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Abstract

In the work, we consider the zero Mach number limit of compress-
ible primitive equations in the domain R? x 2T or T? x 2T. We identify
the limit equations to be the primitive equations with the incompress-
ible condition. The convergence behaviors are studied in both R? x 2T
and T? x 2T, respectively. This paper takes into account the high
oscillating acoustic waves and is an extension of our previous work

in [29].
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1 Introduction

1.1 Zero Mach number limit

As an example of multi-scale analysis, the zero Mach number limit problem
for compressible flows has been an important classical problem in the study
of hydrodynamic equations. Pioneered by Klainerman and Majda in ,
it is shown that the solutions of inviscid compressible Euler equations con-
verge to that of inviscid incompressible Euler equations for the isentropic
flows in R? and T?, d € Z*. The initial data are well-prepared and almost
incompressible. The result is further studied in bounded domains for non-
isentropic flows by Schochet in . In , the author establishes the
zero Mach number limit with general (ill-prepared) initial data in R%. As
pointed out in , in comparison to the case when the initial data are well-
prepared, the time derivatives are no longer uniformly bounded with respect
to the Mach number when the system is complemented with ill-prepared ini-
tial data. This leads to high frequency acoustic waves with large amplitude.

We have studied the zero Mach number limit of compressible primitive
equations with well-prepared initial data in . In this work, we are con-
sidering such a singular limit problem with ill-prepared initial data.

To present the general idea of singular limit problems with ill-prepared
initial data, consider the following equation of the unknown function G,

0,G + éL(&x)G — N(@), (1.1)

where ¢ € (0,00) is the singular parameter, L(J,) is an anti-symmetric
differential operator with constant coefficients, and N'(G) is the nonlinearity
of G. Then one can perform the H*® estimate for some large s € Z™", on
system . Since L(9,) is anti-symmetric, || G || s 18 uniformly bounded
with respect to e, at least locally in time. If one considers the projection of



(1.1]) in the kernel of operator L(d,), which is called the non-singular part
of the equation, it follows that

Ot Preer(1(0,)) G = Peer(z(0,)N (G)

is uniformly bounded in H* space for some s’ € Z+ U {0} with respect to e.
On the other hand, G — Per(1,(9,))G satisfies

1
(G = Prer(r(0,))G) + EL(ar)(G — Prer(1£(0,))G)

= N(G) — Prer(r0. )N (G),

(1.2)

which has wave packet solutions with fast oscillations as ¢ — 07. Con-
sequently, G — Pier(1(5,))G is oscillating at high frequency. Moreover, as
e — 07, the H® norm preserving property of the anti-symmetric operator
L(0,) implies that the amplitude of the oscillations does not vanish in gen-
eral. Instead, the limit of the oscillatory part is driven by certain PDEs.
To resolve the singular limit problem of as ¢ — 0T, one has to study
the interactions of the non-singular part and the oscillatory part in the non-
linearity NV (G) in order to identify the limit equations. Such a method of
studying the singular limit problem of is developed by Schochet in [37]
for hyperbolic PDEs with applications to the incompressible limit problem
of Euler equations, nonlinear wave equations and the theory of weakly non-
linear geometric optics. Later, this method is further developed for some
parabolic equations by Gallagher in [16]. We remark here that, if equation
is complemented with well-prepared initial data, the amplitude of oscil-
lations is small, and consequently, the interaction between the non-singular
part and the oscillatory part is much weaker.

In the study of zero Mach number limit of hydrodynamic equations for
isentropic flows, if one writes the equations in the form of , the corre-
sponding kernel of L(0,) consists the solenoidal velocity field. The equations
corresponding to the fast oscillation equations are referred to as the
acoustic wave equations. Using these terminologies, the theorem developped
by Ukai in [43] is basically showing that the acoustic waves decay to zero as
e — 0% in R?. Such a fact is the consequence of the Strichartz estimates for
linear wave equations, as pointed out by Desjardins and Grenier in [10] (see,
e.g., [17,18,/25] about the Strichartz estimate). In T¢, Lions and Masmoudi
study the resonance of the high frequency osciallations and show that in the
sense of distribution, the solutions to the compressible Navier—Stokes equa-
tions converge to that to the incompressible Navier—Stokes equations as the



Mach number goes to zero in [27]. Later in [31], Masmoudi studies the in-
compressible, inviscid limit, with low Mach number and large Reynolds num-
ber, of compressible Navier—Stokes equations and identities the equations in
both R? and T?. We refer readers, for further developments, to [6-8,40].

Additionally, we would like to mention that when considering the non-
isentropic flows, the corresponding operator L(9,) in has coefficients
depending on space and time variables. This causes non-trivial difficulties
to study the resonances between the oscillations (see, e.g., |1H3.133,134]).
Moreover, when taking into account the stratification effect of gravity, the
compressible Navier—Stokes equations with gravity may converge to the
Oberbeck-Boussinesq equations or the anelastic equations, depending on
the strength of the gravity effect. We refer readers, for more discussions
of related topics, to [4,9,/11-15}32,135,136,44]. Also, for more multi-scale
analysis, we refer readers to [21-24.[30].

1.2 The compressible primitive equations

As mentioned before, we aim at studying the low Mach number limit of the
compressible primitive equations. As discussed in our previous work [29],
this is part of the justification of the PE diagram (see Figure 1 in [29]). We
refer readers, for more background of the compressible primitive equations,
to [29).

Let € € (0,00) denote the Mach number, and let p. € R,v. € R?, w. € R
represent the density, the horizontal and the vertical velocities, respectively.
Then the compressible primitive equations can be written as, after rescaling
the original CPE, similar to that of the compressible Navier—Stokes equa-
tions (see, e.g., [14]):

Ope + divy(peve) + 05 (pwe) =0 in Qp x (0,1),
O (psvs) + divy, (Psvs & 'Uz-:) + 0, (pewsvs)
1 . .
+ g—gth(pg) = divpS(ve) + 02,0 in Qp x (0,1),
0,P(p:) =0 in Q5 x (0,1).

(CPE)

where P(p:) = p2, S(ve) = u(Vpve + Vvl ) + (A — p)divyvcly represent
the pressure for isentropic flows and the viscous stress tensor for Newtonian
flows, respectively. Here, we assume that pu, A > 0 and v > 1. We consider
Q, = R? or T? in this paper, where T? represents the periodic domain
with period 1 in both directions in R2. is complemented with the



stress-free and non-permeable boundary conditions:

-0 | =0, w| 0. (BC-CPE)

2=0,1 2=0,1

Hereafter, we have and will use Vj,, divy, and Ay, to represent the horizontal
gradient, the horizontal divergence, and the horizontal Laplace operator,
respectively; that is,

V= ( Oz >, divy, := V-, Ap = divpVy, - .

9y
Notice, (CPE) with (BC-CPE) is invariant with respect to the following
symmetry:
ve and w, are even and odd, respectively, in the z-variable. (SYM)

Owing to such symmetry, in order to study the limit system of as
e — 0T, it suffices to consider the following system:
Orpe + divy(peve) + 02 (p-w:) = 0 in Q, x 2T,
Ot (peve) + divp(p:v: @ ve) + 0z (peweve)
+ E%Vhp(pg) = divpS(ve) + Oz,v.  in Qp x 2T,
0,P(p:) =0 in Qj, x 2T,

(1.3)

subject to the periodic boundary condition and symmetry . Here 2T
is the periodic domain with period 2 in R.

We remark that the restrictions of solutions to in Q, x [0, 1] solve
with , provided that the solutions exist and are regular
enough.

We can rewrite (|1.3)), as, provided that p. > 0,

1 _
Osve + Ve - Vipve + w0, + —ZVh( 7 pl 1) = ﬁAhvg
€ v—1 Pe

A . 1
+ —Vdivpve + — 05,0,

Pe Pe

Also from the continuity equation (|1.3]);, one can derive
O™+ ve - Vipl Tt + (v = 1)p2 divpve + (v — 1)pl T Dwe = 0.

We consider pgfl with perturbations around the constant state given by
pg_l = p?"1 € (0,00). Then we define the perturbation variable & by

1 v
::71 —_—
§e 1= - og<7_1 2 )

!



: Y - 1 Y
th ¢ := L Let a := =
with ¢ 7_1p et o 7_1,01 ((7—1)02

notations, p. = cfl exp (ea&.). Without loss of generality, we take p = 1.
Hence (|1.3]) can be written as

)a. With such

( -1
Ol + V. - Vpbo + %(divhva FOw) =0 inQx 2T,
c2este
OsVe + Ve - Vpve + we0,0: + g Viée (1.4)
= ¢re 0 (MAhUa + AVdivpve + 0,,v:)  in Qp x 2T,
azfe =0 in Qp x 2T,

complemented with periodic initial data with symmetry . In fact,
is already in the form of . In this work, we study the asymptotic
limit of as ¢ — 0. In fact, we will demonstrate that the existence
time of strong solutions to has a uniform lower bound, independent of
e € (0,ep) for some small gg € (0,1). In addition, in the sense of distribution,
the limit equations of , as ¢ — 0T, are the primitive equations
with the incompressible condition, below. Also, the associated acoustic wave
equations for the three dimensional system are only two dimensional
(see , below). Consequently, we are able to adopt the strategy of
studying the acoustic wave equations for the compressible Navier—Stokes
equations in R? and T? to investigate the oscillatory part of the equations.
This is done in section [4] below.

The rest of this work is organized as follows. In the next section, we will
introduce some notations as well as some function spaces. Also, the main
theorems in this work are stated in both € = R? and Q) = T?. Next, in
section 3] we establish the uniform local well-posedness of strong solutions
to system . This is done with uniform a priori estimates in section
a local existence theorem in section [3.2]and a continuity argument in section
In section {4} we first identity the primitive equations, i.e., , below,
as the limit of system as € — 07 in the sense of distribution. Then in
section we argue that the acoustic waves decay to zero in the case when
0, = R?; in section we study the oscillation equations and identify the
limit equations of oscillations in the case when €, = T2. Consequently,
we conclude the compactness in both cases as stated in the main theorems,
below.



2 Preliminaries and main theorems

In this work, we denote by

1
Fla,y) = /0 g, ), and Fa,y,2) = f(e,9,2) — Flz,y),

as the average and the fluctuation of any function f = f(x,y, z) over the z-
variable. We use 0y, to denote the horizontal derivatives, i.e., O, € {0z, 0y}.
0; and 0, denote the time derivative and the vertical derivative, respectively.
For any function f, 0,f is sometimes denoted as fy, for g € {t,z,y, 2, h}.
Similar notations are also adopted for higher order derivatives.

As in [26], we introduce the following function spaces. Denote by

1
C = {u e CF°(Qp x 2T;R2)|/ divpudz = 0},
0
C> := {u € C(Q x 2T;R?)|u = V0, for ¢ € C(Qy; R?)}.

Then with respect to the L%inner product, C° L C*° and C§° = C° U
C2°. We denote the closures in the L? norm of C°,C° as L2 = L2(, x
2T; R?), L2 := L2(Qy x 2T;R?), respectively. D' = D, UD.,, H* = HS U H?
are the spaces of test functions and Sobolev functions in €25, x 2T, defined
similarly for s € Z*. We define the projection operators P,,P, in the
following. Let u € C§°(Q, x 2T;R?). Consider the elliptic problem

1
Ahz/zu:/ divpu dz,
0

lim 1, =0 in the case when Q;, = R?, (2.1)

|(z,y)| =00

th Yy drdy =0 in the case when €, = T2

Let
Pru:= Vithy, Pou:=u— Vi), (2.2)

Then P,, P, are the projection operators from C§° to C°, CX°, respectively.

Also, by a density argument, P,, P, can act on functions in L? H®, s €
(0,00). In particular, the standard elliptic estimates yield, provided that
u € H*(Qy, x 2T;R?), s € (0, 00),

|%!Hs+1 S }E|HS S ||“||Hs

Thus Pyu € HS, Pru € H?, u = P,u + Pru and

1Poull o S Nl o [[Prell g S Nl e (23)
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System (1.4) is complemented with initial data (&,v9) € H?(Qy, X
2T; R) x H?(, x 2T;R?) with the compatibility conditions:

0:£0 = 0; vp is even in the z-variable. (2.4)
Also, in the case when ), = R2, the far field condition

lim |ve| =0, (2.5)

|(z,y)| o0

is also imposed. We denote the constant M € (0, c0) satisfying
1 2 c?
§HUOHH2+ﬁ”£OHZ2<M’ (2.6)

to be the bound of initial data (§p, vp). Now we describe our main theorems
in this work. The first theorem is stating that the H? norms of the solutions
to ([1.4)) are uniformly bounded with respect to e, provided that e is small
enough.

