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Kwong Ching Philip Leung

Abstract

Protoplanetary discs are flattened discs of gas and dust surrounding young stars that are
believed to be the sites of planet formation. They are believed to be threaded by large-scale
magnetic fields, which significantly affect their dynamics through processes such as the
magneto-rotational instability (MRI), or the launching of a magnetic wind. Understanding the
interplay between magnetic fields and protoplanetary disc structure and dynamics is crucial
to shedding light on the origin of the complex features uncovered in recent observations of
these systems, as well as the processes that contribute to planet formation. The paradigm that
has emerged over the past two decades is that protoplanetary discs are weakly ionised, so that
non-ideal magnetohydrodynamic (MHD) effects such as Ohmic resistivity, Hall drift, and
ambipolar diffusion have a major impact on both the activity of the MRI and the geometry
of the magnetic wind. They also affect the long-term radial transport of the large-scale
magnetic field threading the disc, which in turn determines the magnetic flux distribution
of the disc and has a feedback on the behaviour of the magnetic processes. To date, there
is no self-consistent model that can at the same time capture both the impact of magnetic
processes on disc structure and dynamics, and the evolution of the magnetic flux distribution.
This work makes a contribution towards the realisation of such a model, by exploring the
impact of non-ideal MHD effects on the disc’s magnetic flux transport, and how the interplay
between magnetic processes under different conditions expected in protoplanetary discs
influences the geometry of the magnetic field and disc dynamics.

The result from recent studies that protoplanetary discs are likely to be laminar in nature
owing to the presence of non-ideal MHD makes it possible to simplify the problem to
essentially one-dimensional vertical structure calculations based on radially local models.
Although local models cannot capture the full properties of disc winds, they can nevertheless
provide helpful insight into transport properties and geometry of the solutions that are found in
global studies. To help gain understanding into the results and explore a large parameter space
with potentially wide-ranging behaviour, I have invoked both semi-analytical techniques
and numerical simulations in the investigation. I find that magnetic flux transport depends
sensitively on both the inclination of the poloidal field and the non-ideal MHD effects that
are present. In particular, the impact of Hall drift depends on whether the Hall parameter
has the same sign as the scalar product between the magnetic field and disc rotation vector.
The presence and profile of non-ideal MHD effects can lead to the excitation of large-scale
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MRI channel modes that contribute to the eventual geometry of the magnetic field in the
disc and subsequent wind launching, while the specific long-term outcome can also depend
on the initial conditions used. The results obtained in this Thesis are consistent with the
flux transport rates and geometries obtained in previous studies of protoplanetary discs,
and contribute to a deeper understanding of the underlying physics that are at play in disc-
magnetic field interactions. This work paves the way to an eventual self-consistent theory of
magnetised protoplanetary disc evolution and its consequences for planet formation.
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Part I

Context and framework





Chapter 1

Origin and features of protoplanetary

discs

1.1 Origin

Protoplanetary discs are �attened discs of gas and dust in orbit around young stars. They

are believed to be the nurseries of planet formation. The idea of a protoplanetary disc was

�rst proposed theoretically by Swedenborg (1734) and elaborated on by Kant (1755), who

reasoned that the close alignment of the orbital planes of the planets of the Solar system

points towards a common origin from a primordial disc. Over time, this was developed into

the Nebular Hypothesis, where star systems form from the fragmentation of giant molecular

clouds. These fragments then further collapse to form dense cores of protostellar nebulae,

which evolve into stars and their surrounding discs. Each nebula has a certain amount of

intrinsic angular momentum, and materials accelerate in their rotation as they fall towards

the centre of the nebula to conserve angular momentum. Gas in the inner part of the nebula

with lower angular momentum collapses to form the protostar, while gas in the outer part of

the nebula settles into a �attened rapidly rotating disc where the gravitational pull inwards is

balanced by a centrifugal force outwards. Planets are then believed to form during the disc's

evolution, as the disc slowly deposits mass (accretes) onto the new protostar. Since their

theoretical proposal, the existence of protoplanetary discs has been con�rmed in observations

of young stellar systems in the past few decades. Understanding protoplanetary discs and

their evolution are therefore fundamental to understanding the processes that eventually led

to the conditions of our own Solar system, and other planetary systems we see today.

Protoplanetary discs are a sub-class of accretion discs, which are ubiquitous objects in

the Universe resulting from the conservation of angular momentum of material collapsing
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Fig. 1.1 Visible light image of the HH-30 protostellar disc as observed by Hubble. The
diameter of the disc is 450 AU. Image credit: NASA, Watson, Stapelfeldt, Krist and Burrows.

under gravity. Accretion discs also occur in other contexts such as active galactic nuclei, and

in the discs of close binary systems. Understanding protoplanetary disc dynamics therefore

also has the scope of aiding our understanding of processes that may be at play in other

astrophysical systems.

1.2 Observations

The �rst direct observation of a protoplanetary disc was in 1994 through the Hubble Space

Telescope's images of HH-30 in the Orion nebula (O'dell and Wen, 1994) (see Figure

1.1). Beforehand, indirect observations from unresolved photometry only allowed for the

inference of disc properties from theoretical models and comparison with generated synthetic

observables, such as that of the expected infrared spectral energy density (SED) spectrum,

which required assumptions about the discs' dust to gas ratio. These gave us coarse estimates

of properties such as total disc mass (Beckwith et al., 1990) and the characterisation of disc

types through their SEDs (Lada, 1987).

We place our work in the context of the discs of Class II Young Stellar Objects (YSOs),

as categorised by Lada (1987). These are Classical T-Tauri systems, where the accreting

envelope from the molecular clouds has all but dissipated, and the central star has been

born. The disc at this stage is a few percent of the central stellar mass, and its evolution is
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governed by dynamics such as accretion onto the central star, photoevaporation from stellar

and cosmic radiation, formation of structures in the disc, and interactions with stellar or

substellar companions (Williams and Cieza, 2011).

Hubble's side-on view of the HH-30 system showed the disc as a dark band along the

mid-plane sandwiched between two bright curved regions, where light from the central

protostar has been scattered from the dust at the disc's surface. A jet was also revealed to

be emanating from the inner region of the disc, expanding for several billion kilometres

from the star with a high level of collimation. Even though the spatial resolution was still

coarse (> 15� 20AU) compared to current standards, these �rst direct images have led to

new understanding of the structure of protoplanetary discs. Much progress has been made

in the advancement of instrumentation since then, particularly with the commissioning of

facilities like the Atacama Large Millimeter/submillimeter Array (ALMA). This has led to

higher resolution images, down to 5 AU at typical distances to nearby star-forming regions

of � 150pc, revealing a whole range of other interesting features in the discs' substructure.

Today, a range of observational tools are used to probe different regions and properties of

protoplanetary discs. In order to have a better understanding of how these observations

inform and constrain theoretical models, we present here a summary of the techniques used,

and the disc regions and properties they probe:

• UV Excess:This measures the UV radiation emitted by the system in excess of that

expected from the host star, and is a signature of the accretion shock. This measurement

allows for the deduction of the accretion rate at the foot of the accretion column.

• Scattered Light: This observes light in the near and mid-infrared continuum, which

comes from small< mm-sized dust grains in the disc atmosphere scattering and

re�ecting radiation from the central star. The dust disc is usually optically thick at

these wavelengths, so scattered light probes the very surface of the dust layer (Andrews,

2020; Lesur, 2020). This tracer gives us the geometry of the dust component of the

disc. Practical challenges for this probe are its dependence on contrast with the host

star, which prevents measurements of the inner disc, and its need for stellar photons

from the host star, which limits current measurements to discs with more luminous

hosts at medium radii.

• Continuum Emission: This observes the (sub)-millimetre continuum, and probes

the thermal emission from larger mm-sized dust grains in the disc. At low optical

depths, which are traditionally expected in the sub-mm, the emissivity scales with

the surface density of solids, and is also dependent on the temperature and particle

properties. This tracer has the advantage of being bright, negating limitations due to
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stellar contrast. It is also accessible at high resolution, hence most of our knowledge

about disc structures is based on continuum emission data. Continuum emission

from dust is used to determine disc masses and particle properties, though with large

uncertainties due to the signi�cant underlying assumptions required (Armitage, 2015).

• Spectral Line Emission: This probes speci�c rotational transition spectral lines in

both the infrared and radio wavelengths of rare gas tracers, such as that of theJ = 3� 2

transition for the CO molecular gas. These lines are usually optically thick, and hence

only trace the gas in the disc surface layer. Their intensities depend on the temperature

of the atmosphere. At low optical depths, their intensities also depend on the gas

density. If the relative abundance of the tracer species to H2 is known, spatial maps of

optically thin spectral line emission can be used to constrain the gas surface density,

and also determine the disc velocity �eld (Andrews, 2020). Most of the information

about disc kinematics, chemical composition and turbulence is obtained using this

diagnostic (Armitage, 2015).

Figure 1.2, taken from Lesur (2020), summarises the different tracers and the disc regions

they probe. For a more detailed review on the nature of protoplanetary disc observations, we

refer to the recent review by Andrews (2020), which outlines the current state of the art in

great detail. Measurements of disc properties such as disc mass, accretion rate, spatial pro�le

of temperature, and gas and dust densities, provide valuable initial and boundary conditions

for constraining theoretical models of protoplanetary disc evolution and planet formation

processes.

1.3 Features of protoplanetary discs

Here, we summarise the key structural and dynamical properties of protoplanetary discs

determined from observations that are crucial for the context of our work. Protoplanetary

discs can be separated into two regions: a dust-free inner disc of hot gas from the disc inner

edge at a few stellar radii to the dust sublimation radius, and an outer disc of dust and gas,

with an outer edge ranging from 100 AU to 1000 AU. The typical dust to gas ratio in the outer

disc is still a quantity poorly constrained by observation. It has been common for people

to assume the dust content to be 1% of the total disc mass, the dust to gas ratio found in

the interstellar medium (ISM), such as in the minimum mass Solar nebula model (MMSN)

(Hayashi, 1981).
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Fig. 1.2 Observational diagnostics of protoplanetary discs. For simplicity, only the disc and
star are shown, and features such as disc wind and structure like rings and gaps are omitted.
From Lesur (2020).

1.3.1 Temperature structure

Protoplanetary discs are distinguished from their stellar-mass black hole accretion disc

counterparts by their relatively lower temperature pro�les. While black hole accretion discs

can reach a surface temperature ranging between104 � 107 K, a protoplanetary disc usually

peaks at around 1000 K in the innermost region, before rapidly dropping off to several

hundred Kelvin by10AU (Najita et al., 2003). The main source of heating is from radiative

heating due to the central star, while secondary sources of heating such as external radiation

(D'Alessio et al., 1997), radioactivity (Cleeves et al., 2013), viscous dissipation (D'Alessio

et al., 1998), spiral shocks (Ra�kov, 2016) and vertical structure perturbations (Dullemond

and Dominik, 2004) may also be present. As a result, temperature is generally modelled

as an increasing function ofT(z) and a decreasing function ofT(R), wherezandRare the

cylindrical vertical and radial coordinates respectively. This, coupled to the generally lower

temperatures, lead to the lower ionisation fractions found in much of the disc, particularly

in the central mid-plane regions, signi�cantly affecting the nature of magnetic processes in

those regions.
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1.3.2 Accretion

There is no direct way of measuring the accretion rate in protoplanetary discs, and all current

data come from two main indirect diagnostics: UV excess from the accretion shock at the

stellar surface, and the fraction of stars showing disc features as a function of stellar age.

The UV excess results from material at the inner edge of the disc being disrupted and

funnelled by the stellar magnetic �eld to the star's surface at a nearly free fall speed, forming

an accretion shock that emits in the UV. Measurements of the UV excess translate to a typical

accretion rate of10� 8M� yr� 1, with a variation of up to an order of magnitude on either side

that is dependent on the particular system (Manara et al., 2016). However it should be noted

that this only corresponds to the accretion rate at the foot of the accreting column, and does

not take into account other processes such as vertical mass-loss due to a disc wind, or the

overall mass �ow in the disc itself. Typical out�ow rates from low-mass classical T-Tauri

stars have been found to be 10� 9 to 10� 7M� yr� 1 (Frank et al., 2014).

The second diagnostic relies on estimating of the ages of T-Tauri stars, and analysing

the decline of the fraction of systems with disc signatures (such as via the infrared excess

resulting from dust surround the star or the UV excess) with stellar age. Using this method,

Hernández et al. (2007) showed that typical disc fraction drops to50%at around3 Myr,

while Fedele et al. (2010) measured a mass accretion timescale of2:3 Myr for the whole

system, and3:0 Myr for the dust. Assuming a steady accretion and or wind mass loss rate

throughout the lifetime of the discs, protoplanetary disc masses can be inferred to be in the

range10� 3 � 10� 1M� , consistent with results obtained via observations of the total dust

content of discs (Andrews et al., 2013).

1.3.3 Vertical out�ows: winds and jets

As demonstrated in the case of HH-30, vertical out�ows in the form of winds and jets are

often found to be associated with protoplanetary discs. In fact, current observations point to

most, if not all, young stellar systems having accretion-driven bi-polar out�ows during their

formation (Frank et al., 2014).

Jets are usually narrow and highly collimated, and have velocities of order100� 1000

km s� 1 (Frank et al., 2014). They consist of atomic and/or molecular gas, and are often

observed in forbidden emission lines (Lesur, 2020). Jets are believed to originate from

the innermost parts of the disc (R< 5 AU) due to their high velocity, and to be driven by

dynamical interactions of accreted matter with magnetic �elds from the star and/or threading

the disc. Jets can propagate up to the parsec scale, signi�cantly affecting the surrounding
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interstellar environment. The out�ow rate can also be up to10% of the accretion rate in

classical T-Tauri stars (Frank et al., 2014).

