixed as Ry, while the two-qubit
data-encoding gate is varied to produce the fidelity matrix for Ry, (left column), Ry, (middle column), and R, (right column).
The colour corresponds to the fidelity of each molecule pair within their respective insets. Based on the overall distribution of the
fidelity values, R, 4+ R. is selected as the default setup for QMSE.

To better understand chemical similarity within the QMSE framework, we systematically bench-
marked the effect of different combinations of one- and two-qubit rotation gates on the fidelities of
the chemical datasets, as defined in equation 5. We fixed the single-qubit rotation to R, gates and var-
ied the two-qubit entangling operations among Ry, Ry, and R,. All simulations were performed with
Ly = 1 under noiseless statevector conditions for different pairs of chain-contracted molecules within the

alkane- and oxygen-subdatasets.

Figure 4 shows the heatmaps of quantum fidelity matrices for the alkane- and oxygen-subdatasets.
In both cases, the R, + R configuration displays the widest range of fidelities, compared toR, + R,,
or R, + R;,. This separation directly translates into improved discrimination capability in QML tasks.
Accordingly, we use R, for single-qubit rotations and R,, for two-qubit entangling gates as our default
encoding setup for all subsequent experiments using QMSE.

5. Results

We perform three main QML numerical experiments to investigate the effectiveness of QMSE, summar-
ised in table 1. The first task involves a binary classification of the alkane subdataset, where we predict
whether a given molecule is in the gas phase at 100 ° C. We contrast the default R, + R,. QMSE con-
figuration (Runs 3—4) with standard fingerprint encoding (Runs 1-2). For the latter runs, the data was
preprocessed by converting the subdataset SMILES strings into RDKit topological molecular fingerprints
comprising 2048 bits each, and subsequently reducing each fingerprint via PCA into ten coordinates,
corresponding to the same maximum qubit size of the data-encoding layer of QMSE. The fingerprint

encoding layer was then prepared with a single layer of R, gates and rotation angles corresponding to the
PCA-reduced coordinates scaled in the range [—27,27], followed by a linear entangling layer of CNOT
gates. Both the fingerprint-encoded and QMSE data-encoding layers are followed by a variational ansatz
composed of R, gates followed by an entangling layer Uents Where Uy is either a linear arrangement of
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Table 1. Summary of classification and regression runs with the variational approach of section 5. For the data-encoding layer, the
configuration used for fingerprint encoding employs an initial R, rotation gate layer followed by a linear chain of CNOT gates with

Ly = 1; for QMSE the configuration utilises the default R, + Ry configuration with Ly = 1. From left to right, the columns indicate the
run ID, type of task assigned to the machine learning model (classification or regression), molecular dataset, ansatz configuration,
Hamiltonian, and the maximum number of COBYLA iterations.

Ansatz configuration Iterations

RunID Task Dataset ~ Encoding  1-qubit 2-qubit Entanglement Layers Hamiltonian ( /10°)
1 Classification Alkane Fingerprint R, cz Linear [1—5] Globalall-Z 1

2 Classification Alkane Fingerprint R, cz Pairwise [1—5] Globalall-Z 1

3 Classification Alkane QMSE R, cz Linear [1—5] Globalall-Z 1

4 Classification Alkane QMSE R, Ccz Pairwise [1—5] Globalall-Z 1

5 Classification Complete QMSE R, Cz Pairwise [1—5] Globalall-Z 2

6 Classification Complete QMSE R, CRX  Pairwise [1—5] Globalall-Z 2

7 Classification Complete QMSE R, CRX  Pairwise [1—5] HzzIll 2

8 Classification Complete QMSE R, CRX  Pairwise 1—-5] HIzZzzziol 2

9 Classification Complete QMSE R, CRX  Pairwise (1-5] Zzmiil 2

10 Regression  Alkane QMSE R, CRX  Pairwise [1—6] Globalall-Z 10

11 Regression  Alkane QMSE R, CRX  Ful [1—6] Globalall-Z 10

CZ gates (Runs 1, 3) or a pairwise arrangement of CZ gates (Runs 2, 4):

U(e) :Hf]em QR (6) |, 7)

where U,y can be configured to express an ansatz with full, linear, and pairwise entanglement, and Ly is
the number of ansatz layers.