Theorem 2.1. With initial data (£o,v9) € H2(Q, x2T; R) x H2(Q), x 2T; R?)
satisfying the compatibility conditions in , let M be the upper bound of
the initial data, i.e., . Then there are positive constants €1 € (0,1),T €
(0,00) depending only M, such that for any € € (0,e1), there is a unique
strong solution (&:,ve) to system in the time interval [0,T]. (&,ve)
satisfies

£ € L°°(0,T; H*(Qp x 2T)), 0ié. € L*°(0,T; H (Q, x 2T)),
ve € L0, T; H*(Qy x 2T)) N L2(0, T; H3(Qy, x 2T)), (2.7)
Opwe € L°°(0,T; L2(Qy, x 2T)) N L*(0,T; H(Q, x 2T)).
In addition, there exist positive constants My, My, My € (0,00) independent
of € such that

< Mo, ||v: < M,

2
I L>(0,T;H2(Q x2T))
< M.

2
1€ e 02122, 2m)

(2.8)
[ Ve

2
H L2(0,T;H2 (S, x2T))

Next, as € — 0T, formally, we expect the solutions v. obtained in Theo-
rem [2.1] will converge to a solution to the following primitive equations:

divpvy + 0w, = 0 in Qp x 2T,
Ovp + vp - Vv +wp0,vp + Vi P

= c1(pApvp + AVidivyv, + 05,vp)  in Qp x 2T,
0,P=0 in Qp x 2T,

(2.9)



complemented with initial data vp|i—o = vp0 = Pyvo € H2(Qy x 2T). The
convergence behaviors are different in the case when Q; = R? and the case
when €2, = T2. We summarize the results in the following:

Theorem 2.2. Under the same assumptions as in Theorem[2.1], as e — 0F,

one has

Ve v,  weak-x in L*(0,T; H?(Qy, x 2T)), (2.10)
ve — v, weakly in L*(0,T; H3(Qy, x 2T)), .

where v, € L>(0,T; H*(Q, x 2T)) N L3(0,T; H3(Qy, x 2T)) is the unique
strong solution to ([2.9) with initial data vp|i—o = vpo = Pevo € H2(Qyx2T).
Moreover, the following strong convergence holds,

Pove = vp i C([0,TT; Hy 1o (2 x 2T)) N L*(0,T5 HZ 15 x 2T)). (2.11)

In addition,

e in the case when Q) =R?, ase — 07,
& — 0, Py — 0 in L2(0,T; W25(R2)), (2.12)
and therefore,

[[ve = vp| L2(0.T;L8, (R2x2T)) T €] r2orisExery — 0 (2:13)

e in the case when Qp = T?, as ¢ — 0T, only the weak convergences
in hold, and there exists a function V° € L*(0,T; H?(T?)) N
C(0,T; H'(T?)) and a constant g°, satisfying equation , below
in section|4.2, such that, as e — 07,

& —9° 1o
| < vi — v, > - ﬁ(g)V | oo 0,711 22 2my) = O (2.14)

where L is the solution operator to equation (4.27)), defined in (4.26)),

below in section [{}

Theorem [2.1]is the direct consequence of Proposition [3] below. Theorem
is the consequence of Propositions [ [5] [6] below.



3 Uniform stability

In this section, we will establish the uniform local existence of solutios to
with respect to € € (0,g¢) for some gy € (0,00) small enough. This
is done via a series of a priori estimates, a local well-posedness theorem
and a continuity argument. To simplify the presentation, in this section,
we shorten the notations by dropping the subscript €. That is, we denote
§ =28V =V, W = we.

3.1 A priori estimates

We first establish some a priori estimates, which are independent of €. In-
deed, for € small enough, the a priori estimates obtained in this subsection
allow us to establish a uniform existence time in subsection 3.3l We remind

readers system ([1.4)):

-1
BE +v- Vi + L= (divpw + Bow) =0 in Qp x 2T,
€
2 €
c
O +v-Vyv +wo,v + 6 Vi€ (T4)
= cre e (,uAhv + AVpdivpv 4 0,,v)  in Qp x 2T,
(0:£ =10 in Qp, x 2T.

We will show the following;:

Proposition 1. Let (§,v) be a local strong solution to in the time
interval [0,T], T € (0,00), and (f,v)‘t:O = (&,v0) € H?(Qy, x 2T) with the
compatibility conditions in . Then the following inequality holds: for
any 0 € (0,1) with corresponding Cs ~ 61,

1 2 ¢ —|ewll 2
2 g 10O + 50—y 12 {|£(t) || 72
T
+c1/0 <e—6a||€<t>||Hz (1| V() | 2a + A divu () || %
2 1 2 0265“6(0)”H2 2
+ || 0.0(t) ||H2)> di < 3l ll e + 5 =gy %0l 8.1)

T T
#6190 e e [ (B0 o 100 )
9 T
< FuO ) e+ Cs [ 2| €0 o 000 )

10



where H1(+), Ha(:) are smooth and bounded functions of the arguments. Also,
H1(0) = 0,H2(0) = 0. Moreover, with the same notations, below, we have
the inequalities:

[0 || o < Hall| €| oo 10| 12)s (3.2)
|0Psv ]| 1o < Ha(||€]] oo |2 ]] 1p2)s
10Pov | g < HI(||E]| gros [|0]] gr2) V0] g

+Ha([[ €] oo 0[] ) (3.4)
10 (| gr < &7 Ha([[ €] o || ),
[0 2 < (4D H2([[€]] oo 0[] g2)s (3.6)
[0 || g < Ha ([ €] s 0[] pr2) | VO] g2

+ (L4 DH (| o N1V ]] g2)- (3.7)

In order to establish such a priori estimates, we first represent the vertical
velocity w in terms of (§,v). In fact, after averaging ((1.4]); in the z-variable,

one has

1
T iy w = 0,
g

HE+7-Vpé+

and consequently, after comparing the above equation with (1.4));, it follows
that

-1
V- ViE + %(dwhm d.w) = 0.

Then the following representations of the vertical velocity and its derivatives
hold (recall that « = 1/(y —1)):

w=— /Z (80&5' Vi€ + divhﬂ) dz, (3.8)
w, = —5(;)5- V& — divpv, (3.9)
wy, = — /Z (505(’17‘ Vié)n + divhi?h> dz, (3.10)

Wyy = —6a052 - Vi€ — divpv,, (3.11)
W, = —eavy, - Vi€ — eav - V&, — divpvp,. (3.12)

In the following, we separate the proof of Proposition [l in three parts: es-
timates on the horizontal derivatives; estimates on the vertical derivatives;
and estimates on the time derivatives.

11



Estimates on the horizontal derivatives

Denote by ), € {9y, 9y }. Then after applying 97 = to (1.4)), it follows

—1
Bulnn + L= (divnopn + Oowpn) = G in Q) x 2T,

(3
c?et (3.13)

Oyunn + e Vil — c1e % (uApopp,
+ AV divpopy + Ozzvnn) = Fi1 + Fo + Fz+ Fy in Qp x 2T,

where we have denoted by

G:=—(v-V)nn,

F1:=— (- Vpu)pn — (W0, 0)ph,

Fr e e (G + c€)VhE — 2266,

Fy = _Qgclae_aaggh(uAhvh + AV divyy, + 02.vp),
Fui= —ecrae (&, — ealh) (uApv + AVidivpw + 0.,v).

After taking the L2-inner product of (3.13)), with vy, in Q4 x 2T, it holds

d (1 . et R ca
dt{2/‘vhh’2d$}+/ 5 Vh§hh"vhhdw+cl/<e (Vo

+ )\\divhvthQ + Uhhz’2)> dr = /]:1 - Upp AT + /.7:2 - Upp AT

+ /./—"3 < vpp AT + /.F4 s vpp AT + ecia / (6—ecx§ (M(th - VhURR) * Unhh
+ Avpp, - Vhf)divhvhh)> di =1+ o+ I3+ 14+ Is.

On the other hand, after applying integration by parts and substituting

(3-13),, one has

2 &€ 2 €€
c’e . c’e ) S
/ 5 Vihn - Vhn dT = —/ z Enndivyvpy, dT

2 g€

- -1 S
- /C2e€£§hh(vhh Vi) di = / s i 1 Ehn (Oelpn — G — 7?@lvhh) d

d 2
— /626€€£hh(vhh - Vi) di = Cﬁ{%;_n/€€£|€hh|2 da?}

2

2
__°c &€ 27— _© /65 dz
2(7_1)/6 e&t|énnl” dZ ol Enng di

12



— 2 / eegghh(vhh - Vi€) dZ.

Then after writing
2

C
2(v-1)
Iy = 02/€€§§hh(vhh - V&) di,

02

/ eS| & d7, I; == / &G d7,

I :=
6 "Y—l

one has

d (1 2
dt{2 thh Hi? + 2(76_ 3 Hess/thh Hi?} T (MH@_mghvhvhh ||2L2

8

M| e v |2 + 0 2o | 2) = 3 8
i=1

(3.14)
Now we will estimate the right-hand side of (3.14]). After applying inte-
gration by parts, I; can be written as

1
I = /<2dz’vhv|vhh\2 — (QUh - Vyop 4+ vpp - Vh’l)) . Uhh) dx
1 2 ..
+ 5w2|vhh\ dr + wWpOLVp, * Upp + WROLV - Uhhh
— 2wp 0,0y - Uhh) dx =: I{ + Ii’ + I{H.
Then it follows, after substituting (3.9) and (3.10]), that

15 [ 90l 9307 5 |90 | | G0 | ol

1/2 1/2
SNVl (V3012 99302+ 930 2) (1Rl e

+ VYol 2) S IV Vol e+ Cs (Lt [ Vo] 1) [V |72
1

1
Il = —2/(7 - -0 - Vi& -+ divgd) o | dF = 2/((75_1&1@,15

. di’l)hfﬁ)‘vhﬂz) dx + / 5 i 15(5 thhh) - vpp AT

Se [I10ValIVieP + ol Vel Vo) dz + [ V0l [VEoP di

Sell€ll g Va0l s (V0] g2 V301l o + Mol o [ Va2l 22)

13



+ 1Voll 2 Vi [ o [ Vie Nl o S 0l (14 ll€]] )
< (192 | 221993 |2+ [V 1) (19 930 | o + | Vol 2)
S0l VVivllze + Co(e €1 e + 1) (1ol + 1) | Vho | 2

Ii” = —/[/ (7 ° 1(:17 th)h + divh'ﬁh) dz X <8zvh * Upp + 8z1) * Uhhh
0 _
1
— 20, - vhh>] df,ﬁ/ﬂ 5(‘1}‘LOO‘V%§‘L2 + ‘th‘L4‘Vh§‘L4) dz

< [ 0ol lonnl i+ 0ol lonn] ) =+ [ (9ol
[ Qoutnl ool s+ 100l s ) 2 % [ elolle] 02

[ (Con 21900012 ol o 29 2+ e,
+}azv\H2\vhhh|L2> dz+/ (V302 | V3] )} + V30| ,») dz

< [ (oo 100 4+ oo o 25

 ona] 2) + 100 o) = 5 e ol s €

X (IVomn 22 + N0l sa) + ol | Fomnll o + 101 e
4
el Vol 5 S ol 1€l e +0) ([ Vonall
(e lol e €l g2 + 1ol e+ Toll ) ol e

where we have applied the Minkowski, Holder, Sobolev embedding, and
Young inequalities. Hence we have

2
S CEllvll g 1€l e+ ) [[Vomn [y + (ol 2 [1€1] 42
4 4
et ol o 1€l e+ ol €] 5 + N0l e (3.15)
+1)[|v ] e

Next, to estimate I3, I4, I5, applying the Holder, Sobolev embedding, and
Young inequalities yields,

I3 = —2eci« / €_aa€§h ((,uAhvh + )\Vhdi’l}hvh) - Upp — Oy 0p - 'Uhhz> dr

14



1
<e / Nl o 4] o (1920n] o lonn] o + |0z0n] o omna] ) dz

1
Selell eIl [ 199t Vol 2 1Tmmlf + 9ol

S o||VVRu |2, + G| e + 22 1€ Z)e= N e | 2,

I, = —Ecla/<e€a£ (fhh - 50[5]%) . ((,u,AhU + )\vhdivhv) * Uhh
e [Malle] R
— .- ’Uhhz)> di S 6/ (6 2 (|€hn 2 +€|€n] ) (| Viv] L4
0
+mﬂmmmm0wswﬂﬂwwwm+ﬂw;>
1
< [ (193012 VR0l + 930l + 9302003, + oo ) oz

Se(€ll o +elelZe) e el (vwio )2, + o)),

1
Is < 8/ eEaHgHLm ‘Vhf}m‘vhvhh‘m‘vhh‘m dz S 5€6a||£||L°° ||§||H2
0

1
19wl o 7 a5 + o 2) = % 61| V|

Gyt €]l L + 22l 2 el am o] 2,0,

In order to estimate Ig, I7, after substituting (1.4)); and applying integration
by parts, it holds

CQCV

o= [ el 20 Vit ~ (3~ Ddivyo) d,

I; = —c*a / e &n(vn - Vi€ + 2vp - V&) dif
+ 62206 eS| |* (divpv + ev - V3,€) diT.
Therefore, one has
I+ I + Iy = —*a / e &nn(vin - Vi€ + 2y - V&) dif
+ (2_;)020( /6€€|§hh|2dwhv d + 02/€€£§hh(vhh - Vi) dE
N ellell e /Ol‘fhh’La(‘Uhh\L4|Vh€\L4 + | Viv| oo | Vin| o) dZ

15



1
s llin [l (hel,e + ole) 42 5 01 90

rose el g2, (elZe + vl ),

where we have applied the Holder, Sobolev embedding and Young inequali-
ties. Similarly, Is can be estimated as following:

1
I §e€||5||L°°/O (|Vh€h‘Lz +5|§h‘i4)}vh§’L4}vhh‘L4 dz
1
55”5”””/0 (€[372 + €]52) (I Vnvmn] 5 [onn] 5* + [onnl 2) d2

<31 Von 2+ Ca (1€l + Nl o) Il

2 3
< (ol e+ (€12 + €N 2)e el o] o

Therefore, (3.14) implies, after summing up the estimates above with Jy, €
{02, 04},

LIk + 5 e wiels, )
T PRV 316
e TR 3) <8 990 12
+ A€l o o) | 9930+ CotaC € o 1)
where

Hl - HI(HEHH?’ ||'U||H2), HQ = HQ( ||€||H2’ ||U||H2>7 (317)

are two regular functions of the arguments and H;(0) = H2(0) = 0. We will
adopt the same notations for functions with such properties in this work.