Winds are usually much slower, with velocities of order1� 30 km s� 1 (Frank et al.,

2014), and observed via the emission lines of molecular gas evicted with the out�ows. Winds

are ejected from regions> 1 AU, and their ejection radius can extend up to 10-100 AU from

the central protostar (Bjerkeli et al., 2016; Lesur, 2020). They are believed to be either the

result of material being “swept up" by the jet into the environment, or due to hydrodynamic

or magnetohydrodynamic processes that drive a direct out�ow from the disc (Frank et al.,

2014; Lesur, 2020).

Understanding the nature and origin of out�ows is important for understanding proto-

planetary disc dynamics, as they can be signi�cant sources of mass and angular momentum

removal vertically, which in turn could drive processes such as accretion, or even substructure

formation like that of rings and gaps (Riols and Lesur, 2019).

1.3.4 Turbulence

Turbulence can be an important driver for disc accretion, as given suf�cient strength and

the correct properties, it can act as an effective viscosity, transporting angular momentum

radially outwards, and allowing mass to �ow radially inwards. The presence of turbulence

can also have a signi�cant effect on planet formation processes, as it prevents the settling of

dust to the disc mid-plane, and also affects the formation of planetesimals through collisions

(Johansen et al., 2014), and the migration rate of low-mass planets (Kley and Nelson, 2012).

Constraining the strength and nature of turbulence in protoplanetary discs is therefore crucial

for theoretical work in understanding their dynamics.

Turbulence is indirectly estimated in two ways: through the broadening of molecular

line pro�les from turbulent motion of the gas (Armitage, 2015), and through measuring the

level of dust settling in the disc which in turn gives an upper limit on the level of turbulence

allowed (Pinte et al., 2016).

From theory, it is expected that turbulence in discs is subsonic. The contribution of

small-scale �uid turbulence to the line width can be estimated as

dn =
n
c

s
2kBT
mmH

+ v2
turb; (1.1)

wheren is the central frequency andc is the speed of light,T is the temperature,m is

the molecular weight of the observed species, andvturb is the root-mean-square velocity

estimator of the turbulence (Armitage, 2015). The low turbulent velocities expected therefore

increases the dif�culty in measuring turbulence levels using the spectral line broadening
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method, and observations generally rely on the transitions of heavy molecules such as CO,

CN and CS. Recent measurements by Flaherty et al. (2015) and Flaherty et al. (2017) using

high resolution ALMA data have concluded negligible turbulence contribution to the line

broadening in the disc around the star HD 163296, with an upper limit ofvturb < 0:1cs. Other

spectral line studies have also found that line broadening data for discs at large distances

(> 30 AU) yielded an upper limit ofvturb < 0:03cs as best �t (Lesur, 2020). These results

suggest that protoplanetary discs are largely laminar in nature, with a turbulence level that is

insuf�cient in accounting for the accretion rates observed. This is further corroborated by

direct measurements of the dust layer thickness of the HL-Tau system by Pinte et al. (2016),

who found that 100mm grains have settled towards the mid-plane with a vertical dust scale

height 10 times smaller than the gas scale height, implying very low levels of turbulence

present withvturb � 10� 2cs. These results separate protoplanetary disc dynamics from other

systems such as black hole accretion discs, where a high level of turbulence is expected, and

points to other mechanisms such as wind-driven accretion and photoevaporation as mainly

responsible for driving their evolution.

1.3.5 Structures

Perhaps the most fascinating and beautiful of protoplanetary disc features revealed by

observations so far are the large variety of structures observed in recent high resolution

studies. They show us that discs are not smooth and symmetrical as assumed in the past, but

rather possess features varying on the scale of our own Solar System.

Morphologically, these structures can be categorised into four types:

• Ring and cavity: Discs with this feature are also known as transition discs, and

account for between5� 25% of observed discs, depending on the precise de�nition

(Currie and Sicilia-Aguilar, 2011; Luhman et al., 2010). In these systems the outer

disc is fairly normal compared with other discs, but the inner disc is truncated at

some inner radius. However, most transition discs are also found to be accreting at

rates comparable to other Classical T-Tauri stars (Manara et al., 2014), implying that

the cavities, though devoid of dust, are not empty. These are usually gas-�lled, and

accretion onto the star continues.

• Rings and gaps:This category consists of discs with concentric, axisymmetric bands

of brightness (rings) and darkness (gaps), re�ecting the uneven radial distribution

of the tracer. The most famous example of this is that of HL Tau, which has seven

pairs of rings and gaps located between 20 AU and 100 AU (ALMA Partnership et al.,

2015). It is the most common morphology that is identi�ed in both scattered light and
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mm-measurements (Andrews, 2020), and there exists a large variety of forms within

this category.

• Arcs: Also known as the horseshoe morphology, these are non-axisymmetric structures

organised as a crescent-shaped feature spanning a limited range of azimuth on one

side of the disc. Interestingly, this feature is only observed in mm and sub-mm

measurements of larger dust particles, and there is no observation of arcs in mid-IR

imaging of gas ormm-sized dust (Armitage, 2015). This morphology type is also much

rarer compared with the axisymmetric types (Andrews, 2020).

• Spirals: This morphology ranges from the large-scale symmetric two-armed spiral

of them= 2 mode, to tightly-wound asymmetric structures. Only six systems with

spirals are currently known, three in mm measurements with them= 2 mode (Huang

et al., 2018; Pérez et al., 2016), and three in spectral line measurements with extended

complex spirals (Christiaens et al., 2014; Tang et al., 2017, 2012; Teague et al., 2019).

Figure 1.3, taken from Andrews (2020), presents a gallery of images showing the four disc

types observed in both mm and scattered light measurements.

Many of these features are observed in both scattered light images of discs in the near

infrared using polarimetric differential imaging (e.g. in Benisty et al. (2015) and Ginski

et al. (2016)), and mm and sub-mm interferometric observations (e.g. ALMA and the

Submillimeter Array (SMA)). Interestingly, different morphologies are sometimes found to

co-exist in the same disc, but for different tracers. For example, for the system MWC 758,

spirals are observed in scattered light (Benisty et al., 2015), but rings, gaps and arcs are seen

in mm measurements (Dong et al., 2018). This may be an indicator of different mechanisms

simultaneously at work in the disc, and driving the evolution of different components of the

disc. There are also cases where multiple features are observed in the same tracer for the

same disc (Huang et al., 2018), and again may be an indicator of different physics being

simultaneously at work in the system.

Theorists have proposed that these features could be the result of �uid dynamical pro-

cesses in the disc, or of gravitational interactions of the disc with embedded planets. As of

today, there is no clear consensus as to which may be the more common explanation (Lesur,

2020). Hence the origin of structures in discs remain an open question, prompting more

theoretical research into mechanisms that can lead to their formation, and more detailed

observations to constrain plausible models.
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Fig. 1.3 A gallery of observations of protoplanetary discs grouped according to the four disc
types discussed: a) ring and cavity, b) rings and gaps, c) arcs and d) spirals. All images are
mm continuum measurements, with the exception of the bottom right three images of each
of a), b) and c), which are scattered light observations. Figure used with permission from
Andrews (2020). For full list of citations for each individual image, please see caption of
�gure 11 of Andrews (2020).
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1.3.6 Magnetic �elds

As we shall see in Chapter 2, magnetic �elds are theorised to have a major impact on

astrophysical gas dynamics, and in the disc context they may be responsible for mechanisms

that lead to disc accretion, out�ow, turbulence and structure formation. Magnetic �elds

are thought to be intrinsic to the molecular clouds from which star-disc systems form

(Crutcher, 2012), and hence we should expect disc systems to have a certain degree of

magnetisation. Constraining the �eld morphology and determining typical �eld strengths

present are therefore crucial to understanding the feasibility and effectiveness of different

magnetic mechanisms that may be at play in protoplanetary discs.

Sadly, to date, there are few observational constraints of magnetic �elds in protoplanetary

discs. Fields of suf�cient strength and their topology can in theory be measured by the

circular polarisation induced by Zeeman splitting of molecular emission lines. Measurements

of magnetic �elds in the inner disc using the Zeeman effect have yielded strong toroidal �eld

strengths of a few kG (Donati et al., 2015), but there is no way of telling whether this �eld is

from the host star or the disc. Theory has also predicted that �eld strengths could drop to a

few mG at a few tens of AU (Wardle, 2007), and so far, all measurements at larger distances

(>10 AU) using Zeeman splitting have only resulted in upper limits ofBz < 0:8 mG and

B < 30 mG (Vlemmings et al., 2019).

In principle, �eld morphologies can also be determined from the linear polarisation of

the dust thermal emission (mm continuum) (Bertrang et al., 2017; Cho and Lazarian, 2007).

Here, dust is assumed to be aligned perpendicularly to magnetic �eld lines, leading to the

preferential emission of thermal radiation with a speci�c polarisation that is 90� to the �eld

as the particles vibrate. However, self-scattering by dust grains (Kataoka et al., 2015) and

interplay from other grain alignment mechanisms (Kataoka et al., 2019; Tazaki et al., 2017)

can also polarise the radiation, polluting the results and causing great uncertainty in their

interpretation.

One �nal hint of the strength and orientation of protoplanetary disc �eld strengths comes

from measuring the remnant magnetisation in meteorites and comets in our Solar System

today, and assuming that the �eld was frozen into the objects during their formation in the

disc stage, and that other protostellar systems have also formed in a similar environment. This

has yielded �eld strengths of the order of 0.1 G around 1 AU from meteoric data (Fu et al.,

2014), and upper limits ofB < 30 mG at around15� 45 AU from cometary observations

(Biersteker et al., 2019).
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1.4 The need for magnetohydrodynamics

For many years in accretion disc research, the processes that drive accretion to account for the

observed rates have been a puzzle (Balbus and Hawley, 1998). How is angular momentum

removed to allow for mass to be accreted?

1.4.1 Sources of radial angular momentum removal

Most accretion discs, including protoplanetary discs, can be approximated as �uids in

Keplerian rotation around the central star. In this regime, the angular velocity of the �uid

decreases with radial distance, leading to differential rotation and shear between the �uid

elements at different radii. The presence of a shear viscosity could in theory lead to angular

momentum transfer between these �uid elements, driving accretion. Indeed, the in�uential

model of accretion disc evolution by Shakura and Sunyaev (1973) was based on this idea

of the viscous spreading of the disc. Studies have shown that the standard microscopic

viscosities expected in discs are too small to provide any signi�cant angular momentum

transfer that can account for the observed accretion rates (Clarke and Carswell, 2014; Spitzer,

1962). However, turbulent mixing might be a source of an effective viscosity that could

facilitate the radially outward removal of angular momentum from the disc. We therefore

turn to ask if there are any known processes that would cause the �uid �ow to be destabilised,

and for turbulence to develop.

The failure of pure barotropic hydrodynamics

First, we demonstrate the failure of pure barotropic hydrodynamics in accounting for insta-

bility in accretion discs. In the most simple and idealised case, we assume the disc to be a

barotropic ideal hydrodynamic �uid. The linear stability of such an axisymmetric �ow with

a smoothly varying angular velocity pro�le,W(r), is given by the classic Rayleigh's criterion

(Pringle and King, 2007):

dl
dR

=
d

dR
(R2W) > 0 ! stability; (1.2)

whereR is the radial distance from the star, andl is the speci�c angular momentum of the

�uid element. For a Keplerian disc,l µ R1=2 andW µ R� 3=2, leading todl=dRµ R� 1=2 > 0,

hence we should expect stability. In fact, as long as the speci�c angular momentum increases

radially outward, which is the case in accretion discs, the differential rotation is always stable

to linear axisymmetric perturbations.
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There have been suggestions that the large Reynolds number (� 1014) (Clarke and

Carswell, 2014) expected in a primordial disc could lead it to be unstable to nonlinear pertur-

bations such as in the pipe or Cartesian shear �ow contexts. However, to date, there are no

known instabilities in the rotating Keplerian shear �ow context unique to astrophysical discs,

and both analytic and numerical arguments (Lesur and Longaretti, 2009) have suggested

that no non-linear instability could generate the levels of turbulence required for astrophys-

ical signi�cance. These are further supported by laboratory experiments which show that

Keplerian rotation is hydrodynamically stable (Ji et al., 2006; Schartman et al., 2012).

Self-gravity

Other sources of instability have been proposed. Self-gravity can be important for discs or

disc portions when the Toomre criterion

Q �
csW
pGS

< Qcrit � 1 (1.3)

is satis�ed, whereS is the disc surface density. This is usually the case in young, massive

discs, when the surrounding envelope is still contributing signi�cantly to disc transport.

Self-gravity can lead to the generation of large-scale non-local features such as spiral density

waves, which in turn can lead to angular momentum transport and accretion (Ra�kov, 2016).

However, self-gravity is more likely to be important during the earlier stages of star formation

(Armitage, 2015), and is unlikely to be a signi�cant factor in the evolution of Class II discs

that our study is focused on when accretion from the envelope has largely ceased.

Entropy-driven instabilities

Another class of instabilities that may be present rely on the existence of non-trivial tem-

perature gradients in the disc. These are called “entropy-driven" instabilities, and include

examples like convection from vertical temperature gradients (Lesur and Ogilvie, 2010), the

vertical shear instability from radial temperature gradients (Nelson et al., 2013), and the

subcritical baroclinic instability (Petersen et al., 2007a,b), the last of which occurs when

surfaces of constant density are not parallel to surfaces of constant pressure, and can be

responsible for the generation of vortices. There have been numerous studies into each

of these instabilities in recent years, and they are shown to be able to generate a low but

noticeable level of transport (a � 10� 4 � 10� 3) that can account for disc dynamics where

magnetohydrodynamic processes are suppressed.
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Magnetohydrodynamic instabilities

This leaves us with the introduction of magnetohydrodynamic (MHD) instabilities, which

have been the subject of much research over the last 30 years. The seminal paper by Balbus

and Hawley (1991) noted that a weak magnetic �eld threading the disc can cause a linear

instability, now known as the magneto-rotational instability (MRI), that transports angular

momentum outwards. In its nonlinear stage, the MRI can lead to strong turbulence in the

disc (Hawley et al., 1995) which in turn can drive signi�cant accretion.

