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Abstract

Accurate estimation of drug combination synergies with uncer-
tainty quantification

Haoting Zhang

In pharmacology, there exists a range of di↵erent quantification frameworks to estimate

the synergistic e↵ect of drug combinations. However, the varying assumptions and the

absence of a universal gold standard across these frameworks make it di�cult to quantita-

tively prioritise which drug combinations from large screening experiments should advance

for further investigation. Furthermore, existing frameworks lack accurate uncertainty

quantification and often do not preserve and decouple the potency and e�cacy parameters

of the combinations, making it di�cult to understand and trust the combination candidates

selected from such models.

In this work, we first propose SynBa, a flexible Bayesian approach to estimate the

uncertainty of the synergistic e�cacy and potency of drug combinations, so that actionable

decisions can be derived from the model outputs. The actionability is enabled by incor-

porating the Hill equation into SynBa, so that the parameters representing the potency

and the e�cacy can be preserved. Existing knowledge may be conveniently inserted

due to the flexibility of the prior, as shown by the empirical Beta prior defined for the

normalised maximal inhibition. Through experiments on large combination screenings

and comparison against benchmark methods, we show that SynBa provides improved

accuracy of dose-response predictions and better-calibrated uncertainty estimation for the

parameters and the predictions.

We then extend SynBa to SynBa-Batch to explain away the batch e↵ects existing in

the noisy measurements so that the noise can be better understood. We provide a route

for SynBa and SynBa-Batch to utilise existing monotherapy information and design more

informed priors. This approach enhances the reliability and robustness of inferring the

synergistic e�cacy and potency of drug combinations.

Furthermore, we incorporate SynBa likelihood in the prediction for drug combination

responses and develop DeepSynBa, a deep learning model that predicts the complete dose-

response matrix of drug pairs instead of relying on an aggregated synergy score. DeepSynBa



separates out e�cacy and potency through the incorporation of SynBa likelihood. This

enables more informed decision-making, as it o↵ers more detailed view of drug interactions

beyond a single synergy measure.

Through SynBa, SynBa-Batch and DeepSynBa, we advocate the use of quantification

frameworks in pharmacology that includes a principled uncertainty estimation for model

parameters, and preserves and decouples the synergistic e�cacy and potency of the

combinations to encourage actionability of the model in further decision-making.
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Chapter 1

Introduction and motivation

The field of machine learning (ML) has gained significant progress in the past decades.

Perhaps most notably, the advancement of ML model architectures, the increasing avail-

ability of massive datasets and the increasingly powerful computational resources have

enabled the success of deep learning and generative models. Models such as the series

of GPT-based models [63] [11], BERT [19], GANs [26] and di↵usion models [32] have

demonstrated the ability to generate highly realistic content, sometimes indistinguishable

from human-created outputs. These models are powerful in tasks such as natural language

processing and image and video generation. Their ability to generalise from a vast amount

of data has resulted in plenty of successful applications such as multi-language translation,

image editing, and recommendation systems.

While it is important to acknowledge that applications such as automated text and

image generation can result in issues such as misinformation, scams and identity theft, some

of which could lead to catastrophic outcomes, these domains often operate in environments

with lower direct risks to human life. In contrast, applications such as healthcare and

autonomous vehicles must operate with higher standards of accuracy and reliability, and

adhere to strict regulations, where even small errors can lead to significant harm. In these

cases, ML models need to o↵er more than just plausible predictions. They must also

provide robust uncertainty estimation and interpretable insights that can be integrated

into the established regulatory processes. An accurate estimation of the uncertainty is

crucial for a trusted and safe usage of the model outputs, which is still a shortcoming of

the large-scale deep learning methods [49].

In drug discovery in particular, diverse sources of uncertainty exist, ranging from estab-

lishing the causal relationship between target and disease, to characterising cellular and

drug properties, measuring drug responses, and translating findings from lab environment

to human beings, to name a few. This becomes problematic when making decisions that

could a↵ect human lives, as unreliable predictions may lead to misguided choices and

detrimental impact on human well-being. For example, the lack of uncertainty estimation
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for the toxicity of a drug may lead to it being more toxic than estimated and kill healthy

cells along with the targeted cancer cells.

In the meantime, drug discovery is not only a problem of identifying novel compounds

(or a novel combination of compounds) but also a challenge of allocating limited resources.

Given the vast space of potential drug candidates and the constrained number of compounds

that can be experimentally tested, the reliability of the predictions from machine learning

models becomes crucial. To achieve this reliability, it is essential to incorporate uncertainty

estimation, enabling informed decision-making by quantifying the confidence in model

predictions.

For these reasons, ML models that deal with small data (in terms of size compared to

those in e.g. large language models) and incorporate uncertainty estimation are necessary

to approach problems in this domain. They also need to be tailored to the specific problem

so that the estimated parameters and their uncertainties can be interpreted or explained.

1.1 Machine learning for drug discovery

The drug discovery and development process is a complex and lengthy journey that takes

over 10–15 years with an average cost of over 1–2 billion for each new drug to be approved

for clinical use [71]. As illustrated in Fig. 1.1 [71], the drug development process is

often illustrated as a funnel where a large number of potential compounds are gradually

narrowed down to a single or a few FDA-approved drugs.

At the top of the funnel, the first step is to perform an extensive genetic and genomic

target identification and validation, usually taking one to two years in practice. This is

an important step to confirm that a specific biological target is involved in the disease

and can be e↵ectively modulated by a drug. Traditionally, understanding the association

between a biological target and a disease requires knowledge of its biological function,

pathways or structural properties, derived from biological experiments. With the increasing

availability of rich genomic, transcriptomic and proteomic datasets, ML has emerged as

a complementary tool for predicting the association between targets and diseases. By

leveraging patterns learned from known drug targets, ML models can predict new potential

targets based on similarities in biological properties, network interactions, or multi-omics

signatures. For example, Jeon et al. developed a support vector machine classifier to

distinguish drug targets from non-drug targets in breast, pancreatic, and ovarian cancers,

integrating genomic and systematic datasets [35]. Although the causal role between the

target and the disease cannot be directly derived, such ML methods have the advantage

of being e�cient and scalable to large datasets, accelerating the experimental design for

biologists.

After that, compound screening is performed, where researchers start with a vast
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Figure 1.1: The process of drug discovery and development. Figure from [71].

number of compounds, typically around 10,000, and test whether they interact with a

target of interest identified in the previous step. These compounds are identified through

various methods, including high-throughput screening, computational modelling, and

insights from biological pathways. The goal at this stage is to predict which compounds

are more likely to achieve desirable therapeutic e↵ects with the target with a relatively

low level of toxicity. The process of compound screening takes another one to two years

in practice. At this stage, the number of drug candidates is typically reduced to a few

hundred. The remaining candidates will proceed to further preclinical testing.

Due to the large number of possible drug candidates and the high-dimensional nature

of the biological and chemical data modalities, machine learning methods are increasingly

employed to analyse the data and make predictions about which compounds are worth

further investigation. The rapid development of deep learning has resulted in increasingly

predictive models capable of extracting informative low-dimensional embeddings from

the high-dimensional biological and chemical data. Graph neural networks (GNNs) and

deep generative models are two classes of ML models that are promising in this scenario,

as GNNs can encode the structural and chemical features of molecules, whereas deep

generative models can generate novel compounds with the desired properties. For example,

DeepGraphMolGen [39] combines GNNs with deep generative models using a reinforcement

learning pathway. In this model, GNNs are used to learn crucial properties of compounds,

whereas the generative module is used to generate novel compounds that satisfy these

properties learnt from the GNNs.

The next stage of the funnel focuses on lead optimisation and pre-clinical testing of

15



the drugs. In this stage, the pharmacokinetics (how an organism a↵ects the drug) and

pharmacodynamics (how the drug a↵ects an organism) of each candidate are evaluated and

quantified. In particular, the toxicity and the e�cacy of the drugs are carefully examined.

At this stage, the complexity of the data increases as more detailed biological and chemical

interactions are examined. The large scale, the high dimensions and the diverse modalities

of the biomedical data available make ML an appealing tool to learn the drug properties.

For example, one important property is how the drug interacts with other drugs in the

human system. Predicting drug-drug interactions (DDIs) is a task where ML has become

useful. DeepDDI [69] is a deep neural network that predicts the DDIs (in the form of

human-readable sentences) from the chemical structures of the compounds, achieving an

accuracy of above 90% on the DrugBank gold standard DDI dataset [81].

Unlike the high-throughput phase, where the primary challenge is managing the volume

of data, the challenge here lies in dealing with the inherent uncertainties of biological

systems. Factors such as variability in the experimental environments, di↵erences in

individual responses, and the limitations of translating in-vitro data to animals and humans

all contribute to this uncertainty. Understanding this uncertainty is crucial because a

successful drug must not exhibit excessive toxicity due to random variation and should

consistently reach the expected e�cacy when applied to humans. By applying advanced

statistical models and machine learning techniques, the aim is to better understand and

manage these uncertainties, improving the decision-making process that leads to clinical

trials. This will also be the focus of this thesis.

Up to this point, all stages belong to the preclinical phase. The next stage in the funnel

enters the clinical phase, where the number of remaining drug candidates is typically

very small. From the thousands of drug candidates, a typical drug discovery study may

end up with 5 candidates going into the clinical trials. Clinical trials are conducted in

multiple phases, starting with a small group of healthy volunteers (Phase 1) to assess safety,

followed by larger groups of patients (Phases 2 and 3) to evaluate e�cacy and monitor side

e↵ects. By the time a drug reaches clinical trials, most of the work follows a predefined and

highly regulated framework, with strict protocols and guidelines that govern every aspect

of the process. While there is still some room for optimisation, particularly in patient

stratification and personalised medicine, the scope for applying novel computational models

is more limited compared to earlier stages. In particular, most machine learning models

lack the interpretability and explainability required for this stage of the study, and are

thus limited to being applied in the preclinical stage which is more exploratory.

In summary, out of the original 5,000 to 10,000 compounds, only one will typically

be approved by the FDA and make it to the market [15]. This singular drug represents

years of research, development, and testing, with an estimated time frame of 10-15 years

from initial discovery to approval. Post-marketing monitoring and research would follow
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to ensure the safety and e�cacy of the drug in the general population.

The pipeline above describes the development of a new single drug compound, also called

monotherapies, which we will refer to repeatedly for the remainder of this thesis. Another

method of developing new drugs, which has become popular in modern pharmacology, is to

combine two drug compounds, due to a number of advantages. First, there is a possibility

of an increase in e�cacy, especially when the two drugs have di↵erent mechanisms of action

[18]. Secondly, drug combination allows for decreasing the dosages of each component

and thus their toxicity [18]. Thirdly, with the increased use of small molecule drugs in

monotherapy, resistance to treatments has become a clear challenge. Drug combinations

o↵er a possible solution to bypassing resistance with alternative targeting [84] [89] [16]. In

addition, there is evidence that drug combinations may provide a lower risk of side e↵ects,

which directly results in a better quality of life [12] [60] [27]. Combinations are particularly

explored in complex diseases such as cancer, where single agents may be insu�cient to

address the complex nature of the disease. In addition, since the monotherapies are most

often FDA approved, the timescale of getting a combination onto the market will be

shorter than a brand new drug compound.

The space of potential drug combinations grows exponentially with the number of drugs,

creating a vast and complex landscape that is challenging to explore through traditional

experimental methods alone. This is where machine learning can o↵er assistance as a tool.

Machine learning models have the potential to analyse large datasets, predict synergistic

interactions, and prioritise the most promising combinations for further investigation.

Thanks to the development of high-throughput approaches to drug combination screening,

the amount of data is now on an unprecedented scale. Examples include the AstraZeneca-

Sanger DREAM challenge (DREAM) [54], NCI-ALMANAC [33], DrugComb [85], the

screening data from the Wellcome Sanger Institute [34], and the latest AstraZeneca-Sanger

data [5]. The availability of these datasets makes it possible to predict the e↵ect of drug

combinations from modelling drug-sensitivity data, leveraging information from biological

features of the cell lines and chemical characteristics of the drugs [12]. Chapter 6 will

include a detailed review of these methods.

1.2 Uncertainty and decision-making for drug discov-

ery and combinations

The drug discovery process described in Section 1.1 is a lengthy and costly process

that often takes more than a decade to produce a viable and safe drug from thousands

of candidates. Even for the drugs that enter clinical trials, 90% of them will fail to

pass the trials. The reasons for this are complex, which include lack of clinical e�cacy,

unmanageable toxicity and poor drug-like properties [71]. Many of these reasons stem
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from the inherent uncertainty that lies along the drug discovery process, from the early

stage of target identification to the clinical stage.

In the target identification stage, there are uncertainties in determining the causal

relationship between a target and a disease pathway. While a target may appear to

be associated with a disease based on genetic, transcriptomic, or proteomic data, this

correlation does not necessarily imply causation. Targets may have o↵-target e↵ects in

multiple biological processes, resulting in the indirect association with the disease.

In the stage of lead optimisation and preclinical test, uncertainties arise in the prediction

of the e�cacy, potency, PK and PD properties of the drugs. A small biological variability

or a di↵erence in experimental environments could result in significantly di↵erent results

for the estimation of these properties. Within the drug properties of interest in this stage,

one critical aspect is the toxicity level of the drug, i.e. whether other healthy cells are

excessively killed when the drug is applied. If there is a significant uncertainty around

toxicity, even if the e�cacy appears promising, the potential risks of o↵-target side e↵ects

might outweigh the benefits. It is crucial to prioritise drugs with well-understood and

low-toxicity profiles because the consequences of advancing a highly toxic compound are

severe, potentially harming patients by damaging healthy cells.

There is also uncertainty in the translation from in vitro (i.e. in a controlled environment

outside a living organism, typically in a laboratory setting) assays or animal models to the

clinical trials on human beings, since the former may not fully capture the complexity of

human physiological or disease states, leading to discrepancies in translational outcomes.

Even when in vitro studies are rigorously controlled and yield strong results, discrepancies

in translational outcomes can still arise.

Due to the presence of multiple sources of uncertainty, it is important to select drug

candidates for clinical trials that are not only promising but also supported by robust

evidence and low uncertainty. While it is impossible to eliminate uncertainty entirely,

carefully modeling and prioritising candidates with lower uncertainties can improve the

e�ciency and success rate of the drug development pipeline. The goal is to maximise

the likelihood of successful drug development and ensure that limited resources are used

e↵ectively, ultimately benefiting human well-being.

In this thesis, we focus on the uncertainty that arises in the stage of lead optimisation

and preclinical test. In particular, we focus on the uncertainties in predicting how the

e�cacy and the potency change when two drugs are combined. Over the years, there

have been quantification frameworks that measure and interpret the interactions between

the drugs, which will be reviewed in detail in Chapter 3. These frameworks generate

quantified metrics that provide insights into whether the combined e↵ect of the drugs is

greater than, equal to, or less than the sum of their individual e↵ects. Such metrics can

be used for subsequent decision-making, guiding researchers and clinicians in determining
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whether a particular drug combination is worth pursuing in further preclinical or clinical

studies. However, there has been no consensus on which framework is the gold standard.

The lack of agreement largely stems from the fact that many existing frameworks rely on

assumptions that may not hold true across di↵erent biological contexts or therapeutic

areas.

Moreover, the existing quantification frameworks for pharmacology do not fully explore

the challenge of uncertainty. There are various sources of uncertainty associated with

drug-sensitivity modelling. First, the biology of dose-response relationships is still unknown

despite existing e↵orts. This leads to uncertainty associated with insu�cient scientific

knowledge. Secondly, there are systematic and random errors arising from the experimental

procedures. Thirdly, biological variation exists among cell lines of the same disease,

resulting in a further source of noise. Finally, uncertainty also stems from the limited

information that can be extracted due to the small size of available data (epistemic

uncertainty).

Given these multiple sources of uncertainty, it is often impossible to reach an accurate

estimate of the quantities of interest, e.g potency of a monotherapy, or the synergistic

e↵ect (in terms of either potency or e�cacy) of a combination. Since it is di�cult to

reach the ground truth, the next resort would be to quantify the uncertainty of the

estimates along with their most probable values. By analysing the estimated uncertainty

of the key parameters, researchers can make informed decisions on various aspects of

drug development. For example, when evaluating the drug combination candidates, the

uncertainty level of the outputs can reveal which combinations are most likely to be

synergistic, and whether a high confidence level is accompanied with this prediction. This

information can also indicate which combinations require additional experimental validation

to reduce uncertainty before advancing. Such data-driven decisions help streamline the

development pipeline, ensuring that the finite amount of time and experimental resources

are allocated e�ciently.

Moreover, examining the uncertainty in the prediction of drug viability across di↵erent

dosage ranges can aid experimental design. Researchers can strategically select the most

informative dosages to explore in subsequent experiments. For example, regions with

high uncertainty but potential for e�cacy can be targeted to maximise the information

gained from additional experiments. By focusing on these areas, researchers can refine

their understanding of the dose-response relationship, identifying optimal dosage levels

that maximise therapeutic e↵ects while minimising adverse reactions. Compared to

traditional trial-and-error methods, conducting experiments sequentially based on the

continuously updated uncertainty estimates can improve e�ciency, potentially leading to

higher information gain with the same number of experiments.

In Chapter 3, we will formally define the key quantities of interest in drug combination
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studies, which are the core focus of this thesis. We will review the existing estimation

frameworks for these quantities and discuss their strengths and limitations. We will also

discuss the role of uncertainty in the estimation of these quantities.

1.3 Structure of this thesis

In this study, we aim to achieve a more accurate estimation of drug combination synergies

by developing a principled framework for uncertainty quantification. This framework

addresses the uncertainty associated with both the model parameters and the synergy

values themselves. By implementing such an approach, we aim to demonstrate the benefits

of incorporating structured uncertainty estimation into decision-making processes within

drug development.

In Chapter 2, we introduce the necessary machine learning methodologies for this

study, with a particular focus on Bayesian inference, the paradigm we use for uncertainty

estimation. We will explain why we opt for the Bayesian approach for uncertainty

estimation in our problem of interest. The foundation established in this chapter will

facilitate a clearer understanding of the methodology presented in Chapters 3 to 6.

Chapter 3 outlines the details of the pharmacological problem we aim to address, i.e.

quantifying synergy in drug combinations and the associated uncertainty. We define the

parameters of interest and set out the notations. We also discuss whether the existing

frameworks for synergy quantification, or the current concept of “synergy” itself, are

adequate.

In Chapter 4, we present SynBa, our new Bayesian method to address the problem of

quantifying synergy in drug combinations and the associated uncertainty defined in Chapter

3 and improve upon the drawbacks of the existing frameworks. This work is presented as

a publication [86]. Its code is available at https://github.com/HaotingZhang1/SynBa.

In Chapter 5, we identify the significant impact of the batch e↵ects on dose-response

measurements and the lack of adequate approaches to address this critical issue. We also

extend SynBa to SynBa-Batch, a new method aimed at addressing the gap in modelling

batch e↵ects.

In Chapter 6, we explore how SynBa can be incorporated in predicting the synergy

of novel unexplored drug combinations to support the decision-making processes in drug

discovery pipelines. As a first step in this direction, we propose DeepSynBa, which

incorporates the likelihood function of SynBa and predicts the entire dose-response grid

rather than a single synergy score, which has its drawbacks as discussed in Chapters 3

and 4. The preprint of this work is available at bioRxiv [43]. Its code is available at

https://github.com/hikuru/DeepSynBa. At the end of the chapter, we discuss the next

steps for incorporating the full SynBa to the prediction of dose-response grids, including
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its Bayesian component.

For the studies in Chapters 4 and 5, I am primarily responsible for the conceptualisation,

methodology development, implementation, result analysis and manuscript writing. My

co-authors, who are my supervisors, provided guidance, suggestions and feedback through

my research and writing.

The study in Chapter 6 is a collaborative e↵ort with Halil Ibrahim Kuru (Bilkent

University), A. Ercument Cicek (Bilkent University, Carnegie Mellon University), and

Oznur Tastan (Sabanci University). In this collaborative e↵ort, Kuru and myself contribute

equally to the work and are labelled as the joint first authors of this work. Myself proposed

the initial idea, developed the methodology, assisted with the implementation of the

SynBa likelihood incorporation, co-analysed the experimental results, and co-wrote the

manuscript. Kuru completed most of the computational implementation, co-analysed the

experimental results, and co-wrote the manuscript.

21



22



Chapter 2

Methodology background in machine

learning

In machine learning, we are interested in finding a model that summarises a dataset

D. Two of the most dominant themes in machine learning are supervised learning and

unsupervised learning.

In supervised learning, the most common scenario is for each data item (xi, yi) in

the dataset D to contain a potentially multi-dimensional input xi 2 Rd (or also called

explanatory variables, predictors, or covariates) and a one-dimensional output yi 2 R (or

also called the response, target, or outcome variable). In some cases, the output can also

be multi-dimensional. The task in supervised learning is to parameterise the data using

a function f : Rd ! R as a model. The model can then predict the output ŷi = f(xi;✓)

given parameters ✓ and some input xi. The parameter ✓ can be one-dimensional or

multi-dimensional. In the case of deep learning, for example, ✓ can have millions of

dimensions.

In unsupervised learning, each data item is not split into input and output. Instead,

we directly summarise the data items xi 2 D as a whole. For example, one common

task is to partition the data into K clusters. In this case, the task is to find a function

f : Rd ! {1, 2, ..., K} parameterised by ✓ that maps each data item xi to one of the

clusters k 2 {1, 2, ..., K}. The parameter ✓ can be defined in various ways. For example, in

clustering, the parameters may include the weight of each cluster, as well as the parameters

that define the distribution of each cluster.

Whether it is supervised or unsupervised learning, there are two key aspects to be

addressed, namely model specification and estimating the model parameters ✓.

Model specification is the process of defining the function space for f , i.e. defining

all possible functions that the model can learn. The choice of this function space is

crucial because it determines whether the model can capture the underlying relationships

in the data. A model with an inappropriate function space for f will yield inaccurate
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predictions, regardless of how advanced the computational power and the optimisation

techniques are. On the other hand, if the function space is too broad, allowing for

excessive flexibility, the model may fall into the issue of identifiability, meaning two or

more parameterisations fit the model to the data equally well. For example, if we fit a

quadratic function f(x) = ax
2 + bx+ c to a dataset with only two points, then there are

infinitely many quadratic curves that can pass through these two points and result in zero

training error, making the model non-identifiable. Such models may overfit the training

data, resulting in poor generalisability to new data from the same underlying population.

An e↵ective model specification is essential for machine learning, ensuring that the insights

drawn from data have the potential to be accurate and reliable.

After the model is specified, the remaining key question is estimating the parameters

✓ given the dataset D. There are two main approaches for estimating ✓. One treats it as

an unknown fixed value, seeking the best point estimate that explains the data, while the

other treats it as a random variable, incorporating uncertainty into the estimation. These

approaches form the foundation of the frequentist and Bayesian paradigms in Statistics.

2.1 The frequentist approach

The frequentist approach to parameter estimation focuses on a likelihood function L(X;✓),

which represents the probability of observing the data X given the parameters ✓. In this

framework, the parameter ✓ is treated as a fixed, but unknown quantity, and the data is

considered random. The likelihood function is defined as:

L(X;✓) = p(X | ✓). (2.1)

To estimate ✓, the frequentist approach maximises the likelihood function. The

parameter estimate ✓̂ is found by solving the following optimisation problem:

✓̂ = argmax
✓

L(X;✓) = argmax
✓

p(X | ✓). (2.2)

This method is known as Maximum Likelihood Estimation (MLE). The frequentist

interpretation is based on the idea that, with a large amount of data, the MLE will

converge to the true parameter value.

