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Andreas Bluhm, Ángela Capel, Paul Gondolf and Tim Möbus

Abstract. In this work, we prove uniform continuity bounds for entropic
quantities related to the sandwiched Rényi divergences such as the sand-
wiched Rényi conditional entropy. We follow three different approaches:
The first one is the “almost additive approach”, which exploits the sub-
/superadditivity and joint concavity/convexity of the exponential of the
divergence. In our second approach, termed the “operator space approach”,
we express the entropic measures as norms and utilize their properties for
establishing the bounds. These norms draw inspiration from interpolation
space norms. We not only demonstrate the norm properties solely relying
on matrix analysis tools but also extend their applicability to a context
that holds relevance in resource theories. By this, we extend the strate-
gies of Marwah and Dupuis as well as Beigi and Goodarzi employed in
the sandwiched Rényi conditional entropy context. Finally, we merge the
approaches into a mixed approach that has some advantageous proper-
ties and then discuss in which regimes each bound performs best. Our
results improve over the previous best continuity bounds or sometimes
even give the first continuity bounds available. In a separate contribu-
tion, we use the ALAFF method, developed in a previous article by some
of the authors, to study the stability of approximate quantum Markov
chains.
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Rényi Divergences 30
5.5. Divergence Bounds for Sandwiched Rényi Divergences 31
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1. Introduction

Entropic quantities are indispensable for classical and quantum information
theory to characterize information-theoretic tasks. Examples of such quan-
tities include various forms of (conditional) entropies, (conditional) mutual
information, and many others. In applications, one often has especially con-
venient quantum states for which the entropic quantity of interest can be
evaluated explicitly and one would therefore like to reduce nearby quantum
states to this case. This is why continuity bounds for entropic quantities have
become a ubiquitous tool. They provide upper bounds on

sup{|g(ρ) − g(σ)| : ρ, σ ∈ S0,dist(ρ, σ) ≤ ε}.

Here, g is the entropic quantity of interest, S0 is a suitable subset of the set of
quantum states S(H) in a finite-dimensional Hilbert space H, and dist(·, ·) is
an appropriate metric on S(H) (often the trace distance). If the bound on the
supremum only depends on ε and S0, but not on ρ and σ, then g is uniformly
continuous on S0.

One of the earliest continuity statements in quantum information theory
is the continuity bound on the von Neumann entropy provided by Fannes
in [15], which was later improved in [4,30]. Another well-known bound in
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quantum information theory is the Alicki-Fannes inequality for the conditional
entropy [1], for which an almost tight version was proven by Winter in [42]:

|Hρ(A|B) − Hσ(A|B)| ≤ 2ε log dA + (1 + ε)h
(

ε

1 + ε

)
,

where ε is an upper bound on the trace distance between quantum states ρ
and σ and h is the binary entropy. Shirokov and others [27,39] realized that
the proof method used for this result does not only work for the conditional
entropy but can be generalized [35,36]. Shirokov named this approach the
Alicki–Fannes–Winter (AFW) method. Recently, the method was further de-
veloped in [8] by some of the authors of the present article and applied to
quantities based on the Belavkin–Staszewski relative entropy [6].

In this article, we focus on entropic quantities derived from the sand-
wiched Rényi divergences [28,41]

D̃α(ρ‖σ) =
1

α − 1
log tr[(σ

1−α
2α ρσ

1−α
2α )α],

where α ∈ [1/2, 1) ∪ (1,∞). Examples of such entropic quantities include the
sandwiched Rényi conditional entropy and the sandwiched Rényi mutual in-
formation:

H̃↑
α(A|B)ρ := sup

τB∈S(HB)
−D̃α(ρAB‖1A ⊗τB) , Ĩ↑

α(A : B)ρ = inf
τA∈S(HA),
τB∈S(HB)

D̃α(ρAB‖τA⊗τB) .

Recently, there has been increased interest in continuity bounds for the sand-
wiched Rényi conditional entropy. In [25], it was shown that for α ∈ [1/2, 1),
∣∣∣H̃↑

α(A|B)ρ − H̃↑
α(A|B)σ

∣∣∣ ≤ log(1 + ε) +
1

1 − α
log

(
1 + εαd

2(1−α)
A − ε

(1 + ε)1−α

)

(1)
and for α ∈ (1,∞), they used duality to infer that

∣∣∣H̃↑
α(A|B)ρ − H̃↑

α(A|B)σ

∣∣∣ ≤ log

(
1 +

√
2ε) +

1

1 − β
log(1 +

√
2ε

β
d
2(1−β)
A −

√
2ε

(1 +
√
2ε)1−β

)
,

(2)
where β is such that α−1 + β−1 = 2.

Using techniques from the interpolation of operator space, it was shown
in [5, Theorem 6.2] that for α ∈ (1,∞)∣∣∣H̃↑

α(A|B)ρ − H̃↑
α(A|B)σ

∣∣∣ ≤ α′ log(1 + 2εd2/α′

A ), (3)

where α′ = α/(α − 1). The authors of [5] note that their bound is better than
Eq. (2) for large α, but that it diverges for α → 1.

On a high level, the proof of [25] uses sub-/ superadditivity of the ex-
ponential of the sandwiched Rényi divergence, while [5] makes a connection
to norms on interpolation spaces. Based on these ideas we develop a unified
approach to proving not only continuity bounds for the sandwiched Rényi
conditional entropy which improves or extends the ones discussed above, but
further allows us to prove bounds for related entropic quantities such as the
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sandwiched Rényi mutual information. In particular, we introduce a new fam-
ily of norms defined as optimizations over amalgamations with compact convex
sets of positive operators.

Generally, we consider uniform continuity bounds on quantities of the
form

D̃α,C(ρ) := inf
σ∈C

D̃α(ρ‖σ) ,

where C is a compact convex subset of the quantum states containing at least
one full-rank element. Such quantities have appeared in the context of resource
theories (see, e.g., [3,23,32,43]) and were termed entropy of resource. Resource
theories provide a framework to answer questions about the interconvertability
of states, using only allowed operations. Every resource theory has two main
ingredients: (i) the set of free states, i.e., states that do not possess the resource
(ii) the set of free operations which map the set of free states to itself, i.e.,
these operations do not create the resource. The best-known example of such a
theory is the theory of entanglement, in which the free states are the separable
states and the free operations are the local quantum operations and classical
communication (LOCC). Others include, for example, the resource theories of
coherence and asymmetry.

One way to quantify the resourcefulness of a quantum state in a given
resource theory is to measure its distance to the set of free states. Common
choices of distance measure include the relative entropy [3,23] and the sand-
wiched Rényi entropies [32,43]. In the latter case, for C the set of free states,
D̃α,C is the corresponding resource measure. The results of this article can
therefore be used to quantify the continuity of popular resource measures such
as the Rényi relative entropies of entanglement and coherence studied, e.g., in
[43].

The article is organized as follows: In Sect. 2, we present the main results
of this paper, before continuing with the necessary preliminaries on divergences
and entropic quantities in Sect. 3. We will follow three different approaches
in this article: an almost additive approach, an approach based on operator
spaces, and one where both methods are mixed. The tools for all these ap-
proaches are developed in Sect. 4, such that all the continuity bounds will
follow straightforwardly from the theorems proven in this section. In Sect. 5,
we derive and discuss our continuity bounds on the sandwiched Rényi di-
vergences and their derived entropic quantities. In Sect. 6, we showcase how
continuity bounds can be useful for studying approximate quantum Markov
chains. Notably, the continuity bounds in this section do not stem from the
three approaches mentioned previously but use the ALAFF method introduced
in [8] by some of the present authors. Finally, the paper finishes with a short
discussion in Sect. 7.
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2. Main Results

In this section, we summarize the main results—the achieved continuity bounds
for the sandwiched Rényi conditional entropy, mutual information, and the di-
vergence itself with a fixed second argument. All quantities are defined via the
sandwiched Rényi divergence, i.e.,

D̃α(ρ‖σ) :=
1

α − 1
log(Q̃α(ρ‖σ)) =

1
α − 1

log tr
[(

σ
1−α
2α ρσ

1−α
2α

)α]
.

Then, the sandwiched Rényi conditional entropy is defined as

H̃↑
α(A|B)ρ := − sup

τB∈S(HB)

D̃α(ρAB‖1A ⊗τB) ,

the mutual information by

Ĩ↑
α(A : B)ρ = inf

τA∈S(HA),
τB∈S(HB)

D̃α(ρAB‖τA ⊗ τB) ,

and the divergence itself is just considered as a function in the first argument
with a fixed second argument. A precise definition of these quantities can be
found in Sect. 3.2.

To prove bounds for these quantities, we explore three different methods
(see Sect. 4).

• The almost additive approach: This approach is inspired by [25] and uses
joint convexity/concavity and super-/subadditivity of Q̃α. The name is
motivated by the fact that this super-/subadditivity reduces to almost
concavity of ρ 	→ D(ρ‖σ), respectively, almost convexity of the von Neu-
man entropy if α → 1. The main result in this approach, from which
the respective continuity bounds follow straightforwardly, is a continuity
bound on the distance to a compact convex subset of the quantum states
in Theorem 4.4.

• The operator space approach: It is inspired by [5] and relates Q̃α to a
norm. In this context, showing the norm properties poses a challenge,
yet yields continuity bounds directly through the triangle inequality. In
particular, we define new quantities for 1 ≤ q′ ≤ p′ ≤ ∞ such that
1
r = 1

q′ − 1
p′ , namely

‖ · ‖∗
C,p′,q′ : B(H) → [0,∞), X 	→ ‖X‖∗

C,p′,q′ := inf
c∈C,c>0

‖c− 1
2r Xc− 1

2r ‖p′

where X ∈ B(H) and ‖ · ‖p′ =
(
tr[| · |p′

]
) 1

p′
. Usually, C is considered a

subalgebra of B(H). Our proof, however, extends this to compact convex
subsets of B(H) consisting of positive semidefinite operators containing at
least one full-rank state. We prove, without having to resort to interpola-
tion theory, that the dual quantity is subadditive on positive semi-definite
elements, i.e.,

‖X + Y ‖∗
C,p′,q′ ≤ ‖X‖∗

C,p′,q′ + ‖Y ‖∗
C,p′,q′
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for X,Y ∈ B≥0(H). This yields another continuity bound on the distance
to a compact convex subset of the quantum states in Theorem 4.17, which
allows us to directly infer all our continuity bounds based on this approach
in the following.

• The mixed approach: It combines the previous two approaches. The main
theorem in this approach is Theorem 4.20.
The table below illustrates the various upper bounds that our work en-

compasses with each bound having a range in α on which it is superior. Note
that one bound was already previously proven in [25], which we marked in the
table with the reference. All other bounds are new.

Theorem. Let ρ, σ, τ ∈ S(HA ⊗HB)1 with ker τ ⊆ ker ρ∩ker σ and 1
2‖ρ−σ‖1 ≤

ε, define m̃τ to be the minimal nonzero eigenvalue of τ , and m = min{dA, dB}.
Then, the following continuity bounds for the sandwiched Rényi conditional
entropy, mutual information, and divergence in the first input (3.2) hold, i.e.,
for an entropic quantity gα, one finds upper bounds on |gα(ρ) − gα(σ)|:

Approach Continuity bound α

Conditional entropy (5.1)

A. additive log
(
1 + ε) + 1

1−α
log(1 + εαd

2(1−α)
A − ε

(1+ε)1−α

)
[25] [ 1

2
, 1)

log(1 + ε) + 1
α−1

log(1 + εd
2(α−1)
A − εα

(1+ε)α−1 ) (1, ∞)

Op. space α
α−1

log

(
1 + εd

2 α−1
α

A

)
(1, ∞)

Mixed log(1 + ε) + α
α−1

log

(
1 + εd

2 α−1
α

A − ε
2− 1

α

(1+ε)
α−1

α

)
(1, ∞)

Mutual Info. (5.2)

A. additive 2 log
(
1 + ε

1
α

)
+ 1

1−α
log

(
1 + εαm2(1−α) − ε

1
α

(1+ε
1
α )2(1−α)

)
[ 1
2
, 1)

2 log
(
1 + ε

1
α

)
+ 1

α−1
log

(
1 + ε

1
α m2(α−1) − εα

(1+ε
1
α )2(α−1)

)
(1, ∞)

1st Entry of divergence (5.4)

‘A. additive1 log(1 + ε) + 1
1−α

log(1 + εαm̃α−1
τ − ε

(1+ε)1−α ) [ 1
2
, 1)

log(1 + ε) + 1
α−1

log
(
1 + εm̃1−α

τ − εα

(1+ε)α−1

)
(1, ∞)

Op. space1 α
α−1

log

(
1 + εm̃

1−α
α

τ

)
(1, ∞)

Mixed1 log(1 + ε) + α
α−1

log

(
1 + εm̃

1−α
α

τ − ε
2− 1

α

(1+ε)
α−1

α

)
(1, ∞)

The continuity bound directly implies the same bound as a divergence
bound 5.5 by choosing σ = τ

For the various results presented in the table, it is important to note
that none is universally preferable across the entire interval of α. Rather, each
method possesses its strengths and limitations. In the following, we compare
our results using the sandwiched Rényi conditional entropy. The accompanying

1Note that this includes the case S(H) by choosing HA = H and HB = C.
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Figure 1. Continuity bounds for H̃↑
α(A|B)ρ proven by the

almost additive, operator space, and mixed approach, where
the visible colour indicates the tightest bound

diagram (Fig. 1) demonstrates the almost additive method is particularly well-
suited for α close to 1 and small dimensions. The mixed method, which as
the name suggests is a combination of the almost additive and operator space
method, can even improve this property in large dimensions, while the operator
space method is better suited for large α. Even though the mixed method
results in a slightly weaker bound, it performs well across the entire regime
α ∈ (1,∞). The continuity bounds proven for the mutual information and the
first entry of the divergence come with similar scaling. In comparison to the
existing results mentioned in Eqs. (1), (2), and (3), our bound proven by the
almost additive approach performs in the regime α ∈ (1,∞) by a power of
two better than the result in [25] for small ε. The operator space approach
improves the result in [5] by an order of two. Furthermore, [5,25] treat only
the case of the sandwiched Rényi conditional entropy, whereas our versions
can also be used for other entropic quantities such as the sandwiched Rényi
mutual information and the sandwiched Rényi divergence with fixed second
argument.

For even more general quantities, where none of the inputs of the sand-
wiched Rényi divergence is fixed, we apply the ALAFF method introduced in
[8] to estimate the continuity bounds for the Q̃α and related quantities of the
sandwiched Rényi divergences. The analysis of the bounds is worked out in
Sect. 6 and applied in the context of approximate quantum Markov chains.

As covered in the introduction, more results exist for the limiting case
α → 1. Here, the sandwiched Rényi conditional entropy converges to the usual
quantum conditional entropy, the sandwiched Rényi mutual information to
the usual quantum mutual information and the divergence itself to the rel-
ative entropy. Similarly, for the limit α → ∞, the quantities converge, re-
spectively, to the min-conditional entropy, the max-mutual information and
the max-divergences. Moving forward, we will focus on exploring the limits
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to compare our methods with each other but also with already established
continuity bounds.

Corollary. Let ρ, σ, τ, ε, m̃τ , and m be defined as in the beginning of Theorem 2.
Then, the obtained continuity bounds converge for α → 1 or α → ∞ in the
following way:

Approach α → 1 α → ∞

Conditional
Entropy (5.1)

A. additive 2ε log dA + (1 + ε)h
(

ε
1+ε

)
log(1 + ε) + 2 log dA

Op. space ∞ log(1 + εd2A)
Mixed 2ε log dA + (1 + ε)h

(
ε

1+ε

)
log(1 + εd2A + ε(1 +

ε(d2A − 1)))
Mutual Info. (5.2) A. additive 2ε logm + 2(1 + ε)h

(
ε

1+ε

)
log 4m2

1st Entry of Diver-
gence (5.4)

A. additive ε log(m̃−1
τ )+(1+ε)h

(
ε

1+ε

)
log(1 + ε) + log(m̃−1

τ )

Op. space ∞ log(1 + εm̃−1
τ )

Mixed ε log(m̃−1
τ )+(1+ε)h

(
ε

1+ε

)
log(1 + ε 1

m̃τ
+ ε(1 +

ε( 1
m̃τ

− 1)))

The corollary shows that the almost additive and mixed approach for the
sandwiched Rényi conditional entropy converge for α → 1 to the established
bound by Winter [42] and thereby recover the best-known results. For the
other quantities, we achieve similar bounds. Moreover, it is noteworthy that
both the operator space and mixed method converge to a similar limit, which
is markedly superior to that of the almost additive method, as the latter does
not vanish for ε → 0. Furthermore, the almost additive and mixed approach
applied to the first entry of the divergence reduce for α → 1 to the bound
proven in [8].