The variational quantum classifier (VQC) circuit is then measured in the global all-Z basis and
optimised via a gradient-free COBYLA regime for a maximum of 1000 iterations with an L, loss
function, assigning y =1 for predicted (H) values greater than 0 and y =0 for predicted (H) values
less than 0.

To further evaluate the performance of QMSE for a wider range of chemical moieties, we broaden
the same classification task to the complete dataset, including monohydric alcohol and ether molecules
(Runs 5-9), and increase the maximum number of COBYLA iterations to 2000 for improved conver-
gence. As the classification task complexity is increased, we compare the effect of the variational ansatz
entangling CZ gate (Run 5) with a more expressive controlled-R, (CRX) gate (Run 6) with pairwise
entangling configurations. We also vary the Hamiltonian measured by the VQC circuit by experimenting
with local Hamiltonians, where we measure a selection of qubits in the Z-basis (Run 7-9), as local cost
functions have been shown to be more trainable than global cost functions in parametrised quantum
circuits up to Ly € O(logN) [60]. In particular, we wish to explore the light-cone phenomenon arising
from the pairwise entangling arrangement of the ansatz [61], whose effect is more pronounced when
measuring the middle two qubits (Run 7) and the middle four qubits (Run 8) in the default Z-basis. As
the oxygen subdataset contains alcohols and ethers that predominantly feature the oxygen atom in the
first two qubit positions, we also seek to understand the impact of measuring the first two qubits in the
Z-basis (Run 9) compared to the other local Hamiltonian runs.

Finally, we tackle the much more difficult task of regression using the alkane subdataset to pre-
dict boiling points via a variational quantum regressor (VQR). Here, we normalise the boiling points
(in Kelvin) to the range [—0.5,0.5], rather than [—1,1], as the difficulty for the QML model to express
expectation values with larger magnitudes is much higher. Moderating the range of predicted expectation
values reduces the risk of underfitting molecules with the lowest or highest boiling points. This choice
also allows the model to potentially extrapolate boiling points outside the predicted range. We bench-
mark the performance with an R, + CRX variational ansatz, with either a pairwise (Run 10) or a full
entanglement (Run 11) configuration. The VQR circuit was then measured in the global all-Z basis and
optimised for a maximum number of 10000 COBYLA iterations with an L, loss function.

All runs were evaluated via stratified k-fold cross validation, with the alkane and complete datasets
split into k=5 equally sized groups of samples. The classification tasks were assessed with the mean
accuracy scores of both training and test datasets, while the regression tasks were evaluated with the
coefficient of determination R? of both training and test datasets. For each cross-validated iteration,
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Figure 5. Accuracy scores when classifying molecules in the alkane (left, (a) and (b) and complete (right, (c) and (d) datasets for
Runs 1—9 with 1—5 Ly number of ansatz layers. The top row shows the median training accuracy scores, and the bottom row
shows the median test accuracy scores. The error bars indicate the 16" and 84™ percentile values of the average accuracies of the
k-fold splits.

a total of 100 random initial coordinates 6; € [—2r, 27| for the variational ansatz were sampled, and
the median results were tabulated across the number of initial coordinates and the number of k-fold
samples. This process was repeated across a discrete range of ansatz layers for each run, with the clas-
sification tasks ranging between 1-5 ansatz layers and the regression task between 1 and 6 ansatz layers.

