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A phase-only hologram modulates the phase of the incident light and diffracts it efficiently with low energy 
loss because of the minimum absorption. Much research attention has been on how to generate phase-only 
holograms, and little work has been done to understand the effect and limitation of their partial 
implementation possibly due to physical defects and constrains, in particular as in the practical situations 
where a phase-only hologram is confined or need to be sliced or tiled. The present study simulates the 
effect of masking phase-only holograms on the quality of reconstructed images in three different scenarios 
with different filling factors, filling positions and illumination intensity profiles. Quantitative analysis 
confirms that the width of the image point spread function becomes wider and the image quality 
decreases, as expected, when the filling factor decreases, and the image quality remains the same for 
different filling positions as well. The width of the image point spread function as derived from different 
filling factors shows a consistent behaviour to that as measured directly from the reconstructed image, 
especially as the filling factor becomes small. Finally mask profiles of different shapes and intensity 
distributions are shown to have more complicated effects on the image point spread function, which in 
turn affects the quality and textures of the reconstructed image. 

OCIS codes: (090.1705) Computer holography; (090.2870) Holography displays; (110.3000) Image quality assessment 
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1. INTRODUCTION Phase-only hologram is one kind of diffractive optical elements (DOEs), which could diffract an incident beam to desired positions, reconstructing holographic patterns or images. Compared with amplitude hologram, phase-only hologram modulates the phase of an incident beam for high diffraction efficiency [1]. It has been widely used in various applications such as holographic displays [2-4], holographic optical switches [5,6], wavefront compensations [7], and holographic optical tweezers [8,9]. Researches have been done to develop optimized algorithms to calculate phase-only holograms for specific required target patterns or images, by balancing the image quality and computation power needed. For example, simulated annealing and direct binary search are more efficient if the target pattern is in a simple case, like a point or a few points [10-12]. However, if the target image is more complicated, iterative algorithms such as the Gerchberg-Saxton (G-S) algorithm are more efficient [13]. For the G-S algorithm, the target image pixel number is equal to the spatial pixel number of the hologram plane, which allows the use of fast Fourier transform (FFT) 

in each iteration. The result converges to an optimized phase-only hologram after certain iterations. Some other algorithms have been developed based on the G-S algorithm, such as Fienup [14] and Fienup with don’t care area (Fidoc)[15,16]. Fienup provides amplitude feedback during each iteration to achieve faster convergence and Fidoc adds areas around the target image for better quality of the reconstructed image. These foregoing researches have been focused on how to calculate the right phase-only hologram, however, it may face some issues when the phase-only hologram is been used in certain practical situations. A phase-only hologram is usually calculated assuming the incident beam is a plane wave or Gaussian wave, but the actual incident beam profile and size might be different from the ideal case, thus affecting the quality of reconstructed images. Phase-only hologram is usually loaded on a phase-only spatial light modulator (SLM). In addition, SLM has a large size such as HD (1920*1080) or even 4K in the near future. To calculate such a large hologram can be very time consuming. Therefore, slicing and tiling hologram would become a valuable approach to improve the calculation efficiency. Furthermore, we may use 



a single SLM to load a tiled hologram for different channels (for example, R, G, and B channels in a full color holographic display) to reduce the apparatus costs. Meanwhile, some algorithms require the hologram to be sliced or tiled for a specific purpose [17-19]. All these can be treated as equivalent to adding a mask to phase-only holograms, which will unavoidably affect the quality of reconstructed images. A preliminary attempt was made to look at a limited scope of the mask filling factor effect [20], while in this paper, how the mask related factors influence the quality of reconstructed images will be systematically analyzed, with different filling factors, filling positions and illumination intensity profiles. All these factors have direct impacts on the effective utilization of a phase-only hologram, thus affecting the quality of the reconstructed image.  
2. THEORY AND METHODS 

A. Algorithm    G-S algorithm is an iterative phase retrieval method with fast convergence and the quality of the reconstructed image is normally good. It is widely used in different holographic applications [2-4,8,9]. It also forms the base for several other popular algorithms [14-16,19,21]. We use G-S calculated phase-only holograms to reconstruct the target images and two metrics, root mean square error (RMSE) and structural similarity (SSIM) [22], to evaluate the reconstructed image quality. RMSE is the measurement of the difference between the values predicted by an estimator (target image) and the values actually observed (reconstructed image). While SSIM is a method for measuring the similarity between two images for the fact that the inter-dependencies between pixels especially when they are spatially close carry important information about the structure of a visualized image.  