The MRI has been very effectively applied to account for the level of turbulence in

well-ionised accretion disc systems such as black hole accretion discs, and discs in binary

systems. However, the lower temperatures and high opacities of protoplanetary discs means

that much of the disc is expected to be poorly ionised. In this regime, non-ideal MHD

effects such as Ohmic resistivity, Hall drift and ambipolar diffusion signi�cantly affect the

nature and strength of MRI dynamics. The likely presence of non-ideal MHD dynamics in

protoplanetary discs, and their impact on magnetic instabilities like the MRI, will be the

subject of the next chapter.

1.4.2 Sources of vertical angular momentum removal

As noted in Section 1.3.3, out�ows are commonly observed to be associated with protostellar

systems. Two mechanisms have been proposed to account for these vertical mass losses:

photoevaporation due to radiation from the central star, and magnetically driven winds.

While photoevaporation removes mass vertically from the disc and is likely to be responsible

for the inside-out clearing of discs that lead to the formation of transition discs (Haworth

et al., 2016; Owen et al., 2012), it by itself does not remove angular momentum, and cannot

account for accretion. Magnetically driven winds, on the other hand, can be an ef�cient

mechanism for extracting angular momentum as well as mass from the disc, and provide

another way for accretion in the disc to be driven (Blandford and Payne, 1982). This, coupled

with the observation of disc winds emitted from regions well inside the gravitational radius1

within which photoevaporation is inef�cient (Ercolano and Pascucci, 2017), suggest that

magnetically driven winds indeed have a major role to play in the evolution of protoplanetary

discs. The exact mechanics and considerations of these magnetic winds in the protoplanetary

disc context will be explored in the next Chapter.

1The gravitational radius is given byRg = GM?=c2
s, and is a characteristic length scale derived from

balancing the gravitational potential energy and the thermal energy of the disc. BeyondRg, particles can
become suf�ciently thermally excited from its gravitational potential to evaporate.



Chapter 2

Magnetohydrodynamics of

protoplanetary discs

2.1 General concepts

2.1.1 Ideal MHD

The equations of magnetohydrodynamics (MHD) are obtained by combining Maxwell's

equations with the equations of �uid mechanics. We begin by considering the case where the

�uid is assumed to be perfectly conducting (ideal MHD), before moving on to the non-ideal

MHD regime more common in protoplanetary discs.

Maxwell's equations are given by

Ñ� E =
r e

e0
; (2.1)

Ñ � B = 0; (2.2)

Ñ � E = �
¶B
¶t

; (2.3)

Ñ � B = m0

�
J+ e0

¶E
¶t

�
; (2.4)

whereE andB are the electric and magnetic �elds respectively,r e is the electric charge

density,e0 andm0 are the permittivity and permeability of free space respectively, andJ is

the electric current density. The equations of �uid dynamics are given by

¶r
¶t

= � Ñ � (r u); (2.5)
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r
�

¶u
¶t

+ u � Ñu
�

= � Ñp� r ÑF + F; (2.6)

wherer is the �uid mass density,u is the �uid velocity, p is the pressure,F is the combined

gravitational and centrifugal potential, andF represents other forces that may be present in

the system (e.g. from magnetic �elds).

Consider the electric �eld in the �uid element's rest frame,E0, given by:

E0= E+ u � B: (2.7)

Since we are regarding the �uid as a perfect conductor in the ideal MHD limit, this rest frame

electric �eld vanishes, resulting in

E = � u � B: (2.8)

Combining this result with the third Maxwell equation, we arrive at the induction equation

for ideal MHD:

¶B
¶t

= Ñ � (u � B): (2.9)

Next, we compute the Lorentz force component ofF in the momentum equation. We

recognise that Lorentz force summed over all charged particles is

F = r eE+ J � B: (2.10)

We obtain an expression forJ by noting that for �uid �ow in the non-relativistic regime that

we are considering, the displacement current (second term on the RHS) in Equation(2.4)

can be neglected. This can be seen by considering motion on a characteristic length scaleL

and time scalet , such thatu � L=t . Noting thatm0e0 = 1=c2, and substituting in Equation

(2.8), the displacement current term has a magnitude� uB=(c2t ). On the other hand, the

LHS of Equation(2.4)has a magnitude� B=l . The ratio of their magnitudes is therefore

� u2=c2 � 1, justifying our neglect of the displacement current term in non-relativistic �ows.

Therefore, we arrive at

J =
1
m0

Ñ� B; (2.11)

whereJ andB have a one-to-one correspondence.

Using the same argument based on characteristic scales, we can also show that the

electric part of the Lorentz force can be neglected compared to the magnetic part. Gauss' law

(Equation(2.1)) gives usr e � E=(e0l ). Hence the ratio of the electric to magnetic terms of
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Equation(2.10)is � [E2=(e0l )]=[B2=(m0l )] � u2=c2 � 1. Hence the Lorentz force is given

by

F = J � B =
1
m0

(Ñ � B) � B; (2.12)

and the full set of ideal MHD equations are:

¶ r
¶t

= � Ñ � (r u); (2.13)

r
�

¶u
¶t

+ u � Ñu
�

= � Ñp� r ÑF +
1
m0

(Ñ � B) � B; (2.14)

Ñ � B = 0; (2.15)

¶B
¶t

= Ñ � (u � B): (2.16)

These are known as the continuity equation, the momentum equation, the solenoidal condition

and the induction equation respectively. We shall now discuss some of their properties that

are crucial for understanding our work below.

2.1.2 Magnetic pressure and tension

First we look at the Lorentz force terms, which can be split using standard vector identities

into two parts:

1
m0

(Ñ � B) � B = � Ñ
�

B2

2m0

�
+

1
m0

(B � Ñ)B: (2.17)

The �rst term on the RHS is the magnetic pressure force, wherepm = B2=(2m0) can be

treated as a magnetic pressure resisting compression of �eld lines. In literature it is common

to characterise the magnetisation of a disc by the dimensionless plasma beta parameter, which

relates the thermal energy density (proportional to the gas pressure) to the magnetic energy

density (equal to the magnetic pressure), and is de�ned as

b �
p

pm
=

2m0p
B2 : (2.18)

Mid-planeb values normally assumed to be characteristic of protoplanetary disc conditions

lie in the range104 � 106 (Guilet and Ogilvie, 2014; Okuzumi et al., 2014; Takeuchi and

Okuzumi, 2014), where a vertical �eld is assumed at the mid-plane, although observationally

it is still largely unconstrained. A disc typically has a density pro�le that decreases rapidly

at several scale heights above the mid-plane, and the height at whichb � 1 is noted to
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be the height from which magnetic winds are launched. The situationb � 1 is known as

`equipartition', and is the case when the magnetic and thermal energy densities are comparable

to each other. It is often found to be a turning point in the behaviour of magnetic processes.

One physical signi�cance of the magnetic pressure force is in understanding the launching

of vertical out�ows from a weakly magnetised disc. The disc's orbital motion can lead to

the winding up of the poloidal �eld lines, causing a large toroidal �eld to develop over an

extended range inz. The resultant magnetic pressure gradient can then lead to the launching

of vertical out�ows due to the magnetic pressure force, and is sometimes referred to as a

magnetic tower �ow (Lynden-Bell, 1996, 2003).

The second term on the right-hand side of Equation(2.18) is known as the curvature

force/magnetic tension, and is best thought of as the same as the tension in a taut string. The

term can be rewritten as

1
m0

(B � Ñ)B =
B2

2m0
(b � Ñ)b+ bb � Ñ

�
B2

2m0

�
; (2.19)

whereb � B=jBj is the unit vector along the magnetic �eld. The �rst term on the right-hand

side is the magnetic pressure multiplied withb�Ñb, the vector curvature of the magnetic �eld,

and implies that bent �eld lines would naturally resist the curvature and want to straighten up.

The second term on the right-hand side is the component of the magnetic pressure gradient

in the direction of the �eld lines, and acts as a negative stress along the �eld lines.

The magnetic tension force is important for the operation of the magnetorotational

instability (see Section 2.2 for a more detailed discussion), as it gives rise to the return force

between displaced �uid elements that is responsible for the spring-like nature of magnetised

�uid elements. It is responsible for the driving of accretion or decretion �ows in the disc

depending on how the �eld bends in the azimuthal direction when viewed in thez� f plane.

2.1.3 Magnetic �ux

The ideal induction equation

¶B
¶t

= Ñ � (u � B): (2.20)

has a simple and beautiful interpretation in that magnetic �eld lines are “frozen in” to the

�uid, and therefore moves with the �ow. This can be seen by rewriting the induction equation,

using vector identities, into the form:

DB
Dt

�
�

¶
¶t

+ u � Ñ
�

B = B � Ñu � BÑ� u; (2.21)
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whereD=Dt � ¶=¶t + u � Ñ is the convective derivative that moves with the �uid �ow. We

can then note from the mass conservation equation that

Ñ � u = �
1
r

Dr
Dt

: (2.22)

Substituting this into the modi�ed induction equation, and multiplying it by1=r , we arrive

at

D
Dt

B
r

=
B
r

� Ñu: (2.23)

This is the same equation satis�ed by a material line element,dx, de�ned as an in�nitesimal

line element that moves with the bulk velocityu of the �uid:

D
Dt

dx = u(x+ dx) � u(x) � dx � Ñu: (2.24)

Hence a magnetic �eld line is advected and distorted the same way as a material curve by

�uid motion. This result is commonly known as Lundquist's theorem.

One corollary that follows from Lundquist's theorem is Alfvén's theorem, which states

that the magnetic �ux, which is a measure of the number of �eld lines passing through a

given closed loop, is conserved through any loop moving with the �uid. We can see this in

the case of a material surface element by considering the magnetic �ux through it, given by

dF = B � dS, wheredS is the surface element. The convective derivative of the �ux is then

given by:

DdF
Dt

=
DB
Dt

� dS+ B �
DdS
Dt

=
�

B j
¶ui

¶x j
� Bi

¶u j

¶x j

�
dSi + Bi

�
¶u j

¶x j
dSi �

¶u j

¶xi
dSj

�

= 0:

(2.25)

Flux freezing means that �uid �ow can change the magnetic �eld strength. This can be

seen by considering the physical interpretation of the terms in Equation 2.21:

¶B
¶t

+ u � ÑB = B � Ñu � BÑ� u: (2.26)

The second term on the left-hand side represents the advection of the �eld by the �ow, while

the �rst and second terms on the right-hand side represent the effect of velocity gradients

stretching (and hence amplifying) the �eld by elongating the �uid elements, and �nally

compression of the �eld by convergent or divergent �uid �ows. This has a huge impact on

the MHD of astrophysical �uids, as it means magnetic �elds can be ampli�ed or weakened

and also have their geometry changed depending on the �ow properties.
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It is important to note at this point that �ux freezing only strictly applies in ideal MHD.

Once non-ideal MHD terms like resistivity, Hall drift and ambipolar diffusion are involved,

such as in the protoplanetary disc context, the �ux movement becomes much more complex.

This will be explored in Section 2.4.2.

Magnetic �ux in protoplanetary discs

One important diagnostic for protoplanetary discs is the poloidal magnetic �ux threading it.

Its strength and inclination has a direct impact on the feasibility of both the operation of the

MRI and the launching of a magnetic wind. A large-scale axisymmetric poloidal magnetic

�eld can be described with a magnetic �ux functiony in cylindrical coordinates(r; f ;z) by

(Ogilvie, 1997)

B = Ñy �
ef

r
(2.27)

or

Br = �
1
r

¶y
¶z

; Bz =
1
r

¶y
¶r

; (2.28)

whereef is the azimuthal unit vector, andBr andBz are the radial and vertical components

of the magnetic �eld. The magnetic �ux threading a disc of radiusr is then given by
Z r

0
Bz(r0;z)2pr0dr0= 2py ; (2.29)

where we have set the integration constant to zero.

From its de�nition,B � Ñy = 0, hencey is a useful label for magnetic �eld lines and

de�nes their surfaces of revolution. It can be shown by integrating Faraday's law (Equation

2.3) with respect tor that the time-evolution of the magnetic �ux function of the disc evolves

in general as

¶y
¶t

+ rvy Bz =
¶y
¶t

+ vy
¶y
¶r

= 0; (2.30)

where

vy =
Ef

Bz
(2.31)

is the radial transport velocity of the vertical �ux at a given height, withEf being the

azimuthal component of the electric �eld (Guilet and Ogilvie, 2012). Calculatingvy is

important for determining the long term evolution and consequent distribution of magnetic

�ux in the disc, and has been the subject of both semi-analytic (Guilet and Ogilvie, 2012,

2013, 2014) and numerical studies (Bai, 2017; Bai and Stone, 2017; Zhu and Stone, 2018).
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Fig. 2.1 Analogy of the MRI mechanism as masses (mi andmo) connected by springs in orbit
at different radii around a central mass (Mc). The inner massmi has a higher angular velocity
and gets `ahead' in the orbit, transferring angular momentum to the outer massmo through
the magnetic tension. This promotesmo to a higher orbit whilemi loses angular momentum
and moves to a lower orbit. This causesmi to have an even higher angular velocity and be
even further ahead in its orbit, and the process repeats and ampli�es itself. Figure credit: H.
Ji.