In this regime, the standard error (SE) is commonly used as a measure of the uncertainty

associated with a sample estimate. The SE quantifies the variability of the sample

mean by calculating the standard deviation of the sampling distribution of the mean.

Mathematically, the SE is defined as

SE =
sp
n
, (2.3)
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where s is the sample standard deviation and n is the sample size. The standard error

provides an indication of how much the sample mean is likely to deviate from the true

population mean.

However, the use of standard error as a measure of uncertainty has several limitations,

particularly when dealing with small sample sizes. One significant drawback is that SE

relies on the assumption that the sample standard deviation s is an accurate estimate

of the population standard deviation. When the sample size n is small, this assumption

may not hold. Consequently, the standard error may provide an unreliable measure of

uncertainty, giving a false sense of confidence in the sample estimate.

Bootstrap is another common uncertainty estimation method for the frequentist ap-

proach. It estimates the sampling distribution of a statistic by resampling with replacement

from the original data (nonparametric bootstrap) or by sampling from a model estimated

from the data (parametric bootstrap). The estimation is repeated for a specified number

of times, and the variability of these resampled statistics provides an empirical distri-

bution that approximates the sampling distribution, enabling more robust estimates of

uncertainty.

One advantage of the bootstrap over traditional SE calculations is its flexibility and

minimal reliance on assumptions. Since bootstrap does not require the assumption of

any specific parametric form for the underlying data distribution, it can be applied to

a wide range of problems, including those with non-normal or unknown distributions.

However, its e↵ectiveness heavily depends on the size and typicality of the original sample.

When the sample size is small, the bootstrap may fail to capture the true variability

of the population, leading to biased or excessively optimistic estimates of uncertainty.

This is because small samples may not adequately represent the population’s underlying

distribution, causing the resampling process to replicate the same data points multiple

times and fail to account for unobserved variability.

Therefore, although several standard frameworks exist for estimating parameter uncer-

tainty in the frequentist approach, they rely on assumptions that can make the estimated

uncertainty unreliable in certain cases. Additional diagnostics are often needed to assess

the reliability of the uncertainty estimation, complicating the overall process.

2.2 The Bayesian approach

A di↵erent approach to the parameter estimation problem is the Bayesian approach, which

treats the parameter ✓ as a random variable with its own probability distribution, rather

than a fixed quantity as in the frequentist paradigm. Prior beliefs about the parameters ✓

are incorporated through a prior distribution, and then updated based on the observed
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data X to obtain the posterior distribution. The update is performed using Bayes’ theorem

p(✓ | X) =
L(X;✓)p(✓)

p(X)
=

L(X;✓)p(✓)R
✓0 L(X;✓0)p(✓0)d✓0 . (2.4)

where p(✓ | X) is the posterior distribution, L(X;✓) is the likelihood of the observed data

given the parameters, and p(✓) is the prior distribution reflecting our prior beliefs about

the parameters. The posterior distribution provides a complete summary of our knowledge

about the parameters ✓ after observing the data X.

The Bayesian approach naturally incorporates uncertainty in parameter estimates

through the posterior distribution. Rather than providing a single point estimate, the

Bayesian method yields a distribution over possible values of ✓, allowing us to quantify

the uncertainty associated with the estimates.

The key di↵erence between the frequentist and Bayesian approaches lies in how they

treat the parameter ✓. Frequentist methods consider ✓ as fixed and unknown, focusing

solely on the likelihood derived from the data. In contrast, Bayesian methods treat ✓ as a

random variable, integrating prior information with observed data to form a comprehensive

posterior distribution.

The strength of the Bayesian approach is that it o↵ers a direct route to incorporating

prior knowledge and quantifying uncertainty. This can be particularly advantageous in

fields such as pharmacology, where prior knowledge about biological processes is often

available, and understanding the uncertainty associated with model predictions is crucial

for decision-making.

2.3 Why Bayesian for this study?

Both SE and bootstrap have been used for uncertainty estimation in the quantification

of pharmacological metrics in monotherapies and drug combinations. However, in such

applications, the drug viability of interest often has only a small number of measurements,

sometimes smaller than 10. For example, in the DREAM Challenge [54], each set of

monotherapy experiments has a size of six. This sample size is too small for the SE

to adequately capture the variability of the samples. Similarly for bootstrap, the small

sample size makes it unlikely to represent the true underlying distribution of the quantify

of interest.

For this reason, we opt for the Bayesian approach instead in this study. By using a

Bayesian approach, the posterior uncertainty will be continuously updated when new data

arrives, and will remain conservative (if a conservative prior distribution is set) when the

data size is limited or too noisy, hence naturally avoiding overfitting or being overconfident

in the uncertainty.
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The second motivation for approaching this problem with the Bayesian framework is

the utilisation of priors. With a Bayesian approach, existing knowledge from biology and

historical data can be naturally inserted into the model through the prior distributions for

the parameters. We aim to design a Bayesian model where the biological knowledge is

preserved in the corresponding parameters so that the model can retain interpretability

and improve e�ciency.

While Bayesian inference o↵ers significant advantages in terms of incorporating prior

knowledge and providing a coherent framework for uncertainty quantification, it is not

without its challenges [22]. One of the primary di�culties is that Bayesian methods often

involve integrals over complex, high-dimensional spaces that do not have closed-form

solutions. The integral
R
✓0 L(X;✓0)p(✓0) required to compute the marginal likelihood

for the data is often intractable, especially for the complex models used for scientific

discovery. As a result, the posterior distribution becomes intractable according to Eq.

(2.4). Therefore, Bayesian inference typically relies on approximation techniques that will

be introduced in Section 2.4.

2.4 Approximate inference

In this section, we introduce two of the most widely used approximate inference schemes

for Bayesian inference, Variational Inference (VI) and Markov chain Monte Carlo (MCMC),

which are employed to estimate the posterior distribution when an analytical solution is

not feasible.

2.4.1 Variational inference

In Bayesian inference, model selection is performed by maximising the model evidence

log p(X). When it is intractable, approximate inference is required. This leads to the

motivation of variational inference (VI), which is to estimate the intractable posterior

distribution by approximating it with a simpler, tractable class of distribution. We call it

the variational distribution and denote it as q(✓). The problem now turns into finding

a q(✓) that is “good enough” as an approximation for the true posterior p(✓ | X). In

VI, We do this by finding a tractable lower bound for log p(X) and finding the q(✓) that

maximises this lower bound.
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We write log p(X) as:

log p(X) =

Z
q(✓) log p(X)d✓

=

Z
q(✓) log

p(X,✓)

p(✓ | X)
d✓

=

Z
q(✓) log

p(X,✓)

q(✓)

q(✓)

p(✓ | X)
d✓

=

Z
q(✓) log

p(X,✓)

q(✓)
d✓ +

Z
q(✓) log

q(✓)

p(✓ | X)
d✓

�
Z

q(✓) log
p(X,✓)

q(✓)
d✓

(2.5)

where the second term in the fourth line is the KL divergence between the two distributions

q(✓) and p(✓ | X). The KL divergence is non-negative for any two distributions, resulting

in the inequality sign in the final line, and thus a lower bound for log p(X).

This lower bound is called the evidence lower bound (ELBO):

L(q) :=
Z

q(✓) log
p(X,✓)

q(✓)
d✓ = Eq(✓) [log p(X,✓)]� Eq(✓) [log q(✓)] . (2.6)

This is the quantity that variational inference maximises to find the best approximation

q(✓) to the true posterior.

Now the next question is how do we define the function class for q(✓)? Since the

objective is to find a tractable approximation for the posterior, it is natural to narrow down

to distributions that are more computationally convenient. This leads to the mean-field

approximation, a common variational approach where q(✓) is assumed to factorise over

the components of ✓:

q(✓) =
dY

i=1

q(✓i), (2.7)

where each ✓i is independent. With this factorisation, the ELBO can now be written as

L(q) = Eq(✓) [log p(X,✓)]�
nX

i=1

Eq(✓i) [log q(✓i)]

= Eq(✓j)

⇥
Eq(✓¬j) [log p(X,✓)]

⇤
�

nX

i=1

Eq(✓i) [log q(✓i)]

(2.8)

for each j 2 {1, ..., D}.
One way to approach this optimisation is to iteratively optimise qj := q(✓j) for each j.
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Reorganising L(q), we have

L(qj) = Eq(✓j)

⇥
Eq(✓¬j) [log p(X,✓)]

⇤
� Eq(✓j) [log q(✓j)] + constant

= Eq(✓j)

⇥
Eq(✓¬j) [log p(X,✓)]� log q(✓j)

⇤
+ constant

(2.9)

where some terms are treated as constant because the other distributions qi are independent

to qj for i 6= j. Di↵erentiating this w.r.t. qj would yield

@

@qj
L(qj) = Eq(✓¬j) [log p(X,✓)]� log q(✓j) + constant (2.10)

which equals zero when

log q(✓j) = Eq(✓¬j) [log p(X,✓)] + constant. (2.11)

Finally, we have

qj = constant · exp(Eq(✓¬j) [log p(X,✓)]). (2.12)

If the expectation

Eq(✓¬j) [log p(X,✓)] (2.13)

is tractable for each j, then we reach the solution for qj according to Equation (2.12). This

can be done by choosing the function class for qj in clever ways, according to the need for

the specific problem of interest.

While VI is “always wrong” in the sense that we cannot write an intractable distribution

with a tractable form, it is usually “good enough” for many practical applications. This

trade-o↵ is often acceptable, especially when exact inference is computationally intractable

and when other approximate inference methods such as MCMC are too computationally

costly, as VI can provide a solution with a significantly smaller computational cost.

However, the mean-field approximation often underestimates the true uncertainty

by ignoring correlations between parameters in the mean-field formulation, leading to

excessively confident estimates [9]. In addition, in cases where the intractable true posterior

is multi-modal, it will be challenging for the posterior to be approximated by the variational

distribution, which is usually constrained to be unimodal so that the expression (2.13) is

tractable. This will be the case to be discussed in Section 4, and also more generally in

scientific discovery, where the parameters of interest may not only have one mode.
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2.4.2 Markov chain Monte Carlo

As discussed, the main challenge in inferring the posterior distribution is to evaluate the

integral

p(X) =

Z

✓0
L(X;✓0)p(✓0)d✓0

.

More generally speaking, it has been a common challenge to evaluate the expected value

of a function f(x) w.r.t. some probability distribution p(x):

Ep(x)[f(x)] =

Z
f(x)p(x)dx, (2.14)

especially when f(x), p(x) or both have a complex form, or when the dimensionality of x

is high. There is a need for a more general scheme to estimate such quantities. This leads

to the development of sampling methods. The key idea for sampling is that instead of

solving the integral analytically, we generate samples from the distribution p(x) and use

these samples to approximate the expectation. Monte Carlo (MC) sampling is the most

basic and widely used method for approximating such integrals through random sampling.

In MC sampling, we generating N independent and identically distributed (i.i.d.) samples

x1,x2, ...,xN from p(x), and then approximating the expectation by the sample mean:

Ep(x)[f(x)] ⇡
1

N

NX

i=1

f(xi) (2.15)

As N increases, the approximation becomes more accurate. By the law of large numbers

(LLN), the Monte Carlo estimate converges to the true value of the integral as N goes to

infinity.

To compute a sampling estimate, we would need to be able to sample from p(x). In

many cases, direct sampling from p(x) is either infeasible or ine�cient, especially when

p(x) is complex. To address this, advanced sampling techniques have been developed, most

of which rely on the idea of drawing samples from a simpler, more tractable distribution

q(x), known as the proposal distribution. This approach is conceptually similar to VI in

that it simplifies the problem by involving a distribution with a simpler form. However,

unlike VI, which approximates the posterior and may not converge to the true distribution,

MC methods aim for asymptotic exactness, ensuring that the estimated posterior converges

to the true posterior as the number of samples increases to infinity.

Among these techniques, one of the simplest is rejection sampling [25]. In rejection

sampling, we sample from a simpler proposal distribution q(x), which is easy to sample

from, and we accept or reject each sample based on a criterion related to the ratio of the

target density p(x) to the proposal density q(x). Specifically, we draw a candidate sample
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x⇤ from q(x), and accept it with probability

↵(x⇤) =
p(x⇤)

Mq(x⇤)
(2.16)

where M � max
⇣

p(x)
q(x)

⌘
is a constant ensuring that ↵(x⇤)  1. This algorithm becomes

ine�cient when q(x) does not closely resemble p(x), especially in high-dimensional spaces.

Another approach is importance sampling [38] [40]. In this method, we sample from the

proposal distribution q(x) and reweight the samples using importance weights to correct

for the di↵erence between q(x) and p(x). The importance weight for a sample xi is given

by

w(xi) =
p(xi)

q(xi)
. (2.17)

The expectation of a function f(x) under p(x) can then be approximated as

Ep(x)[f(x)] ⇡
1

N

NX

i=1

w(xi)f(xi). (2.18)

One advantage of this method is that there is no need to normalise p. When p and q are

both unnormalised, denoted as p̃ and q̃, we will have

Ep(x)[f(x)] ⇡
P

N

i=1 w̃(xi)f(xi)P
N

i=1 w̃(xi)
(2.19)

where

w̃(xi) =
p̃(xi)

q̃(xi)
. (2.20)

However, importance sampling can su↵er from high variance if q(x) and p(x) do not

overlap well, leading to large weights for some samples and very small weights for others.

To address these ine�ciencies, Markov chain Monte Carlo (MCMC) methods were

developed. MCMC methods construct a Markov chain whose stationary distribution is

the desired posterior distribution. In every iteration, the next sample is generated from a

distribution that depends only on the current sample, making it a Markov chain. Over

time, the samples generated by the chain converge to the posterior distribution, allowing

us to estimate expectations and other properties of the posterior.

Conceptually, MCMC is more e↵ective than methods such as rejection sampling and

importance sampling due to its ability to adaptively build the sample set, using previously

accepted samples to guide future proposals. Over time, the Markov chain spends more

time in regions where the target distribution p(x) has higher density. Even if we start

from a poor initial proposal, the chain will ”adjust” and gradually concentrate on areas

with higher probability. This ability to adaptively focus on high-probability regions gives

31



MCMC an advantage over rejection or importance sampling, which depend on the proposal

distribution q(x) being good from the start.

Since the use of MCMC in this thesis is to estimate the posterior p(✓0 | X,y), from

this point onward, we use the notation p(✓0 | X,y) in place of the more general notation

p(x) used in rejection and importance sampling, but note that the following equations

hold for any general distribution, not just for p(✓0 | X,y).

The Metropolis-Hastings algorithm [56] is one of the simplest and most widely used

MCMC methods. It generates a sequence of samples {✓(t)} by proposing a new sample ✓0

from a proposal distribution q(✓0 | ✓(t)) and accepting it with a probability:

↵ = min

✓
1,

p(✓0 | X,y)q(✓(t) | ✓0)

p(✓(t) | X,y)q(✓0 | ✓(t))

◆
. (2.21)

If the proposed sample is accepted, ✓(t+1) = ✓0; otherwise, ✓(t+1) = ✓(t). The Metropolis-

Hastings algorithm is general and flexible, but it can su↵er from slow convergence and

high autocorrelation, especially in high-dimensional parameter spaces.

To address these issues, Hamiltonian Monte Carlo (HMC) [21] introduces auxiliary

momentum variables p and uses Hamiltonian dynamics to propose new states. The

Hamiltonian H(✓,p) is defined as:

H(✓,p) = � log p(✓ | X,y) +
1

2
p>M�1p, (2.22)

where M is a mass matrix. By using the momentum as a “push”, HMC can make larger,

more directed moves. This results in a more e�cient exploration of the distribution, leading

to faster convergence and lower autocorrelation compared to vanilla MCMC methods. HMC

is particularly e↵ective for high-dimensional problems with complex posterior distributions.

The class of MCMC methods has the advantage of being asymptotically convergent to

the exact posterior distribution. However, in practice, it is di�cult to verify whether the

exact correct solution has been reached. While running diagnostics such as trace plots and

computing the e↵ective sample size can provide insights into the convergence of the chains,

they do not guarantee that the sampler has fully explored the posterior distribution or

identified all its modes.

MCMC can also be computationally slow, particularly in high-dimensional spaces, and

may su↵er from issues such as getting stuck in local modes. The e�ciency of MCMC also

depends on the choice of the initial values and the proposal distribution. Poor initialisation

or poorly chosen proposal strategies can lead to slow mixing and convergence, a↵ecting

the reliability of the results.
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2.5 An example: Clustering and latent variable mod-

elling

As an example, we now go through the Gaussian Mixture Model (GMM), a classic example

of latent variable modelling, that requires approximate inference. Understanding GMMs

will provide a solid foundation for the models and inference methods discussed in the

subsequent sections and chapters.

Clustering is a fundamental technique in unsupervised learning that aims to partition a

set of observations into distinct groups or clusters, such that observations within the same

cluster are more similar to each other than to those in di↵erent clusters. This process

is particularly useful for exploring the structure of data, identifying natural groupings,

and summarising large datasets. Clustering techniques are widely applied across various

domains, including pharmacology. Due to the complexity of the high-dimensional and

multi-modality data structure, as well as the existence of structured noise, it is helpful to

identify meaningful patterns and subgroupings within the data [8].

A common approach to clustering involves introducing a latent categorical variable

z, which indicates the cluster assignment for each observation. Let X = {x1,x2, ...,xn}
denote the observed data, where each xi 2 Rd is a d-dimensional input vector. The

latent variable zi = k represents the assignment of the i-th observation to the k-th cluster,

where k 2 {1, 2, ..., K}. In this context, clustering can be viewed as a latent variable

modelling problem, where the goal is to infer both the number of clusters K and the

cluster assignments {z1, ..., zn} from the data.

Latent variable models, such as mixture models, provide a probabilistic framework for

clustering. In a GMM, for example, the observed data X is assumed to be generated from

a mixture of Gaussian distributions. The generative process for a GMM can be described

as follows:

1. Draw the cluster assignment zi = k from a categorical distribution with probabilities

(⇡1, ⇡2, ..., ⇡K).

2. Given zi = k, draw xi from a Gaussian distribution with mean µk and covariance

matrix ⌃k.

The joint distribution of the observed data and the latent variables is given by

p(xi, zi = k | ✓) = ⇡kN (xi | µk,⌃k), (2.23)

where ✓ = {⇡k,µk,⌃k}Kk=1 are the parameters of the mixture model. The mixture model

approach allows for the modelling of complex data distributions by assuming that each

cluster is represented by a di↵erent component of the mixture, making it a flexible tool for

capturing the underlying structure of the data.
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The introduction of the latent variable z not only facilitates clustering but also enables

the incorporation of uncertainty into the model. By treating the cluster assignments as

latent variables, the model can account for the possibility that an observation may belong

to multiple clusters with di↵erent probabilities. This probabilistic interpretation provides

a richer understanding of the data, allowing for soft clustering, where each observation can

be associated with more than one cluster to varying degrees. This is particularly helpful

in applications with a high level of uncertainty in the data acquisition and measurement

process.

To estimate the parameters ✓, some specialised computational algorithms are required

because the problem does not yield a closed-form solution due to the presence of the latent

cluster assignments. This requires the use of iterative optimisation techniques, such as the

Expectation-Maximization (EM) algorithm [17], which alternates between estimating the

latent variables and optimising the model parameters.

The EM algorithm is particularly well-suited for problems where direct optimisation of

the likelihood function is di�cult due to the involvement of unobserved latent variables,

such as the GMM. By iteratively performing an Expectation step (E-step) to compute

the expected log-likelihood and a Maximisation step (M-step) to update the parameter

estimates, the EM algorithm provides a practical and e�cient means of achieving exact

inference in many settings. Through this iterative process, the EM algorithm navigates

the complex parameter space, refining the estimates until convergence, thereby finding the

parameter values that maximise the likelihood of the observed data.

The EM algorithm consists of two main steps that are iteratively applied:

• E-step (Expectation step): In this step, the expectation of the complete-data

log-likelihood, Q(✓ | ✓(t)), is computed with respect to the current estimate of the

posterior distribution of the latent variables given the observed data and the current

parameter estimates ✓(t). The E-step can be formally written as

Q(✓ | ✓(t)) = EZ|X,y,✓(t) [log p(y,Z | X,✓)] (2.24)

where Z denotes the latent variables, which is the latent cluster assignment in the

case of GMM.

• M-step (Maximisation step): In this step, the parameter estimates ✓ are updated

by maximising the expected complete-data log-likelihood computed in the E-step.

The updated parameters ✓(t+1) are obtained by solving

✓(t+1) = argmax
✓

Q(✓ | ✓(t)). (2.25)

To approach GMM with EM, we first define the responsibility �ik, which represents
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the probability that data point i belongs to cluster k:

�ik =
⇡kN (xi | µk,⌃k)P
K

j=1 ⇡jN (xi | µj,⌃j)
(2.26)

where ⇡k is the prior probability (mixture proportion) of cluster k, N (xi | µk,⌃k) is the

Gaussian probability density function with mean µk and covariance ⌃k for cluster k, and

K is the total number of clusters.

We then perform the E-step by computing the expected value of the complete data

log-likelihood with respect to the posterior distribution of the latent cluster assignments

given the observed data and current parameters:

Q(✓ | ✓(t)) =
NX

i=1

KX

k=1

�ik [log ⇡k + logN (xi | µk,⌃k)] (2.27)

In the M-step, we update the parameters of the GMM using the responsibilities

calculated in the E-step. In particular, we perform the following:

1. Update the mixture proportions ⇡k:

⇡k =
Nk

N
(2.28)

2. Update the means for each mixture µk:

µk =
1

Nk

NX

i=1

�ikxi (2.29)

3. Update the covariances ⌃k:

⌃k =
1

Nk

NX

i=1

�ik(xi � µk)(xi � µk)
> (2.30)

where Nk =
P

N

i=1 �ik is the e↵ective number of data points assigned to cluster k,

and N is the total number of data points.

This iterative process continues until convergence, resulting in the final parameter

estimates for the GMM model.

While the EM algorithm is e↵ective for many problems, it can sometimes be challenging

to perform the M-step if the maximisation of Q(✓ | ✓(t)) with respect to ✓ is di�cult due

to the complexity of the model or the high-dimensional nature of the parameter space. To

address this, the Expectation/Conditional Maximisation (ECM) algorithm [55] is used as

a variant of the EM algorithm.
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The ECM algorithm modifies the M-step by replacing it with a sequence of Conditional

Maximisation (CM) steps, in which each parameter ✓i is maximised individually, while

conditioning on the other parameters remaining fixed. This approach breaks down the

complex optimisation problem into a series of simpler optimisation problems, making it

more tractable. Formally, the ECM algorithm proceeds as follows:

• E-step: As in the EM algorithm, compute the expected complete-data log-likelihood

Q(✓ | ✓(t)).

• CM-steps: Perform a sequence of conditional maximisation steps, each updating

a subset of the parameters. For example, if ✓ = (✓1, ✓2, ..., ✓k), the ECM algorithm

updates each ✓i as follows:

✓
(t+1)
1 = argmax

✓1

Q(✓1, ✓
(t)
2 , ..., ✓

(t)
k

| ✓(t)),

✓
(t+1)
2 = argmax

✓2

Q(✓(t+1)
1 , ✓2, ..., ✓

(t)
k

| ✓(t)),

...

✓
(t+1)
k

= argmax
✓k

Q(✓(t+1)
1 , ..., ✓

(t+1)
k�1 , ✓k | ✓(t)).