After taking the L?-inner product of (1.4),, and the horizontal derivative
of 2 with v, vy, respectively, repeating similar arguments as above yields
the following estimate:

d (1 2 1 2 2 2
{31005 + 5 IVho 5+ s e )
2
o] L1 P SR i P

(3.18)
+ u || 6_50‘5/2V%v || iQ + A || e‘mfﬂdivhv || 12

+ A || efmf/QVhdivhv H 2LQ + || efmf/sz || ;
+ {2 0. || 72) < 6 Vol g + CoHaC | €[] gon [0 r2)-

16



Estimates on the vertical derivatives
After applying 0, to (1.4),, it holds

Oyv, — Clefsaﬁ(MAhvz + AV divpv, + 0,,v,) = —v, - Vo

(3.19)
—v - Vv, — w,0,v — wd,v,.
Again, applying 0, to (3.19) yields,
8t'Uzz - Cle_aag(,UAhUzz + )\vhdivhvzz + az'zvzz) = —0- vhvzz (3 20)

— 20, Vv, — vy, - Vv — w,, 0,0 — 2w,0,v, — w0, v,,.

Next, we take the L2-inner produce of ([3.20) with v... After applying
integration by parts, one has

d

1
dt{2 lv-| i} (]| e Vpves || Lo+ Al e Pdivos | 1

(3.21)
+ || e_aa€/2vzzz || 22) = Ig + I1o + 11,

where
19 = /(U . VhUzz + 2UthUz + Uy th) *Vzz df’

3 o
Iig:=— /(wzzﬁzv + iwzf)zvz) Uy, dT,

I = clea/e_mg(u(vh{ cVhvzz) - Vzr + AN(vzy - Vi&)divpv,,) dZ.

After applying the Holder, Sobolev embedding and Young inequalities, it
holds,

Iy S ([l o | Vaves |l 2+ lve | o [ 90zl g2 + Nlvs ] 12 [ Voo 1)
2 1/2 2
% Nvss Il o < ol I m0ss 1 g+ 1ol 50) (o 201 90215

+ lloss | 12) S 8 VoeellZe + Colllolle + 0] g2) 0l e

Io = a / <(@ V) (Oov - v22) + ;(5- Vh) (0. - vzz)> di

+ /<divhﬁz(8zv V) + gdivh'ﬁ(azvz . vzz)> dx

Sea(lloall L[ Vall pallva | gs + l[oll o VA€l o l[osz [l ) vzz 1o

+ (IVnos]] 2 ozl o + Va0l o lozz || o) [0z o

17



S (calléll e + D ol 2 (1 F0se | o + 0] o)
<8 Voes |20 + (202 € 2 + 1) (o] 20 + 0] o) 0] 2
Iy S cae 1€l | Dpe | o 0ms | o 11 Fnse | o S 2o 1€l e

(o [ 75° [ V0e [| 127+ sz ] o) 1| Vvsz | o < 6] oz | 7

Ol el 2 el e = N b o2,
where we have substituted and into I;9. Therefore, we have

d

1
I R R P S e

(3.22)
[l 0z [ 12) < 8| Voe || o+ Cota||€l] oo 0] 12)-

Next, we establish the estimate of vy,,. Apply Jp, to (3.19)). It follows

D2vnz — cre” (A v + AV idivpvp, + 0250h,) = —Vhs - Vo

— Uy - Vpup — Up - Vv, — U - VRUhs — Wh 0,0 — w5050y (3.23)
— WO,V — WOV, — cleae*mgﬁh(,uAhvz + AV, divpv, '

+ 0,,0,).

Take the L2-inner product of ([3.23)) with v;,. and apply integration by parts
in the resultant equation. It follows,

d

1
dt{Q Jon: | i} + e1all = Vnone |z + M| e divnon | 1,

+ [|e75 2y, || ;) = lho+ his+ i + 15 + L6,
(3.24)
where
1, . -

Iy = — /(vhz Vv + v, - Vyop +op - Vv, — i(dwhv)vhz) - vy, AT,

1 -
I3 :=— /(whzﬁzv +w.0,vp, — i(wz)vhz) “ Upz AT,
Iy = — /wh(azvz - Vp) AT,
Ii5 = —clsa/e_mgfh(uAhvz + AVpdivpv, + 0,0, - vp, AT,

he:=crza / 6_5045(,u(vh§ ) vhvhz) “Upz + )‘(th ) vhf)divhvhz) dz.

18



After substituting (3.12)), (3.9) in ;3 and (3.10)) in I14, applying the Holder,
Sobolev embedding, Minkowski and Young inequalities yields,

Lo S ([Vaos || 2 | Vo || s+ [0z | s | Von || 12) oz || o
< ol (1 Vone | 2+ lone | 12) < 611 Vons |72

4 3
+Cs[[vll g2 + [0l e

Iz = 804/((% V€ +0 - Vi&y) (00 - vpz) + %(5’ V&) (vhs - vhz)) dz

1
+ /(diwﬁh(ﬁzv “Vpy) + §dévhﬁ(vhz . vhz)> dx

Sea((lfonll g Vag || g+ l[vll go llnnll ) [10=01] 1o
1ol o V€ 1] o lons ] 22) [lona [l g + (I Vaen] 2 | 001 s
#1900l o loms | o) loms [ o S (el ol €0 g + 002
X ([ Vonel o + lons || 12) < 8] Vome |17
+Cs( €l 1o + Mol + D) 1o e

I = /[/ (aa('ﬁh SVRE+T- Vi) + dz’vh'ﬁh> dz x (0yv, - vhz)] dz
0
1
S [ (etlonl el + ol 9060] ) + Vi)

1 1
[ N0 palonel = 5 [ (el el + ol )

1
X /0 <(}8zvz 2/22‘vhazvz 2/22 + ‘azvz‘LQ)(‘vhz 2/22|thhz 2/22

+lonel2) ) = S 3 9 32+ Co € 01
ol + 1) o] 2e,

hs S e Il |90 | L onc] o 60l o S 8119702,
el (et + 12 o) %

1o S e Nl | g ] o [ Vone] o lone [ s S e el e
190 gl [ 2 s 22+ o] ) S 611 T |12

oyt el gyt + 1) o))
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Therefore, summing up the estimates above with dy, € {0, 0,} leads to,
d[1
LTl ) el
+ M| Vndivgos ||, + | e * V.| 1)
< 8[|V30 | 7s + CoHa[[€]] oo (0] 42)-

Similarly, after taking the L2-inner product of ([3.19)) with v, and performing
estimates as above, one has,

q
dt

(3.25)

1
L R P T P E S

+ [lem= sz || 12) < 8] V20 || a + Cota[|€] g [0 ] 2)-

Consequently, after integrating in the time variable, (3.16]), (3.18]), (3.22]),
(3-25), and (3.206) yield (3.1).

Estimates on the time derivatives

Now we establish the final pieces of Proposition [I} After multiplying (1.4},
with €e?¢ and averaging the resulting equation in the z-variable, one has

Oy + 2e™T - Vil + (7 — 1)ediv, o = 0. (3.27)

Then applying the triangle inequality and the Sobolev embedding inequality

in (3.27)) leads to

ol o < e lellioe o)) wng o+ e Nelli 90
L L L L

seellelhn o) e+ eIl o, (529
S Ha([| €] s [[0]] 472)-
Meanwhile, we have, after applying 0y to ,
Bt(eaé)h + 26588, T - V€ 4 €Ty, - Vi€ + €550 - V&, (3.20)
+ (’)/ - 1)€€€£€hdivh5 + (’Y - 1)6€£divh5h =0. .
Thus it holds,
I P AP C AR AT R A
N0l e+ 2ol Vol o+ 90l 12) (330

< el @ e) 2 0] o+ 0l o) S (€N oo 0] )
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Consequently, (8:28) and (3:30) imply (3:2).

On the other hand, after applying the projection operator P, (defined
in (2.2))) to (1.4),, we have the following:
0Py = —Py(v - Vpv) — Py(wo,v)

o . (3.31)
+ c1Po (e = (ARY + AV divyv + 9..0)).

In order to estimate the L? and H' norms of 9,P,v, we apply the Holder
and Sobolev embedding inequalities as follows:

lo- Vo]l 2 < o]l s 90l o S Mo s

|| e‘mg(MAhv + AV divpv 4+ 0.,v) || 2 S e H ¢ H Lo

X || pApv + AVpdivpo + 0220 || 1, S € el o] g2
10 Vo) || 12 S |00 - Vav | o+ [lo - Vadv]| 12 S (0] e
| (e =% (uApv + AV divpv + 0..v)) I 12
<e H efsagaf(uAhv + AV divpv + 0,,v) H 12
+ || e_eo‘fﬁ(uAhv + AVpdivpv + 0,,0) || 12

(3.32)

< e el (e o + 1) 0] o

Here 0 € {0, 0y, 0.} denotes the spatial derivatives. To estimate the L? and
H' norms of wd,v, we first substitute the identities in (3.8), (3.9), (3.10) to

w, 0, w, Jpw, respectively, and write down the following:

wo,v = —/ (50[17' Vi€ + divhﬁ) dz0,v,
0
Op(wo,v) = Opwd,v + wd,vy,

= —/ (Eofﬁh Vi€ +eav - Vi&p + divhﬁh) dz0,v
0

— / (sai- Vi€ + d’whi) dz0,vp,
0
0, (wd,v) = d,wdv + wo,v,

= —(eav - Vi€ + divpv) 0,0 — / (50@- Vi€ + divhﬁ) dz0,v,.
0

Therefore, after applying the Holder, Minkowski, and Sobolev embedding

21



inequalities, the following estimates hold:

1 1 1
woo 3= [ woeoliaas 5 [ |( [ (elolue Ol
2 1
# Vel ) xfolp]as s (@ ol el
ol 3l ) o 5 @ ol €W + 101 5) ol
9 1 9 1 1
onwo) 13 = [ ontwooads < [ ([ (elonlal 9l
2 ? 2
efol Vil + Vol ) d2) 0ol |

1 1 )
+/0 [(/0 (E‘U‘m‘vhé‘LS + ‘th‘m) dZ) X ’th‘i4] dz

2 2 2
S ol €05 + 1ol ) 1o s

1
|0-(w0.0) [0 S | 0w0o+ [ oo d:
0

(3.33)

S ol lIVagl o + 190 ] )| 0:0]| 56

1 1 .
+/0 [(A (E‘U‘L8|vh€‘L3 + ‘th‘[A) dZ) X ‘UzZ|i4:| dz

S Nl 160 + ol g 1ol e

Combining the above estimates, together with (2.3), we have shown ([3.3)

and (5.4).
In addition, notice that ;& = e 'e™%¢9,e%¢. From (3.2), one has

lone o S e Nelam et | 0 < e o€ gon [0 o)
|0l i < Nl o+ e e el (] Lol o€ o+ 100 ] ,2)

< N o+t Nl (1)) ol ae | o + N0 1)
S Mo ()|€] o v ] g2)- (3-5)

On the other hand, (1.4),, (3.32), and (3.33) yield

10w o S Hal|[€]] oo |0l o)+ [ € V€| 1
S @+ HHa([1E]] oo [0 1) (3-6)
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100 | g S Ha €N gy 0 gr2) 190
+Ho([[€]] oo [0 o)+ e VRS |
Sl g vl g [[V0 ] 4
+ (e N Ha([[ €] s 1ol ), B2

where in the last inequality we have used the fact that
100 (Ve[| 12 < el Vae]| 1o + [ Vntn | 12
sl e o lenl o + el o)

S65H5HH2(EH€”§{2+ HfHHz)

This finishes the proof of Proposition

3.2 Local-in-time a prior: estimates and local well-posedness
In this subsection, we aim at establishing the following proposition:

Proposition 2. In the case when either Q, = T? or Q) = R?, consider
initial data (£o,v0) € H?(Qy x 2T), satisfying the compatibility conditions
in (2.4). Let My, My be two positive constants satisfying

€012 < Mo, [|vo ||z < M1, (3.34)

Then for some positive constant €9 € (0,1) small enough, any € € (0,¢&p),
there ezists T, € (0,00) such that there exists a unique strong solution (&, v)
to (1.4) in the time interval [0, T;] with
€€ L0, Tz; H*(Qy x 2T)), 0 € L™=(0,T2; H (Q, x 2T)),
v € L°°(0,Tz; H(, x 2T)) N L(0, Ty; H3(Qy, x 2T)), (3.35)
O € L>(0,T; L* (S, x 2T)) N L2(0, T.; HY (9, x 2T)).

