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Abstract

In the work, we consider the zero Mach number limit of compress-
ible primitive equations in the domain R2×2T or T2×2T. We identify
the limit equations to be the primitive equations with the incompress-
ible condition. The convergence behaviors are studied in both R2×2T
and T2 × 2T, respectively. This paper takes into account the high
oscillating acoustic waves and is an extension of our previous work
in [29].
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1 Introduction

1.1 Zero Mach number limit

As an example of multi-scale analysis, the zero Mach number limit problem
for compressible flows has been an important classical problem in the study
of hydrodynamic equations. Pioneered by Klainerman and Majda in [19,20],
it is shown that the solutions of inviscid compressible Euler equations con-
verge to that of inviscid incompressible Euler equations for the isentropic
flows in Rd and Td, d ∈ Z+. The initial data are well-prepared and almost
incompressible. The result is further studied in bounded domains for non-
isentropic flows by Schochet in [38, 39]. In [43], the author establishes the
zero Mach number limit with general (ill-prepared) initial data in Rd. As
pointed out in [33], in comparison to the case when the initial data are well-
prepared, the time derivatives are no longer uniformly bounded with respect
to the Mach number when the system is complemented with ill-prepared ini-
tial data. This leads to high frequency acoustic waves with large amplitude.

We have studied the zero Mach number limit of compressible primitive
equations with well-prepared initial data in [29]. In this work, we are con-
sidering such a singular limit problem with ill-prepared initial data.

To present the general idea of singular limit problems with ill-prepared
initial data, consider the following equation of the unknown function G,

∂tG+
1

ε
L(∂x)G = N (G), (1.1)

where ε ∈ (0,∞) is the singular parameter, L(∂x) is an anti-symmetric
differential operator with constant coefficients, and N (G) is the nonlinearity
of G. Then one can perform the Hs estimate for some large s ∈ Z+, on
system (1.1). Since L(∂x) is anti-symmetric,

wwGww
Hs is uniformly bounded

with respect to ε, at least locally in time. If one considers the projection of
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(1.1) in the kernel of operator L(∂x), which is called the non-singular part
of the equation, it follows that

∂tPker(L(∂x))G = Pker(L(∂x))N (G)

is uniformly bounded in Hs′ space for some s′ ∈ Z+ ∪{0} with respect to ε.
On the other hand, G− Pker(L(∂x))G satisfies

∂t(G− Pker(L(∂x))G) +
1

ε
L(∂x)(G− Pker(L(∂x))G)

= N (G)− Pker(L(∂x))N (G),
(1.2)

which has wave packet solutions with fast oscillations as ε → 0+. Con-
sequently, G − Pker(L(∂x))G is oscillating at high frequency. Moreover, as
ε → 0+, the Hs norm preserving property of the anti-symmetric operator
L(∂x) implies that the amplitude of the oscillations does not vanish in gen-
eral. Instead, the limit of the oscillatory part is driven by certain PDEs.
To resolve the singular limit problem of (1.1) as ε → 0+, one has to study
the interactions of the non-singular part and the oscillatory part in the non-
linearity N (G) in order to identify the limit equations. Such a method of
studying the singular limit problem of (1.1) is developed by Schochet in [37]
for hyperbolic PDEs with applications to the incompressible limit problem
of Euler equations, nonlinear wave equations and the theory of weakly non-
linear geometric optics. Later, this method is further developed for some
parabolic equations by Gallagher in [16]. We remark here that, if equation
(1.1) is complemented with well-prepared initial data, the amplitude of oscil-
lations is small, and consequently, the interaction between the non-singular
part and the oscillatory part is much weaker.

In the study of zero Mach number limit of hydrodynamic equations for
isentropic flows, if one writes the equations in the form of (1.1), the corre-
sponding kernel of L(∂x) consists the solenoidal velocity field. The equations
corresponding to the fast oscillation equations (1.2) are referred to as the
acoustic wave equations. Using these terminologies, the theorem developped
by Ukai in [43] is basically showing that the acoustic waves decay to zero as
ε→ 0+ in Rd. Such a fact is the consequence of the Strichartz estimates for
linear wave equations, as pointed out by Desjardins and Grenier in [10] (see,
e.g., [17,18,25] about the Strichartz estimate). In Td, Lions and Masmoudi
study the resonance of the high frequency osciallations and show that in the
sense of distribution, the solutions to the compressible Navier–Stokes equa-
tions converge to that to the incompressible Navier–Stokes equations as the
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Mach number goes to zero in [27]. Later in [31], Masmoudi studies the in-
compressible, inviscid limit, with low Mach number and large Reynolds num-
ber, of compressible Navier–Stokes equations and identities the equations in
both Rd and Td. We refer readers, for further developments, to [6–8,40].

Additionally, we would like to mention that when considering the non-
isentropic flows, the corresponding operator L(∂x) in (1.1) has coefficients
depending on space and time variables. This causes non-trivial difficulties
to study the resonances between the oscillations (see, e.g., [1–3, 33, 34]).
Moreover, when taking into account the stratification effect of gravity, the
compressible Navier–Stokes equations with gravity may converge to the
Oberbeck-Boussinesq equations or the anelastic equations, depending on
the strength of the gravity effect. We refer readers, for more discussions
of related topics, to [4, 9, 11–15, 32, 35, 36, 44]. Also, for more multi-scale
analysis, we refer readers to [21–24,30].

1.2 The compressible primitive equations

As mentioned before, we aim at studying the low Mach number limit of the
compressible primitive equations. As discussed in our previous work [29],
this is part of the justification of the PE diagram (see Figure 1 in [29]). We
refer readers, for more background of the compressible primitive equations,
to [29].

Let ε ∈ (0,∞) denote the Mach number, and let ρε ∈ R, vε ∈ R2, wε ∈ R
represent the density, the horizontal and the vertical velocities, respectively.
Then the compressible primitive equations can be written as, after rescaling
the original CPE, similar to that of the compressible Navier–Stokes equa-
tions (see, e.g., [14]):

∂tρε + divh(ρεvε) + ∂z(ρεwε) = 0 in Ωh × (0, 1),

∂t(ρεvε) + divh(ρεvε ⊗ vε) + ∂z(ρεwεvε)

+
1

ε2
∇hP (ρε) = divhS(vε) + ∂zzvε in Ωh × (0, 1),

∂zP (ρε) = 0 in Ωh × (0, 1).

(CPE)

where P (ρε) = ργε , S(vε) = µ(∇hvε + ∇hv>ε ) + (λ − µ)divhvεI2 represent
the pressure for isentropic flows and the viscous stress tensor for Newtonian
flows, respectively. Here, we assume that µ, λ > 0 and γ > 1. We consider
Ωh = R2 or T2 in this paper, where T2 represents the periodic domain
with period 1 in both directions in R2. (CPE) is complemented with the
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stress-free and non-permeable boundary conditions:

∂zvε
∣∣
z=0,1

= 0, wε
∣∣
z=0,1

= 0. (BC-CPE)

Hereafter, we have and will use ∇h, divh and ∆h to represent the horizontal
gradient, the horizontal divergence, and the horizontal Laplace operator,
respectively; that is,

∇h :=

(
∂x
∂y

)
, divh := ∇h·, ∆h := divh∇h · .

Notice, (CPE) with (BC-CPE) is invariant with respect to the following
symmetry:

vε and wε are even and odd, respectively, in the z-variable. (SYM)

Owing to such symmetry, in order to study the limit system of (CPE) as
ε→ 0+, it suffices to consider the following system:

∂tρε + divh(ρεvε) + ∂z(ρεwε) = 0 in Ωh × 2T,
∂t(ρεvε) + divh(ρεvε ⊗ vε) + ∂z(ρεwεvε)

+
1

ε2
∇hP (ρε) = divhS(vε) + ∂zzvε in Ωh × 2T,

∂zP (ρε) = 0 in Ωh × 2T,

(1.3)

subject to the periodic boundary condition and symmetry (SYM). Here 2T
is the periodic domain with period 2 in R.

We remark that the restrictions of solutions to (1.3) in Ωh × [0, 1] solve
(CPE) with (BC-CPE), provided that the solutions exist and are regular
enough.

We can rewrite (1.3)2 as, provided that ρε > 0,

∂tvε + vε · ∇hvε + wε∂zvε +
1

ε2
∇h
( γ

γ − 1
ργ−1
ε

)
=

µ

ρε
∆hvε

+
λ

ρε
∇hdivhvε +

1

ρε
∂zzvε.

Also from the continuity equation (1.3)1, one can derive

∂tρ
γ−1
ε + vε · ∇hργ−1

ε + (γ − 1)ργ−1
ε divhvε + (γ − 1)ργ−1

ε ∂zwε = 0.

We consider ργ−1
ε with perturbations around the constant state given by

ργ−1
ε = ρ̄γ−1 ∈ (0,∞). Then we define the perturbation variable ξε by

ξε :=
1

ε
log

(
γ

γ − 1

ργ−1
ε

c2

)
,
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with c2 :=
γ

γ − 1
ρ̄γ−1. Let α :=

1

γ − 1
, c1 :=

( γ

(γ − 1)c2

)α
. With such

notations, ρε = c−1
1 exp (εαξε). Without loss of generality, we take ρ̄ ≡ 1.

Hence (1.3) can be written as

∂tξε + vε · ∇hξε +
γ − 1

ε
(divhvε + ∂zwε) = 0 in Ωh × 2T,

∂tvε + vε · ∇hvε + wε∂zvε +
c2eεξε

ε
∇hξε

= c1e
−εαξε

(
µ∆hvε + λ∇hdivhvε + ∂zzvε) in Ωh × 2T,

∂zξε = 0 in Ωh × 2T,

(1.4)

complemented with periodic initial data with symmetry (SYM). In fact,
(1.4) is already in the form of (1.1). In this work, we study the asymptotic
limit of (1.4) as ε → 0+. In fact, we will demonstrate that the existence
time of strong solutions to (1.4) has a uniform lower bound, independent of
ε ∈ (0, ε0) for some small ε0 ∈ (0, 1). In addition, in the sense of distribution,
the limit equations of (1.4), as ε → 0+, are the primitive equations (2.9)
with the incompressible condition, below. Also, the associated acoustic wave
equations for the three dimensional system (1.4) are only two dimensional
(see (4.20), below). Consequently, we are able to adopt the strategy of
studying the acoustic wave equations for the compressible Navier–Stokes
equations in R2 and T2 to investigate the oscillatory part of the equations.
This is done in section 4, below.

The rest of this work is organized as follows. In the next section, we will
introduce some notations as well as some function spaces. Also, the main
theorems in this work are stated in both Ωh = R2 and Ωh = T2. Next, in
section 3, we establish the uniform local well-posedness of strong solutions
to system (1.4). This is done with uniform a priori estimates in section 3.1,
a local existence theorem in section 3.2 and a continuity argument in section
3.3. In section 4, we first identity the primitive equations, i.e., (2.9), below,
as the limit of system (1.4) as ε→ 0+ in the sense of distribution. Then in
section 4.1, we argue that the acoustic waves decay to zero in the case when
Ωh = R2; in section 4.2, we study the oscillation equations and identify the
limit equations of oscillations in the case when Ωh = T2. Consequently,
we conclude the compactness in both cases as stated in the main theorems,
below.
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2 Preliminaries and main theorems

In this work, we denote by

f(x, y) :=

∫ 1

0
f(x, y, z′) dz′, and f̃(x, y, z) := f(x, y, z)− f(x, y),

as the average and the fluctuation of any function f = f(x, y, z) over the z-
variable. We use ∂h to denote the horizontal derivatives, i.e., ∂h ∈ {∂x, ∂y}.
∂t and ∂z denote the time derivative and the vertical derivative, respectively.
For any function f , ∂gf is sometimes denoted as fg, for g ∈ {t, x, y, z, h}.
Similar notations are also adopted for higher order derivatives.

As in [26], we introduce the following function spaces. Denote by

C∞σ := {u ∈ C∞0 (Ωh × 2T;R2)|
∫ 1

0
divhu dz = 0},

C∞τ := {u ∈ C∞0 (Ωh × 2T;R2)|u = ∇hψ, for ψ ∈ C∞(Ωh;R2)}.

Then with respect to the L2-inner product, C∞σ ⊥ C∞τ and C∞0 = C∞σ ∪
C∞τ . We denote the closures in the L2 norm of C∞σ , C

∞
τ as L2

σ = L2
σ(Ωh ×

2T;R2), L2
τ := L2

τ (Ωh × 2T;R2), respectively. D′ = D′σ ∪ D′τ , Hs = Hs
σ ∪Hs

τ

are the spaces of test functions and Sobolev functions in Ωh × 2T, defined
similarly for s ∈ Z+. We define the projection operators Pσ,Pτ in the
following. Let u ∈ C∞0 (Ωh × 2T;R2). Consider the elliptic problem

∆hψu =

∫ 1

0
divhu dz, lim

|(x,y)|→∞
ψu = 0 in the case when Ωh = R2,∫

Ωh
ψu dxdy = 0 in the case when Ωh = T2.

(2.1)

Let
Pτu := ∇hψu, Pσu := u−∇hψu. (2.2)

Then Pσ,Pτ are the projection operators from C∞0 to C∞σ , C
∞
τ , respectively.

Also, by a density argument, Pσ,Pτ can act on functions in L2, Hs, s ∈
(0,∞). In particular, the standard elliptic estimates yield, provided that
u ∈ Hs(Ωh × 2T;R2), s ∈ (0,∞),∣∣ψu∣∣Hs+1 .

∣∣u∣∣
Hs .

wwuww
Hs .

Thus Pσu ∈ Hs
σ,Pτu ∈ Hs

τ , u = Pσu+ Pτu andwwPσuwwHs .
wwuww

Hs ,
wwPτuwwHs .

wwuww
Hs . (2.3)
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System (1.4) is complemented with initial data (ξ0, v0) ∈ H2(Ωh ×
2T;R)×H2(Ωh × 2T;R2) with the compatibility conditions:

∂zξ0 = 0; v0 is even in the z-variable. (2.4)

Also, in the case when Ωh = R2, the far field condition

lim
|(x,y)|→∞

|vε| = 0, (2.5)

is also imposed. We denote the constant M ∈ (0,∞) satisfying

1

2

wwv0

ww2

H2 +
c2

γ − 1

wwξ0

ww2

H2 < M, (2.6)

to be the bound of initial data (ξ0, v0). Now we describe our main theorems
in this work. The first theorem is stating that the H2 norms of the solutions
to (1.4) are uniformly bounded with respect to ε, provided that ε is small
enough.

Theorem 2.1. With initial data (ξ0, v0) ∈ H2(Ωh×2T;R)×H2(Ωh×2T;R2)
satisfying the compatibility conditions in (2.4), let M be the upper bound of
the initial data, i.e., (2.6). Then there are positive constants ε1 ∈ (0, 1), T ∈
(0,∞) depending only M , such that for any ε ∈ (0, ε1), there is a unique
strong solution (ξε, vε) to system (1.4) in the time interval [0, T ]. (ξε, vε)
satisfies

ξε ∈ L∞(0, T ;H2(Ωh × 2T)), ∂tξε ∈ L∞(0, T ;H1(Ωh × 2T)),

vε ∈ L∞(0, T ;H2(Ωh × 2T)) ∩ L2(0, T ;H3(Ωh × 2T)),

∂tvε ∈ L∞(0, T ;L2(Ωh × 2T)) ∩ L2(0, T ;H1(Ωh × 2T)).

(2.7)

In addition, there exist positive constants M0,M1,M2 ∈ (0,∞) independent
of ε such thatwwξεww2

L∞(0,T ;H2(Ωh×2T))
< M0,

wwvεww2

L∞(0,T ;H2(Ωh×2T))
< M1,ww∇vεww2

L2(0,T ;H2(Ωh×2T))
< M2.

(2.8)

Next, as ε→ 0+, formally, we expect the solutions vε obtained in Theo-
rem 2.1 will converge to a solution to the following primitive equations:

divhvp + ∂zwp = 0 in Ωh × 2T,
∂tvp + vp · ∇hvp + wp∂zvp +∇hP

= c1(µ∆hvp + λ∇hdivhvp + ∂zzvp) in Ωh × 2T,
∂zP = 0 in Ωh × 2T,

(2.9)
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complemented with initial data vp|t=0 = vp,0 = Pσv0 ∈ H2
σ(Ωh × 2T). The

convergence behaviors are different in the case when Ωh = R2 and the case
when Ωh = T2. We summarize the results in the following:

Theorem 2.2. Under the same assumptions as in Theorem 2.1, as ε→ 0+,
one has

vε
∗
⇀ vp weak-∗ in L∞(0, T ;H2(Ωh × 2T)),

vε ⇀ vp weakly in L2(0, T ;H3(Ωh × 2T)),
(2.10)

where vp ∈ L∞(0, T ;H2(Ωh × 2T)) ∩ L2(0, T ;H3(Ωh × 2T)) is the unique
strong solution to (2.9) with initial data vp|t=0 = vp,0 = Pσv0 ∈ H2

σ(Ωh×2T).
Moreover, the following strong convergence holds,

Pσvε → vp in C([0, T ];H1
σ,loc(Ωh×2T))∩L2(0, T ;H2

σ,loc(Ωh×2T)). (2.11)

In addition,

• in the case when Ωh = R2, as ε→ 0+,

ξε → 0, Pτvε → 0 in L2(0, T ;W
1
2
,6(R2)), (2.12)

and therefore,wwvε − vpwwL2(0,T ;L6
loc(R2×2T))

+
wwξεwwL2(0,T ;L6(R2×2T))

→ 0; (2.13)

• in the case when Ωh = T2, as ε → 0+, only the weak convergences
in (2.10) hold, and there exists a function V o ∈ L∞(0, T ;H2(T2)) ∩
C(0, T ;H1(T2)) and a constant go, satisfying equation (4.71), below
in section 4.2, such that, as ε→ 0+,

ww( ξε − go
vε − vp

)
− L

( t
ε

)
V o
ww
L∞(0,T ;H1(T2×2T))

→ 0 (2.14)

where L is the solution operator to equation (4.27), defined in (4.26),
below in section 4.

Theorem 2.1 is the direct consequence of Proposition 3, below. Theorem
2.2 is the consequence of Propositions 4, 5, 6, below.
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3 Uniform stability

In this section, we will establish the uniform local existence of solutios to
(1.4) with respect to ε ∈ (0, ε0) for some ε0 ∈ (0,∞) small enough. This
is done via a series of a priori estimates, a local well-posedness theorem
and a continuity argument. To simplify the presentation, in this section,
we shorten the notations by dropping the subscript ε. That is, we denote
ξ = ξε, v = vε, w = wε.