By sequentially maximising each parameter while conditioning on the current estimates

of the other parameters, the ECM algorithm provides a flexible and e�cient approach to

parameter estimation, especially in high-dimensional and complex models. This iterative

process continues until convergence, providing estimates of ✓ that maximise the likelihood

function. Although the ECM algorithm is not necessary for GMMs, it becomes valuable

when dealing with more complex likelihood models, as will be the case in Chapter 5, where

we will revisit the ECM algorithm.

Although GMMs are not traditionally considered Bayesian models because they are

typically fit using maximum likelihood estimation rather than full Bayesian inference, they

do incorporate elements of Bayesian thinking, such as in how they treat cluster assignments.

In GMMs, each data point has an associated probability of belonging to each cluster,

represented as p(z = k) and p(z = k | x), where z is the latent variable representing cluster

membership and x is the observed data. This reflects a form of prior and posterior belief

over the cluster assignments. This is a Bayesian concept in the sense that we update our

beliefs about which cluster a data point belongs to, based on the observed data.

In reality, most statistical models, even those considered Bayesian, exist on a spectrum

in terms of how fully they embrace Bayesian principles. A fully Bayesian model requires

priors not just on the parameters but also on the hyperparameters that define those

priors. However, in practice, hyperparameters are often empirically set, rather than being
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given their own prior distributions. This means that most Bayesian models rely on some

non-Bayesian decisions, such as choosing hyperparameters based on heuristics or prior

knowledge rather than strict probabilistic reasoning. This also leads to a philosophical

debate: Will we ever be fully Bayesian? If we set a prior on hyperparameters, then one

could also argue that we should set a prior on those priors, and so on, leading to what is

often referred to as an “endless rabbit hole”.

Therefore, it is more useful to view models as lying along a spectrum of Bayesian

approaches, rather than categorising them as strictly Bayesian or non-Bayesian. The

purpose of this chapter is to explore the Bayesian mindset, which involves updating beliefs

in the face of uncertainty, rather than focusing on whether a model strictly adheres to

Bayesian principles. Whether we apply full Bayesian inference or not, adopting a Bayesian

framework helps guide how we incorporate uncertainty, make decisions, and interpret

results.

2.6 Conclusion

In conclusion, our preference for the Bayesian approach in this study is driven by its

ability to incorporate prior knowledge and quantify uncertainty in a principled manner. It

provides a robust framework for making decisions based on probabilistic reasoning, which

is valuable in dose-response modelling, where understanding the uncertainty associated

with parameter estimates and predictions can directly influence experimental design and

drug development strategies.

However, the practical application of Bayesian inference is not without its challenges.

The computational di�culty of deriving exact posterior distributions in models with

complex parameterisation makes it necessary to apply approximate inference techniques.

Methods such as VI and MCMC have been developed to address these challenges, providing

feasible solutions for approximating posterior distributions in scenarios where analytical

solutions are unattainable. They balance computational e�ciency with the need for accu-

rate uncertainty quantification, making Bayesian methods more accessible and applicable

to real-world problems. Between them, VI is faster and more computationally e�cient

but provides an approximation that is limited by the form of the variational distribution.

MCMC, on the other hand, is asymptotically exact but can be computationally slow,

especially for complex or high-dimensional models.

The next chapter will introduce the specific pharmacological problem that we aim

to address using the Bayesian pipeline. After that, Chapter 4 will introduce SynBa, the

Bayesian method we developed to address the problem laid out in Chapter 3, utilising the

approximation methods described in this chapter. We will explain why we have opted for

MCMC instead of VI in our finalised models. By applying the Bayesian inference principles

37



and approximate inference techniques discussed in this chapter, we aim to demonstrate

how these methods can address the challenges of modelling drug combination synergies,

thus improving both the theoretical framework and practical approaches for pre-clinical

drug development.
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Chapter 3

Inference in pharmacology

In this chapter, we introduce and define the parameters and quantification metrics in

pharmacology that are relevant to our study. We describe the basics of the modelling of the

dose-response relationship in both monotherapies and combinations. We also review the

existing quantification methods in both monotherapies and combinations, with emphasis

on the ones that have been developed recently.

3.1 The dose-response relationship

We start from introducing the inference of monotherapy, which involves the use of a

single drug to observe its e↵ects on a biological system in an in vitro setting (i.e. in a

controlled environment outside a living organism). The dosage, denoted as x, represents

the amount of drug administered. This is typically measured in units of concentration,

such as micromolar (µM). The drug response, denoted as y, is the observed e↵ect of

the drug on the biological system. This response is often quantified as a percentage of

inhibition or growth relative to a control, providing a measure of how the drug impacts

the system compared to the control condition where no drug is applied.

In this study, we focus on the percentage of inhibition of a cancer cell line relative to

a zero-drug control. We start by quantifying the endogenous growth and death of the

cells in the culture. Consider two plates, Plate 1 with no drug (i.e. the control plate)

and Plate 2 administered with a certain concentration of the drug. Pre-experimental

procedures are taken to ensure the number of cells alive are the same for both plates prior

to administration of the drug. After the drug is applied for a predetermined number of

days, the number of cells alive is counted for each of the two plates. Normalisation for

the plate with drug with respect to the control plate is then performed with the following

procedure: If the number of cells alive in Plate 1 (the control plate) is N1 and the number
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of cells alive in Plate 2 is N2, then the response y for the Plate 2 will be computed as

y2 :=
N2

N1
⇥ 100%,

and we will have y1 = 100% by definition. By this definition, and by the assumption that

N2  N1 for any dosage x (i.e. no drug encourages growth), the value of the response

y will range from 0 to 100 per cent. This assumption is made based on the biological

motivation that cultivating non-cancerous cells in vitro is extremely di�cult. This is

because most cells induce cell suicide outside of their host environment and there is little

room left biologically for a drug to encourage the cancer cell lines to grow even more [74].

Once the responses are collected and normalised, we now model the relationship

between the dosage x and the response y. This is modelled by the dose-response curve,

represented by some function y = f(x). This curve illustrates how the biological response

changes with varying levels of drug exposure and is fundamental in assessing the e�cacy

and potency of the drug.

Figure 3.1: A set of monotherapy data for a single drug, with a curve fitted to the data.
Potency is illustrated in red, while e�cacy is illustrated in blue. E0, E1, C and H are
parameters defined in Section 3.1.

Several key parameters are used to characterize the dose-response relationship. Einf

represents the maximum e↵ect that can be achieved by the drug, irrespective of the dosage.

It is the asymptotic value that the response y approaches as x increases to an infinitely

large dosage. In this study, it is defined as the maximum percentage of inhibition relative

to the control (zero dosage) observed when a su�ciently high dosage x is applied.
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Figure 3.2: (Left) A set of five dose-response curves fitted to five sets of monotherapy data.
The five curves have the same underlying potency, but the e�cacy increases from the top
to the bottom, quantified by a decreasing Einf . (Right) Another set of five dose-response
curves fitted to five sets of monotherapy data. The five curves have the same underlying
e�cacy, but the potency increases from right to left, quantified by a decreasing IC50.

Another crucial parameter is the IC50, or inhibitory concentration, which is defined as

the concentration of the drug at which 50% inhibition of the biological activity is observed.

This metric serves as an indicator of the potency of the drug, providing insight into how

much drug is required to achieve half of the maximal inhibitory e↵ect. In the context

of cancer studies, the GI50, or growth inhibitory concentration, is used to denote the

concentration needed to reduce the growth rate by 50% compared to an untreated control.

This parameter is particularly relevant for evaluating the e�cacy of anti-proliferative drugs.

In this study, we focus on IC50 for the consistency of definitions for potency.

Fig. 3.2 illustrates the impact of varying e�cacy and potency on the dose-response

curves of a drug. The left panel demonstrates how changes in e�cacy of the drug are

visualised by the dose-response curves. As e�cacy increases, which is quantified by a

decrease in Einf from 0.8 to 0 (because a more e↵ective inhibition results in a lower c1),

the curves shift downwards, indicating a smaller maximum response level that the drug

can achieve.

The right panel focuses on changes in potency, represented by variations in the IC50

value, which is the concentration of the drug required to achieve 50% of the maximal e↵ect.

As IC50 decreases from 1.0 to 0.1, the dose-response curves shift to the left, indicating that

lower doses of the drug are needed to achieve the same level of response. This leftward

shift signifies an increase in potency, demonstrating that the drug becomes more e↵ective

at lower concentrations.

Together, these panels emphasize the importance of both e�cacy and potency in

defining the pharmacological profile of the drug and highlight the need to consider both
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factors when evaluating drug e↵ects. The goodness of a drug cannot be easily summarised

by one single number. For example, if a drug is highly e�cacious but has a low potency

(i.e. a large dosage is required to reach the high e�cacy), then it may not be safe due to

potential toxicity for healthy cells at high doses. Conversely, if a drug shows high potency,

requiring only a small dosage to achieve some therapeutic e↵ect, but does not exhibit

strong e�cacy on its own, it may still hold potential as part of a combination therapy.

Such a drug might engage a pathway that enhances drug action at low dosages, making

it a valuable candidate to be combined with other drugs to achieve a synergistic e↵ect.

Without delving into both the dimensions of e�cacy and potency, critical information

about the drug will be partially lost.

A commonly used parameterisation for these dose-response curves is the sigmoidal

function. This shape is preferred because it captures the key characteristics of how most

drugs interact with their targets at di↵erent concentrations, consisting of three phases. In

the initial phase, low drug concentrations produce little to no e↵ect. In the middle phase,

increasing dosages lead to a rapid increase in e↵ect. In the final phase, further increases

in concentration result in minimal additional e↵ect. This pattern is consistent with the

behaviour of many biological systems, where receptors or enzymes become saturated at high

drug concentrations, limiting the maximal response. This leads to the Hill Equation [31], a

widely used mathematical model that describes the sigmoidal nature of the dose-response

relationship. It has been the classic choice in modelling the dose-response relationship of

monotherapies in pharmacology.

3.1.1 The Hill equation

Before defining the Hill Equation, for the consistency of notations through this thesis, we

define the following parameters and keep it the same across the thesis:

• E0: The base response value, or condition response value, i.e. the response f(0)

when no drug is applied.

• E1: The Einf , which is equivalent to f(1). This is a measure of the e�cacy of a

monotherapy.

• C: The IC50, i.e. the dosage x such that the equation f(x) = 1
2(E0 +E1) is satisfied,

or in another word, half of the maximal inhibitory e↵ect is achieved. This is a

measure of the potency of a monotherapy.

• H: The Hill slope. It parameterises the steepness of the sigmoidal curve. A larger

H indicates a steeper curve.
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Now we define the Hill equation [31]

fhill(x) = E0 +
E1 � E0

1 + (C
x
)H

. (3.1)

In summary, the dose-response relationship in monotherapy provides critical insights

into how a drug interacts with a biological system, informing decisions about dosage

and potential e�cacy. By analyzing parameters such as Emax, IC50, and the Hill slope,

researchers can characterize the potency and e�cacy of a drug, paving the way for its

application in clinical settings. Understanding these fundamental concepts and definitions

is essential for further exploration of drug interactions and the development of more

e↵ective therapeutic strategies.

3.2 Monotherapy quantification frameworks

While the Hill equation is widely used, other mathematical models and packages have

been used for modelling dose-response relationships. Ritz et al. developed drc [65], a

comprehensive R package specifically developed for modelling the dose-response relationship.

As listed in Fig. 3.3, there are plenty of parameterisations available as a choice, within

which the four-parameter generalised log-logistic model is equivalent to the Hill Equation,

and is the most popular option within all listed model types. Larras et al. proposed

DRomics [45], an R package that chooses from a family of five simple models built to

describe a wide variety of monotonic and biphasic dose-response curves for each set of

input data.

Despite the abundant choices available, alternative models are often less popular due

to their complexity and reduced interpretability compared to the Hill equation. Moreover,

their lack of generalisability across di↵erent datasets makes them less suitable as a universal

framework for dose-response analysis. As a result, the Hill equation remains the preferred

choice for modelling the dose-response curves of monotherapies. This preference illustrates

the principle of Occam’s Razor, where the simplest model that adequately explains the

observed phenomena is favoured over more complex alternatives.

However, one important characteristic of the Hill equation, as well as other discussed

models and parameterisations, is their inherently deterministic nature. These models

typically estimate uncertainty through methods such as standard error or parametric

bootstrap. As discussed in Section 2.3, standard error estimates are reliable only when a

large sample size is available, a condition often unmet in pharmacological data, whereas

parametric bootstrap methods rely on strong assumptions regarding the distribution of

the synthetically generated data, which may significantly deviate from the true underlying

distribution. Consequently, both approaches may lead to inaccurate uncertainty estimation.
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Figure 3.3: The available parameterisations for dose-response relationship in drc [65].

To address these limitations, Bayesian methods have been developed, o↵ering a more

robust framework for incorporating and estimating uncertainty.

In particular, Wang et al. developed a Gaussian Process (GP)-based framework to

assess pharmacological responses and identify biomarkers, using the inherent uncertainty

estimates provided by Gaussian Processes to enhance the robustness of the analysis [78].

The GP framework inherently provides robust uncertainty quantification, which is crucial

for assessing the reliability of any derived statistics such as the IC50 values. By formulating

the model as a mixture, with one component for the drug response and another for outliers,

GPs handle outlying measurements e↵ectively, leading to more accurate estimates of drug

e�cacy and potential biomarkers. By utilising GPs, the model can capture and quantify

uncertainty, making it a powerful tool in biomarker detection, surpassing traditional

ANOVA-based methods by incorporating uncertainty directly into the statistical analysis.

Despite these advantages, the flexibility of GPs comes with the challenge of uncon-

strained behaviour outside observed dose ranges, potentially leading to counter-intuitive

extrapolations. This study acknowledges this by highlighting increased posterior variance

in unobserved regions, indicating high uncertainty rather than relying on potentially

misleading mean estimates. Although methods exist to constrain the behaviour of the

GPs, the study opts for a less restrictive approach to avoid underestimating uncertainty,

proposing that the increased variance e↵ectively signals when predictions are less reliable.

More recently, Tansey et al. introduced an end-to-end Bayesian dose-response generative

model that combines prior biological knowledge with observed data to provide more accurate

and interpretable estimates of drug e�cacy and potency [74]. By adopting an empirical
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Bayesian framework, various sources of uncertainty inherent in these experiments are

e↵ectively captured through the posterior variance of the parameters. These sources of

uncertainty include measurement error, natural variation in cell growth, and heterogeneity

in drug response. The generative model is comprehensive, detailing the entire experimental

process from the initial raw fluorescent counts. It also integrates cell line and drug

properties as auxiliary data, which are incorporated through a neural network. The results

demonstrate that this generative model not only outperforms existing state-of-the-art

methods for estimating dose-response curves but also successfully captures biologically

meaningful interactions between molecular features and drug responses. However, while

being sophisticated and well-tailored for modelling the dose-response relationships of

monotherapies, it has not yet been extended to combinations, and significant challenges

are anticipated in such an extension. As the number of parameters doubles when modelling

combinations, the increased complexity can lead to di�culties in achieving convergence

during optimisation and risks overparameterisation.

3.3 Combination quantification frameworks

Compared to the one-dimensional case where the Hill equation has been the gold standard,

the best approach to modelling two-dimensional dose-response surfaces Y = f(x1, x2),

where x1 and x2 are the dosages of the two drugs and y is the corresponding response, is still

an open question. The goal in this context is to determine whether a drug combination is

synergistic, antagonistic, or neither. A synergistic combination occurs when the combined

e↵ect of the two drugs is greater than applying the drugs individually. Conversely, a

antagonistic combination refers to the case where the combined e↵ect is less than expected,

indicating that one or both drugs inhibit each other’s activity. If neither of these conditions

is met, the combination is said to be additive, where the combined e↵ect of the two drugs

is the same as their independent e↵ects.

To model the presence of synergy, various frameworks have been developed based on

di↵erent assumptions, without a consensus in the field [16]. These models can generally

be divided into two types. The first type computes the expected response Ye = f(x1, x2)

assuming that the combination is neither synergistic nor antagonistic, and then computes

the deviation D = Ye � Y between the data Y and the expected response Ye to decide

whether the combination is synergistic. The most popular frameworks within this type

are the Bliss model and the Loewe model. The second type, on the other hand, directly

models the 2-dimensional dose-response surfaces of the drug combinations. These include

MuSyC [83], BRAID [76] and the e↵ective dose model [88].
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3.3.1 The classic frameworks: Bliss, Loewe and HSA

The Bliss model follows the multiplicative survival principle (MSP), which assumes the

probability of a cell surviving treatment by drug 1 is independent of the probability of the

same cell surviving treatment by drug 2 [10]. In another word, the MSP assumes that the

drugs act independently of each other. If we denote the responses from drug 1 and drug 2

as Y1 and Y2 respectively, and denote the response from the combination of the two drugs

as Y12, then the null model assumes

Y12 =
Y1Y2

100

where the normalisation (division by 100) is due to the scale of the responses being between

0 and 100. The deviation from this expected response is then used to quantify the degree

of synergy or antagonism. If

Y12 < Y1Y2,

then synergy is suggested. If

Y12 > Y1Y2,

then antagonism is suggested.

The Loewe model, following the Dose Equivalence Principle (DEP), states that two

drugs are synergistic if a lower combined dose achieves the same e↵ect as a higher dose of

either drug alone [51]. Mathematically, for a combination of drugs 1 and 2 at dosages x1

and x2, the relationship is defined as:

x1

C1
+

x2

C2
= 1

where C1 and C2 are respectively the doses of drugs 1 and 2 required to achieve the same

e↵ect individually. If
x1

C1
+

x2

C2
< 1,

then synergy is suggested. If
x1

C1
+

x2

C2
> 1,

then antagonism is suggested.

Some other popular choices include the Highest Single Agent (HSA) model [28], which

states that if the e↵ect of a combination exceeds the e↵ect of either of the single drugs, i.e.

Y12 < min{Y1, Y2},
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then the combination is synergistic. Otherwise, if we have

Y12 > min{Y1, Y2},

then the combination is antagonistic.

Synergy scores are then obtained by comparing to the null model of Bliss, Loewe or

the HSA model. This type of synergy computation is widely used due to its simplicity

and low computational cost, as no additional model fitting is required. For example,

the DREAM challenge defines its synergy score based on the Loewe model using the

Combenefit software [20]. A positive synergy score represents a synergistic e↵ect for the

combination compared to applying the two single drugs individually, while a negative

synergy score represents an antagonistic e↵ect. The NCI-ALMANAC dataset defines its

metric based on a modification of the Bliss model [33].

However, each of these models has its shortcomings. The Bliss model is biased against

combinations of drugs with a moderate level of e�cacy, compared to those with strong

or weak e�cacy [83]. This is because the Bliss model is based on the probabilities, or

percentages, of the cells a↵ected, which is bounded between 0 and 1. However, in reality,

percentage e↵ect data usually saturates before it goes close to 0. For example, if the

cell survival percentages for drug 1 and drug 2 are 80% and 90% respectively, then the

combination would be synergistic if the survival percentage is lower than 80%⇥90% = 72%

when the drugs are combined at the corresponding dosages, which is easier than the case

where the two single drugs have survival percentages of 40% and 30% respectively, in

which case a synergism requires a combined e↵ect of lower than 12%, which would be

considerably more di�cult than the former case.

For the Loewe model, a subset of the 2D null surface is undefined. The null response is

only defined when the response of the combination is not stronger than the weaker drug’s

maximal e↵ect. However, the area where the response exceeds the weaker drug’s maximal

e↵ect is crucial for deciding the synergy of a combination.

As for the HSA model, it does not tell the full story either. Unlike the Bliss model

and the Loewe model which provide a null hypothesis for multiple dosages on the 2D

dose-response surface, the HSA model only models the maximal e�cacy, ignoring the

dosage required to reach the maximal e�cacy. As a result, the HSA model does not reflect

whether a combination improves or worsens the toxicity.

These models also do not universally agree with each other, with common contradictions

occurring on the same set of data [83]. This is inevitable because they are based on

di↵erent assumptions, resulting in di↵erent interpretations for the definition of synergy

and antagonism. One simple example is that if we have Y12 = 40, Y1 = 50, Y2 = 50, then it

is considered to be synergistic according to the HSA model, but antagonistic according to

the Bliss model because the multiplicative survival principle in the Bliss model requires
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at least Y12  Y1Y2
100 for the combination to be deemed non-antagonistic, but we have

Y1Y2
100 = 25 < Y12.

The recommendation to date is still to apply multiple frameworks and choose the

best-fitting model according to some metric or test, such as the �
2 test [12]. Scientists

often make decisions based on experience or practical needs while selecting the frameworks

between these options [87] [46].

3.3.2 The deterministic and parametric models

More recently, parametric methods that directly model the 2-dimensional dose-response

surfaces of the drug combinations have emerged, including BRAID [76], the e↵ective

dose model [88] and MuSyC [83]. These methods seek to better represent the underlying

biological processes in combinations by using complex parametric functions Y = f(x1, x2)

to model the dose-response surface in 3D where the first two axes are the dosages of the

two drugs x1 and x2 respectively, and the third axis is the drug response Y .

MuSyC is an attempt to unify the synergy metrics for dose-response data in drug

combinations. It is the first method that accounts for both potency and e�cacy and

decouples them in the model. The Hill equation is extended to a generalised 2D Hill

equation in MuSyC. In the model outputs, the parameters quantifying synergistic potency

and the parameters quantifying synergistic e�cacy are separated. As a result, a more

complete picture can be said about each combination. It can be inferred whether an

improvement comes from a lower toxicity or a stronger e�cacy.

The MuSyC framework is a promising step forward in decoupling potency and e�cacy

and unifying the pharmacology framework. Fig. 3.4 (from [83]) illustrates how MuSyC

extends the Hill equation and the transition model from single-drug to two-drug systems

so that potency, e�cacy and cooperativity (i.e. the steepness or the sensitivity of the

dose-response curve) are decoupled by being quantified through distinct parameters.

However, it has its shortcomings in practice. It contains six tiers of model complexity,

with the number of parameters increasing from 2 to 12. Each tier of the model is associated

to a di↵erent level of complexity and assumptions. For each combination, after training

models on all six tiers, the best model for the data is chosen based on minimising the

deviance information criterion. While this procedure is statistically sound, the associated

complexity makes it di�cult to be seamlessly applied in real-world scenarios, where a

single consistent model instead of six is usually desired.

BRAID is another parametric method for modelling the e↵ect of two drugs. Similarly

to MuSyC, the parameterisation in BRAID is also inspired by the Hill equation in one

dimension. However, only the e�cacy is inferred in BRAID, while the potency is not

decoupled. The e↵ective dose model [88], on the other hand, is a method that focuses on

generalising the parameterisation of drug e↵ect to more than two drugs. Its drawback is
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Figure 3.4: The MuSyC model [83]. Subfigure (A) depicts the four-state transition model
for a two-drug system. Una↵ected cells are indicated in red with the letter “U”. Cells
a↵ected by Drug 1 or Drug 2 (but not both) are indicated in cyan with “A1” or “A2”
respectively. Cells a↵ected by both drugs are indicated in magenta with “A12”. d1 and
d2 denote the dosages of the two drugs. C1 and C2 denote the IC50 of the two drugs.
h1 and h2 denote their Hill slopes. ↵21 and ↵12 quantify how the potency of one drug
is a↵ected by the interaction with the other drug, whereas �21 and �12 quantify how the
cooperativity of one drug is a↵ected by the interaction with the other drug. Subfigure (B)
illustrates the dose-response surface for the combination of two drugs, parameterised by
the generalised 2D Hill equation in MuSyC. Subfigure (C) illustrates how the additional
parameters in MuSyC correspond to the transformations of the dose-response surface.
These transformations separately quantify synergistic e�cacy, synergistic potency and
synergistic cooperativity, e↵ectively decoupling the di↵erent aspects of drug synergy. This
figure is adapted from [83].

that potency is not directly parameterised.