2.2 Magnetorotational Instability (MRI)

We begin our discussion of the MRI by qualitatively outlining the physical processes gov-

erning its operation. Magnetic �elds in a disc connect �uid elements as though they were

masses connected by a spring. Since a �uid element on an inner orbit rotates at a higher

angular velocity than the outer one, their relative position increases, causing the magnetic

tension binding the two elements together to also rise. This tension force slows down the

inner element and speeds up the outer element, transferring angular momentum from the

inner to the outer. As a result, the inner element moves to a lower orbit, while the outer

element is promoted to a higher one. This process then repeats and ampli�es, as represented

by Figure 2.1. The MRI grows exponentially in the linear phase, followed by a nonlinear

mixing of �uid elements, resulting in turbulence.

2.2.1 Linear MRI in unstrati�ed discs

Quantitatively, we consider the linear MRI in a local framework rotating with the disc,

where the characteristic length scale of motions is much shorter than the cylindrical radial

distance from the star. In this local model, which will be derived and discussed in more

detail in Chapter 3,x, y, andz correspond to the radial, azimuthal and vertical directions
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respectively. We also assume a pure vertical background magnetic �eld of strengthB0, and

that perturbations from equilibrium have the form

X = X0exp(ikz); (2.32)

wherek is the wave number of the perturbation. The equations of motion for a �uid particle

are then:

d2Xx

dt2 = 2qW2
0Xx + 2W0

dy
dt

� v2
Ak2Xx; (2.33)

d2Xy

dt2 = � 2W0
dXx

dt
� v2

Ak2Xy; (2.34)

d2Xz

dt2 = � W2
0Xz; (2.35)

whereW0 is the orbital angular velocity at some reference radiusr0, de�ned as the centre

of the box,q � � ¶ lnW=¶ lnrjr0 is the shear parameter, andvA = B0=
p

m0r 0 is the Alfvén

velocity.

The �rst term on the right-hand side of Equation(2.33)comes from the centrifugal force

which acts radially outward, while the second term of the right-hand side of Equation(2.33)

and the �rst term of the right-hand side of Equation(2.34)are the contributions from the

Coriolis force, acting perpendicularly to the �uid motion. The �nal terms on the right-hand

sides of Equations(2.33)and(2.34)are from the Lorentz force, and are restorative in nature.

They arise from noticing that the magnetic perturbation can be obtained by integrating the

induction equation with respect to time, giving us

db = ikB0x; (2.36)

and that only the magnetic tension term appears in the horizontal direction, hence

F
r

=
B � Ñdb

m0r

= �
k2B2

0

m0r
X

= � v2
Ak2X:

(2.37)

Finally, the right-hand side term in Equation(2.35)arises from the vertical component of

the gravitational acceleration towards the star once the �uid particle is displaced from the

mid-plane.

The system of equations is separable in the vertical and horizontal directions. In the

vertical direction, we recover simple harmonic motion about the mid-plane at the orbital

frequencyW0.
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The motion in the horizontal direction requires more thought. In the absence of magnetic

�elds, we can show that epicyclic motion ensues. To see this, we �rst integrate Equation

(2.34)with respect to time. Without loss of generality, we can assume that the perturbation

does not change the angular momentum of the �uid particle and set the constant of integration

to zero, giving us

dXy

dt
= � 2W0Xx; (2.38)

which can be interpreted as the conservation of angular momentum of the system, asL =
dXy

dt
+ 2W0Xx is the local angular momentum of the �uid particle. We then substitute this

result into Equation (2.33) to give us a second order differential equation forXx:

d2Xx

dt2 = � 2W2
0(2� q)Xx: (2.39)

This is simply a harmonic oscillator with frequency

w = W2
0

p
2(2� q) � k ; (2.40)

and is commonly known as the epicyclic frequency. In Keplerian discs such as protoplanetary

systems,q = 3=2, hencek is real, and the motion is an oscillation. Substituting the solution

to Xx to Equation(2.34)then gives us an equivalent differential equation inXy with the same

epicyclic frequency. This is consistent with the result from Section 1.4.1 of Chapter 1 that

pure Keplerian �ows are linearly stable.

Next, we turn to the magnetised case. The azimuthal tension force now breaks angular

momentum conservation, leading to instability. Let us assume the ansatzX µ exps t for the

growth of this instability, wheres is the growth rate. The horizontal equations of motion

then become

(s 2 + v2
Ak2)Xx = 2qW2

0Xx + 2W0s Xy; (2.41)

(s 2 + v2
Ak2)Xy = � 2W0s Xx: (2.42)

This is a linear eigenvalue problem, from which we can extract the dispersion from the

determinant of the matrixL when the equations are cast into the formLX = 0. Hence we

obtain for the dispersion relation

s 4 + s 2(k 2 + 2v2
Ak2) + v2

Ak2(v2
Ak2 � 2qW2

0) = 0: (2.43)

We can check that the relation satis�es the behaviour we expect in different limits by noting

that whenvA = 0, we recover pure epicyclic oscillations withs 2 = � k 2, while whenW0 = 0,
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we recover pure Alfvén waves withs 2 = � v2
Ak2. A linear instability is present whens 2 > 0,

which is satis�ed when

v2
Ak2 � 2qW2

0 < 0; (2.44)

and can be recast as a criterion for the wavelength as

l
2p

>
B0q

2qW2
0m0r

: (2.45)

This criterion shows us that the MRI is active when the magnetic tension is not too strong, as

the minimum wavelength must �t in with the size of the box. The MRI is therefore a weak

�eld instability, and can be stabilised by the presence of a strong magnetic �ux.

Solving the dispersion relation(2.43)fully gives us further insights on the MRI in the

ideal MHD limit. Figure 2.2, taken from Lesur (2020), plots the solutions for the Keplerian

caseq = 3=2. The maximum growth rate occurs atsmax= qW=2 whenvAk =
q

W2
0 � k 2=16,

which for a Keplerian disc translates tosmax = 0:75W0. The value of the maximum growth

rate is actually a more general result, and is the absolute limit for the growth rate of the MRI

that is true even when non-ideal MHD effects are included (Desch, 2004). The stable branch

connected to the unstable branch at the instability condition is that of an Alfvén wave, and

shows that the MRI is an Alfvénic perturbation by nature. The two stable branches that are

unconnected to the instability are epicyclic modes that are stable for all magnetisations, and

take the classic frequency ofk whenvA = 0.

2.2.2 Effect of strati�cation

In practice, real discs are vertically strati�ed, with decreasing density as height increases.

The effective wavenumbers become quantised, and the smallest possible wavenumber is set

by the scaleheightH of the disc such thatkH = 1:1584for the lowest order mode (Latter

et al., 2010). They are also found to satisfy the same dispersion relation as the non strati�ed

case whenvA is set to be the valuevA(z= 0) at the mid-plane. For an isothermal disc with

Bz only, the maximumvAk condition leads to the further result that there is a mid-planeb

value below which the disc would be stabilised, given by

b0 <
2(kminH)2

3
' 0:89: (2.46)

This again shows that the MRI is a weak �eld instability, which can be quenched by a strong

magnetic �eld. This result will affect the way we formulate our investigation of the disc's

vertical structure and magnetic �ux transport rate in Part II of the Thesis.
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Fig. 2.2 Solutions for the dispersion relation(2.43)for the caseq = 3=2. Black branches
represent unstable modes, while red dashed lines are for stable modes. Figure from Lesur
(2020).

2.2.3 Channel modes

The most unstable and fastest growing modes of the MRI are those that vary only with height,

such thatk = ( 0;0;kz) . These are known as “channel modes” due to their lack of horizontal

variation, and have the additional characteristic of being exact non-linear solutions of the full

MHD equations in the incompressible limit (Goodman and Xu, 1994; Latter et al., 2009),

which makes them both very robust and also signi�cant as the disc saturates in the nonlinear

regime. For strati�ed compressible discs, a link has also been found between large-scale

MRI channel modes and the launching of magnetic winds from the disc surface (Lesur et al.,

2013; Ogilvie, 2012; Riols et al., 2016), an effect which will be reviewed in more detailed

in Chapter 9. In ideal MHD, channel modes take an “hourglass” (Bx = � Bx, By = � By,

ux = ux, uy = uy) or “slanted” (Bx = Bx, By = By, ux = � ux, uy = � uy) symmetry in the

vertical direction about the disc mid-plane. These symmetry properties will have particular

signi�cance as we examine the effect of the MRI on the magnetic wind pro�les in Part III of

the Thesis.
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Fig. 2.3 Bead-on-a-wire analogy for centrifugal acceleration by a magnetic �eld. Figure from
Spruit (1996).

2.3 Magnetically driven winds

In their seminal paper, Blandford and Payne (1982) applied the idea of the acceleration of

gas tied to a rotating magnetic �eld (�rst noted by Henriksen and Rayburn (1971)) to the

accretion disc context, proposing a mechanism for a disc driven magnetic wind. As with the

MRI, we �rst give a qualitative description of the mechanism. Consider a large scale poloidal

�eld anchored in the disc. Above the disc surface, gas density rapidly decreases so that the

magnetic energy density becomes dominant over the thermal and rotational energies. As a

result, the �eld in this region is approximately force-free, and rotates at the same angular

velocity as the part of the disc to which it is attached (Ferraro (1937)'s law of isorotation).

For a suf�ciently ionised disc in the ideal MHD regime, the gas is tied to magnetic �eld lines

(�ux freezing). Hence as the �eld lines co-rotate with the disc, gas at the surface is �ung

out like beads on a wire when the component of the centrifugal force along the �eld line

exceeds the gravitational force holding it down (see Figure 2.3). This centrifugal acceleration

continues until the �ow speed becomes comparable to the Alfvén speed. Beyond that point,

the magnetic �eld is no longer strong enough to enforce co-rotation, and the �eld gets wound

up. The out�ow is then collimated into a jet parallel to the rotation axis by curvature forces

due to the azimuthal magnetic �eld.

Quantitatively, we consider the dynamics of a steady axisymmetric magnetic wind. In

ideal MHD, the induction equation gives us

Ñ� (u � B) = 0; (2.47)
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hence we can rewrite the electric �eld in terms of an electrostatic potentialF e where

ÑF e = � E = u � B: (2.48)

We now separate the velocity and magnetic �eld components into poloidal and toroidal parts

denoted by the subscripts `p' and `f ' respectively:

u = up + uf ef : (2.49)

B = Bp + Bf ef : (2.50)

We can then rewrite the right-hand side of Equation (2.48) as

u � B =
�
ef � (uf Bp � Bf up)

�
+ [ up � Bp] ; (2.51)

where the �rst term of the right-hand side is the poloidal component and the second term is

toroidal. SinceF e is axisymmetric, we expect¶F e=¶f = 0, and the poloidal component of

Equation(2.51)must be zero. Hence the poloidal velocity �eld and magnetic �eld must also

be parallel to each other, and can be written in the form

r up = kBp; (2.52)

wherek is known in literature as the mass loading, and is the ratio of the mass �ux to magnetic

�ux. This is simply a consequence of the �ux freezing in the ideal MHD conditions, as well

as the assumption that there is no �ux transport - a common assumption but one that might

be questioned.

We now recall the �ux function,y , introduced back in Equation(2.27)of Section 2.1.3 for

the poloidal component of magnetic �elds. We also recall that by construction,Bp � Ñy = 0,

allowing us to usey to de�ne magnetic surfaces of revolution. Similarly, it can be shown

from the steady mass conservation equation that the mass loading,k, also obeys the same

relation:

0 = Ñ� (r u) = Ñ � (r up) = Ñ � (kBp) = Bp � Ñk = 0; (2.53)

hence we can rewritek as a function ofy , such thatk = k(y ). This then allows us to write

the steady induction equation in terms ofk andy (replacingup andBp):

Ñ � (u � B) = Ñ �
�
ef � (uf Bp � Bf up)

�

= Ñ �
��

uf

r
�

kBf

rr

�
Ñy

�

= Ñ
�

uf

r
�

kBf

rr

�
� Ñy ;

(2.54)
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giving us another function that is constant on magnetic surfaces of revolution:

w(y ) =
uf

r
�

kBf

rr
: (2.55)

This has units of time� 1, and can be interpreted as the angular velocity of the magnetic

surface. Combining the de�nitions of Equations(2.52)and(2.55)then allows us to rewrite

the full velocity as

u =
kB
r

+ rwef ; (2.56)

showing us that the velocity �eld is parallel to the magnetic �eld in a frame corotating with

the magnetic �eld atw.

2.3.1 Angular momentum removal

We now consider the mechanism by which angular momentum is removed by the magnetic

wind. It can be shown by substituting Equation(2.56)into the azimuthal component of the

equation of motion that another invariant along magnetic surfaces is present known as the

angular momentum invariant (see section 9.5 of Ogilvie (2016) for derivation):

l = l (y ) = ruf �
rBf

m0k
: (2.57)

l is the angular momentum removed in the out�ow per unit mass, with the �rst term on the

right-hand side being the angular momentum intrinsic to the out�owing mass, while the

second term represents angular momentum removed by the torque exerted by the magnetic

�eld on the disc.

The ef�ciency of angular momentum removal from the disc is given by the magnetic

lever arm, de�ned as

r2
A

r2
0

; (2.58)

wherer0 andrA are the radii of the footpoint and the Alfvén point (whereup = uAp the

poloidal Alfvén velocity) of the wind. This arises by recognising thatuf can be rewritten

using Equations (2.56) and (2.57) (see section 9.6 of Ogilvie (2016)) as

uf =
r2w � A2l
r(1� A2)

=
�

1
1� A2

�
rw +

�
A2

A2 � 1

�
l
r
; (2.59)

where

A =
up

vAp
=

up
p

m0r
Bp

= k
r

m0

r
(2.60)
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is the ratio of the poloidal velocity to the poloidal Alfvén velocity, and is known as the

poloidal Alfvén number. The footpoint azimuthal velocity can then be shown to be� r0w,

while at the Alfvén point, in order foruf to be continuous, the numerator of Equation(2.59)

must also be zero, giving usl = r2
Aw there. As the out�ow is accelerated far beyond the

Alfvén point (A � 1), uf � 1=r ! 0, hence for a mass out�ow rate�M, angular momentum

is lost at a rate�Ml = �Mr2
AW0 in a magnetised disc wind, compared with�Mr2

0W0 in a purely

hydrodynamic out�ow.