5.1. Classification

For the classification task on the alkane subdataset, QMSE achieves excellent results with a consistently
high training and corresponding test accuracy score for increasing Ly (figures 5(a) and (b)). At Ly =3
and above, aside from the data outliers of 2,2,3,3-tetramethylpentane and occasionally methane, the
VQC model coupled with QMSE was trained with perfect accuracy scores, and generalised to unseen
data in the test splits with minimal overfitting. In contrast, the modest improvement in training accuracy
scores for the VQC model coupled fingerprint encoding with increasing Ly translates poorly to the test
splits with low accuracy scores. This result strongly indicates that fingerprint encoding coupled to PCA-
reduced data is a poor data encoding framework for representing molecular structures in chemical QML
tasks. The stark contrast in performance between fingerprint encoding and QMSE can also be attributed
to the difference in their respective loss curves, where QMSE converges to a much lower loss (refer to
appendix B for more details on the loss curves). For different ansatz entanglement schemes with both
fingerprint encoding and QMSE, there appears to be no significant difference between linear and pair-
wise entanglement in terms of accuracy scores.
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Figure 6. R? scores for boiling point prediction of the alkane subdataset for Runs 10—11 with 1—6 Ly number of ansatz layers,
with (a) depicting the median training scores (left), and (b) the median test scores (right). The error bars depict the 16th and
84th percentile values of the average R? values of the k-fold splits.

Extending our exploration to the classification of the complete dataset, we observe good performance
in the training of the VQC model with QMSE and generalisation to the test samples (figures 5(c) and
(d)). Owing to the added complexity of the expanded dataset with alcohol and ether moieties, we found
that modifying the ansatz entangling gate from CZ (Run 5) to CRX (Run 6) produced a marked increase
in training and test accuracy results. Modification of the Hamiltonian from a global all Z-basis to a local
Z-basis further improved performance at higher Ly. This result is particularly impressive, especially from
a quantum error perspective, as reducing the number of measured qubits also reduces the source of
noise attributed to crosstalk between qubits [62]. In particular, Runs 7-8 attain slightly higher training
accuracies of over 90% at Ly =5 compared to Run 9, suggesting that the light-cone phenomenon is a
little more significant in training VQCs than the emphasis in measuring the first two qubits.

5.2. Regression

Lastly, by considering the alkane regression task (figure 6), we find excellent training R? scores, how-
ever the generalisation of the trained VQR model to the test data reaches a limit with increasing Lg.
This result suggests a proliferation of local minima with lower R? scores arising from different starting
ansatz coordinates having a larger effect on the more difficult task of predicting continuous variables.
Nevertheless, this is still an encouraging result with R* test values exceeding 0.95 for optimal starting
conditions with little to no overfitting. In terms of ansatz arrangement, Run 11 with full entanglement
appears to perform slightly better in terms of both R? training and test scores compared to Run 10 with
pairwise entanglement, which is unsurprising given the increase in parameters for the same Ly.

6. Discussion

Our results show that QMSE greatly outperforms conventional fingerprint encoding in the alkane classi-
fication task, in addition to performing quite well for more complex classification and regression tasks.
The improved gains observed with QMSE arise, not only from improved state separability, but also
from its inherent interpretable structure, mirroring key advantages that are also desirable in classical
machine learning. In classical ML, interpretability enables understanding of how input features affect
model decisions, guiding both model debugging and feature engineering. For QML, where feature maps
are implemented as quantum circuits, the data-encoding scheme governs the entire hypothesis space, and
thus understanding its structure is especially critical in designing more expressive and highly trainable
models.

The interpretability of QMSE can be rationalised by considering two main decision boundaries
maximising separation between datapoints with different properties (figure 7). Consider a molecu-
lar dataset encoded with QMSE, with their resulting statevectors residing in the Hilbert space Hx.
Now consider the Hilbert space H, = Hn—1 ® Hjo), such that H, C Hy. The molecular statevectors
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Figure 7. Illustration of decision boundaries D; and D, separating a molecular datatset encoded with QMSE in Hy. D; (green
line) aims to separate the datapoints encoding smaller molecules in H, (red) from the larger molecules outside H, (blue), while
D; (purple line) seeks to separate datapoints based on atomic or bond identities (circles vs. triangles).