 Fig. 1. (a) Target image, (b) Reconstructed image using G-S algorithm after 100 iterations and (c) RMSE and SSIM values vs the number of iterations. We run different iterations of G-S algorithm to calculate the phase-only hologram with the same target image shown in Fig. 1(a). The reconstructed image is shown in Fig. 1(b), 

and the relationship between RMSE and SSIM of the reconstructed image and the number of iterations is shown in Fig. 1(c). It is shown that G-S algorithm converges fast. After only several time of iterations, the change of the generated hologram slows down significantly. At 100 times of iteration, RMSE=2.66 and SSIM=0.988, indicating a very high quality of the reconstructed image [23]. In following simulations, all the phase-only holograms will be calculated using G-S algorithm with 100 iterations. 
B. Aperture characteristics Let us consider an illuminated phase-only hologram h(x,y) 

( , ) ( , )exp( ( , ))h x y A x y i x yφ=                    (1) where the phase term represents the target image information and the amplitude term A(x,y)  reflects the amplitude profile of the incident beam. If illuminated by a plane wave, A(x,y)=1. When a mask p(x,y) is added on the illuminated hologram plane, the resultant hologram can be expressed as 
( , ) ( , ) ( , )h x y h x y p x y= ∗                          (2) where ∗  denotes the multiplication operation and the corresponding reconstructed image as the Fourier transform F of Eq. (2) is 

                            (3) where ⊗  denotes the convolution operation, H(u,v) and 
P(u,v) are the Fourier transform of h(x,y) and p(x,y) respectively. The new reconstructed image is the original reconstruction image H(u,v) convolved with the Fourier transformed mask P(u,v).        In most applications, a computer generated hologram (CGH) is loaded on a pixelated phase-only SLM, and the effective hologram t(x,y) on the device can be expressed by                    (4) where  is the aperture of each pixel and  a comb function which presents the periodic structure of SLM. In this study, the focus is on the first order of diffraction and the filling factor of each pixel is set to be 100% for simplicity. For normal SLMs such as phase-only liquid crystal on silicon (LCoS) devices [24], the pixel aperture  is square or rectangular, and we define the pixel dimensions as ax, ay and pixel pitch as px , py (=ax, ay ,for 100% pixel filling factor), the effective hologram is shown as  

(5) Consequently the reconstructed image of t(x,y) can be expressed as  
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If a mask is applied to the effective hologram, according to Eqs. (1)-(3), the final reconstructed image will be:  
(7) Usually, a mask has a shape of square (rectangular), circular, or Gaussian. For example, when the hologram is illuminated by a plane wave covering the full area of the hologram, the mask is square or rectangular with the overall size of the SLM Lx, Ly . In this case, the Fourier transform of the mask is a sinc function: 

            (8) For a circular mask profile of radius r, the Fourier transform of the mask is a first order Bessel function, which can be expressed as: 
                 (9) 

For a Gaussian mask profile with the variance σ, the Fourier transform is still a Gaussian profile: 
                 (10) The above examples show that in general if a hologram could reconstruct an ideal image point, applying a mask to it would result in a spatially extended feature known as the point spread function (PSF) of such a combination. For all these three types of masks, the Fourier transform of a mask is close to a δ function when the mask size is large, which means that the width of the PSF is small. On the other hand, when the mask size decreases, the width of the corresponding PSF will increase and the sharpness and hence the quality of the reconstructed image will decrease. Furthermore, if a PSF has side robes (tails), the resultant intensity of two closely positioned features on the reconstructed image will interfere with each other thus causing speckles [24]. The degree of speckles will depend on the coherency of the illumination beam. The principle is illustrated in Fig.2. 

 

Fig. 2. The reconstruction of the masked hologram is equal to the original phase-only hologram convolved with the Fourier transform of the mask.  
3. RESULTS AND DISCUSSIONS 

A. Mask size (filling factor) We investigate the relationship between the quality of reconstructed images and the mask size (also known as the filling factor). Here we define the filling factor µ as the ratio of the information quantity being used, Hmask , to the overall information quantity of the whole hologram, Hoverall , as expressed in Eq. (11).  masked

overall

H

H
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For the mask with a uniform intensity distribution, the filling factor is proportional to the mask dimension. While for the mask with a non-uniform intensity distribution such as Gaussian profile, the filling factor is more appropriate to describe the mask than the mask dimension. Therefore, the filling factor is applied to evaluate the effect for different masks. If we consider a mask in the shape of a square with a length  is added to a phase-only hologram, the filling factor µ can be expressed as  
ߤ  ∝  ,ଶ                                         (12)   According to Eq. (8), the Fourier transform of a square mask is a 2D sinc function. We define the full width half maximum (FWHM) of the central order of the 2D sinc function as the width of the corresponding point spread functionܮ

∆PSFmask. According to Eq. (8) and Eq. (12), we can get the relation between ∆PSFmask and  as: 
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where C is a constant. We can see that will increase when µ decreases. To evaluate the effect of the filling factor on the reconstructed image, we use a 8×8 checkerboard image of 512×512 pixels shown in Fig. 3 as the target image with square masks of different filling factors from 100% to 1% by 1%.  