3.1 A priori estimates

We first establish some a priori estimates, which are independent of ε. In-
deed, for ε small enough, the a priori estimates obtained in this subsection
allow us to establish a uniform existence time in subsection 3.3. We remind
readers system (1.4):

∂tξ + v · ∇hξ +
γ − 1

ε
(divhv + ∂zw) = 0 in Ωh × 2T,

∂tv + v · ∇hv + w∂zv +
c2eεξ

ε
∇hξ

= c1e
−εαξ(µ∆hv + λ∇hdivhv + ∂zzv) in Ωh × 2T,

∂zξ = 0 in Ωh × 2T.

(1.4)

We will show the following:

Proposition 1. Let (ξ, v) be a local strong solution to (1.4) in the time
interval [0, T ], T ∈ (0,∞), and (ξ, v)

∣∣
t=0

= (ξ0, v0) ∈ H2(Ωh × 2T) with the
compatibility conditions in (2.4). Then the following inequality holds: for
any δ ∈ (0, 1) with corresponding Cδ ' δ−1,

sup
0≤t≤T

{
1

2

wwv(t)
ww2

H2 +
c2

2(γ − 1)
e
−ε
wwξ(t)ww

H2
wwξ(t)ww2

H2

}
+ c1

∫ T

0

(
e
−εα
wwξ(t)ww

H2
(
µ
ww∇hv(t)

ww2

H2 + λ
wwdivhv(t)

ww2

H2

+
ww∂zv(t)

ww2

H2

))
dt ≤ 1

2

wwv0

ww2

H2 +
c2e

ε
wwξ(0)

ww
H2

2(γ − 1)

wwξ0

ww2

H2

+ δ

∫ T

0

ww∇v(t)
ww2

H2 dt+ ε

∫ T

0

(
H1(

wwξ(t)ww
H2 ,
wwv(t)

ww
H2)

×
ww∇v(t)

ww2

H2

)
dt+ Cδ

∫ T

0
H2(

wwξ(t)ww
H2 ,
wwv(t)

ww
H2) dt,

(3.1)
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where H1(·),H2(·) are smooth and bounded functions of the arguments. Also,
H1(0) = 0,H2(0) = 0. Moreover, with the same notations, below, we have
the inequalities:ww∂teεξwwH1 ≤ H2(

wwξww
H2 ,
wwvww

H2), (3.2)ww∂tPσvwwL2 ≤ H2(
wwξww

H2 ,
wwvww

H2), (3.3)ww∂tPσvwwH1 ≤ H1(
wwξww

H2 ,
wwvww

H2)
ww∇vww

H2

+H2(
wwξww

H2 ,
wwvww

H2), (3.4)ww∂tξwwH1 ≤ ε−1H2(
wwξww

H2 ,
wwvww

H2), (3.5)ww∂tvwwL2 ≤ (1 + ε−1)H2(
wwξww

H2 ,
wwvww

H2), (3.6)ww∂tvwwH1 ≤ H1(
wwξww

H2 ,
wwvww

H2)
ww∇vww

H2

+ (1 + ε−1)H2(
wwξww

H2 ,
wwvww

H2). (3.7)

In order to establish such a priori estimates, we first represent the vertical
velocity w in terms of (ξ, v). In fact, after averaging (1.4)1 in the z-variable,
one has

∂tξ + v · ∇hξ +
γ − 1

ε
divhv = 0,

and consequently, after comparing the above equation with (1.4)1, it follows
that

ṽ · ∇hξ +
γ − 1

ε
(divhṽ + ∂zw) = 0.

Then the following representations of the vertical velocity and its derivatives
hold (recall that α = 1/(γ − 1)):

w = −
∫ z

0

(
εαṽ · ∇hξ + divhṽ

)
dz, (3.8)

wz = −εαṽ · ∇hξ − divhṽ, (3.9)

wh = −
∫ z

0

(
εα(ṽ · ∇hξ)h + divhṽh

)
dz, (3.10)

wzz = −εαṽz · ∇hξ − divhṽz, (3.11)

whz = −εαṽh · ∇hξ − εαṽ · ∇hξh − divhṽh. (3.12)

In the following, we separate the proof of Proposition 1 in three parts: es-
timates on the horizontal derivatives; estimates on the vertical derivatives;
and estimates on the time derivatives.
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Estimates on the horizontal derivatives

Denote by ∂h ∈ {∂x, ∂y}. Then after applying ∂2
h = to (1.4), it follows

∂tξhh +
γ − 1

ε
(divhvhh + ∂zwhh) = G in Ωh × 2T,

∂tvhh +
c2eεξ

ε
∇hξhh − c1e

−εαξ(µ∆hvhh

+ λ∇hdivhvhh + ∂zzvhh) = F1 + F2 + F3 + F4 in Ωh × 2T,

(3.13)

where we have denoted by

G := −(v · ∇hξ)hh,
F1 := −(v · ∇hv)hh − (w∂zv)hh,

F2 := −c2eεξ(ξhh + εξ2
h)∇hξ − 2c2eεξξh∇hξh,

F3 := −2εc1αe
−εαξξh(µ∆hvh + λ∇hdivhvh + ∂zzvh),

F4 := −εc1αe
−εαξ(ξhh − εαξ2

h)(µ∆hv + λ∇hdivhv + ∂zzv).

After taking the L2-inner product of (3.13)2 with vhh in Ωh × 2T, it holds

d

dt

{
1

2

∫
|vhh|2 d~x

}
+

∫
c2eεξ

ε
∇hξhh · vhh d~x+ c1

∫ (
e−εαξ

(
µ|∇hvhh|2

+ λ|divhvhh|2 + |vhhz|2
))

d~x =

∫
F1 · vhh d~x+

∫
F2 · vhh d~x

+

∫
F3 · vhh d~x+

∫
F4 · vhh d~x+ εc1α

∫ (
e−εαξ

(
µ(∇hξ · ∇hvhh) · vhh

+ λ(vhh · ∇hξ)divhvhh
))

d~x =: I1 + I2 + I3 + I4 + I5.

On the other hand, after applying integration by parts and substituting
(3.13)1, one has∫

c2eεξ

ε
∇hξhh · vhh d~x = −

∫
c2eεξ

ε
ξhhdivhvhh d~x

−
∫
c2eεξξhh(vhh · ∇hξ) d~x =

∫
c2eεξ

γ − 1
ξhh
(
∂tξhh − G −

γ − 1

ε
∂zwhh

)
d~x

−
∫
c2eεξξhh(vhh · ∇hξ) d~x =

d

dt

{
c2

2(γ − 1)

∫
eεξ|ξhh|2 d~x

}
− c2

2(γ − 1)

∫
eεξεξt|ξhh|2 d~x−

c2

γ − 1

∫
eεξξhhG d~x

12



− c2

∫
eεξξhh(vhh · ∇hξ) d~x.

Then after writing

I6 :=
c2

2(γ − 1)

∫
eεξεξt|ξhh|2 d~x, I7 :=

c2

γ − 1

∫
eεξξhhG d~x,

I8 := c2

∫
eεξξhh(vhh · ∇hξ) d~x,

one has

d

dt

{
1

2

wwvhhww2

L2 +
c2

2(γ − 1)

wweεξ/2ξhhww2

L2

}
+ c1

(
µ
wwe−εαξ/2∇hvhhww2

L2

+ λ
wwe−εαξ/2divhvhhww2

L2 +
wwe−εαξ/2vhhzww2

L2

)
=

8∑
i=1

Ii.

(3.14)
Now we will estimate the right-hand side of (3.14). After applying inte-

gration by parts, I1 can be written as

I1 =

∫ (
1

2
divhv|vhh|2 − (2vh · ∇hvh + vhh · ∇hv) · vhh

)
d~x

+

∫
1

2
wz|vhh|2 d~x+

∫ (
wh∂zvh · vhh + wh∂zv · vhhh

− 2wh∂zvh · vhh
)
d~x =: I ′1 + I ′′1 + I ′′′1 .

Then it follows, after substituting (3.9) and (3.10), that

I ′1 .
∫
|∇hv||∇2

hv|2 d~x .
ww∇hvwwL2

ww∇2
hv
ww
L3

ww∇2
hv
ww
L6

.
ww∇hvwwL2

(ww∇2
hv
ww1/2

L2

ww∇∇2
hv
ww1/2

L2 +
ww∇2

hv
ww
L2

)(ww∇2
hv
ww
L2

+
ww∇∇2

hv
ww
L2

)
. δ
ww∇∇2

hv
ww2

L2 + Cδ
(
1 +

ww∇hvww4

L2

)ww∇2
hv
ww2

L2 ,

I ′′1 = −1

2

∫ ( ε

γ − 1
ṽ · ∇hξ + divhṽ

)
|vhh|2 d~x =

1

2

∫ (( ε

γ − 1
ξdivhṽ

− divhṽ
)
|vhh|2

)
d~x+

∫
ε

γ − 1
ξ(ṽ · ∇hvhh) · vhh d~x

. ε
∫
|ξ|(|∇hv||∇2

hv|2 + |v||∇2
hv||∇3

hv|) d~x+

∫
|∇hv||∇2

hv|2 d~x

. ε
wwξww

L∞

ww∇2
hv
ww
L3

(ww∇hvwwL2

ww∇2
hv
ww
L6 +

wwvww
L6

ww∇3
hv
ww
L2

)
13



+
ww∇hvwwL2

ww∇2
hv
ww
L3

ww∇2
hv
ww
L6 .

wwvww
H1

(
1 + ε

wwξww
H2

)
×
(ww∇2

hv
ww1/2

L2

ww∇∇2
hv
ww1/2

L2 +
ww∇2

hv
ww
L2

)(ww∇∇2
hv
ww
L2 +

ww∇2
hv
ww
L2

)
. δ
ww∇∇2

hv
ww2

L2 + Cδ
(
ε4
wwξww4

H2 + 1
)(wwvww4

H1 + 1
)ww∇2

hv
ww2

L2 ,

I ′′′1 = −
∫ [∫ z

0

(
ε

γ − 1
(ṽ · ∇hξ)h + divhṽh

)
dz ×

(
∂zvh · vhh + ∂zv · vhhh

− 2∂zvh · vhh
)]

d~x .
∫ 1

0
ε
(∣∣v∣∣

L∞

∣∣∇2
hξ
∣∣
L2 +

∣∣∇hv∣∣L4

∣∣∇hξ∣∣L4

)
dz

×
∫ 1

0

(∣∣∂zvh∣∣L4

∣∣vhh∣∣L4 +
∣∣∂zv∣∣L∞∣∣vhhh∣∣L2

)
dz +

∫ 1

0

∣∣∇2
hv
∣∣
L3 dz

×
∫ (∣∣∂zvh∣∣L3

∣∣vhh∣∣L3 +
∣∣∂zv∣∣L6

∣∣vhhh∣∣L2

)
dz .

∫ 1

0
ε
∣∣v∣∣

H2

∣∣ξ∣∣
H2 dz

×
∫ 1

0

(
(
∣∣∂zvh∣∣1/2L2

∣∣∇h∂zvh∣∣1/2L2 +
∣∣∂zvh∣∣L2)(

∣∣vhh∣∣1/2L2

∣∣∇hvhh∣∣1/2L2 +
∣∣vhh∣∣L2)

+
∣∣∂zv∣∣H2

∣∣vhhh∣∣L2

)
dz +

∫ 1

0

(∣∣∇2
hv
∣∣2/3
L2

∣∣∇3
hv
∣∣1/3
L2 +

∣∣∇2
hv
∣∣
L2

)
dz

×
∫ 1

0

(
(
∣∣∂zvh∣∣2/3L2

∣∣∂zvhh∣∣1/3L2 +
∣∣∂zvh∣∣L2)(

∣∣vhh∣∣2/3L2

∣∣∇hvhh∣∣1/3L2

+
∣∣vhh∣∣L2) +

∣∣∂zv∣∣H1

∣∣vhhh∣∣L2

)
dz . ε

wwvww
H2

wwξww
H2

×
(ww∇vhhww2

L2 +
wwvww2

H2

)
+
wwvww2

H2

ww∇vhhwwL2 +
wwvww3

H2

+
wwvww5/3

H2

ww∇vhhww4/3

L2 .
(
ε
wwvww

H2

wwξww
H2 + δ

)ww∇vhhww2

L2

+
(
ε
wwvww

H2

wwξww
H2 +

wwvww
H2 +

wwvww3

H2

)wwvww2

H2 ,

where we have applied the Minkowski, Hölder, Sobolev embedding, and
Young inequalities. Hence we have

I1 .
(
ε
wwvww

H2

wwξww
H2 + δ

)ww∇vhhww2

2
+
(
ε
wwvww

H2

wwξww
H2

+ ε4
wwvww

H1

wwξww4

H2 + ε4
wwvww4

H1

wwξww4

H2 +
wwvww4

H2

+ 1
)wwvww2

H2 .

(3.15)

Next, to estimate I3, I4, I5, applying the Hölder, Sobolev embedding, and
Young inequalities yields,

I3 = −2εc1α

∫
e−εαξξh

(
(µ∆hvh + λ∇hdivhvh) · vhh − ∂zvh · vhhz

)
d~x
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. ε
∫ 1

0
e
εα
wwξww

L∞
∣∣ξh∣∣L4(

∣∣∇2
hvh
∣∣
L2

∣∣vhh∣∣L4 +
∣∣∂zvh∣∣L4

∣∣vhhz∣∣L2) dz

. ε
wwξww

H2e
εα
wwξww

L∞

∫ 1

0

∣∣∇∇2
hv
∣∣
L2(
∣∣∇vh∣∣1/2L2

∣∣∇vhh∣∣1/2L2 +
∣∣∇vh∣∣L2) dz

. δ
ww∇∇2

hv
ww2

L2 + Cδ
(
ε4
wwξww4

H2 + ε2
wwξww2

H2

)
e

4εα
wwξww

H2
wwvww2

H2 ,

I4 = −εc1α

∫ (
e−εαξ

(
ξhh − εαξ2

h

)
·
(
(µ∆hv + λ∇hdivhv) · vhh

− ∂zv · vhhz
))

d~x . ε
∫ 1

0

(
e
εα
wwξww

L∞ (
∣∣ξhh∣∣L2 + ε

∣∣ξh∣∣2L4)(
∣∣∇2

hv
∣∣2
L4

+
∣∣∂zv∣∣L∞∣∣vhhz∣∣L2)

)
dz . εeεα

wwξww
L∞ (

wwξww
H2 + ε

wwξww2

H2)

×
∫ 1

0

(∣∣∇2
hv
∣∣
L2

∣∣∇3
hv
∣∣
L2 +

∣∣∇2
hv
∣∣2
L2 +

∣∣∇2
h∂zv

∣∣2
L2 +

∣∣∂zv∣∣2H1

)
dz

. ε
(wwξww

H2 + ε
wwξww2

H2

)
e
εα
wwξww

H2
(ww∇∇2

hv
ww2

L2 +
wwvww2

H2

)
,

I5 . ε
∫ 1

0
e
εα
wwξww

L∞
∣∣∇hξ∣∣L4

∣∣∇hvhh∣∣L2

∣∣vhh∣∣L4 dz . εe
εα
wwξww

L∞
wwξww

H2

×
∫ 1

0

∣∣∇hvhh∣∣L2

(∣∣vhh∣∣1/2L2

∣∣∇hvhh∣∣1/2L2 +
∣∣vhh∣∣L2

)
dz . δ

ww∇vhhww2

L2

+ Cδ
(
ε4
wwξww4

H2 + ε2
wwξww2

H2

)
e

4εα
wwξww

H2
wwvww2

H2 .

In order to estimate I6, I7, after substituting (1.4)1 and applying integration
by parts, it holds

I6 =
c2α

2

∫
eεξ|ξhh|2(−εv · ∇hξ − (γ − 1)divhv) d~x,

I7 = −c2α

∫
eεξξhh(vhh · ∇hξ + 2vh · ∇hξh) d~x

+
c2α

2

∫
eεξ|ξhh|2(divhv + εv · ∇hξ) d~x.

Therefore, one has

I6 + I7 + I8 = −c2α

∫
eεξξhh(vhh · ∇hξ + 2vh · ∇hξh) d~x

+
(2− γ)c2α

2

∫
eεξ|ξhh|2divhv d~x+ c2

∫
eεξξhh(vhh · ∇hξ) d~x

. eε
wwξww

L∞

∫ 1

0

∣∣ξhh∣∣L2(
∣∣vhh∣∣L4

∣∣∇hξ∣∣L4 +
∣∣∇hv∣∣L∞∣∣∇hξh∣∣L2) d~x
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. eε
wwξww

L∞

∫ 1

0

∣∣ξ∣∣2
H2

(∣∣∇3
hv
∣∣
L2 +

∣∣v∣∣
H2

)
d~x . δ

ww∇3
hv
ww2

L2

+ Cδe
2ε
wwξww

H2
wwξww2

H2

(wwξww2

H2 +
wwvww

H2

)
,

where we have applied the Hölder, Sobolev embedding and Young inequali-
ties. Similarly, I2 can be estimated as following:

I2 . e
ε
wwξww

L∞

∫ 1

0

(∣∣∇hξh∣∣L2 + ε
∣∣ξh∣∣2L4

)∣∣∇hξ∣∣L4

∣∣vhh∣∣L4 dz

. eε
wwξww

L∞

∫ 1

0
(
∣∣ξ∣∣2

H2 +
∣∣ξ∣∣3

H2)(
∣∣∇hvhh∣∣1/2L2

∣∣vhh∣∣1/2L2 +
∣∣vhh∣∣L2) dz

. δ
ww∇vhhww2

L2 + Cδ
(wwξww8/3

H2 +
wwξww4

H2

)
e

4ε/3
wwξww

H2

×
wwvww

H2 +
(wwξww2

H2 +
wwξww3

H2

)
e
ε
wwξww

H2
wwvww

H2 .