in H, with at least one less encoded atom than the maximum number of encoded qubits can thus

be separated from the maximally encoded statevectors lying outside #, with the decision bound-

ary D;, and this reasoning extends for increasingly small subspaces of H, that smaller molecules

reside in. To further distinguish between atomic and bond identities, a second decision bound-

ary D, can be used that cuts across H, and HyUH_,. For example, consider some molecular data-

set S = {|vcc), |Ycce), [ve=c), [Yoc), [Ye=cc), [Yocc) } in Hy for N =3. D; can be established

between molecular subsets with two atoms and three atoms, i.e. S; = {|t)cc), |¥c=c), [¥oc)} and S, =

{[Ycce), [c=cc), [Yocc) }> where S; C H, and S, C Hy U H,.. For D, the datapoints can be further par-

titioned based on the bond order of the first C—C bond, as well as the identity of the first atom.
Quantum state overlaps of different molecules derived from QMSE exhibit higher variance and wider

spread compared to those from fingerprint encodings (figures 3 and 4), reflecting better state distin-

guishability and fewer kernel concentration issues [37]. This result suggests that QMSE defines a more

meaningful quantum feature space, consistent with theoretical prescriptions for quantum advantage [44].
Finally, the reduced two-qubit depth and support for fidelity-preserving chain contraction ensure

that the circuits remain executable on noisy or early fault-tolerant hardware. Thus, the physical basis of

QMSE greatly facilitates a good balance between interpretability, expressivity, and noise robustness.

7. Conclusion

In summary, we have developed QMSE as a highly effective data-encoding strategy for representing
molecular structures in QML classification and regression tasks. Feature encoding techniques, such as
fingerprint encoding, suffer from poor generalisability arising from the mapping of compressed data as
rotational amplitudes. In contrast, QMSE provides a straightforward means of segregating datapoints via
the construction of decision boundaries, which maximises state separation in terms of the corresponding
chemical moieties.

We propose several future avenues for expanding the use of QMSE in practical quantum comput-
ing applications. The first theme focuses on broadening QMSE to encode other data structures beyond
organic molecules in drug discovery, such as periodic unit cells of crystalline materials. Graph embed-
dings of crystal structures have demonstrated considerable success in classical machine learning work-
flows for accelerating materials discovery [63—65]. Hence, QMSE could enable the prediction of crystal-
line material properties via QML. Due to the innate ability of QMSE to load classical data linearly in the
form of SMILES strings as data-encoding quantum circuits, variations of QMSE can be conceptualised
that optimise the loading of other types of string information, such as encoding text as embedded tokens
in quantum natural language processing [66]. Furthermore, the synthesis of QMSE circuits from the lin-
ear composition of one- and two-qubit quantum gates can be exploited in generative artificial intelli-
gence (genAl) frameworks [67], to produce quantum circuits that can be mapped procedurally back into
molecular structures.

We also seek to optimise the various QML algorithms that are compatible with QMSE. Expanding on
this work for variational QML models, such as VQC and VQR, we aim to improve on ansitze by consid-
ering the evaluation of the Shapley values of their parameters, thus enhancing interpretability and syn-
ergistic effects with QMSE circuits [68]. To combat the traditional problems associated with variational
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quantum algorithms, such as vanishing gradients and an abundance of local minima with poor solu-
tions, non-variational quantum algorithms, such as quantum kernels, QSVM and quantum graph neural
network models, can be used instead [38, 69—71]. We expect this approach to be especially powerful
when combined with chain contraction, allowing for the efficient evaluation of fidelities from different
pairs of encoded molecular wavefunctions, and providing opportunities to perform QML tasks on more
complex chemical data inventories.

We would also like to briefly outline our future approach in addressing the exponential concentration
problem of encoding increasingly complex datapoints for higher N. While we have shown that QMSE
greatly improves meaningful correlation between data-encoding unitaries and chemical moieties relative
to other standard quantum encoding schemes such as basis, amplitude, and angle encoding, we acknow-
ledge that a more in-depth study of overlap kernel matrices between datapoint pairs needs to be carried
out to specifically address the phenomenon of exponential concentration. In a similar vein to the pre-
vious point of studying other QML models, we seek to combine QMSE circuits with data reuploading
techniques for higher Ly that further aim to curtail exponential concentration, thus potentially enhancing
their generalisation capabilities significantly [54, 72].