Despite the rapid progress in the quantification of drug combinations, all of the

aforementioned methods (including those in Section 3.3.1) either do not incorporate

uncertainty, or compute the uncertainty in a way that is prone to failure cases. All

these methods are deterministic in nature. They estimate the uncertainty through either

standard error or parametric bootstrap. However, the standard error is only accurate

when a large number of samples is available, which is not the case in pharmacology data.

Parametric bootstrap relies on a strong assumption on the distribution of the synthetic

data generated during bootstrap, which is far from the ground truth distribution. In either

case, the uncertainty estimation is not accurate.

3.3.3 The probabilistic models

Despite most existing methods being deterministic, there has been some recent work

on developing probabilistic methods to model the dose-response relationship of drug

combinations and incorporate uncertainty in their outputs. Hand-GP ([70]) is a non-

parametric model based on the combination of the Hand model with Gaussian processes,
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providing more believable uncertainty estimation than MuSyC in some cases. However,

Hand-GP does not incorporate the 1D Hill equation that imposed biological constraints

useful for providing interpretable model outputs. For example, monotonicity of the

monotherapy fitted curve is not enforced in Hand-GP, meaning the model may produce

a dose-response surface that is unlikely to occur in the in vitro setting ([74]). More

importantly, due to the non-parametric structure of Hand-GP, the parameters describing

potency and e�cacy are lost.

The bayesynergy model ([66]) is a Bayesian framework that models synergistic interac-

tion e↵ects using Gaussian Processes, which provide uncertainty quantification. Although

flexible, its formulation is based on the Bliss independence assumption that is biased

against drug combinations with a moderate level of e�cacy ([83]). The bayesynergy model

also does not separate out synergistic potency and e�cacy.

3.4 Synergy and its myth

The concept of synergy in drug combinations has been a focal point of pharmacological

research, aiming to identify combinations of drugs that produce a greater e↵ect together

than the sum of their individual e↵ects. However, several challenges exist in defining and

quantifying synergy, which can lead to misleading conclusions and limit the e↵ectiveness

of the drug development process.

First, a universally agreed gold standard is absent for the quantification of the synergy

[72]. Various definitions of synergy are derived from the models in Section 3.3.1, each

with its specific assumptions and limitations as discussed in the section. Each model

may classify a drug combination as synergistic or antagonistic based on di↵ering criteria,

leading to conflicting interpretations of the same data. This results in inconsistencies in

synergy quantification across di↵erent studies, making it di�cult to compare, aggregate or

reproduce findings.

Secondly, traditional synergy quantification frameworks do not decouple potency and

e�cacy. In many synergy models, these two distinct aspects are entangled, leading to

ambiguous interpretations of synergy. For example, a combination may appear synergistic

due to enhanced potency, meaning that lower doses achieve the desired e↵ect, which is

beneficial for reducing toxicity. Conversely, a combination might be synergistic due to

enhanced e�cacy, increasing the maximum possible therapeutic e↵ect. In some other

cases, both could be simultaneously true for a combination. However, the di↵erence

between these two aspects of synergy cannot be di↵erentiated if only a single synergy

score is computed. Disentangling these factors is crucial, as it allows researchers to better

understand the nature of the interaction and the potential benefits of the combination. An

ideal combination would minimise the dose while retaining an e↵ective outcome, and the

50



synergy score shall be capable of covering this aspect. Recently, MuSyC [57] has become

the first synergy framework to address this issue. It would be crucial to account for this

while developing novel synergy frameworks.

Finally, current synergy quantification methods do not account for noise and uncertainty.

Traditional synergy scores such as Bliss and Loewe, the two most widely used frameworks,

only yield a single score, without addressing the inherent variability and uncertainty

present in the experimental data. This approach can be problematic because a synergy

score, for instance, of 10 accompanied by an uncertainty measure of 30, indicates that the

ground truth score is likely to be anywhere between -20 and 40 and that the true level of

synergy cannot be reliably determined (assuming a positive score represents synergy and

a negative score represents antagonism). A high level of uncertainty in the synergy score

implies that any conclusions about the combination being synergistic may be unreliable.

Ignoring these uncertainties may result in overconfidence in the results and the potential

pursuit of drug combinations that lack genuine e�cacy.

In this study, we aim to address these three key challenges in synergy quantification by

developing a framework that overcomes the limitations of existing models. First, we seek

to minimise assumptions about the underlying interactions between drugs to create a more

generalisable approach to synergy analysis. Secondly, we aim to decouple potency and

e�cacy to provide a clearer understanding of how drug combinations interact, enabling a

more precise identification of their therapeutic benefits. Finally and most importantly,

we will incorporate a Bayesian framework to estimate uncertainty, allowing us to account

for variability in experimental data and provide more reliable synergy assessments. By

addressing these aspects, our approach will enhance the reliability and actionability of

synergy quantification, supporting more e↵ective drug development strategies for the

subsequent stages of the drug discovery pipeline, which is an unmet need.
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Chapter 4

SynBa: A new inference method of

drug combination synergies

As described and discussed in Section 3.4, current frameworks for synergy lack a gold

standard, do not decouple potency and e�cacy, and lack a principled framework for

uncertainty estimation. These lead to misleading conclusions and limit the e↵ectiveness

of the drug development process. To define a common framework for drug combination,

we need a less ambiguous definition of synergy ([72]). When a combination is said to be

synergistic, it is unclear whether it implies that the combination is desirable in terms of

its potency or its e�cacy. Potency is the amount of dosage required for a drug to produce

a specified e↵ect, whereas e�cacy is the degree of the beneficial e↵ect produced by the

drug ([57]). A strong synergistic potency implies that toxicity may be reduced when the

drugs are combined, which is crucial for avoiding overdose, whereas a strong synergistic

e�cacy implies that the combination increases the maximal possible e↵ect. Both aspects

are relevant for progressing with pre-clinical and subsequent clinical investigations. For

example, there are situations in clinical research where a drug is paired specifically to

enhance potency, without necessarily aiming to increase e�cacy.

Until recently, in quantification frameworks including Bliss, Loewe, BRAID and the

E↵ective Dose Model, potency and e�cacy are entangled within the concept of synergy as

defined in the traditional quantification frameworks. To tackle this problem, [57] developed

MuSyC, a framework that decouples potency and e�cacy following the principles of

the generalised Hill equation. Although the MuSyC approach is e↵ective for modelling

both potency and e�cacy, the model does not fully explore the challenge of model-

based estimation of uncertainty. There are various sources of uncertainty associated

with drug-sensitivity modelling. Firstly, the biology of dose-response relationships is still

unknown despite existing e↵orts. This leads to uncertainty associated with insu�cient

scientific knowledge. Secondly, there are systematic and random errors arising from the

experimental procedures. Thirdly, biological variation exists among cell lines of the same
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disease, resulting in a further source of noise. Finally, uncertainty also stems from limited

information that can be extracted due to the small size of available data (epistemic

uncertainty).

Given these multiple sources of uncertainty, it is often impossible to reach an accurate

estimate of the quantities of interest, e.g potency of a monotherapy, or the synergistic

e↵ect (in terms of either potency or e�cacy) of a combination. Since the best single

deterministic estimates might not be reached, here we focus on accurately quantifying

uncertainty in the model as deviation from the true estimate given the noise (e.g. the

credible range of model parameter estimates/predictions).

Most existing frameworks for drug combinations either do not compute the uncertainty

or estimate it by standard error ([88]) or parametric bootstrap ([83]), each of which

contains unrealistic assumptions as discussed in Section 2.1. For this reason, here we

approach uncertainty estimation with a Bayesian framework, which incorporates the

uncertainty by treating all parameters of interest as probabilistic quantities. This enables

us to continuously model the uncertainty in our estimates as the number of measurements

grows, without becoming over-confident. Moreover, the estimated quantities of interest are

obtained simultaneously with their uncertainties, making this approach computationally

e�cient.

Recent works including Hand-GP [70] and bayesynergy [66] have also opted for the

Bayesian framework, but both of them have modelled the synergistic interactions using

GPs which are non-parametric, making it di�cult to interpret the uncertainties associated

with the model outputs.

In this study, we design a flexible Bayesian framework to infer synergistic e↵ects of

drug combination (SynBa) where (1) the classic Hill equation is preserved to produce

estimates of e�cacy and potency (2) the existing biological knowledge or insight from

historical data may be conveniently added through the prior distribution over parameters

in the model. We opt for the parametric Bayesian setting so that the model parameters

can still be interpreted and explained through the classic Hill equation. In SynBa we

will use MuSyC as a baseline framework to decouple synergistic potency and e�cacy and

add probabilistic inference to provide outputs and their associated uncertainty. This is to

design a framework estimating the most favourable scores and e�ciently provide optimal

candidates to the drug discovery pipeline with actionable decision-making criteria derived

from the model outputs. SynBa is also the first synergy framework that simultaneously

provides principled uncertainty estimation, preserves the Hill equation and decouples

the synergistic e�cacy and potency. Our presentation of SynBa has been published as

SynBa: improved estimation of drug combination synergies with uncertainty

quantification in Bioinformatics 39 [86].

With our approach, when a combination is predicted to be synergistic, a level of
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Figure 4.1: Description of the datasets for the proposed framework. (A): A typical
dose-response matrix, where the top-left entry is the base value, the first row contains
the monotherapy responses for the first agent, the first column contains the monotherapy
responses for the second agent. The remaining entries are the responses when a combination
of the two drugs is applied. (B): A dose-response matrix where not all responses are
available for training. The shaded cells represent the test data.

confidence will be quantified for this prediction, together with a level of improvement in

e�cacy or in potency. The associated uncertainty can guide decision on further laboratory

experiments to proceed to the next phase. This will provide actionable metrics for the

subsequent stages of the drug discovery pipeline, which is an unmet need.

4.1 Methods

Our proposed method can be used for both analysing existing dose-response data and

predicting unseen dose-response data for a given monotherapy D = (X, Y ) = {(xi, yi)}
or a given combination D = (X, Y ) = {(xi, yi)}. The covariate can be a scalar xi (in

monotherapy) or a vector xi (in combination) corresponding to the drug dosages. The

response yi can be defined as cell growth or inhibition of growth, depending on how the

data are collected. In this study, we focus on inhibitory datasets, where a large dosage

typically results in growth inhibition. In this case, yi is defined as the percentage of

growth-inhibited cells. Nevertheless, our method can be easily modified to accommodate

the opposite setting where the drug response is enhancing growth with respect to the

dosages.

Fig. 4.1 (A) illustrates a typical dose-response matrix for a combination from a

screening, where the first row and column contain monotherapy data and the remaining

entries contain combination data. The core aim of our method is to infer the synergistic

potency and e�cacy given such a matrix (or a vector in the case of monotherapy).

To accomplish this, we designed SynBa, a Bayesian framework for the inference of

Synergistic e↵ects of drug combinations. SynBa is defined by a prior distribution p(✓)
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for the parameters ✓ and a likelihood function p(Y | ✓, X) for the drug responses Y . The

likelihood function describes the probability of the responses given the dosages X and

the parameters ✓. The prior distribution encodes the existing belief or knowledge about

the parameters. In monotherapy, we have ✓ = {E0, E1, C,H, �}, whereas in combination,

✓ = {E0, E1, E2, E3, C1, C2, H1, H2,↵, �}. The likelihood function and parameters encode

the shape of the dose-response curve (defined in Boxes 1 and 2 and described in more

detail below).

In addition, our method provides a way of predicting unseen dose-response data for

both monotherapies and combinations. For example in the case of Fig. 4.1 (B), the

quantity of interest would be the posterior predictive distribution of the response, i.e.

p(ỹ | X, Y, x̃) =

Z

✓

p(ỹ | ✓, x̃)p(✓ | X, Y )d✓ (4.1)

where x̃ is the untested dosage of interest, ỹ is the predicted response and p(✓ | X, Y ) is

the posterior distribution over the parameters ✓ given training data (X, Y ).

4.1.1 Overview of SynBa: Monotherapies

We begin by defining SynBa for monotherapy screens, where the dosage x is a scalar. The

likelihood function for the response y is based on the Hill equation ([31]), which has been

the classic choice to model pharmacology data:

E(x) = E(0) +
E(1)� E(0)

1 + (C
x
)H

(4.2)

where x is the dosage of the drug, E(x) is the corresponding measured response, and H

controls the slope of the curve. The interpretation of C depends on the problem and the

dataset of interest. In this study, as the focus is on inhibitory datasets, C represents the

dosage required to inhibit the given biological process or biological component by 50%,

known as IC50. C quantifies the potency of the monotherapy in the study.

The base level of the monotherapy is denoted by E0 := E(0), which is the response

when no drug is applied. The e�cacy is quantified by E1 := E(1), or denoted as Einf ,

which is the maximal inhibition when a su�ciently large dosage x is applied.

Box 1 defines the prior distribution for the parameters and the likelihood model for

the response given the dosages, which are also illustrated in Fig. 4.2.

To account for observational noise in the data, we define a noise model for y centred

around E(x). For each fixed experiment setting (i.e. a fixed cell line treated by a fixed

monotherapy or combination in the same laboratory environment), y is modelled as having

Gaussian noise that is conditionally independent given the dosage: y ⇠ N (E(x), �2). The

assumption of conditional independence is valid because in screenings such as DREAM,
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(A) (B)

Figure 4.2: Two options (A) and (B) for the monotherapy prior model. The prior for
logC is plotted underneath the x-axis, which is uniform in both options. The priors for
E0 (which is Gaussian in both options) and the normalised E1 are plotted along the y-axis.
Given E0, the normalised E1 is uniform in Option (A) and follows a Beta(0.46, 0.58)
distribution in Option (B). The 300 blue curves are random samples from the expected
prior responses E[Y |✓] where ✓ are sampled from the prior distributions defined in Box 1.
The seven red points illustrate an example set of monotherapy dose-response data D. The
black curve is a sample from the expected posterior responses E[Y |✓,D] after the model is
fitted to the data D, whilst the orange bell-shaped curves illustrate the i.i.d. Gaussian
noise for the responses.

the measurements for each monotherapy or combination are performed independently

in di↵erent plates, instead of being performed sequentially. Therefore, given a set of

measurements for a monotherapy or a combination, the noise level of their corresponding

responses is independent. The i.i.d. noise is illustrated as orange bell-shaped curves in

Fig. 4.2.

As a result, the joint prior distribution for the response and the parameters of the

curve given the dosages is

p(Y,E0, E1, C,H, � | x) = p(Y | E0, E1, C,H, �, x)p(E1 | E0)p(E0)p(C)p(H)p(�). (4.3)

where the likelihood model for the responses Y given the dosage x is defined as

p(y | E0, E1, C,H, �, x) = N (E0 +
E1 � E0

1 + (C
x
)H

, �
2) (4.4)

independently for all y 2 Y , where E0 := E(0), E1 := E(1) and � is the standard

deviation of the noise level of y,

The datasets are normalised by measuring cell inhibition when no drug is added (at dose

zero). However, due to the noise in the biological process, the inhibition at dose zero would

not be the same if the experiment is repeated multiple times. Thus, the normalization

procedure itself contains uncertainty. Therefore, we define E0 to be probabilistic instead
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of a fixed initial value. A Gaussian prior with mean B and variance 0.03B is given for

E0, where B is the normalized inhibition of a dose zero, e.g. B = 100 in DREAM. The

variance of this prior is defined to be 0.03B so that it is flexible enough to allow for errors,

but not too conservative.

Next, we define the prior for the normalised maximal response

Ẽ1 :=
E1

E0
.

We normalise the maximal response so that its range will always be between 0 and 1. This

makes it easier to apply our priors to a wide range of datasets regardless of the original

range of their responses. The prior for Ẽ1 may be defined in various ways depending on

whether to insert existing knowledge or historical information. One option is to remain

uninformative and impose a uniform prior, as shown in Fig. 4.2 (A). By doing this,

we do not prefer any particular level of drug viability prior to seeing any dose-response

measurements.

Alternatively, we may make use of the existing information from the monotherapy data

available. According to the single agent datasets in DREAM, the empirical distribution

of Einf has a high density on both extremes of the range, with 17.9% of them smaller

than 0.05 and 15.1% equal to 1 (after normalising to the interval [0, 1]). Using maximum

likelihood estimation to fit a Beta(a, b) distribution to these Einf values, we obtain a = 0.46

and b = 0.58. To account for this information, we define Beta(0.46, 0.58) as the second

option of the prior for the normalised maximal response, as illustrated in Fig. 4.2 (B).

This prior is consistent with the biological behaviour that a drug administered with a

su�ciently large dose will either kill the majority of the targeted cells if e↵ective, or

very few of them if not e↵ective. The choice of this empirical prior shows how existing

knowledge or information on the dynamic or kinetic of drugs can be conveniently added

to SynBa through its priors.

A uniform prior is imposed for logC (the logarithm of IC50), with C bounded by

� and M . The values of � and M depend on the dataset and the unit of the dosages.

In this work, we define � to be smaller than any non-zero dosage in the dataset (i.e.

0 < � < min{x | x > 0, (x, y) 2 D}) and M to be larger than any dosage in the dataset (i.e.

M > max{x | (x, y) 2 D}). For example, � = 10�10 and M = 106 is a viable choice for

DREAM, whereas in NCI-ALMANAC, we may have � = 10�15 and M = 10. The idea is

to be uninformative about logC a priori, since the ideal dosage range for the experiments

is unknown and often unsuitable, either too small or too large. It is common that IC50

exceeds the maximum dosage. In other cases, IC50 may lie between zero dosage and the

smallest non-zero dosage, due to the tested dosages being too large. Our method includes

these possibilities a priori.
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Figure 4.3: An example illustration of SynBa on a set of monotherapy data with six
measurements. Each blue curve is a sample from E[Y | ✓] where ✓ ⇠ p(✓ | D). The
distribution for IC50 is shown in red, whereas the distribution for Einf is shown in green.
(A)-(C): The prior distribution for Ẽ1 is U(0, 1). (D)-(F): The prior distribution for Ẽ1 is
Beta(0.46, 0.58).

H and � are both given a lognormal(0, 1) prior because they are both non-negative

and assumed to be moderately small. In addition, previous literature indicated that H is

approximately lognormal ([83]). A lognormal(0, 1) prior ensures that P (H < 5) ⇡ 0.95

and P (� < 5) ⇡ 0.95 a priori.

In summary, the priors for SynBa are defined to be

p(E0) = N (B, 0.03B),

p(Ẽ1) = U(0, 1) or Beta(0.46, 0.58),

p(logC) = U(log(�), log(M)),

p(H) = lognormal(0, 1),

p(�) = lognormal(0, 1),

where 0 = x1 < x2  x3  ...  xn are the dosages, and � 2 (0, x2) is a small non-zero

value to avoid logC being undefined.

The blue curves in Fig. 4.2 are 300 random samples from the expected prior responses

E[Y |✓] where ✓ are sampled from the prior distributions. It can be observed that the

curves cover a wide range of possibilities a priori. Yet, they are not excessively general, as

all of them follow the Hill equation.
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Note that the priors we have chosen are motivated by general knowledge and previous

literature. When more knowledge exists for a specific combination, the prior can be

conveniently adjusted to accommodate this, since the inference framework is agnostic to

the choice of prior.

Fig. 4.3 is an illustrative example of SynBa trained on a monotherapy (the compound

MTOR 1 treated on the cell line MDA-MB-231) with six measurements, taken from the

DREAM dataset. The first row shows the resulting model with a uniform prior for the

normalised Einf (i.e. Ẽ1), whereas the second row shows the model with the Beta(0.46, 0.58)

prior for Ẽ1. We start with two measurements and add two additional responses each

time. It can be observed that the posterior distribution for IC50 narrows down quickly

for both models because the observed responses span across the range between 40 and

100, which provides su�cient information to estimate IC50 with low uncertainty. The

posterior for Einf , on the other hand, is more uncertain, due to the dosage range being too

small to observe the convergence of the responses. In this case, the two models provide a

visibly di↵erent posterior distribution for Einf , due to the di↵erent priors. As shown in

Fig. 4.3 (F), the maximum a posteriori probability estimate for Einf is 0 when the Beta

prior is imposed, which results from the inserted prior knowledge that the response is

likely to converge to 0 if an e↵ective (but non-zero) response is already observed. This

example shows how the prior design a↵ects the inference of the parameter uncertainty.

Nevertheless, if we look at the posterior predictive distribution for the responses (with

samples illustrated by light blue curves), the two models reach a similar conclusion. We

will show in Result that the predictive performance of the model is insensitive to the

choices of prior.

4.1.2 Overview of SynBa: Combinations

Extending SynBa to combinations of two drugs, the goal is now to model the dose-response

surface E(x1, x2) = f(x1, x2) where x1 and x2 are the dosages for the two drugs, whereas

E(x1, x2) is the response, and f is some class of function to be defined.

To define our likelihood model for the responses Y , we take inspiration from MuSyC

but maintain some flexibility on their model assumptions. The e↵ect of a drug in a system

is usually described by the Hill equation that describes the state of equilibrium of a

reversible process between an una↵ected population and an a↵ected one (the principle of

detailed balance). To obey to this equation and its e↵ects, in our model we incorporate

the assumptions of the principle of detailed balance, of the proliferation rate of una↵ected

population and of the saturation of the maximum e↵ect of the drug in the a↵ected

population. In MuSyC, these assumptions are defined in a nested structure in which levels

are called Tiers (see Table S5 in [57]). In defining SynBa for combinations, we adopt

the same model assumptions as Tier 4 of the levels specified by MuSyC. This category
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encodes the most complex class of models that still maintains the assumption of detailed

balance. It is worth noting that, conversely to MuSyC, our model posterior covers all four

tiers simultaneously. This is because Tier 4 subsumes all lower tiers and thus for how our

model is defined, they will not be eliminated from the posterior distribution, unless the

evidence from the data is strongly against them. The concepts of Tiers as described in

MuSyC would require a post-learning model selection. The use of a Bayesian approach

avoids such a selection procedure whilst still maintaining biologically viable assumptions.

In contrast to MuSyC, in SynBa we choose to maintain the detailed balance assumption

to also avoid over-parameterisation, which is likely to occur due to the limited data size

for each drug combination set. For example, the majority of the combinations in the

NCI-ALMANAC dataset has a data size of 15 (excluding the base level at dose zero), only

3 more than the number of parameters in MuSyC. In a real-world scenario, the data size

may often be even smaller. Furthermore, with the detailed balance assumption, matrix

multiplication and inversion are avoided, which lowers the computational cost.