 Fig. 3 Phase-only hologram of the checkerboard target image is obtained and then reconstructed. The average cross-section intensity distribution of one row consisting of black and white square block is calculated. Instead of sharp step profile, the edge profile is spread to some extent, which could be considered as the convolution of the ideal intensity distribution and a point spread function PSFimage .  For each µ, the calculation process is to: (i) add the corresponding mask to the hologram, (ii) apply 10 times 
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zero-padding of the phase-only hologram in order to reveal details and speckles of corresponding reconstructed image as described in Refs. [19] and [21], (iii) reconstruct the hologram, (iv) get the average cross-section intensity distribution of one row consisting of black and white square block, and (v) calculate the intensity distribution curve from the high value (white block) to the low value (black block) as the edge profile to show the spread out of the sharp edge of the target image.  The reconstructed checkerboard images with filling factor 100%, 50%, 20%, 10%, 5%, 2% and 1% are shown in Fig. 4(a), where only the central 4 blocks are presented to show the details of the reconstructed images. It can be seen from Fig. 4(a) that the quality of the reconstructed image reduces gradually as µ decreases to 20%. However, when µ decreases further, the quality of reconstructed image decreases rapidly.         

 
(a) 

 
(b) 

   
(c) Fig.4 (a) Central 4 blocks of the reconstructed checkerboard image with µ=100%, 50%, 20%, 10%, 5%, 2% and 1% as indicated; (b) the edge profile between the first white and black block is obtained to see the changes; (c) the curves of (b) as normalized by energy. 

To quantitatively analyze the change of image quality, we calculated the cross-section intensity profile averaged over one row (Row 5) of the checkerboard, and plotted it across one white/black boundary (indicated as the edge profile in Fig. 3) in Fig. 4(b). We can see clearly that when µ decreases, the intensity drops accordingly in both the white and black parts and the white part drops more rapidly than the black part. To illustrate clearly this trend, intensity profiles normalized to the same energy are shown in Fig. 4(c) for different filling factors. We can find that the edge profile spreads out more evenly as the filling factor decreases. This can be regarded as the original sharp edge of the target image convolved with a PSF of the reconstructed image as illustrated in Fig. 3 as PSFimage .  Deconvolution of the reconstructed intensity distribution to the ideal intensity distribution can be used to calculate 
PSFimage, and we could define the FWHM of PSFimage as 
∆PSFimage. PSFimage may differ from PSFmask as illustrated in Fig. 2, and the comparison of  ∆PSFimage with  ∆PSFmask is shown in Fig.5. 

 Fig.5 The real curve shows the values of ∆PSFimage for filling factor µ changing from 100% to 1%. Dashed curve is the theoretical value between µ and ∆PSFmask. The two lines are normalized and the results show that they are consistent with each other. We can see that  ∆PSFimage and  ∆PSFmask agree with each other and they increase slowly when µ is larger than 0.2 and then increase rapidly when µ is smaller than 0.2. However, it shows that the curve of  ∆PSFimage is always above the curve of  ∆PSFmask, which might due to the fact that in actual situations, the side robes of the sinc function will interfere with each other between two spatial pixels, thus creating speckles. The average of the edge intensity profile will decrease the effects of speckles, however it still degrades the quality of reconstructed image. Therefore, the actual 
∆PSFimage will be larger than  ∆PSFmask , especially when  µ is very small. As we can see in Fig. 4(a), if ∆PSFimage increases, the quality of reconstructed image will decrease, we use the Lena image in Fig. 1(a) and RMSE as well as SSIM to quantitatively evaluate the changes in quality of reconstructed image. As shown in Fig. 6, it is clear that when we use the full hologram, the reconstructed image is of good quality with RMSE=2.66 and SSIM=0.988. However as µ decreases, RMSE value starts to increase and SSIM value starts to drop, representing the drop of the reconstructed image quality as we expected. 