Thus, our three new approaches have allowed us to prove good continu-
ity bounds for many quantities of interest related to sandwiched Rényi diver-
gences. Additionally, the ALAFF method allows us to derive slightly worse,
albeit more general, continuity bounds with applications in the context of ap-
proximate quantum Markov chains.

3. Preliminaries

3.1. Notation and Basic Concepts

We start by fixing the notation used in this paper. We denote by H a complex
Hilbert space with an inner product linear in the second argument. Throughout
this paper H is finite-dimensional with dimension d ∈ N. For a bipartite or
tripartite system, we will always use indices with capital letters to refer to the
different subsystems. If we have, for example, the bipartite space H = HA⊗HB

and consider the dimension of HA, we write dA.
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The set of bounded linear operators on the Hilbert space H will be de-
noted by B(H) and its convex subset of positive semi-definite operators with
trace one, i.e. the quantum states, by S(H).

We use tr[ · ] for the usual matrix trace and ‖ · ‖1 and ‖ · ‖∞ to denote
the trace norm and the spectral norm on B(H), respectively. More generally,
we set ‖X‖p := tr[|X|p]1/p, which coincides with the Schatten p-norms for
p ∈ [1,∞].

Moreover, for a state ρ on a bipartite system HAB = HA ⊗ HB, we set
ρA ∈ B(HA) to be the output-state of the partial trace. The partial trace is a
completely positive trace-preserving (CPTP) map. Finally, we denote by 1A

the identity matrix on A and, with a slight abuse of notation, we denote by
trA[·] both the partial trace of A as well as the corresponding map on HAB

by tensorizing with 1A. In the first case, we mean just the usual definition of
the partial trace as a map from B(HAB) to B(HB) while in the second case
we mean 1A ⊗trA[·]

Throughout the text, we will use the logarithm in natural basis and will
denote it by log.

3.2. Divergences and Entropic Quantities

In this section, we will introduce the entropic quantities considered in the
present article. We start with the sandwiched Rényi divergence, which is the
base for all subsequently defined quantities.

Definition 3.1 (Sandwiched Rényi divergence). Let X, Y ∈ B(H) be positive
semi-definite operators with ker X ⊇ ker Y . For α ∈ [1/2, 1)∪(1,∞), we define

Q̃α(X‖Y ) := tr[(Y
1−α
2α XY

1−α
2α )α] = ‖Y

1−α
2α XY

1−α
2α ‖α

α.

In case the power in Y
1−α
2α becomes negative these quantities have to be un-

derstood as positive powers of the pseudoinverse of Y . Then, the sandwiched
Rényi divergence of X and Y is

D̃α(X‖Y ) :=
1

α − 1
log Q̃α(X‖Y ) .

Remark 3.2. Alternatively, we can write

Q̃α(X‖Y ) = tr
[(

X
1
2 Y

1−α
α X

1
2

)α]
= ‖X

1
2 Y

1−α
α X

1
2 ‖α

α,

because the operator f(A∗A) for f(0) = 0 is defined by applying the continuous
real function f on the singular values of A. The simple trick A∗Av = λv =⇒
AA∗Av = λAv shows that the singular values of A∗A and AA∗ are equal such
that tr[f(A∗A)] = tr[f(AA∗)].

It is known that the sandwiched Rényi divergences converge in the limits
α → 1 and α → ∞ to well-known quantities [40, Section 4.3.2]:

Proposition 3.3. Let ρ, σ ∈ S(H). Then, D̃α(ρ‖σ) converges to
• the relative entropy D(ρ‖σ) := tr[ρ(log ρ − log σ)] for α → 1.
• the max-entropy D∞(ρ‖σ) := inf{λ > 0 : ρ ≤ eλσ} (see also Eq. (3.10))

for α → ∞.
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For α = 1
2 , it holds that D̃1/2(ρ‖σ) = − log F (ρ, σ), where F is the fidelity

F (ρ, σ) =
(
tr[|√ρ

√
σ|])2.

Next, we define the sandwiched Rényi conditional entropy in the same
spirit as the conditional entropy in terms of the relative entropy.

Definition 3.4 (Sandwiched Rényi conditional entropy). Let ρAB ∈ S(HA ⊗HB).
Then, for α ∈ [1/2, 1) ∪ (1,∞), the sandwiched Rényi conditional entropy is
given by

H̃↑
α(A|B)ρ := sup

σB∈S(HB)

1
1 − α

log Q̃α(ρAB‖1A ⊗σB) .

Mimicking how the mutual information arises from the relative entropy,
we arrive at the sandwiched Rényi mutual information:

Definition 3.5 [Sandwiched Rényi mutual information]. Let ρAB ∈ S(HA ⊗
HB). Then, for α ∈ [1/2, 1) ∪ (1,∞), we define the sandwiched Rényi mutual
information as

Ĩ↑
α(A : B)ρ := inf

σA,σB

D̃α(ρAB‖σA ⊗ σB),

where the infimum is taken over σA ∈ S(HA) and σB ∈ S(HB).

Finally, we define the sandwiched Rényi conditional mutual information
in the same spirit as the conditional mutual information in terms of the rel-
ative entropy. In this case, we base our definition on the difference between
(sandwiched Rényi) conditional entropies.

Definition 3.6 (Sandwiched Rényi conditional mutual information). Let ρABC ∈
S(HA ⊗HB ⊗HC). Then, for α ∈ [1/2, 1)∪ (1,∞), the sandwiched Rényi con-
ditional mutual information is given by

Ĩ↑
α(A : C|B)ρ := H̃↑

α(C|B)ρ − H̃↑
α(C|AB)ρ .

Note that the infimum in the definition of the mutual information and
the conditional entropy is attained at the reduced state of ρAB (see, e.g., [40,
Section 5.1]). We will often use that the sandwiched Rényi conditional entropy
is bounded by [40, Lemma 5.2]

− log min{dA, dB} ≤ H̃↑
α(A|B)ρ ≤ log dA. (4)

As already observed, the entropic quantities defined for the sandwiched
Rényi divergences converge for α → 1 to the ones defined by the Umegaki
relative entropy. We recall its definition:

Definition 3.7 (Umegaki relative entropy). Let ρ, σ ∈ S(H) be quantum states
with ker σ ⊆ ker ρ. Then, the Umegaki relative entropy of ρ and σ is given by

D(ρ‖σ) := tr[ρ log ρ − ρ log σ].

We can furthermore define the quantum conditional entropy
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Definition 3.8. (Quantum conditional entropy) Let ρAB ∈ S(HA ⊗HB). Then,
the quantum conditional entropy is given by

H(A|B)ρ := sup
σB∈S(HB)

−D(ρAB‖1A ⊗σB) = −D(ρAB‖1A ⊗ρB) .

and the quantum mutual information

Definition 3.9 (Quantum mutual information). Let ρAB ∈ S(HA ⊗HB). Then,
the quantum mutual information is given by

I(A : B)ρ := inf
σA,σB

D(ρAB‖σA ⊗ σB) = D(ρAB‖ρA ⊗ ρB) ,

where the infimum is taken over σA ∈ S(HA) and σB ∈ S(HB).

Finally, we consider explicitly the limit of α → ∞ of the sandwiched
Rényi divergences:

Definition 3.10 (Max-divergence). Let X, Y ∈ B(H) be positive semi-definite
operators with X �= 0. Then, the max-divergence of X and Y is given by

D∞(X‖Y ) := inf{λ > 0 : X ≤ eλ Y } .

Note that it admits the following equivalent representation:

D∞(X‖Y ) := log ‖Y −1/2XY −1/2‖∞ .

Definition 3.11 (Min-conditional entropy). Let ρAB ∈ S(HA ⊗HB). Then, the
min-conditional entropy is given by

H↑
∞(A|B)ρ := sup

σB∈S(HB)

−D∞(ρAB‖1A ⊗σB) .

Likewise, we can define a max-mutual information:

Definition 3.12 (Max-mutual information). Let ρAB ∈ S(HA ⊗HB). Then, we
define the max-mutual information as

I↑
∞(A : B)ρ := inf

σA,σB

D∞(ρAB‖σA ⊗ σB),

where the infimum is taken over σA ∈ S(HA) and σB ∈ S(HB).

It has been shown that α → D̃α(ρ‖σ) is monotonically increasing [40,
Corollary 4.2]. Thus, in particular,

D̃α(ρ‖σ) ≤ D∞(ρ‖σ) ∀α ∈ [1/2, 1) ∪ (1,∞). (5)

4. Technical Tools and Main Theorems

In this section, we will introduce the technical tools and prove the main the-
orems that form the cornerstones for our proofs of the continuity bounds in
Sect. 5, which are just corollaries of the former.
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4.1. Almost Additive Approach

We start by reviewing some tools that are related to the almost additive ap-
proach to sandwiched Rényi divergences (see [28,40] for an overview). One
property is that Q̃α is jointly convex/concave:

Lemma 4.1 (Joint convexity and concavity of Q̃α). For quantum states ρ, σ ∈
S(H), the function

(ρ, σ) 	→ Q̃α(ρ‖σ)
is jointly concave for α ∈ [1/2, 1) and jointly convex for α ∈ (1,∞).

Proof. For a proof, see [40, Proposition 4.7 and Theorem 4.1].

Another useful property of the Q̃α is that it behaves nicely under addi-
tion, unlike the sandwiched Rényi divergences:

Lemma 4.2 (Sub- and Superadditivity of Q̃α). For X1, X2, Y ∈ B(H) positive
semi-definite with ker Y ⊆ ker X1 ∩ ker X2, we find that for α ∈ (0, 1)

Q̃α(X1 + X2‖Y ) ≤ Q̃α(X1‖Y ) + Q̃α(X2‖Y )

and further for α ∈ (1,∞)

Q̃α(X1‖Y ) + Q̃α(X2‖Y ) ≤ Q̃α(X1 + X2‖Y ) .

Proof. The proof of the first claim can be found in [25], based on an inequality
from [26]. For the second, we use that one can write

Q̃α(X1 + X2‖Y ) = tr[(X ′
1 + X ′

2)
α] = ‖(X ′

1 + X ′
2)

α‖1 ,

with X ′
i := Y

1−α
2α XiY

1−α
2α , i = 1, 2. As before Y −1 is the pseudoinverse of Y .

Since ‖ · ‖1 is unitarily invariant and since the map R+ � x 	→ xα is convex for
α > 1 and vanishes at zero, we can apply [10, Theorem 1.2] to conclude

‖(X ′
1 +X ′

2)
α‖1 ≥ ‖(X ′

1)
α +(X ′

2)
α‖1 = tr[(X ′

1)
α +(X ′

2)
α] = Q̃α(X1‖Y )+Q̃α(X2‖Y ) .

The trace and 1-norm agree as all involved operators are positive semi-definite.

One might be tempted to conjecture that super- and subadditivity holds
more generally for the analogues of the Q̃α, in the case of Petz or geometric
Renyi divergences. However, this is not the case. One can relatively easily
construct counterexamples:

Example 4.3. In the following, we present an example which contradicts the
superadditivity of the Petz and the geometric Rényi divergence. For ρ, τ ∈
S(H) with ker ρ ⊇ ker τ and α ∈ (0, 1) ∪ (1,∞),

Qα(ρ‖τ) := tr[ρατ1−α] , Dα(ρ‖τ) :=
1

α − 1
log Qα(ρ‖τ)

is the Petz Rényi divergence and for α ∈ (1, 2], let

Q̂α(ρ‖τ) := tr[τ
1
2 (τ− 1

2 ρτ− 1
2 )ατ

1
2 ] , D̂α(ρ‖τ) :=

1
α − 1

log Q̂α(ρ‖τ)
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be the geometric (maximal) Rényi divergence. For the density matrices

ρ1 =
(

0.8 0.3
0.3 0.2

)
, ρ2 =

(
0.1 0.2
0.2 0.9

)
, τ =

(
0.45 0.49
0.49 0.55

)
,

one can calculate

Q1.5(ρ1‖τ) + Q1.5(ρ2‖τ) > 6 > 5.9 > Q1.5(ρ1 + ρ2‖τ)

and
Q̂1.5(ρ1‖τ) + Q̂1.5(ρ2‖τ) > 9 > 6 > Q̂1.5(ρ1 + ρ2‖τ)

which contradicts the superadditivity.

We conclude the subsection on the almost additive approach by proving
our fundamental technical result from which all our continuity bounds follow-
ing the almost additive approach will be obtained.

Theorem 4.4 (Distance to a convex, compact set). Let C ⊆ S(H) be a convex,
compact set that contains at least one positive definite state. Then the map

D̃α,C : S(H) → R, ρ 	→ D̃α,C(ρ) := inf
τ∈C

D̃α(ρ‖τ)

is uniformly continuous (cf. [33, Definition 4.18]) for α ∈ [1/2, 1) ∪ (1,∞).
For ρ, σ ∈ S(H) with 1

2‖ρ − σ‖1 ≤ ε, α ∈ [1/2, 1) and κ (see Remark 4.5)
such that sup

ρ∈S(H)

D̃α,C(ρ) ≤ log(κ) < ∞ we get

|D̃α,C(ρ) − D̃α,C(σ)| ≤ log(1 + ε) +
1

1 − α
log
(

1 + εακ1−α − ε

(1 + ε)1−α

)

Further for α ∈ (1,∞) and κ (see Remark 4.5) such that sup
ρ∈S(H)

D̃α,C(ρ) ≤
log(κ) < ∞

|D̃α,C(ρ) − D̃α,C(σ)| ≤ log(1 + ε) +
1

α − 1
log
(

1 + εκα−1 − εα

(1 + ε)α−1

)
.

Proof. We will only demonstrate here the proof for the second inequality (α >
1), as the proof for the first (α < 1) is almost completely analogous. The proof
is inspired by [25]. Without loss of generality, we can assume that 1

2‖ρ−σ‖1 =
ε, as the bound is monotone in ε. We have

|D̃α,C(ρ) − D̃α,C(σ)| =
1

α − 1

∣∣∣∣∣∣log
inf
τ∈C

Q̃α(ρ‖τ)

inf
τ∈C

Q̃α(σ‖τ)

∣∣∣∣∣∣
using the monotonicity of the logarithm. Hence the result reduces to an upper
bound on

inf
τ∈C

Q̃α(ρ‖τ)

inf
τ∈C

Q̃α(σ‖τ)
and

inf
τ∈C

Q̃α(σ‖τ)

inf
τ∈C

Q̃α(ρ‖τ)
.

We only upper bound the first fraction as the bound on the second is achieved
by swapping the roles of ρ and σ. First, there are orthonormal quantum states
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μ, ν such that ρ + εμ = σ + εν. Using the superadditivity of Q̃α (Lemma 4.2)
and the α-homogenity in the first argument gives

Q̃α,C(ρ) + εαQ̃α,C(μ) ≤ inf
τ∈C

(
Q̃α(ρ‖τ) + εαQ̃α(μ‖τ)

)
≤ Q̃α,C(ρ + εμ)

where we set Q̃α,C(X) := inf
τ∈C

Q̃α(X‖τ) for a positive semi-definite operator X.

Joint convexity of the Q̃α and their α-homogenity further allows us to write

Q̃α,C(σ + εν) = (1 + ε)α inf
τ1,τ2∈C

Q̃α

(
1

1+εσ + ε
1+εν
∥∥ 1
1+ετ1 + ε

1+ετ2

)

≤ (1 + ε)α−1

(
inf

τ1∈C
Q̃α(σ‖τ1) + inf

τ2∈C
εQ̃α(ν‖τ2)

)

= (1 + ε)α−1
(
Q̃α,C(σ) + εQ̃α,C(ν)

)
where we split the infimum in the second argument into an equivalent infimum
over a convex combination 1

1+ετ1 + ε
1+ετ2 which allows us to split the infimum

later. Moreover, it holds that 1 ≤ Q̃α,C(ν) ≤ κα−1 for any state ν, where
the lower bound stems from the non-negativity of the sandwiched α-Rényi
divergences on quantum states and the upper bound holds by assumption.
Putting these estimates together, using ρ + εμ = σ + εν, we find

Q̃α,C(ρ) ≤ (1 + ε)α−1

(
Q̃α,C(σ) + εκα−1 − εα

(1 + ε)α−1

)
.