Moreover, there exist positive constants Cy, C1 independent of e, and Cy =
Cy(e, Co My, C1 M) such that

2 2 I 2
2w €0 [ < Coblo, - sup [o(@)]]y +/0 Vo) |3 dt < G0y,

T:
sup {||&(0) |3 + ||8tv<t>||ia}+/0 | 8e0(t) || 31 dt < Co.

0<t<T-

(3.36)

Here Cy € (1,00), C1,Cy are determined by (3.57)), (3.46), and (3.58), below,
and T, depends on My, M1 and €.
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Proposition 2| can be shown by applying the Banach fixed point theorem.
In the following, without going into too much details, we will only sketch
the proper steps to construct this local strong solution.

Sketch of constructing strong solutions. Let £,v" be regular enough func-
tions. Consider the following linear system associated with (1.4]):

-1
O +T - Vit + L divy =0 in Q, x 2T,
et

O + 0" Viv + ' 0.0 + ——Vpf’ (3.37)

= cle*mé' (,uAhv + AV divpv + 8zzv) in Qj x 2T,

\azf =0 in Qh X QT,

where w’ is given by
z
w' = —/ (ead - Vi€ + divp0') dz. (3.38)
0

Then for (¢',v') with (¢/,v')| _o = (&0, v0) and satisfying the same regularity
and bounds as in and , there is a unique solution to system ([3.37))
with initial data (&, v)‘ =0 = (&0, v0), after applying the standard existence
theory for linear hyperbolic and parabolic equations. Moreover, similar a
priori estimates as in our previous work [28] show that the solution (,v)
satisfies the same regularity and bounds of norms in and . We
define the following function framework in order to apply the Banach fixed
point theorem.
Consider the function space

V. == {(&,0)|¢ € L2(0, Te; L (2, x 2T)),
v € L®(0,Ty; L*(Qy, x 2T)) N L(0, Te; HY(Qy, x 2T)), (3.39)
9.6 =0}

and the following subset of Y7
X1 == {(&v)[(&,v) € Dr. and the bounds in (3.36) hold}. (3.40)
For any (&,v) € 91, define the norm

2 2 2
H(fa’U)HgTs = ||£||L°°(0,T5;L2(Qh><2’]1‘)) + ||U||L°°(0,T5;L2(Qh><2’]1‘))

v (3.41)
v

2
H L2(0,Tc;L2(Qy, x2T))
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Then (Y., |H N ) is a complete metric space. In addition, we define the

following map: with same initial data (&', v/)‘t:O = (&, U)’tzo = (&0, v0),

T :(,0) ~ (§v) mapping (§,v') € X7, C Y1,
to the solution to system ((3.37))

with trivial extension outside the set X .

Then we show that, For ¢y € (0,1) small enough and any ¢ € (0,¢p),
there exists 7. € (0,00), such that 7 : Q7. — Y1, is a contraction mapping
in X7.. Notice, once this is proved, then the Banach fixed point theorem
implies that we have a unique strong solution to ([1.4)) with e, T, as described
above.

In the rest of this subsection, we focus on showing that for ¢ € (0,¢q)
with ¢ small enough, and some 7} € (0, 00) depending on €, we have:

(3.42)

(1) 7 maps X7, into Xr1.; i.e., (&,v) = T(&',0) € Xr. for any (¢,0v) € X1.;

(2) T is a contraction mapping in X7. with respect to the topology of Y. ;
ie., for any (¢,v)) € X7. C Y. and (&,v;) = T(&),v)), i = 1,2, one
has

|61 = &0 —v2) [y, <qf[(&1 =& v —d) |y, (3.43)

for some ¢ € (0,1).

We will only show the corresponding a priori estimates to show (1) and (2).
Proof of (1): Estimates of {. First, we shall derive the estimates of £ from
(3-37),. We shall only show the highest order estimates. After applying Op,

to (3.37),, we have

v—1

atfhh + v - Vhfhh = —2§Ih . Vhfh — E/hh . Vhf — divhﬁlhh. (3.44)

Then after taking the L2-inner product of (3.44)) with 2&p,;, in €y, it follows

d o _
Gl = [ diond 6l dady —4 | (5 918 6o dady
h

Qp

2(y—1 —
- 2/ (Thp, - Vi&)&nn dady — 20 / divp U, Epn dady
Qh € Qh

< C|| V|| €l fgz + O™ V0| yalérnl -
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Similar arguments also hold for |§h‘ 2 and ‘5‘ 12, and therefore we have

d .
g €l < CIVY [l + Ce7H 190 || €]
<20 V|| olé e + 72 VY| o

Then applying the Gronwall inequality and the Holder inequality yields

Te /
e CUL PR A LTS

0<t<T.
Te X 2
+C€2/0‘ ||VUI“H2 dt> < 620T51/2(foT Vv/HHth)l/Q(HfQH?{Q

T
+ Cem2T /0 1901, dt)1/2>

< OO (g 4 CeTHA(CLML)Y?) < Col,

(3.45)
where we have chosen T sufficiently small in the last inequality and Cy €
(1, 00).

On the other hand, from (3.37),, we have

01z < CI" - Vaps + 7201 g < CULE Ny +€72) [ ] e

< C(C()Mo + 6_2)01M1 < 00.
(3.46)
Estimates of v. Next we shall present the estimates of v. Similarly, we
will only sketch the highest order estimates. After applying Oy to 2,

one obtains
Owopp, + v - Vnonn + w’azvhh — Clefsaél (,U«Ahvhh + AV divpopn + 6zzvhh)

62655’
— —( -

—ecraeE (&, — ea(€))?)(uApv + AV ydivpv + 9..v)
— 2661046_60‘5/52 (uApvp + AV pdivpvp, + 0x,0p).

/ / / / /
Vi€ )hh — V- Vv — 20y, - Vo — wy, 0,0 — 2w, 0,y

(3.47)
Then after taking the L2-inner product of (3.47) with 2vy;, in Q, x 2T, it
follows, after applying integration by parts,

d 2 ! . S
T | vnn || 72 + 21 /6 S (| Vpvnn|? + Ndivpops|* + |050n,|?) dZ

2c2e%¢ , o Ly 2 ’
= ( . Vi€ )h - Uphh AT + divpv ‘Uhh| — 2(vhh . th) - Uph
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—4(v}, - Vhop) - vpn — dwha’vhh|2> dz — 2 / (w;ﬂzvh Uhh

— whO,v - Uhhh> dZ — cx /(5’ . Vhfl)]vhh\2 dx
— 2ecia / e (&l — eal(€))?) (uApv + AV hdivpv + 8.,v) - v AT
—4ecia / efsaglffz(uAhvh + AV divpop, + 0y,vp) - Opp AT

+ 2ecia / e ot (W(Vr€ - Vaonn) - vpn + Mopn - VRE) (divpopy)) dE
=:L1+ Lo+ Ls+ Ly+ L5+ Lg + Lr,
where we have substituted the identity
w, = —ead’ - Vi¢ — divp v,
which is obtained by taking 0, to ,
Similarly as in the last section, from , we have

w), = —/ (eaty, - Vi€ + ead - V&), + divy0},) dz. (3.48)
0

Then following similar arguments as before, one can derive, for any § € (0, 1)
and fixed ¢ € (0,1),
Li+ Lo+ Ls+Ly+ Ls+ Lg+ L7 < ((54—67‘[1(”6’”112, ||U/HH2))
% || Voll 5 + 8199 [ |0l 32+ Hale, Co, 1€ [ o 10 ) 101 e

424306, ] o 10/ )

(3.49)
where Cs ~ 6~!. We remind readers that we have been using {Hi}i=1,2,3 to
denote regular functions of the arguments with property #;(0) = 0. Details
are listed below, for readers’ reference:

11 < o] o e e e o el e e 2,

S 6] Vo )| 2+ Coe 1€ e (2 12+ [1€]120),

Lo S (99| o lomn | o 0w | o+ | o 1190 s | s
3/2 1/2

<l (e 1221902 + o o 90| 2)

SNVl ge + Cs([|v' gz + 1) ol e
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1 1
L% [ (<l + el ) - [ (1000l

1 1
100 omal ) o+ [ Poalgedz [ (100l
1 1
ool ol ) @2 5 [ eloel€ oz [ (1900290
1
+{VU‘H2)> dZ—i—/{ 1/2‘v |1/2 / <|v ‘3/2}v ‘1/2
0

2
+ \VU\HJW\Hz) dz 5 (e [1€' ] g 1|9 | o+ 0) [ V0

N A e T P e P
+ Cs([|V' | g2 + 1) 0] e
La S el o 190 s lonll o lomnll s S €01/
1€ ] o 10122 0012 5 8 W02,
£ | | 42 )43 o
La S 1l (7 o el 15 1920 o o o 5 261
(€] s+l 1%0) x ol 21 V0 )32 < 8]Vl
O (1€ 8+ € e 1€ e o 2,
Lo+ Ly S e 1€ |1/ [0 32 0102 < 8 w2

HZN
et et € e o) 2,

o e

Similar estimates also hold for thz || 12 ||vzz || 12 ||vh || 129 ||vz || 129 ||v || 12
Then we have arrived at the estimate

d .
i1l + evmin{u A3 [ Vo[ < (04 (1€ [ oo ][9] 42))

X [[Voll + 8190 e |0 gz + Hae: Cos 1€ s 197 | ) o1

+ Ha(e, Coo [[€7] oo [0 112).
(3.50)
where we have chosen € € (0, g¢), with g9 small enough such that

ea|| ¢ e < ea(CoMp)'/? <log2, and thus 1/2 <e ¢ <2,  (3.51)
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Next, we choose ¢, d small enough such that

8+ eoH1(||€ || o ||V ]| 12) < 6 + 20Ha((CoMo) /2, (C1 M) M?)
ca min{u, A, 1} (3.52)
— 2 .
Then for € € (0,g9), after applying the Gronwall inequality to (3.50), we

have -
' Al :
sup (o) 3 + LA [T o

0<t<T:
< I N9 [ v rraecn € [ ool [ o0 (3.53)
% ([[vo |l 7z + Tettsle Co [1€']] o 10| 12)).
Now we let § small enough such that
T
5/ | Vo' || 2,2 dt < 6C1M; < log2. (3.54)
0

Then for fixed €9, 0 satisfying (3.52) and (3.54)), and € € (0,¢9), let T, small
enough, depending on ¢, d, such that

T€H2(€> 057 || é./ || H2» || v’ || H2) < T€H2(67 0(57 (COM0>1/27 (ClMl)l/Z) < 10g27
M,y
7-

(3.55)

T-Hs(e, Cs, 1€ || o ||V || o) < TeHa(e, Cs, (CoMo) 2, (C1My)Y2) <

Then (3.53) yields

in{u, A\, 1} [T
sup Hv(t)||§p+mm{2“”}/o |90 )% dt < (M + My /2)

0<t<T:

i Al
—on < minf g, R e,
(3.56)
Here we have required C] to be sufficiently large such that
1 i Al
6 <minf g, e e, (357)

On the other hand, from (3.37)),, we have

o3 5 (113 + e € e 2 2 1€ 120 101

re2e g2,
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low 2 S (1012 + W€ 20 2 16120 0]
(€2 + vl w2y er 2,10 120 + 1)1 2) | 90 2
+ 672625”5/ || 2 Hf/ Hip + e2a”£/ || 2 ”él ”22’

after applying similar arguments as in (3.32) and (3.33)). Then we have the
following

o172 < Hale, (1€ gros 1 1] o) 10 1 2 + Hate, (€] 7o)
< Hale, (CoMo)'/?, (C1 ML)V /2)6 My + Ha(e, (CoMo)'/?) < oo,
T T

/0 ||’Ut||ip S/O (7‘[1(5» (CoMo)'/2, (C1 M) Y*)6M,

+ Ha(e, (CoMo) 2, (CrM)2) ||V || 5,0 + Hale, (COM0)1/2)> dt < .