The magnetic lever arm increases ifrA is signi�cantly larger thanr0, indicating more

ef�cient angular momentum loss. It is also a measure of the mass accreted compared with

the mass lost in the out�ow, since the accretion of a unit of massDMacc requires its angular

momentumr2
0W0DMacc to be removed, while the angular momentum in the out�ow removed

by massDMjet from r0 is r2
AW0DMjet, giving usDMacc=DMjet = r2

A=r2
0.

2.3.2 The Bernoulli equation and the nature of the magnetic wind

The nature of the wind can be examined by looking at the Bernoulli invariant, which measures

the energy content of the �ow, and is obtained by the scalar product of the equation of motion

with u. The three components of the equation of motion in cylindrical coordinates are

r up � Ñur =
r uf

r
�

¶ p
¶r

� r
¶y G

¶r
+ Jf Bz � JzBf ; (2.61)

1
r

r up � Ñ(ruf ) =
1

rm0
Ñ� (rBpBf ); (2.62)

r up � Ñuz = �
¶ p
¶z

� r
¶y G

¶z
�

¶
¶z

 
B2

r + B2
f

2m0

!

+
Br

m0

¶Bz

¶r
; (2.63)

wherey G = � GM=
p

r2 + z2 is the gravitational potential due to the central star. Dotting the

equation of motion withu therefore yields

up � Ñ
�

u2

2
+ y G

�
= � up �

Ñp
r

+ u �
J � B

r
: (2.64)

We follow Lesur (2020) in recasting the work done due to the Lorentz force in terms of

variables that are invariant on magnetic surfaces using Equations (2.56) and (2.52):

u �
J � B

r
= rw

Jp � Bp

r

= w
Bp � Ñ(rBf )

r

= up � Ñ
�

rwBf

k

�
:

(2.65)
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The work due to pressure is also re-expressed in terms of the enthalpy per unit massH and a

heating term,�Q, which in the disc context would be mainly due to radiative processes:

up �
Ñp
r

= up � ÑH � �Q: (2.66)

Since the velocity �eld is parallel to the magnetic �eld in a frame corotating with it atw,

streamlines coincide with surfaces of constanty , and we can integrate along a streamlinea

to yield the Bernoulli energy budget on poloidal �eld lines and streamlines (equation 11.16

in (Lesur, 2020)):

B �
u2

2
+ y G + H �

Z

s(a)
�Qds�

rw(a)Bf

k(a)
; (2.67)

wheres represents the distance along the streamline , anda labels the chosen streamline.

It is worth noting thatB , though a constant, is no longer the classical Bernoulli function,

as it takes into account the heating. For the wind to accelerate matter toz! ¥ , we require

B > 0 . This can be achieved in three ways: (1) a thermally driven wind due to a hot disc,

which corresponds to a high initialH in the disc, (2) photoevaporative heating from stellar

and cosmic radiation as the gas accelerates along the streamline, which corresponds to the

integral term with �Q, and (3) a wind driven by interactions between the magnetic �eld and

the disc rotation, which corresponds to the �nal term in the equation. Winds that are mainly

driven by the �rst two processes are known as “thermal winds”, while winds driven solely by

magnetic effects are known as “cold MHD winds”.

Recent works have shown that winds from protoplanetary discs are most likely driven by

a combination of both thermal and magnetic effects (Bai, 2017; Bai et al., 2016; Béthune

et al., 2017). These are known as “magneto-thermal” winds, where strong external heating on

the coronal regions can aid in the acceleration of the disc wind which is launched by magnetic

effects at the wind base. Compared to pure cold MHD wind solutions, magneto-thermal

winds are warmer, denser and slower, and can have high wind mass loss to mass accretion

ratios, while having moderate values of the magnetic lever arm (Lesur, 2020).

Magnetically driven winds can in turn be characterised into two regimes:

1. Magnetocentrifugal winds, where strong poloidal �elds enforce approximate corotation

of the �uid with the wind base, and the picture of beads centrifugally accelerated on

rigid rotating wires is the appropriate way to describe their mechanics.

2. Magnetic pressure gradient driven winds, where corotation is not a good approximation

in the observer's frame due to weak poloidal �elds, and the acceleration is more

appropriately interpreted as due to the magnetic pressure gradient of the toroidal �eld

that results from the winding up of the poloidal �eld.
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Mathematically, both the centrifugal and magnetic viewpoints of acceleration are equally

valid, and as explained in Spruit (1996), depends on the frame of reference in which we

are working. On the one hand, in the frame corotating with the wind base, magnetic forces

`disappear' and the �ow seems to be purely centrifugal, although it is actually the magnetic

forces that mediate the rotational energy to the �ow. On the other hand, in the inertial frame,

the acceleration can be seen to be magnetic, where the poloidal Lorentz force is given by

Fp =
1
m0

(Ñ � B)p � Bf

= � Ñ
B2

f

2m0
�

B2
f

m0
er ;

(2.68)

and the pressure gradient and tension force from the toroidal �eld are seen as the main

drivers of the out�ow. Net outward acceleration requiresB2
f to decrease suf�ciently rapidly

along the �eld line to overcome the axis-directed tension force, and it is more physically

intuitive to describe the wind as being driven by a magnetic pressure gradient. Recent

works have placed protoplanetary disc winds to lie in the magnetic pressure gradient driven

regime, with a smaller Alfvén radius (rA=r0 � 1) and more heavy mass loading than winds

in the centrifugally driven wind regime (Lesur, 2020). This is due to the weakly magnetised

(mid-planeb � 1) nature of protoplanetary disc out�ows, which is required by observational

constraints that discs are generally massive with an average accretion velocity much smaller

than the sound speed (Lesur, 2020). Stronger �eld models launching magnetocentrifugal

winds would have led to much larger accretion velocities that are sonic with the same disc

surface density estimates, making them incompatible with observations.

2.3.3 Minimum poloidal magnetic �eld inclination for wind-launch

For the launching of a cold out�ow from a thin accretion disc, a famous result of Blandford

and Payne (1982) is that a minimum inclination of30� of the poloidal magnetic �eld to the

vertical is required. This can be seen by examining the contours of the effective potential

F cg along a streamline, where both gravitational and centrifugal terms are included:

F cg(s) = �
GM

p
r2 + z2

�
1
2

W2r2: (2.69)

Here,Wis the rotation of the gas, which would normally be nearly Keplerian if the footpoint

of the wind is in the disc and corotation is enforced by the magnetic �eld. Rewriting

W� W0 =
q

GM=r3
0, where the subscript0 denotes the footpoint of the wind, we can then

�nd the contours of equipotential passing through the footpoint through equating

F cg(s0) = �
GM
r0

�
1
2

W2
0r2

0 (2.70)
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with

F cg(s) = �
GM

p
r2 + z2

�
1
2

W2
0r2: (2.71)

We follow Ogilvie (2016) by renomalising the equation using units such thatr0 = 1. After

some algebra, this gives us the result (Ogilvie, 2016)

z=

s
(2� r)( r � 1)2(r + 1)2(r + 2)

(3� r2)2 : (2.72)

A plot showing the contour lines ofF cg is shown in Figure 2.4, taken from Ogilvie (2016). In

order for a wind to be launched by centrifugal acceleration alone without thermal assistance,

its streamline must always be crossing contours of lowerF cg, which require a minimum

launch angle from the vertical whether the wind is directed towards or away from the star.

This angle can be found by taking the limitr ! 1, z ! 0 in Equation 2.72, which gives us

z� �
p

3(r � 1); (2.73)

translating to a minimum launch angle of30� . This result would bear relevance to our work

later when we consider 1D isothermal disc models, and in whether we need to model the

launching of a wind for the range of poloidal magnetic �eld inclinations explored.

2.3.4 Critical points in the out�ow

We end our current discussion of the magnetic wind with a consideration of the critical

points that the out�ow must pass through, and which together with a given value ofr 0 at the

mid-plane, would constrain the wind solution. These critical points are derived by rewriting

the Bernoulli equation asB (s; r ;k; rA), where the solution curver (s) is a contour line of

the Bernoulli function in thes� r plane. In this scenario, we assume that there is no explicit

heating, and that we have an isothermal equation of state wherep = c2
sr . Critical points are

stationary points of the saddle type, and must satisfy

¶B
¶s

= 0;
¶B
¶r

= 0: (2.74)

It can then be shown that (Spruit, 1996)

r
¶B
¶r

= �
(u2

p � u2
sp)(u2

p � u2
f p)

u2
p � u2

Ap
; (2.75)

whereusp anduf p are the slow and fast poloidal magnetosonic speeds given by

us; f ;p =

vu
u
t c2

s + u2
A �

q
(c2

s + u2
A)2 � 4c2

su2
Ap

2
; (2.76)
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Fig. 2.4 Plot showing the contour lines ofF cg, as de�ned by Equation(2.69), in units
wherer0 = 1. Downhill directions are denoted by dotted contours, while uphill directions
are denoted by solid contours. The bold arrow from the footpoint shows a possible wind
trajectory which crosses contour lines of lower potential in its path. For a centrifugal wind to
be launched without thermal assistance from a thin disc, its inclination at its footpoint must
be at least 30� to the vertical. Figure from Ogilvie (2016).
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with

uA =
B

p
m0r

; uAp =
Bp

p
m0r

(2.77)

being the Alfvén speeds based on the total and poloidal �eld strengths respectively. The

critical points can be interpreted as the points at which the �ow matches the speed of a

magnetosonic wave propagating opposite to the �ow, and are known as the slow and the

fast point whereup = usp andup = uf p respectively. There is an additional critical point

at the Alfvén point, whereup = uAp. This comes not from Equation(2.75), where the

Alfvén point is simply a node in the family of solutions, but rather from considering the

Grad-Shafranov cross-�eld balance equation of motion for stationary axisymmetric �ow. As

the Grad-Shafranov equation is beyond the scope of this discussion, we refer the reader to the

detailed arguments presented in Sakurai (1985) for understanding the nature of the Alfvén

critical point.

For a wind solution to be fully constrained, it must pass through all three critical points,

otherwise boundary effects can signi�cantly alter the solution. Most radially local shearing

box wind solutions to date (see Chapter 3 for a description of the shearing box formalism),

including our own in this Thesis, pass through only the slow point and Alfvén point but

are not super-fast. It is therefore important to test their robustness by varying the boundary

conditions (Bai, 2015; Lesur et al., 2014).

2.4 Non-ideal MHD

2.4.1 Origin and key features

As mentioned in Section 1.3.1 of Chapter 1, protoplanetary discs are usually `cold' discs that

are poorly ionised. In this regime, the ideal MHD approximation is insuf�cient to describe the

magnetic processes involved, and non-ideal MHD effects become important. We derive here

the generalised Ohm's law and discuss the nature and key properties of each of the non-ideal

effects (Ohmic resistivity, Hall drift and ambipolar diffusion), before discussing their regions

of in�uence in protoplanetary discs, and their effect on both the MRI and magnetic winds in

later subsections.

There are two approaches to modelling non-ideal effects: through a conductivity tensor

taking into account the different ionised species present (Norman and Heyvaerts, 1985;

Wardle and Ng, 1999), or through the dynamical multi�uid model (Balbus and Terquem,

2001). The two can be shown to be mathematically equivalent and are closely related (Königl

et al., 2010).
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The former approach was used in the vertical structure models of Königl et al. (2010);

Salmeron et al. (2011); Teitler (2011) because of its terseness and mathematical economy.

The non-ideal effects are incorporated through a modi�ed Ohm's law:

J = s � E0= sOE0
k + sHb � E0

? + sPE0
? ; (2.78)

whereb = B=jBj, E0 is the electric �eld in the frame comoving with the neutrals,J is

the current density,k and ? indicate the components of the electric �eld parallel and

perpendicular tob respectively, and the tensor

(s ) i j =

0

B
B
B
@

sP sH 0

� sH sP 0

0 0 sk

1

C
C
C
A

; (2.79)

wheresP andsH are the Pedersen and Hall conductivities respectively, describes the conduc-

tivity of the multi-component �uid. These conductivities are directly related to the chemistry

of the disc and evolve accordingly (Wardle, 1999).

The latter multi�uid approach is used in studies that are more concerned with under-

standing the different dynamical behaviour of the three non-ideal mechanisms (Balbus and

Terquem, 2001; Wardle and Koenigl, 1993). This approach explicitly draws out the physics

of the coupling between the magnetic �eld and the disc. Numerical simulations in particular

often use this approach, having �rst computed the diffusivities from the full conductivity

tensor, as it bears more correlation with disc phenomenology (Bai and Stone, 2014).

Derivation using the multi�uid approach

As dynamical behaviour, rather than complex chemistry, is also what our study is primarily

concerned with, we follow Balbus (2011) in our derivation of the non-ideal terms in its

multi-�uid model. We assume the �uid to be composed of neutrals, ions and electrons, and

that it is locally overall neutral. We ignore the effect of dust grains for now, and defer their

discussion to later. We denote ions and electron �ow quantities by the subscripts `i' and `e'

respectively, while we leave the neutral quantities which are dominant in the �uid without any

subscripts, or where it is necessary to distinguish them, with the subscript `n'. We assume

that each species is separately conserved, and that collisions are elastic in nature.