We therefore obtain

Q̃α,C(ρ)
Q̃α,C(σ)

≤ (1 + ε)α−1

⎛
⎝1 +

εκα−1 − εα

(1+ε)α−1

Q̃α,C(σ)

⎞
⎠ ≤ (1 + ε)α−1

(
1 + εκα−1 − εα

(1 + ε)α−1

)

where in the second inequality we lower bound Q̃α,C(σ) by 1. This is valid, since
for ε ∈ (0, 1), εκα−1 − εα

(1+ε)α−1 ≥ ε − εα

(1+ε)α−1 ≥ 0. Repeating the procedure
for the other fraction gives the same bound and hence concludes the claim.

Remark 4.5 (Existence of (uniform) κ). A κ < ∞ upper bound on D̃α,C(·) and
uniform in all α ∈ [1/2, 1) ∪ (1,∞) always exists, since we can upper bound
D̃α,C(·) ≤ log ‖τ−1‖∞ independently of α, where τ is a full-rank state in C
(which by assumption exists). For the continuity bounds the κ can, however,
also depend on α.

Before considering the limit cases, we prove that limits can be exchanged
with the infimum in the above definition of D̃α,C(·):
Lemma 4.6. Let C ⊆ S(H) be a compact set that contains at least one positive
definite state. Then the following identities hold:

lim
α→1

D̃α,C(ρ) = inf
τ∈C

lim
α→1

D̃α(ρ‖τ) = inf
τ∈C

D(ρ‖τ) =: D̃1,C(ρ)

and

lim
α→∞ D̃α,C(ρ) = inf

τ∈C
lim

α→∞ D̃α(ρ‖τ) = inf
τ∈C

D∞(ρ‖τ) =: D̃∞,C(ρ) .
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Proof. Let η ∈ C be positive definite, which exists by assumption. We note
first that the infimum infτ∈C D̃α(ρ‖τ) is attained [2, Theorem 2.43] since C is
compact and σ 	→ D̃(ρ‖σ) is lower semi-continuous for any fixed ρ ∈ S(H) [20,
Proposition 4.5]. Then,

D̃∞(ρ‖η) =: c∞ < ∞.

Moreover,
inf
τ∈C

D̃α(ρ‖τ) ≤ D̃α(ρ‖η) ≤ c∞

for all α ∈ (1,∞], since the sandwiched Rényi divergences are monotonically
increasing in α [40, Corollary 4.2]. Next, we define C(ρ) = {τ ∈ C | D̃∞(ρ‖τ) ≤
c∞} which satisfies by the above

inf
τ∈C

D̃α(ρ‖τ) = inf
τ∈C(ρ)

D̃α(ρ‖τ)

for all α ∈ (1,∞]. The set C(ρ) is compact, because the preimage of (−∞, c∞]
under a lower semi-continuous function is closed. Hence, also the infimum on
the right-hand side is attained. Moreover, the function C(ρ) � τ 	→ Dα(ρ‖τ)
is continuous for all α ∈ (1,∞]. Therefore, Dini’s theorem [2, Theorem 2.66]
shows that C(ρ) � τ 	→ Dα(ρ‖τ) converges uniformly for α → 1, α → ∞, since
we have pointwise convergence by [40, Section 4.3.2] (see also Proposition 3.3).
Thus, the assertion follows from [14, Lemma I.7.6].

Lemma 4.7 (Limits). Let ρ, σ ∈ S(H) with 1
2‖ρ − σ‖1 ≤ ε and κ a bound on

D̃α,C independent of α (see Remark 4.5), then the limit α → 1 of the bounds
obtained in Theorem 4.4 gives

|D̃1,C(ρ) − D̃1,C(σ)| ≤ ε log κ + (1 + ε)h
( ε

1 + ε

)

where h(·) is the binary entropy. Unless ε is trivial, i.e. ε = 0, we find for
α → ∞

|D̃∞,C(ρ) − D̃∞,C(σ)| ≤ log(1 + ε) + log κ

which is no longer a continuity bound

Proof. Using l’Hospital’s rule, we find that

lim
α ↗ 1

[
1

1 − α
log(1 + εακ(1−α) − ε

(1 + ε)1−α
)
]

= − lim
α ↗ 1

[
log(ε)εακ(1−α) − εακ(1−α) log κ − log(1 + ε) ε

(1+ε)1−α

1 + εακ(1−α) − ε
(1+ε)1−α

]

= −ε log(ε) + ε log κ + ε log(1 + ε)

and similarly

lim
α ↘ 1

[
1

α − 1
log(1 + εκ(α−1) − εα

(1 + ε)α−1
)
]

= lim
α ↘ 1

[
εκ(α−1) log κ − log(ε) εα

(1+ε)α−1 + log(1 + ε) εα

(1+ε)α−1

1 + εκ(α−1) − εα

(1+ε)α−1

]
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= ε log κ − ε log(ε) + ε log(1 + ε)

which proves the limit α → 1. Another use of l’Hospital’s rule shows that

lim
α→∞

[
1

α − 1
log(1 + εκ(α−1) − εα

(1 + ε)α−1
)
]

= log κ.

4.2. Operator Spaces Approach

In this section, we will construct a family of norms inspired by the norms
on interpolation spaces over von Neumann algebras defined in [5, Theorem
4.5]. These norms have an explicit characterization given by a supremum of
amalgamations with elements from a different von Neumann subalgebra in a
Schatten p-norm. In this section, we show that in the finite-dimensional setting,
this construction is not limited to amalgamation with a von Neumann subal-
gebra, but can be generalized to a convex compact set of positive semi-definite
operators, which contains at least one positive definite state. We further give
a direct proof of a triangle-like inequality for a map arising from these norms,
previously only shown in an abstract and more restrictive setting. To be more
precise, our goal is to show that for positive semi-definite operators the map

X 	→ inf
c∈C,c>0

‖c− 1
2r Xc− 1

2r ‖p

satisfies a triangle inequality and some other properties that come in handy
when proving continuity bounds later. Here r is implicitly constrained by the
explicit p and an implicit q satisfying p ≥ q ≥ 1. The choice to not use r as a
defining parameter will become clear later when we establish duality relations
and p and q transform to their Hölder conjugates while r is unaffected. C is a
convex, compact set of positive semi-definite operators containing at least one
positive definite element.

We begin with the construction of the auxiliary norms.

Definition 4.8 (The C, p, q norm). Let C ⊂ B≥0(H) be a convex, compact set
containing at least one positive definite state. Then for 1 ≤ p ≤ q ≤ ∞,
1
r := 1

p − 1
q , we define

‖ · ‖C,p,q : B(H) → [0,∞), X 	→ ‖X‖C,p,q := sup
c∈C

‖c
1
2r Xc

1
2r ‖p

where ‖ · ‖p = (tr[| · |p]) 1
p is the Schatten-p-norm.

Lemma 4.9. ‖ · ‖C,p,q : B(H) → [0,∞) defines a norm on B(H).

Proof. The map is finite for all X ∈ B(H), because C is compact and c 	→
c

1
2r Xc

1
2r continuous on positive semi-definite matrices. Further, it is positive

definite since C contains a positive-definite state, by assumption. Finally, it
satisfies positive homogeneity and triangle inequality because the Schatten-p-
norm has this property and the supremum is subadditive.

We will proceed to define the maps we are interested in:
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Definition 4.10. Let C ⊂ B≥0(H) a convex, compact set containing at least
one positive definite state. Then for 1 ≤ q′ ≤ p′ ≤ ∞ and 1

r = 1
q′ − 1

p′ , we
define

‖ · ‖∗
C,p′,q′ : B(H) → [0,∞), X 	→ ‖X‖∗

C,p′,q′ := inf
c∈C,c>0

‖c− 1
2r Xc− 1

2r ‖p′

where X ∈ B(H) and ‖ · ‖p′ =
(
tr[| · |p′

]
) 1

p′
.

Remark 4.11. For the above maps, the norm properties are no longer appar-
ent. We get that the map is finite, positive homogenous, and further positive
definite (requires a bit more work but relates back to the compactness of C).
However, the triangle inequality we can only prove for positive semi-definite
operators.

We will now show that on the positive semi-definite operators ‖ · ‖∗
C,p′,q′

satisfies triangle inequality by showing that ‖·‖∗
C,p′,q′ agrees with the dual norm

of ‖ · ‖C,p,q on this set. Here p is given by 1 = 1
p′ + 1

p and q by 1 = 1
q + 1

q′ . Note
that the latter norm is indeed consistent with Definition 4.8 (as choosing q via
1 = 1

q + 1
q′ leaves r invariant and satisfies the requirements, i.e. 1 ≤ p ≤ q ≤ ∞).

As a first step, we derive a Hölder-inequality for these maps.

Lemma 4.12 (Hölder-inequality). Let ‖ · ‖C,p,q as defined in Definition 4.8 be
given, then for all X,Y ∈ B(H)

|tr[XY ]| ≤ ‖X‖C,p,q‖Y ‖∗
C,p′,q′

where ‖ · ‖∗
C,p′,q′ as defined in Definition 4.10 with p′ given by 1

p + 1
p′ = 1 and

q′ via 1
q + 1

q′ = 1.

Proof. For c ∈ C with c > 0, using Hölder inequality on Schatten-p-norms, we
have

|tr[XY ]| =
∣∣∣tr[c 1

2r Xc
1
2r c− 1

2r Y c− 1
2r ]
∣∣∣

≤ ‖c 1
2r Xc

1
2r ‖p‖c− 1

2r Y c− 1
2r ‖p′ .

Now using that ‖c
1
2r Xc

1
2r ‖p ≤ ‖X‖C,p,q we get

|tr[XY ]| ≤ ‖X‖C,p,q‖c− 1
2r Y c− 1

2r ‖p′ .

Finally taking the infimum over all c ∈ C, c > 0 of the above inequality

|tr[XY ]| ≤ ‖X‖C,p,q‖Y ‖∗
C,p′,q′ .

We can now characterize ‖ · ‖C,p,q via ‖ · ‖∗
C,p′,q′ as follows.

Lemma 4.13. Let ‖·‖C,p,q as defined in Definition 4.8 be given. Then we obtain

sup
Y ∈B(H), ‖Y ‖∗

C,p′,q′≤1

|tr[XY ]| = ‖X‖C,p,q

where ‖ · ‖∗
C,p′,q′ is the map from Definition 4.10 with p′ defined via 1

p + 1
p′ = 1

and q′ via 1
q + 1

q′ = 1.
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Proof. Let X ∈ B(H) be given. Due to the continuity of c 	→ c
1
2r Xc

1
2r on C

and compactness of C, there exists an c∗ ∈ C such that

‖X‖C,p,q = ‖c
1
2r∗ Xc

1
2r∗ ‖p

Due to the convexity, the existence of a positive definite state τ in C and the
continuity of c 	→ c

1
2r Xc

1
2r , we have that for all ε > 0 there exists a δ ∈ [0, 1]

such that cδ = (1 − δ)c∗ + δτ ∈ C, cδ > 0 and

‖X‖C,p,q ≤ ‖c 1
2r

δ Xc
1
2r

δ ‖p + ε .

Regarding ‖ · ‖p′ as dual norm to ‖ · ‖p (see e.g. [40, Lemma 3.3]) where
1 = 1

p′ + 1
p , we find

‖X‖C,p,q ≤ sup
W∈B(H),‖W‖p′≤1

∣∣∣tr[c 1
2r

δ Xc
1
2r

δ W ]
∣∣∣+ ε

= sup
Y ∈B(H),‖c

− 1
2r

δ Y c
− 1

2r
δ ‖p′ ≤1

|tr[XY ]| + ε

≤ sup
Y ∈B(H),‖Y ‖∗

C,p′,q′≤1

|tr[XY ]| + ε ,

where the last inequality holds, since ‖c
− 1

2r

δ Y c
− 1

2r

δ ‖p′ ≤ 1 implies ‖Y ‖∗
C,p′,q′ ≤

1. Now taking ε → 0 gives

‖X‖C,p,q ≤ sup
Y ∈B(H),‖Y ‖∗

C,p′,q′≤1

|tr[XY ]| .

The reverse inequality is a direct consequence of Lemma 4.12. We, hence,
conclude the claim.

Now we come to the theorem which is at the heart of our continuity
bounds.

Theorem 4.14 (A dual formula for ‖ · ‖∗
C,p′,q′). Let ‖ · ‖∗

C,p′,q′ be as defined in
Definition 4.10 and X ≥ 0. Then

sup
Y ∈B≥0(H),‖Y ‖C,p,q≤1

|tr[XY ]| = ‖X‖∗
C,p′,q′ ,

for p given by 1
p + 1

p′ = 1, q′ via 1
q + 1

q′ = 1 and ‖Y ‖C,p,q as in Definition 4.8.
That is, on positive semi-definite states, ‖ · ‖∗

C,p′,q′ agrees with the dual norm
of ‖ · ‖C,p,q.

Proof. Let X ∈ B≥0(H). Then we immediately get that

sup
Y ∈B≥0(H),‖Y ‖C,p,q≤1

|tr[XY ]| ≤ ‖X‖∗
C,p′,q′

by Lemma 4.12. This inequality furthermore holds for X ∈ B(H). To prove
the reverse inequality, we define the auxiliary function

fX : B≥0(H) × C → R,

(Y, c) 	→ fX(Y, c) = p′tr[XY ] − p′

p
tr[(c

1
2r Y c

1
2r )p] ,
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where p is given by 1
p + 1

p′ = 1. Note that the function is lower semi-continuous
in c and upper semi-continuous in Y (as it is continuous in both of its argu-
ments). In addition, we will now show, that it is concave in Y and convex
in c. The concavity in Y is straightforward. We have that Y 	→ tr[Y X] is
linear in Y , hence in particular concave. Further for a fixed c, we have that
Y 	→ −p′

p tr[(c
1
2r Y c

1
2r )p] is concave, since x 	→ −xp for p ≥ 1 is. To show con-

vexity in c, we have to show that for a fixed Y , c 	→ tr[(c
1
2r Y c

1
2r )p] is concave.

We first rewrite

tr[(c
1
2r Y c

1
2r )p] = tr[(

√
Y c

1
r

√
Y )p]

and then use [40, Eq. (3.16)] to obtain

tr[(
√

Y c
1
r

√
Y )p] = sup

Z≥0
ptr[

√
Y c

1
r

√
Y Z] − p

p′ tr[Z
p′
] = sup

Z≥0
ptr[

√
Y c

1
r

√
Y Z

1
p′ ] − p

p′ tr[Z] .

Since 0 ≤ 1
p′ ,

1
r ≤ 1 and 1

p′ + 1
r = 1

p′ + 1
q′ − 1

p′ = 1
q′ ≤ 1, Lieb’s concavity

theorem [24] gives us joint concavity of the map

(Z, c) 	→ ptr
[√

Y c
1
r

√
Y Z

1
p′
]

− p

p′ tr[Z]

and therefore concavity of

c 	→ sup
Z≥0

ptr
[√

Y c
1
r

√
Y Z

1
p′
]
− p

p′ tr[Z] = tr
[(√

Y c
1
r

√
Y
)p]

= tr
[(

c
1
2r Y c

1
2r

)p]
.

Knowing that fX is a map from the Cartesian product of a convex set with a
convex compact set to the reals, being upper semi-continuous and convex in
its first and lower semi-continuous and concave in its second argument, we can
employ Sions minimax theorem [22, Theorem 2.18] to find that

sup
Y ∈B≥0(H)

inf
c∈C

fX(Y, c) = inf
c∈C

sup
Y ∈B≥0(H)

fX(Y, c) .