(3.58)
This finishes the proof of (1).
Proof of (2): Denote by (&12,v12) = (§&1 — &2,v1 — v2) and (&q, v]y) =
(&1 — &, v} — vh). Then (&12,v12) satisfies the following system:

-1
D12 = T, - Vpkia — Ty - Vo — 1
dv12 — 1 (uApviz + AVdivpvis + 05.v12)

= —v] - Vpvia — vy - Ve — w0012 — (W) — wh)d,vg

2 et! 2 e&l _ 2 ekl ,
cets1 Vhfb _ %V}zf& + Cl(e—eafl _ 1)
X (,uAhvlg + AV divyvio + azzvlg)
+c (e*mfi — 6*50‘55) (uAhvg + AV divpvg + azzvg) in Qj, x 2T,
(3.59)
with ({12,v12)}t:0 = 0. Then after taking the L?-inner product of (3.59),
with 2&12 in €, one has, for any § € (0,1) with corresponding Cs ~ §—1,

d . _
%‘512@2 = / divp v} |12)* dzdy — 2/ (Vg - Vi&2)ra dady
O Q

h

2(y—1 . _ 2
— (78)/ divpvy5€12 drdy < ‘thll‘Loo ’512‘L2
Qp,

+ W12|L4th2\L4|€12\L2 + \Vh@,12|Lz\§12}Lz < 6| Vi, ||iz

+ Co(1+ || V0l | o + |62 72) €121 + Ci [ 82| 2
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where we have applied the Holder, Sobolev embedding and Young inequal-
ities. Therefore, applying the Gronwall inequality in the above inequality
yields,

< o[Vt ] ot [l [ o
sup H512H 0 1| g2 H2
0<t<T:

TE 2 2
[Tl ol k) 360)

1 1
< 605(1+CQM0)T5+05 (01M1)?Tg (

2
8| Vot | L2(0,T-;L2 (S, x2T))
2
+ C5Te || “32 || LOO(O,TE;LQ(thZIF)))'

On the other hand, after taking the L2-inner product of (3.59), with 2v1s
in Qj, x 2T and applying integration by parts, one has

%Hmlliz + e (]| Anvia || 75 + Al divwvra || 7 + [| 012 72)
= / (divpv] — ead) - V&l — divgd})|vi2|? di — / (Vo - Vivg) - v19 dT
- / /0 Z(magg V€l + divply) dz x (0,2 - v12) AT
- / < /0 " (ca(divnih)Ey) dz x (D03 - v12)

+/ (ea]ovh) dz - Vi, (0,09 - U12)> dz
0

. e
+ /612( - divpvis + ¢ 6551012 Vhfl) dz
20,681 _ e8h
cTle e N
— / (E)thé + V12 dﬂj — C1

< 26— 1) (1| Vaval?
+ )\|divhv12|2 + !82v12]2)> dZ + ciea < Eaél vh§1 thlg) V12

+ /\(1112 . Vhfixdivh?}lg)) d¥ + ¢1 /((6_50‘51 _ e—&a&é)

X (/LAhUQ + AV, divpvg + ('szg) . ’L)12> d¥ =: Lg + Lg + L1g + L1

+ L1 + L13 + L1sa + L1s + Lie,

where we have substituted (3.38)) for w}, ¢ = 1,2. Consequently, after ap-
plying similar arguments as before, we have the following estimates of the
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terms on the right-hand side: for any § € (0,1) and some constant Cs ~ 6!,

Ls S ([Vhor |l s + lloa ]l o [ V€[l o) leaz | 12 lorz || o

S il e + 100l g T 1] ) llon ] o (| Vore || o + [ o2]] 12)
< 6| Vora || iz + H(Cs, CoMy, C1My) || vz || i%

Lo S [|via [l 2 | Onv2 | ol a2 || 1o < 6] Vore |72 + Cslvra |17

+ Csloa | 3o [l w1 [ 22
1 1
Lip < / (5’U/12‘L4’vhfi’[/4 + ’vhvb’[p) dz x / ‘azUZ‘L4|Ul2‘L4 dz

<l 22 o 57 1€ g+ 1Vt 12
x |00z | o foaz | 22 o2 |32 < 801 Vo |7 + 8] Vet |

+ H(Cs, e, CoMo, Cy M1 ) (|| vi2 ||L2 + || via ||iz)7

1 1
Lir S [ 19| aféfal o ¢ [ 010 e fora] o 02

e [ lealaliilm a2 [ (0] Sl
+ Wha UQ‘L4|v12‘L4) dz S €Hvé HH2 ||§i2 HL2
s ([ g llona |2 ore | 42+ [ 0w || 22 | 00 || 32 || Vv | 1
90| 2 92 | 2 |32 [ena | 2) < 6| vz |2
o+ o Coblo 1) | Pl s 6
L2 S 6o o e N6 Dpona ) o + e N6 L g | o 9 e
< 8| Vora |2, + H(Cs.e. CoMo, Codt) (| €ha | % + [viz | 22).
L S el Lt I Ly, 1 L1 9agh ) o one ] s

< 6| Ve ||iz + H(Cs, e, CoMo, C1M1) (|| €12 ||i2 + |[v12 ||i2)

L < &_eaa”f/l ||H2 ||§/1 ||H2 ||V1112 ”L2 < 6€aa(coM0)1/2

~

(CoMp)*/?
x || Voiz | 72

Lis S el e | 00| o || Vons | o 012 ] S 6] Vors |12

+H(Cs,e, CoMy) || vi2 | 2,

Lie S e Lt el gty 1920 0r2]] Lo
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< 6|IVon |72 + 8l vrall 7 + H(Cs, e, CoMo) ([ Voa [ 2 + D[ €12 [ 2

where #(-), as before, is a regular function of the arguments. Consequently,
one has

d

pri KO 172 + 1 (ul| Vnviz || 72 + Al divivrs || 72 + [|0z012]|72)

< (8 + =M (Cu M) V2) || Vora || 30 + 6 || Vola || 2
+H(Cs,2, CoMo, M) ([[vnz || 7 + (|05 || 72 + [ €521 2)

+H(Cs,e, CoMo, CLMy) || Vo || o || €4 ||

Notice that Cp, C; are independent of . For €y, € (0,1) small enough and
e € (0,ep], applying the Gronwall inequality in the above inequality yields

9 ¢y min{pu, A, 1} Te 2
R e ey A A P

< TH(CseCoMo.CLM) (5 || 7o | iQ(O,TE;LQ(Qth)

2 2 3.61
T |5 |2 o ooy + T 6 oy o)

+ T51/2 || Vg || L2(0,T5;H2(QhX2T))H(CJ’ & COM07 ClMl)
’ 2
x || €12 ||L°°(0,TE;L2(Qh><2T)))'

Then for fixed ¢ € (0,g9), by first choosing 0 small enough, and then 7

1
small enough, (3.60) and (3.61) yield inequality (3.43) with ¢ = 7 This
finishes the proof of (2) and completes the proof of Proposition O

3.3 Uniform stability

In this section, we will show that the existence time T} of the strong solutions
constructed in Propositive 2] is uniform in e provided € € (0,e1) for some
g1 € (0,g9). In order to show this, it suffices to show that there is a positive
constant &1 such that the H?-norms of (£,v) remain bounded in a time
interval (0,7") with T € (0, 00) independent of ¢, provided € € (0,e1) with
g1 € (0,1) small enough. We perform a continuity argument in the following.

Recall that we are given initial data (£y,v0) € H?(2, x 2T), and a
positive constant M € (0, 00) satisfying

1 2
§Wﬂ;+ijﬂ;<M 2:5)
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Denote by

~1
A@;_8W§)M;Aﬁ>_yw. (3.62)

Then it is obvious that
60|32 < Mo, [[wo % < M.

From Proposition 2| there is a strong solution (&, v) satisfying (3.35)) and
(3.36) in the time interval [0,7%], for some T, € (0,00). Then for any
t € [0,7], we have

8(y— 1
|MM;§%%:C¥)%Mﬂww;gamzﬁwﬂﬁw

where Cp, Cy are given in Proposition[2] We remind readers that 7. depends
on My, My and €. On the other hand, consider ] satisfying

sup max{1,a}er||£(t) ||H2 < max{l,a}e; x (COM0)1/2 <log2,
0<t<T-
min{u, A\, 1}e;
sup 1M1 (|[£@) || oo |v(@) || 12) < €1H1(CoMo, C1My) < — 5
0<t<T-

)

where H; is as in the right-hand side of (3.1). Then the a priori estimate
in (3.1) implies that, for € € (0,1) and ¢t € [0, 7],

1 2 c? 2 min{yu, A\, 1}e1 [* 2
3100 e+ g g5 160 15 + =D [0 s
1 2 c? 2 ¢ 2
< slwlie + =Sl +5 [ 9ot 50
: 1 t t
_|_Hun{’u’8)\’}cl/ ||VU(S)||§IQ d8+05/ /HQ(C()M(),ClMl)dS.
0 0
Hence after substituting and choosing
min{y, A\, 1}eq M

3 , and T :

5 = (5/ = = ,
CsHa(CoMo, C1 M)

(3.64)

it follows

1 9 2 9 min{u, A\, 1}e; [* 9
3100 13+ e 160 3+ =2 [0 ds

<M + Cg/HQ(CoMo, ClMl)t < 2M,
(3.65)
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for
t € [0, min{T,T}|.

Notice that 7" is independent of € once € € (0,e1). Also from (3.65)), we have

8(v—1
sup ||§<t)||ip<¥M:Mo,

0<t<min{7:,T}

sup |v@®) || 22 < A4M = M, (3.66)
0<t<min{T., T}

min{7:,T'} 9 SM

Therefore, supposed that T, < T, we will have
10T |12 < Mo, || o(T2) || 2 < M.

Then by setting (£(7%), v(T%)) as the new initial data, applying Proposition[2]
again, estimate holds in [0, 27;]. Thus the arguments between ([3.63)
and hold with T; replaced by 27, without needing to choose the
smallness of ¢ and T. Then estimate holds in the time interval
[0, min{2T;, T}]. Repeat such arguments n times, n € Z*, until nT. > T.
This extends the existence time of the local strong solution (&, v) to
to T > 0, which is independent of € provided € € (0,e1) with &1 given as
above. Consequently, we conclude that:

Proposition 3. Consider (£,v9) € H?(Qy, x 2T) with the compatibility
conditions in (2.4), bounded as in (2.6). Then there is a positive constant
e1 € (0,1) such that for any € € (0,e1), there is a unique strong solution

to (1.4) in the time interval [0,T] satisfying the regularity (3.35). Here
T € (0,00) is a positive time which is independent of €. Moreover, there

are positive constants Mo, M1, Ma € (0,00), given in (3.62)) and (3.66]) and
independent on €, such that

< My, | < My,

2
|U || L°°(0,T;H2(Qp, x2T))
< M.

2
€1 20,7220 2m)

(3.67)
|| Vo

2
H L2(0,T;H2(Q, x2T))
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4 The limit equations

In this section, we will identify the limit equations of (1.4)) as e — 0T in the
distribution sense. Recall that,

4 —1
Ople + v - Vp&e + %(divhvg + O,ws) =0 in Qp x 2T,
c2ecte
Osve + Ve - Vpve + w00 + V&
° (1.4}
= ¢re 0t (uAhve + AVpdivpve 4+ 0,.v:)  in Qp x 2T,
0,6 =0 in Q, x 2T,
(we =0 on £y, X Z,

where the initial data are taken as (&, v:)| _o = (€0,v0) € H?*(, x 2T)
satisfying the compatibility conditions in (2.4)), bounded as in ([2.6]). We first
list the uniform estimates obtained in the previous section. In fact, from

(3.67) and (3.2)—(3.4]), the following estimates hold uniformly in e € (0,1)

for some constant C,T € (0,00) independent of ¢ and depending only on
the initial data,

s e 2+ & 2 + 10N s + [ 0Pove(e) | 12}

Ve || 2o momzy + 10ePove || 2o 1y < €
(4.1)
Then as £ — 0%, there exist &, vp, (p, Up» With
& € L™(0,T; H?), wv, € L*°(0,T; H*) N L*(0,T; H?),
(p € L=(0,T; HY), wpo, € L*°(0,T; H2) N L*(0,T; H2), (4.2)
Ovpo € L®(0,T; LE) N L*(0,T; HY),
such that,
£ €, weak-x in L™=(0,T; H?),
v: (and P,v:) = v, (respectively v, ;)
weak-+ in L>(0,T; H?) (respectively L>(0,T; H?)),
ve (and Pyv.) — v, (respectively vy )
weakly in L?(0,T; H?) (respectively L*(0,T; H2)),
Dy (e%5e) 5 ¢, weak-x in L>=(0,T; H),
O Prve Orvp weak-x in L°°(0, T Lg),
0yPyve — Opvp» weakly in LQ(O, T; H;)

(4.3)
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Also applying the Aubin compactness lemma (see, e.g., [42, Theorem 2.1]
and [5,41]) yields, as ¢ — 0T,