The equations of motion for the three species are then given by

r
¶u
¶t

+ r (u � Ñ)u = � ÑP� r ÑF � pni � pne; (2.80)

r i
¶ui

¶t
+ r i(ui � Ñ)ui = � ÑPi � r iÑF + Zeni (E+ ui � B) � pin; (2.81)
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r e
¶ue

¶t
+ r e(ue � Ñ)ue = � ÑPe � r eÑF � ene(E+ ue � B) � pen; (2.82)

wherepab denotes the rate of momentum transfer per unit volume from speciesa to speciesb,

Z is the ionisation number per ion, ande is the charge of a proton. By Newton's Third Law, it

is worth noting thatpab = � pba. Only the ion and electron equations have the Lorentz force

term (second last terms on the right-hand side of Equations(2.81)and(2.82)) in addition

to the momentum transfer terms (thep terms), as only these species are charged and under

the in�uence of electric and magnetic �elds. We ignorepie andpei in Equations(2.81)and

(2.82)because they are proportional tonine, wheren denotes the number density of a species,

which is minuscule in comparison to the other terms present.

We �rst derive expressions for the momentum exchange terms from properties of the

species. From conservation of energy and momentum, it can be shown thatpni is given by

pni = nmni(u � ui)nni (2.83)

wheren is the neutral number density,mni � mimn=(mi + mn) is the reduced mass of the

ion and neutral particles, withmdenoting the mass of each particle, andnni is the collision

frequency between a neutral particle with the ion population (Morse, 1963; Reed, 2018). The

collision frequency is then derived from the kinetic theory of gases (see e.g. Blundell and

Blundell (2009)), and takes the form

nni = nihsniwnii ; (2.84)

whereni is the ion number density,sni is the effective cross section for neutral-ion collisions,

wni is the relative velocity between neutrals and ions, and the angle brackets denote averaging

over a Maxwell-Boltzmann distribution for the relative velocity. This then gives us

pni = nnimnihsniwnii (u � ui); (2.85)

allowing us to determine the momentum transfer from the �uid properties of the species

involved. Using similar considerations, the neutral-electron momentum transfer is given by

pne = nnemnehsnewnei (u � ue) ' nnemehsnewnei (u � ue); (2.86)

where the' comes about becausem� me, hencemne ' me. As noted before,pin andpen

are simply given by� pni and� pne respectively.

We next note that for a weakly ionised gas, as is the case in protoplanetary discs, Equations

(2.81)and(2.82)would be dominated by the Lorentz force terms and the momentum transfer

terms. This can be seen by considering the typical dynamical timescale involved with the

Lorentz force terms, given by the ion and the electron gyroperiods respectively, which are
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much smaller than the macroscopic �ow crossing time associated with the inertial force

terms for the ions and electrons when the ionisation is low (Balbus, 2011). This allows us to

approximate to a high level of accuracy that

Zeni (E+ ui � B) � pIn = 0; (2.87)

� ene(E+ ue � B) � pen = 0: (2.88)

We note that because of our charge neutrality assumption,Zeni = ene. Summing the two

expressions and rearranging, we obtain

ene(ui � ue) � B = pin + pen; (2.89)

J � B = pin + pen; (2.90)

where in going from line(2.89)to (2.90), we noted thatene(ui � ue) simply gives us the

current densityJ of the overall �uid. We can then use Newton's Third Law to substitute

this expression back into the neutrals' momentum equation, yielding the same momentum

equation as we had in ideal MHD:

r
¶u
¶t

+ r (u � Ñ)u = � ÑP� r ÑF + J � B: (2.91)

This shows us that while the �uid may be weakly ionised, the neutral component still behaves

under the Lorentz force as though it was fully ionised due to momentum transfer with ions

and electrons. Indeed, it is in the induction equation that non-ideal MHD makes a difference,

which we shall derive now.

We �rst note that the Lorentz force acting on the neutrals through collisional coupling

can be rewritten as

J � B = ninminhsniwnii (ui � u)+ nenmehsnewnei [(ue � ui) + ( ui � u)]: (2.92)

We then consider the ratio of the electron-neutral to ion-neutral collision cross section, which

can be assumed to be

hsniwnii
hsnewnei

=
�

me

emin

� 1=2

; (2.93)

where the approximately geometrical nature ofsni andsne leads to them� 1=2
ne ' m� 1=2

e and

m� 1=2
ni dependencies, whilee < 1 re�ects the larger ion-neutral cross section that results from

long range induced dipole interactions for ions, and which are much less present for the

electrons. Equation (2.92) can then be rearranged as

(uI � u)

"

1+
1
Z

�
eme

min

� 1=2
#

=
J � B
grr i

+
r

eme

mni
Z(ui � ue); (2.94)
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where

g �
hsniwnii
mi + mn

(2.95)

is known as the drag coef�cient, and comes from a common way to rewrite the ion-neutral

momentum transfer in astrophysical literature as

pIn = rr ig(ui � u): (2.96)

The second term in the square brackets in Equation(2.94) is much smaller than1 due to

the (eme=min)1=2 dependence, and hence can be neglected, while the second term on the

right-hand side of the same equation can also be neglected for the same reason, provided

(ui � ue) is comparable to(ui � u).

Let us consider again Equation(2.88), with the expression forpen from Equation(2.86)

substituted in. We can rewrite the equation as:

E+ [ u+ ( ue � ui) + ( ui � u)] � B+
nmehsnewnei

e
[(ue � ui) + ( ui � u)] = 0: (2.97)

Substituting Equation(2.94)into Equation(2.97), and neglecting the terms that are insign�-

cant as per the discussion above, we have

E+ u � B �
J � B
ene

�
1�

menenne

grr i

�
+

(J � B) � B
grr i

�
J

scond
= 0; (2.98)

where

scond �
e2ne

menen
(2.99)

is the electrical conductivity. Again, the second term in the square brackets in Equation(2.98)

can be neglected, as it is equal to(1=Z)(eme=min)1=2 � 1. This leaves us with a modi�ed

Ohm's law for a non-ideal �uid

E+ u � B �
J

scond
�

J � B
ene

+
(J � B) � B

grr i
= 0; (2.100)

which is the inverse of Equation(2.78). This can then be incorporated into the induction

equation via the normal procedure using Maxwell's equations and the relationJ = Ñ� B=m0

(see Section 2.1.1) to give us

¶B
¶t

= Ñ � [u � B � hOÑ� B � hH(Ñ � B) � b+ hA([Ñ � B] � b) � b] ; (2.101)

whereb = B=jBj, and we have substituted the coef�cients for the non-ideal diffusivities

given by

hO =
1
m0

men
e2ne

nen; (2.102)
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hH =
1
m0

jBj
ene

; (2.103)

hA =
1
m0

jBj2

grr i
; (2.104)

for Ohmic resistivity, Hall drift, and ambipolar diffusion respectively.

2.4.2 General properties of the non-ideal terms

At this point, it is worth noting some of the key features of the three non-ideal effects from

their form in the induction equation.

Ohmic resistivity

For constant diffusivity, the Ohmic contribution in Equation 2.101 can be rewritten using

vector identities and theÑ� B = 0 condition ashOÑ2B=m0, which is simply a diffusion term

for B. The presence of Ohmic resistivity breaks �ux freezing, and can be interpreted as

the slippage of �eld lines across �uid elements when viewed in the rest frame of the �uid.

The strength of Ohmic resistivity is often characterised by the nondimensional magnetic

Reynolds number:

Rm =
LV
hO

; (2.105)

whereL andV are the characteristic lengthscale and velocity of the system. Astrophysical

plasmas often have highRm, allowing ideal MHD to be a suitable approximation. However,

in protoplanetary discs, as we shall see later, there is a region whereRm < 103 known as the

“dead zone”, and Ohmic resistivity can no longer be neglected. Ohmic resistivity is isotropic

and linear, and dissipative in nature. Given the right conditions, it can contribute to electric

heating that can generate signi�cant heat transport in protoplanetary discs (Béthune and

Latter, 2020).

Hall drift and ambipolar diffusion

Hall drift and ambipolar diffusion become important when the mean velocities of neutrals,

ions and electrons differ from each other signi�cantly. The Hall drift term can be rewritten in

terms of a drift velocity in the form

uH � ue � ui = �
hH

m0jBj
Ñ � B = �

J
ene

; (2.106)
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where it can be seen that it is the electron-ion drift that is responsible for this effect, whereas

the ambipolar diffusion term can be rewritten in terms of the ambipolar drift velocity

uAD � ui � u =
hA

m0jBj2
(Ñ � B) � B =

J � B
grr i

; (2.107)

where it can be seen that it is the ion-neutral drift that is responsible for this effect. The

non-ideal MHD induction equation then has the form

¶B
¶t

= Ñ � [(u+ uH + uAD) � B � hOÑ� B]: (2.108)

The ambipolar diffusion term has a component which acts like Ohmic diffusion with a

tendency to straighten up �eld lines, but it also has an anisotropic nonlinear element which

can in some situations act as an anti-diffusion mechanism (Bai and Stone, 2014; Béthune

et al., 2016). The Hall effect, on the other hand, should not really be thought of as a diffusive

mechanism at all, as it is dispersive in character, and conserves magentic energy (it is non-

dissipative) (Polygiannakis and Moussas, 2001). Its behaviour is strongly dependent on the

geometry of the magnetic �eld present, as the Hall term behaves oppositely to the other terms

in the induction equation when the sign ofB is reversed.

Figure 2.5, taken from Wurster (2017), illustrates the movement of �eld lines with respect

to �uid elements in regimes where each of the three non-ideal MHD effects dominate. In the

pure Ohmic case, neutrals, ions and electrons have similar mean velocities, and �eld lines

simply drift with respect to the �uid background to diffuse and straighten out. For the Hall

regime, �eld lines are tied to the electrons, and drift with respect to the ion background whose

contribution to the current can be neglected due to the ratiome=mi being negligible. Finally,

in the ambipolar diffusion dominated regime, �eld lines are tied to ions, while electrons are

tied to the �eld lines in turn. They drift with respect to the neutral �uid as the ions move at a

different mean velocity to the neutral particles.

2.4.3 Non-ideal regimes in protoplanetary discs

We now turn to consider the strength of each non-ideal effect in the protoplanetary disc

context. It customary in the literature to assess and compare the non-ideal effects using the

non-dimensional Elsasser numbers given by:

L O;H;A �
v2

A
hO;H;AW

; (2.109)

where the subscriptsO;H;A denote Ohmic, Hall and ambipolar diffusion respectively,vA �

jBj=
p

m0r is the Alfvén speed, andWis the (usually assumed Keplerian) angular velocity

of the disc. The Elsasser number is an inverse measure of the diffusivity, and as will be
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Fig. 2.5 Schematic showing the movement of �eld lines with respect to �uid elements in
regions where each of the three non-ideal MHD regimes dominates. Red �lled circles denote
ions, while blue dots denote electrons. The neutral particles with bound ion and electron are
shown in the background. Field lines are indicated by grey lines with arrows. Figure taken
from Wurster (2017).
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discussed in Section 2.5, is a useful quantity to determine whether the MRI is expected to be

active in the region, with any of the Elsasser numbers falling below unity usually leading to

stabilisation of the linear MRI.

Since both the Ohmic and Hall Elsasser numbers depend on the magnetic �eld strength,

with L O µ B2 andL H µ B, it is customary to use two other dimensionless numbers without

�eld strength dependence to characterise the two effects, the �rst of which we have already

seen in the magnetic Reynolds number, which when put into the disc context becomes

Rm �
WH2

hO
; (2.110)

whereH is the disc scale-height, while the other is the Hall Lundquist number, given by

L H �
vAH
hH

: (2.111)

As these two numbers have no dependence on �eld strength, they are used to characterise

different regimes of nonlinear MRI saturation in the disc. The Hall Lundquist number is

closely related to the Hall length, given bylH = H=L H , which is also independent of the

magnetic �eld strength. It is the characteristic length scale below which the Hall effect

becomes important, and is given by the ratio of the Hall diffusivity to the Alfvén speed (Kunz

and Lesur, 2013).

We can assess the varying and comparative strengths of the non-ideal effects in the

disc by writing them in terms of the ionisation fraction and the density, while assuming a

constant value of10� 3 Gauss for the �eld strength (Wardle, 1997). We reference Fromang

(2013), who took typical values expected of protoplanetary disc mid-planes at1 AU, with

n � 1014 cm� 3, gi = 2:81013 cm3 s� 1 g� 1, mi = 39mH andT � 100K. They then yielded

the following expressions for the diffusivities:

hO �
�

103

xe

�
cm2 s� 1; (2.112)

hH �
�

50
xe

� �
1014cm� 3

n

�
cm2 s� 1; (2.113)

hA �
�

2:6� 10� 3

xe

� �
1014cm� 3

n

� 2

cm2 s� 1; (2.114)

wherexe � ne=n is the ionisation fraction. It is worth noting that all three non-ideal effects

have the same inverse dependence on ionisation fraction, indicating we should expect each

effect to weaken in strength as we move away vertically from the mid-plane, as the disc

goes from weakly to signi�cantly ionised in the disc atmosphere due to less shielding from
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Fig. 2.6 Left: diffusivity pro�le from Wardle (2007) of a vertical slice of a MMSN model disc
at 1 AU for magnetic �eld strengths of 0.1 and 1 G (solid anddashed curvesrespectively).
Right: plot from Bai (2011) showing the regions where different diffusivities would dominate
for different �eld strengths in a vertical slice of a disc at 1 AU.

radiation.hH µ n� 1, while hA µ n� 2, hence we would expect the disc to pass from �rst an

Ohmic resistivity dominated region, followed by a Hall dominated region, and �nally to an

ambipolar diffusion dominated region as we move towards lower density regions up from the

disc mid-plane. This is indeed the picture given by Wardle (2007) and Bai (2011), shown in

the two panels of Figure 2.6, in their detailed ionisation model calculations of the non-ideal

diffusivities in a disc at 1 AU, with no dust grains present.