Rewriting the RHS of the above equation gives for ker c ⊆ ker X

sup
Y ∈B≥0(H)

fX(Y, c) = sup
Y ∈B≥0(H)

p′tr[XY ] − p′

p
tr[(c

1
2r Y c

1
2r )p]

= sup
Y ∈B≥0(H)

p′tr[c− 1
2r Xc− 1

2r Y ] − p′

p
tr[Y p]

= ‖c− 1
2r Xc− 1

2r ‖p′
p′

with ·−1 in this context being the pseudoinverse, and ∞ if ker c �⊆ ker X. Using
the lower semi-continuity of c 	→ ‖c− 1

2r Xc− 1
2r ‖p′

p′ and that for every c ∈ C we
can approximate it via cδ = (1− δ)c+ δτ ∈ C a positive definite sequence, due
to τ ∈ C chosen positive definite and δ ∈ (0, 1), we have finally

inf
c∈C

sup
Y ∈B≥0(H)

fX(Y, c) = inf
c∈C,ker c⊆kerX

‖c− 1
2r Xc− 1

2r ‖p′
p′ = ‖X‖∗

C,p′,q′
p′

. (6)
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The LHS becomes

inf
c∈C

fX(Y, c) = p′tr[XY ] − p′

p
sup
c∈C

tr[(c
1
2r Y c

1
2r )p]

= p′tr[XY ] − p′

p
‖Y ‖p

C,p,q

As of Equation (6) we have that for all ε > 0 there exists Y ∈ B≥0(H), s.t.

p′tr[XY ] − p′

p
‖Y ‖p

C,p,q + ε ≥ ‖X‖∗
C,p′,q′

p′

This immediately2 gives that for all ε > 0 there exists Y ∈ B≥0(H) (w.l.o.g.
Y �= 0), s.t. (

tr[XY ]
‖Y ‖C,p,q

)p′

+ ε ≥ ‖X‖∗
C,p′,q′

p′
. (7)

and hence taking an upper bound on the LHS,(
sup

Y ∈B≥0(H),‖Y ‖C,p,q≤1

|tr[XY ]|
)p′

+ ε ≥ ‖X‖∗
C,p′,q′

p′

Letting ε → 0 and taking the p′th root on both sides concludes the claim.

The following corollary is a consequence.

Corollary 4.15. Let X,Y ∈ B≥0(H), then

‖X + Y ‖∗
C,p′,q′ ≤ ‖X‖∗

C,p′,q′ + ‖Y ‖∗
C,p′,q′

Proof. This follows directly from the formula derived in Theorem 4.14 and the
subadditivity of the supremum.

We further have the following lemma.

Lemma 4.16. For X,Y ∈ B≥0(H) with X ≤ Y , we have that

‖X‖∗
C,p′,q′ ≤ ‖Y ‖∗

C,p′,q′ .

Proof. We have that for every c ∈ C, c > 0

c− 1
2r Xc− 1

2r ≤ c− 1
2r Y c− 1

2r

and hence, since the Schatten p-norms preserve order on positive semi-definite
operators, we have

‖c− 1
2r Xc− 1

2r ‖p ≤ ‖c− 1
2r Y c− 1

2r ‖p

concluding the claim.

Putting together the above results, we can now show the following.

2To see this we introduce a nonnegative parameter λ and take g(λ) = p′tr[X(λ ·Y )]− p′
p

‖(λ ·
Y )‖p

C,p,q . Clearly supλ≥0 g(λ) ≥ p′tr[XY ] − p′
p

‖Y ‖p
C,p,q with the supremum being achieved

at λp−1 = tr[XY ]

‖Y ‖p
C,p,q

. Inserting this immediately gives Equation (7).
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Theorem 4.17 (Distance to convex, compact set). Let C ⊆ S(H) be a convex,
compact set that contains at least one positive definite state. Then the map

D̃α,C : S(H) → R, ρ 	→ D̃α,C(ρ) := inf
τ∈C

D̃α(ρ‖τ)

is uniformly continuous (cf. [33, Definition 4.18]) for α ∈ [1/2, 1) ∪ (1,∞).
For ρ, σ ∈ S(H) with 1

2‖ρ − σ‖1 ≤ ε, α ∈ [1/2, 1) and κ (see Remark 4.5)
such that supρ∈S(H) D̃α,C(ρ) ≤ log(κ) < ∞,

|D̃α,C(ρ) − D̃α,C(σ)| ≤ 1
1 − α

log(1 + εακ1−α) .

Further for α ∈ (1,∞) and κ (see Remark 4.5) such that supρ∈S(H) D̃α,C(ρ) ≤
log(κ) < ∞ we have

|D̃α,C(ρ) − D̃α,C(σ)| ≤ α

α − 1
log
(
1 + εκ

α−1
α

)
.

Proof. The proof strategy is inspired by [5]. Let ρ, σ ∈ S(H). Without loss of
generality, we can assume that 1

2‖ρ − σ‖1 = ε, as both bounds are monoton-
ically increasing in ε. We will begin with the first bound, i.e. the bound for
α < 1 and note that

|D̃α,C(ρ) − D̃α,C(σ)| ≤ 1
1 − α

∣∣∣∣∣∣∣
log

⎛
⎜⎝

sup
c∈C

Q̃α(ρ‖c)

sup
c∈C

Q̃α(σ‖c)

⎞
⎟⎠
∣∣∣∣∣∣∣

.

Now, we can use that there exists ν, μ ∈ S(H) such that ρ + εν = σ + εμ

and hence ρ ≤ σ + εμ. Furthermore Q̃α(·‖c) is monotone for all c ∈ C and
subadditive (c.f. Lemma 4.2), which gives us

sup
c∈C

Q̃α(ρ‖c) ≤ sup
c∈C

Q̃α(σ + εμ‖c) ≤ sup
c∈C

Q̃α(σ‖c) + εα sup
c∈C

Q̃α(μ‖c) .

If we use that κα−1 ≤ supc∈C Q̃α(μ‖c) and supc∈C Q̃α(σ‖c) ≤ 1, we find

sup
c∈C

Q̃α(ρ‖c)

sup
c∈C

Q̃α(σ‖c)
≤ 1 + εακ1−α .

Repeating the same steps for the inverse fraction gives the claim.
For α > 1, we find

|D̃α,C(ρ) − D̃α,C(σ)| =
α

α − 1

∣∣∣ log

(
‖ρ‖∗

C,α,1

‖σ‖∗
C,α,1

)∣∣∣ .
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Using now that there exist ν, μ ∈ S(H) such that ρ + εν = σ + εμ and hence
ρ ≤ σ + εμ, we can employ Lemma 4.16 and Corollary 4.15

‖ρ‖∗
C,α,1

‖σ‖∗
C,α,1

≤ ‖σ + εμ‖∗
C,α,1

‖σ‖∗
C,α,1

≤ ‖σ‖∗
C,α,1 + ε‖μ‖∗

C,α,1

‖σ‖∗
C,α,1

≤ 1 + ε
‖μ‖∗

C,α,1

‖σ‖∗
C,α,1

We can now bound ‖μ‖∗
C,α,1 from above with κ

α−1
α and lower bound ‖σ‖∗

C,α,1

with 1 from below, as D̃α,C(·) ≥ 0 on quantum states. We hence obtain

‖ρ‖∗
C,α,1

‖σ‖∗
C,α,1

≤ 1 + εκ
α−1

α

and the same bound for the inverse quotient. This proves the claim.

Remark 4.18. In [31], the authors prove a continuity bound for α ∈ [1/2, 1)
and 0 ≤ ε ≤ (Q̃α,C(ρ))1/α given as

|D̃α,C(ρ) − D̃α,C(σ)| ≤ 1
α − 1

log

(
1 − εα

Q̃α,C(ρ)

)
.

This form is convenient for them as they work in the context of resource the-
ories and are looking for dimension independent bounds. This bound immedi-
ately implies a continuity bound of the kind that we are looking for, namely

|D̃α,C(ρ) − D̃α,C(σ)| ≤ 1
α − 1

log(1 − εακ1−α) .

for 0 ≤ ε ≤ κ(α−1)/α. Using the inequality log(1+x) ≤ − log 1 − x for 0 ≤ x ≤
1, it can be seen that this is worse than the bound we obtain in Theorem 4.17.
Altering the proof in [31] slightly one could, however, also derive the bound in
Theorem 4.17, since both proofs are almost identical.

In the following lemma, we investigate the limiting behaviour for the
bounds derived above.

Lemma 4.19 (Limits). Let ρ, σ ∈ S(H) with 1
2‖ρ − σ‖1 ≤ ε and κ (see Re-

mark 4.5) a uniform bound on D̃α,C(·) independent of α, then the limit α → ∞
of the bound derived in Theorem 4.17 is stable and we find that

|D̃∞,C(ρ) − D̃∞,C(σ)| ≤ log(1 + εκ) .

For α → 1 the bound diverges unless it is trivial, i.e. ε = 0.

Proof. Both conclusions are obtained straightforwardly.
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4.3. Mixed Approach

For α > 1 we notice that both approaches have one limit (α → 1 or α → ∞)
in which they perform well, while for the other one they either diverge or do
not give a continuity bound anymore. The purpose of this section, therefore,
is to combine both approaches and to obtain a bound which performs well in
both limits.

Theorem 4.20. (Distance to convex, compact set) Let C ⊆ S(H) be a convex,
compact set that contains at least one positive definite state. Then the map

D̃α,C : S(H) → R, ρ 	→ D̃α,C(ρ) := inf
τ∈C

D̃α(ρ‖τ)

is uniformly continuous (cf. [33, Definition 4.18]) for α ∈ (1,∞). For ρ, σ ∈
S(H) satisfying 1

2‖ρ−σ‖1 ≤ ε and κ (see Remark 4.5) such that sup
ρ∈S(H)

D̃α,C(ρ) ≤
log(κ) < ∞ we find

|D̃α,C(ρ) − D̃α,C(σ)| ≤ log(1 + ε) +
α

α − 1
log

(
1 + εκ

α−1
α − ε

2α−1
α

(1 + ε)
α−1

α

)
.

Proof. Let ρ, σ ∈ S(H). Without loss of generality, we can assume that 1
2‖ρ −

σ‖1 = ε, as the bound is monotonically increasing in ε. Since the logarithm
and the map x 	→ x

1
α are monotone, we find

|D̃α,C(ρ) − D̃α,C(σ)| =
α

α − 1

∣∣∣∣∣ log

(
‖ρ‖∗

C,α,1

‖σ‖∗
C,α,1

)∣∣∣∣∣ .
We further get μ, ν ∈ S(H), such that ρ + εμ = σ + εν. Due to Corollary 4.15
and ‖ν‖∗

C,α,1 ≤ κ
α−1

α , we have

‖σ + εν‖∗
C,α,1 ≤ ‖σ‖∗

C,α,1 + ε‖ν‖∗
C,α,1 ≤ ‖σ‖∗

C,α,1 + εκ
α−1

α .

We then also have that for X ≥ 0, ‖X‖∗
C,α,1 =

(
inf
c∈C

Q̃α(X‖c)
) 1

α

, which gives

‖ρ + εμ‖∗
C,α,1 =

(
inf
c∈C

Q̃α(ρ + εμ‖c)
) 1

α

≥
(

inf
c∈C

Q̃α(ρ‖c) + εα inf
c∈C

Q̃α(μ‖c)
) 1

α

= (1 + ε)
1
α

( 1
1 + ε

‖ρ‖∗
C,α,1

α +
ε

1 + ε
εα−1‖μ‖∗

C,α,1
α
) 1

α

≥ (1 + ε)
1−α

α

(
‖ρ‖∗

C,α,1 + ε
2α−1

α ‖μ‖∗
C,α,1

)

≥ (1 + ε)
1−α

α

(
‖ρ‖∗

C,α,1 + ε
2α−1

α

)

where we used Lemma 4.2, the concavity of x 	→ x
1
α and that ‖μ‖∗

C,α,1 ≥ 1,
since D̃α,C(·) ≥ 0 on quantum states. Combining these two bounds, we find

‖ρ‖∗
C,α,1 ≤ (1 + ε)

α−1
α

(
‖σ‖∗

C,α,1 + εκ
α−1

α − ε
2α−1

α

(1 + ε)
α−1

α

)
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and as a consequence (since again ‖σ‖∗
C,α,1 ≥ 1 and εκ

α−1
α − ε

2α−1
α

(1+α)
α−1

α

> 0)

‖ρ‖∗
C,α,1

‖σ‖∗
C,α,1

≤ (1 + ε)
α−1

α

(
1 + εκ

α−1
α − ε

2α−1
α

(1 + ε)
α−1

α

)
.

Repeating the same steps for the inverse fraction proves the claimed bound.

Lemma 4.21 (Limits). Let ρ, σ ∈ S(H) with 1
2‖ρ − σ‖1 ≤ ε, and κ (see Re-

mark 4.5) be a bound on D̃α,C(·) independent of α ∈ (1,∞). Then, the limit
α → 1 of the bounds obtained in Theorem 4.20 gives

|D̃1,C(ρ) − D̃1,C(σ)| ≤ ε log κ + (1 + ε)h
( ε

1 + ε

)

and for α → ∞
|D̃∞,C(ρ) − D̃∞,C(σ)| ≤ log((1 + ε)(1 + εκ) − ε2)

Proof. With β = α−1
α l’Hospital’s rule lets us infer that

lim
β→0

(β)−1 log(1 + εκβ − ε1+β

(1 + ε)β
) = lim

β→0

εκβ log κ − log(ε) ε1+β

(1+ε)β + log(1 + ε) ε1+β

(1+ε)β

1 + εκβ − ε1+β

(1+ε)β

= ε log κ − ε log ε + ε log(1 + ε) ,

and

lim
α→∞

α

α − 1
log

(
1 + εκ

α−1
α − ε2− 1

α

(1 + ε)
α−1

α

)
= log

(
1 + εκ − ε2

(1 + ε)

)
.

5. Continuity Bounds for Sandwiched Rényi Divergences

5.1. Continuity Bounds for the Sandwiched Rényi Conditional Entropy

In this section, we prove and compare the bounds for the sandwiched Rényi
conditional entropy using the three different approaches: almost-additive, op-
erator space, and mixed. We will start with a discussion of these bounds for the
example of the sandwiched Rényi conditional entropies, but our conclusions
carry over to the other quantities in the following sections as well.

The comparison is shown in Fig. 2. As we discussed in Sect. 2, the strength
and weaknesses of each bound depend on the combination of parameters α,
dA, and ε. Our analysis reveals that the almost additive approach performs
best in the low dA regime with small α, followed by a region where the mixed
approach is superior, and then with increasing α, the operator-space approach
outperforms the other two. As we increase dA, the almost additive approach
becomes progressively weaker compared to the mixed and operator-space ap-
proaches. Specifically, in the low α regime, the mixed approach dominates,
while in the high α regime, the operator-space approach performs best. This
improvement in performance with increasing dA for the mixed and operator-
space approaches is due to their scaling with d

2α−1
α

A , which is more favourable
than the scaling with d

2(α−1)
A of the bound we got using the almost additive
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Figure 2. A comparison of the continuity bounds for
H̃↑

α(A|B)ρ proven by the almost-additive, operator space,
and mixed approach. The value of dA is according to the title
of each plot. The visible colour indicates where the respective
bound outperforms (is tighter than) the others

approach. Notably, the superior scaling of the mixed and operator-space ap-
proaches allows us to take the limit α → ∞ and obtain a continuity bound.
However, the almost additive approach fails to have this property and does
not vanish for ε → 0 in this limit.

Corollary 5.1. Let ρ, σ ∈ S(HA ⊗HB), with 1
2‖ρ−σ‖ ≤ ε, then for α ∈ [1/2, 1)

|H̃↑
α(A|B)ρ−H̃↑

α(A|B)σ| ≤ log(1+ε)+
1

1 − α
log
(

1 + εαd
2(1−α)
A − ε

(1 + ε)1−α

)
,

(8)
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which is the bound from [25] (see Eq. 1), and for α ∈ (1,∞)

|H̃↑
α(A|B)ρ−H̃↑

α(A|B)σ| ≤ min

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

log(1 + ε) + 1
α−1

log
(
1 + εd

2(α−1)
A − εα

(1+ε)α−1

)
,

α
α−1

log

(
1 + εd

2 α−1
α

A

)
,

log(1 + ε) + α
α−1

log

(
1 + εd

2 α−1
α

A − ε
2− 1

α

(1+ε)
α−1

α

)
.