Therefore, (3.14) implies, after summing up the estimates above with ∂h ∈
{∂x, ∂y},

d

dt

{
1

2

ww∇2
hv
ww2

L2 +
c2

2(γ − 1)

wweεξ/2∇2
hξ
ww2

L2

}
+ c1

(
µ
wwe−εαξ/2∇3

hv
ww2

L2 + λ
wwe−εαξ/2∇2

hdivhv
ww2

L2

+
wwe−εαξ/2∇2

hvz
ww2

L2

)
≤ δ
ww∇∇2

hv
ww2

L2

+ εH1(
wwξww

H2 ,
wwvww

H2)
ww∇∇2

hv
ww2

L2 + CδH2(
wwξww

H2 ,
wwvww

H2),

(3.16)

where

H1 = H1(
wwξww

H2 ,
wwvww

H2), H2 = H2(
wwξww

H2 ,
wwvww

H2), (3.17)

are two regular functions of the arguments and H1(0) = H2(0) = 0. We will
adopt the same notations for functions with such properties in this work.

After taking the L2-inner product of (1.4)2, and the horizontal derivative
of (1.4)2 with v, vh, respectively, repeating similar arguments as above yields
the following estimate:

d

dt

{
1

2

wwvww2

L2 +
1

2

ww∇hvww2

L2 +
c2

2(γ − 1)

wweεξ/2ξww2

L2

+
c2

2(γ − 1)

wweεξ/2∇hξww2

L2

}
+ c1

(
µ
wwe−εαξ/2∇hvww2

L2

+ µ
wwe−εαξ/2∇2

hv
ww2

L2 + λ
wwe−εαξ/2divhvww2

L2

+ λ
wwe−εαξ/2∇hdivhvww2

L2 +
wwe−εαξ/2vzww2

L2

+
wwe−εαξ/2∇hvzww2

L2

)
≤ δ
ww∇vww2

H2 + CδH2(
wwξww

H2 ,
wwvww

H2).

(3.18)
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Estimates on the vertical derivatives

After applying ∂z to (1.4)2, it holds

∂tvz − c1e
−εαξ(µ∆hvz + λ∇hdivhvz + ∂zzvz) = −vz · ∇hv

− v · ∇hvz − wz∂zv − w∂zvz.
(3.19)

Again, applying ∂z to (3.19) yields,

∂tvzz − c1e
−εαξ(µ∆hvzz + λ∇hdivhvzz + ∂zzvzz) = −v · ∇hvzz

− 2vz∇hvz − vzz · ∇hv − wzz∂zv − 2wz∂zvz − w∂zvzz.
(3.20)

Next, we take the L2-inner produce of (3.20) with vzz. After applying
integration by parts, one has

d

dt

{
1

2

wwvzzww2

L2

}
+ c1

(
µ
wwe−εαξ/2∇hvzzww2

L2 + λ
wwe−εαξ/2divhvzzww2

L2

+
wwe−εαξ/2vzzzww2

L2

)
= I9 + I10 + I11,

(3.21)

where

I9 := −
∫

(v · ∇hvzz + 2vz∇hvz + vzz · ∇hv) · vzz d~x,

I10 := −
∫

(wzz∂zv +
3

2
wz∂zvz) · vzz d~x,

I11 := c1εα

∫
e−εαξ(µ(∇hξ · ∇hvzz) · vzz + λ(vzz · ∇hξ)divhvzz) d~x.

After applying the Hölder, Sobolev embedding and Young inequalities, it
holds,

I9 .
(wwvww

L6

ww∇hvzzwwL2 +
wwvzwwL6

ww∇hvzwwL2 +
wwvzzwwL2

ww∇hvwwL6

)
×
wwvzzwwL3 .

(wwvww
H1

ww∇hvzzwwL2 +
wwvww2

H2

)(wwvzzww1/2

L2

ww∇vzzww1/2

L2

+
wwvzzwwL2

)
. δ
ww∇vzzww2

L2 + Cδ
(wwvww4

H2 +
wwvww

H2

)wwvww2

H2 ,

I10 = εα

∫ (
(ṽz · ∇hξ)(∂zv · vzz) +

3

2
(ṽ · ∇hξ)(∂zvz · vzz)

)
d~x

+

∫ (
divhṽz(∂zv · vzz) +

3

2
divhṽ(∂zvz · vzz)

)
d~x

. εα
(wwvzwwL4

ww∇hξwwL4

wwvzwwL3 +
wwvww

L6

ww∇hξwwL6

wwvzzwwL2

)wwvzzwwL6

+
(ww∇hvzwwL2

wwvzwwL3 +
ww∇hvwwL3

wwvzzwwL2

)wwvzzwwL6
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.
(
εα
wwξww

H2 + 1
)wwvww2

H2

(ww∇vzzwwL2 +
wwvww

H2

)
. δ
ww∇vzzww2

L2 + Cδ
(
ε2α2

wwξww2

H2 + 1
)(wwvww2

H2 +
wwvww

H2

)wwvww2

H2 ,

I11 . εαe
εα
wwξww

L∞
ww∇hξwwL6

wwvzzwwL3

ww∇hvzzwwL2 . εαe
εα
wwξww

H2
wwξww

H2

×
(wwvzzww1/2

L2

ww∇vzzww1/2

L2 +
wwvzzwwL2

)ww∇hvzzwwL2 . δ
ww∇vzzww2

L2

+ Cδ
(
ε4
wwξww4

H2 + ε2
wwξww2

H2

)
e

4εα
wwξww

H2
wwvww2

H2 ,

where we have substituted (3.9) and (3.11) into I10. Therefore, we have

d

dt

{
1

2

wwvzzww2

L2

}
+ c1

(
µ
wwe−εαξ/2∇hvzzww2

L2 + λ
wwe−εαξ/2divhvzzww2

L2

+
wwe−εαξ/2vzzzww2

L2

)
≤ δ
ww∇vzzww2

L2 + CδH2(
wwξww

H2 ,
wwvww

H2).

(3.22)

Next, we establish the estimate of vhz. Apply ∂h to (3.19). It follows

∂zvhz − c1e
−εαξ(µ∆hvhz + λ∇hdivhvhz + ∂zzvhz) = −vhz · ∇hv

− vz · ∇hvh − vh · ∇hvz − v · ∇hvhz − whz∂zv − wz∂zvh
− w∂zvhz − wh∂zvz − c1εαe

−εαξξh(µ∆hvz + λ∇hdivhvz
+ ∂zzvz).

(3.23)

Take the L2-inner product of (3.23) with vhz and apply integration by parts
in the resultant equation. It follows,

d

dt

{
1

2

wwvhzww2

L2

}
+ c1(µ

wwe−εαξ/2∇hvhzww2

L2 + λ
wwe−εαξ/2divhvhzww2

L2

+
wwe−εαξ/2vhzzww2

L2) = I12 + I13 + I14 + I15 + I16,
(3.24)

where

I12 := −
∫

(vhz · ∇hv + vz · ∇hvh + vh · ∇hvz −
1

2
(divhv)vhz) · vhz d~x,

I13 := −
∫

(whz∂zv + wz∂zvh −
1

2
(wz)vhz) · vhz d~x,

I14 := −
∫
wh(∂zvz · vhz) d~x,

I15 := −c1εα

∫
e−εαξξh(µ∆hvz + λ∇hdivhvz + ∂zzvz) · vhz d~x,

I16 := c1εα

∫
e−εαξ(µ(∇hξ · ∇hvhz) · vhz + λ(vhz · ∇hξ)divhvhz) d~x.
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After substituting (3.12), (3.9) in I13 and (3.10) in I14, applying the Hölder,
Sobolev embedding, Minkowski and Young inequalities yields,

I12 . (
ww∇hvzwwL2

ww∇hvwwL3 +
wwvzwwL3

ww∇hvhwwL2)
wwvhzwwL6

.
wwvww2

H2

(ww∇vhzwwL2 +
wwvhzwwL2

)
. δ
ww∇vhzww2

L2

+ Cδ
wwvww4

H2 +
wwvww3

H2 ,

I13 = εα

∫ (
(ṽh · ∇hξ + ṽ · ∇hξh)(∂zv · vhz) +

1

2
(ṽ · ∇hξ)(vhz · vhz)

)
d~x

+

∫ (
divhṽh(∂zv · vhz) +

1

2
divhṽ(vhz · vhz)

)
d~x

. εα
(
(
wwvhwwL6

ww∇hξwwL2 +
wwvww

L6

wwξhhwwL2)
ww∂zvwwL6

+
wwvww

L6

ww∇hξwwL6

wwvhzwwL2

)wwvhzwwL6 +
(ww∇hvhwwL2

ww∂zvwwL3

+
ww∇hvwwL3

wwvhzwwL2

)wwvhzwwL6 .
(
εα
wwvww2

H2

wwξww
H2 +

wwvww2

H2

)
×
(ww∇vhzwwL2 +

wwvhzwwL2

)
. δ
ww∇vhzww2

L2

+ Cδ
(
ε2
wwξww2

H2

wwvww2

H2 +
wwvww2

H2 + 1
)wwvww2

H2 ,

I14 =

∫ [∫ z

0

(
εα(ṽh · ∇hξ + ṽ · ∇hξh) + divhṽh

)
dz × (∂zvz · vhz)

]
d~x

.
∫ 1

0

(
ε(
∣∣vh∣∣L4

∣∣∇hξ∣∣L4 +
∣∣v∣∣

L∞

∣∣∇hξh∣∣L2) +
∣∣∇hvh∣∣L2

)
dz

×
∫ 1

0

∣∣∂zvz∣∣L4

∣∣vhz∣∣L4 dz .
∫ 1

0

(
ε
∣∣v∣∣

H2

∣∣ξ∣∣
H2 +

∣∣v∣∣
H2

)
dz

×
∫ 1

0

((∣∣∂zvz∣∣1/2L2

∣∣∇h∂zvz∣∣1/2L2 +
∣∣∂zvz∣∣L2

)(∣∣vhz∣∣1/2L2

∣∣∇hvhz∣∣1/2L2

+
∣∣vhz∣∣L2

))
dz . δ

ww∇∇hvzww2

L2 + Cδ
(
ε2
wwξww2

H2

wwvww2

H2

+
wwvww2

H2 + 1
)wwvww2

H2 ,

I15 . εe
εα
wwξww

L∞
ww∇3v

ww
L2

wwvhzwwL3

wwξhwwL6 . δ
ww∇3v

ww2

L2

+ Cδε
4e

4εα
wwξww

H2
(wwξww4

H2 +
wwξww2

H2

)wwvww2

H2 ,

I16 . εe
εα
wwξww

L∞
ww∇hξwwL6

ww∇vhzwwL2

wwvhzwwL3 . εe
εα
wwξww

H2
wwξww

H2ww∇vhzwwL2

(wwvhzww1/2

L2

ww∇vhzww1/2

L2 +
wwvhzwwL2

)
. δ
ww∇vhzww2

L2

+ Cδ
(
ε4e

4εα
wwξww

H2
wwξww4

H2 + 1
)wwvww2

H2 .
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Therefore, summing up the estimates above with ∂h ∈ {∂x, ∂y} leads to,

d

dt

{
1

2

ww∇hvzww2

L2

}
+ c1

(
µ
wwe−εαξ/2∇2

hvz
ww2

L2

+ λ
wwe−εαξ/2∇hdivhvzww2

L2 +
wwe−εαξ/2∇hvzzww2

L2

)
≤ δ
ww∇3v

ww2

L2 + CδH2(
wwξww

H2 ,
wwvww

H2).

(3.25)

Similarly, after taking the L2-inner product of (3.19) with vz and performing
estimates as above, one has,

d

dt

{
1

2

wwvzww2

L2

}
+ c1

(
µ
wwe−εαξ/2∇hvzww2

L2 + λ
wwe−εαξ/2divhvzww2

L2

+
wwe−εαξ/2vzzww2

L2

)
≤ δ
ww∇3v

ww2

L2 + CδH2(
wwξww

H2 ,
wwvww

H2).

(3.26)

Consequently, after integrating in the time variable, (3.16), (3.18), (3.22),
(3.25), and (3.26) yield (3.1).

Estimates on the time derivatives

Now we establish the final pieces of Proposition 1. After multiplying (1.4)1

with εeεξ and averaging the resulting equation in the z-variable, one has

∂te
εξ + εeεξv · ∇hξ + (γ − 1)eεξdivhv = 0. (3.27)

Then applying the triangle inequality and the Sobolev embedding inequality
in (3.27) leads toww∂teεξwwL2 . εe

ε
wwξww

L∞
wwvww

L∞

ww∇hξwwL2 + e
ε
wwξww

L∞
ww∇hvwwL2

. εeε
wwξww

H2
wwvww

H2

wwξww
H2 + e

ε
wwξww

H2
wwvww

H2

. H2(
wwξww

H2 ,
wwvww

H2).

(3.28)

Meanwhile, we have, after applying ∂h to (3.27),

∂t(e
εξ)h + ε2eεξξhv · ∇hξ + εeεξvh · ∇hξ + εeεξv · ∇hξh

+ (γ − 1)εeεξξhdivhv + (γ − 1)eεξdivhvh = 0.
(3.29)

Thus it holds,ww∂t(eεξ)hwwL2 . e
ε
wwξww

L∞
(
ε2
ww∇hξww2

L4

wwvww
L∞

+ ε
ww∇hξwwL4

×
ww∇hvwwL4 + ε

wwvww
L∞

ww∇hξhwwL2 +
ww∇hvhwwL2

)
. eε

wwξww
H2
(
ε2
wwξww2

H2

wwvww
H2 +

wwvww
H2

)
. H2(

wwξww
H2 ,
wwvww

H2).

(3.30)
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Consequently, (3.28) and (3.30) imply (3.2).
On the other hand, after applying the projection operator Pσ (defined

in (2.2)) to (1.4)2, we have the following:

∂tPσv = −Pσ(v · ∇hv)− Pσ(w∂zv)

+ c1Pσ(e−εαξ(µ∆hv + λ∇hdivhv + ∂zzv)).
(3.31)

In order to estimate the L2 and H1 norms of ∂tPσv, we apply the Hölder
and Sobolev embedding inequalities as follows:wwv · ∇hvwwL2 .

wwvww
L3

ww∇hvwwL6 .
wwvww2

H2 ,wwe−εαξ(µ∆hv + λ∇hdivhv + ∂zzv)
ww
L2 . e

εα
wwξww

L∞

×
wwµ∆hv + λ∇hdivhv + ∂zzv

ww
L2 . e

εα
wwξww

H2
wwvww

H2 ,ww∂(v · ∇hv)
ww
L2 .

ww∂v · ∇hvwwL2 +
wwv · ∇h∂vwwL2 .

wwvww2

H2 ,ww∂(e−εαξ(µ∆hv + λ∇hdivhv + ∂zzv))
ww
L2

. ε
wwe−εαξ∂ξ(µ∆hv + λ∇hdivhv + ∂zzv)

ww
L2

+
wwe−εαξ∂(µ∆hv + λ∇hdivhv + ∂zzv)

ww
L2

. eεα
wwξww

H2
(wwξww

H2 + 1
)wwvww

H3 .

(3.32)

Here ∂ ∈ {∂x, ∂y, ∂z} denotes the spatial derivatives. To estimate the L2 and
H1 norms of w∂zv, we first substitute the identities in (3.8), (3.9), (3.10) to
w, ∂zw, ∂hw, respectively, and write down the following:

w∂zv = −
∫ z

0

(
εαṽ · ∇hξ + divhṽ

)
dz∂zv,

∂h(w∂zv) = ∂hw∂zv + w∂zvh

= −
∫ z

0

(
εαṽh · ∇hξ + εαṽ · ∇hξh + divhṽh

)
dz∂zv

−
∫ z

0

(
εαṽ · ∇hξ + divhṽ

)
dz∂zvh,

∂z(w∂zv) = ∂zw∂zv + w∂zvz

= −(εαṽ · ∇hξ + divhṽ)∂zv −
∫ z

0

(
εαṽ · ∇hξ + divhṽ

)
dz∂zvz.

Therefore, after applying the Hölder, Minkowski, and Sobolev embedding
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inequalities, the following estimates hold:

www∂zvww2

L2 =

∫ 1

0

∣∣w∂zv∣∣2L2 dz .
∫ 1

0

[(∫ 1

0

(
ε
∣∣v∣∣

L8

∣∣∇hξ∣∣L8

+
∣∣∇hv∣∣L4

)
dz

)2

×
∣∣∂zv∣∣2L4

]
dz .

∫ 1

0

(
(ε2
wwvww2

H1

wwξww2

H2

+
wwvww2

H2)
∣∣∂zv∣∣2H1

)
dz .

(
ε2
wwvww2

H1

wwξww2

H2 +
wwvww2

H2

)wwvww2

H2 ,ww∂h(w∂zv)
ww2

L2 =

∫ 1

0

∣∣∂h(w∂zv)
∣∣2
L2 dz .

∫ 1

0

[(∫ 1

0

(
ε
∣∣vh∣∣L4

∣∣∇hξ∣∣L4

+ ε
∣∣v∣∣

L∞

∣∣∇hξh∣∣L2 +
∣∣∇2

hv
∣∣
L2

)
dz

)2

×
∣∣∂zv∣∣2L∞] dz

+

∫ 1

0

[(∫ 1

0

(
ε
∣∣v∣∣

L8

∣∣∇hξ∣∣L8 +
∣∣∇hv∣∣L4

)
dz

)2

×
∣∣vhz∣∣2L4

]
dz

.
(
ε2
wwvww2

H2

wwξww2

H2 +
wwvww2

H2

)wwvww2

H3 ,ww∂z(w∂zv)
ww2

L2 .
ww∂zw∂zvww2

L2 +

∫ 1

0

∣∣w∂zvz∣∣2L2 dz

. (ε
wwvww

L6

ww∇hξwwL6 +
ww∇hvwwL3)2

ww∂zvww2

L6

+

∫ 1

0

[(∫ 1

0

(
ε
∣∣v∣∣

L8

∣∣∇hξ∣∣L8 +
∣∣∇hv∣∣L4

)
dz

)2

×
∣∣vzz∣∣2L4

]
dz

.
(
ε2
wwvww2

H1

wwξww2

H2 +
wwvww2

H2

)wwvww2

H3 .

(3.33)

Combining the above estimates, together with (2.3), we have shown (3.3)
and (3.4).