As a result, we define the following joint distribution for the response and the parameters

of the surface given the dosages x = (x1, x2),

p(Y,E0, E1, E2, E3, C1, C2, H1, H2, �,↵ | x)

= p(Y | E0, E1, E2, E3, C1, C2, H1, H2, �,↵,x)

⇥ p(E1 | E0)p(E2 | E0)p(E3 | E0)p(E0)p(C1)p(C2)p(H1)p(H2)p(�)p(↵),

(4.5)

where the likelihood model for responses Y given the dosages is defined as

p(y | E0, E1, E2, E3, C1, C2, H1, H2, �,↵,x)

= N (
C

H1
1 C

H2
2 E0 + x

H1
1 C

H2
2 E1 + C

H1
1 x

H2
2 E2 + ↵x

H1
1 x

H2
2 E3

C
H1
1 C

H2
2 + x

H1
1 C

H2
2 + C

H1
1 x

H2
2 + ↵x

H1
1 x

H2
2

, �
2)

(4.6)

for all y 2 Y , where E0 := E(0, 0), E1 := E(1, 0), E2 := E(0,1), E3 := E(1,1), C1

and H1 are the monotherapeutic parameters associated for Drug 1, C2 and H2 are the

monotherapeutic parameters associated for Drug 2, and ↵ is an association parameter

that controls how the two drugs are a↵ected by the presence of each other.

The priors are

p(E0) = N (B, 0.03B),

p(Ẽi) = U(0, 1) or Beta(0.46, 0.58) for i = 1, 2, 3,

p(log(Ci)) = U(log(�), log(M)) for i = 1, 2,

p(Hi) = lognormal(0, 1) for i = 1, 2,

p(↵) = lognormal(0, 1),

p(�) = lognormal(0, 1),
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where 0 = xi,1  xi,2  ...  xi,n are the dosages for drug i, and � is a small non-zero value

to avoid logC being undefined.

The definitions of the priors are a natural extension of the monotherapy model, with the

same arguments being followed. The only new parameter is ↵, which follows a lognormal

prior with median 1 because ↵ is non-negative and equals 1 when the combination is

neither synergistic nor antagonistic in terms of potency.

4.1.2.1 Inference of the synergy

After inferring the posterior for the parameters and their associated uncertainty, we focus

on distinguishing the e↵ect of e�cacy and potency in drug combinations. MuSyC has

defined metrics for both synergistic e�cacy and synergistic potency, which is a promising

step in decoupling potency and e�cacy. However, the uncertainty for these two quantities

has not been quantified systematically. Our model output includes not only quantification

for the synergistic e�cacy and the synergistic potency, but also a separate uncertainty

estimation for each.

For the synergistic e�cacy, one simple yet informative quantity is

�HSA = min(E1, E2)� E3 (4.7)

which is the change in the maximal e↵ect between the combination and the more e↵ective

single drug of the two ([28]). A positive score indicates synergistic e�cacy. As E1, E2 and

E3 are probabilistic, the resulting �HSA score is also probabilistic. A metric such as

P (�HSA > 0 | D) (4.8)

can then be defined to estimate how confident we are about the synergistic e�cacy of the

combination, based on the dataset D. It is possible to have a synergistic combination that

is highly uncertain, which would indicate that more data are required to reach confidence

in the estimation.

We have opted for �HSA instead of the Bliss score or the Loewe score due to its minimal

reliance on assumptions. As detailed in Chapter 3, the Bliss score assumes the MSP,

while the Loewe score assumes the DEP, each containing its failure cases. In comparison,

�HSA is a simple measure of whether the maximal e�cacy of a combination has improved.

Although it does not account for potency, this limitation becomes advantageous in this

case, as it allows for the separate evaluation of e�cacy and potency.

For the synergistic potency, ↵ contains the required information. ↵ > 1 would indicate

synergistic potency ([83]), which means the potency of the two drugs has reduced due to
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Figure 4.4: The data and the inference outputs of the combination of AKT and ADAM17
applied on the cell line BT-20. (A): The original dose-response matrix. (B)-(C): The
monotherapy model outputs. Each blue curve is a sample from E[Y | ✓] where ✓ is a
sample from the posterior of the respective monotherapy model. The posterior distribution
for IC50 and Einf are shown in red and green respectively. (D): The contour plot for the
joint posterior distribution of the synergistic e�cacy (�HSA) and the synergistic potency
(log(↵)). The distribution is smoothed from the empirical posterior with a kernel density
estimation for visualisation purpose. (E)-(F): The histogram of the empirical posterior
distribution for the synergistic e�cacy (�HSA) and the synergistic potency (log(↵)).
The areas on the right-hand side of the red vertical lines are the probability that the
combination is synergistic in terms of e�cacy (in (E)) and potency (in (F)).

being combined. Consequently, we define

P (↵ > 1 | D) (4.9)

to estimate how likely a combination satisfies synergistic potency.

4.1.3 Case studies

To illustrate how the uncertainty estimation from our method can be explained and further

used for decision-making, we take two combinations from the DREAM dataset as examples.

Fig. 4.4 (A) shows the dose-response matrix for the combination of ADAM17 and

AKT acted on the cell line BT-20. The first column is the monotherapy dose-response

measurements for AKT (as the dosage for ADAM17 is zero), whilst the first row is the

monotherapy measurements for ADAM17 (as the dosage for AKT is zero). It can be
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observed that the responses for AKT start to decrease at a higher rate when the dosage

increases, but the dosage range is too small to understand its potency (IC50) and e�cacy

(Einf). The e�cacy cannot be determined because the response has not shown any sign of

convergence, whereas the potency cannot be determined because it relies on understanding

the maximal response, which is itself uncertain. However, if a deterministic Hill equation

is fitted to the monotherapy data, it will only provide a point estimate for the IC50 and

Einf , without acknowledging the above caveats. On the contrary, our method provides an

uncertainty estimation for both quantities. As shown in Fig. 4.4 (B)-(C), the posterior

distribution of IC50 and Einf have large variances, which correspond to large uncertainty.

In particular, as shown in Fig. 4.4 (C), the posterior of Einf for ADAM17 has a multimodal

shape, which is sensible because it is unclear whether the dosage range is too small (which

corresponds to the peak at 0), or the drug is simply ine↵ective regardless of the dosage

(which corresponds to the peak at around 90).

Moving to the inference of the full combination matrix, most existing synergy methods

have no means to showcase the uncertainty. Our method, on the contrary, provides the

uncertainty around the synergistic potency and the synergistic e�cacy, as shown in Fig.

4.4 (D), (E) and (F). According to the model output, the combination is moderately likely

to be synergistically potent (with a probability of 85.2%), but it is di�cult to conclude

its synergistic e�cacy (with a probability of 62.9% to be synergistic e�cacious). This

is reasonable because the excessively small dosage range makes it di�cult to conclude

anything about e�cacy with high certainty, but with the 25 available measurements on

the plates where the two drugs have interacted, information can be extracted on whether

combining the two drugs may lower the level of toxicity required to reach the same

beneficial e↵ect.

This combination is an example where the model implies some potential in the synergy

of the combination, but the level of uncertainty in the synergy is still high, which may

require more measurements at larger dosages to be narrowed down.

We now consider the combination of AKT and EGFR acted on the cell line MDA-

MB-468. Fig. 4.5 shows its dose-response matrix and the inference result from our model

for the monotherapies and the combination respectively. All parameters and metrics of

interest have low variances, representing low uncertainties. As shown in Fig. 4.5 (B) and

(C), the dosages have suitable ranges and approximately follow the sigmoidal shapes of the

expected dose-response fit, in particular for AKT. They contain su�cient information for

the possibilities for IC50 and Einf to be narrowed down. Similarly, the combination data

are well-behaved. Fig. 4.5 (C), (D) and (E) show that the probabilities of this combination

being synergistic in terms of potency and e�cacy are both close to 100%. These are signs

that this combination is worth being taken to subsequent steps in the drug development

pipeline.
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Figure 4.5: The data and the inference outputs of the combination of EGFR and AKT
applied on the cell line MDA-MB-468. (A)-(F): The same as the caption of Fig. 4.4.

The two examples above show that concrete decisions can be made based on the

posterior distributions (e.g. for IC50, Einf , �HSA and ↵) from our model, and more

importantly, the uncertainties associated with these distributions.

4.1.4 Training details

The models are trained by Stan, a state-of-the-art platform for statistical modelling and

high-performance statistical computation, particularly for Bayesian computation ([75]).

The user specifies the prior model of the parameters and the likelihood model of the data,

while Stan performs either full Bayesian statistical inference with MCMC sampling, or

approximate Bayesian inference with variational inference. In this study we opt for MCMC

due to the importance of the reliability of the output, which is ensured by the asymptotic

exactness of the MCMC inference. Despite choosing the slower option of the two, SynBa

is still computationally e�cient. Running on 4 CPUs of the Intel Xeon Platinum 8276

CPU Processor, the median time taken to fit SynBa (via MCMC with 1000 iterations and

4 chains, including 500 iterations in the warm-up phase) to a 6-by-6 dose-response matrix

in DREAM is 10.2 seconds, which is comparable to MuSyC with bootstrap.

With this training pipeline, we can avoid the overhead that occurs during the usage

of non-linear optimisation packages in deterministic parametric methods such as MuSyC,

BRAID and the E↵ective Dose model. A di↵erent choice of the numerical algorithm (and

its hyperparameters) results in a di↵erent result for those methods. On the contrary, in
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SynBa, the same exact result can be found asymptotically via MCMC with Stan.

For the implementation of MuSyC, BRAID and the E↵ective Dose model, the Python

package synergy ([82]) is used. For the implementation of bayesynergy and Hand-GP, we

make use of their o�cial repository.

4.2 Results

4.2.1 Prediction of drug combination responses

In this subsection, we show that in addition to providing uncertainty estimations, SynBa

is competitive in predicting unseen responses within a dose-response matrix, and is less

prone to overfitting compared to the existing methods.

The datasets of interest are DREAM ([54]) and NCI-ALMANAC ([33]), two of the

most widely-used publicly-available combination screenings. In DREAM, we focus on

all examples in the training set of Challenge 1 that have passed the Quality Assurance

and that only contain non-negative responses and one set of replicates, which are 1631

sets of combinations in total. In NCI-ALMANAC, we focus on the subset defined in [37],

which is a subset of the data consisting of 50 unique FDA-approved drugs and 36,120

combinations. We remove examples that contain negative measurements, which results in

28,854 remaining combinations.

We leave out 20% of the non-zero dosage combinations for prediction. The models

are trained using the remaining 80% dosage combinations, and then evaluated on the

left-out points. For the dose-response matrices in DREAM, we leave out 7 of the 35 points

with non-zero dosages from the 6-by-6 matrix (see Fig. 4.1(A)) using a specific leave-out

strategy. For each of the two monotherapy slices, one point is left out for testing. For the

5-by-5 combination grid (i.e. the orange cells in Fig. 4.1(A)), five points are randomly left

out for testing. Fig. 4.1(B) shows an example of such a train-test split. The measurements

are left out in this manner so that each monotherapy contains one measurement for testing.

For the dose-response matrices in NCI-ALMANAC, it is not possible to leave out points

separately for monotherapies and for combinations because the data size is too small. For

most combinations, there are only 3 points for each monotherapy and 9 points for the

interactions. Thus, we directly leave out 3 of the 15 points randomly for prediction.

To evaluate the predictive performance of the models, the root-mean-square error

(RMSE) is computed using the left-out points. For each combination, its RMSE for the

test responses {y1, ..., yN} is

RMSE =

sP
N

i=1(yi � ŷi)2

N
(4.10)
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where ŷi is the point estimate for the response that corresponds to dosage xi. For SynBa,

we define ŷi to be the posterior predictive mean E[yi | D,xi], which is estimated by Monte

Carlo sampling from the posterior.

We compare our prediction results against MuSyC, BRAID, and the E↵ective Dose

model, which are three of the most widely-used synergy models. We also compare against

bayesynergy and Hand-GP, the two probabilistic synergy models. For SynBa, we implement

both the uniform prior and the empirical Beta prior for the normalised Einf , which we

denote as SynBa-U and SynBa-B respectively. Table 4.1 show the mean and the median of

the test RMSE for all six methods. Our method outperforms all other methods in terms

of RMSE for both datasets. This is especially encouraging because RMSE is a metric

that only considers the quality of point estimates and ignores uncertainty. The upper

diagonal panels in Fig. 4.6 show the scatter plots directly comparing the test RMSE values

between methods (visualised with the blue colour). Our method is the most competitive,

as evidenced by having more points above the diagonal y = x line. These show that our

method is not trading o↵ predictive accuracy for uncertainty estimation. By following

a principled Bayesian workflow, our model is strong in both prediction and uncertainty

estimation.

It is worth noting that at least one of MuSyC, BRAID or the E↵ective Dose model

fail to find a solution for 4.8% of the examples in DREAM and 38.4% of them in NCI-

ALMANAC, despite an e↵ort in tuning the bounds, initial values and hyperparameters

involved in the optimisation. Most likely this is because these methods rely on external

optimisation packages with no guaranteed convergence, which can become a problem when

overparameterisation becomes severe due to small data sizes. SynBa does not incur this

problem since its priors ensure conservative outputs when data size is too small.

To investigate whether SynBa is prone to overfitting and how it compares to the

other three methods, we perform the same prediction experiment on DREAM, but with a

train-test split ratio of 40% : 60% instead. As shown in the lower diagonal panels in Fig.

4.6, the test RMSE values (visualised with the red colour) increase significantly for the

three deterministic models. For SynBa, however, the test RMSE values have increased on

average, but not by much. It can be seen that the mean value and the spread increase

more significantly for the other three methods compared to SynBa. It can also be observed

that the predictive performance of SynBa is not sensitive to the choice of prior, with the

two priors producing very close RMSE values to each other.

4.2.2 Uncertainty calibration

For a model M with learnt cumulative distribution FM with well-calibrated uncertainty,

it would approximately follow the identity that FY (xi) ⇡ FM(xi) for every data point

{(xi, yi(xi)) | i = 1, ..., N} in the dataset, where yi(xi) is a sample from the unknown
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Table 4.1: The mean and the median of the test root-mean-squared error (RMSE) for
MuSyC, BRAID, the E↵ective Dose model, bayesynergy, Hand-GP and SynBa, computed
on a subset of DREAM and NCI-ALMANAC, along with their standard errors. The
standard error of the mean is computed by the standard deviation of the metrics across
examples divided by the square root of the number of examples. The standard error of
the median is estimated by nonparametric bootstrap. SynBa with a uniform prior for
the normalised Einf is denoted by SynBa-U. SynBa with the Beta(0.46, 0.58) prior for the
normalised Einf is denoted by SynBa-B.

DREAM, RMSE NCI-ALMANAC, RMSE
mean (± se) median (± se) mean (± se) median (± se)

MuSyC 6.11± 0.10 5.01± 0.08 14.87± 0.10 10.17± 0.03
BRAID 5.71± 0.09 4.88± 0.08 9.57± 0.06 7.16± 0.03

E↵ective Dose 6.46± 0.09 5.66± 0.09 8.47± 0.05 6.77± 0.09
bayesynergy 8.10± 0.03 8.07± 0.04 24.18± 0.12 17.92± 0.20
Hand-GP 10.02± 0.16 8.35± 0.12 22.91± 0.31 14.41± 0.37
SynBa-U 5.20± 0.07 4.56± 0.08 6.72± 0.04 5.45± 0.05
SynBa-B 5.15± 0.07 4.55± 0.08 6.66± 0.04 5.43± 0.04

true cumulative distribution FY (xi). Equivalently, assuming the measurements yi(xi)

for a combination are conditionally independent given the dosages xi, their cumulative

probabilities F (yi) := P(yi(xi) < FM(xi)) would be approximately uniformly distributed

between 0 and 1, if M is well-calibrated.

In this study, for each combination in DREAM, we split the 35 measurements (excluding

the base value) with a 80%:20% ratio in the same way as the prediction evaluation in

the previous subsection. We then evaluate the quality of the uncertainty calibration

with the Kolmogorov–Smirnov (K-S) uniformity test ([52]) for the empirical cumulative

probabilities (or CDF values) across all test data points. If the model is well-calibrated,

then the CDF values for the test data points will be approximately uniform for each

combination. Otherwise, they will show a non-uniform pattern and the resulting p-value

for the K-S test will be statistically significant. This procedure is performed across every

combination in DREAM, resulting in a p-value for each combination. The histogram of the

p-values for SynBa is illustrated in Fig. 4.7(A), showing that 6.07% of the combinations

have not passed the uniformity test, and thus are not well-calibrated. As a comparison,

the same procedure is performed using MuSyC. Fig. 4.7(B) shows that 25.1% of the

combinations are not well-calibrated when modelled by MuSyC, which is roughly four

times as high as the number for SynBa. This shows the estimated uncertainty from SynBa

is more reliable and closer to the unknown ground truth on average.
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Figure 4.6: Upper diagonal panels (with blue points): Scatter plot of the test RMSE values
obtained from di↵erent methods on DREAM with a train-test split ratio of 80% : 20%.
Lower diagonal panels (with red points): Scatter plot of the test RMSE values obtained
from di↵erent methods on DREAM with a train-test split ratio of 40% : 60%. Diagonal
panels: Histograms of the test RMSE values and their corresponding kernel density
estimates, where the train-test split is 4:1 for the blue ones and 2:3 for the red ones.

4.3 Discussions and Conclusions

Machine learning methods have been developed for preclinical modelling and the prediction

of drug combinations, thanks to the availability of large screenings ([37, 80]), which are

beneficial for discovering and explaining drug combinations. However, a few factors

prevent most from being applied to real-world drug discovery projects. One issue is that

performance measures rely on synergy scores, which do not have a gold standard and

contain a non-trivial amount of uncertainty, as discussed in Introduction. The Spearman

correlation of the replicate experiments in DREAM ([54]) and [59] are 0.56 and 0.63

respectively, which show that quantifying a combination with a single synergy score would

result in high variance. However, uncertainty measurement is not included in synergy

score estimation. This could be one of the reasons that 20% of drug combinations are

poorly predicted by all methods in the DREAM challenge. Measuring the uncertainties
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Figure 4.7: Histogram of p-values that represent the calibration quality of combination
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distribu- tion and the cumulative probability of the data points in their predicted densities.
For a well-calibrated model, the p-value will be higher than 0.05.

associated with the estimated scores is important for the subsequent decision-making

process based on the model outputs. In real-world scenarios, scientists are often facing the

decision to choose amongst a large set of drug combinations that score similarly in terms

of synergy. Without quantification of how certain (or uncertain) the estimated scores

are, they will have to rely on background knowledge compromising innovation in their

choices. SynBa provides a way to implement a ranking strategy in the decision process of

a drug discovery pipeline, which is a real-world unmet need. This is illustrated in Fig. 4.8,

where the ideal drug candidate will have either a strong synergistic e�cacy or a strong

synergistic potency (or even better, both) with low associated uncertainties. Drugs in the

first quadrant with a small “radius” would represent promising candidates, ranking higher

in the decision-making process due to their high potential and low uncertainty. This is

more robust than directly ranking deterministic synergy scores such as Bliss or Loewe.

Although SynBa only models the combination of two drugs, while there exist methods

such as the E↵ective Dose Model that consider higher-order combinations, there is nothing

in methodology stopping us from extending SynBa to three or even more drugs. However,

this would significantly increase the computational cost of evaluating posteriors, which

grows exponentially with the number of drugs. It would also be more challenging to ensure

that the MCMC algorithms accurately estimate the true posteriors, since a much larger

number of posterior samples would be required. While this limitation exists, our primary

goal is to provide a method that remains reliable and avoids overparameterisation, aligning

with practical needs. Extending to three or more drugs is beyond the scope of immediate

real-world application.

In conclusion, we have developed a new framework for quantifying dose-response rela-

tionships for monotherapies and combinations that provides a full uncertainty estimation

for all parameters that are associated with the monotherapies and the combinations,
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Figure 4.8: Example of a promising combination candidate, with posterior distributions
for synergistic e�cacy and potency lying in the first quadrant with a relatively small
uncertainty.

including information about e�cacy, potency and synergy. These uncertainty information

would be helpful to the biologists to make further decisions about progressing to the next

stages of the drug discovery pipeline, or whether more experiments are required to lower

the level of the uncertainty and better understand the drug mechanism of action.

We have also shown that SynBa is competitive in predicting unseen responses within

a given dose-response matrix, and outperforms MuSyC, BRAID and the E↵ective Dose

model on DREAM and NCI-ALMANAC. In addition, the prediction performance is not

sensitive to the choice of the priors.

In summary, our framework is capable of providing a reliable uncertainty estimation

for the potency (e.g. IC50) and the e�cacy (e.g. Einf) of a monotherapy, or the synergistic

potency and e�cacy of a combination, in a decoupled manner, and reliably predicting

unseen responses within a dose-response matrix. The parameter uncertainties can be

interpreted and used as guidance for further experiments and subsequent decision-making.
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Chapter 5

SynBa-Batch: Modelling the batch

e↵ect and utilising information

While SynBa provides a robust method for quantifying the decoupled drug synergy as well

as estimating the uncertainties, one problem it does not directly address is the variability

on the e↵ects of the drugs that stems from the di↵erence in experimental environment and

the biological variations, such as the di↵erence in the types of cell culture. For example,

the di↵erences in cell numbers seeded in the dish can impact the activity of cells and thus

the e↵ect of the drug. Even for the same monotherapy or the same combination (i.e. the

same drug or drugs administered to the same cell line), the e�cacy and potency derived

from di↵erent sets of measurements can be significantly di↵erent. In such cases, is it still

reasonable to assume that a single parametric mean adequately represents all the data like

in SynBa? To answer this question, we first need to understand the nature of the batch

e↵ects that are exhibited in drug screenings.

5.1 Batch e↵ect

In drug screenings, it is often observed that even for the same monotherapy or combination,

drug responses and cell viability often vary significantly across experiments designed to

measure the same quantity. These variations can be attributed to biological variances,

di↵erences in laboratory environments, and experimental noise ([47, 14, 74]). Even for

individual wells on the same plate, spatial bias in microwell assays has been observed

among individual wells ([44, 53]).

Fig. 5.1 is an illustrative example that shows the significant variability in dose-response

measurements across di↵erent plates, indicating a strong noise component that reflects

potential batch e↵ects. In this figure, each subfigure contains a set of monotherapies (of

the same drug) applied to the cell line 786-0. In each subfigure, it can be observed that

the response measurements di↵er substantially, despite the same drug being applied to
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Figure 5.1: Dose-response curves for di↵erent drugs applied to the cell line 786-0, coloured
by test dates. Each curve represents a set of measurements from the same plate. The
x-axis represents log-transformed drug dosages and the y-axis shows the corresponding
drug response.

the same cell line. While the measurements in subfigures (A) to (C) show somewhat

similar downward pattern, it is not the case for subfigures (D) to (F). In each of the

subfigures (D) to (F), it can be observed that some curves are mostly flat around 100,

showing little e�cacy, whereas some other curves show a steep decline, representing a

strong e�cacy. The steep declines also occur at di↵erent dosages, showing a discrepancy

in the potency across plates. From these sets of measurements, it is evident that the

dose-response measurements cannot be explained by a single parameterisation of the form

y = f(x) + ✏ where ✏ represents i.i.d. noise.

Despite this, the majority of the current computational models typically aggregate all

data into a single framework, neglecting these batch e↵ects. On the experimental side,

the outlier measurements are often removed as an empirical approach. These approaches

are insu�cient as they overlook the inherent variability in the data. Recently, there have

been works on dealing with batch e↵ects in the context of monotherapies ([74]). Instead of

treating batch e↵ects as a nuisance, the temporal dependencies are utilised to improve the

estimation of negative controls, shrinking the di↵erences between experiments conducted

on similar days through an empirical Bayes procedure.

In this study, we approach the batch e↵ects by identifying batches that have di↵erent

dynamics, since each of them reflects di↵erent experimental conditions or biological contexts.