As protoplanetary discs decrease in density as the radius increases, traditional models

predict the disc mid-plane itself to be Ohm-dominated in the innermost region, and to be

Hall-dominated beyond (R> 1 AU), before eventually ambipolar diffusion takes over at the

disc outer edge (R� 100AU). However, it should be noted with caution that these estimates

can be drastically affected by the various factors contributing to disc ionisation, as discussed

in the next subsection. The traditional assumption that discs can be divided neatly into

regions where each non-ideal MHD effect is assumed to be dominant has been subject to

question by recent analytical, semi-analytical and numerical studies which show that this

picture is likely to be an oversimpli�cation (Wurster, 2021). They showed that the Hall

effect and ambipolar diffusion are more likely of comparable importance throughout most

of the outer disc (R> 1 AU), and when expressed in dimensionless numbers correspond to

10� 1 < L H < 10 in most of the disc mid-plane region increasing abruptly at the disc surface,

while L A ' 1 throughout most of the disc (Lesur, 2020).
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Factors contributing to the ionisation fraction

A key parameter determining the various non-ideal strengths is the ionisation fraction, and

its variation in the disc, about which there is still much uncertainty and no general consensus

in the protoplanetary disc community. In Chapter 11 we present in detail two ionisation

models used by Lesur et al. (2014) and Béthune and Latter (2020) in calculating the different

non-ideal contributions in different parts of the disc. Here however, we will limit ourselves

to simply outlining the different factors that contribute to disc ionisation, and why there are

still great uncertainties in our understanding of their extent in discs.

Sources of ionisation come mainly in �ve forms: X-rays from the central star, cosmic

rays, radioactive nuclei present in the protostellar cloud, FUV ionisation from the central

star, and thermal ionisation. Here we discuss each of them in turn.

• X-ray ionisation arises from the Bremsstrahlung emission from the corona around the

central star (Bai and Goodman, 2009; Igea and Glassgold, 1999), and depends hugely

on its X-ray �ux, which can lead to variations of up to an order of magnitude in the

ionisation fraction near the disc surface (Lesur, 2020).

• The ionisation rate due to cosmic rays can vary up to 6 orders of magnitude, due to

them both being possibly shielded by the stellar wind, which drastically reduces their

effect (Cleeves et al., 2015), or being accelerated in shocks surrounding the protostar

produced by the protostellar jet, which leads to drastic enhancement (Padovani et al.,

2018). Cosmic rays are responsible for most of the ionisation in the disc below two

scale heights, and can lead to 3 orders of magnitude of uncertainty in the ionisation

fraction.

• Radioactive decay ionisation is determined from current data from meteorites in the

Solar System, and estimating their abundance in the era of the Solar System formation.

The study most commonly quoted in the literature gives an radioactive ionisation rate

of zrad = 10� 19 s� 1 (Umebayashi and Nakano, 2009).

• Stellar FUV photons arise from the stellar accretion shock and the stellar chromosphere.

They ionise carbon and sulfur atoms in the surface layers of the disc, and for the disc

composition and chemistry commonly assumed, lead to a �oor value ofxe > 10� 5 at

column densities< 10� 2 g cm� 2 (Perez-Becker and Chiang, 2011).

• Thermal ionisation due to collisions between molecules may be present for inner parts

of the protoplanetary disc (R< 0:5 AU), asT > 300K. However, as our work mostly

focuses on the outer parts of discs, we will neglect the discussion of thermal ionisation
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in those regions. The coronal region of the disc surface on the other hand is also

expected to be heated by stellar X-rays to temperatures in excess of8;000K (Aresu

et al., 2011), hence we should expect the �uid beyond around four scale-heights above

the mid-plane to be fully ionised due to thermal collisions.

Disc structure plays a signi�cant role in how much the ionising sources affect the

ionisation fraction. Vertical column density determines both the penetration depth of X-rays,

cosmic rays and FUV radiation, as well as the recombination rate (which decreases with

decreasing density), and the height above which we expect X-ray heating to have fully ionised

the �uid. The temperature structure of the disc affects both the vertical density structure

and microphysics, while the disc surface density distribution can signi�cantly change the

ionisation fraction by 2 orders of magnitude when varied between the commonly used denser

minimum mass solar nebula (MMSN) model, which leads to lower ionisation fractions, and

ones that are more observationally motivated. Disc surface densities generally decrease with

increasing radius, hence we expect ionisation to also increase accordingly.

Finally, disc metallicity as well as the presence of dust grains can also signi�cantly affect

the ionisation fraction. The presence of metal atoms signi�cantly modi�es the reaction

network of ionisation and recombination, as metals recombine with electrons at a much lower

rate than molecular ions, and can lead to a dramatic increase in the ionisation fraction by up

to 3 orders of magnitude (Fromang et al., 2002). Grains on the other hand not only affect the

reaction network by typically reducing the ionisation fraction by 2-3 orders of magnitude, but

can also change the dependence of the diffusivities on the ionisation rate, as grains absorb

the charges present and become the dominant charge carriers instead near the mid-plane. The

latter effect could even change the sign of the Hall coef�cient, as the dominant heavier charge

carrier becomes negatively charged instead. Overall, dust grains can increase diffusivities by

2-4 orders of magnitude, while the detailed microphysics depends on factors such as grain

size and abundance (Ilgner and Nelson, 2006; Salmeron and Wardle, 2008). This is also

affected by grain evolution from processes such as vertical settling that changes their spatial

distribution, and coagulation that changes their size. It is still unclear what dust abundances

and sizes are to be expected in protoplanetary discs, hence there is an overall uncertainty of

� 3 orders of magnitudes of uncertainty in the diffusivities (Lesur, 2020). For most of our

study, we will be considering the “intermediate” case of a metal-free dust-free environment,

while at times we may arbitrarily change the diffusivities by a few orders of magnitudes to

mimic the effect of including metals and dust.
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2.5 Non-ideal effects on the MRI

The presence of non-ideal MHD signi�cantly affects the operation of the MRI in discs,

and has been the subject of much investigation over the past two decades. Here, we limit

ourselves to sketching out the derivation and implications of non-ideal MHD on the linear

MRI in 1-D vertical variations that are most relevant to our Thesis. Our sketch largely follows

the more detailed discussion in the excellent review by Lesur (2020), which the reader can

consult for completeness.

Let us consider the linearised equations of small axisymmetric perturbations of a disc

with a background mean vertical and azimuthal magnetic �eld

B0 = B0;yey + B0;zez: (2.115)

For simplicity, we consider the unstrati�ed case in which there is no vertical gravity, and

the �ow is incompressible (Ñ � u = 0). As before, we work in the radially local model,

where Cartesianx;y;z coordinates correspond to theR; f ;z directions in the disc respectively.

Writing the perturbations from equilibirum as

u = vexp(ik � x+ s t); (2.116)

B = B0 + bexp(ik � x+ s t); (2.117)

wherek = kzez is the wave vector, assumed to be purely vertical,s the linear growth rate,

andb here is the initial perturbation amplitude of the perturbation (hereb 6= B=jBj), we

obtain the linearised equations

s v = i
k � B0

m0r
b+ 2Wvyex � (2� q)Wvxey; (2.118)

s b = ik � B0v � qWbxey � hOk2b+ hH(k � B̂0)k � b

� hAf (k � B̂0)2b � (b � B̂0)([k � B̂0]k � k2B̂0)g;
(2.119)

k � v = 0; (2.120)

k � b = 0: (2.121)

We can see from Equation(2.119)that the Ohmic diffusion term, as mentioned before, acts

purely as a linear dampener for the growth, with a greater effect on modes that have shorter

wavelengths. The Hall term on the other hand rotates the magnetic perturbation around the

wave vector while keeping its magnitude constant. The direction of rotation is dependent on
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the signs ofB andhH . Finally, the �rst ambipolar diffusion term acts as another pure linear

dampener, while the second term introduces anisotropic complexity to its behaviour.

Using Equations(2.120)and(2.121), we can reduce this set of equations into a fourth

order problem involving only horizontal components. This can then be solved using standard

matrix methods (we refer the reader to Lesur (2020), Kunz and Balbus (2004) and Desch

(2004) for details) to yield the well known dispersion relation:

s 4 + C3s 3 + C2s 2 + C1s + C0 = 0; (2.122)

where theC coef�cients are given by

C3 = 2hOk2
z + t A(k2

zv2
A + w2

A); (2.123)

C2 = k 2 + 2w2
A + h 2

Ok4 + t 2
Aw2k2

zv2
A + lHkzwA(lHkzwA � qW); (2.124)

C1 = C3(w2
A + k 2); (2.125)

C0 = w2
A(w2

A � 2qW2) + k 2k4
zh 2

O + lHwAkz[(4� q)Ww2
A � qWk 2 + lHwAk3

z]

+ k 2t 2
Aw2

Ak2
zv2

A;
(2.126)

with vA = B0=
p

m0r being the Alfvén velocity, and we have de�nedw � k � vA to be the

Alfvén frequency,lH � hH=vA the Hall length,t A � hA=v2
A the ambipolar time, the timescale

at which neutral particles collide with ions, andk 2 � 2W2(2� q) is the square of the epicyclic

frequency as before. In the vicinity ofs = 0, the necessary and suf�cient condition for

stability isC0 > 0, becauseC1 > 0. We now turn to examine this condition for regimes where

different non-ideal effects dominate.

2.5.1 Ohmic diffusion and damping of the MRI

In the case of pure Ohmic resistivity, theC0 > 0 condition leads to

2qW2

k2
zv2

Az
� k 2 h 2

O

v2
Az

< 1 (2.127)

for a disc to be stable. For a Keplerian disc withk 2 = W2, the general condition for modes in

the disc to be stabilised is

3W2

k2
zv2

Az
� 1 < L � 2

O ; (2.128)

showing us that there is a minimum wave-numberkz;min (hence largest wavelength that can

be �tted in the disc vertical domain) above (below) which the disc would always be stable.
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This shows that Ohmic resistivity preferentially stabilises the smaller wavelength modes of

the MRI, while increasinghO increases the range of wavelengths that are fully stabilised.

Noting from Section 2.2 that the most unstable mode in ideal MHD haswA = 3W=4, this

leads to the condition

L 2
O <

1
3

(2.129)

for the most unstable ideal MRI mode to be stabilised.

In real discs where strati�cation is present, the conditionL O < 1 tends to be suf�cient

in suppressing the MRI locally, leading to a region known as the `dead zone' in the disc

mid-plane in the inner disc where the MRI is quenched. The presence of Ohmic resistivity

signi�cantly alters the shape of the MRI eigenmode, �attening it in regions whereL O is

low, as well as reducing the growth rate from its ideal MHD value. Strong resistivity at

the mid-plane also restricts communication between the two sides of the disc through the

quenching of Alfvén waves. This results in modes that are localised on one side of the disc

with identical growth rates to those located on the other (Lesur, 2020), and may be combined

to give overall “hourglass” or “slanted” modes. This can also be interpreted as the “hourglass”

and “slanted” modes becoming degenerate, as the localised modes can be obtained through

a linear combination of degenerate “hourglass” and “slanted” modes. The effect of Ohmic

resistivity on the shape and growth rate of the MRI modes will be explored more fully in

Chapter 10 as we consider Ohmic resistive only disc wind solutions.

2.5.2 Ambipolar diffusion and nonlinear dampening of the MRI

We follow the same procedure as for the pure Ohmic resistivity case, but now for pure

ambipolar diffusion. TheC0 > 0 condition leads to

2qW2

k2
zv2

Az
� 1 < k 2t 2

A

�
vA

vAz

� 2

(2.130)

for stability, recalling our de�nition of the ambipolar time ast A � hA=v2
A. Considering the

Keplerian case ofk 2 = W2, the condition for general disc stability over all modes is given by

3W2

k2
zv2

Az
� 1 < L � 2

A

�
vA

vAz

� 2

; (2.131)

which is essentially the same result as Equation(2.128)for the Ohmic resistivity case when

vA = vAz (pure vertical �eld), showing that ambipolar diffusion also preferentially stablises

the smaller wavelength modes of the MRI, while increasinghA increases the range of

wavelengths that are fully stabilised. It is also worth noting that whenvA 6= vAz, an overall
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background magnetic �eld tilted from the vertical axis, which in the case of discs would

usually result from a strongvAy arising from the winding up of the poloidal �eld, acts to

increase the stability of the system. Examining the most unstable ideal MRI mode where

wA = 3W=4 then leads to the condition

L 2 <
1
3

�
vA

vAz

� 2

(2.132)

for its stabilisation, which again is exactly the same result as Equation(2.129)for Ohmic

resistivity whenvA = vAz.

These results show while ambipolar diffusion affects the MRI in much the same way

as Ohmic resistivity when the magnetic �eld is near vertical, key differences arise in cases

whereBy � Bz, as it can lead to a stable disc even whenL A > 1. This can be understood by

the fact thathA increases quadratically with the overall magnetic �eld strengthjBj, while the

MRI depends only on the magnetic tension due toBz. An increase inBy therefore increases

the diffusivity, but does not change the mechanics of the feedback loop as described in

Section 2.2, resulting in greater dampening on the MRI.