(9)

Proof. We have that C = {d−1
A 1A ⊗σB : σB ∈ S(HB)} is clearly a convex

and compact set, containing a positive definite state. Using this definition and
the (1 − α)-homogeneity of the Q̃α in the second argument, we get

H̃↑
α(A|B)ρ = −D̃α,C(ρ) + log dA

and hence
|H̃↑

α(A|B)ρ − H̃↑
α(A|B)σ| = |D̃α,C(ρ) − D̃α,C(σ)|

We further have that supρ∈S(H) D̃α,C(ρ) ≤ 2 log dA using Eq. (4) and hence
can directly apply Theorem 4.4, Theorem 4.17, and Theorem 4.20 to obtain
the bounds in the assertion.

We can now study the limits α → 1 and α → ∞ of the new bound
in Corollary 5.1. We find that the former limit coincides with the bounds by
Alicki, Fannes and Winter and the latter bound with the one found by Marwah
& Dupuis in the appendix of [25, Theorem 2].

Corollary 5.2 (Limits). Let ρ, σ ∈ S(HA ⊗HB), with 1
2‖ρ − σ‖1 ≤ ε. Then,

the limit α → 1 of Equation (9) yields

|H(A|B)ρ − H(A|B)σ| ≤ 2ε log dA + (1 + ε)h
(

ε

1 + ε

)
,

and of Equation (9)

|H(A|B)ρ − H(A|B)σ| ≤ min

⎧⎪⎪⎨
⎪⎪⎩

2ε log dA + (1 + ε)h
(

ε
1+ε

)
,

∞ ,

2ε log dA + (1 + ε)h
(

ε
1+ε

)
,

where Hρ(A|B) is the usual quantum conditional entropy, which is the bound
derived in [42]. The limit α → ∞ of Equation (9) yields

|H↑
∞(A|B)ρ − H↑

∞(A|B)σ| ≤ min

⎧⎪⎨
⎪⎩

log(1 + ε) + 2 log dA ,

log(1 + εd2A) ,

log((1 + ε)(1 + εd2A) − ε2) .

Proof. The proof is a direct application of Lemma 4.7, Lemma 4.19, Lemma 4.21
in the context of Corollary 5.1.



Vol. 27 (2026) Unified Framework for Continuity 27

5.2. Continuity Bounds for the Sandwiched Rényi Mutual Information

Now, we can bring our techniques to bear on the sandwiched Rényi mutual
information. We, unfortunately, cannot employ the theorems established in
the beginning as {ρA ⊗ ρB : ρA ∈ S(HA), ρB ∈ S(HB)} is not a convex set,
however, will use techniques very similar to those presented already.

Corollary 5.3. Let ρ, σ ∈ S(HA ⊗HB) with 1
2‖ρ − σ‖1 ≤ ε. Then, for α ∈

[1/2, 1) we find

|Ĩ↑
α(A : B)ρ−Ĩ↑

α(A : B)σ | ≤ 2 log
(
1 + ε

1
α

)
+

1

1 − α
log

(
1 + εαm2(1−α) − ε

1
α

(1 + ε
1
α )2(1−α)

)
,

(10)
and for α ∈ (1,∞) we have

|Ĩ↑
α(A : B)ρ − Ĩ↑

α(A : B)σ|
≤ 2 log

(
1 + ε

1
α

)
+

1
α − 1

log
(

1 + ε
1
α m2(α−1) − εα

(1 + ε
1
α )2(α−1)

)
, (11)

where in both bounds m = min{dA, dB}.
Proof. We will only demonstrate the proof for α ∈ (1,∞) as the case α ∈
[1/2, 1) is almost completely analogous up to reversing the inequalities. We
further will only cover the case where 1

2‖ρ − σ‖1 = ε, since the proposed
bounds are monotone in ε. Let μ, ν be orthogonal quantum states such that
ρ + εμ = σ + εν. It is straightforward to see that deriving the claimed bound
boils down to deriving upper bounds on

inf
τA,τB

Q̃α(ρ‖τA ⊗ τB)

inf
τA,τB

Q̃α(σ‖τA ⊗ τB)
and

inf
τA,τB

Q̃α(σ‖τA ⊗ τB)

inf
τA,τB

Q̃α(ρ‖τA ⊗ τB)
.

Since the proof for both fractions is exactly the same, we will only demonstrate
it for the first one here. Employing joint convexity of the Q̃α (c.f. Lemma 4.1),
we get that

inf
τA,τB

Q̃α(σ + εν‖τA ⊗ τB)

≤ (1 + ε)α−1

(
inf
τA

(
inf
τB

Q̃α(σ‖τA ⊗ τB) + ε inf
τB

Q̃α(ν‖τA ⊗ τB)
))

where we could split the first infimum by writing the optimization as an opti-
mization over τB,1 and τB,2, replacing τB = 1

1+ετB,1 + ε
1+ετB,2 and then apply

joint convexity. The second infimum is divided in τA = 1

1+ε
1
α

τA,1 + ε
1
α

1+ε
1
α

τA,2

and bounded via the anti-monotonicity of Q̃α in the second argument (see [40,

Lemma 4.10]) and τA ≥ 1

1+ε
1
α

τA,1, τA ≥ ε
1
α

1+ε
1
α

τA,2. This gives

(1 + ε)α−1(inf
τA

(inf
τB

Q̃α(σ‖τA ⊗ τB) + ε inf
τB

Q̃α(ν‖τA ⊗ τB)))

≤ (1 + ε)α−1(1 + ε
1
α )α−1( inf

τA,τB
Q̃α(σ‖τA ⊗ τB)
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+ ε1+
1−α

α inf
τA,τB

Q̃α(ν‖τA ⊗ τB))

≤ (1 + ε
1
α )2(α−1)( inf

τA,τB
Q̃α(σ‖τA ⊗ τB) + ε

1
α inf

τA,τB
Q̃α(ν‖τA ⊗ τB)) .

Now, using again the superadditivity (c.f. Lemma 4.2), we get

inf
τA,τB

Q̃α(σ + εν‖τA ⊗ τB) = inf
τA,τB

Q̃α(ρ + εμ‖τA ⊗ τB)

≥ inf
τA,τB

Q̃α(ρ‖τA ⊗ τB) + εα inf
τA,τB

Q̃α(μ‖τA ⊗ τB)

It holds that for a quantum state ξ, 1 ≤ inf
τA,τB

Q̃α(ξ‖τA ⊗τB) ≤ m2(α−1), where

m = min{dA, dB}. Indeed, assuming without loss of generality m = dA, we
can estimate Ĩα(A : B)ξ ≤ −H̃(A|B)ξ + log dA and use the bound in Eq. (4).
Combining both estimates with this bound, we get

inf
τA,τB

Q̃α(ρ‖τA ⊗τB) ≤ (1+ε
1
α )2(α−1)( inf

τA,τB

Q̃α(σ‖τA ⊗τB)+ε
1
α m2(α−1))−εα .

Subsequently, we divide by infτA,τB
Q̃α(σ‖τA ⊗ τB) and use again that for ξ

a quantum state 1 ≤ infτA,τB
Q̃α(ξ‖τA ⊗ τB). In addition, we use that (1 +

ε
1
α )2(α−1)ε

1
α m2(α−1) − εα ≥ ε1/α − εα ≥ 0. This leads to

inf
τA,τB

Q̃α(ρ‖τA ⊗ τB)

inf
τA,τB

Q̃α(σ‖τA ⊗ τB)
≤ (1 + ε

1
α )2(α−1)

(
1 + ε

1
α m2(α−1) − εα

(1 + ε
1
α )2(α−1)

)

Applying the logarithm, multiplying with 1
α−1 and then repeating the whole

procedure for the other fraction gives the claimed result.

Corollary 5.4 (Limits). Let ρ, σ ∈ S(HA ⊗HB) with 1
2‖ρ − σ‖1 ≤ ε. Then,

taking α → 1 in Eqs. (10) and (11) yields

|I(A : B)ρ − I(A : B)σ| ≤ 2ε log m + 2(1 + ε)h
(

ε

1 + ε

)
,

where I(A : B)ρ is the usual mutual information. This is the bound from [34].
Taking the limit α → ∞ leads to

|I↑
∞(A : B)ρ − I↑

∞(A : B)σ| ≤ log 4m2,

which is no longer a continuity bound.

Proof. The first limit can be obtained using l’Hospital’s rule as in Lemma 4.21.
The second limit can be obtained by isolating m2(α−1) in the logarithm.

5.3. Continuity Bounds for the Sandwiched Rényi Conditional Mutual Infor-
mation

Let us recall that given a tripartite space HABC = HA ⊗HB ⊗HC and ρABC ∈
S(HABC), the sandwiched Rényi conditional mutual information of ρABC is
given by

Ĩ↑
α(A : C|B)ρ := H̃↑

α(A|B)ρ − H̃↑
α(A|BC)ρ .
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We also define the max conditional mutual information

Ĩ↑
∞(A : C|B)ρ := H̃↑

∞(A|B)ρ − H̃↑
∞(A|BC)ρ .

and the quantum conditional mutual information

Ĩ(A : C|B)ρ := H̃(A|B)ρ − H̃(A|BC)ρ . (12)

As a consequence of the definition, we can derive continuity bounds for the
sandwiched Rényi conditional mutual information in terms of the continuity
bounds for sandwiched Rényi conditional entropies obtained in Sect. 5.1. This
is the content of the next result.

Corollary 5.5 (Continuity bound for sandwiched Rényi conditional mutual in-
formation). Let ρ, σ ∈ S(HABC) be quantum states, with 1

2‖ρ−σ‖1 ≤ ε. Then,
for α ∈ [1/2, 1) we have

|Ĩ↑
α(A : C|B)ρ − Ĩ↑

α(A : C|B)σ| ≤ 2 log(1 + ε)

+
2

1 − α
log
(

1 + εαd
2(1−α)
A − ε

(1 + ε)1−α

)
, (13)

and for α ∈ (1,∞),

|Ĩ↑
α(A : C|B)ρ − Ĩ↑

α(A : C|B)σ| ≤ min

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

2 log
(
1 + ε) + 2

α−1
log(1 + εd

2(α−1)
A − εα

(1+ε)α−1

)
,

2α
α−1

log(1 + εd
2 α−1

α
A ) ,

2 log(1 + ε) + 2α
α−1

log(1 + εd
2 α−1

α
A − ε

2− 1
α

(1+ε)
α−1

α

) .

(14)

Proof. Note that

|Ĩ↑
α(A : C|B)ρ − Ĩ↑

α(A : C|B)σ| ≤ |H̃↑
α(A|B)ρ − H̃↑

α(A|B)σ|
+ |H̃↑

α(A|BC)ρ − H̃↑
α(A|BC)σ| .

Thus, a continuity bound for the sandwiched Rényi conditional mutual infor-
mation follows as a continuity bound for the sandwiched Rényi conditional
entropy, with a factor of 2. We conclude using the bounds from Corollary 5.1.

For the sake of consistency, we state in the following the limits α → 1
and α → ∞ which directly follows from Corollary 5.2 by the same argument
as in the proof of the above corollary:

Corollary 5.6 (Limits). Let ρ, σ ∈ S(HABC) be quantum states, with 1
2‖ρ −

σ‖1 ≤ ε. Then, the limit α → 1 of Equation (13) yields

|I(A : C|B)ρ − I(A : C|B)σ| ≤ 4ε log dA + 2(1 + ε)h
(

ε

1 + ε

)
,

and the limit of Equation (14)

|I(A : C|B)ρ − I(A : C|B)σ| ≤ min

⎧⎪⎪⎨
⎪⎪⎩

4ε log dA + 2(1 + ε)h
(

ε
1+ε

)
,

∞ ,

4ε log dA + 2(1 + ε)h
(

ε
1+ε

)
,
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where I(A : C|B)ρ is the usual quantum conditional information (see Eq. (12)).
The limit α → ∞ of equation (14) yields

|I↑
∞(A : C|B)ρ − I↑

∞(A : C|B)σ| ≤ min

⎧⎪⎨
⎪⎩

2 log(1 + ε) + 4 log dA ,

2 log(1 + εd2A) ,

2 log((1 + ε)(1 + εd2A) − ε2) .

Proof. The proof is a direct application of Corollary 5.2.

5.4. Continuity Bounds in the First Argument for Sandwiched Rényi Diver-
gences

Corollary 5.7 (Continuity bound in the first argument). Let ρ, σ, τ ∈ S(H)
be quantum states, with ker τ ⊆ ker ρ ∩ ker σ, 1

2‖ρ − σ‖1 ≤ ε and α ∈ [1/2, 1).
Then

|D̃α(ρ‖τ) − D̃α(σ‖τ)| ≤ log
(

1 + ε) +
1

1 − α
log(1 + εαm̃α−1

τ − ε

(1 + ε)1−α

)
,

(15)
where m̃τ is the smallest nonzero eigenvalue of τ . For α ∈ (1,∞) we find

|D̃α(ρ‖τ)−D̃α(σ‖τ)| ≤ min

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

log(1 + ε) + 1
α−1 log

(
1 + εm̃1−α

τ − εα

(1+ε)α−1

)
,

α
α−1 log

(
1 + εm̃

1−α
α

τ

)
,

log(1 + ε) + α
α−1 log

(
1 + εm̃

1−α
α

τ − ε2− 1
α

(1+ε)
α−1

α

)
.

(16)

Proof. We first restrict H to the support of τ which gives us a Hilbert space
H̃ on which τ is positive definite. Clearly ρ, σ ∈ S(H̃) as ker τ ⊆ ker ρ ∩ ker σ.
We further have that C := {τ} is a convex, compact set containing a positive
definite state and

sup
ρ∈S(H̃)

D̃α,C(ρ) ≤ log
1

m̃τ
,

which follows from D̃α(ν‖τ) ≤ D∞(ν‖τ) ≤ − log m̃τ for ν ∈ S(H̃) (see Eq.
(5)). Lastly, we find

D̃α(η‖τ) = D̃α,C(η) η ∈ {ρ, σ} ,

allowing us to use Theorem 4.4, Theorem 4.17, Theorem 4.20. This yields both
assertions.

We can again consider the limits α → 1 and α → ∞.

Corollary 5.8 (Limits). Let ρ, σ, τ ∈ S(H) be quantum states, with ker τ ⊆
ker ρ ∩ ker σ, 1

2‖ρ − σ‖1 ≤ ε. For the limit α → 1 in Equation (16), we obtain

|D(ρ‖τ) − D(σ‖τ)| ≤ ε log(m̃−1
τ ) + (1 + ε)h

(
ε

1 + ε

)
,
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where m̃τ is the smallest nonzero eigenvalue of τ , and for Equation (16)

|D(ρ‖τ) − D(σ‖τ)| ≤ min

⎧⎪⎪⎨
⎪⎪⎩

ε log(m̃−1
τ ) + (1 + ε)h

(
ε

1+ε

)
,

∞ ,

ε log(m̃−1
τ ) + (1 + ε)h

(
ε

1+ε

)
,

which is exactly the continuity bound in [8]. For α → ∞ Equation (16) gives

|D∞(ρ‖τ) − D∞(σ‖τ)| ≤ min

⎧⎪⎨
⎪⎩

log(1 + ε) + log(m̃−1
τ ) ,

log(1 + εm̃−1
τ ) ,

log((1 + ε)(1 + εm̃−1
τ ) − ε2) .

Proof. The proof is a direct application of Lemma 4.7, Lemma 4.19, Lemma 4.21
in the context of Corollary 5.7.

5.5. Divergence Bounds for Sandwiched Rényi Divergences

The continuity bounds in the first argument directly give us divergence bounds
of the sandwiched Rényi divergences.

Corollary 5.9. (Divergence bound) Let ρ, τ ∈ S(H) with ker τ ⊆ ker ρ and
1
2‖ρ − τ‖1 ≤ ε and α ∈ [1/2, 1)

D̃α(ρ‖τ) ≤ log(1 + ε) +
1

1 − α
log
(

1 + εαm̃α−1
τ − ε

(1 + ε)1−α

)
, (17)

where m̃τ is the smallest nonzero eigenvalue of τ . For α ∈ (1,∞) we find

D̃α(ρ‖τ) ≤ min

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

log(1 + ε) + 1
α−1 log

(
1 + εm̃1−α

τ − εα

(1+ε)α−1

)
,

α
α−1 log(1 + εm̃

1−α
α

τ ) ,

log(1 + ε) + α
α−1 log

(
1 + εm̃

1−α
α

τ − ε2− 1
α

(1+ε)
α−1

α

)
.

(18)

Proof. The proof is a direct application of Corollary 5.7, with σ = τ .