Pove = tpo i L2(0,T5 H 00) N C([0,T); Hype)- (4.4)
Moreover, from , we have
€||§E||H2<€C—>O ase — 07, (4.5)
Thus we have, as ¢ — 0T,

et — 1 in L>(0,T; H?),

4.6
and 0;(e?*) — 0 =(, in the sense of distribution. (4.6)
On the other hand, recall that the vertical velocity is represented by
(e
We = —/ (’y 1'175 - Vi + divh@) dz. (13-8))
0 _

Therefore, a direct calculation yields that w., ,w. € L>(0,T; H') and we
have the following uniform bounds:

|| we || reeorHY T | Dz | Loe(0,T;H?Y)

(4.7)
Selve]] Lo°(0,T;H?2) € ||L°°(0,T;H2) + || ve ||L°o(0,T;H2) <C.
Therefore, there exists
wy, € L0, T; HY)  with d,w, € L>=(0,T; H') (4.8)

such that,
w. (and d,we) = wy, (respectively d,w,) weak-+ in L(0,T; H'), (4.9)

as ¢ — 0%. Notice, after applying the trace theorem, {we|.cz}ec(0e) C
L>®(0,T; HY/?(Qy,)) and is uniformly bounded. Then it follows from
that we|,cz = 0 and hence wy|,cz = 0. Moreover, after multiplying 1
with €%, one has

Ope"S + eeSeu, - V& + (v — 1)eaff(divhv5 + d,we) = 0. (4.10)

Then, (4.1) and (4.6) imply that as ¢ — 0T, (4.10) converges to

divyv, + 0,wp = 0 in the sense of distribution.
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Consequently, we have shown that
divpvp + 0,w, = 0, and wp‘zez =0. (4.11)
Next, we will identify the limit equation of the momentum equation

(L.4),. First, (£.2) and (4.11)) imply that v, € L>(0,T; H2) N L*(0,T; H2).
We first show that v, , = vp. Let u € C§°(0,T; C° (2, x 2T, R?)). Then we

have, from (4.3)),

T T
/ /u-vpd:fdt: lim / /u-vadi:’dt
0 e—=0t Jo
T T
= lim/ /u-ngedfdt:/ /u'vpﬂda_c’dt,
e—=0t Jo 0

which shows that v, , = v,. Then (4.4) can be written as
PUU& — Up in L2(07 T; Hg,loc) N C([()? T]? H;,loc)7 (412)

as ¢ — 0. In particular, v,(t = 0) = Pyvg. Moreover, from ([£.3)), since
Upo = vp, we have the following: as ¢ — 0T,

Prve = ve — Pove — 0 weak-x in L>(0,T; H?),

, ; (4.13)
Prve = v. — Pyv. — 0 weakly in L°(0,7; H?).

Also, denote Prve = Vb with 1. defined by the following elliptic problem
(See? e'g'? )7

1
Ahwgz/ divpve dz in Qp,
0

lim . =0 in the case when €, = R?, (4.14)

|(z,y)| =00

th Y. drdy = 0 in the case when €, = T2
Then P0v. = V,,0:). and we have the identity:
Prve - ViPrve + we0,Prve = Vipthe - Vi Vithe + we0,Vpi)e
= SV,
Therefore, one has

Ve » VRUe + We 0,0 = Pyt - Vave + Prve - Vi Poe + W0, Pyve
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+ Prve - Vi Prve + w0, Prve = Pove - Vyve + Proe - Vi Py
1
+ we0:Pove + 5 Vi Vathel”
Then (1.4]), can be written as

0t Pyve + Py » Vive + Prve - Vi Pove + w0, Pye
et — 1

— cpe % (LApve + AV pdivpve + 05,0:) + 02( - é})Vhﬁh

1 c? c?
= —(Vndutbe + S VAl Vit + = V& + S VilEP).
(4.15)
Then (4.1)), (4.7) and (4.15) imply that

1 c2 2
|vh8t'¢5 + §Vh|Vh¢5|2 + zvhgs + Evh|§5|2|L°°(O,T;L2)0L2(O,T;H1)
= lleft—hand side of (4.15)) !LOO(O’T;LQ)QLQ(O’T;HU < C,

where (' is independent of . Hence 3P € L>(0,T; H*(,))NL2(0,T; H?(2,))
such that

1 c? c?
Viditbe + 5 VRl Vatel® + Vi + 5 Valél?
A V,P weak-x in L°°(0,T; L?),

(4.16)
1 , 2 c? 9
Ve + SVnl Vel + — Vi€ + 5 Vil&|
— VP weakly in L*(0,T; H").
Also, using (4.1]), we have
et — 1 < i
! 8 —§€|Loo N8‘58|H2—>0 ase — 0. (4.17)

Then the weak and strong convergences in (4.3)), (4.6, (4.9), (4.12)), (4.13)),
(4.16), and (4.17) yield that, as e — 01, (4.15]) converges to

Avp + v+ Vyvp + wpd.vp + Vi P = 1 (pApvp + AVidivyvp + 0.2v,), (4.18)

in the sense of distribution, where wy, is determined by (4.11)), and 0, P = 0.

To conclude, we have shown the following:

Proposition 4. Let (§9,v0) € H?(Qy, x 2T) satisfying the compatibility
conditions in (2.4) and e € (0,e1) with €1 given in Proposition @ Then
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the unique strong solutions {(&:,ve)}ee(0,c,) 0btained in Proposition@ in the
time interval [0,T], T € (0,00), and w. given as in , converge to (&, vp)
and wy, with the convergences in , , , @D and , as
e = 0t &, vp,wy satisfy the regularity and . Also, (vp, wp)
satisfies the primitive equations with the initial data vyli—o = vpo =
Pyvg € H2(Qy, x 2T).

In the rest of this section, we will discuss the converging behaviors of &
and P,v. as € — 07 in some strong sense. We will consider such a problem
in two cases: p, = R? and Q, = T2. In fact, we will investigate the following
acoustic wave equations associated with :

1
B+ L —divyPrve = —ve - Vike
£
- %(divhﬂ,vs + dw.) in Q, x 2T,
2 2 1— e€e

OrPrv: + = Vnte = C(Ee)vhse — 0 Pyv. (4.19)

— 0 - Ve — we0,0- + cre % (uAhva

+ AVpdivpve + 8zz’l)5) in Qj x 2T,
8Z£5 =0 in Qh x 2T.

To study the acoustic wave, notice that, Prv. = V. is a function indepen-
dent of the z-variable, where 1. is defined in . After averaging 1
in the z-variable and applying projection operator P, to 2, system
(4.19) is reduced to,

1
T Gy Ve = G1 in Qp,

£ (4.20)
O Ve + ;Vhfg =Gy + Gz in Qp,

Orée +

where we have used V1. (defined in (4.14))) to represent Prv., and

Gl = _@s : vhﬁa;

62(1 — esgg) —eag :
Gy = fvh& + P, (cle € (uAhvg + AV divpve + 8zzv5)),

Gs = —Pr(v= - Vive + w:0.0;).
Therefore, the acoustic wave system is only two dimensional. From (3.32)),

, , we have

G1|L°°(O,T;H1(Qh)) + ‘GZ}LOO(O,T;L%Q;L)) + ‘G2‘L2(0,T;H1(Qh))
< C.

(4.21)
+‘G3‘L°°(O,T;L2(Qh)) + ’G?"LQ(O,T;Hl(Qh))
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Now denote by the linear operator L defined on (D'(2;,))? as

LU) = ( (v ;;v)zf;’h” ) where U = ( Z ) (4.22)

where ¢ € D' (1), u € (D'(Q4))?. Then (4.20) can be written as

1
o + ELUE =G in Qy, (423)

L G L ga o ga
G = ( Go + Gy ) Ue = < Vathn ) = ( Proe )

Also, the initial data are given as

where

U(t = 0) = Uy = ( Pfovo ) (4.24)

Also, we have

& € L®(0,T; H*()), Prve € L¥(0,T; H*(Q,)) N L*(0,T; H3 (),
G € L™=(0,T; L*(,)) N L*(0, T; H (), Uy € H*(Q),

and from , and ,

|§5‘L°°(O,T;H2(Qh)) + ‘PTUE‘L°°(0,T;H2(Qh))ﬁL2(0,T;H3(Qh))

(4.25)
9] 02000207 ) T Mol 200,y < €
Define the associated solution operator of L by
L:t— L(t) = exp(—Lt). (4.26)
That is, given Vo € (D)3, L(t)Vy satisfies the linear equation:
O (L(t)Vo) + L(L(t)Vo) = 0. (4.27)

Notice that £ is linear and L(t1 + t2) = L(t1)L(t2) for t1,t2 € (0,00). Then
the solution U; of (4.23)) can be represented as, using the Duhamel principle,

t —

5 )G(s) ds. (4.28)

Uo(t) = £ )tho + /O £
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4.1 The case when 2, = R?: dispersion of the acoustic waves

In this section, we shall establish the strong convergence of U, in the case
when €, = R2. To be precise, we will show the following:

Proposition 5. Under the same assumptions as in Proposition [{, in the
case when ), = R?, we have

£ =0, Prve >0 ase — 0 in L0, T; W2 5(R2)). 212)
In particular, we have, as € — 07,

[ ve —vp | L2078, (R2)) T 1€l 220,76 m2y) = ©-

In order to show Proposition |5 we will use the dispersion estimates
of operator £ in the whole space R?. In particular, we will employ the
Strichartz inequalities as in [10], to derive the appropriate decay as ¢ — 0%.
Indeed, let ¢y € (D'(R?))3. The following inequality is from [10, equation
(3.4)]:

‘E(t>¢0‘Lq(R+;LT’(R2)) < Cpuq‘qu‘Hn(R?)’ (4.29)

provided that the right-hand side is finite, where p,q > 2 and n € (0, 0)
satisfying

2 1 1

- =—-—— and ng=3. 4.30

i 2o (4.30)
We will make use of (4.29) to derive the strong dispersion. To begin with,
the following dispersion inequalities are analogies to inequalities (3.6) and

(3.7) in [10].
Lemma 1. For ¢g and ¢(s) € (D'(R?))3, p, q,n satisfying (4.30) and s > 0,

we have

t
’E(g)%‘m(oy;ww(u@?)) < Cgl/q‘%‘mw(wy (4.31)

t t—s
’/0 L( c )¢(S)dS‘L2(0,T;WSvP(R2))

< C(U+T)e 4] o

R (4.32)

provided the right-hand sides are finite.

Proof. Indeed (4.31]) is a direct consequence of rescaling the temporal vari-
able and replacing ¢ with (I — Ap)*/2¢q in ([#29)). In order to show (4.32),

notice that after applying the Minkowski and Hoélder inequalities, one has

bt ot—s 2 t t—s 2
|/0 £( - )Qb(s)dS‘Ws,p(R?)SCt/O’L( - )QS(S)‘Ws,p(R?)dS'

42



Then by employing the Fubini theorem, it holds

A

gCT/ / \z(t_s)qs(s)\ivs,pmdtds

<CT/ 12/‘1(
- 0

§€2/qCT22/q/O ‘gb(s)‘ip’_,_s(RQ)

dt

dS‘WSP(RQ)

2/q
dt) ds

ds = /10T 2/9|g| 1,

Ws p (RZ)

0,75 H7+5 (R2))"
This finishes the proof of (4.32)). O

Proof of Proposition[5. Consider n = %,s = %,q = 6,p = 6 in (4.31]) and
(4.32), which satisfy (4.30). Then from (4.28)), after applying the triangle

and Holder inequalities,

1 t
] <7ty

L2(0,T5W 36 (R2)) L5(0,T;W 25 (R2))

+|/£
0

1 1
+ (1 + T)gg |g‘L2(O7T;H1(R2)) rg (1 + T)€67

il
8‘L2(07T;W%76(R2)) S Toes WO‘Hl(RQ)

where the second and the third inequalities follow from (4.31]), (4.32) and
(4.25). This yields (2.12)) and finishes the proof of Proposition O]

4.2 The case when 2, = T?: the fast oscillation

We will establish the convergence behavior of I/, in the case when €, = T?
in this subsection. Indeed, we shall investigate the fast oscillations of the
acoustic waves as € — 0", This is motivated by [37] (see also [16]).

The oscillation equations and the convergence of oscillations

To begin with, (4.20), can be written as

2
O Prv. + %vhgg — 1 (AR Prve + AV pdivy Pro)

2 1 _ 565
= C(ﬁ‘e)vhgf - (Ua Vh’l)g) - ,PT(wsaZ'Ua)

+ Pr(c1(e75% — 1) (uApve + AV divyve + 0.,0.)).