2.5.3 Hall drift and Hall driven linear waves

For the pure Hall case, and in the absence of disc rotation (W= 0), the dispersion relation

can be rewritten as

s 4 + s 2(2w2
A + l2Hw2

Ak2
z) + w2

A = 0; (2.133)

which corresponds to two waves with frequencyw � is given by

w = wA

2

4�
lHkz

2
+

s
l2Hk2

z

4
+ 1

3

5 : (2.134)

The two branches become degenerate and reduce to Alfvén waves whenkz ! 0, but when

kz ! ¥ they take on different behaviours. The positive solution corresponds to the whistler,

also known as electron-cyclotron modes, since for askz ! ¥ , w ! wAlHkz = wH , the whistler

wave frequency. The negative solution corresponds to ion-cyclotron modes, and ask ! ¥ ,

w ! wA=lHkz = wIC, the ion-cyclotron frequency . Both positive and negative solutions

introduce helicity to the magnetic �eld, and whenlH > 0, correspond to right-handed and

left-handed polarised waves respectively. When disc rotation is reinserted, these two waves

lead to two Hall-speci�c instabilities, known as the Hall shear instability (HSI) for the

positive case, and the ion-cyclotron instability (ICI) for the negative case.
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Hall shear instability

The Hall shear instability (HSI) (Kunz, 2008) occurs for the positive solution of Equation

(2.134), and arises from the action of the disc shear on whistler waves. It ampli�es horizontal

�elds, and its action can be seen by considering the Hall and shear terms for the horizontal

components of the induction equation, which are

¶Bx

¶t
= � � � +

Bz

m0

¶
¶z

hH
¶
¶z

By; (2.135)

¶By

¶t
= � � � �

�
Bz

m0

¶
¶z

hH
¶
¶z

+ qW
�

Bx: (2.136)

WhenhHBzWis positive (aligned con�guration), the Hall effect rotates the azimuthal mag-

netic �eld into the radial direction such that Keplerian shear then generates from the radial

�eld an azimuthal magnetic �eld component of the same sign as before, and the process

repeats itself to amplify the overall horizontal �eld strength. On the other hand, whenhHBzW

is negative (anti-aligned con�guration), the radial �eld that results from rotation of the

azimuthal �eld is of the opposite sign, and Keplerian shear generates from the radial �eld a

correspondingly opposite-signed azimuthal contribution to the azimuthal �eld, leading to

a negative feedback loop that weakens the horizontal �elds. The action of the HSI, and its

amplifying or dampening nature due to the aligned or anti-aligned con�guration, is shown

diagrammatically in Figure 2.7, which is taken from Lesur (2020).

The HSI comes from oscillations of the electron (or lighter) �uid, and Lesur (2020)

obtained a criterion for instability by examining the low magnetisation limit that allows us to

decouple the ions from the electrons. In this regime, wherewA ! 0, while keepinglHwA > 0,

the dispersion relation becomes

(s 2 + k 2)[s 2 + lHwAkz(lHkzwA � qW)] = 0: (2.137)

The condition for the HSI to be unstable for a Keplerian disc is then

lHvAzk2
z(lHk2

zvAz� qW) < 0; (2.138)

provided the con�guration is aligned, which translates to the additional condition that

qlHvAz > 0. The inequality shows us that whenk2
zlHvAz > qW, in other words when the

whistler frequency becomes too large, the HSI vanishes. The HSI is susceptible to small scale

quenching, and in a given system has a maximumkz (minimum wavelength) below (above)

which it can operate. Like the MRI, the maximum growth rate of the HSI issmax = qW=2,

whenk2
zlHvAz = qW=2, and the fastest growing modes vary in the vertical direction only,

manifesting themselves as channel-like modes.
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Fig. 2.7 Diagram illustrating the action of the HSI in amplifying/weakening �elds in the
aligned/anti-aligned con�guration (top/bottom). For a positivehH , the direction of Hall
rotation of the �eld depends on the sign ofBz = B0. For positiveB0 > 0, the rotated �eld is
ampli�ed by shear, while for negativeB0 > 0 it is damped. Figure taken from Lesur (2020).

Ion-cyclotron instability

The ion-cyclotron instability (ICI), also called `diffusive MRI' by Pandey and Wardle (2012),

occurs only for anti-aligned con�gurations, and corresponds to the negative solution of

Equation(2.134). The instability arises from the coupling of the left handed Hall wave

to the epicyclic motion (Wardle and Salmeron, 2012). Lesur (2020) derived an instability

condition for the ICI by settingkz ! ¥ to �lter out the whistler wave (as the HSI becomes

quenched), while assuming thats remains �nite, and keeping only the highestO(k4
z) terms

in the dispersion relation. Equation (2.122) then becomes

s 2l2Hk2
zw2

A + [ w2
A + ( 2� q)WlHwAkz][w2

A + 2WlHwAkz] = 0: (2.139)

We see that in the limitW! 0, s ! wIC, con�rming to us that we are dealing with ion-

cyclotron modes here. The condition for these modes to be unstable is then

v2
Az

(2� q)W
> � lHvAz >

v2
Az

2W
; (2.140)

which naturally requires the anti-aligned con�guration. There is no constraint onkz in the

instability condition, hence the ICI can operate on any suf�ciently short length scale for

the approximation to be valid. However, it is only active within a restricted range of �eld
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strengths. Physically, these modes behave like the standard MRI picture, withdBf generated

from dBr , except that here it is not differential shear of the radial �eld that is responsible for

the generation, but the Hall effect (Pandey and Wardle, 2012). This meansdBr can lead to

generation ofdBf of the same sign, rather than of the opposite sign as in the shear-driven

case.

The left hand panel of Figure 2.8, taken from Lesur (2020), plots the Hall-MRI mode

growth rates in 2D plane characterised by a modi�ed Hall Lundquist number,

L �
H =

1
lHkz

=
vA

hHkz
; (2.141)

which gives us a measure of the strength of the Hall effect, againstwA the Alfvén frequency.

In the limit of low L �
H , the regions whens > 0 are bounded by the HSI and ICI instability

conditions calculated in our limiting cases, which are represented by the solid and dashed

white curves respectively. AsL �
H ! ¥ , we simply recover ideal MHD as expected. This

shows us that in the presence of the Hall effect, the behaviour of the MRI can vary drastically

depending on whether it is in the aligned or anti-aligned con�guration. In the aligned

con�guration, Hall drift has a stabilising effect on the MRI, while Hall drift has a destabilising

effect in the anti-aligned con�guration. In the aligned con�guration, Hall-MRI has a lower

mode frequency at whichs is maximum than the MRI in ideal MHD. This is because the HSI

is most ef�cient whenwA is comparable to the whistler wave, while for the MRI this happens

when it is comparable to the Alfvén wave. Since the whistler frequency is proportional to

lHkz and decreases as Hall strength is increased, the HSI leads to a higher growth rate at

lowerwA.

Ohm-Hall MRI

Ohmic resistivity can drastically affect the behaviour of Hall-MRI, and vice versa when

considered in the other sense of the impact of Hall drift on resistive-MRI. The effect of

Ohmic resistivity on Hall MRI was examined in detail by Wardle and Salmeron (2012) and

Pandey and Wardle (2012). Here we will only give an overview of the major results, while

sketching out the reasoning behind them.

Generally, resistivity stabilises Hall-MRI modes, starting from those with highestwA

down to lowerwA asL O decreases. The ICI is �rst to be stabilised due to its higherjwAj

values, while the HSI is also heavily damped. We can see this in the right hand panel of

Figure 2.8, which plots the growth rates in theL �
H � wA plane for a disc withL O = 0:1. The

ICI branch is completely quenched, while the HSI is heavily damped from the pure Hall-MRI

case (compare with the left hand panel which is pure Hall-MRI). Interestingly, the unstable

region grows asL �
H is decreased, showing us that Hall drift can reinvigorate regions that
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Fig. 2.8 Plots of the Hall-MRI growth rates in a 2D plane characterised by the modi�ed Hall
Lundquist numberL �

H and Alfvén frequencywA. The left hand plot is for the pure Hall-MRI
case, while the right hand plot has an Ohmic resistivity such thatL O = 0:1. The dotted white
lines are the analytic bounds of Equation(2.139)for the ICI in the highjkzj limit, while the
white line is the analytic bound of Equation(2.138)for the HSI in thewA ! 0 limit. Both
plots are taken from Lesur (2020).

would normally have been rendered inactive by resistive stabilisation. The stabilising effect

of the HSI mode under the effect of resistivity is examined by Lesur (2020) taking the limits

wA ! 0 with lHwA > 0 in the dispersion relation, giving

(s 2 + k 2)[(s + hOk2
z)2 + lHwAkz(lHkzwA � qW)] = 0: (2.142)

This gives the criterion

L 2
O <

1
2

L 2
H (2.143)

for stabilising the most unstable HSI mode. However, if the reverse is true, then the HSI

can in theory revive regions in the disc that have been thought to have been rendered `dead'

by resistivity. These perturbations would be mostly magnetic in nature with minimal effect

on the velocity �elds, as the HSI is ultimately an unstable whistler mode amplifying the

horizontal �elds, but which leaves the main mass carriers of ions and neutrals unperturbed.

However, as we shall see in Section 2.6, they can lead to drastic changes in the overall

magnetic �eld geometry threading the disc, which can in turn affect the discs' transport

properties. In the anti-aligned case on the other hand, the effects of Ohm Hall-MRI are

similar to that of the purely resistive case, but with slightly reduced growth rates for the MRI

modes compared with the purely resistive case.
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2.6 Non-ideal MHD effects on disc structure and magnetic

wind launch

The effect of non-ideal MHD on protoplanetary disc structure and the launching of the

magnetic wind has been studied in both semi-analytic models (Königl et al., 2010; Nolan

et al., 2017; Teitler, 2011; Wardle and Koenigl, 1993) and numerical simulations (Bai, 2017;

Béthune et al., 2017; Gressel et al., 2020, 2015; Riols et al., 2020). On the one hand, semi-

analytic models, such as the 1-D vertical structure models based on the work of Wardle and

Koenigl (1993), often require gross assumptions about the disc geometry, such as assuming

a standard “hourglass” symmetry of the large-scale magnetic �eld threading the disc (see

Figure 3.1 in Section 3.2). They also constrained the vertical �ux radial transport rate to

zero, and they used simpli�ed diffusivity pro�les that are set to be constant throughout the

vertical extent of the disc. Although they demonstrate that diffusive discs can indeed launch

magnetic winds driving mass accretion under the gross conditions expected in protoplanetary

discs, and are indeed a useful �rst step towards eventually realising a global framework

for modelling the structure and evolution of wind-driven non-ideal MHD protoplanetary

discs, they are also limited by their construction as stationary steady-�ow solutions, as

well as arbitrary restrictions on disc geometry and the requirement of self-similarity on

radial scales (Teitler, 2011). Numerical simulations, on the other hand, allow for the study

of discs in a time dependent manner and can explore different geometries under more

realistic conditions. However, they are limited by computing power, which in turn leads to

insuf�cient integration time for determining the long term outcome of solutions, and lower

resolution than semi-analytic studies. To gain insight into the effect of non-ideal MHD on

protoplanetary disc structure and wind launching therefore requires complementary studies

by both semi-analytical and numerical methods.

Recently, both radially local shearing box simulations (Bai, 2015; Lesur et al., 2014)

and global simulations (Bai, 2017; Béthune et al., 2017; Gressel et al., 2015) have shown

that when realistic prescriptions of all three non-ideal MHD effects are included, we should

expect turbulent activity from the MRI to be quenched throughout most of the disc, resulting

in a mostly laminar disc with steady �ow. This is particularly the case when ambipolar

diffusion is included, which quenches MRI turbulence in the disc surface layers due tohA's

dependence onB2 quenching the surface modes before they develop into turbulence due to

the enhanced diffusivity from magnetic perturbation growth, and allows a weakly magnetised

out�ow to be launched (Bai and Stone, 2013b; Lesur et al., 2014). On the other hand, the

presence of Hall drift in the aligned con�guration leads to the generation of a strong laminar

stress in the disc through the action of the HSI, which enhances angular momentum and mass
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transport (Bai, 2015, 2017; Simon et al., 2015). This laminar stress is polarity dependent, and

is not present when the con�guration is anti-aligned. The mostly laminar nature of the �ow

recovered in both local and global simulations stretches from the inner disc (down to0:3 AU)

to the outer disc region (up to30 AU) (Bai, 2013, 2015), and shows that protoplanetary discs

are most likely wind-driven, rather than MRI turbulence-driven as in traditional pictures of

accretion disc transport. It also justi�es the use of 1-D vertical structure models in modelling

radially local regions of protoplanetary discs, and is a simpli�cation that will be employed in

the work of this Thesis.

Another important effect non-ideal MHD have on protoplanetary discs is in the overall

geometry of the large-scale magnetic �eld threading the disc, which also affects the vertical

variation of the velocity pro�le about the mid-plane and the overall geometry of the magnetic

wind. Bai and Stone (2013b) �rst noted in their local shearing box simulations that both

the traditional “hourglass” and less common “slanted” geometries can result from discs

with Ohmic and ambipolar diffusion prescriptions. They initially dismissed the “slanted”

symmetry as unphysical solutions resulting from the limitations of the shearing box formal-

ism, which neglects curvature terms and does not distinguish which direction the star is in,

hence the requirement that �eld lines should eventually bend to the same direction away

from the central object is not enforced. However, the repeated occurrence of the “slanted”

symmetry in subsequent shearing box simulations (Bai, 2014, 2015; Lesur et al., 2014), and

most strikingly the emergence of “slanted”-like solutions in global simulations where the

inward-directed �eld only bends away from the star high up in the coronal region (Bai, 2017;

Béthune et al., 2017) (see also Figure 2.9), have led to the conclusion that “slanted”-like

solutions are indeed a robust feature of protoplanetary discs, and are closely linked with the

presence of non-ideal MHD.

The origin of the “slanted” symmetry has never been clearly demonstrated, although there

have been various hypotheses. Bai (2017) suggested that in aligned cases where Hall drift is

included, the development of “slanted” regions in the disc may be a result of the HSI strongly

amplifying the horizontal �eld, particularly in the inner disc (< 10AU). Lesur et al. (2014)

in their local simulations have similarly suggested that the HSI spontaneously saturates

into a “slanted” con�guration. This is supported by the observation in both Béthune et al.

(2017) and Bai (2017) that “slanted” symmetries are more prevalent for discs in the aligned

con�guration, and that anti-aligned cases or weak �eld conditions (bmid & 104) lead to more

“hourglass” discs. On the other hand, “slanted”-like con�gurations have also been seen in

global simulations with both Ohmic resistivity and ambipolar diffusion (Gressel et al., 2020;

Riols et al., 2020), as well as simulations where only Ohmic resistivity is present (Rodenkirch

et al., 2020). The HSI therefore cannot be the sole explanation of this phenomenon, and it
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