Furthermore, while SMILES strings can be uniquely mapped into their respective QMSE operators,
the same molecule may be represented using different SMILES strings, and hence with different QMSE
circuits. Thus, it is imperative during data preprocessing to order the atoms of the SMILES strings of
the molecular dataset consistently, such that the optimal comparison between datapoints is maxim-
ised. Other potential schemes to address this shortcoming could be the randomisation of choosing a
SMILES string representing each molecule in the dataset to reduce selection bias, the inclusion of more
datapoints of different SMILES strings mapped to the same molecule for better training alignment, or
the conversion of more sophisticated more string representations such as the International Chemical
Identifier [73] into QMSE data-encoding circuits. We aim to examine this problem more systematically
with curated databases in the future, such as subsets of GDB-17 that feature interesting organic scaffolds
for potential drug discovery applications [74].

Finally, we consider the position of QMSE as an effective data-encoding method in the context of
the ongoing transition from near-term to early FTQC regimes. In the early fault-tolerant regime, error-
corrected logical qubits enable high-fidelity preparation of molecular graph-state encodings via block-
encoding of adjacency or Coulomb-adjacency matrices, directly mapping connectivity into entanglement
patterns [75]. Reduced noise and parallelisable CZ-based graph-state circuits allow deeper variational
ansitze without barren plateaux, improving gradient magnitudes and convergence [76, 77]. The usage of
partial quantum error correction methods to prepare high-quality, arbitrary R, rotations gates that are
outside of the Clifford gate set via magic state injection also allow larger variational quantum circuits
to be implemented [78]. Another example involves the parallelisation of evaluating separate expectation
values of individual datapoints [79, 80], thus further tightening integration between quantum devices
and high-performing computers in addition to leveraging the latter for QEC methods. The preparation
of fault-tolerant graph states also reduces depth overhead by commutativity, enhancing the resilience to
residual errors [81, 82]. Consequently, QML models based on explicit graph-state encodings are expec-
ted to exhibit faster convergence and better generalisation on early FTQC hardware compared to their
pre-FTQC counterparts [83]. Overall, QMSE is expected to benefit significantly from early FTQC frame-
works, regardless of combination with variational or non-variational QML models.

Data availability statement

We provide a publicly accessible GitHub repository (https://github.com/stfc/quantum-molecular-
encodings) hosting the routines for mapping SMILES strings to hybrid Coulomb-adjacency matrices, as
well as generation of their corresponding data-encoding quantum circuits. The repository also contains
examples formatted as Jupyter notebooks. We also provide the 105-molecule dataset from the 95" CRC
Handbook of Chemistry and Physics [59] with canonical SMILES and normalised bond-order matrices.
The implementation of the molecular structure encoding layer introduced in this work will be made
available in the main Qiskit Machine Learning library [84] from version 0.9. The code and data pro-
duced by this work are distributed under the (CC BY) license without any warranty.
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Appendix A. Simulating quantum fidelities of fatty acids

The procedure for simulating the quantum fidelities of the unsaturated fatty acid series FA1 — FA7 is
outlined in this section. The molecules and structures are described in table 2 and figure 8, respectively.
The SMILES string representations of the fatty acid series were first canonicalised via RDKit and sub-
sequently reordered with the carboxylic acid moieties left-aligned, so as to ensure maximum structural
overlap between the molecules. Using the chain contraction procedure, the maximum overlap between
pairs of SMILES strings was omitted and the quantum fidelity circuit was constructed for the molecule
pair via QMSE with R, and R,, as the rotational and entangling gates, respectively, and Ly = 1. The
number of qubits required to construct the circuit was determined by the length of the longer reduced
SMILES string. As the fatty acids display geometric isomerism from the C=C double bonds in the Z
configuration, the optional argument e was imposed on the required R, one-qubit rotations. The result-
ing fidelity values are shown in figure 3.