(4.33)
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Moreover, for any u € (D'(T? x 2T))?, consider u(z, y) = fol udz € (D'(T?))?
as a function on T2 x 2T. One has P,u = P,u. Then one has, after applying
integration by parts and substituting (3.9)),

1
Pr(w:0,ve) = PT(—/ D, w:ve dz)
0

1
= PT(/ ((eaz - Vpée + divpve)ve) dz)
0
1 — o (4.34)
= PT(/ ((eaPyve - Viée)Pove + divy PevsPov:) dz)
0
= Pr((caPyve - V&) Pove + divy PovePave),
Pr((e”7% = 1)d..0:) = 0,
where we have used the facts that fol I/Dz_zgdz = 0,7, = 1/3;175 and that
Prue, & are independent of the z-variable.
On the other hand, notice that
Ve - Vh§6 = Pove - vhge + Prog - Vhfa = divh(fepavs) - fedivhpave
+ 737—?}5 . vhé.e.

(4.20); can be written as

-1 1
0 + 7 5 divpPrve = —divh(&/ Povedz) — Proe - Vike. (4.35)
0
Additionally, integrating (4.35)) in T? yields

d/ & dxdy = —/ (Prve - V&) dady. (4.36)
dt T2 T2

Consequently, after combining equations (4.33)), (4.34)), (4.35)), (4.36)), we
have the following system of oscillations:

_1
90 + 1 — divyPrve = —divy (€2 o Pov. dz)
— Prve - V&2 + 12 (Prue - V3E2) dady in T2,

2
0y Prve + %thg —C (IU’AhPTUE + )\vhdithT/UE)

i (4.37)
= —Pr(ve - Vpve + (€aPyve - Vi&e)Pyve)
o (1 — )
+ Pr(divg Pove Pove) + —————= V€2

+ Pr(cr (€75 — 1) (pApve + AV divpv:)) in T?,
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where

- / £ dudy. (4.38)
T2

In the following, denote by

o .__ 5? _ f& - f']l'Q §8 d:L’dy o /
Uz = ( Pov. )~ V) NS - ¢(dxdy, and

t o
w:g@9w=<2ﬁ%ﬁ> (so U = £(D)V2).

(4.39)
where L1 : (D'(T?))3 +— D'(T?), Ly : (D'(T?))? — (D'(T?))? will be referred
to as the first and the second components of L, respectively. Then V?°
satisfies

atvgo + Qs,l(PaUsa Vgo) + Qe,2(vgoa VEO) + Q€,3(gsa Vgo) - -As(D)VgO

— (- t)<K+L01+L2> A0

where the linear and bi-linear operators are defined as follows: for Vi, Vs €
(D'(T%))3,u € (D'(T? x 2T))%, g € R,

0
A (D)V; = 5(_5)< C1(MAh£2(£)V1 + )\vhdithQ(E)Vl) >’

" divy, £1( )% fo Poudz)
c1(Pyu, V1) i= L(—- € ,
Qe ( 1) ( )< P E)Vri-ﬁz( Vi - VaPou) >

c Pott - Vi Lo
Qc2(V1,V2)
_ .c(_)< cz(é)vl vhﬁl( )Vg—fTQLQ( Vi - vhcl( )ng:ﬂdy)
€ Pr(Lo (g)vl Vhﬁz(t)‘/z—l-cQEl(t)Vlvhgl( )Vg)

¢ 0
Q:3(9,V1) == E(_g) ( Pr(c2gViLy (E)Vl) )
e (4.41)
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Here,

K = PT(_PJUQ : vhpava - divh7/)_a\v/epav8)7
o 2 1 . — e&e
Ly := —eaPr((Pove - Vi&e)Pove) + PT(C S Ei ~

Ly = ,PT(Cl(e_aass - 1)(HAh'U5 + )\Vhdivhvé))‘

Also g.(t) = [1o & dady satisfies, from ,

d
o= = [ (@2 9u@e) dady
T2

\/¥39) (4.42)

/ LoV les () V2 dady, (4.43)
T2
with g¢.(¢t =0) :/ &o dxdy.

T2

Now we will address the strong convergence of V2, g. as ¢ — 0%. Notice
that L defined in is anti-symmetric with respect to A := diag(c?,y —
1,y —1) (ie, [VIALUdZ = — [UTALV d% ), linear and commutative
with 0y, € {0,,0y}. Consequently the standard H* estimate of the solutions
to equation implies that the operator £ preserves the H® norm, i.e.,

|L(t)V

HS:‘V

e for t € (0,00),s €N,V € (D'(T?))*. (4.44)

Therefore one has, as the consequence of (4.25) and (4.39),

‘VO‘LOO(OTHQ T2)) ‘UO}LOO 0.7;H2(T2)) T [c= ‘LQ (0.T;H3(T2)) < C. (4.45)
Then it is easy to see from (4.43) that
oup, gl Vg g€|} < U+ D o sy < C (4.46)
Therefore the Arzela-Ascoli theorem implies that as ¢ — 0T,
g= — g° uniformly for some ¢° € C([0,77), (4.47)

and |¢°] < C. On the other hand, after applying the Holder and Sobolev

embedding inequalities, (4.1]), (4.41)), (4.45]), and (4.46]) imply the following
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estimates:

"Aa(D)VEo|L°°(O,T;LQ(T2))ﬁL2(O,T;H1(’J1‘2) S ‘VEO‘LOO(O,T;HQ(T?))

+ U2 20 res(ry) < C
| Q1 (Pove, Vio)‘LOO(O,T;Hl(']TQ)) S |VEO}L°°(D,T;H2('JI‘2))

x || Pove ||L°O(0,T;H2(T2)) <G, (4.48)
’Q&?(Vso’Veo)|Loo(o,T;H1(1r2)) N ’VEOEOO(O,T;HQ(’JT?)) <G,
|Q2,3(92, VO oo 0.1 (12)) S e e |

x |V2

| Lo o7 272y < C

and

2
’K’LOO(O,T;Hl(’JTQ)) S [ Pove | Lo0(0,T;H2(T2)) < c,

2
‘Ll ‘LOO(O,T;Hl(’JTQ)) Se || Pove || Loo(0,T;H2(T2)) H £ H Lo (0,T;H2(T2))

&e

£

+ce Lo (0,75 H2(T2)) ( || & || iOO(O,T;HQ(W)) +1) <eC,

(4.49)

’Lz ,Sses & Il oo o,msm2(r2))

’LW(O,T;LQ(TQ))OLQ(O,T;Hl('J1‘2))
< (J|&| Loz T [ e | L50(0,TH?(T2))NL2(0,T; H3(T2))
< eC.

Therefore, equation (4.40)) implies

}&V;’ < C.

‘ Lo°(0,T;L2(T2))NL2(0,T;H(T2))

Then the Aubin compactness lemma (see, i.e., [42, Theorem 2.1] and [5,41])
implies that, there is

Ve L®(0,T; H*(T?) N C(0,T; H(T?)) with

4.50
aV° e L>(0,T; L*(T?)) N L*(0,T; H (T?)), o
such that as ¢ — 0T,
Vo 2V weak-* in L>(0,T; H*(T?)),
V*EO —V° in LOO(O,T, HI(TQ)) ﬁC(O’T; Hl(T2))’ (4 51)

OV 5 9,V weak-+ in L>(0,T; L*(T?)),
Q2 = OV weakly in L*(0,7; H'(T?))
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Also

VO(t=0)=V°(t=0) = ( S0~ 17};25(()) dady ) (4.52)

Consequently, as ¢ — 0T, since £ preserves the H' norm,
t t
Uue — E(;)V" = E(g) (V2 —V°) =0 in L>(0,T; H(T?)). (4.53)

In conclusion, as ¢ — 0", (4.12)), (4.47) and (4.53]) imply that

t o
|| Ve = Up — EQ(E)V ” Lo°(0,T;H (T2 %2T))

o t o °
+|[& -y —Cl(g)V | o021 rocamy + 192 = 9° | e o,y (4.54)

o o t o
< llge—g HLoo(o,T) + ‘ng - E(E)V ‘LOO(O,T;Hl(’]I‘Q))

+ H Pove — vp ” L (0,T;H*(T?x2T)) — 0.

Next, we will identify the limit equations of (4.40) and (4.43)); that is, the
equation satisfied by V' and ¢°.

The limit equations of oscillations

In order to identify the limit equations of and ase — 0T, we
first introduce the Fourier representation of the operators defined in .
Notice that implies [ V2 dady = [ U2 dxdy = 0. It suffices to
study in the space consisting of functions in D’'(T?)? with zero average.

Notice that, on the other hand, U/? is inside the orthogonal comple-
ment of the kernel of operator L with respect to the L?-inner product,
and thanks to (4:27), so is V2. In fact, (ker L)t = {(g,u) C D'(T?) x
(D'(T?))?] [ qda:dy = 0,u = V9 € D'(T?)}. Next, we introduce, as
in [6] and [31], the following basis of (ker L)*: for k € 27TZ2 \ {(0,0)},

. 1 V=TI

Vi (@) = mmy(*sg ()l ) 7 (4.55)
Vi (@) = 1 ( il )e |
KT VAT e\ pesslik )T

and the corresponding conjugates

. /v —1 2 .

© 2y —1k| \ —v7 — Isg(k)k
o Vy—1+¢ c|k| ik Z
V. = k.
k(@) 2cy/v — 1 K| < +v7—TIsgk)k )€
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Here sg(k) is the generalized sign function for vector k € 27T? \ {(0,0)},
defined as,

sg(k) ==

1 if and only if &1 > 0 or ky =0, ke > 0,
—1 otherwise.

Notice that Vki = V_ikc, where, hereafter, *¢ represents the complex conju-
gate.

Then by defining ¢ = ¢/ — 1, {ij:}kGQﬂ-TQ\{(Oyo)} are the eigenfunctions
of L with the eigenvalues {Fis sg(k) k| }xcorr\{(0,0)}> 1-€-

LV = —issg(k) k| Vy", and LV, =issg(k)[k|Vi, k € 2aT?\ {(0,0)}.
Also any V € (ker L)+ can be represented in terms of Fourier series as

V=" Y (Vi +a V) (4.56)
ke27T2\{(0,0)}

with the Fourier coefficients {ai}kEQWTQ\{(O,O)} determined by
alj([ =(V, V;’i>¢; = / V. Vlj’icd:cdy. (4.57)
T2

If V is real-valued, afk = EC. In addition, one has

Ls)V=" > (qfVfercsks p g ymemiosstlks) (4 58)
ke2nT2\{(0,0)}

Denote by P r)- (D'(T?))? = (ker L)* C (D'(T?))?, being the pro-
jection operator on (ker L)* with respect to the L?-inner product. Then for
any ¢ € D'(T?) and u € (D'(T? x 2T))?, it satisfies,

q (a9 Jreadzdy \ ([ q— [ qdzdy
P(kerL)J-( foludz > = ( P, foludz = P . (459)

Moreover, as in (4.56)) and (4.57)), one has

q i
P(kerL)J-< [Fuds > = S BV V), (4.60)
0 ke2rT2\{(0,0)}

with {bi(t}kEZTFTQ\{(O,O)} determined by

+ q *,74 o q ) >i<,:|:C
bk_<< foludz>7vk >C_/H‘2<foludz) Vk dxdy
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We will now investigate the action of the operators in on Vki.
Without further mentioning, we will use the representations and
, below. To shorten the notations, the multi-indices k,1,m,--- in
the following calculations are always subject to the set 27T? \ {(0,0)}. For

instance,
g = g , ete.
k

ke27T2\{(0,0)}
Calculation of A.(D). To calculate A.(D)V;", notice that,

t ) t
c1 (uAh,CQ(g)Vki + )\Vhdzvh,CQ(g)Vki)

— e () csgk)Iklk ticsg(oklt ik,

Vy—14+¢

Denote by
0 N .
3 . t =: A, = . V,F + VF.
(Cl(ﬂAhﬁz(e)Vki+)\vhdlvh£2(€)vki) > k kVk Bx k
Then
= yRE _ VY1 ot
= [ Ax-V T dedy = e :
T2 2/ — 1|K|

0
k|
X < csg(k) [k ookt ) : ( d )
ter (4 N) 2 s sa(k)lk| £ “Tse(k)k
g +A) o TV — Tsg(k)

= _al N g2 sl ¢

and similarly

2
B = / Ay - V;,HFC drdy = ci(p+A) |k|26:|:icsg(k)|k|§‘
T2 2
Therefore
t ci(p+ A
A(D)VE = L(—;)Ak = _1(/‘2)|k|2vki
n ci(p+A) |k‘2vk:|:6i2i<sg(k)k§‘

2

Calculation of Q. . To calculate Q. ;(Pyu, Vki), we first represent P,u
as, after expanding it as Fourier series in the horizontal direction,

1
Pru = Z i (z, 1), / Prudz = Zﬂke“"mh, (4.61)
Kk 0 Kk

50



satisfying
uk -k =0. (4.62)

Here, recall that w, = fol uk dz. Then the relations (4.59) and (4.60]) allow
us the write down the following:

( dwh(ﬁl( )VjE fo Poudz) )
Pr(Pou- Vala(- )Vi+£2( WiE - ViPou)

~+

_p ( dz’vh(ﬁl( )VjE fo Poudz) )
(ker 1) fo Poudz - Vh£2( )VkjE —i—ﬁg( )VjE Vhfo Poudz)

= (bmVim + CmViak)-

m

()

Denote by

5 ( dz’vh(ﬁl( )VjE fo Prudz) >
Kk =
fol Pgudz~Vh£2( )VjE —i—ﬁg( )Vi Vhfo Prudz)
A v7_1(k 1) -
>e:|:ic se()[k| £ i(k+1)-a,

Fese®) oK)k + (k- D))

Z»Lg(k)(( Kk + (k- D) > . < HF\/%HSIL(HI)IH >

= %(k : @1)(1 +(m-k+k- I)Sgﬂrrrr?”slffk))eﬂgsg(kﬂkz, and similarly

Qm:/ By - V’jF dxdy
TQ

G e 1 S8(m) sg(K) | pic g i)k £
= 2(k )(1 - (m-k+k 1)7’]“1"k| Je :

o1



where 1 = m — k and we have used (4.62)). Therefore
t

Q.1 (Pou, Vi) = £(-) > (&mVil + CaVi)
_i " sg(m)sg(k) -
-1y (((k 0+ EEE . 1)) v

m—I1=k
eFis(sg(k) k| —sg(m)|m]) .