In addition, notice that ∂tξ = ε−1e−εξ∂te
εξ. From (3.2), one hasww∂tξwwL2 . ε

−1e
ε
wwξww

H2
ww∂teεξwwL2 . ε

−1H2(
wwξww

H2 ,
wwvww

H2),ww∂tξwwH1 .
ww∂tξwwL2 + ε−1e

ε
wwξww

H2
(wwξhwwL3

ww∂teεξwwL6 +
ww∂t(eεξ)hwwL2

)
.
ww∂tξwwL2 + ε−1e

ε
wwξww

H2
(wwξww

H2

ww∂teεξwwH1 +
ww∂t(eεξ)hww2

)
. ε−1H2(

wwξww
H2 ,
wwvww

H2). (3.5)

On the other hand, (1.4)2, (3.32), and (3.33) yieldww∂tvwwL2 . H2(
wwξww

H2 ,
wwvww

H2) + ε−1
wweεξ∇hξwwL2

. (1 + ε−1)H2(
wwξww

H2 ,
wwvww

H2), (3.6)
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ww∂tvwwH1 . H1(
wwξww

H2 ,
wwvww

H2)
ww∇vww

H2

+H2(
wwξww

H2 ,
wwvww

H2) + ε−1
wweεξ∇hξwwH1

. H1(
wwξww

H2 ,
wwvww

H2)
ww∇vww

H2

+ (1 + ε−1)H2(
wwξww

H2 ,
wwvww

H2), (3.7)

where in the last inequality we have used the fact thatww∂h(eεξ∇hξ)
ww
L2 . ε

wweεξξh∇hξwwL2 +
wweεξ∇hξhwwL2

. eε
wwξww

H2
(
ε
wwξhwwL3

wwξhwwL6 +
wwξww

H2

)
. eε

wwξww
H2
(
ε
wwξww2

H2 +
wwξww

H2

)
.

This finishes the proof of Proposition 1.

3.2 Local-in-time a priori estimates and local well-posedness

In this subsection, we aim at establishing the following proposition:

Proposition 2. In the case when either Ωh = T2 or Ωh = R2, consider
initial data (ξ0, v0) ∈ H2(Ωh × 2T), satisfying the compatibility conditions
in (2.4). Let M0,M1 be two positive constants satisfyingwwξ0

ww2

H2 ≤M0,
wwv0

ww2

H2 ≤M1. (3.34)

Then for some positive constant ε0 ∈ (0, 1) small enough, any ε ∈ (0, ε0),
there exists Tε ∈ (0,∞) such that there exists a unique strong solution (ξ, v)
to (1.4) in the time interval [0, Tε] with

ξ ∈ L∞(0, Tε;H
2(Ωh × 2T)), ∂tξ ∈ L∞(0, Tε;H

1(Ωh × 2T)),

v ∈ L∞(0, Tε;H
2(Ωh × 2T)) ∩ L2(0, Tε;H

3(Ωh × 2T)),

∂tv ∈ L∞(0, Tε;L
2(Ωh × 2T)) ∩ L2(0, Tε;H

1(Ωh × 2T)).

(3.35)

Moreover, there exist positive constants C0, C1 independent of ε, and C2 =
C2(ε, C0M0, C1M1) such that

sup
0≤t≤Tε

wwξ(t)ww2

H2 ≤ C0M0, sup
0≤t≤Tε

wwv(t)
ww2

H2 +

∫ Tε

0

ww∇v(t)
ww2

H2 dt ≤ C1M1,

sup
0≤t≤Tε

{
wwξt(t)ww2

H1 +
ww∂tv(t)

ww2

L2}+

∫ Tε

0

ww∂tv(t)
ww2

H1 dt ≤ C2.

(3.36)
Here C0 ∈ (1,∞), C1, C2 are determined by (3.57), (3.46), and (3.58), below,
and Tε depends on M0,M1 and ε.
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Proposition 2 can be shown by applying the Banach fixed point theorem.
In the following, without going into too much details, we will only sketch
the proper steps to construct this local strong solution.

Sketch of constructing strong solutions. Let ξ′, v′ be regular enough func-
tions. Consider the following linear system associated with (1.4):

∂tξ + v′ · ∇hξ +
γ − 1

ε
divhv

′ = 0 in Ωh × 2T,

∂tv + v′ · ∇hv + w′∂zv +
c2eεξ

′

ε
∇hξ′

= c1e
−εαξ′(µ∆hv + λ∇hdivhv + ∂zzv

)
in Ωh × 2T,

∂zξ = 0 in Ωh × 2T,

(3.37)

where w′ is given by

w′ := −
∫ z

0
(εαṽ′ · ∇hξ′ + divhṽ

′) dz. (3.38)

Then for (ξ′, v′) with (ξ′, v′)
∣∣
t=0

= (ξ0, v0) and satisfying the same regularity
and bounds as in (3.35) and (3.36), there is a unique solution to system (3.37)
with initial data (ξ, v)

∣∣
t=0

= (ξ0, v0), after applying the standard existence
theory for linear hyperbolic and parabolic equations. Moreover, similar a
priori estimates as in our previous work [28] show that the solution (ξ, v)
satisfies the same regularity and bounds of norms in (3.35) and (3.36). We
define the following function framework in order to apply the Banach fixed
point theorem.

Consider the function space

YTε :=
{

(ξ, v)|ξ ∈ L∞(0, Tε;L
2(Ωh × 2T)),

v ∈ L∞(0, Tε;L
2(Ωh × 2T)) ∩ L2(0, Tε;H

1(Ωh × 2T)),

∂zξ = 0
} (3.39)

and the following subset of YTε

XTε :=
{

(ξ, v)|(ξ, v) ∈ YTε and the bounds in (3.36) hold
}
. (3.40)

For any (ξ, v) ∈ YTε , define the normww(ξ, v)
ww2

YTε
:=
wwξww2

L∞(0,Tε;L2(Ωh×2T))
+
wwvww2

L∞(0,Tε;L2(Ωh×2T))

+
ww∇vww2

L2(0,Tε;L2(Ωh×2T))
.

(3.41)
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Then (YTε ,
ww·ww

YTε
) is a complete metric space. In addition, we define the

following map: with same initial data (ξ′, v′)
∣∣
t=0

= (ξ, v)
∣∣
t=0

= (ξ0, v0),

T : (ξ′, v′) (ξ, v) mapping (ξ′, v′) ∈ XTε ⊂ YTε

to the solution to system (3.37)
(3.42)

with trivial extension outside the set XTε .
Then we show that, For ε0 ∈ (0, 1) small enough and any ε ∈ (0, ε0),

there exists Tε ∈ (0,∞), such that T : YTε 7→ YTε is a contraction mapping
in XTε . Notice, once this is proved, then the Banach fixed point theorem
implies that we have a unique strong solution to (1.4) with ε, Tε as described
above.

In the rest of this subsection, we focus on showing that for ε ∈ (0, ε0)
with ε0 small enough, and some Tε ∈ (0,∞) depending on ε, we have:

(1) T maps XTε into XTε ; i.e., (ξ, v) = T (ξ′, v′) ∈ XTε for any (ξ′, v′) ∈ XTε ;

(2) T is a contraction mapping in XTε with respect to the topology of YTε ;
i.e., for any (ξ′i, v

′
i) ∈ XTε ⊂ YTε and (ξi, vi) = T (ξ′i, v

′
i), i = 1, 2, one

has ww(ξ1 − ξ2, v1 − v2)
ww

YTε
≤ q
ww(ξ′1 − ξ′2, v′1 − v′2)

ww
YTε

, (3.43)

for some q ∈ (0, 1).

We will only show the corresponding a priori estimates to show (1) and (2).
Proof of (1): Estimates of ξ. First, we shall derive the estimates of ξ from
(3.37)1. We shall only show the highest order estimates. After applying ∂hh
to (3.37)1, we have

∂tξhh + v′ · ∇hξhh = −2v′h · ∇hξh − v′hh · ∇hξ −
γ − 1

ε
divhv

′
hh. (3.44)

Then after taking the L2-inner product of (3.44) with 2ξhh in Ωh, it follows

d

dt

∣∣ξhh∣∣2L2 =

∫
Ωh

divhv
′|ξhh|2 dxdy − 4

∫
Ωh

(v′h · ∇hξh)ξhh dxdy

− 2

∫
Ωh

(v′hh · ∇hξ)ξhh dxdy −
2(γ − 1)

ε

∫
Ωh

divhv
′
hhξhh dxdy

≤ C
ww∇v′ww

H2

∣∣ξ∣∣2
H2 + Cε−1

ww∇v′ww
H2

∣∣ξhh∣∣L2 .
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Similar arguments also hold for
∣∣ξh∣∣L2 and

∣∣ξ∣∣
L2 , and therefore we have

d

dt

∣∣ξ∣∣2
H2 ≤ C

ww∇v′ww
H2

∣∣ξ∣∣2
H2 + Cε−1

ww∇v′ww
H2

∣∣ξ∣∣
H2

≤ 2C
ww∇v′ww

H2

∣∣ξ∣∣2
H2 + Cε−2

ww∇v′ww
H2 .

Then applying the Grönwall inequality and the Hölder inequality yields

sup
0≤t≤Tε

wwξ(t)ww2

H2 ≤ e
∫ Tε
0 2C

ww∇v′ww
H2 dt

(wwξ0

ww2

H2

+ Cε−2

∫ Tε

0

ww∇v′ww
H2 dt

)
≤ e2CT

1/2
ε (

∫ Tε
0

ww∇v′ww2

H2 dt)
1/2
(wwξ0

ww2

H2

+ Cε−2T 1/2
ε (

∫ Tε

0

ww∇v′ww2

H2 dt)
1/2

)
≤ e2CT

1/2
ε (C1M1)1/2)(M0 + Cε−2T 1/2

ε (C1M1)1/2) ≤ C0M0,
(3.45)

where we have chosen Tε sufficiently small in the last inequality and C0 ∈
(1,∞).

On the other hand, from (3.37)1, we have∣∣∂tξ∣∣2H1 ≤ C
∣∣v′ · ∇hξ∣∣2H1 + ε−2C

∣∣∇hv′∣∣2H1 ≤ C(
wwξww2

H2 + ε−2)
wwv′ww2

H2

≤ C(C0M0 + ε−2)C1M1 <∞.
(3.46)

Estimates of v. Next we shall present the estimates of v. Similarly, we
will only sketch the highest order estimates. After applying ∂hh to (3.37)2,
one obtains

∂tvhh + v′ · ∇hvhh + w′∂zvhh − c1e
−εαξ′(µ∆hvhh + λ∇hdivhvhh + ∂zzvhh)

= −
(c2eεξ

′

ε
∇hξ′

)
hh
− v′hh · ∇hv − 2v′h · ∇hvh − w′hh∂zv − 2w′h∂zvh

− εc1αe
−εαξ′(ξ′hh − εα(ξ′h)2)(µ∆hv + λ∇hdivhv + ∂zzv)

− 2εc1αe
−εαξ′ξ′h(µ∆hvh + λ∇hdivhvh + ∂zzvh).

(3.47)
Then after taking the L2-inner product of (3.47) with 2vhh in Ωh × 2T, it
follows, after applying integration by parts,

d

dt

wwvhhww2

L2 + 2c1

∫
e−εαξ

′
(µ|∇hvhh|2 + λ|divhvhh|2 + |∂zvhh|2) d~x

=

∫ (2c2eεξ
′

ε
∇hξ′

)
h
· vhhh d~x+

∫ (
divhv

′|vhh|2 − 2(v′hh · ∇hv) · vhh
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− 4(v′h · ∇hvh) · vhh − divhṽ′|vhh|2
)
d~x− 2

∫ (
w′h∂zvh · vhh

− w′h∂zv · vhhh
)
d~x− εα

∫
(ṽ′ · ∇hξ′)|vhh|2 d~x

− 2εc1α

∫
e−εαξ

′
(ξ′hh − εα(ξ′h)2)(µ∆hv + λ∇hdivhv + ∂zzv) · vhh d~x

− 4εc1α

∫
e−εαξ

′
ξ′h(µ∆hvh + λ∇hdivhvh + ∂zzvh) · vhh d~x

+ 2εc1α

∫
e−εαξ

′
(µ(∇hξ′ · ∇hvhh) · vhh + λ(vhh · ∇hξ′)(divhvhh)) d~x

=: L1 + L2 + L3 + L4 + L5 + L6 + L7,

where we have substituted the identity

w′z = −εαṽ′ · ∇hξ′ − divhṽ′,

which is obtained by taking ∂z to (3.38),
Similarly as in the last section, from (3.38), we have

w′h = −
∫ z

0

(
εαṽ′h · ∇hξ′ + εαṽ′ · ∇hξ′h + divhṽ

′
h

)
dz. (3.48)

Then following similar arguments as before, one can derive, for any δ ∈ (0, 1)
and fixed ε ∈ (0, 1),

L1 + L2 + L3 + L4 + L5 + L6 + L7 ≤
(
δ + εH1(

wwξ′ww
H2 ,
wwv′ww

H2)
)

×
ww∇vww2

H2 + δ
ww∇v′ww2

H2

wwvww2

H2 +H2(ε, Cδ,
wwξ′ww

H2 ,
wwv′ww

H2)
wwvww2

H2

+H3(ε, Cδ,
wwξ′ww

H2 ,
wwv′ww

H2),
(3.49)

where Cδ ' δ−1. We remind readers that we have been using {Hi}i=1,2,3 to
denote regular functions of the arguments with property Hi(0) = 0. Details
are listed below, for readers’ reference:

L1 .
wwvhhhwwL2

(
ε−1e

ε
wwξ′ww

H2
wwξ′ww

H2 + e
ε
wwξ′ww

H2
wwξ′ww2

H2

)
. δ
ww∇vww2

H2 + Cδe
2ε
wwξ′ww

H2
(
ε−2
wwξ′ww2

H2 +
wwξ′ww4

H2

)
,

L2 .
ww∇v′ww

L6

wwvhhwwL3

wwvhhwwL2 +
wwv′hhwwL2

ww∇hvwwL3

wwvhhwwL6

.
wwv′ww

H2

(wwvww3/2

H2

ww∇vww1/2

H2 +
wwvww

H2

ww∇vww
H2

)
. δ
ww∇vww2

H2 + Cδ
(wwv′ww2

H2 + 1
)wwvww2

H2 ,
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L3 .
∫ 1

0

(
ε
∣∣v′h∣∣L4

∣∣ξ′h∣∣L4 + ε
∣∣v′∣∣

L∞

∣∣ξ′∣∣
H2

)
dz ·

∫ 1

0

(∣∣∂zvh∣∣L4

∣∣vhh∣∣L4

+
∣∣∂zv∣∣L∞∣∣vhhh∣∣L2

)
dz +

∫ 1

0

∣∣v′hh∣∣L4 dz ·
∫ 1

0

(∣∣∂zvh∣∣L2

∣∣vhh∣∣L4

+
∣∣∂zv∣∣L4

∣∣vhhh∣∣L2

)
dz .

∫ 1

0
ε
∣∣v′∣∣

H2

∣∣ξ′∣∣
H2 dz ·

∫ 1

0

(∣∣∇v∣∣
H2(
∣∣∇v∣∣

H1

+
∣∣∇v∣∣

H2)

)
dz +

∫ 1

0

∣∣v′∣∣1/2
H2

∣∣∇v′∣∣1/2
H2 dz ·

∫ 1

0

(∣∣∇v∣∣3/2
H1

∣∣∇v∣∣1/2
H2

+
∣∣∇v∣∣

H1

∣∣∇v∣∣
H2

)
dz .

(
ε
wwξ′ww

H2

wwv′ww
H2 + δ

)ww∇vww2

H2

+ δ
ww∇v′ww2

H2

wwvww2

H2 + ε
wwξ′ww

H2

wwv′ww
H2

wwvww2

H2

+ Cδ(
wwv′ww2

H2 + 1)
wwvww2

H2 ,

L4 . ε
wwv′ww

H2

ww∇hξ′wwL6

wwvhhwwL2

wwvhhwwL3 . ε
wwv′ww

H2

×
wwξ′ww

H2

wwvww3/2

H2

ww∇vww1/2

H2 . δ
ww∇vww2

H2

+ Cδε
4/3
wwv′ww4/3

H2

wwξ′ww4/3

H2

wwvww2

H2 ,

L5 . εe
ε
wwξ′ww

H2
(wwξ′ww

H2 + ε
wwξ′ww2

H2

)ww∇2v
ww
L3

wwvhhwwL6 . εe
ε
wwξ′ww

H2

×
(wwξ′ww

H2 + ε
wwξ′ww2

H2

)
×
wwvww1/2

H2

ww∇vww3/2

H2 . δ
ww∇vww2

H2

+ Cδε
4
(wwξ′ww4

H2 + ε4
wwξ′ww8

H2

)
e

4ε
wwξ′ww

H2
wwvww2

H2 ,

L6 + L7 . εe
ε
wwξ′ww

H2
wwξ′ww

H2

ww∇vww3/2

H2

wwvww1/2

H2 . δ
ww∇vww2

H2

+ ε4
wwξ′ww4

H2e
4ε
wwξ′ww

H2
wwvww2

H2 .

Similar estimates also hold for
wwvhzwwL2 ,

wwvzzwwL2 ,
wwvhwwL2 ,

wwvzwwL2 ,
wwvww

L2 .
Then we have arrived at the estimate

d

dt

wwvww2

H2 + c1 min{µ, λ, 1}
ww∇vww2

H2 ≤
(
δ + εH1(

wwξ′ww
H2 ,
wwv′ww

H2)
)

×
ww∇vww2

H2 + δ
ww∇v′ww2

H2

wwvww2

H2 +H2(ε, Cδ,
wwξ′ww

H2 ,
wwv′ww

H2)
wwvww2

H2

+H3(ε, Cδ,
wwξ′ww

H2 ,
wwv′ww

H2),
(3.50)

where we have chosen ε ∈ (0, ε0), with ε0 small enough such that

εα
wwξ′ww

H2 ≤ εα(C0M0)1/2 ≤ log 2, and thus 1/2 ≤ e−εαξ′ < 2. (3.51)
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Next, we choose ε0, δ small enough such that

δ + ε0H1(
wwξ′ww

H2 ,
wwv′ww

H2) ≤ δ + ε0H1((C0M0)1/2, (C1M1)1/2)

≤ c1 min{µ, λ, 1}
2

.
(3.52)

Then for ε ∈ (0, ε0), after applying the Grönwall inequality to (3.50), we
have

sup
0≤t≤Tε

wwv(t)
ww2

H2 +
c1 min{µ, λ, 1}

2

∫ Tε

0

ww∇vww2

H2 dt

≤ eδ
∫ Tε
0

ww∇v′ww2

H2 dt+TεH2(ε,Cδ,
wwξ′ww

H2 ,
wwv′ww

H2 )

×
(wwv0

ww2

H2 + TεH3(ε, Cδ,
wwξ′ww

H2 ,
wwv′ww

H2)
)
.