Corollary 5.10 (Limits). Let ρ, τ ∈ S(H) with ker τ ⊆ ker ρ and 1
2‖ρ−τ‖1 ≤ ε.

For the limit α → 1 in Equation (17), we obtain

D(ρ‖τ) ≤ ε log(m̃−1
τ ) + (1 + ε)h

(
ε

1 + ε

)
,

where m̃τ is the smallest nonzero eigenvalue of τ , and for Equation (18)

D(ρ‖τ) ≤ min

⎧⎪⎪⎨
⎪⎪⎩

ε log(m̃−1
τ ) + (1 + ε)h

(
ε

1+ε

)
,

∞ ,

ε log(m̃−1
τ ) + (1 + ε)h

(
ε

1+ε

)
,

which is exactly the divergence bound in [8]. For α → ∞ in Equation (18)
gives

D∞(ρ‖τ) ≤ min

⎧⎪⎨
⎪⎩

log(1 + ε) + log(m̃−1
τ ) ,

log(1 + εm̃−1
τ ) ,

log((1 + ε)(1 + εm̃−1
τ ) − ε2) .
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Proof The proof is a direct application of Lemma 4.7, Lemma 4.19, Lemma 4.21
in the context of Corollary 5.7.

5.6. Distance to Separable States

We consider the distance to the set of separable states in terms of the sand-
wiched Rényi divergence and prove that it is uniformly continuous in the spirit
of [13,42]. Note that the α → 1 limit recovers the Corollary 8 of [42].

Corollary 5.11 (Distance to the set of separable states). Let SEPAB ⊆ S(HA ⊗
HB) be the set of separable states. Then the map

D̃α,SEP : S(HA ⊗HB) → R, ρ 	→ D̃α,SEP(ρ) := inf
τ∈SEPAB

D̃α(ρ‖τ)

is uniformly continuous for α ∈ [1/2, 1) ∪ (1,∞) and for ρ, σ ∈ S(HA ⊗HB)
with 1

2‖ρ − σ‖1 ≤ ε, and α ∈ [1/2, 1)

|D̃α,SEP(ρ) − D̃α,SEP(σ)| ≤ log(1 + ε) +
1

1 − α
log(1 + εαm1−α − ε

(1 + ε)1−α
)

and for α ∈ (1,∞)

|D̃α,SEP(ρ)−D̃α,SEP(σ)| ≤ min

⎧⎪⎪⎨
⎪⎪⎩

log(1 + ε) + 1
α−1 log(1 + εmα−1 − εα

(1+ε)α−1 ) ,
α

α−1 log(1 + εm
α−1

α ) ,

log(1 + ε) + α
α−1 log(1 + εm

α−1
α − ε2− 1

α

(1+ε)
α−1

α

) ,

where m = min{dA, dB}.
Proof The set of separable states is known to be compact and convex and
contains the maximally mixed state, which is positive definite. Consider α > 1.
Due to the joint convexity of Q̃α we can reduce to pure states and further using
Remark 3.2 shows

inf
τ∈SEPAB

Q̃α(ρ‖τ) ≤ sup
|ψ〉

inf
τ∈SEPAB

Q̃α(|ψ〉〈ψ|‖τ)

= sup
|ψ〉

inf
τ∈SEPAB

(〈ψ|τ 1−α
α |ψ〉)α,

where |ψ〉〈ψ| is a rank-1 projection. Let

|ψ〉 =
m∑

i=1

λi|ei〉A|fi〉B

be the Schmidt decomposition of |ψ〉 such that in particular λi ≥ 0 for all
i ∈ {1, . . . , m} and

∑
i λ2

i = 1. Both {|ei〉}i and {|fj〉}j are orthonormal sets.
Choose

τ0 :=
1
m

m∑
i=1

|ei〉〈ei| ⊗ |fi〉〈fi|.

Then,

inf
τ∈SEPAB

Q̃α(ρ‖τ) ≤ sup
|ψ〉

(〈ψ|τ
1−α

α
0 |ψ〉)α
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= sup
|ψ〉

mα−1

(
m∑

i=1

λ2
i

)α

= mα−1 .

The proof for α ∈ [1/2, 1) proceeds analogously, using the same τ0.
Employing Theorem 4.4, Theorem 4.17 and Theorem 4.20 gives the claimed
bounds.

We can conclude the limits α → 1 and α → ∞ as before using Lemma 4.7,
Lemma 4.19 and Lemma 4.21.

Corollary 5.12 (Limits). Let ρ, σ ∈ S(H) and 1
2‖ρ − σ‖1 ≤ ε. For the limit

α → 1 in Equation (17), we obtain

|DSEP(ρ) − DSEP(σ)| ≤ min

⎧⎪⎪⎨
⎪⎪⎩

ε log(m) + (1 + ε)h
(

ε
1+ε

)
,

∞ ,

ε log(m) + (1 + ε)h
(

ε
1+ε

)
,

which is exactly the bound in [42]. For α → ∞ we infer

|D∞,SEP(ρ) − D∞,SEP(σ)| ≤ min

⎧⎪⎨
⎪⎩

log(1 + ε) + log(m−1) ,

log(1 + εm) ,

log((1 + ε)(1 + εm) − ε2) .

5.7. Distance Measures in Resource Theories

While the previous section already gave an application to entanglement theory
of our tools developed in Sect. 4, we can apply our techniques to any resource
theory that includes a set of free states F that is compact and convex and
contains a positive definite state. Then D̃α,F (ρ) quantifies the resourcefulness
of the state ρ in terms of its distance to the set of free states (see, e.g., [43]).
This resource measure is known as the Rényi relative entropy of resource.
Especially, the requirements for F hold for the resource theories falling into
the framework of [3], requiring the sets of free states to be compact and convex
and further contain the maximally mixed state. These theories include the
resource theories of

1. entanglement (where the free states are the separable states).
2. coherence (where the free states are the states diagonal in a fixed basis).
3. asymmetry (where the free states are those invariant under some group).
4. nonuniformity and purity (where the only free state is the maximally

mixed state).
5. thermodynamics (where the only free state is the Gibbs state for a fixed

Hamiltonian and temperature; for this to be the maximally mixed state,
we can take the temperature to be infinite).

6. contextuality (where the set of free states are non-contextual probability
distributions).
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7. stabilizer computation (where the free states are the convex hull of states
that can be produced with a Clifford unitary from a standard state such
as |0〉).

For more details on the resource theories in question, we refer the reader to
[3] and the references therein as well as to the textbook [17]. We now present
the continuity bounds we obtain on resource measures:

Corollary 5.13 (Distance to the set of free states). Let F ⊂ S(H) be the free
states of a resource theory such that 1 /d ∈ F . Then the map

D̃α,F : S(H) → R, ρ 	→ D̃α,F (ρ) := inf
τ∈F

D̃α(ρ‖τ)

is uniformly continuous for α ∈ [1/2, 1) ∪ (1,∞) and for ρ, σ ∈ S(H) with
1
2‖ρ − σ‖1 ≤ ε, and α ∈ [1/2, 1)

|D̃α,F (ρ) − D̃α,F (σ)| ≤ log(1 + ε) +
1

1 − α
log(1 + εαd1−α − ε

(1 + ε)1−α
)

and for α ∈ (1,∞)

|D̃α,F (ρ) − D̃α,F (σ)| ≤ min

⎧⎪⎪⎨
⎪⎪⎩

log(1 + ε) + 1
α−1 log(1 + εdα−1 − εα

(1+ε)α−1 ) ,
α

α−1 log(1 + εd
α−1

α ) ,

log(1 + ε) + α
α−1 log(1 + εd

α−1
α − ε2− 1

α

(1+ε)
α−1

α

) .

Proof We observe that, using 1 /d ∈ F ,

sup
ρ∈S(H)

D̃α,F (ρ) ≤ log(d) + sup
ρ∈S(H)

1
α − 1

log tr[ρα] ≤ log(d).

Then, the claimed bounds follow from Theorem 4.4, Theorem 4.17, and The-
orem 4.20.

Remark 5.14 The bounds presented here use no special knowledge of F other
than that it contains the maximally mixed state. Note that this state could
be replaced with another full-rank state of choice. As seen in Sect. 5.6 better
bounds are in some cases possible for a given resource theory using other states
in F to estimate the κ in Theorem 4.4, Theorem 4.17, and Theorem 4.20. Sim-
ilar calculations can also provide continuity bounds on the resource measure in
the resource theory of thermodynamics at finite temperature. We leave further
explorations of concrete resource theories to future work.

5.8. Generalized Sandwiched Rényi Mutual Information

In this section, we are interested in continuity bounds for the generalized sand-
wiched Rényi mutual information defined as

Ĩ↑
α(ρAB‖τA) := inf

σB∈S(HB)
D̃α(ρAB‖τA ⊗ σB) (19)

for ρAB ∈ S(HAB) and τA ∈ S(HA) such that ker(τA) ⊆ ker ρA.
This quantity appears in the context of hypothesis testing [18]. More

concretely, in appears in the strong converse exponent of the hypothesis test
where the null hypothesis is that the state is ρ⊗n

AB and the alternative hypothesis
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that the state is τ⊗n
A ⊗σBn for some state σBn , not necessarily product. In this

case, we impose that the error of the second kind goes to zero exponentially
fast with a rate exceeding the mutual information I(ρAB‖τA). Here, I(ρAB‖τA)
is defined as in Eq. (19), but with the Umegaki relative entropy. Then, the
authors of [18] prove that the error of the first kind converges to 1 exponentially
fast and the rate is determined by Ĩ↑

α(ρAB‖τA) with α > 1. Recently, the
generalized sandwiched Rényi mutual information has also appeared in the
context of convex splitting [11,12].

For this quantity, we can prove the following continuity bounds:

Corollary 5.15 Let ρAB, σAB ∈ S(HAB) and τA ∈ S(HA) such that ker τA ⊆
ker ρA ∩ ker σA. Moreover, let 1

2‖ρAB − σAB‖ ≤ ε and let m̃τ be the minimal
nonzero eigenvalue of τA. Then the function ηAB 	→ Ĩ↑

α(ηAB‖τA) is uniformly
continuous on S(HAB) with the following continuity bounds: for α ∈ [1/2, 1),
we find

|Ĩ↑
α(ρAB‖τA) − Ĩ↑

α(σAB‖τA)| ≤ log(1 + ε)

+
1

1 − α
log

(
1 + εα

(
m

m̃τ

)1−α

− ε

(1 + ε)1−α

)

and for α ∈ (1,∞)

|Ĩ↑
α(ρAB‖τA)−Ĩ↑

α(σAB‖τA)| ≤ min

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

log(1 + ε) + 1
α−1

log

(
1 + ε

(
m

m̃τ

)α−1 − ε
(1+ε)α−1

)
,

α
α−1

log(1 + ε
(

m
m̃τ

)α−1
α

) ,

log(1 + ε) + α
α−1

log

(
1 + ε

(
m

m̃τ

)α−1
α − ε

2− 1
α

(1+ε)
α−1

α

)
,

where m = min{dA, dB}.
Proof We first restrict the Hilbert space HAB to the support of τA ⊗ 1B and
get that this is a Hilbert space H̃AB on which τA ⊗ 1 is positive definite.
Clearly ρAB , σAB ∈ S(H̃AB) as ker τA ⊆ ker ρA ∩ ker σA, a fact that can be
verified using a purification of ρAB and an appropriate Schmidt decomposition
that for PA the orthogonal projection onto the support of τA, it holds that
(PA ⊗ 1)ρAB(PA ⊗ 1) = ρAB . Hence

C(τA) := {τA ⊗ σB : σB ∈ S(HB)}
is a compact convex subset of the state space S(HAB) which contains a positive
definite state (e.g. τA ⊗ 1B

dB
). Finally, we have that

0 ≤ Ĩ↑
α(ρAB‖τA) ≤ inf

σB

D̃α(ρAB‖m̃τ1A ⊗ σB)

= − log(m̃τ ) + inf
σB

D̃α(ρAB‖1A ⊗ σB)

where we have used Lemma 4.3 of [40] in the inequality. Thus

sup
ρAB

|Ĩ↑
α(ρAB‖τA)| ≤ − log(m̃τ ) − H̃↑

α(A|B)ρ ≤ log
m

m̃τ
.

The assertion now follows from applying Theorem 4.4, Theorem 4.17 and 4.20.
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For τA = 1/dA, we retrieve the bounds on the sandwiched Rényi condi-
tional entropy in Sect. 5.1 as expected. Therefore, they also have an interpre-
tation in a hypothesis-testing scenario.

Corollary 5.16 (Limits). Let ρAB, σAB ∈ S(HAB) and τ ∈ S(HA) such that
ker τA ⊆ ker ρA ∩ ker σA. Moreover, let 1

2‖ρAB − σAB‖ ≤ ε and m̃τ be the
minimal nonzero eigenvalue of τA. Then we find

|I(ρAB‖τA) − I(σAB‖τA)| ≤ ε log
(

m

m̃τ

)
+ (1 + ε)h

( ε

1 + ε

)
,

|Ĩ↑
∞(ρAB‖τA) − Ĩ↑

∞(σAB‖τA)| ≤ log
(

1 + ε
m

m̃τ

)
.

Proof This follows from Lemmas 4.7 and 4.19.

6. α-Approximate Quantum Markov Chains

The main aim of this section is to study α-approximate quantum Markov
chains, namely positive states ρABC on a tripartite space whose (non-variational)
sandwiched Rényi conditional mutual information is small enough. Here, we
show that this notion is equivalent to that of approximate quantum Markov
chains, i.e. states for which the conditional mutual information is small enough.
Beforehand, we need to introduce some technical results, which concern con-
tinuity bounds for sandwiched Rényi divergences in both inputs.

6.1. Continuity Bounds for Non-Variational Rényi Divergences via the ALAFF
method

In contrast to our main results, we prove in this section some continuity bounds
for the sandwiched Rényi divergence and its derived quantities with respect to
both inputs. The drawback of this more general approach is that the bounds
obtained are less tight compared to those previously proven by techniques
tailored to continuity bounds where the second input is fixed or optimized
over.

In comparison to the quantities studied before, we no longer optimize
over the second state but consider it to be the marginal of the input. Let us
consider a bipartite Hilbert space HAB = HA ⊗HB and ρAB ∈ S(HAB). Then,
for α ∈ [1/2, 1) ∪ (1,∞), the (non-variational) sandwiched Rényi conditional
entropy is given by

H̃α(A|B)ρ :=
1

1 − α
log Q̃α(ρAB‖1A ⊗ρB) .

Note that we will also use the notation Q̃α(A|B)ρ := Q̃α(ρAB‖1⊗ρB). Anal-
ogously, for the (non-variational) sandwiched Rényi mutual information we
set

Ĩα(A : B)ρ := D̃α(ρAB‖ρA ⊗ ρB) ,
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and lastly, we define the (non-variational) sandwiched Rényi conditional mu-
tual information for ρABC ∈ S(HA ⊗HB ⊗HC) by

Ĩα(A : C|B)ρ := H̃α(C|B)ρ − H̃α(C|AB)ρ .

The approach to derive continuity bounds will be based on the ALAFF
method [8,9]. This is a generalization of the Alicki-Fannes-Winter (AFW)
method, introduced under this name by Shirokov [35,36] and based on the
seminal results for continuity bounds of entropies by the authors of [1,42].

Let H denote a finite-dimensional Hilbert space and f be a real-valued
function on the convex set S0 ⊆ S(H). We say that f is almost locally affine
(ALAFF), if there exist continuous functions af , bf : [0, 1] → R, that are non-
decreasing on [0, 1

2 ], vanish as p → 0+ and satisfy

− af (p) ≤ f(pρ + (1 − p)σ) − pf(ρ) − (1 − p)f(σ) ≤ bf (p) (20)

for all p ∈ [0, 1] and ρ, σ ∈ S0. Moreover, the set S0 is called perturbed Δ-
invariant with perturbation parameter s ∈ [0, 1) if for all ρ, σ ∈ S0 with
ρ �= σ, there is a state τ such that both states

Δ±(ρ, σ, τ) = sτ + (1 − s)ε−1[ρ − σ]± ∈ S0 ,

where we fix ε = 1
2‖ρ−σ‖1, and denote by [ · ]± the positive and negative parts

of a self-adjoint operator, respectively.
In the following result, we prove that Q̃α(·‖·) is almost locally affine for

α ∈ [1/2, 1) ∪ (1,+∞). Note that we only need to prove the almost joint
concavity part for α ∈ (1,+∞) (respectively, convexity, for α ∈ [1/2, 1)), since
Q̃α(·‖·) is already jointly convex (resp. jointly concave).