We then leverage the learned dynamics to enhance the modelling of combination therapies.
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No work to date has thoroughly explored this approach in the context of drug combination

studies. This study addresses this gap by providing an informed guess for the dynamics of

the dose-response matrices, with the aim of enhancing the accuracy of inferring e�cacy,

potency, and synergy in drug combinations. The informed guess is based on the dynamics

learnt from the monotherapy data available for each of the two drugs being combined.

In addition to providing an improved model that distinguishes between batches and

learns the di↵erent dynamics, we also o↵er a method for data fusion to utilise existing

data and improve predictions for combination responses. Existing methods have aimed

to remove or correct variations [48]. In contrast, SynBa-Batch systematically addresses

variability and batch e↵ects without discarding data or assuming the presence of a single

ground truth distribution for the pharmacological parameters of a monotherapy or a

combination. By classifying each combination dose-response matrix into one of the learned

batches, the batch e↵ect will be explained away from the modelling if a suitable batch is

selected. By doing this, information from diverse experimental conditions and datasets is

integrated, hence improving the prediction performance of drug combination viability.

In summary, we improve the existing pharmacology quantification frameworks, in

particular SynBa, by (1) modelling batch e↵ects to explain away the uncertainty associated

with the batch e↵ects and (2) informing combination models by utilising prior distributions

from monotherapy models. We validate our approach through its high correlation with

biological metadata, and demonstrate improved predictive performance, o↵ering a robust

tool for the inference and prediction of dose-response pharmacology data.

5.2 Methods

In SynBa-Batch, we learn the batch e↵ect by partitioning the data into multiple components

and parameterising each dynamic separately using a mixture model framework. We

construct our mixture model based on SynBa due to its Bayesian nature, which naturally

accommodates probabilistic mixture modelling through latent variable frameworks. This

approach performs the quantification of uncertainty within each batch and between batches,

providing not merely a clustered model but also the identification of the more significant

or informative batches, without ignoring the less significant ones. It allows the reduction

of the epistemic uncertainty (i.e. the uncertainty that arises from limited knowledge or

data) in the modelling process by explaining away the batch e↵ect through the mixture

components. The aleatoric uncertainty (i.e. the inherent uncertainty due to noise) within

each batch is better estimated. Consequently, the accuracy of uncertainty quantification is

improved for the parameters and the drug response predictions.
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Figure 5.2: The graphical model depicting SynBa-Batch. The shaded shapes indicate
known values. The unfilled round shapes indicate unknown random variables. The
rectangular shape indicates fixed parameters to be inferred.

5.2.1 SynBa-Batch for monotherapies

To incorporate the batch e↵ect and model measurements of the same monotherapy that

potentially have di↵erent underlying distributions, we incorporate a probabilistic mixture

approach based on SynBa. We begin with a dataset D = {(xn,yn) 2 (R3
>0,R3

�0) | n =

1, . . . , N}, where each (xn,yn) is a set of experiments from the same experiment setting

(i.e. performed simultaneously on the n-th plate, usually labelled with the same experiment

ID or plate ID in the metadata). The vector xn denotes the set of dosages of the drug

applied, whereas yn denotes the corresponding set of observed responses.

Under our proposed model the drug responses for a monotherapy are assumed to

be generated from a mixture of K components, each characterized by parameters ✓ =

(E0, E1, C,H). We introduce a latent variable z that indicates the component from

which the measurements are drawn. It follows a categorical distribution p(z = k) ⇠
Cat(p1, . . . , pK), where pk is the mixture proportion for component k. For each set of

measurements (xn,yn) from the n-th plate, it is assumed to be drawn from one of the K

distributions depending on the value of the latent assignment zn. The likelihood model for

the response y given its batch assignment k and the dosage x is defined as

p(y | z = k,✓, �, x) = N (f(✓, x), �2) (5.1)

independently for all (x, y) 2 (xn,yn), where E0 := E(0), E1 := E(1) and � is the

standard deviation of the noise level of y.

The joint prior distribution for a set of drug responses in a single study or plate, the
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batch they belong to, and the parameters of the curve given the dosages is

p(y, z = k,✓, � | x) = p(y | z = k,✓, �,x)p(z = k)p(✓)p(�)

= p(z = k)p(✓)p(�)
Y

x2x
N (f(✓, x), �2) .

(5.2)

The parameters of the model are learned via the Expectation/ Conditional Maximization

(ECM) algorithm ([55]). The ECM algorithm is used instead of the classic EM because

the complex parameterisation of the likelihood makes the M-step intractable, whereas

ECM simplifies this into easier conditional maximisations.

The E-step involves evaluating the posterior probability p(z = k | y,x) for each set of

monotherapy measurements. This is done using the relationship p(z = k | y) / p(y | z =

k)p(z = k), where the normalization is performed after computing these probabilities for

all k. In the CM-step, we maximize the mixture proportions pk = p(z = k) with respect

to the complete log-likelihood while keeping �k and �k fixed. Subsequently, we maximize

�k and �k with the mixture proportions pk fixed. This iterative process allows for the

refinement of the model parameters to best fit the observed data.

Finally, for each mixture, the weights wi := p(zi = k | yi,xi) are used to train

a weighted SynBa model for each mixture component. The overall objective function

L =
P

N

i=1 wip(yi | ⇥,xi) is maximized, where ⇥ represents the SynBa parameters.

This modelling framework provides a robust means of capturing multiple modes from

the underlying distribution of the monotherapy measurements. The ECM algorithm

ensures that the parameter estimation process is e�cient and convergent, balancing

between statistical guarantee and computational e�ciency.

We now write down SynBa-Batch for monotherapy inference in full as Algorithm 5.1.

Algorithm 5.1: SynBa-Batch for monotherapy inference.

Step 1: Initialisation

• Define pk := p(z = k) = 1
K

for all k = 1, ..., K.

• For each plate n, compute the optimal deterministic parameters⇥n = (Cn, E0n, E1n, hn)

by fitting to the 1D Hill equation.

• Initialise ✓k by training a standard Gaussian Mixture Model on ⇥ = {⇥n | n =

1, ..., N} and taking the means ✓1, ...,✓K .

• Initialise �k = 1 for all k.

Step 2: Iterate using the Expectation/Conditional Maximization algorithm ([55])
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• E step: Evaluate p(zn = k | Yn) for plate n 2 {1, ..., N}. We have

p(zn = k | Yn) / p(Yn | zn = k)p(zn = k)

=
LnY

i=1

p(yn,i | zn = k)p(zn = k)

=
LnY

i=1

N (yn,i | f(✓k, x), �
2
k
)p(zn = k)

(5.3)

• CM step: Iteratively maximise pk, ✓k and �k w.r.t. the complete data log-likelihood

Q(⇥|⇥t) = E[log p(Y | ⇥) | Y,⇥t]

for all k = 1, ..., K. Empirically, this is estimated by
P

N

n=1

P
K

k=1 p(zn = k |
Yn) log pkp(Yn | zn = k,✓k, �k) ([77]).

Compute pk  1
N

P
N

n=1 p(zn = k | Yn).

Optimise ✓k, �k  argmax✓k,�k

P
N

n=1

P
K

k=1 p(zn = k | Yn) log pkp(Yn | zn = k,✓k, �k).

Step 3: Train the weighted SynBa separately for each mixture

• For each mixture k 2 {0, ..., K} and each plate n, define the weight for each set of

measurements as

wk,n := p(zn = k | yn,xn), (5.4)

which is the posterior probability of this set belonging to the k-th batch.

• For each mixture k 2 {0, ..., K}, train the weighted SynBa, where the overall

objective function to be maximised is modified to be

Lk =
NX

n=1

wk,n log p(yn | ⇥k,xn), (5.5)

where ⇥k represents the SynBa parameters for mixture k.

Once all steps in Algorithm 5.1 are followed, we end up with k separately trained

SynBa models, one for each mixture. These models now account for distinct batch

e↵ects, explaining away the variability that arises from di↵erent biological or experimental

conditions. Each SynBa model represents a specific monotherapy profile, reflecting the

unique dynamics of its batch. This provides biologists with a clearer and more interpretable

understanding of the drug response across various contexts, facilitating more informed
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Figure 5.3: Visualisation of monotherapy measurements for the drug 7-Ethyl-10-
hydroxycamptothecin applied to the cell line 786-0. (A): Coloured by test dates. (B):
Coloured by the batches learnt by SynBa-Batch. (C): The confusion matrix showing the
percentage of measurements assigned to each batch for each test date.

experimental decisions based on specific experimental settings. We now go through a case

study to illustrate the usefulness of SynBa-Batch in monotherapy modelling.

5.2.1.1 Case study

We illustrate the benefits of SynBa-Batch using an example from the NCI-ALMANAC

dataset [33]. Fig. 5.3(A) illustrates all monotherapy measurements for the drug 7-Ethyl-

10-hydroxycamptothecin applied to the cell line 786-0, coloured by the di↵erent test dates.

The percent growth inhibition is plotted against the logarithm of the applied dosages, where

each line represents measurements from the same plate. The screener of the experiments

is illustrated by the line style. It can be observed that measurements performed on the

same date from the same screener tend to have a similar pattern as dosage increases.

On the contrary, measurements from di↵erent dates vary significantly even when the

same dosage of the same drug is applied on a fixed cell line. In this particular example,

measurements from the date 10/28/2011 (coloured in grey) are particularly distinct from

the others, showing a much weaker e�cacy. The mutual existence of strong similarity

of measurements from the same environment and strong variability of measurements
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Figure 5.4: Comparison of SynBa and SynBa-Batch outputs for 7-Ethyl-10-
hydroxycamptothecin administered on the 786-0 cell line from the NCI-ALMANAC
dataset. (A): Output from the original SynBa. (B): The Einf , logC and H across multiple
sets of monotherapy measurements. Each blue dot is a set of (Einf , logC and H) learnt
from a single set of monotherapy measurements. Each red dot illustrates the mean of a
mixture learnt from the GMM trained using the blue dots as the data. (C)-(F): Outputs
from the four learnt batches of SynBa-Batch. Measurements are coloured in red if their
probability of being assigned to this batch is larger than the others. The distribution for
IC50 is shown in red, whereas the distribution for Einf is shown in green.
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from di↵erent environments suggests the presence of batch e↵ects. This variability shows

the importance of incorporating batch-specific factors into the modelling framework to

accurately capture the underlying biological response and improve predictive performance.

Fig. 5.3(B) shows the same measurements as (A), but now coloured by the batch

assignments learnt by SynBa-Batch as described in Algorithm 5.1. As the model is

probabilistic, the assignments are inferred according to

z̃n = argmax
k

p(zn = k|D) (5.6)

for each set of experiments (xn,yn) in the same plate.

From Fig. 5.3(A) and (B), a high correlation is observed between the cluster assignments

from SynBa-Batch and the test dates, indicating that despite the inherent batch e↵ects

being unknown, our model successfully captures significant patterns. In particular, the

measurements with the test date 10/28/2011 are successfully identified as a separate batch

(labelled as Batch 2). Furthermore, Fig. 5.3(C) computes the confusion matrix showing

the percentage of measurements assigned to each batch for each test date. Of the 13 test

dates, 9 of them have at least 90% of the measurements clustered to the same batch,

showing the correlation between the test dates and the batch assignments, which have

been inferred without knowing the test dates. Although the ground truth for batch e↵ects

is unknown and thus cannot be directly tested, the close alignment between our batch

assignments and the test dates is still significant evidence that suggests our approach

provides valuable insights into the underlying variability, making the results informative

and helpful for further biological investigations.

Fig. 5.4(A) illustrates the posterior distributions for the predicted responses and the

pharmacology parameters learnt from the original SynBa model (described in Chapter 4).

A single trend is learnt and averages out all scenarios. This averaging leads to a posterior

distribution that overlooks significant di↵erences between batches, reducing the model’s

capacity to accurately summarise the data. For example, the posteriors for the predicted

responses and the maximal e�cacy E1 give negligible weight to the measurements from

test date 10/28/2011 (identified as Batch 2 in Fig. 5.3(B)). This is because the drug

responses from that specific date di↵er significantly from those of other dates. As shown in

Fig. 5.4(B), the pharmacological parameters of the sets of measurements obtained from the

1D Hill Equation vary vastly from each other. However, SynBa’s single-mode likelihood

model restricts the ability to simultaneously learn multiple plausible scenarios, preventing

this specific mode from being captured. Such outlier modes should be summarised by the

model instead of being discarded as an abnormality, since an outlier is not necessarily a

measurement error, but could stem from legitimate factors including biological variation

and laboratory environment.

In contrast, as shown in Fig. 5.4(C)-(F), various scenarios are successfully separated
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Figure 5.5: Synthetic drug responses generated from the learnt SynBa-Batch model. Points
with the same colour are generated from the same batch. The dosages in each subfigure
are set to be the same as the measurements in the training set.

by SynBa-Batch. The aforementioned outlier batch from the test date 10/28/2011 is

illustrated in Fig. 5.4(E), where the posterior distribution for the maximal e�cacy is

significantly di↵erent from the others. The major mode is also captured by SynBa-Batch,

as shown in Fig. 5.4(C)(D)(F). Although these three mixtures have similar posteriors for

maximal e�cacy, their posteriors for IC50 are less similar, either showing di↵erent means

or a di↵erent level of variance, meaning these three mixtures are not repetitive.

Fig. 5.5 shows the synthetic drug response levels generated from the learned SynBa-

Batch model. This is obtained by first drawing z = k from the posterior categorical

distribution p(z = k) for the latent batch assignment, and then drawing

y | z = k, x ⇠ N (f(✓k, x), �
2
k
) (5.7)

for a specified dosage x. The dosages are set to be the same as those in the original dataset

so that the synthetic responses can be directly compared with the measurements. This

procedure is repeated six times, resulting in six subfigures. Across these subfigures, the

generated responses closely resemble the real data, demonstrating similar patterns and

variability, which validates the e↵ectiveness of the SynBa-Batch model in capturing the

underlying distribution of the original measurements. This similarity indicates that SynBa-

Batch can accurately replicate and model the complex dynamics observed in real-world

pharmacology screenings.
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5.2.2 SynBa and SynBa-Batch: Utilising existing models or

information

Now that we have introduced SynBa-Batch for modelling batch e↵ects of monotherapies,

we think about how learning the batch e↵ects could aid the inference of combination

measurements. More generally speaking, can we leverage the rich information available

from monotherapy models to better infer combination outcomes? In Bayesian methods,

this can be achieved by incorporating the posterior distributions from the monotherapy

models into the priors for the combination model. By doing so, we not only inform the

combination model with meaningful prior knowledge but also potentially improve its

prediction accuracy on untested dosages. Algorithms 5.2 and 5.3 outline the detailed

method for incorporating both SynBa and SynBa-Batch models in combination prediction.

The former is denoted as SynBa-Informed to di↵erentiate with the original SynBa.

Algorithm 5.2: SynBa-Informed for combinations with existing monotherapy informa-

tion.

Step 1: Train SynBa on each of the two monotherapies including historical measurements.

For Drug 1, estimate the posterior distribution for E1 and C1. For Drug 2, estimate the

posterior distribution for E2 and C2. These contain the e�cacy and potency information

for the two drugs.

Step 2: Define the prior for E1, E2, C1 and C2 in the combination model using the pos-

teriors for the parameters from the k-th batch. For h1 and h2, the priors are set to be

lognormal(0, 1) as in the original SynBa. The prior for E3 is set to be p(E1E2), assuming

Bliss independence.

Step 3: Train the combination model as in Box 2 of [86], also outlined in Section 4.1.2.

Algorithm 5.3: SynBa-Batch for combinations with existing monotherapy information.

Step 1: Train SynBa-Batch on each of the two monotherapies including historical mea-

surements. These contain the e�cacy and potency information for the two drugs.

Step 2: For each of the two drugs, for each plate n:

Extract the batch assignment probabilities p(zn = k | D) from the outputs of SynBa-

Batch.

Step 3: Pick the batch assignments k for each of the two monotherapy slices (x1,x2)
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associated with the combination matrix (i.e. the first row x1 and the first column x2 of

the matrix). For each of the two drugs, pick the batch with the largest batch assignment

probabilities from the previous step:

k1 := argmax
k

p(z1 = k | D), k2 := argmax
k

p(z2 = k | D).

Step 4: Define the prior for E1, E2, C1 and C2 in the combination model using the posteriors

for the monotherapy parameters from the k1-th batch of Drug 1 and the k2-th batch of

Drug 2. For h1 and h2, the priors are set to be lognormal(0, 1) as in the original SynBa.

The prior for E3 is set to be p(E1E2), assuming Bliss independence.

Step 5: Train the combination model as in Box 2 of [86], also outlined in Section 4.1.2.

In summary, if the training is performed using Batch-SynBa, then there is an additional

step that extracts the posterior probabilities for each set of dosages and responses. This

extraction allows for identifying the most likely batch assignments for the monotherapy

measurements within the combination matrix, which are the first row and the first column

of the matrix in our setting. This ensures that the combination model is informed by the

batch-specific characteristics captured during the monotherapy training phase, which is

expected to improve the model’s ability to account for batch e↵ects and variability.

In the prior specification step (i.e. Step 3 in Algorithm 5.2 and Step 4 in Algorithm

5.3), the prior distributions for the parameters E1, E2, C1, C2 in the combination model are

defined using the posteriors from the pre-trained monotherapy models. For the parameters

h1 and h2, the priors remain lognormal(0, 1) as in the original SynBa framework to ensure

numerical stability. The prior for E3 is set to p(E1E2), assuming a multiplicative (but

not synergistic) interaction under the Bliss independence model [10]. This conservative

prior allows the posterior to start from a null assumption and shift towards synergistic or

antagonistic interactions only if supported by su�cient evidence. The final step involves

training the combination model following the methodology outlined in Box 2 of [86].

This method allows utilising historical information from the existing large screenings

or additional available data to enhance the inference or prediction of combination drug

responses. By leveraging trained SynBa-Batch monotherapy models, it accounts for batch

e↵ects and informs the identification of significant batches, providing more accurate and

robust predictions.

Note that when uncertainty is high, the posterior batch assignment probability, p(zi =

k | D), will be lower, contributing less to the priors used in the combination model. By

doing this, the model ensures that strong priors are only imposed when the historical

84



data provides information with low uncertainty. This process allows us to more carefully

handle uncertainty in noisy data, avoiding overconfident predictions when the data does

not provide a clear signal.

5.2.2.1 Case study

To illustrate how modelling monotherapies with SynBa-Batch helps inform combination

models, we consider an example in DREAM.

Take the combination of FGFR and MTOR 1 applied to the cell line HCC70 as an

example, as illustrated in Fig. 5.6. In this figure, subfigures (A) and (B) show the

available monotherapy measurements for each of the single drugs, i.e. FGFR and MTOR 1

respectively. Each set of measurements, indicated by connected lines, comes from di↵erent

experimental plates. Each plate contains five measurements at non-zero dosages. Historical

measurements are coloured in blue, with data points from the same plate connected by lines.

The set of monotherapy measurements associated with the combination (i.e. measured as a

part of the combination, in the same plate and thus under the same controlled experimental

condition) are coloured in red. They correspond to the first row and the first column of

the dose-response matrix respectively.

For the drug FGFR illustrated in the left part of subfigure (A), if we only focus on

the red data points, it is di�cult to infer whether this monotherapy will eventually show

e�cacy at higher dosages, since the response remains relatively flat at the tested dosages.

However, when considering the blue measurements, we observe two distinct patterns. One

batch shows an e�cacious response (steep decline in response), while the other exhibits

flat lines, indicating little to no e�cacy across a wide dosage range. This suggests that the

batch e↵ects from biological or experimental variation are influencing the potency of the

drug. Given that the red line closely resembles the batch with flat lines, it can be inferred

that the red measurements likely belong to the same non-e�cacious batch, sharing the

same parametric mean and minimal drug e�cacy.

For the drug MTOR 1 illustrated in the right part of subfigure (A), if we focus solely

on the red points, it remains ambiguous whether the observed decline in response is due

to a true pharmacological e↵ect or simply a result of measurement noise. However, when

considering the historical data in blue, we can observe that there exists a batch where

the drug demonstrates significant e�cacy. This allows us to reasonably infer that the red

measurements are likely part of the e�cacious batch, though it is still fairly uncertain

without further measurements.

Fig. 5.6(B) and (C) illustrate the outputs of Algorithm 5.1 trained on the existing

monotherapy measurements of the two drugs. These are the historical information that we

can utilise. Now the task is to assign the two sets of monotherapy measurements associated

with the combination (i.e. the red measurements in Subfigure (A)) to one of these batches.
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Figure 5.6: (A): Illustration of the monotherapy slices (from the combination dose-response
matrix) among all historical monotherapy measurements. (B) and (C): Outputs from
Algorithm 5.1 for the three learnt batches of Drug FGFR and MTOR 1 respectively.
Measurements are coloured in red if their probability of being assigned to this batch is
larger than the others. The distribution for IC50 is shown in red, whereas the distribution
for Einf is shown in green.
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For FGFR, it is assigned to the first of the three batches in Subfigure (B), which is the

“constant batch”. It provides little prior information on the e�cacy of the drug, as more

measurements at larger dosages would be required. For MTOR 1, the monotherapy is

assigned to the first of the three batches in Subfigure (C). This is a batch that includes

sets of measurements with a significant level of e�cacy. There is also strong information

on the potency.

By having these informative priors, we will be able to better infer the combination

parameters related to synergistic e�cacy and potency. This is especially the case when the

size of the dose-response matrix is small which could result in a large epistemic uncertainty

if the priors are conservative (and could lead to over-parameterisation if deterministic

parametric approaches are used instead of the Bayesian approaches).

5.3 Prediction of drug combination responses

In this section, we apply SynBa and SynBa-Batch informed with monotherapy information

to the task of predicting unseen responses within a dose-response matrix using the DREAM

challenge ([54]). The aim is two-fold. First, we assess whether the prediction accuracy is

improved by integrating the existing monotherapy measurements. We utilise historical

information by defining the priors of the combination model using the posteriors learnt

from the monotherapy models. This data utilisation step is performed by Steps 1 and 2 in

Algorithm 5.2 if the original SynBa is used for monotherapy modelling, and by Steps 1 to

4 in Algorithm 5.3 if SynBa-Batch is used for modelling the monotherapies. The objective

is to provide a more informed starting point for the combination model, which would be

particularly helpful when the number of available measurements is small.

Secondly, we investigate whether the prediction is improved by learning the batch

e↵ects, which is done by incorporating a mixture model through SynBa-Batch as opposed

to the single-mean likelihood model in SynBa. By capturing and explaining away the batch

e↵ects present in the data, the correct batch can be identified for each of the monotherapy

sets, rather than being averaged out with the other batches.

In DREAM, due to the limited number of measurements per monotherapy, we focus on

a subset of Challenge 1 where the number of monotherapies is su�ciently high for batch

e↵ect modelling to be meaningful. This reflects the real-world scenario in which historical

data on monotherapy measurements for each of the two drugs to be combined are available,

since combinations are in most cases not randomly selected but are informed by empirical

evidence and established knowledge. Fig. 5.7 illustrates the number of monotherapies in

DREAM across drugs and cell lines. The rows and columns are sorted by the hierarchical

clustering algorithm based on the counts for each (drug, cell line) pair. The top-left part
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Figure 5.7: The counts for the sets of available monotherapies in DREAM Challenge 1.
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Figure 5.8: (A) The dataset and the prediction task in Section 5.3. The shaded rows and
columns represent the test data, which are randomly selected from non-zero dosages for
each drug. (B) Visualisation of the test performance for filling up the grid. The smoothed
densities for SynBa-Batch and SynBa are illustrated.

of the heatmap consists of monotherapies with significantly more measurements available,

which are mostly breast cancer cell lines. For the analysis, we have chosen the following

compounds:

• FGFR, MAP2K 1, AKT, MTOR 1, PIK3C, AKT 1, BCL2 BCL2L1

and the following cell lines:

• MDA-MB-436, CAL-120, CAL-51, HCC1428, HCC38, HCC1143, MDA-MB-231, BT-

549, HCC1937, HCC1806, MFM-223, MDA-MB-157, CAL-148, DU-4475, Hs-578-T,

M14, HCC70, CAMA-1, MDA-MB-468, HCC1187, HCC1395, BT-20, MDA-MB-453.