+ (k- @)1 - (|m)||k|() S(m+1))) Vi

y e:l:ig(sg(k)|k|+sg(m)|m)§>‘

Calculation of Q.. To calculate Q.o(Vi",Vi¥) and Q.»(ViF, Vi), as
before, notice that, for V;,Va € (D'(T?))3, the relation (4.59) implies the
following identity:
t t t
( ‘CQ(E)Vl : vh[rl(g)VQ — 2 ﬁ2(g)V1 ' Vhﬁl( )V2 dzdy )
t t t
737—(52(2)‘/1 : vhﬁg(g)VQ + 02£1(*)V1Vh£1( )Vg)
52( )Vl Vhﬁl( )V2 >

:/P(kerL)i< 9
52( 2R Vhﬁz( YVa+c 51( )Vlvh»cl( VVa

Thus following the same arguments as in the calculation of Q. 1 yields:

ic sg(k)k -1 = sg(m)sg(k)sg(1)(1-k)(1-m)
Qa(Vi&, Vi) =7F +
2 W) =% == T i mlJK][1
n (y—1) ’Sg(|m)1 : m)Vnileiic(sg(k)\k|+sg(1)|1|_sg(m)|m\)g
m
- ic (Sg(k)k 1 sg(m)sg(k)sg()(1-k)(1- m)
2/y—1+c2" K| lm| [k|[1]
(=1 |Sg(|m)1 I i () oL £
m
ic sg(k)k-1  sg(m)sg(k)sg(l)(1-k)(1-m)
Qep(VE V) =7 -
2NV =% =75 [kl
+ (’Y - 1) bg(m)l . m)vrﬁeik(sg(k)\H7sg(1)|l|fsg(m)|m\)é

m|
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e (salik -1 sgm) sg()ss(D(L k) (L m)

:F
2v/y—1+c2" K| m|[k|[1|
(=1 ’Sg(|m)1 I 7 i (09 K] sl ss(m)lm]) £
m

where m = k + 1.
Calculation of Q. 3. This will be similar to the calculation of A.(D). The
result is

1cg/y — 1
Q.5(g, ViE) = :F% sg(k)[k|V;E

I ’ng\/; —1 Sg(k)|k|Vk$e:t2igsg(k)|k\ﬁ‘

The limits of the operators A.(D),Q.1,Q:2,Q.3 as ¢ — 07.  For
fixed k, 1, in the sense of distribution, we have the following: as ¢ — 07,

A A
A(DE -t Ve 5 oy = e 5 JUNVE = AD)VE,  (463)
N (i -k)(m-k)
Qe (Pou, Vi) — i ;k Tvm
sg (k) |k| = sg(m)|m|
, (- k)(m - k)
— 4.64
T mzljk k|2 Ql(PUVk) (4.64)
sg(l)|k| = — sg(m)|m|
Qo ) = F D v = E ), (465)
7 2/ — 1+ 2
where m = k +1, sg(k)|k| + sg(1)|l] = sg(m)/m|, k and | are co-linear,
Q- (V& Vi) = 0= Qz(Vki, viF), (4.66)
1cg\/y —
O-al0e i) = F LV =L (W) K| ViE = Qalg, i), (4.67)

where we have used the facts that

{m=Xk+1, sg(k)[k| +sg(D[I] = sg(m)[m] }
= {k,1,m are co-linear, and 1- k = sg(1) sg(k)|1| k|,
1-m = sg(1) sg(m)|1] jm]},
and {m =k +1, sg(k >|kr+sg<>|1| — ~ sa(m) ]} =0,
{m=Xk+1, sg(k)[k| —sg()[I] = +sg(m)m|} = 0.
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The limit equations. Now we have prepared enough to identify the limit

equations of equations (4.40: and (4.43) as e — 0%,
We rewrite equation (4.40) in the following fashion:

HVS + Qe1(vp, V) + Qe 2(V2, V) + Qe 3(9°, V) — A(D)V?
= —Qc 1(Pove — vp, V2) — Qe 1(vp, V2 = V?)
= Qeo(V2 =V, V) = Qea(VO, VI = V)
= Q:3(9: — 9% V2) — Qes(9%, V2 = V?)

a0

(4.68)

Then, from the regularity in and , the weak convergence of 0;V?°
in ([4.51)), and the convergence of operators in (4.63)), (4.64), (4.65), (4.66)
and , as € — 07, the left-hand side of converges in the sense of
distribution to

OV 4+ Q1(vp, V) + Qa(V°, V) + Q3(¢°,V°) — A(D)V°.

Indeed, one can replace v, V° with their finite dimensional Fourier trunca-
tions on the left-hand side of , and similar estimates as in of the
operators for such truncations imply that the actions of the operators on the
remainders are bounded by certain norms of the remainders uniformly in €.
Then by letting € go to zero, since the truncations approximate the identity
operator, one can show the convergence of the actions of the operators.

We claim that the right-hand side of converges in the sense of
distribution to 0. Indeed, from the definition of the operators in (4.41])
and the norm preserving property , applying the Holder and Sobolev
embedding inequalities implies that, as e — 07,

o t o
| Qe 1 (Pove — vy, V2 )‘LOO(O,T;L2(’]I‘2)) S |£(;)V€ ‘LOO(O,T;LOO(’]I‘Z))

t o
X || Vi (Pove — vp) || Lo (0,1522(T2)) T |Vh£(g)V€ |L°°(0,T;L4(T2))
X || Pove — up | Lo°(0,T;L4(T2)) S "/;O’LOO(O,T;HQ(T2))

X || Pove — 0,

— v | Lo°(0,T;H(T2))
|Q5,1(vp, Ve - VO)‘L‘X’(O,T;LQ(TQ)) S ’Vfo N VO‘L“’(O,T;Hl(TQ))

X || vp || oo 0.1pr2(2y) = O

o o o t o o
|Q5,2(V€ - ViV )‘L‘X’(O,T;LQ(’JI‘Q)) S ’C(g)(vs -V )‘LOO(O,T;L‘*(TQ))
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X ’V‘c‘()’LOO(O,T;HQ('ﬂ‘Q)) - 0’

’Q€,2(VO> Ve - ‘LOO(O,T;L2(T2)) N ‘VO|L°°(0,T;H2(T2))
< |[Ve -V ‘LOO(O,T;Hl(’]l‘Q)) — 0,

|Qe5(9: — 9°, VEO)‘LOO(O,T;LQ(T?)) < lge — gO‘LOO(O,T)
X ‘VEO‘LOO(O,T;HI(T?)) — 0,

|Qe3(9% V2 —
x |V2—-V

)’LW(O,T;LQ('H‘Q)) S }go‘Lw(O,T)
‘LOO(O,T;Hl(’]I‘Q)) =0,

where we have applied (4.12)), (4.47), (4.45)), (4.50), (4.51). On the other

hand, the norm preserving property (4.44]) implies that, for ¢ € (0,00) and
any Vi, Vs € (D'(T?))3,

0=[Vi+L(t VQ‘H (T2) — [L(-t)Vi + V2ﬁ;2(1r2)

= 2/ V1 . /:,(t)VQ dxdy + 2/ L‘(—t)Vl . V2 dxdy.
T2 T2

Consider any ¢ € (D’'(T?))3. By making use of the above relation, we have

JAD)(VE = V) - P dady

T

0 t

- t , t - L(=) dxd

/1r2 < c(pAnla(D)(VE = V) + AVadivp L2(Z)(VE = V) > () drdy

=1 [ (wnea 2 - v Voo

. t ) t
+ )\(dwhEQ(g)(VEO — V) x (dzvh£2(€)¢)> dxdy < ’vhd}'Hl(’[[‘?
X “/EO_VO‘Hl(T2) —0 in L*>(0,T), ase — 0*,

where we have applied the Holder and Sobolev embedding inequalities, and

([4.51). Consequently, A. (V2 —V?°) — 0 as e — 01 in the sense of distribu-
tion.

What is left is to show the convergence of the last term on the right-hand
side of (4.68)). That is, we will show in the following, as ¢ — 0T, that

0 : P
Fi=L(- ) < K+ L+ Ly ) — 0, in the sense of distribution. (4.69)
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On the one hand, the estimates in (4.49) and the norm-preserving property
(4.44) yield that,

f 0 : 00 L7222 2 Lrylm2
c(—€)<L1+L2>—>0, in L*(0,T; L*(T?)) N L*(0, T; H' (T?)),

as € — 07. On the other hand,
K= PT(_Up : VhUp - (divhap)vp)
+ Pr(=Pove - Vi (Pove — vp) — (divh7/3;_v/5)(730v5 — vp)
— (Pyve — vp) - Vi, — (dz’vh(7/3;U/€ —0p))vp) = K' + K",

where, as the consequence of (4.12)) and the Holder and Sobolev embedding
inequalities, we have, as ¢ — 0T,

K" — 0 in L®(0,T; L*(Q,)) N L*(0,T; H'(Q)).
Therefore, one only has to investigate,
t . . - .
(h(0)- T e on gy i,
ke2nT2\{(0,0)}

(4.70)
where we have substituted the representation (4.58]), and it is represented,

using the relation (4.59)) and (4.60)),
0 5+ S
< K’ > = D (EWW R,
ke27T2\{(0,0)}
Together with the norm preserving property (4.44) and the fact that
K’

2
‘Loo(o,T;Hl(W)) = ||vp||L°°(O,T;H2(']T2><2’]1‘)) < 00,

([4.70) yields, as e — 01,

e o ) S0 wenker i L¥0.T )

This finishes the proof of (4.69). Therefore, we have identified the limit
equation of (4.40)):

OV + Qui(vp, V) + Q(V°, V) + Qs3(g°, V) — A(D)V° =0.  (4.71)
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To identity the limit equation of (4.43]), notice that equation (4.43)) can
be written as,

d o o
@ge = — /11‘2 £2(g)v -Vhﬁl(g)v dxdy
t t
+ / LoV~ V) -Vl (4)VO dady
t t
+ /2 £2(g)vg’ : Vhﬁl(g)(V" — V2) dady := My + My + Ms.
T

Due to the norm preserving property of £, we have My + Mz — 0 ase — 0

from (4.45)), (4.50) and (4.51). To investigate M, since V? is real-valued,
we denote, with V_ik = Vki
Vo= Y (MIVE V). (4.72)
ke2nT2\{(0,0)}
Then after applying (4.58)), direct calculations show that

vt V7 — Lsg(k)[K|
M, = > (—zvljvjk o

ke27T2\{(0,0)}

o o/ Tsg(R)K
+aVie Vo o
NS Vv —1sgk)|k| o
_ 2in+V:kC Y — 15_;5_( 2)’ |62zgsg(k)|kz>
vy c
! —1 e o
e (—zVJVi sa(k) K| + %y vksg<k>rk|)
v © ke2rT2\{(0,0)}
/vy —1 N .
Sl S (IR R ) sk
ke27T2\{(0,0)}
in L(0,T).

Moreover, direct integrating (4.43)) in the temporal variable yields
t ¢
gs(t) — / o dxdy = / M dt +/ (MQ + Mg) dt.
T2 0 0
After taking € — 0, we have for any ¢ € [0, 7],
g9°(t) —/ &o dxdy
T2
cy/y—1

S (R IR s

_ 2
- l+4e ke2xT2\{(0,0)}
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and since ¢° is real-valued, this implies

gOE/ &o dxdy. (4.73)
T2

We summarize the discussion in this subsection in the following:

Proposition 6. Under the same assumptions as in Proposition [f, in the
case when Qp, = T?, there are a function V° satisfying the regularity in
4.50) and a constant g° given by (4.73), such that (V°, g°) satisfies equation

4.71)). The convergence in (4.54) holds as e — 0F.
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