(3.53)

Now we let δ small enough such that

δ

∫ Tε

0

ww∇v′ww2

H2 dt ≤ δC1M1 ≤ log 2. (3.54)

Then for fixed ε0, δ satisfying (3.52) and (3.54), and ε ∈ (0, ε0), let Tε small
enough, depending on ε, δ, such that

TεH2(ε, Cδ,
wwξ′ww

H2 ,
wwv′ww

H2) ≤ TεH2(ε, Cδ, (C0M0)1/2, (C1M1)1/2) < log 2,

TεH3(ε, Cδ,
wwξ′ww

H2 ,
wwv′ww

H2) ≤ TεH3(ε, Cδ, (C0M0)1/2, (C1M1)1/2) <
M1

2
.

(3.55)
Then (3.53) yields

sup
0≤t≤Tε

wwv(t)
ww2

H2 +
c1 min{µ, λ, 1}

2

∫ Tε

0

ww∇vww2

H2 dt ≤ 4(M1 +M1/2)

= 6M1 ≤ min

{
1

3
,
c1 min{µ, λ, 1}

6

}
C1M1.

(3.56)
Here we have required C1 to be sufficiently large such that

6 ≤ min

{
1

3
,
c1 min{µ, λ, 1}

6

}
C1. (3.57)

On the other hand, from (3.37)2, we haveww∂tvww2

L2 .
(wwv′ww2

H2 + e
2εα
wwξ′ww

H2 + ε2
wwv′ww2

H1

wwξ′ww2

H2

)wwvww2

H2

+ ε−2e
2ε
wwξ′ww

H2
wwξ′ww2

H1 ,
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ww∂tvww2

H1 .
(wwv′ww2

H2 + e
2εα
wwξ′ww

H2 + ε2
wwv′ww2

H1

wwξ′ww2

H2

)wwvww2

H2

+
(
(
wwξ′ww2

H2 + 1)e
2εα
wwξ′ww

H2 + ε2
wwξ′ww2

H2

wwv′ww2

H2 +
wwv′ww2

H2

)ww∇vww2

H2

+ ε−2e
2ε
wwξ′ww

H2
wwξ′ww2

H2 + e
2ε
wwξ′ww

H2
wwξ′ww4

H2 ,

after applying similar arguments as in (3.32) and (3.33). Then we have the
followingwwvtww2

L2 ≤ H1(ε,
wwξ′ww

H2 ,
wwv′ww

H2)
wwvww2

H2 +H2(ε,
wwξ′ww

H2)

≤ H1(ε, (C0M0)1/2, (C1M1)1/2)6M1 +H2(ε, (C0M0)1/2) <∞,∫ T

0

wwvtww2

H1 ≤
∫ T

0

(
H1(ε, (C0M0)1/2, (C1M1)1/2)6M1

+H2(ε, (C0M0)1/2, (C1M1)1/2)
ww∇vww2

H2 +H3(ε, (C0M0)1/2)

)
dt <∞.

(3.58)
This finishes the proof of (1).
Proof of (2): Denote by (ξ12, v12) := (ξ1 − ξ2, v1 − v2) and (ξ′12, v

′
12) :=

(ξ′1 − ξ′2, v′1 − v′2). Then (ξ12, v12) satisfies the following system:

∂tξ12 = −v′1 · ∇hξ12 − v′12 · ∇hξ2 −
γ − 1

ε
divhv

′
12 in Ωh × 2T,

∂tv12 − c1

(
µ∆hv12 + λ∇hdivhv12 + ∂zzv12

)
= −v′1 · ∇hv12 − v′12 · ∇hv2 − w′1∂zv12 − (w′1 − w′2)∂zv2

− c2eεξ
′
1

ε
∇hξ′12 −

c2eεξ
′
1 − c2eεξ

′
2

ε
∇hξ′2 + c1

(
e−εαξ

′
1 − 1

)
×
(
µ∆hv12 + λ∇hdivhv12 + ∂zzv12

)
+ c1

(
e−εαξ

′
1 − e−εαξ′2

)(
µ∆hv2 + λ∇hdivhv2 + ∂zzv2

)
in Ωh × 2T,

(3.59)
with (ξ12, v12)

∣∣
t=0

= 0. Then after taking the L2-inner product of (3.59)1

with 2ξ12 in Ωh, one has, for any δ ∈ (0, 1) with corresponding Cδ ' δ−1,

d

dt

∣∣ξ12

∣∣2
L2 =

∫
Ωh

divhv
′
1|ξ12|2 dxdy − 2

∫
Ωh

(v′12 · ∇hξ2)ξ12 dxdy

− 2(γ − 1)

ε

∫
Ωh

divhv
′
12ξ12 dxdy .

∣∣∇hv′1∣∣L∞∣∣ξ12

∣∣2
L2

+
∣∣v′12

∣∣
L4

∣∣∇hξ2

∣∣
L4

∣∣ξ12

∣∣
L2 +

∣∣∇hv′12

∣∣
L2

∣∣ξ12

∣∣
L2 . δ

ww∇v′12

ww2

L2

+ Cδ
(
1 +

ww∇v′1wwH2 +
∣∣ξ2

∣∣2
H2

)∣∣ξ12

∣∣2
L2 + Cδ

wwv′12

ww2

L2 ,
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where we have applied the Hölder, Sobolev embedding and Young inequal-
ities. Therefore, applying the Grönwall inequality in the above inequality
yields,

sup
0≤t≤Tε

wwξ12

ww2

L2 ≤ e
Cδ

∫ Tε
0 (1+

ww∇v′1wwH2+
wwξ2ww2

H2 ) dt

×
∫ Tε

0

(
δ
ww∇v′12

ww2

L2 + Cδ
wwv′12

ww2

L2

)
dt

≤ eCδ(1+C0M0)Tε+Cδ(C1M1)
1
2 T

1
2
ε
(
δ
ww∇v′12

ww2

L2(0,Tε;L2(Ωh×2T))

+ CδTε
wwv′12

ww2

L∞(0,Tε;L2(Ωh×2T))

)
.

(3.60)

On the other hand, after taking the L2-inner product of (3.59)2 with 2v12

in Ωh × 2T and applying integration by parts, one has

d

dt

wwv12

ww2

L2 + c1

(
µ
ww∆hv12

ww2

L2 + λ
wwdivhv12

ww2

L2 +
ww∂zv12

ww2

L2

)
=

∫
(divhv

′
1 − εαṽ′1 · ∇hξ′1 − divhṽ′1)|v12|2 d~x−

∫
(v′12 · ∇hv2) · v12 d~x

+

∫ ∫ z

0

(
εαṽ′12 · ∇hξ′1 + divhṽ

′
12

)
dz × (∂zv2 · v12) d~x

−
∫ (∫ z

0
(εα(divhṽ

′
2)ξ′12) dz × (∂zv2 · v12)

+

∫ z

0
(εαξ′12ṽ

′
2) dz · ∇h(∂zv2 · v12)

)
d~x

+

∫
ξ′12

(c2eεξ
′
1

ε
divhv12 + c2eεξ

′
1v12 · ∇hξ′1

)
d~x

−
∫
c2(eεξ

′
1 − eεξ′2)

ε
∇hξ′2 · v12 d~x− c1

∫ ((
e−εαξ

′
1 − 1

)(
µ|∇hv12|2

+ λ|divhv12|2 + |∂zv12|2
))

d~x+ c1εα

∫ (
e−εαξ

′
1
(
µ(∇hξ′1 · ∇hv12) · v12

+ λ(v12 · ∇hξ′1)(divhv12)

)
d~x+ c1

∫ ((
e−εαξ

′
1 − e−εαξ′2

)
×
(
µ∆hv2 + λ∇hdivhv2 + ∂zzv2

)
· v12

)
d~x =: L8 + L9 + L10 + L11

+ L12 + L13 + L14 + L15 + L16,

where we have substituted (3.38) for w′i, i = 1, 2. Consequently, after ap-
plying similar arguments as before, we have the following estimates of the
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terms on the right-hand side: for any δ ∈ (0, 1) and some constant Cδ ' δ−1,

L8 .
(ww∇hv′1wwL3 +

wwv′1wwL6

ww∇hξ′1wwL6

)wwv12

ww
L2

wwv12

ww
L6

.
(wwv′1wwH2 +

wwv′1wwH1

wwξ′1wwH2

)wwv12

ww
L2

(ww∇v12

ww
L2 +

wwv12

ww
L2

)
. δ
ww∇v12

ww2

L2 +H(Cδ, C0M0, C1M1)
wwv12

ww2

L2 ,

L9 .
wwv′12

ww
L2

ww∇hv2

ww
L6

wwv12

ww
L3 . δ

ww∇v12

ww2

L2 + Cδ
wwv12

ww2

L2

+ Cδ
wwv2

ww2

H2

wwv′12

ww2

L2 ,

L10 .
∫ 1

0

(
ε
∣∣v′12

∣∣
L4

∣∣∇hξ′1∣∣L4 +
∣∣∇hv′12

∣∣
L2

)
dz ×

∫ 1

0

∣∣∂zv2

∣∣
L4

∣∣v12

∣∣
L4 dz

.
(
ε
wwv′12

ww1/2

L2

wwv′12

ww1/2

H1

wwξ′1wwH2 +
ww∇hv′12

ww
L2

)
×
ww∂zv2

ww
H1

wwv12

ww1/2

L2

wwv12

ww1/2

H1 . δ
ww∇v12

ww2

L2 + δ
ww∇v′12

ww2

L2

+H(Cδ, ε, C0M0, C1M1)
(wwv12

ww2

L2 +
wwv′12

ww2

L2

)
,

L11 . ε
∫ 1

0

∣∣∇hv′2∣∣L8

∣∣ξ′12

∣∣
L2 dz ×

∫ 1

0

∣∣∂zv2

∣∣
L8

∣∣v12

∣∣
L4 dz

+ ε

∫ 1

0

∣∣ξ′12

∣∣
L2

∣∣v′2∣∣L∞ dz × ∫ 1

0

(∣∣∂zv2

∣∣
L∞

∣∣∇hv12

∣∣
L2

+
∣∣∇h∂zv2

∣∣
L4

∣∣v12

∣∣
L4

)
dz . ε

wwv′2wwH2

wwξ′12

ww
L2

×
(wwv2

ww
H2

wwv12

ww1/2

L2

wwv12

ww1/2

H1 +
ww∂zv2

ww1/2

L2

ww∂zv2

ww1/2

H2

ww∇hv12

ww
L2

+
ww∇2v2

ww1/2

L2

ww∇2v2

ww1/2

H1

wwv12

ww1/2

L2

wwv12

ww1/2

H1

)
. δ
ww∇hv12

ww2

L2

+
wwv12

ww2

L2 +H(Cδ, ε, C0M0, C1M1)
ww∇v2

ww
H2

wwξ′12

ww2

L2 ,

L12 .
wwξ′12

ww
L2

(
ε−1e

ε
wwξ′1wwH2

ww∇hv12

ww
L2 + e

ε
wwξ′1wwH2

wwv12

ww
L3

ww∇hξ′1wwL6

. δ
ww∇v12

ww2

L2 +H(Cδ, ε, C0M0, C1M1)
(wwξ′12

ww2

L2 +
wwv12

ww2

L2

)
,

L13 . e
ε(
wwξ′1wwH2+

wwξ′2wwH2 )wwξ′12

ww
L2

ww∇hξ′2wwL6

wwv12

ww
L3

. δ
ww∇v12

ww2

L2 +H(Cδ, ε, C0M0, C1M1)
(wwξ′12

ww2

L2 +
wwv12

ww2

L2

)
,

L14 . εe
εα
wwξ′1wwH2

wwξ′1wwH2

ww∇v12

ww2

L2 . εe
εα(C0M0)1/2(C0M0)1/2

×
ww∇v12

ww2

L2 ,

L15 . εe
εα
wwξ′1wwH2

ww∇hξ′1wwL6

ww∇v12

ww
L2

wwv12

ww
L3 . δ

ww∇v12

ww2

L2

+H(Cδ, ε, C0M0)
wwv12

ww2

L2 ,

L16 . εe
εα(
wwξ′1wwH2+

wwξ′2wwH2 )wwξ′12

ww
L2

ww∇2v2

ww
L3

wwv12

ww
L6
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. δ
ww∇v12

ww2

L2 + δ
wwv12

ww2

L2 +H(Cδ, ε, C0M0)(
ww∇v2

ww
H2 + 1)

wwξ′12

ww2

L2 ,

where H(·), as before, is a regular function of the arguments. Consequently,
one has

d

dt

wwv12

ww2

L2 + c1

(
µ
ww∇hv12

ww2

L2 + λ
wwdivhv12

ww2

L2 +
ww∂zv12

ww2

L2

)
≤ (δ + εeεα(C0M0)1/2(C0M0)1/2)

ww∇v12

ww2

L2 + δ
ww∇v′12

ww2

L2

+H(Cδ, ε, C0M0, C1M1)
(wwv12

ww2

L2 +
wwv′12

ww2

L2 +
wwξ′12

ww′
L2

)
+H(Cδ, ε, C0M0, C1M1)

ww∇v2

ww
H2

wwξ′12

ww2

L2 .

Notice that C0, C1 are independent of ε. For ε0, δ ∈ (0, 1) small enough and
ε ∈ (0, ε0], applying the Grönwall inequality in the above inequality yields

sup
0≤t≤Tε

wwv12

ww2

L2 +
c1 min{µ, λ, 1}

2

∫ Tε

0

ww∇v12

ww2

L2 dt

≤ eTεH(Cδ,ε,C0M0,C1M1)
(
δ
ww∇v′12

ww2

L2(0,Tε;L2(Ωh×2T))

+ Tε
wwv′12

ww2

L∞(0,Tε;L2(Ωh×2T))
+ Tε

wwξ′12

ww2

L∞(0,Tε;L2(Ωh×2T))

+ T 1/2
ε

ww∇v2

ww
L2(0,Tε;H2(Ωh×2T))

H(Cδ, ε, C0M0, C1M1)

×
wwξ′12

ww2

L∞(0,Tε;L2(Ωh×2T))

)
.

(3.61)

Then for fixed ε ∈ (0, ε0), by first choosing δ small enough, and then Tε

small enough, (3.60) and (3.61) yield inequality (3.43) with q =
1

2
. This

finishes the proof of (2) and completes the proof of Proposition 2.

3.3 Uniform stability

In this section, we will show that the existence time Tε of the strong solutions
constructed in Propositive 2 is uniform in ε provided ε ∈ (0, ε1) for some
ε1 ∈ (0, ε0). In order to show this, it suffices to show that there is a positive
constant ε1 such that the H2-norms of (ξ, v) remain bounded in a time
interval (0, T ) with T ∈ (0,∞) independent of ε, provided ε ∈ (0, ε1) with
ε1 ∈ (0, 1) small enough. We perform a continuity argument in the following.

Recall that we are given initial data (ξ0, v0) ∈ H2(Ωh × 2T), and a
positive constant M ∈ (0,∞) satisfying

1

2

wwv0

ww2

H2 +
c2

γ − 1

wwξ0

ww2

H2 < M. (2.6)
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Denote by

M0 :=
8(γ − 1)

c2
M, M1 := 4M. (3.62)

Then it is obvious thatwwξ0

ww2

H2 < M0,
wwv0

ww2

H2 < M1.

From Proposition 2, there is a strong solution (ξ, v) satisfying (3.35) and
(3.36) in the time interval [0, Tε], for some Tε ∈ (0,∞). Then for any
t ∈ [0, Tε], we havewwξ(t)ww2

H2 ≤ C0M0 =
8(γ − 1)

c2
C0M,

wwv(t)
ww2

H2 ≤ C1M1 = 4C1M, (3.63)

where C0, C1 are given in Proposition 2. We remind readers that Tε depends
on M0,M1 and ε. On the other hand, consider ε1 satisfying

sup
0≤t≤Tε

max{1, α}ε1

wwξ(t)ww
H2 ≤ max{1, α}ε1 ×

(
C0M0

)1/2 ≤ log 2,

sup
0≤t≤Tε

ε1H1(
wwξ(t)ww

H2 ,
wwv(t)

ww
H2) ≤ ε1H1(C0M0, C1M1) ≤ min{µ, λ, 1}c1

8
,

where H1 is as in the right-hand side of (3.1). Then the a priori estimate
in (3.1) implies that, for ε ∈ (0, ε1) and t ∈ [0, Tε],

1

2

wwv(t)
ww2

H2 +
c2

4(γ − 1)

wwξ(t)ww2

H2 +
min{µ, λ, 1}c1

2

∫ t

0

ww∇v(s)
ww2

H2 ds

≤ 1

2

wwv0

ww2

H2 +
c2

γ − 1

wwξ0

ww2

H2 + δ

∫ t

0

ww∇v(s)
ww2

H2 ds

+
min{µ, λ, 1}c1

8

∫ t

0

ww∇v(s)
ww2

H2 ds+ Cδ

∫ t

0
H2(C0M0, C1M1) ds.

Hence after substituting (2.6) and choosing

δ = δ′ :=
min{µ, λ, 1}c1

8
, and T :=

M

Cδ′H2(C0M0, C1M1)
, (3.64)

it follows

1

2

wwv(t)
ww2

H2 +
c2

4(γ − 1)

wwξ(t)ww2

H2 +
min{µ, λ, 1}c1

4

∫ t

0

ww∇v(s)
ww2

H2 ds

≤M + Cδ′H2(C0M0, C1M1)t < 2M,
(3.65)
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for
t ∈ [0,min{Tε, T}].

Notice that T is independent of ε once ε ∈ (0, ε1). Also from (3.65), we have

sup
0≤t≤min{Tε,T}

wwξ(t)ww2

H2 <
8(γ − 1)

c2
M = M0,

sup
0≤t≤min{Tε,T}

wwv(t)
ww2

H2 < 4M = M1,∫ min{Tε,T}

0

ww∇v(t)
ww2

H2 dt ≤
8M

c1 min{µ, λ, 1}
=: M2.

(3.66)

Therefore, supposed that Tε < T , we will havewwξ(Tε)ww2

H2 < M0,
wwv(Tε)

ww2

H2 < M1.