Table 2. Summary of the identities and SMILES representation orderings of the fatty acid series FA1 — FA7.

ID PubChem CID IUPAC Name

SMILES Representation

FA1 52921804 192,227,252,287-
tetratriacontate
traenoic acid
192,227,257,287,317-
tetratriacont
apentaenoic acid
162,192,227,257,282,312-
tetratriacontahexaenoic
acid
162,192,2272,257,287 -
tetratriacontap
entaenoic acid
25Z-tetratriaco

ntenoic acid

FA2 14753668

FA3 52921817

FA4 52921824

FA5 92033288

FA6 171118569 257,287,31Z-tetratriacon

tatrienoic acid

FA7 171117702 47,772,102,132,162,192,227,
257,287,31Z-tetratriacon

tadecenoic acid

OC(=0)CCCCCCC
CCCCCCCCCC/C=C\C
/C=C\C/C=C\C/C=CCCCCC
OC(=0)CCCCCCCCC
CCCCCCCC/C=C\C/C=C\C
/C=C\C/C=C\C/C=C\CC

OC( =0)CCCCCCCCC
CCCCC/C=C\C/C=C\C/C=C\C
/C=C\C/C=C\C/C=C\CC
OC(=0)CCCCCCCC
CCCCCC/C=C\C/C=C\C
/C=C\C/C=C\C/C=CCCCCC
OC( =0)CCCCCCCCCCCCC
CCCCCCCCCC/C=C\CCCC
ccee

OC( =0)CCCCCCCCCCCC
CCCCCCCCCCC/C=C\C
/C=C\C/C=C\CC

OC( =0)CC/C=C\C/C=C\C/
C=C\C/C=C\C/C=C\C/C=C\C
/C=C\C/C=C\C/C=C\C/C=C\CC
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Figure 8. Skeletal structures of the fatty acid series FA1 — FA7 as outlined in table 2.

Appendix B. Loss curves of alkane subdataset VQC model

Figure 9 shows the training L, loss curves for the VQC model of the alkane subdataset tasks for Runs
1-4 and different k-fold splits. In terms of the ansatz, random parameter initialisation with similar losses
were selected in this illustration for all runs with Ly = 5. We found that all five k-fold splits behave sim-
ilarly, and QMSE (Runs 3—4) exhibits superior convergence in model performance compared to finger-
print encoding (Runs 1-2), consistent with the improvement in training accuracies as shown in figure 5.
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Figure 9. Training L, loss curves on the VQC model for Runs 14 on the alkane subdataset and their respective k-fold splits, with
random ansatz parameter initialisation and Lg = 5.

Appendix C. Forecasts for near-term devices

As shown in section 4, the strength of QMSE as an encoding scheme for QML stems from its ability to
discriminate molecules of similar type. To evaluate the utility of executing QMSE on currently available
quantum hardware, we performed fidelity measures for the alkane- and oxygen-subdatasets using noise
profiles designed to mimic the errors present in quantum processors. The quantum circuits constructed
via equation (3) were transpiled to ibm_pittsburgh device, an IBM quantum chip built using super-
conducting transmon qubits arranged in a heavy-hexagonal topology. A representative noise model for
this device was selected based on calibration data recorded on the 10th of August 2025 at 18:59:40 UTC.
This model was incorporated to sampling of the fidelity measurements via IBM’s Qiskit Aer simulator.
Each fidelity measure was sampled over 10000 shots. Heatmaps of quantum fidelity matrices for these
noisy simulations are shown in figure 10.

The presence of noise is expected to lead to a degradation of the main diagonal elements in the
heatmap matrix compared to the noiseless heatmaps of figure 4. However, we note that the difference
in the fidelities between the noiseless and the noisy cases is minute, which can be mainly attributed to
the shallow entangling gate depths of the circuits produced by the QMSE scheme enhanced with chain
contraction.
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