Except for M14 which belongs to soft tissue, all are breast cancer cell lines.

For each drug, we randomly leave out three of the five non-zero dosages from the

6-by-6 dose-response matrix, but not the first row or the first column as they are the

monotherapy measurements. Fig. 5.8(A) illustrates the leave-out strategy. The train-test

split is done in this manner so that the training data simulates a scenario where we have a

small 3-by-3 dose-response matrix, and need to infer the synergistic potency and e�cacy

of the combination from the limited number of measurements. The test data evaluates

whether the model can accurately infer these quantities. If the predictions are accurate,

then this model can support decision-making by (1) suggesting the optimal dosage, taking

into account both e�cacy and toxicity, and (2) if uncertainty remains high (which is very

likely the case, due to the small size of the dose-response measurements for combinations),

recommending the range of dosages for the next batch of experimentation to reduce the

uncertainty.
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Table 5.1: The mean, 1st quartile (Q1), median and the 3rd quartile (Q3) of the test
root-mean-squared error (RMSE) for SynBa, SynBa-Informed and SynBa-Batch, computed
on a subset of DREAM, along with their standard errors. The standard error of the mean
is computed by the standard deviation of the metrics across examples divided by the
square root of the number of examples. The standard error of the median, Q1 and Q3 are
estimated by nonparametric bootstrap.

mean (± se) Q1 (± se) median (± se) Q3 (± se)
SynBa 24.62± 1.20 13.71± 2.28 25.43± 2.21 32.80± 3.14

SynBa-Informed 20.24± 1.08 11.82± 1.39 17.39± 1.56 27.31± 3.78
SynBa-Batch 20.39± 1.21 10.86± 2.15 16.49± 1.65 27.40± 4.85

Similar to SynBa, the weighted SynBa in Step 3 of Algorithm 5.1 is trained by Stan, a

state-of-the-art platform for Bayesian computation ([75]), in which we specify the prior

model of the parameters and the likelihood model of the data, whereas Stan performs full

Bayesian statistical inference with Markov chain Monte Carlo (MCMC) sampling.

Table 5.1 shows the mean, 1st quartile (Q1), median and the 3rd quartile (Q3) of test

RMSEs for SynBa without utilising monotherapy information (i.e. the original version in

Chapter 4), SynBa-Informed (i.e. Algorithm 5.2, SynBa with monotherapy information

utilised) and SynBa-Batch with monotherapy information utilised (i.e. Algorithm 5.3).

These are also illustrated by Fig. 5.8(B), where the smoothed densities are plotted for

the test RMSEs for each of the methods. Results show an improvement in RMSEs

by incorporating historical data into the priors for combination models, as shown by

the improvement in RMSEs for SynBa-Informed and SynBa-Batch compared to the

original SynBa. While the RMSEs do not show a clear advantage of modelling the batch

e↵ect in SynBa-Batch compared to SynBa-Informed in terms of prediction accuracy, the

visualisations generated by SynBa-Batch still o↵er additional insights, as described in the

case study earlier in this chapter. These visualisations allow for a deeper understanding

of drug behaviour under varying laboratory conditions or in the presence of biological

variations, such as those caused by di↵erent cell culture types. This added interpretability

is particularly useful when investigating the impact of external factors on drug e�cacy

and potency.

5.4 Conclusions

In summary, by leveraging the prior information from historical monotherapies and

addressing the batch variability present in monotherapy, more informed inferences can be

made about the combinations, leading to better predictive performance on untested dosages

compared to models that do not account for historical measurements or batch-specific

e↵ects. This could be particularly helpful when we work with multiple datasets containing
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di↵erent sources of variations. In these cases, SynBa-Batch can be applied to harmonise

the measurements from di↵erent sources. By integrating diverse datasets, we can leverage

a broader range of experimental data, leading to more accurate predictions and deeper

insights into drug behaviour across varying conditions.

More broadly speaking, this chapter not only presents a new method, but also highlights

the significance of batch e↵ects in pharmacological modelling, an issue that has been largely

overlooked. While SynBa-Informed and SynBa-Batch have provided some improvements

in the specific task of predicting left-out measurements, the real value lies in how it enables

a more detailed inference and more informed decision-making. This shows the benefits

of explicitly modelling batch e↵ects. With this chapter, we advocate for future methods

to take batch e↵ects into the modelling for more reliable and actionable predictions in

pharmacology.
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Chapter 6

DeepSynBa: Drug combination

prediction with complete

dose-response profiles

In the previous chapters, we have focused on the inference of drug combinations where dose-

response measurements are available. More specifically, we introduced SynBa and SynBa-

Batch to quantify the synergistic potency and synergistic e�cacy of the combinations,

along with their uncertainty estimates. SynBa and SynBa-Batch have addressed the

scenario (S1) in Fig. 6.1 with a promising performance. However, when dealing with a

large number of possible chemical compounds and a diverse set of cancer cell lines, it is

impractical to experimentally test all possible triplets of drug 1, drug 2 and cell lines.

This brings us to the next challenge: How do we predict the synergistic e↵ects of untested

drug combinations? More specifically, how do we approach the scenarios (S2) and (S3)

in Fig. 6.1, in which significant extrapolation would be required? In (S2), we focus on

untested combinations with existing monotherapy responses, whereas in (S3), we have no

monotherapy measurements either, and the only data we have are the chemical structures

of the two drugs and the biological profile of the cell line.

6.1 Previous methods

The DREAM challenge, which is the dataset of focus in this project, was initially designed

to address such questions. More specifically, two challenges were posed. The first is to

predict synergies in cancer cell lines for untested drug combinations. The second is to derive

mechanistic models or rules, such as biomarkers, that discriminate between synergistic and

non-synergistic behaviours. Apart from the 6-by-6 dose-response matrices, the dataset also

includes molecular data for the untreated (baseline) cell lines and chemical information

for the respective drugs. 160 teams participated in this challenge. Synergy is predicted
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Figure 6.1: Illustration of di↵erent drug combination response prediction scenarios. (a) Fill-
ing in the gaps in partially measured dose–response matrices (S1); predicting dose–response
matrices of new drug combinations (b) with monotherapy responses (S2) and (c) without
monotherapy responses (S3). Figure from [80].

with an accuracy matching biological replicates for more than 60% of combinations [54].

Amongst these methods, some identified genomic rationale for synergy predictions, such as

ADAM17 inhibitor antagonism when combined with PIK3CB/D inhibition contrasting to

synergy when combined with other PI3K-pathway inhibitors in PIK3CA mutant cells [54].

Apart from the DREAM challenge, which stimulated the methodology development

for predicting drug combinations, a wide variety of methods have been developed in

this growing research area, making use of the wide range of available screenings in the

past decade [2]. More specifically, they focus on predicting the synergy scores of drug

combinations using drug and cell line related inputs such as the transcriptomic profiles

of the cell lines and the chemical structures of the drugs [62, 41, 23, 79, 42, 36, 7, 1].

Preuer et al. developed DeepSynergy [62], in which the chemical structures and cancer

cell line gene expression data are taken as input to a fully connected neural network to

predict the Loewe synergy scores of drug combinations. Ling et al. developed IDACombo

[50], which predicts the combination synergy by assuming the principle of Independent

Drug Action and predicting that the e�cacy of a drug combination in a given cell line or

patient will be equal to the e↵ect of the single best drug in that combination. This simple

assumption provides a somewhat surprisingly good prediction performance on both in vitro

and clinical trial datasets. Jin et al. designed a neural network architecture that jointly

learns drug-target interaction and drug-drug synergy through a drug-target interaction

module and a target-disease association module, which e↵ectively identified synergistic

drug combinations for treating COVID-19 [36]. Bertin et al. developed RECOVER [7], a

sequential model optimisation search platform, which was applied to a deep learning model

to quickly discover synergistic drug combinations. Kuru et al. designed MatchMaker [41],
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a multimodal architecture that employs three fully connected neural networks to learn

cell line-specific representations of drugs and predicts the Bliss synergy scores of drug

combinations. More recently, Kuru et al. developed PDSP [42], in which MatchMaker was

extended to include the patient-specific single drug response data for customising patient

drug synergy predictions.

The development of these methods is beneficial for discovering and explaining drug

combinations. However, a few factors prevent many of them from being widely applied in

real-world drug discovery projects [6]. First, many of these methods are trained to perform

well on data of the same format, some of which are due to the nature of the DREAM

challenge. However, the resulting models are often not generalisable to the real-world

scenario, where the data have a diverse format and have very di↵erent choices of endpoints.

Secondly, the prediction labels are synergy scores in most cases (e.g. Loewe synergy

score in DeepSynergy [62] and Bliss synergy score in MatchMaker [41] and RECOVER

[7]), which is a proxy measure that contains its shortcomings as discussed in the previous

chapters. It cannot, for example, distinguish between combinations that are highly potent

at low doses and those that are e�cacious but require higher doses, nor can it account

for the varying levels of uncertainty associated with these outcomes. By using single

synergy scores such as Bliss or Loewe as the response variable, we are attempting to

predict something that is vague on its own and does not paint a complete picture for the

combination profiles.

Moreover, due to the limited data size for each combination and the inherent noise

in the data, any label defined using a single synergy score would be associated with a

non-trivial amount of uncertainty, but uncertainty measurements are not included as part

of the labels. The Spearman correlation of the replicate experiments performed in DREAM

[54] and the O’Neil et al. dataset [59] are 0.56 and 0.63 respectively, which show that

quantifying a combination with a single synergy score would result in a high variance. As

a result, the models are encouraged to overfit to a proxy measure that is inaccurate and

uncertain. A high level of uncertainty is ignored during the modelling process. This could

be one of the reasons that 20% of drug combinations are poorly predicted by all methods

in the DREAM challenge [54]. Predicting uncertainties in the outputs would be important

for the subsequent decision-making based on the model outputs.

Due to the shortcomings of the traditional synergy score measures such as Bliss and

Loewe, a natural alternative would be to directly predict the entire dose-response matrices

instead of a single synergy score measure. By predicting the entire grids, we obtain a more

detailed profile for the combinations at di↵erent dosages. Once the grids are predicted,

we can then compute the synergy scores as a follow-up step after the model is trained.

There have been some recent methods focusing on this alternative route. Julkunen et

al. developed comboFM [37], which models the drug interactions through higher-order
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tensors, and e�ciently learns latent factors of the tensor with factorization machines.

Wang et al. developed comboLTR [80], which is also based on polynomial regression

through higher-order tensors like comboFM, but di↵erent to comboFM, in comboLTR

the latent tensor reconstruction (LTR) is employed as an alternative of the factorization

machines used in comboFM, hence extending the range of functions that can be learnt

and allowing much larger datasets to be processed compared to comboFM. ComboFM

and comboLTR are shown to be competitive in all three prediction scenarios illustrated

in Fig. 6.1. Rønneberg et al. developed PIICM [67], an extension from bayesynergy [66]

discussed in Chapter 4, which directly predicts the dose-response surfaces of untested drug

combinations by utilising a permutation invariant version of the intrinsic co-regionalisation

model for multi-output Gaussian process (MOGP) regression. More recently, Gutierrez

et al. [30] developed a probabilistic multi-output model to simultaneously predict all

dose–responses and uncover their biomarkers. MOGP models are employed to describe

the relationship between genomic features and chemical properties to every response at

every dose, di↵erent from PIICM which incorporates MOGP for extrapolating curves only.

Despite recent methods such as comboFM, comboLTR and PIICM providing a more

complete picture for the combination profiles, the lack of interpretability for the model

outputs is still a major barrier for existing methods to be applied in real-world drug

discovery settings. In particular, for combinations, most of these models typically do not

o↵er an explicit separation of key synergy parameters such as the synergistic potency

and the synergistic e�cacy. In PDSP, the potency of drug 1 and drug 2 (quantified by a

binarised IC50) are separated out, which is a forward step towards providing actionable

insights for further decision-making on the combination candidates. However, most other

methods have not done this. There is also no principled uncertainty estimation for these

predicted outputs.

Incorporating SynBa into these predictive models could o↵er a more interpretable and

quantitative approach by explicitly providing posterior distributions over the key synergy

parameters such as synergistic e�cacy and synergistic potency. This allows for a clearer

understanding of whether a drug combination is e↵ective due to improved potency (lower

toxicity) or increased e�cacy (greater maximal e↵ect). In addition, SynBa quantifies

the uncertainty around these estimates, giving researchers a sense of confidence in these

predictions. If each prediction for a combination can be accompanied with a decoupled

estimation of its potency and e�cacy, along with an uncertainty estimation for each of

them, then the model could potentially be more helpful for biologists to make informed

decisions based on the predictions.

Building on these motivations, we develop DeepSynBa, a prediction model that incor-

porates the likelihood formulation of SynBa to directly predict the dose-response grids.

We formulate the dose-response matrix prediction task as a regression problem, where the
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model is trained with dose-response matrices to predict matrix entries across a dosage grid.

DeepSynBa employs the Matchmaker’s cell line conditioned drug representation modules.

To parameterise dose-response surfaces and disentangle the synergistic potency and e�cacy,

DeepSynBa follows the approach outlined in SynBa [86] and adopts a simplified version

of the two-dimensional generalised Hill Equation derived in MuSyC [83]. DeepSynBa’s

novel intermediate layer learns the parameters in generalised Hill equation during training.

Using these predicted parameters, the complete dose-response surface can be generated

for a given drug combination as shown in Fig. 6.3 (a) and (e) panels. This model design

also enables the computation of traditional synergy scores like Loewe and Bliss post-hoc,

ensuring compatibility with existing drug synergy prediction methods while remaining

flexible without being constrained to any specific synergy score.

Our contributions can be summarised as follows: DeepSynBa (i) provides a better

dose-response prediction capability than existing dose-response predictors with its novel

framework, (ii) allows separating out e�cacy and potency which is not possible with

existing models, and (iii) can assist experimental design by generating the dose-response

surface across all dosages and thus identifying the suitable dosage range for the next batch

of experiments.

6.2 DeepSynBa: Our new approach

From our discussions, we hope to construct a model that (1) directly predicts the dose-

response grid instead of a single synergy score, (2) provides a decoupled estimation for

synergistic e�cacy and synergistic potency, and (3) includes some level of uncertainty

estimation for the quantities of interest including e�cacy, potency and the drug responses.

We now introduce a model that achieves (1) and (2) by adding a SynBa likelihood

layer before the dose-response matrix itself, as illustrated in Fig. 6.2. To also achieve

(3), an (at least partially) probabilistic model would be required so that the potency and

e�cacy parameters are treated as random variables and the uncertainties can be estimated

through their posteriors. This will be the next step, but before that, it would be helpful to

first investigate whether our model can make some improvements on the prediction tasks

by incorporating the SynBa likelihood, which is the focus of this work.

The proposed model architecture, illustrated in Fig. 6.2, is designed to predict the

e↵ects of drug combinations on cell lines by incorporating both drug and cell line features.

Each drug combination consists of two drugs applied to a single cell line, and the model

includes two dedicated drug-cell encoder sub-networks. Each encoder focuses on fusing the

properties of one drug with the gene expression profiles of the cell line, enabling a detailed

capture of interactions between the drugs and the cellular gene expression profiles.

The model uses feature representations for drugs (di and dj) and cell lines (ck). Drug
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features are generated as vector embeddings from the MoLFormer model [68], and the cell

line features are represented by vectors of untreated gene expression data. These features

are concatenated into a combined vector ([di; ck] or [dj ; ck]) and then processed through a

series of fully connected layers. These layers transform the combined drug-cell line features

into a comprehensive representation that captures the interactions between the drugs

and the cell line. The outputs of the drug-cell encoders are drug-induced gene expression

feature maps, which encapsulate the interaction between each drug and the cell line at a

molecular level. The feature maps from each of the encoders are then concatenated to

produce a unified representation, e↵ectively summarising the combined impact of both

drugs on the cell line.

Subsequently, the unified representation is inputted into eight distinct prediction heads,

each corresponding to one parameter in the SynBa likelihood function [86]. Each prediction

head comprises fully connected layers that process the unified representation to predict a

single scalar value for each parameter. By using these prediction heads, the model can

estimate the SynBa parameters.

Specifically, the prediction heads are E1, E2, E3, C1, C2, H1, H2 and ↵ from the likelihood

function defined in SynBa, which are the parameters that characterise the expected value

of the drug responses y. Given the dosages x1 for Drug 1 and x2 for Drug 2, the expected

value for a response y is defined as

E[Y | E0, E1, E2, E3, C1, C2, H1, H2,↵, x1, x2]

=
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(6.1)

where the formula and the definitions of the parameters follow Chapter 4. For the stability

of training, E0 is set to be a fixed value in DeepSynBa and determined by the definition

of the dataset. For example, the base value is 100 in NCI-ALMANAC.

This architecture enables the model to focus on directly predicting dose-response

matrices, whereas the synergy scores, regardless of their definitions, can be computed as a

follow-up step.

6.3 Case studies

To demonstrate how DeepSynBa provides deeper insights by predicting the full dose-

response matrix or surface, we examine two specific examples in the NCI-ALMANAC

dataset. The first example focuses on the combination of Bleomycin Sulfate (denoted as

Drug 1) and Cabazitaxel (denoted as Drug 2) administered on the renal cancer cell line

786-0. Drug 1 is an antibiotic with a chemotherapy e↵ect on fast-growing cells, while Drug

2 is a strong chemotherapy agent used in the treatment of prostate cancer.
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Figure 6.2: Our improved model integrates the SynBa likelihood function. It uses the
unified drug-cell line representation to predict SynBa parameters, directly generating
dose-response matrices, supervised by dose-response matrix labels.

Fig. 6.3(a)-(d) illustrates the predicted and measured e↵ects of the drug combination.

Panel (a) presents the predicted dose-response surface, with the actual measured responses

coloured in white. The surface predicted by DeepSynBa matches the downward pattern of

the measured responses as the dosages of both drugs increase. The killing e↵ect of the

drugs is quantified as a drop along the y-axis.

Panel (b) presents the corresponding contour plot for the dose-response surface, high-

lighting the combinations of dosage levels that reach the predicted drug e↵ects. The plot

reveals a rapid decline along the y-axis from 100% to 60%, indicating fast cell killing

as the dosages for both drugs increase. More interestingly, this drop is accompanied by

evidence of synergistic potency, as indicated by the curvature of the contour lines for

response levels 90%, 80%, 70%, and 60%. For a combination that is neither synergistic

nor antagonistic, the contour lines for dose-response levels typically resemble a circle or an

oval. In panel (b), the curvature bends inward towards the origin, showing that a smaller

dosage is required when the drugs are combined to achieve the same level of e�cacy as

single-drug treatments. However, beyond the 60% response level, increasing the dosage of

Drug 1 (right side of the x-axis) does not significantly improve the treatment response. In

contrast, Drug 2 continues to exhibit increasing e↵ectiveness as the dosage increases. This

aligns with the fact that Drug 2 is a strong chemotherapy agent, and it is expected to

become dominant at higher dosage levels for both drugs.

Panel (b) also demonstrates that even for the same drug combination, the synergy

profile can vary across di↵erent dosage ranges. Synergistic potency may only be present

within specific dosage subsets. This further highlights the importance of predicting the full

dose-response surface to identify actionable combinations and their respective dose ranges.

The ability to estimate the full drug combination profile surface allows us to take slices

of the surface for further inspection of the drug’s interaction and e↵ects. For panels (c)
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and (d), slices were taken from the dose-response surface at the dosage levels where actual

measurements were available, enabling an evaluation of predictions against the observed

data. The measured responses (represented with the dots) and predicted dose-response

curves are shown for each of the two drugs.

In both panels (c) and (d), it can be observed that at lower doses of one drug, the

curves shift downward as the dose of the other drug increases. However, when both drugs

are administered at higher doses, the di↵erence between the curves narrows. This is

particularly evident in (d), where the predicted maximal e�cacy does not improve as

the dose of Drug 1 increases. Nevertheless, its drug response reaches the IC50 at a lower

dosage when combined with the other drug. This shows the potential benefit of combining

these two drugs at a medium-to-low dose range. Such a combination could reduce the

risk of o↵-target toxicity associated with high doses of the strong chemotherapy agent,

achieving the desired therapeutic e↵ect with lower doses of each drug compared to their

monotherapy counterparts.

In the second example, we look at the combination of Azacitidine (Drug 1) and

Triethylenemelamine (Drug 2), two strong chemotherapy agents, administered on MDA-

MB-468, a triple-negative breast cancer (TNBC) cell line. Azacitidine is used in leukaemia,

while Triethylenemelamine is particularly e↵ective against rapidly growing cancer cells.

In Fig. 6.3, panels (e)-(h) illustrate their predicted behaviour and the comparisons with

the actual measurements. In panel (f), it is evident that there is no clear synergistic

interaction between these two drugs, as the contour lines from 80% to 40% mostly bend

outwards, away from the origin (i.e. the bottom-left corner of the plot). Despite both

drugs being e↵ective on MDA-MB-468, combining them does not o↵er a clear advantage

for this particular tumour indication. This is an example showing how our model helps to

identify the lack of beneficial interactions in a specific setting, providing insight into why

certain combinations might not be suitable for further testing in that tumour type.

These two examples demonstrate the ability of DeepSynBa to model and predict how

two drugs interact while separately quantifying two key combination metrics: synergistic

potency and maximal e�cacy. This approach provides not only clearer biological insights

into their combined e↵ect but also valuable guidance for decision-making when evaluating

drug combination dose regimes.

Fig. 6.3 illustrates that the performed analysis would not be possible if the entire

combination profile were summarised into a single synergy score. The richer information

provided by the full-dose response matrix is crucial for optimising combination therapies,

as it identifies regions in the dose space where drugs can achieve significant benefit through

enhanced potency. This could help guide experimental design in collecting further evidence

for the combination regimes and ultimately supporting the development of safer and more

e↵ective treatment strategies.
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Figure 6.3: The predicted dose-response outputs from DeepSynBa for two di↵erent
drug-cell line combinations and their comparisons with the ground-truth experimental
measurements. (a)-(d) focus on the combination of Drug 1 (Bleomycin Sulfate) and Drug
2 (Cabazitaxel) administered on cell line 786-0. (e)-(h) correspond to the combination of
Drug 1 (Azacitidine) and Drug 2 (Triethylenemelamine) administered on the cell line MDA-
MB-468. (a)(e): Predicted dose-response surfaces and the measured responses (highlighted
in white). (b)(f): Contour plots for the predicted drug response at various dosage levels of
the two drugs. (c)(g): Dose-response curves for fixed concentrations of Drug 2 (in unit
µM), comparing predictions with measurements (in µM). (d)(h): Dose-response curves
for fixed concentrations of Drug 1 (in unit µM), comparing predictions with measurements
(in µM).