Theorem 6.1 Let (ρ1, σ1), (ρ2, σ2) ∈ Sker := {(ρ, σ) ∈ S(H) × S(H) : kerσ ⊆
ker ρ}, p ∈ [0, 1], and define ρ := pρ1 + (1 − p)ρ2 and σ := pσ1 + (1 − p)σ2,
respectively. Let us denote by mσ1 and mσ2 the minimal nonzero eigenvalue of
σ1 and σ2, respectively. Then, for α ∈ [1/2, 1), we have

Q̃α(ρ‖σ) ≤ p Q̃α(ρ1‖σ1) + (1 − p)Q̃α(ρ2‖σ2) + ξ(α, p, σ1, σ2) , (21)

and for α ∈ (1,+∞),

Q̃α(ρ‖σ) ≥ pQ̃α(ρ1‖σ1) + (1 − p)Q̃α(ρ2‖σ2) + ξ(α, p, σ1, σ2) , (22)

where for α ∈ [1/2, 1) the error term ξ is positive and if α ∈ (1,∞) it is
negative. Moreover,

ξ(α, p, σ1, σ2) := −1 + pα(p + (1 − p)m−1
σ1

)1−α + (1 − p)α(pm−1
σ2

+ (1 − p))1−α

≤ (1 − α)
√

p
((
log(m−1

σ1
) + 1

)
(m−1

σ1
)1−α +

(
m−1

σ2
+ 1
)
(m−1

σ2
)1−α

)
=: uα(p)

for α ∈ [1/2, 1) and

ξ(α, p, σ1, σ2) := −(p − pα(p + (1 − p)m−1
σ1

)1−α
)
m1−α

σ1

− ((1 − p) − (1 − p)α(pm−1
σ2

+ (1 − p))1−α
)
m1−α

σ2

≥ (1 − α)
√

p
((
log(m−1

σ1
) + 1

)
m1−α

σ1
+
(
m−1

σ2
+ 1
)
m1−α

σ2

)
=: vα(p)

for α ∈ (1,∞).
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Proof We start with the case α ∈ [1/2, 1). Here, we first separate ρ using the
superadditivity of Q̃α (cf. Lemma 4.2)

Q̃α(ρ‖σ) = tr[(σ
1−α
2α ρσ

1−α
2α )α]

≤ pαtr[(σ
1−α
2α ρ1σ

1−α
2α )α] + (1 − p)αtr[(σ

1−α
2α ρ2σ

1−α
2α )α] ,

To split σ, let P1 be the projection onto the support of σ1. Then, we can upper
bound P1σP1 by σ1 using P1σ2P1 ≤ P1 ≤ m−1

σ1
σ1 to obtain

P1σP1 = pσ1 + (1 − p)P1σ2P1 ≤ (p + (1 − p)m−1
σ1

)
σ1 =: cσ1σ1 .

Then, we rewrite and upper bound by

tr
[(

σ
1−α
2α ρ1σ

1−α
2α

)α]
= tr
[(

ρ
1/2
1 P1σ

1−α
α P1ρ

1/2
1

)α]

≤ tr
[(

ρ
1/2
1 (P1σP1)

1−α
α ρ

1/2
1

)α]

≤ c1−α
σ1

tr
[(

ρ
1/2
1 σ

1−α
α

1 ρ
1/2
1

)α
]

,

which uses that x 	→ xs is operator monotone and operator concave for s ∈
[0, 1] and, in particular, 1−α

α ∈ (0, 1] for all α ∈ [12 , 1). Therefore, the first
inequality follows from [7, Theorem V.2.3] Repeating the same steps for σ2,
this time inserting the projection P2 onto the support of σ2, and using the
inequalities Q̃α(ρ1‖σ1) ≤ 1 and Q̃α(ρ2‖σ2) ≤ 1, we obtain

Q̃α(ρ‖σ) ≤ pαc1−α
σ1

Q̃α(ρ1‖σ1) + (1 − p)αc1−α
σ2

Q̃α(ρ2‖σ2)

≤ pQ̃α(ρ1‖σ1) + (1 − p)Q̃α(ρ2‖σ2) + ξ(α, p, σ1, σ2) ,

for

ξ(α, p, σ1, σ2) = (pαc1−α
σ1

− p) + ((1 − p)αc1−α
σ2

− (1 − p))

≥ (pαc1−α
σ1

− p)Q̃α(ρ1‖σ1) + ((1 − p)αc1−α
σ2

− (1 − p))Q̃α(ρ2‖σ2) ,

which proves the first bound. For p ∈ {0, 1} the bound is clear so that
w.l.o.g. we consider p ∈ (0, 1) in the following. Next, we upper bound ξ(α, p, σ1, σ2)
further:

ξ(α, p, σ1, σ2) = −p + pα(p + (1 − p)m−1
σ1

)1−α

− (1 − p) + (1 − p)α(pm−1
σ2

+ (1 − p))1−α

=

∫ 1

0
p

d

ds
(1 + p−1(1 − p)m−1

σ1
)s(1−α)

+ (1 − p)
d

ds
((1 − p)−1pm−1

σ2
+ 1)s(1−α)ds

= (1 − α)

∫ 1

0
p1−s(1−α)

(
log(p + (1 − p)m−1

σ1
) − log(p)

)

(p + (1 − p)m−1
σ1

)s(1−α)

+ (1 − p)1−s(1−α)
(
log(pm−1

σ2
+ (1 − p)) − log(1 − p)

)
(pm−1

σ2
+ (1 − p))s(1−α)ds ,
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where the natural logarithm is considered. Next, we bound the following term
separately

−
∫ 1

0

p1−s(1−α) log(p)(p + (1 − p)m−1
σ1

)s(1−α)

≤ −(p + (1 − p)m−1
σ1

)1−α

∫ 1

0

p1−s/2 log(p)ds

≤2(m−1
σ1

)1−αp(
√

p − p)

≤(m−1
σ1

)1−α√
p

where we used p(
√

p − p) ≤ 1
2

√
p. Similarly,

−
∫ 1

0

(1 − p)1−s(1−α) log(1 − p)(pm−1
σ2

+ (1 − p))s(1−α)

≤ −(pm−1
σ2

+ (1 − p))1−α

∫ 1

0

(1 − p)1−s/2 log(1 − p)ds

≤2(m−1
σ1

)1−α(1 − p)(
√

1 − p − (1 − p))

≤(m−1
σ1

)1−α√
p

which uses that
√

1 − p − (1 − p) ≤ 1
2

√
p in the last inequality. Therefore,

ξ(α, p, σ1, σ2)

= (1 − α)

∫ 1

0
p1−s(1−α)

(
log(p + (1 − p)m−1

σ1
) − log(p)

)
(p + (1 − p)m−1

σ1
)s(1−α)

+ (1 − p)1−s(1−α)
(
log(pm−1

σ2
+ (1 − p)) − log(1 − p)

)
(pm−1

σ2
+ (1 − p))s(1−α)ds

≤ (1 − α)
(√

p
(
log(m−1

σ1
) + 1

)
(m−1

σ1
)1−α +

(
log(pm−1

σ2
+ (1 − p)) +

√
p
)
(m−1

σ2
)1−α

)
≤ (1 − α)

(√
p
(
log(m−1

σ1
) + 1

)
(m−1

σ1
)1−α +

(
log(pm−1

σ2
+ 1) +

√
p
)
(m−1

σ2
)1−α

)
≤ (1 − α)

√
p
((
log(m−1

σ1
) + 1

)
(m−1

σ1
)1−α +

(
m−1

σ2
+ 1
)
(m−1

σ2
)1−α

)
finishes the bounds for the case α ∈ [1/2, 1). Next, we consider the case of
α ∈ (1,+∞), which follows a similar line of reasoning. The superadditivity of
Q̃α (cf. Lemma 4.2) gives

Q̃α(ρ‖σ) ≥ pαtr
[(

σ
1−α
2α ρ1σ

1−α
2α

)α]
+ (1 − p)αtr

[(
σ

1−α
2α ρ2σ

1−α
2α

)α]
.

Then, we use the bounds P1σP1 ≤ cσ1σ1 and P2σP2 ≤ cσ2σ2 again. Since
α ∈ (1,+∞), the fraction 1−α

α ∈ (−1, 0) so that x 	→ −x
1−α

α is operator
monotone and operator concave, allowing us to use [7, Exercise V.2.2] and
find

Q̃α(ρ‖σ) ≥ pαc1−α
σ1

Q̃α(ρ1‖σ1) + (1 − p)αc1−α
σ2

Q̃α(ρ2‖σ2)

= pQ̃α(ρ1‖σ1) + (1 − p)Q̃α(ρ2‖σ2) + ξ(α, p, σ1, σ2) ,

Since Q̃α(ρi‖σi) ≤ m1−α
σi

for i = 1, 2, we find that

ξ(α, p, σ1, σ2) = −[(p − pαc1−α
σ1

)m1−α
σ1

+ ((1 − p) − (1 − p)αc1−α
σ2

)m1−α
σ2

]
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≤ −[(p − pαc1−α
σ1

)Q̃α(ρ1‖σ1) + ((1 − p)

− (1 − p)αc1−α
σ2

)Q̃α(ρ2‖σ2)] ,

giving the third bound in the assertion. At last, we simplify this bound as
follows;

−ξ(α, p, σ1, σ2)

=
(
p − p

α
(p + (1 − p)m

−1
σ1

)
1−α)

m
1−α
σ1

+
(
(1 − p) − (1 − p)

α
(pm

−1
σ2

+ (1 − p))
1−α)

m
1−α
σ2

= (α − 1)

∫ 1

0
p
1−s(1−α)

(
log(p + (1 − p)m

−1
σ1

) − log(p)
)
(p + (1 − p)m

−1
σ1

)
s(1−α)

m
1−α
σ1

+ (1 − p)
1−s(1−α)

(
log(pm

−1
σ2

+ (1 − p)) − log(1 − p)
)
(pm

−1
σ2

+ (1 − p))
s(1−α)

m
1−α
σ2

ds

(i)
≤ (α − 1)

(
p
(
log(m

−1
σ1

) − log(p)
)

m
1−α
σ1

+
(
log(pm

−1
σ2

+ (1 − p)) +
√

p
)

m
1−α
σ2

)
(ii)
≤ (α − 1)

(√
p
(
log(m

−1
σ1

) + 1
)

m
1−α
σ1

+
(
log(pm

−1
σ2

+ 1) +
√

p
)

m
1−α
σ2

)

≤ (α − 1)
√

p
((

log(m
−1
σ1

) + 1
)

m
1−α
σ1

+
(
m

−1
σ2

+ 1
)

m
1−α
σ2

)
,

additionally, to the inequalities exploited before, we used in (i), the inequality
−(1 − p) log(1 − p) ≤ √

p and in (ii) −p log p ≤ √
p. This finishes the proof.

Remark 6.2 The function ξ(α, p, σ1, σ2) has the following behaviour:

• If p = 0, 1, we have ξ(α, p, σ1, σ2) = 0. For the bounds uα(p), vα(p) from
Lemma 6.1 only p = 0 makes them vanish.

• If σ1 = σ2, we can replace ξ(α, p, σ1, σ1) by the simpler function ξ(α, p, σ1) =(− 1 + pα + (1 − p)α
)
, for α ∈ [1/2, 1), and ξ(α, p, σ1) = −(1 − pα − (1 −

p)α
)
m1−α

σ1
, for α ∈ (1,+∞), as in these cases we can take cσ1 and cσ2 to

be 1 in the proof.
• It can be seen from the statement of Lemma 6.1 that p 	→ uα(p) and

p 	→ vα(p) are non-decreasing on [0, 1/2], since the square root is.

We are now in position of using the findings of Lemma 6.1 for Q̃α(·‖·),
jointly with a suitable Δ-invariant set, to apply the ALAFF method (cf. [8,
Theorem 4.6]) and obtain continuity bounds. For the time being, we focus on
H̃α(A|B) and Ĩα(A : C|B), however, prove more general continuity bounds for
Q̃α(·‖·), and thus D̃α(·‖·), in Sect. 6.3.

Corollary 6.3 Let d−1
AB > m > 0 and S0 := {ρ : ρ ∈ S(HAB),mρ ≥ m} with

mρ the minimal eigenvalue of ρ. Then for ρ, σ ∈ S0 with 1
2‖ρ − σ‖1 ≤ ε, we

find for α ∈ [1/2, 1) ∪ (1,∞)

|H̃α(A|B)ρ − H̃α(A|B)σ| ≤ c(α,m, dA, dAB)
√

ε .

with dA, dAB the dimensions of HA and HAB, respectively, and

c(α,m, dA, dAB) :=

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

d
2(1−α)
A −1
1−α

1
1−mdAB

+
√
2 c̃(α,m)

(1−mdAB)d
2(1−α)
A α ∈ [1/2, 1)

2 log dA
1

1−mdAB
+

√
2 c̃(1,m)

(1−mdAB) α = 1

d
2(α−1)
A −1

α−1
1

1−mdAB
+

√
2 c̃(α,m)

(1−mdAB) α ∈ (1,∞)
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where c̃(α,m) =

{
(log(m−1) + m−1 + 2)mα−1 α ∈ [1/2, 1]
(log(m−1) + m−1 + 2)m1−α α ∈ (1,∞)

.

Proof We will only demonstrate the proof for α > 1 as the one for α < 1
is completely analogous. First note that S0 is a convex, mdAB-perturbed Δ-
invariant set3 (see [8, Corollary 6.8] for comparison). We further have that
ρ 	→ Q̃α(A|B)ρ as a map from S0 → [0,∞) is convex and almost concave with
remainder vα(p) (cf. Lemma 6.1). Lastly, we get

sup
μ,ν∈S(H)

|Q̃α(A|B)μ − Q̃α(A|B)ν | ≤ d
2(α−1)
A − 1 ,

and that p 	→ vα(p)
1−p is monotone on [0, 1) as clearly

√
p

1−p is. Employing [8,
Theorem 4.6] gives

|Q̃α(A|B)ρ − Q̃α(A|B)σ| ≤ (d
2(α−1)
A − 1)

ε

1 − mdAB
+ (α − 1)

√
1 − mdAB + ε

(1 − mdAB)
c̃(α, m)

√
ε

≤ (d
2(α−1)
A − 1)

ε

1 − mdAB
+ (α − 1)

√
2 c̃(α, m)

(1 − mdAB)

√
ε

≤ (α − 1)c(α, m, dA, dAB)
√

ε .

Note that the normalization of Q̃α(A|B)ρ is cancelled in the difference so that
the bounds in Lemma 6.1 can be applied. In the above estimations, we used
ε < 1 twice. If we now assume that w.l.o.g. we have H̃α(A|B)ρ ≥ H̃α(A|B)σ,
we can deduce the following from the bound above:

|H̃α(A|B)ρ − H̃α(A|B)σ| = H̃α(A|B)ρ − H̃α(A|B)σ

=
1

α − 1
log

Q̃α(A|B)ρ

Q̃α(A|B)σ

=
1

α − 1
log

(
Q̃α(A|B)ρ − Q̃α(A|B)σ

Q̃α(A|B)σ

+ 1

)

≤ c(α,m, dA, dAB)
√

ε

where we employed log(x + 1) ≤ x for x ≥ 0 and finally 1 ≤ Q̃α(A|B)σ. This
concludes the claim.

It is straightforward to derive a continuity bound for the non-variational
sandwiched Rényi conditional mutual information as a consequence of the
previous result.

Corollary 6.4 Let HABC = HA ⊗HB ⊗HC , d−1
ABC > m > 0, ρ, σ ∈ S(HABC)

with ρ, σ ≥ m1. If 1
2‖ρ − σ‖1 ≤ ε, then for α ∈ [1/2, 1) ∪ (1,∞)

|Ĩα(A : C|B)ρ − Ĩα(A : C|B)σ| ≤ 2c(α,m, dC , dABC)
√

ε .

with c(α,m, dC , dABC) from Corollary 6.3.