Then by setting (ξ(Tε), v(Tε)) as the new initial data, applying Proposition 2
again, estimate (3.63) holds in [0, 2Tε]. Thus the arguments between (3.63)
and (3.65) hold with Tε replaced by 2Tε, without needing to choose the
smallness of ε1 and T . Then estimate (3.65) holds in the time interval
[0,min{2Tε, T}]. Repeat such arguments n times, n ∈ Z+, until nTε ≥ T .
This extends the existence time of the local strong solution (ξ, v) to (1.4)
to T > 0, which is independent of ε provided ε ∈ (0, ε1) with ε1 given as
above. Consequently, we conclude that:

Proposition 3. Consider (ξ0, v0) ∈ H2(Ωh × 2T) with the compatibility
conditions in (2.4), bounded as in (2.6). Then there is a positive constant
ε1 ∈ (0, 1) such that for any ε ∈ (0, ε1), there is a unique strong solution
to (1.4) in the time interval [0, T ] satisfying the regularity (3.35). Here
T ∈ (0,∞) is a positive time which is independent of ε. Moreover, there
are positive constants M0,M1,M2 ∈ (0,∞), given in (3.62) and (3.66) and
independent on ε, such thatwwξww2

L∞(0,T ;H2(Ωh×2T))
< M0,

wwvww2

L∞(0,T ;H2(Ωh×2T))
< M1,ww∇vww2

L2(0,T ;H2(Ωh×2T))
< M2.

(3.67)
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4 The limit equations

In this section, we will identify the limit equations of (1.4) as ε→ 0+ in the
distribution sense. Recall that,

∂tξε + vε · ∇hξε +
γ − 1

ε
(divhvε + ∂zwε) = 0 in Ωh × 2T,

∂tvε + vε · ∇hvε + wε∂zvε +
c2eεξε

ε
∇hξε

= c1e
−εαξε

(
µ∆hvε + λ∇hdivhvε + ∂zzvε) in Ωh × 2T,

∂zξε = 0 in Ωh × 2T,
wε = 0 on Ωh × Z,

(1.4)

where the initial data are taken as (ξε, vε)
∣∣
t=0

= (ξ0, v0) ∈ H2(Ωh × 2T)
satisfying the compatibility conditions in (2.4), bounded as in (2.6). We first
list the uniform estimates obtained in the previous section. In fact, from
(3.67) and (3.2)–(3.4), the following estimates hold uniformly in ε ∈ (0, ε1)
for some constant C, T ∈ (0,∞) independent of ε and depending only on
the initial data,

sup
0≤t≤T

{wwvε(t)wwH2 +
wwξε(t)wwH2 +

ww∂t(eεξε)(t)wwH1 +
ww∂tPσvε(t)wwL2

}
+
ww∇vεwwL2(0,T ;H2)

+
ww∂tPσvεwwL2(0,T ;H1)

< C.

(4.1)
Then as ε→ 0+, there exist ξp, vp, ζp, vp,σ with

ξp ∈ L∞(0, T ;H2), vp ∈ L∞(0, T ;H2) ∩ L2(0, T ;H3),

ζp ∈ L∞(0, T ;H1), vp,σ ∈ L∞(0, T ;H2
σ) ∩ L2(0, T ;H3

σ),

∂tvp,σ ∈ L∞(0, T ;L2
σ) ∩ L2(0, T ;H1

σ),

(4.2)

such that,

ξε
∗
⇀ ξp weak-∗ in L∞(0, T ;H2),

vε (and Pσvε)
∗
⇀ vp (respectively vp,σ)

weak-∗ in L∞(0, T ;H2) (respectively L∞(0, T ;H2
σ)),

vε (and Pσvε) ⇀ vp (respectively vp,σ)

weakly in L2(0, T ;H3) (respectively L2(0, T ;H3
σ)),

∂t(e
εξε)

∗
⇀ ζp weak-∗ in L∞(0, T ;H1),

∂tPσvε
∗
⇀ ∂tvp,σ weak-∗ in L∞(0, T ;L2

σ),

∂tPσvε ⇀ ∂tvp,σ weakly in L2(0, T ;H1
σ).

(4.3)
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Also applying the Aubin compactness lemma (see, e.g., [42, Theorem 2.1]
and [5, 41]) yields, as ε→ 0+,

Pσvε → vp,σ in L2(0, T ;H2
σ,loc) ∩ C([0, T ];H1

σ,loc). (4.4)

Moreover, from (4.1), we have

ε
wwξεwwH2 < εC → 0 as ε→ 0+. (4.5)

Thus we have, as ε→ 0+,

eεξε → 1 in L∞(0, T ;H2),

and ∂t(e
εξε)→ 0 = ζp in the sense of distribution.

(4.6)

On the other hand, recall that the vertical velocity is represented by

wε = −
∫ z

0

(
ε

γ − 1
ṽε · ∇hξε + divhṽε

)
dz. (3.8)

Therefore, a direct calculation yields that wε, ∂zwε ∈ L∞(0, T ;H1) and we
have the following uniform bounds:wwwεwwL∞(0,T ;H1)

+
ww∂zwεwwL∞(0,T ;H1)

. ε
wwvεwwL∞(0,T ;H2)

wwξεwwL∞(0,T ;H2)
+
wwvεwwL∞(0,T ;H2)

< C.
(4.7)

Therefore, there exists

wp ∈ L∞(0, T ;H1) with ∂zwp ∈ L∞(0, T ;H1) (4.8)

such that,

wε (and ∂zwε)
∗
⇀ wp (respectively ∂zwp) weak-∗ in L∞(0, T ;H1), (4.9)

as ε → 0+. Notice, after applying the trace theorem, {wε|z∈Z}ε∈(0,ε1) ⊂
L∞(0, T ;H1/2(Ωh)) and is uniformly bounded. Then it follows from (3.8)
that wε|z∈Z = 0 and hence wp|z∈Z = 0. Moreover, after multiplying (1.4)1

with εeεξε , one has

∂te
εξε + εeεξεvε · ∇hξε + (γ − 1)eεξε(divhvε + ∂zwε) = 0. (4.10)

Then, (4.1) and (4.6) imply that as ε→ 0+, (4.10) converges to

divhvp + ∂zwp = 0 in the sense of distribution.
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Consequently, we have shown that

divhvp + ∂zwp = 0, and wp
∣∣
z∈Z = 0. (4.11)

Next, we will identify the limit equation of the momentum equation
(1.4)2. First, (4.2) and (4.11) imply that vp ∈ L∞(0, T ;H2

σ) ∩ L2(0, T ;H3
σ).

We first show that vp,σ ≡ vp. Let u ∈ C∞0 (0, T ;C∞σ (Ωh× 2T,R2)). Then we
have, from (4.3),∫ T

0

∫
u · vp d~x dt = lim

ε→0+

∫ T

0

∫
u · vε d~x dt

= lim
ε→0+

∫ T

0

∫
u · Pσvε d~x dt =

∫ T

0

∫
u · vp,σ d~x dt,

which shows that vp,σ ≡ vp. Then (4.4) can be written as

Pσvε → vp in L2(0, T ;H2
σ,loc) ∩ C([0, T ];H1

σ,loc), (4.12)

as ε → 0+. In particular, vp(t = 0) = Pσv0. Moreover, from (4.3), since
vp,σ ≡ vp, we have the following: as ε→ 0+,

Pτvε = vε − Pσvε
∗
⇀ 0 weak-∗ in L∞(0, T ;H2

τ ),

Pτvε = vε − Pσvε ⇀ 0 weakly in L2(0, T ;H3
τ ).

(4.13)

Also, denote Pτvε = ∇hψε with ψε defined by the following elliptic problem
(see, e.g., (2.1)),

∆hψε =

∫ 1

0
divhvε dz in Ωh, lim

|(x,y)|→∞
ψε = 0 in the case when Ωh = R2,∫

Ωh
ψε dxdy = 0 in the case when Ωh = T2.

(4.14)

Then Pτ∂tvε = ∇h∂tψε and we have the identity:

Pτvε · ∇hPτvε + wε∂zPτvε = ∇hψε · ∇h∇hψε + wε∂z∇hψε

=
1

2
∇h|∇hψε|2.

Therefore, one has

vε · ∇hvε + wε∂zvε = Pσvε · ∇hvε + Pτvε · ∇hPσvε + wε∂zPσvε
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+ Pτvε · ∇hPτvε + wε∂zPτvε = Pσvε · ∇hvε + Pτvε · ∇hPσvε

+ wε∂zPσvε +
1

2
∇h|∇hψε|2.

Then (1.4)2 can be written as

∂tPσvε + Pσvε · ∇hvε + Pτvε · ∇hPσvε + wε∂zPσvε

− c1e
−εαξε(µ∆hvε + λ∇hdivhvε + ∂zzvε) + c2

(eεξε − 1

ε
− ξε

)
∇hξh

= −
(
∇h∂tψε +

1

2
∇h|∇hψε|2 +

c2

ε
∇hξε +

c2

2
∇h|ξε|2

)
.

(4.15)
Then (4.1), (4.7) and (4.15) imply that

∣∣∇h∂tψε +
1

2
∇h|∇hψε|2 +

c2

ε
∇hξε +

c2

2
∇h|ξε|2

∣∣
L∞(0,T ;L2)∩L2(0,T ;H1)

=
∣∣left-hand side of (4.15)

∣∣
L∞(0,T ;L2)∩L2(0,T ;H1)

< C,

where C is independent of ε. Hence ∃P ∈ L∞(0, T ;H1(Ωh))∩L2(0, T ;H2(Ωh))
such that

∇h∂tψε +
1

2
∇h|∇hψε|2 +

c2

ε
∇hξε +

c2

2
∇h|ξε|2

∗
⇀ ∇hP weak-∗ in L∞(0, T ;L2),

∇h∂tψε +
1

2
∇h|∇hψε|2 +

c2

ε
∇hξε +

c2

2
∇h|ξε|2

⇀ ∇hP weakly in L2(0, T ;H1).

(4.16)

Also, using (4.1), we have

∣∣eεξε − 1

ε
− ξε

∣∣
L∞
. ε
∣∣ξε∣∣H2 → 0 as ε→ 0+. (4.17)

Then the weak and strong convergences in (4.3), (4.6), (4.9), (4.12), (4.13),
(4.16), and (4.17) yield that, as ε→ 0+, (4.15) converges to

∂tvp + v · ∇hvp +wp∂zvp +∇hP = c1

(
µ∆hvp + λ∇hdivhvp + ∂zzvp

)
, (4.18)

in the sense of distribution, where wp is determined by (4.11), and ∂zP = 0.
To conclude, we have shown the following:

Proposition 4. Let (ξ0, v0) ∈ H2(Ωh × 2T) satisfying the compatibility
conditions in (2.4) and ε ∈ (0, ε1) with ε1 given in Proposition 3. Then
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the unique strong solutions {(ξε, vε)}ε∈(0,ε1) obtained in Proposition 3 in the
time interval [0, T ], T ∈ (0,∞), and wε given as in (3.8), converge to (ξp, vp)
and wp, with the convergences in (4.3), (4.6), (4.9), (4.12) and (4.13), as
ε → 0+. ξp, vp, wp satisfy the regularity (4.2) and (4.8). Also, (vp, wp)
satisfies the primitive equations (2.9) with the initial data vp|t=0 = vp,0 =
Pσv0 ∈ H2

σ(Ωh × 2T).

In the rest of this section, we will discuss the converging behaviors of ξε
and Pτvε as ε→ 0+ in some strong sense. We will consider such a problem
in two cases: Ωh = R2 and Ωh = T2. In fact, we will investigate the following
acoustic wave equations associated with (1.4):

∂tξε +
γ − 1

ε
divhPτvε = −vε · ∇hξε

− γ − 1

ε
(divhPσvε + ∂zwε) in Ωh × 2T,

∂tPτvε +
c2

ε
∇hξε =

c2(1− eεξε)
ε

∇hξε − ∂tPσvε
− vε · ∇hvε − wε∂zvε + c1e

−εαξε
(
µ∆hvε

+ λ∇hdivhvε + ∂zzvε) in Ωh × 2T,
∂zξε = 0 in Ωh × 2T.

(4.19)

To study the acoustic wave, notice that, Pτvε = ∇hψε is a function indepen-
dent of the z-variable, where ψε is defined in (4.14). After averaging (4.19)1

in the z-variable and applying projection operator Pτ to (4.19)2, system
(4.19) is reduced to,

∂tξε +
γ − 1

ε
divh∇hψε = G1 in Ωh,

∂t∇hψε +
c2

ε
∇hξε = G2 +G3 in Ωh,

(4.20)

where we have used ∇hψε (defined in (4.14)) to represent Pτvε, and

G1 := −vε · ∇hξε,

G2 :=
c2(1− eεξε)

ε
∇hξε + Pτ

(
c1e
−εαξε(µ∆hvε + λ∇hdivhvε + ∂zzvε)

)
,

G3 := −Pτ
(
vε · ∇hvε + wε∂zvε

)
.

Therefore, the acoustic wave system is only two dimensional. From (3.32),
(3.33), (4.1), we have∣∣G1

∣∣
L∞(0,T ;H1(Ωh))

+
∣∣G2

∣∣
L∞(0,T ;L2(Ωh))

+
∣∣G2

∣∣
L2(0,T ;H1(Ωh))

+
∣∣G3

∣∣
L∞(0,T ;L2(Ωh))

+
∣∣G3

∣∣
L2(0,T ;H1(Ωh))

< C.
(4.21)
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Now denote by the linear operator L defined on (D′(Ωh))3 as

L(U) :=

(
(γ − 1)divhu

c2∇hq

)
, where U =

(
q
u

)
, (4.22)

where q ∈ D′(Ωh), u ∈ (D′(Ωh))2. Then (4.20) can be written as

∂tUε +
1

ε
LUε = G in Ωh, (4.23)

where

G :=

(
G1

G2 +G3

)
, Uε :=

(
ξε
∇hψh

)
=

(
ξε
Pτvε

)
.

Also, the initial data are given as

Uε(t = 0) = U0 =

(
ξ0

Pτv0

)
. (4.24)

Also, we have

ξε ∈ L∞(0, T ;H2(Ωh)), Pτvε ∈ L∞(0, T ;H2(Ωh)) ∩ L2(0, T ;H3(Ωh)),

G ∈ L∞(0, T ;L2(Ωh)) ∩ L2(0, T ;H1(Ωh)), U0 ∈ H2(Ωh),

and from (2.6), (4.1) and (4.21),∣∣ξε∣∣L∞(0,T ;H2(Ωh))
+
∣∣Pτvε∣∣L∞(0,T ;H2(Ωh))∩L2(0,T ;H3(Ωh))

+
∣∣G∣∣

L∞(0,T ;L2(Ωh))∩L2(0,T ;H1(Ωh))
+
∣∣U0

∣∣
H2(Ωh)

< C.
(4.25)

Define the associated solution operator of L by

L : t 7→ L(t) = exp(−Lt). (4.26)

That is, given V0 ∈ (D′)3, L(t)V0 satisfies the linear equation:

∂t(L(t)V0) + L(L(t)V0) = 0. (4.27)

Notice that L is linear and L(t1 + t2) = L(t1)L(t2) for t1, t2 ∈ (0,∞). Then
the solution Uε of (4.23) can be represented as, using the Duhamel principle,

Uε(t) = L(
t

ε
)U0 +

∫ t

0
L(
t− s
ε

)G(s) ds. (4.28)
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4.1 The case when Ωh = R2: dispersion of the acoustic waves

In this section, we shall establish the strong convergence of Uε in the case
when Ωh = R2. To be precise, we will show the following:

Proposition 5. Under the same assumptions as in Proposition 4, in the
case when Ωh = R2, we have

ξε → 0, Pτvε → 0 as ε→ 0+ in L2(0, T ;W
1
2
,6(R2)). (2.12)

In particular, we have, as ε→ 0+,wwvε − vpwwL2(0,T ;L6
loc(R2))

+
wwξεwwL2(0,T ;L6(R2))

→ 0.

In order to show Proposition 5, we will use the dispersion estimates
of operator L in the whole space R2. In particular, we will employ the
Strichartz inequalities as in [10], to derive the appropriate decay as ε→ 0+.
Indeed, let φ0 ∈ (D′(R2))3. The following inequality is from [10, equation
(3.4)]: ∣∣L(t)φ0

∣∣
Lq(R+;Lp(R2))

≤ Cp,q
∣∣φ0

∣∣
Hη(R2)

, (4.29)

provided that the right-hand side is finite, where p, q > 2 and η ∈ (0,∞)
satisfying

2

q
=

1

2
− 1

p
and ηq = 3. (4.30)

We will make use of (4.29) to derive the strong dispersion. To begin with,
the following dispersion inequalities are analogies to inequalities (3.6) and
(3.7) in [10].

Lemma 1. For φ0 and φ(s) ∈ (D′(R2))3, p, q, η satisfying (4.30) and s ≥ 0,
we have ∣∣L( t

ε

)
φ0

∣∣
Lq(0,T ;W s,p(R2))

≤ Cε1/q
∣∣φ0

∣∣
Hη+s(R2)

, (4.31)∣∣∫ t

0
L
( t− s

ε

)
φ(s) ds

∣∣
L2(0,T ;W s,p(R2))

≤ C(1 + T )ε1/q
∣∣φ∣∣

L2(0,T ;Hη+s(R2))
, (4.32)

provided the right-hand sides are finite.

Proof. Indeed (4.31) is a direct consequence of rescaling the temporal vari-
able and replacing φ0 with (I −∆h)s/2φ0 in (4.29). In order to show (4.32),
notice that after applying the Minkowski and Hölder inequalities, one has∣∣∫ t

0
L
( t− s

ε

)
φ(s) ds

∣∣2
W s,p(R2)

≤ Ct
∫ t

0

∣∣L( t− s
ε

)
φ(s)

∣∣2
W s,p(R2)

ds.
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Then by employing the Fubini theorem, it holds∫ T

0

∣∣∫ t

0
L
( t− s

ε

)
φ(s) ds

∣∣2
W s,p(R2)

dt

≤ CT
∫ T

0

∫ T

s

∣∣L( t− s
ε

)
φ(s)

∣∣2
W s,p(R2)

dt ds

≤ CT
∫ T

0
(T − s)1−2/q

(∫ T

s

∣∣L( t− s
ε

)
φ(s)

∣∣q
W s,p(R2)

dt

)2/q

ds

≤ ε2/qCT 2−2/q

∫ T

0

∣∣φ(s)
∣∣2
Hη+s(R2)

ds = ε2/qCT 2−2/q
∣∣φ∣∣q

L2(0,T ;Hη+s(R2))
.