6.4 Results

We evaluate the performance of our models across three stratification scenarios: (i) new

drug combinations, (ii) new cell lines, and (iii) new drugs. In the case of new drug

combinations, a specific drug pair < i, j > is restricted to appearing in only one of the

three datasets: training, validation, or testing. For the new cell scenario, drug combinations

are grouped by cell line types, ensuring that any given cell line k is included exclusively

in one of the splits, i.e. training, validation, or test. In the new drug scenario, drug

combinations in the test set must include at least one drug that is absent from any

combinations used in the training or validation sets. Similarly, the validation set must

contain drug combinations with at least one drug not present in the training set. In all

three scenarios, the data is split into train, validation and test with 60%, 20% and 20%,

respectively.
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We evaluated our model’s performance against comboFM [37] and comboLTR [80],

two models designed for predicting dose-response outcomes in drug combination studies

by modelling complex multi-dimensional interactions among drugs, dosages, and cell lines.

comboFM leverages factorisation machines to create a high-order tensor of drug features,

dosage levels, and cell line responses, facilitating the capture of unique interactions across

various cell contexts. In contrast, comboLTR uses latent tensor reconstruction (LTR),

o↵ering an alternative approach to factorisation for modelling intricate dose-response

relationships within these datasets. Among existing methods, comboFM and comboLTR

are the most similar to DeepSynBa in terms of the data modalities used and the outputs

predicted.

While PIICM also predicts dose-response surfaces, its primary focus is on modelling

correlations between dose-response functions across di↵erent experiments. Cell or drug

properties are not incorporated, restricting its scope to cell lines and drugs that have

already been tested. Therefore, it cannot be directly applied to evaluation scenarios

which involve new drugs and new cell lines. This is why we did not include it in our

experiments. For scenario (i), PIICM has shown a similar predictive performance to

comboLTR when tested on the O’Neil dataset [59, 67], which is an indication of how its

predictive performance compares with ours. Moreover, one major advantage of PIICM

is that it accounts for the experimental uncertainty, which is also a crucial aspect of

dose-response prediction, but not our focus in this work.

To comprehensively evaluate models’ performances, we assess each model across various

scenarios using three core metrics: root mean squared error (RMSE), Pearson correlation,

and Spearman correlation. These metrics quantify the alignment between predicted dose-

response matrices and the ground-truth values. The metrics are calculated over all entries

of the dose-response matrices. Table 6.1 summarises each model’s performance in terms of

RMSE, Pearson, and Spearman correlations across these scenarios.

DeepSynBa consistently outperforms all competing models across each experimental

setting. Specifically, DeepSynBa achieves RMSE values of 7.72 and 7.71 in the new

drug combination and new cell line settings, respectively (Table 6.1a). This performance

represents a substantial improvement, approximately 65%, relative to the next-best model,

comboFM (Table 6.1b). Such results underscore DeepSynBa’s ability to capture complex

drug-drug-cell interactions more e↵ectively.

While all models experience performance drops in the more challenging new drug

evaluation scenario, DeepSynBa consistently leads. DeepSynBa achieves an RMSE of 18.69

compared to 40.22 from comboLTR and 42.39 from comboFM. The same holds for the

correlation metrics (Table 6.1c). For both Pearson and Spearman correlations, DeepSynBa

demonstrates higher scores than other models. This consistent advantage across RMSE,

Pearson, and Spearman metrics illustrates the e↵ectiveness of DeepSynBa’s architecture
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RMSE Pearson Spearman

comboFM 12.76 0.87 0.68
comboLTR 16.11 0.78 0.64
DeepSynBa 7.72 0.95 0.82

(a) New drug combination scenario

RMSE Pearson Spearman

comboFM 12.86 0.87 0.69
comboLTR 15.23 0.81 0.67
DeepSynBa 7.71 0.95 0.82

(b) New cell line scenario

RMSE Pearson Spearman

comboFM 42.39 0.35 0.24
comboLTR 40.22 0.40 0.40
DeepSynBa 18.69 0.71 0.64

(c) New drug scenario

Table 6.1: Performance comparison of all methods in three di↵erent scenarios: (a) new
drug combination, (b) new cell line and (c) new drug.

in accurately predicting drug combination responses.

6.4.1 Performance on Cell Lines and Drugs

We also calculated the performance metrics separately for each cell line and drug, enabling

a detailed view of model performance across various tumour indications and drug phar-

macokinetics (PK). These results are presented as distributions of performance metrics

obtained for cell lines and drugs in Fig. 6.4. A pairwise t-test is applied to evaluate

the statistical significance of performance di↵erences between methods. All pairwise

comparisons are statistically significant, with p-values < 10�10. As shown in Figure 6.4,

the RMSE distributions for cell line-based and drug-based results are concentrated at

lower values for DeepSynBa, while the Pearson and Spearman correlation distributions

are concentrated at higher values. These concentrated distributions reflect DeepSynBa’s

superior predictive performance. Results from the t-test confirm that these performance

improvements are statistically significant, highlighting DeepSynBa’s advantage in predict-

ing dose-response outcomes. Moreover, the shorter height of DeepSynBa’s violin plots

suggests its performance is consistent across di↵erent cell lines and drugs, indicating

greater robustness.
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Figure 6.4: The distributions of RMSE, Pearson and Spearman correlations of dose-
response surface predictions on di↵erent cell lines (upper panel) and drugs (lower panel).

6.4.1.1 Performance Across Tissues

We also evaluate model performance across both tissue types. The cell lines are grouped

by their tissue of origin, and performance metrics are calculated within each group to

assess variations in predictive accuracy across di↵erent tissues. Although performance

improvements vary across tissues (see Table 6.2), DeepSynBa consistently outperforms

other models across all examined tissue types. The model achieves the highest predictive

accuracy for dose-response predictions in renal, breast, and ovarian cancers while exhibiting

lower performance in leukaemia. This discrepancy likely arises from the distinct biological

characteristics of these cancers and the nature of the screening assays, which tend to

be more e↵ective on solid tumours. Breast and ovarian cancers are characterised by

well-defined genetic markers, such as BRCA1/2 mutations, which may facilitate model

learning by providing clearer molecular patterns [61, 64, 4]. Similarly, renal cancers are
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RMSE Pearson Spearman

DeepSynBa comboFM comboLTR DeepSynBa comboFM comboLTR DeepSynBa comboFM comboLTR

Breast 6.67 11.39 14.05 0.95 0.86 0.77 0.82 0.63 0.68
CNS 7.14 12.35 14.20 0.96 0.87 0.81 0.80 0.65 0.68
Colon 8.55 13.48 17.25 0.95 0.87 0.77 0.82 0.64 0.71
Leukemia 11.09 18.62 22.34 0.96 0.87 0.80 0.86 0.72 0.77
Melanoma 7.30 11.76 15.49 0.95 0.87 0.75 0.81 0.61 0.68
Non-Small Cell Lung 7.15 11.76 15.11 0.95 0.87 0.77 0.80 0.61 0.68
Ovarian 6.97 11.76 15.46 0.95 0.85 0.72 0.80 0.59 0.66
Prostate 7.09 11.73 15.09 0.96 0.88 0.78 0.82 0.65 0.68
Renal 6.93 11.16 14.87 0.95 0.87 0.75 0.82 0.64 0.70

Table 6.2: Performances based on tissue types with new drug combination scenario.

RMSE Pearson Spearman

DeepSynBa comboFM comboLTR DeepSynBa comboFM comboLTR DeepSynBa comboFM comboLTR

Chemotherapy-Chemotherapy 8.07 13.03 16.57 0.96 0.88 0.80 0.84 0.75 0.70
Chemotherapy-Targeted 8.33 12.39 16.16 0.94 0.86 0.73 0.80 0.67 0.59
Chemotherapy-Other 7.29 13.48 16.23 0.96 0.86 0.79 0.81 0.67 0.63
Targeted-Targeted 6.32 11.77 15.55 0.94 0.79 0.54 0.78 0.58 0.44
Targeted-Other 5.69 10.45 12.95 0.94 0.81 0.68 0.75 0.53 0.43
Other-Other 5.77 11.29 14.69 0.97 0.88 0.79 0.71 0.50 0.47

Table 6.3: Performances based on drug combination categories in the new drug combination
scenario.

often associated with specific signalling pathways, such as PI3K/AKT/mTOR, which are

targets for therapeutic interventions and support more reliable prediction of therapeutic

responses [58, 29]. In contrast, leukaemia lacks a solid tumour structure and displays

significant genetic heterogeneity, posing challenges for predictive models. [73, 24, 13].

6.4.1.2 Performance Across Drug Categories

We further analyse the results by categorising the drugs in the combinations according

to NCI-ALMANAC’s classification: chemotherapy, targeted, and other. For two-drug

combinations, six distinct pairings emerge from these categories. Performance metrics are

computed separately for these pairings. Across all combinations, our model, DeepSynBa,

consistently outperforms the competing methods, as demonstrated in Table 6.3. The most

accurate dose-response predictions are observed when one drug belongs to the “other”

category, paired with either a “targeted” drug or another “other” drug. This phenomenon

can likely be attributed to the distribution of responses within these categories. Specifically,

the “Targeted-Other” and “Other-Other” combinations show minimal impact on the overall

response, as their distributions are concentrated within a narrow range (see Fig. 6.5),

making the prediction task more tractable.

6.4.1.3 Synergy Score Prediction Performance

For the final evaluation, we employed the Loewe and Bliss synergy models to assess

the performance of each approach. Synergy scores were computed for the ground truth

and predicted dose-response matrices across all models. The results, presented in Table

6.4, demonstrate that DeepSynBa consistently outperforms the other drug combination
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Loewe Bliss

RMSE Pearson Spearman RMSE Pearson Spearman

DeepSynBa 6.37 0.93 0.93 7.06 0.52 0.35
comboFM 9.70 0.83 0.83 9.32 0.24 0.15
comboLTR 11.46 0.75 0.76 10.97 -0.01 -0.01

MatchMaker 5.69 0.94 0.95 5.22 0.78 0.73
DeepSynergy 11.10 0.85 0.85 6.77 0.60 0.53

Table 6.4: Performances with Loewe and Bliss synergy scores. Ground-truth Loewe/Bliss
scores are calculated with dose-response matrices. Predicted Loewe/Bliss scores for
DeepSynBa, comboFM and comboLTR models are calculated with predicted dose-response
matrices. MatchMaker and DeepSynergy models are directly trained with Loewe/Bliss
synergy scores.

matrix prediction methods in terms of each metric. These findings highlight the superior

performance of DeepSynBa relative to alternative approaches in capturing drug synergy,

providing robust evidence for its e�cacy in predicting synergistic interactions. We also

assess the performance of two synergy score predictor models, MatchMaker [41] and

DeepSynergy [62], which directly learn synergy scores. Although DeepSynBa is not

optimised to predict Loewe or Bliss synergy scores directly, it achieves comparable synergy

score prediction performance, especially in the case of Loewe scores.

6.5 Discussions and Next Steps

In this chapter, we introduced DeepSynBa which predicts full dose-response matrices of

drug combinations while disentangling e�cacy and potency. The model also enables the

prediction of full dose-response surfaces. We assessed the performance of our model under

three evaluation scenarios: (i) previously unseen drug combinations drug combinations,

(ii) new cell lines, and (iii) new drugs. In all settings, DeepSynBa outperforms existing

models in predicting dose-response matrices.

By capturing the complex interactions between drug and cell line features with a

deep architecture, our model shows the capability of generalising across previously unseen

treated cell lines. This is evident from the close performance in RMSE and correlation

metrics when comparing new drug combination and new cell line scenario, as shown in

Table 1a and 1b. DeepSynBa does not drop in performance when approaching the di�cult

task of predicting combination e↵ects in cell lines that have not been tested before.

One limitation of our model is in the prediction of previously unseen new drug

combinations. Table 1c shows RMSE and correlation metrics degrade compared to the

previous two scenarios, Table 1a and 1b. This suggests that while DeepSynBa e↵ectively
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utilises cell line specificity, further improvements are needed to enhance its ability to learn

drug characteristics to generalise better across previously unseen drugs.

As a secondary analysis, we transformed DeepSynBa predicted dose-response matrices

into synergy scores using the Loewe and Bliss synergy models. Despite not being directly

trained on synergy scores, we show that DeepSynBa predictions are highly competitive with

the models that are designed and trained for synergy score predictions. Although our model

has a small drop in performance in predicting traditional synergy score metrics compared

to others, the additional insights gained into the dynamics of drug interactions and the

tumour indication dependency make this trade-o↵ valuable for real-world applications in

drug discovery and experimental design.

By developing DeepSynBa, we seek to encourage a broader perspective beyond using

traditional synergy scores as the primary objective for drug combination prediction.

Converting a dose-response grid into a single synergy score inherently results in a loss of

information given the complexity of drug combinations. Such conversion oversimplifies

the interaction profile of combined drugs and hides the potentially key pharmacodynamic

patterns across di↵erent dosage pairs that can be discovered across the entire dose-response

surface, providing a richer representation of drug dynamics. By predicting the full dose-

response surface, DeepSynBa can reveal how the e↵ect of one drug changes in response

to increasing doses of the other. More importantly, the intermediate layer that learns

the parameters of the surface allows a clearer understanding of whether the observed

interaction is driven by an enhanced potency or an increased maximal e�cacy.

Overall, DeepSynBa supports decision-making processes in drug discovery pipelines by

predicting actionable drug combination response profiles. The case studies presented in

this work provide an example of how the model provides enchanced interpretability and

guides the use of the combination regimes in practical applications.

The next steps would include making the SynBa parameters probabilistic, with the

aim of allowing uncertainty estimation for the synergy-related parameters. One potential

approach is to introduce a variational distribution for each of the parameters in the SynBa

parameter layer so that they are treated as latent variables instead of fixed values. We

may try techniques such as the Variational Information Bottleneck (VIB) [3]. This class

of method would allow the sampling of a stochastic representation from the variational

distribution, which is then used to predict the drug responses and compute the loss.

This chapter shows that the SynBa framework could be extended to address various

challenges where decoupling synergy estimation, incorporating uncertainty quantification

and providing interpretable pharmacological parameters are beneficial. There is a broad

range of tasks where SynBa can be applied to enrich the inference of synergy profiles of

combinations.
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Figure 6.5: The ground-truth and the predicted response distributions for drug types in
the combination.
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Chapter 7

Conclusions and future directions

In this thesis, we introduced SynBa [86], a new Bayesian framework, and SynBa-Batch,

its extension, designed to quantify drug combination synergies while also addressing

the uncertainty associated with the pharmacological data. This framework provides

potential routes to rank drug combinations based on both e�cacy and potency, ultimately

supporting the goal of safer and more e↵ective drug treatments. By leveraging the posterior

distributions to quantify uncertainty and decoupling the synergistic potency and e�cacy,

more informed decision-making can be achieved. In addition to introducing SynBa and

SynBa-Batch, we developed DeepSynBa [43], a deep learning method that predicts the

complete dose-response matrix or surface, achieved by using the SynBa parameterisation to

describe the dose-response surface and predicting the SynBa parameters as an intermediate

layer in the model.

One core strength of SynBa is its ability to provide posterior distributions for drug

synergy parameters. These distributions represent the uncertainty surrounding the pre-

dicted e�cacy and toxicity of drug combinations. Unlike traditional methods, which

output a single, deterministic synergy score, SynBa provides a probabilistic view, allowing

biologists or decision-makers to have an idea of how likely a particular drug combination

is to be e↵ective or toxic. This uncertainty quantification is particularly valuable when

experimental data is limited or noisy, as is often the case in early-stage drug discovery.

By providing a range of possible outcomes rather than a single estimate, SynBa can help

researchers prioritise drug combinations that simultaneously have high e�cacy and low

toxicity, enabling a more e�cient and safer drug development process.

The insights gained from SynBa are not just useful for ranking drug combinations but

can also inform the design of future experiments. For example, the posterior distributions

can highlight dosage ranges where uncertainty is highest, directing experimental e↵orts

to areas where additional data collection could significantly reduce this uncertainty. By

focusing on areas of the dose-response curve where the uncertainty is greatest, researchers

can more e�ciently find the most e↵ective and safe doses, reducing the number of
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experimental trials required. This has the potential to speed up and improve the safety of

the drug discovery and development process.

Moreover, SynBa represents a significant departure from the “synergy score”-based

methods that are often used as the response variable in the prediction methods for drug

combination studies. These traditional methods reduce complex drug interactions into a

single synergy score, a reduction that is too simplistic and can be misleading. As discussed

in this thesis, a single synergy score does not adequately capture the multifaceted nature

of drug interactions. This is an example showing that one of the main challenges of AI

in drug discovery lies in asking the right question and modelling the right endpoint in

the first place [6]. This is also the motivation of the development of DeepSynBa. Moving

forward, we argue that it is necessary to move away from single score-based methods and

develop frameworks like SynBa that depict a more complete picture for the combination

profile and simultaneously account for potency, e�cacy, and uncertainty.

Despite the advantages of SynBa, one challenge that we have identified in this thesis

is the potential overparameterisation in the 1D and 2D Hill equations, which serve as

the foundation for many dose-response models, including SynBa. While these models

provide interpretability for every parameter involved, making it easy to understand the

pharmacological consequence of the parameters, this level of interpretability comes at

a cost. As discussed in Chapter 4, the overparameterisation makes it challenging to

extend the model to the combination of more than two drugs, as the computational

cost would rise exponentially with the number of drugs combined. More importantly,

overparameterisation can lead to issues with model identifiability, making it di�cult to

determine whether the model parameters genuinely reflect underlying biological processes

or are simply fitting noise in the data. In cases where data is scarce or noisy, which often

occurs in pharmacology, overparameterised models can lead to misleading conclusions,

as the model may overfit the data and fail to generalise to new drug combinations or

dose ranges. The Hill equation also assumes a functional form that may not always be

appropriate for complex biological systems, particularly when considering interactions

between multiple drugs.

Given these limitations, future work may need to explore entirely new likelihood models

for the dose-response surfaces that are more robust to overparameterisation, without losing

the interpretability that comes with the parameters. While nonparametric methods

that use Gaussian Processes provide more flexibility, they sacrifice the interpretability

of key parameters, making it challenging to communicate the results to biologists. This

will limit the actionability of these methods as a decision-support system in practical

settings. Balancing flexibility and actionability of such models still an open question.

Nevertheless, SynBa has provided a framework for an e↵ective uncertainty estimation for

drug combinations that interprets and decouples synergistic e�cacy and potency for the
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first time. If a likelihood model with better flexibility is developed, it can directly replace

the likelihood model in SynBa without altering its core philosophy, i.e. providing robust

uncertainty estimation while decoupling synergistic e�cacy and potency.

In conclusion, SynBa o↵ers a robust framework for drug synergy assessment by providing

a probabilistic approach to uncertainty quantification, improving decision-making and

experimental design. While it addresses key limitations of traditional synergy score-based

methods, there are also challenges such as overparameterisation, high computational cost

and the need for more flexible models. More importantly, while SynBa provides a new

framework for drug synergy assessment, its true value lies not only in the specifics of the

method itself but also in the broader mindset of estimating uncertainties in a principled

manner to aid decision-making and improve safety and e�ciency in application. As we

refine the technical details and explore new models, it is this philosophy that will continue

to drive progress in pharmacology, drug discovery and beyond.
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Yurui Chen, Mauricio A Álvarez, and Dennis Wang. Multi-output prediction of dose–

response curves enables drug repositioning and biomarker discovery. npj Precision

Oncology, 8(1):209, 2024.

115

http://dx.doi.org/10.1093/bioinformatics/btad177


[31] Archibald Vivian Hill. The possible e↵ects of the aggregation of the molecules of

haemoglobin on its dissociation curves. J. Physiol., 40:4–7, 1910.

[32] Jonathan Ho, Ajay Jain, and Pieter Abbeel. Denoising di↵usion probabilistic models.

Advances in neural information processing systems, 33:6840–6851, 2020.

[33] Susan L. Holbeck, Richard Camalier, James A. Crowell, Jeevan Prasaad Govindhara-

julu, Melinda Hollingshead, Lawrence W. Anderson, Eric Polley, Larry Rubinstein,

Apurva Srivastava, Deborah Wilsker, Jerry M. Collins, and James H. Doroshow.

The national cancer institute ALMANAC: A comprehensive screening resource for

the detection of anticancer drug pairs with enhanced therapeutic activity. Cancer

Research, 77(13):3564–3576, 2017.

[34] Patricia Jaaks, Elizabeth A Coker, Daniel J Vis, Olivia Edwards, Emma F Carpenter,

Simonetta M Leto, Lisa Dwane, Francesco Sassi, Howard Lightfoot, Syd Barthorpe,

et al. E↵ective drug combinations in breast, colon and pancreatic cancer cells. Nature,

603(7899):166–173, 2022.

[35] Jouhyun Jeon, Satra Nim, Joan Teyra, Alessandro Datti, Je↵rey L Wrana, Sachdev S

Sidhu, Jason Mo↵at, and Philip M Kim. A systematic approach to identify novel

cancer drug targets using machine learning, inhibitor design and high-throughput

screening. Genome medicine, 6:1–18, 2014.

[36] Wengong Jin, Jonathan M Stokes, Richard T Eastman, Zina Itkin, Alexey V Zakharov,

James J Collins, Tommi S Jaakkola, and Regina Barzilay. Deep learning identifies

synergistic drug combinations for treating covid-19. Proceedings of the National

Academy of Sciences, 118(39), 2021.

[37] Heli Julkunen, Anna Cichonska, Prson Gautam, Sandor Szedmak, Jane Douat, Tapio

Pahikkala, Tero Aittokallio, and Juho Rousu. Leveraging multi-way interactions for

systematic prediction of pre-clinical drug combination e↵ects. Nature communications,

11(1):1–11, 2020.

[38] Herman Kahn and Andy W Marshall. Methods of reducing sample size in monte

carlo computations. Journal of the Operations Research Society of America, 1(5):

263–278, 1953.

[39] Yash Khemchandani, Stephen O’Hagan, Soumitra Samanta, Neil Swainston, Timo-

thy J Roberts, Danushka Bollegala, and Douglas B Kell. Deepgraphmolgen, a multi-

objective, computational strategy for generating molecules with desirable properties:

a graph convolution and reinforcement learning approach. Journal of cheminformatics,

12:1–17, 2020.

116



[40] Teun Kloek and Herman K Van Dijk. Bayesian estimates of equation system param-

eters: an application of integration by monte carlo. Econometrica: Journal of the

Econometric Society, pages 1–19, 1978.

[41] Halil Ibrahim Kuru, Oznur Tastan, and A Ercument Cicek. Matchmaker: a deep learn-

ing framework for drug synergy prediction. IEEE/ACM transactions on computational

biology and bioinformatics, 19(4):2334–2344, 2021.

[42] Halil Ibrahim Kuru, A Ercument Cicek, and Oznur Tastan. From cell lines to cancer

patients: personalized drug synergy prediction. Bioinformatics, 40(5):btae134, 2024.

[43] Halil Ibrahim Kuru, Haoting Zhang, Magnus Rattray, Carl Henrik Ek, A Ercument

Cicek, Oznur Tastan, and Marta Milo. Deepsynba: Actionable drug combination

prediction with complete dose-response profiles. bioRxiv, pages 2025–01, 2025.

[44] Alexander Lachmann, Federico M Giorgi, Mariano J Alvarez, and Andrea Califano.

Detection and removal of spatial bias in multiwell assays. Bioinformatics, 32(13):

1959–1965, 2016.

[45] Floriane Larras, Elise Billoir, Vincent Baillard, Aurélie Siberchicot, Stefan Scholz,
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