3One can for example use 1
dAB

to perturb.
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Proof This is a direct consequence of Corollary 6.3, since we can write

|Ĩα(A : C|B)ρ − Ĩα(A : C|B)σ| ≤ |H̃α(C|B)ρ − H̃α(C|B)σ|
+|H̃α(C|AB)ρ − H̃α(C|AB)σ| .

and 1
2‖ρABC − σABC‖1 ≤ ε implies 1

2‖ρBC − σBC‖1 ≤ ε by DPI of ‖ · ‖1.
Similarly ρABC , σABC ≥ m1 implies ρBC , σBC ≥ m1.

6.2. Application: Approximate Quantum Markov Chains

In this section, we use the continuity bound for the (non-variational) sand-
wiched Rényi conditional mutual information to derive a stability result for ap-
proximate quantum Markov chains. Consider a tripartite Hilbert space HABC =
HA ⊗HB ⊗HC and ρABC ∈ S(HABC). Let us denote by Rρ

B→BC(·) the Petz
recovery map for the partial trace in B, given for X ∈ B(HBC) by

Rρ
B→BC(X) := ρ

1/2
BC(ρ−1/2

B trC [X]ρ−1/2
B ⊗ 1C)ρ1/2

BC .

This can be lifted to a map on B(HABC) as idA ⊗Rρ
B→BC . To enhance read-

ability, we will omit idA, 1C , and other identity operators whenever their
inclusion is clear from the context. We remind the reader, however, that all
matrices in each product act on the same space and are implicitly extended
with identities as needed. It is well known [19,29] that

I(A : C|B)ρ = 0 ⇔ ρABC = Rρ
B→BC(ρAB) ⇔ Ĩα(A : C|B)ρ = 0

for any α ∈ (1/2, 1) ∪ (1,∞), (23)

where the last equivalence can be found, e.g. in [16, Corollary 4.23]. We can
further replace the Petz recovery map in the previous equivalences by the
universal Petz recovery map [21,38] Rρ,u

B→BC(·), given by

Rρ,u
B→BC(X) :=

∫
R

Rρ,t/2
B→BC(X)β0(t)dt , with β0(t) =

π

2
(cosh(πt) + 1)−1 ,

where Rρ,t
B→BC(·) is the rotated Petz recovery map, namely

Rρ,t
B→BC(X) := ρ

1
2+it

BC ρ
− 1

2−it

B trC [X]ρ− 1
2−it

B ρ
1
2+it

BC .

A state ρABC satisfying Equation (23) is called a quantum Markov chain. This
notion can be extended to an approximate version in the following way: Given
a small ε > 0, a state ρABC ∈ S(HA ⊗HB ⊗HC) is an approximate quantum
Markov chain [37] if, and only if, Iρ(A : C|B) < ε. In an analogous way, for
α ∈ (1/2, 1) ∪ (1,∞), we can say that ρABC ∈ S(HABC) is an α-approximate
quantum Markov chain whenever Ĩα(A : C|B)ρ < ε.

In [8, Section 7.3], some of the authors of the current manuscript proved
that a state ρABC ∈ S(HA ⊗HB ⊗HC) is an approximate quantum Markov
chain if, and only if, it is close to its reconstructed state under the Petz re-
covery map. As a consequence of our new continuity bounds for sandwiched
Rényi divergences, we can extend now that result to the case of α-approximate
quantum Markov chains in the following way.
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Proposition 6.5 Let ρABC ∈ S(HA ⊗HB ⊗HC) be positive definite. Given α ∈
(1/2, 1)∪(1,∞), ρABC is an α-approximate quantum Markov chain if, and only
if, it is close to its (rotated, universal) Petz recovery. More specifically, we have
for α ∈ (1/2, 1)

α

1 − α
log
(

1 +
(
K ‖ρABC − ρ

1
2+it

BC ρ
− 1

2−it

B ρABρ
− 1

2−it

B ρ
1
2+it

BC ‖1
) 1

1− 1
2α

−ε

)

≤ Ĩα(A : C|B)ρ

≤ c
(
α, ‖ρ−1

ABC‖−1
∞ , dC , dABC

)
‖ρABC − ρ

1/2
BCρ

−1/2
B ρABρ

−1/2
B ρ

1/2
BC‖1/2

1 ,

for any ε ∈ (0, 1 − 1
2α

)
, with

K =

((
π

eε sin(π 1−α
α )

)1/2

+ 8

)
π

2 cosh(πt)
,

and for α ∈ (1,∞),

α

α − 1
log
(

1 +
(
K′ ‖ρABC − ρ

1
2+it

BC ρ
− 1

2−it

B ρABρ
− 1

2−it

B ρ
1
2+it

BC ‖1
) 1

1
2α

−ε

)

≤ Ĩα(A : C|B)ρ

≤ c
(
α, ‖ρ−1

ABC‖−1
∞ , dC , dABC

)
‖ρABC − ρ

1/2
BCρ

−1/2
B ρABρ

−1/2
B ρ

1/2
BC‖1/2

1 ,

for any ε ∈ (0, 1
2α

)
, with

K′ = d
2(1−α)

α

C

((
π

eε sin(π α−1
α )

)1/2

+ 8

)
π

2 cosh(πt)
,

and c(α, ·, ·, ·) the function from Corollary 6.3.

Proof The lower bounds appear in [16, Corollary 4.21], where the only differ-
ence is a term4 Q̃∞(ρABC‖ρAB ⊗ 1C /dC) which we lower bounded by one in
K and K′ as well as upper bounded it by d2C in K′. For the RHS we first note
that

Ĩα(A : C|B)ρ = H̃α(C|B)ρ−H̃α(C|AB)ρ ≤ H̃α(C|AB)Rρ
B→BC(ρ)−H̃α(C|AB)ρ

by the data processing inequality. An application of Corollary 6.3 proves the
claim.

6.3. General Continuity Bounds Via the ALAFF Method

We conclude this section by deriving some continuity bounds for sandwiched
Rényi divergences for both inputs. To that end, we first prove a continuity
bound for Q̃α(·‖·) which we will subsequently use to obtain one for D̃α(·‖·).
For that, we consider a perturbed Δ-invariant set S0 which is a modification
of the aforementioned Sker.

4Note that the following is the notation from [16] where Q̃∞(ρ‖σ) := ‖ρ1/2σ−1ρ1/2‖∞.
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Theorem 6.6 Let 1 > 2m > 0 and

S0 := {(ρ, σ) ∈ S(H) × S(H) : ker σ ⊆ ker ρ , 2m ≤ mσ} ,

where mσ is the minimal eigenvalue of σ. Then, Q̃α(·‖·) is uniformly con-
tinuous on S0. For (ρ1, σ1), (ρ2, σ2) ∈ S0 with 1

2‖ρ1 − ρ2‖1 ≤ ε ≤ 1 and
1
2‖σ1 − σ2‖1 ≤ δ ≤ 1, we have for α ∈ [1/2, 1)

|Q̃α(ρ1‖σ1) − Q̃α(ρ2‖σ2)| ≤ (1 +
√

2)
√

ε + 2c(α,m, dH)
√

δ , (24)

and for α ∈ (1,∞)

|Q̃α(ρ1‖σ1) − Q̃α(ρ2‖σ2)| ≤ (1 +
√

2)m1−α
√

ε + 2c(α,m, dH)
√

δ . (25)

with

c(α,m, dH) =

⎧⎨
⎩

1+
√
2(1−α)(log(m−1)+m−1+2)mα−1

1−mdH
α ∈ [1/2, 1)

m1−α 1+
√
2(α−1)(log(m−1)+m−1+2)

1−mdH
α ∈ (1,∞)

Proof Let (ρ1, σ1), (ρ2, σ2) ∈ S0 with 1
2‖ρ1 − ρ2‖ ≤ ε ≤ 1 and 1

2‖σ1 − σ2‖ ≤
δ ≤ 1. We define

σ =
1
2
σ1 +

1
2
σ2 , (26)

and obtain
1
2
‖σ − σ1‖1 =

1
4
‖σ1 − σ2‖1 ≤ δ

2
≤ 1 ,

1
2
‖σ − σ2‖1 =

1
4
‖σ1 − σ2‖1 ≤ δ

2
≤ 1 .

Using this, the triangle inequality shows

|Q̃α (ρ1‖σ1) − Q̃α(ρ2‖σ2)|
≤ |Q̃α(ρ1‖σ1) − Q̃α(ρ1‖σ)|︸ ︷︷ ︸

(I)

+ |Q̃α(ρ1‖σ) − Q̃α(ρ2‖σ)|︸ ︷︷ ︸
(II)

+ |Q̃α(ρ2‖σ) − Q̃α(ρ2‖σ2)|︸ ︷︷ ︸
(III)

. (27)

In the following, we bound each of these terms separately for the two cases
α ∈ [1/2, 1) and α ∈ (1,∞). Let us begin with the case α ∈ [1/2, 1):

• For (II), we require a continuity bound for Q̃α(·‖·) in the first argument:
Note that ρ 	→ Q̃α(·‖σ) as a map from the 0-perturbed Δ-invariant set
S(H) to the reals is ALAFF using Lemma 6.1 and Remark 6.2 with a = 0
and b =

(− 1 + pα + (1 − p)α
)
. Moreover, we have that

sup
ρ1,ρ2∈S(H)
1
2‖ρ1−ρ2‖=1

|Q̃α(ρ1‖σ) − Q̃α(ρ2‖σ)| ≤ 1,
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where we used that 0 ≤ Q̃α(ρ1‖σ) ≤ 1. Employing [8, Theorem 4.6], we
conclude:

|Q̃α(ρ1‖σ) − Q̃α(ρ2‖σ)| ≤ ε + (1 + ε)
(

−1 +
(

ε

1 + ε

)α

+
(

1
1 + ε

)α)
.

(28)
• For (I) and (III), we need a continuity bound for Q̃α(·‖·) in the second

argument. We argue for (I) and (III) completely analogous:
By Lemma 6.1, we find that σ 	→ Q̃α(ρ1‖·) on S≥m(H) = {ρ ∈

S(H) : σ ≥ m1} is ALAFF with b = ξ(α, p,m1,m1) and a = 0.
Moreover, we have that

sup
σ1,σ2∈S≥m(H)

1
2‖σ1−σ2‖1=1−m

|Q̃α(ρ1‖σ1) − Q̃α(ρ1‖σ2)| ≤ 1.

and that S≥m(H) is mdH-perturbed Δ-invariant. Hence [8, Theorem 4.6]
and the fact that σ1, σ ∈ S≥m(H) allows us to conclude:

|Q̃α(ρ1‖σ1) − Q̃α(ρ1‖σ)| ≤ δ

1 − mdH
+

1 − mdH + δ

1 − mdH
ξ

(
α,

δ

1 − mdH + δ
, m1, m1

)

≤ δ

1 − mdH
+

√
1 − mdH+δ

1−mdH
(1−α)(log(m−1) + m−1 + 2)mα−1

√
δ

≤ 1 +
√
2(1 − α)(log(m−1) + m−1 + 2)mα−1

1 − mdH︸ ︷︷ ︸
c(α,m,dH)

√
δ ,

(29)
where we are using δ/2 ≤ δ ≤ √

δ for δ ∈ [0, 1].
Merging these bounds, we find

|Q̃α(ρ1‖σ1) − Q̃α(ρ2‖σ2)| ≤ ε + (1 + ε)
(

−1 +
(

ε

1 + ε

)α

+
(

1
1 + ε

)α)

+ 2c(α,m, dH)
√

δ

≤ (1 +
√

2)
√

ε + 2c(α,m, dH)
√

δ ,

where we are using the following inequality, proven with elementary calculus:

(1 + ε)
(

−1 +
(

ε

1 + ε

)α

+
(

1
1 + ε

)α)
≤

√
2ε .

This concludes the case α ∈ [1/2, 1). For α ∈ (1,∞) the bound is obtained
similarly with the only difference that the uniform bounds in (I), (II), (III)
are given by mα−1 instead of 1 (e.g. for (I) we have sup

ρ1,ρ2∈S(H)

|Q̃α(ρ1‖σ) −

Q̃α(ρ2‖σ)| ≤ mα−1).

From this result, we can derive the following continuity bound for sand-
wiched Rényi divergences with respect to the first and second input.

Corollary 6.7 Let 1 > 2m > 0 and

S0 := {(ρ, σ) ∈ S(H) × S(H) : 2m ≤ mσ} ,
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where mσ is the minimal eigenvalue of σ. Then, Q̃α(·‖·) is uniformly con-
tinuous on S0. For (ρ1, σ1), (ρ2, σ2) ∈ S0 with 1

2‖ρ1 − ρ2‖1 ≤ ε ≤ 1 and
1
2‖σ1 − σ2‖1 ≤ δ ≤ 1, we have for α ∈ [1/2, 1)

|D̃α(ρ1‖σ1) − D̃α(ρ2‖σ2)| ≤ mα−1

1 − α

[
(1 +

√
2)

√
ε + 2c(α,m, dH)

√
δ
]

, (30)

and for α ∈ (1,∞)

|D̃α(ρ1‖σ1) − D̃α(ρ2‖σ2)| ≤ 1
α − 1

[
(1 +

√
2)m1−α

√
ε + 2c(α,m, dH)

√
δ
]

,

(31)

with c(α,m, dH) as in Theorem 6.6.

Proof For α ∈ (1,∞), note that

D̃α(ρ1‖σ1) − D̃α(ρ2‖σ2) =
1

α − 1
log

(
Q̃α(ρ1‖σ1)

Q̃α(ρ2‖σ2)

)

=
1

α − 1
log

(
Q̃α(ρ1‖σ1) − Q̃α(ρ2‖σ2)

Q̃α(ρ2‖σ2)
+ 1

)

≤ 1
α − 1

Q̃α(ρ1‖σ1) − Q̃α(ρ2‖σ2)

Q̃α(ρ2‖σ2)

≤ 1
α − 1

(
Q̃α(ρ1‖σ1) − Q̃α(ρ2‖σ2)

)
,

where we are using Q̃α(ρ2‖σ2) ≥ 1 and log(x + 1) ≤ x for every x > −1.
Exchanging the roles of ρ1, σ1 with ρ2, σ2, we conclude

|D̃α(ρ1‖σ1) − D̃α(ρ2‖σ2)| ≤ 1
α − 1

∣∣∣Q̃α(ρ1‖σ1) − Q̃α(ρ2‖σ2)
∣∣∣

≤ 1
α − 1

[
(1 +

√
2)m1−α

√
ε + 2c(α,m, dH)

√
δ
]

.

For α ∈ [1/2, 1) the proof follows the same lines.

7. Discussion

In this paper, we presented a framework for proving uniform continuity bounds
for sandwiched Rényi divergencies and presented a comprehensive analysis of
the continuity properties of the sandwiched Rényi conditional entropy, the
sandwiched Rényi mutual information and the sandwiched Rényi divergence
with fixed second argument. While our almost additive approach drew inspira-
tion from [25] and our operator space approach from [5], we further developed
and extended the methodologies introduced in both papers. This extension en-
abled us to enhance the bounds for the sandwiched Rényi conditional entropy
and broaden the applicability of these methods to encompass other entropic
measures, which could find practical use in resource theories, for example.
Combining the two other approaches, the mixed approach yields bounds that
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perform well in all regimes and are optimal for large dA and small α. Addition-
ally, we explored the ALAFF method ([8]), devised by some of the authors.
However, it yielded bounds that underperformed in comparison to those pre-
sented here. Comparing the bounds obtained by the operator space, the almost
additive and mixed approaches we highlight their strengths and weaknesses.
We find that the operator-space approach gives the best bound for large α,
while the mixed and almost additive methods are optimal for low α. To the
best of our knowledge, we provide the tightest bounds known for the sand-
wiched Rényi conditional entropy in the regime α ∈ (1,∞), the sandwiched
Rényi mutual information in the range α ∈ [1/2, 1)∪(1,∞) and the sandwiched
Rényi divergence with fixed second argument in the range α ∈ [1/2, 1)∪(1,∞).
Finally, we provide an application of continuity bounds to quantum Markov
states. Here, we resort to the ALAFF method, since the almost additive, op-
erator space and mixed approaches rely on the optimization in the second
argument and are hence not applicable in this context.
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24(12), 4069–4137 (2023)

[24] Lieb, E.H.: Convex trace functions and the Wigner-Yanase-Dyson conjecture.
Adv. Math. 11(3), 267–288 (1973)

[25] Marwah, A., Dupuis, F.: Uniform continuity bound for sandwiched Rényi con-
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