This finishes the proof of (4.32).

Proof of Proposition 5. Consider η = 1
2 , s = 1

2 , q = 6, p = 6 in (4.31) and
(4.32), which satisfy (4.30). Then from (4.28), after applying the triangle
and Hölder inequalities,∣∣Uε∣∣

L2(0,T ;W
1
2 ,6(R2))

. T
1
3

∣∣L( t
ε

)
U0

∣∣
L6(0,T ;W

1
2 ,6(R2))

+
∣∣∫ t

0
L
( t− s

ε

)
G(s) ds

∣∣
L2(0,T ;W

1
2 ,6(R2))

. T
1
3 ε

1
6

∣∣U0

∣∣
H1(R2)

+ (1 + T )ε
1
6

∣∣G∣∣
L2(0,T ;H1(R2))

. (1 + T )ε
1
6 ,

where the second and the third inequalities follow from (4.31), (4.32) and
(4.25). This yields (2.12) and finishes the proof of Proposition 5.

4.2 The case when Ωh = T2: the fast oscillation

We will establish the convergence behavior of Uε in the case when Ωh = T2

in this subsection. Indeed, we shall investigate the fast oscillations of the
acoustic waves as ε→ 0+. This is motivated by [37] (see also [16]).

The oscillation equations and the convergence of oscillations

To begin with, (4.20)2 can be written as

∂tPτvε +
c2

ε
∇hξε − c1(µ∆hPτvε + λ∇hdivhPτvε)

=
c2(1− eεξε)

ε
∇hξε − Pτ (vε · ∇hvε)− Pτ (wε∂zvε)

+ Pτ (c1(e−εαξε − 1)(µ∆hvε + λ∇hdivhvε + ∂zzvε)).

(4.33)
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Moreover, for any u ∈ (D′(T2×2T))2, consider u(x, y) =
∫ 1

0 u dz ∈ (D′(T2))2

as a function on T2×2T. One has Pτu = Pτu. Then one has, after applying
integration by parts and substituting (3.9),

Pτ (wε∂zvε) = Pτ (−
∫ 1

0
∂zwεvε dz)

= Pτ (

∫ 1

0

(
(εαṽε · ∇hξε + divhṽε)vε

)
dz)

= Pτ (

∫ 1

0

(
(εαP̃σvε · ∇hξε)Pσvε + divhP̃σvεPσvε

)
dz)

= Pτ ((εαP̃σvε · ∇hξε)Pσvε + divhP̃σvεPσvε),
Pτ ((e−εαξε − 1)∂zzvε) = 0,

(4.34)

where we have used the facts that
∫ 1

0 P̃σvε dz = 0, ṽε = P̃σvε and that
Pτvε, ξε are independent of the z-variable.

On the other hand, notice that

vε · ∇hξε = Pσvε · ∇hξε + Pτvε · ∇hξε = divh(ξεPσvε)− ξεdivhPσvε
+ Pτvε · ∇hξε.

(4.20)1 can be written as

∂tξε +
γ − 1

ε
divhPτvε = −divh(ξε

∫ 1

0
Pσvε dz)− Pτvε · ∇hξε. (4.35)

Additionally, integrating (4.35) in T2 yields

d

dt

∫
T2

ξε dxdy = −
∫
T2

(Pτvε · ∇hξε) dxdy. (4.36)

Consequently, after combining equations (4.33), (4.34), (4.35), (4.36), we
have the following system of oscillations:

∂tξ
o
ε +

γ − 1

ε
divhPτvε = −divh(ξoε

∫ 1
0 Pσvε dz)

− Pτvε · ∇hξoε +
∫
T2(Pτvε · ∇hξoε) dxdy in T2,

∂tPτvε +
c2

ε
∇hξoε − c1(µ∆hPτvε + λ∇hdivhPτvε)

= −Pτ (vε · ∇hvε + (εαP̃σvε · ∇hξε)Pσvε)

+ Pτ (divhP̃σvεPσvε) +
c2(1− eεξε)

ε
∇hξoε

+ Pτ (c1(e−εαξε − 1)(µ∆hvε + λ∇hdivhvε)) in T2,

(4.37)

44



where

ξoε := ξε −
∫
T2

ξε dxdy. (4.38)

In the following, denote by

Uoε :=

(
ξoε
Pτvε

)
=

(
ξε −

∫
T2 ξε dxdy
∇hψε

)
, gε :=

∫
T2

ξε dxdy, and

V o
ε := L

(
− t
ε

)
Uoε =

( L1

(
− t
ε

)
Uoε

L2

(
− t
ε

)
Uoε

) (
so Uoε = L

( t
ε

)
V o
ε

)
,

(4.39)
where L1 : (D′(T2))3 7→ D′(T2), L2 : (D′(T2))3 7→ (D′(T2))2 will be referred
to as the first and the second components of L, respectively. Then V o

ε

satisfies

∂tV
o
ε +Qε,1(Pσvε, V o

ε ) +Qε,2(V o
ε , V

o
ε ) +Qε,3(gε, V

o
ε )−Aε(D)V o

ε

= L
(
− t
ε

)( 0
K + L1 + L2

)
,

(4.40)

where the linear and bi-linear operators are defined as follows: for V1, V2 ∈
(D′(T2))3, u ∈ (D′(T2 × 2T))2, g ∈ R,

Aε(D)V1 := L
(
− t
ε

)( 0

c1(µ∆hL2

( t
ε

)
V1 + λ∇hdivhL2

( t
ε

)
V1)

)
,

Qε,1(Pσu, V1) := L
(
− t
ε

)( divh(L1

( t
ε

)
V1

∫ 1
0 Pσu dz)

Pτ (Pσu · ∇hL2

( t
ε

)
V1 + L2

( t
ε

)
V1 · ∇hPσu)

)
,

Qε,2(V1, V2)

:= L
(
− t
ε

)( L2

( t
ε

)
V1 · ∇hL1

( t
ε

)
V2 −

∫
T2 L2

( t
ε

)
V1 · ∇hL1

( t
ε

)
V2 dxdy

Pτ (L2

( t
ε

)
V1 · ∇hL2

( t
ε

)
V2 + c2L1

( t
ε

)
V1∇hL1

( t
ε

)
V2)

)
,

Qε,3(g, V1) := L
(
− t
ε

)( 0

Pτ (c2g∇hL1

( t
ε

)
V1)

)
.

(4.41)
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Here,

K := Pτ (−Pσvε · ∇hPσvε − divhP̃σvεPσvε),

L1 := −εαPτ ((P̃σvε · ∇hξε)Pσvε) + Pτ (
c2(1 + εξε − eεξε)

ε
∇hξoε),

L2 := Pτ (c1(e−εαξε − 1)(µ∆hvε + λ∇hdivhvε)).

(4.42)

Also gε(t) =
∫
T2 ξε dxdy satisfies, from (4.36),

d

dt
gε = −

∫
T2

((Uoε )2 · ∇h(Uoε )1) dxdy

= −
∫
T2

L2

( t
ε

)
V o
ε · ∇hL1

( t
ε

)
V o
ε dxdy,

with gε(t = 0) =

∫
T2

ξ0 dxdy.

(4.43)

Now we will address the strong convergence of V o
ε , gε as ε→ 0+. Notice

that L defined in (4.22) is anti-symmetric with respect to A := diag(c2, γ −
1, γ − 1) (i.e.,

∫
V >ALU d~x = −

∫
U>ALV d~x ), linear and commutative

with ∂h ∈ {∂x, ∂y}. Consequently the standard Hs estimate of the solutions
to equation (4.27) implies that the operator L preserves the Hs norm, i.e.,∣∣L(t)V

∣∣
Hs '

∣∣V ∣∣
Hs for t ∈ (0,∞), s ∈ N, V ∈ (D′(T2))3. (4.44)

Therefore one has, as the consequence of (4.25) and (4.39),∣∣V o
ε

∣∣
L∞(0,T ;H2(T2))

+
∣∣Uoε ∣∣L∞(0,T ;H2(T2))

+
∣∣(Uoε )2

∣∣
L2(0,T ;H3(T2))

< C. (4.45)

Then it is easy to see from (4.43) that

sup
0≤t≤T

{|gε| + |
d

dt
gε|} ≤ (1 + T )

∣∣Uoε ∣∣2L∞(0,T ;H2(T2))
< C. (4.46)

Therefore the Arzelà-Ascoli theorem implies that as ε→ 0+,

gε → go uniformly for some go ∈ C([0, T ]), (4.47)

and |go| < C. On the other hand, after applying the Hölder and Sobolev
embedding inequalities, (4.1), (4.41), (4.45), and (4.46) imply the following

46



estimates:∣∣Aε(D)V o
ε

∣∣
L∞(0,T ;L2(T2))∩L2(0,T ;H1(T2)

.
∣∣V o
ε

∣∣
L∞(0,T ;H2(T2))

+
∣∣(Uoε )2

∣∣
L2(0,T ;H3(T2))

< C,∣∣Qε,1(Pσvε, V o
ε )
∣∣
L∞(0,T ;H1(T2))

.
∣∣V o
ε

∣∣
L∞(0,T ;H2(T2))

×
wwPσvεwwL∞(0,T ;H2(T2))

< C,∣∣Qε,2(V o
ε , V

o
ε )
∣∣
L∞(0,T ;H1(T2))

.
∣∣V o
ε

∣∣2
L∞(0,T ;H2(T2))

< C,∣∣Qε,3(gε, V
o
ε )
∣∣
L∞(0,T ;H1(T2))

. sup
0≤t≤T

|gε|

×
∣∣V o
ε

∣∣
L∞(0,T ;H2(T2))

< C,

(4.48)

and∣∣K∣∣
L∞(0,T ;H1(T2))

.
wwPσvεww2

L∞(0,T ;H2(T2))
< C,∣∣L1

∣∣
L∞(0,T ;H1(T2))

. ε
wwPσvεww2

L∞(0,T ;H2(T2))

wwξεwwL∞(0,T ;H2(T2))

+ εe
ε
wwξεww

L∞(0,T ;H2(T2))(
wwξεww2

L∞(0,T ;H2(T2))
+ 1) < εC,∣∣L2

∣∣
L∞(0,T ;L2(T2))∩L2(0,T ;H1(T2))

. εe
ε
wwξεww

L∞(0,T ;H2(T2))

× (
wwξεwwL∞(0,T ;H2(T2))

+ 1)
wwvεwwL∞(0,T ;H2(T2))∩L2(0,T ;H3(T2))

< εC.

(4.49)

Therefore, equation (4.40) implies∣∣∂tV o
ε

∣∣
L∞(0,T ;L2(T2))∩L2(0,T ;H1(T2))

< C.

Then the Aubin compactness lemma (see, i.e., [42, Theorem 2.1] and [5,41])
implies that, there is

V o ∈ L∞(0, T ;H2(T2)) ∩ C(0, T ;H1(T2)) with

∂tV
o ∈ L∞(0, T ;L2(T2)) ∩ L2(0, T ;H1(T2)),

(4.50)

such that as ε→ 0+,

V o
ε
∗
⇀ V o weak-∗ in L∞(0, T ;H2(T2)),

V o
ε → V o in L∞(0, T ;H1(T2)) ∩ C(0, T ;H1(T2)),

∂tV
o
ε
∗
⇀ ∂tV

o weak-∗ in L∞(0, T ;L2(T2)),

∂tV
o
ε ⇀ ∂tV

o weakly in L2(0, T ;H1(T2)).

(4.51)
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Also

V o
ε (t = 0) = V o(t = 0) =

(
ξ0 −

∫
T2 ξ0 dxdy
Pτv0

)
. (4.52)

Consequently, as ε→ 0+, since L preserves the H1 norm,

Uoε − L
( t
ε

)
V o = L

( t
ε

)(
V o
ε − V o

)
→ 0 in L∞(0, T ;H1(T2)). (4.53)

In conclusion, as ε→ 0+, (4.12), (4.47) and (4.53) imply thatwwvε − vp − L2

( t
ε

)
V o
ww
L∞(0,T ;H1(T2×2T))

+
wwξε − go − L1

( t
ε

)
V o
ww
L∞(0,T ;H1(T2×2T))

+
wwgε − gowwL∞(0,T )

.
wwgε − gowwL∞(0,T )

+
∣∣Uoε − L( tε)V o

∣∣
L∞(0,T ;H1(T2))

+
wwPσvε − vpwwL∞(0,T ;H1(T2×2T))

→ 0.

(4.54)

Next, we will identify the limit equations of (4.40) and (4.43); that is, the
equation satisfied by V o and go.

The limit equations of oscillations

In order to identify the limit equations of (4.40) and (4.43) as ε → 0+, we
first introduce the Fourier representation of the operators defined in (4.41).
Notice that (4.27) implies

∫
T2 V

o
ε dxdy =

∫
T2 Uoε dxdy = 0. It suffices to

study in the space consisting of functions in D′(T2)3 with zero average.
Notice that, on the other hand, Uoε is inside the orthogonal comple-

ment of the kernel of operator L with respect to the L2-inner product,
and thanks to (4.27), so is V o

ε . In fact, (kerL)⊥ = {(q, u) ⊂ D′(T2) ×
(D′(T2))2|

∫
T2 q dxdy = 0, u = ∇hψ,ψ ∈ D′(T2)}. Next, we introduce, as

in [6] and [31], the following basis of (kerL)⊥: for k ∈ 2πZ2 \ {(0, 0)},

V +
k (~xh) :=

1√
γ − 1 + c2|k|

( √
γ − 1|k|
−c sg(k)k

)
eik·~xh ,

V −k (~xh) :=
1√

γ − 1 + c2|k|

( √
γ − 1|k|

+c sg(k)k

)
eik·~xh ,

(4.55)

and the corresponding conjugates

V ∗,+k (~xh) :=

√
γ − 1 + c2

2c
√
γ − 1|k|

(
c|k|

−
√
γ − 1 sg(k)k

)
eik·~xh ,

V ∗,−k (~xh) :=

√
γ − 1 + c2

2c
√
γ − 1|k|

(
c|k|

+
√
γ − 1 sg(k)k

)
eik·~xh .
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Here sg(k) is the generalized sign function for vector k ∈ 2πT2 \ {(0, 0)},
defined as,

sg(k) :=

{
1 if and only if k1 > 0 or k1 = 0, k2 > 0,

−1 otherwise.

Notice that V ±k = V ±−k
c
, where, hereafter, ·c represents the complex conju-

gate.
Then by defining ς = c

√
γ − 1, {V ±k }k∈2πT2\{(0,0)} are the eigenfunctions

of L with the eigenvalues {∓iς sg(k)|k|}k∈2πT2\{(0,0)}, i.e.,

LV +
k = −iς sg(k)|k|V +

k , and LV −k = iς sg(k)|k|V −k , k ∈ 2πT2 \ {(0, 0)}.

Also any V ∈ (kerL)⊥ can be represented in terms of Fourier series as

V =
∑

k∈2πT2\{(0,0)}

(
a+
k V

+
k + a−k V

−
k

)
(4.56)

with the Fourier coefficients {a±k }k∈2πT2\{(0,0)} determined by

a±k = 〈V, V ∗,±k 〉C :=

∫
T2

V · V ∗,±k

c
dxdy. (4.57)

If V is real-valued, a±−k = a±k
c
. In addition, one has

L(s)V =
∑

k∈2πT2\{(0,0)}

(
a+
k V

+
k e

iς sg(k)|k|s + a−k V
−
k e
−iς sg(k)|k|s). (4.58)

Denote by P(kerL)⊥ : (D′(T2))3 7→ (kerL)⊥ ⊂ (D′(T2))3, being the pro-

jection operator on (kerL)⊥ with respect to the L2-inner product. Then for
any q ∈ D′(T2) and u ∈ (D′(T2 × 2T))2, it satisfies,

P(kerL)⊥

(
q∫ 1

0 u dz

)
=

(
q −

∫
T2 q dxdy

Pτ
∫ 1

0 u dz

)
=

(
q −

∫
T2 q dxdy
Pτu

)
. (4.59)

Moreover, as in (4.56) and (4.57), one has

P(kerL)⊥

(
q∫ 1

0 u dz

)
=

∑
k∈2πT2\{(0,0)}

(
b+k V

+
k + b−k V

−
k

)
, (4.60)

with {b±k }k∈2πT2\{(0,0)} determined by

b±k = 〈
(

q∫ 1
0 u dz

)
, V ∗,±k 〉C =

∫
T2

(
q∫ 1

0 u dz

)
· V ∗,±k

c
dxdy.
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We will now investigate the action of the operators in (4.41) on V ±k .
Without further mentioning, we will use the representations (4.59) and
(4.60), below. To shorten the notations, the multi-indices k, l,m, · · · in
the following calculations are always subject to the set 2πT2 \ {(0, 0)}. For
instance, ∑

k

=
∑

k∈2πT2\{(0,0)}

, etc.

Calculation of Aε(D). To calculate Aε(D)V ±k , notice that,

c1

(
µ∆hL2(

t

ε
)V ±k + λ∇hdivhL2(

t

ε
)V ±k

)
= ±c1(µ+ λ)

c sg(k)|k|k√
γ − 1 + c2

e±iς sg(k)|k| t
ε eik·~xh .

Denote by( 0

c1(µ∆hL2

( t
ε

)
V ±k + λ∇hdivhL2

( t
ε

)
V ±k )

)
=: Ak = αkV

±
k + βkV

∓
k .

Then

αk =

∫
T2

Ak · V ∗,±k

c
dxdy =

√
γ − 1 + c2

2c
√
γ − 1|k|

e±iς sg(k)|k| t
ε

×
( 0

±c1(µ+ λ)
c sg(k)|k|k√
γ − 1 + c2

e±iς sg(k)|k| t
ε

)
·
(

c|k|
∓
√
γ − 1 sg(k)k

)

= −c1(µ+ λ)

2
|k|2e±iς sg(k)|k| t

ε , and similarly

βk =

∫
T2

Ak · V ∗,∓k

c
dxdy =

c1(µ+ λ)

2
|k|2e±iς sg(k)|k| t

ε .

Therefore

Aε(D)V ±k = L
(
− t
ε

)
Ak = −c1(µ+ λ)

2
|k|2V ±k

+
c1(µ+ λ)

2
|k|2V ∓k e

±2iς sg(k)k t
ε .

Calculation of Qε,1. To calculate Qε,1(Pσu, V ±k ), we first represent Pσu
as, after expanding it as Fourier series in the horizontal direction,

Pσu =
∑
k

uk(z, t)eik·~xh ,

∫ 1

0
Pσu dz =

∑
k

uke
ik·~xh , (4.61)
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satisfying
uk · k = 0. (4.62)

Here, recall that uk =
∫ 1

0 uk dz. Then the relations (4.59) and (4.60) allow
us the write down the following:

( divh(L1

( t
ε

)
V ±k

∫ 1
0 Pσu dz)

Pτ (Pσu · ∇hL2

( t
ε

)
V ±k + L2

( t
ε

)
V ±k · ∇hPσu)

)

= P(kerL)⊥

( divh(L1

( t
ε

)
V ±k

∫ 1
0 Pσu dz)∫ 1

0 Pσu dz · ∇hL2

( t
ε

)
V ±k + L2

( t
ε

)
V ±k · ∇h

∫ 1
0 Pσu dz)

)
=:
∑
m

(
ξmV

±
m + ζmV

∓
m

)
.

Denote by

Bk :=

( divh(L1

( t
ε

)
V ±k

∫ 1
0 Pσu dz)∫ 1

0 Pσu dz · ∇hL2

( t
ε

)
V ±k + L2

( t
ε

)
V ±k · ∇h

∫ 1
0 Pσu dz)

)

=
∑
l

( i

√
γ − 1√

γ − 1 + c2
(k + l) · ûl

i
∓c sg(k)√
γ − 1 + c2|k|

((ûl · k)k + (k · l)ûl)

)
e±iς sg(k)|k| t

ε ei(k+l)·~xh .

Then

ξm =

∫
T2

Bk · V ∗,±m

c
dxdy =

√
γ − 1 + c2

2c
√
γ − 1|m|

e±iς sg(k)|k| t
ε

×
( i

√
γ − 1√

γ − 1 + c2
(k + l) · ûl

i
∓c sg(k)√
γ − 1 + c2|k|

((ûl · k)k + (k · l)ûl)

)
·
(

c|m|
∓
√
γ − 1 sg(m)m

)

=
i

2
(k · ûl)

(
1 + (m · k + k · l)sg(m) sg(k)

|m||k|
)
e±iς sg(k)|k| t

ε , and similarly

ζm =

∫
T2

Bk · V ∗,∓m

c
dxdy

=
i

2
(k · ûl)

(
1− (m · k + k · l)sg(m) sg(k)

|m||k|
)
e±iς sg(k)|k| t

ε ,
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where l = m− k and we have used (4.62). Therefore

Qε,1(Pσu, V ±k ) = L
(
− t
ε

)∑
m

(
ξmV

±
m + ζmV

∓
m

)
=
i

2

∑
m−l=k

((
(k · ûl)(1 +

sg(m) sg(k)

|m||k|
k · (m + l))

)
V ±m

× e±iς(sg(k)|k|−sg(m)|m|) t
ε

+
(
(k · ûl)(1−

sg(m) sg(k)

|m||k|
k · (m + l))

)
V ∓m

× e±iς(sg(k)|k|+sg(m)|m|) t
ε

)
.

Calculation of Qε,2. To calculate Qε,2(V ±k , V
±
l ) and Qε,2(V ±k , V

∓
l ), as

before, notice that, for V1, V2 ∈ (D′(T2))3, the relation (4.59) implies the
following identity:

( L2

( t
ε

)
V1 · ∇hL1

( t
ε

)
V2 −

∫
T2 L2

( t
ε

)
V1 · ∇hL1

( t
ε

)
V2 dxdy

Pτ (L2

( t
ε

)
V1 · ∇hL2

( t
ε

)
V2 + c2L1

( t
ε

)
V1∇hL1

( t
ε

)
V2)

)

= P(kerL)⊥

( L2

( t
ε

)
V1 · ∇hL1

( t
ε

)
V2

L2

( t
ε

)
V1 · ∇hL2

( t
ε

)
V2 + c2L1

( t
ε

)
V1∇hL1

( t
ε

)
V2

)
.

Thus following the same arguments as in the calculation of Qε,1 yields:

Qε,2(V ±k , V
±
l ) = ∓ ic

2
√
γ − 1 + c2

(sg(k)k · l
|k|

+
sg(m) sg(k) sg(l)(l · k)(l ·m)

|m||k||l|

+
(γ − 1) sg(m)l ·m

|m|
)
V ±me

±iς(sg(k)|k|+sg(l)|l|−sg(m)|m|) t
ε

∓ ic

2
√
γ − 1 + c2

(sg(k)k · l
|k|

− sg(m) sg(k) sg(l)(l · k)(l ·m)

|m||k||l|

− (γ − 1) sg(m)l ·m
|m|

)
V ∓me

±iς(sg(k)|k|+sg(l)|l|+sg(m)|m|) t
ε ,

Qε,2(V ±k , V
∓
l ) = ∓ ic

2
√
γ − 1 + c2

(sg(k)k · l
|k|

− sg(m) sg(k) sg(l)(l · k)(l ·m)

|m||k||l|

+
(γ − 1) sg(m)l ·m

|m|
)
V ±me

±iς(sg(k)|k|−sg(l)|l|−sg(m)|m|) t
ε
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∓ ic

2
√
γ − 1 + c2

(sg(k)k · l
|k|

+
sg(m) sg(k) sg(l)(l · k)(l ·m)

|m||k||l|

− (γ − 1) sg(m)l ·m
|m|

)
V ∓me

±iς(sg(k)|k|−sg(l)|l|+sg(m)|m|) t
ε ,

where m = k + l.
Calculation of Qε,3. This will be similar to the calculation of Aε(D). The
result is

Qε,3(g, V ±k ) = ∓ icg
√
γ − 1

2
sg(k)|k|V ±k

± icg
√
γ − 1

2
sg(k)|k|V ∓k e

±2iς sg(k)|k| t
ε .

The limits of the operators Aε(D),Qε,1,Qε,2,Qε,3 as ε → 0+. For
fixed k, l, in the sense of distribution, we have the following: as ε→ 0+,

Aε(D)V ±k ⇀ −(µ+ λ)c1

2
|k|2V ±k =

(µ+ λ)c1

2
∆hV

±
k =: A(D)V ±k , (4.63)

Qε,1(Pσu, V ±k ) ⇀ i
∑

m− l = k
sg(k)|k| = sg(m)|m|

(ûl · k)(m · k)

|k|2
V ±m

+ i
∑

m− l = k
sg(k)|k| = − sg(m)|m|

(ûl · k)(m · k)

|k|2
V ∓m =: Q1(Pσu, V ±k ), (4.64)

Qε,2(V ±k , V
±
l ) ⇀ ∓ ic(γ + 1)

2
√
γ − 1 + c2

sg(l)|l|V ±m =: Q2(V ±k , V
±
l ), (4.65)

where m = k + l, sg(k)|k| + sg(l)|l| = sg(m)|m|, k and l are co-linear,

Qε,2(V ±k , V
∓
l ) ⇀ 0 =: Q2(V ±k , V

∓
l ), (4.66)

Qε,3(gε, V
±
k ) ⇀ ∓ icg

√
γ − 1

2
sg(k)|k|V ±k =: Q3(g, V ±k ), (4.67)

where we have used the facts that{
m = k + l, sg(k)|k| + sg(l)|l| = sg(m)|m|

}
=
{
k, l,m are co-linear, and l · k = sg(l) sg(k)|l||k|,

l ·m = sg(l) sg(m)|l||m|
}
,

and
{
m = k + l, sg(k)|k| + sg(l)|l| = − sg(m)|m|

}
= ∅,{

m = k + l, sg(k)|k| − sg(l)|l| = ± sg(m)|m|
}

= ∅.
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The limit equations. Now we have prepared enough to identify the limit
equations of equations (4.40) and (4.43) as ε→ 0+.

We rewrite equation (4.40) in the following fashion:

∂tV
o
ε +Qε,1(vp, V

o) +Qε,2(V o, V o) +Qε,3(go, V o)−Aε(D)V o

= −Qε,1(Pσvε − vp, V o
ε )−Qε,1(vp, V

o
ε − V o)

−Qε,2(V o
ε − V o, V o

ε )−Qε,2(V o, V o
ε − V o)

−Qε,3(gε − go, V o
ε )−Qε,3(go, V o

ε − V o)

+Aε(D)(V o
ε − V o) + L

(
− t
ε

)( 0
K + L1 + L2

)
.

(4.68)

Then, from the regularity in (4.2) and (4.50), the weak convergence of ∂tV
o
ε

in (4.51), and the convergence of operators in (4.63), (4.64), (4.65), (4.66)
and (4.67), as ε→ 0+, the left-hand side of (4.68) converges in the sense of
distribution to

∂tV
o +Q1(vp, V

o) +Q2(V o, V o) +Q3(go, V o)−A(D)V o.

Indeed, one can replace vp, V
o with their finite dimensional Fourier trunca-

tions on the left-hand side of (4.68), and similar estimates as in (4.48) of the
operators for such truncations imply that the actions of the operators on the
remainders are bounded by certain norms of the remainders uniformly in ε.
Then by letting ε go to zero, since the truncations approximate the identity
operator, one can show the convergence of the actions of the operators.

We claim that the right-hand side of (4.68) converges in the sense of
distribution to 0. Indeed, from the definition of the operators in (4.41)
and the norm preserving property (4.44), applying the Hölder and Sobolev
embedding inequalities implies that, as ε→ 0+,∣∣Qε,1(Pσvε − vp, V o

ε )
∣∣
L∞(0,T ;L2(T2))

.
∣∣L(

t

ε
)V o
ε

∣∣
L∞(0,T ;L∞(T2))

×
ww∇h(Pσvε − vp)

ww
L∞(0,T ;L2(T2))

+
∣∣∇hL(

t

ε
)V o
ε

∣∣
L∞(0,T ;L4(T2))

×
wwPσvε − vpwwL∞(0,T ;L4(T2))

.
∣∣V o
ε

∣∣
L∞(0,T ;H2(T2))

×
wwPσvε − vpwwL∞(0,T ;H1(T2))

→ 0,∣∣Qε,1(vp, V
o
ε − V o)

∣∣
L∞(0,T ;L2(T2))

.
∣∣V o
ε − V o

∣∣
L∞(0,T ;H1(T2))

×
wwvpwwL∞(0,T ;H2(T2))

→ 0,∣∣Qε,2(V o
ε − V o, V o

ε )
∣∣
L∞(0,T ;L2(T2))

.
∣∣L(

t

ε
)(V o

ε − V o)
∣∣
L∞(0,T ;L4(T2))
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×
∣∣∇hL(

t

ε
)V o
ε

∣∣
L∞(0,T ;L4(T2))

.
∣∣V o
ε − V o

∣∣
L∞(0,T ;H1(T2))

×
∣∣V o
ε

∣∣
L∞(0,T ;H2(T2))

→ 0,∣∣Qε,2(V o, V o
ε − V o)

∣∣
L∞(0,T ;L2(T2))

.
∣∣V o
∣∣
L∞(0,T ;H2(T2))

×
∣∣V o
ε − V o

∣∣
L∞(0,T ;H1(T2))

→ 0,∣∣Qε,3(gε − go, V o
ε )
∣∣
L∞(0,T ;L2(T2))

.
∣∣gε − go∣∣L∞(0,T )

×
∣∣V o
ε

∣∣
L∞(0,T ;H1(T2))

→ 0,∣∣Qε,3(go, V o
ε − V o)

∣∣
L∞(0,T ;L2(T2))

.
∣∣go∣∣

L∞(0,T )

×
∣∣V o
ε − V o

∣∣
L∞(0,T ;H1(T2))

→ 0,

where we have applied (4.12), (4.47), (4.45), (4.50), (4.51). On the other
hand, the norm preserving property (4.44) implies that, for t ∈ (0,∞) and
any V1, V2 ∈ (D′(T2))3,

0 =
∣∣V1 + L(t)V2

∣∣2
L2(T2)

−
∣∣L(−t)V1 + V2

∣∣2
L2(T2)

= 2

∫
T2

V1 · L(t)V2 dxdy + 2

∫
T2

L(−t)V1 · V2 dxdy.

Consider any ψ ∈ (D′(T2))3. By making use of the above relation, we have∫
T2

Aε(D)(V o
ε − V o) · ψ dxdy

= −
∫
T2

( 0

c1(µ∆hL2(
t

ε
)(V o

ε − V o) + λ∇hdivhL2(
t

ε
)(V o

ε − V o))

)
· L(

t

ε
)ψ dxdy

= c1

∫
T2

(
µ∇hL2(

t

ε
)(V o

ε − V o) · ∇hL2(
t

ε
)ψ

+ λ(divhL2(
t

ε
)(V o

ε − V o))× (divhL2(
t

ε
)ψ)

)
dxdy .

∣∣∇hψ∣∣H1(T2)

×
∣∣V o
ε − V o

∣∣
H1(T2)

→ 0 in L∞(0, T ), as ε→ 0+,

where we have applied the Hölder and Sobolev embedding inequalities, and
(4.51). Consequently, Aε(V o

ε − V o)→ 0 as ε→ 0+ in the sense of distribu-
tion.

What is left is to show the convergence of the last term on the right-hand
side of (4.68). That is, we will show in the following, as ε→ 0+, that

F := L
(
− t
ε

)( 0
K + L1 + L2

)
→ 0, in the sense of distribution. (4.69)
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On the one hand, the estimates in (4.49) and the norm-preserving property
(4.44) yield that,

L
(
− t
ε

)( 0
L1 + L2

)
→ 0, in L∞(0, T ;L2(T2)) ∩ L2(0, T ;H1(T2)),

as ε→ 0+. On the other hand,

K = Pτ
(
−vp · ∇hvp − (divhṽp)vp

)
+ Pτ

(
−Pσvε · ∇h(Pσvε − vp)− (divhP̃σvε)(Pσvε − vp)

− (Pσvε − vp) · ∇hvp − (divh(P̃σvε − ṽp))vp
)

=: K ′ +K ′′,

where, as the consequence of (4.12) and the Hölder and Sobolev embedding
inequalities, we have, as ε→ 0+,

K ′′ → 0 in L∞(0, T ;L2(Ωh)) ∩ L2(0, T ;H1(Ωh)).

Therefore, one only has to investigate,

L
(
− t
ε

)( 0
K ′

)
=

∑
k∈2πT2\{(0,0)}

(
K̂ ′

+

k V
+
k e
−iς sg(k)|k| t

ε + K̂ ′
−
k V
−
k e

iς sg(k)|k| t
ε
)
,

(4.70)
where we have substituted the representation (4.58), and it is represented,
using the relation (4.59) and (4.60),(

0
K ′

)
=

∑
k∈2πT2\{(0,0)}

(
K̂ ′

+

k V
+
k + K̂ ′

−
k V
−
k

)
.

Together with the norm preserving property (4.44) and the fact that∣∣K ′∣∣
L∞(0,T ;H1(T2))

≤
wwvpww2

L∞(0,T ;H2(T2×2T))
<∞,

(4.70) yields, as ε→ 0+,

L
(
− t
ε

)( 0
K ′

)
∗
⇀ 0 weak-∗ in L∞(0, T ;H1(T2)).

This finishes the proof of (4.69). Therefore, we have identified the limit
equation of (4.40):

∂tV
o +Q1(vp, V

o) +Q2(V o, V o) +Q3(go, V o)−A(D)V o = 0. (4.71)

56



To identity the limit equation of (4.43), notice that equation (4.43) can
be written as,

d

dt
gε = −

∫
T2

L2

( t
ε

)
V o · ∇hL1

( t
ε

)
V o dxdy

+

∫
T2

L2

( t
ε

)
(V o − V o

ε ) · ∇hL1

( t
ε

)
V o dxdy

+

∫
T2

L2

( t
ε

)
V o
ε · ∇hL1

( t
ε

)
(V o − V o

ε ) dxdy := M1 +M2 +M3.

Due to the norm preserving property of L, we have M2 +M3 → 0 as ε→ 0+

from (4.45), (4.50) and (4.51). To investigate M1, since V o is real-valued,

we denote, with V̂ ±−k = V̂ ±k
c

V o =
∑

k∈2πT2\{(0,0)}

(
V̂ +
k V

+
k + V̂ −k V

−
k

)
. (4.72)

Then after applying (4.58), direct calculations show that

M1 =
∑

k∈2πT2\{(0,0)}

(
−iV̂ +

k V̂
+
−k
c
√
γ − 1 sg(k)|k|
γ − 1 + c2

+ iV̂ −k V̂
−
−k
c
√
γ − 1 sg(k)|k|
γ − 1 + c2

− 2iV̂ +
k V̂

−
−k
c
√
γ − 1 sg(k)|k|
γ − 1 + c2

e2iς sg(k)|k| t
ε

)
∗
⇀

c
√
γ − 1

γ − 1 + c2

∑
k∈2πT2\{(0,0)}

(
−iV̂ +

k V̂
+
−k sg(k)|k| + iV̂ −k V̂

−
−k sg(k)|k|

)

= i
c
√
γ − 1

γ − 1 + c2

∑
k∈2πT2\{(0,0)}

(
−|V̂ +

k |
2 + |V̂ −k |

2

)
sg(k)|k|

in L∞(0, T ).

Moreover, direct integrating (4.43) in the temporal variable yields

gε(t)−
∫
T2

ξ0 dxdy =

∫ t

0
M1 dt+

∫ t

0
(M2 +M3) dt.

After taking ε→ 0, we have for any t ∈ [0, T ],

go(t)−
∫
T2

ξ0 dxdy

= i
c
√
γ − 1

γ − 1 + c2

∑
k∈2πT2\{(0,0)}

(
−|V̂ +

k |
2 + |V̂ −k |

2

)
sg(k)|k|,
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and since go is real-valued, this implies

go ≡
∫
T2

ξ0 dxdy. (4.73)

We summarize the discussion in this subsection in the following:

Proposition 6. Under the same assumptions as in Proposition 4, in the
case when Ωh = T2, there are a function V o satisfying the regularity in
(4.50) and a constant go given by (4.73), such that (V o, go) satisfies equation
(4.71). The convergence in (4.54) holds as ε→ 0+.
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