 
(a) 

 
(b) 

 
(c) Fig.6 (a) Reconstructed Lena images for filling factor 100%, 50%, 20%, 10%, 5%, 2% and 1%; (b) and (c) RMSE and SSIM values of the reconstructed image, respectively. The relation between filling factor and image quality assessed by RMSE and SSIM is not as the same as the relation between filling factor and , this is because the effects of the masking is dependent on the specific contents of the reconstructed image, which means for different reconstructed image, the changing trend of RMSE and SSIM might be different. However, it still shows the general trend that when µ is large, the variation is small, while µ is very small, it changes more rapidly. 

B. Mask filling position If we take the Fourier transform of a 2D image, the low frequency components of the amplitude information are distributed in the center on the Fourier plane, while the high frequency ones are away from the center. In this case, if we add a finite size mask on the Fourier plane at different filling positions and then take the inverse Fourier transform, the reconstructed image will vary correspondingly. Different from that, the phase term of a phase-only hologram carries the information of reconstructed image and its distribution is optimized by iterative algorithms. We would like to apply the same mask at different filling positions to it and evaluate the quality of reconstructed image to see if different parts of 

the phase-only hologram play the same role of reconstructing the target image. We calculate a phase-only hologram of 512*512 from the Lena image in Fig. 1(a) and then divide the hologram into 16 pieces of equal size. Subsequently we choose each piece  individually and set the rest with blank information before reconstruction. This can be regarded as masking the original hologram with a mask of the same filling factor 6.25% but at different filling positions without overlaps. The quality of reconstructed images in terms of RMSE and SSIM is shown in Fig. 7. We can see that they remain to be almost constant for different filling positions. This means that, unlike the Fourier transformed amplitude information of a 2D image, a phase-only hologram is mask filling position insensitive. This conclusion also applies to the masks used in normal working situations with a larger filling factor than what is used here, as they can be regarded as a combination of smaller masks.   

 
           (a) 

               (b) Fig.7 (a) RMSE values of reconstructed images for the same phase-only hologram with masks at different filling positions; (b) SSIM values of reconstructed images for the same phase-only hologram with masks at different filling positions. 
C. Mask illumination intensity profile  Now we investigate how the mask illumination intensity profile influence the quality of reconstructed image. We reconstruct the phase-only hologram of the same checkerboard image as in Fig. 3 and apply masks with the same filling factor but different mask illumination intensity profiles: uniformly illuminated square, circle, and border shapes, plus a Gaussian distribution and a real laser beam, as shown in the second row in Fig. 8. To illustrate the effect of the mask illumination profile clearly, a rather low filling factor µ=0.1 is used in all cases. With a low filling factor,  
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             (a)                                           (b)                                         (c)                                         (d)                                          (e) Fig.8 (a) Top image is the reconstructed image of checkerboard with square mask, middle left is the square mask with µ=0.1, middle right is the Fourier transform of the square mask, bottom image is the center four bricks of the top image to show the details. From (b) to (e) are the similar situations for circular, border, Gaussian and a real laser beam, respectively.  the masking effect is more obvious while the reconstructed image can still be distinguished. As shown in Fig. 8(a) and Fig. 8(b), respectively, the Fourier transforms of a uniformly illuminated square and a circular mask profiles are 2D sinc and 2D Bessel function, where most of the intensity is distributed in the central order but there are also higher orders resulting in intensity oscillation away from the center. Oscillations between spatial pixels will interfere with each other thus changing the texture of the reconstructed image, creating speckles. Furthermore, because of the oscillations, the edge between the high value (white) and the low value (black) is not very clear, so we could see some white spots spreading into the black part as shown in the bottom images of Fig. 8(a) and Fig. 8(b). This phenomenon becomes more obvious for the Fourier transform of the uniformly illuminated border mask profile as shown in Fig. 8(c) where the intensity is evenly distributed in the central order and higher orders. Therefore, the interference between pixels become more pronounced in the reconstructed image, and the resultant quality and texture of the reconstructed image are worse compared with other profiles of the same filling factor. While for the Gaussian mask profile in Fig. 8(d), as the Fourier transform of a Gaussian distribution is still a Gaussian distribution (Eq. (10)), there are less interferences and the edge between white and black in the reconstructed image is sharper than the others. Finally, we apply a real laser beam profile [25] as shown in Fig. 8(e) for the same filling factor. The laser beam profile is not well focused, therefore it has a larger spatial dimension than the other profiles and a smaller central robe width of its Fourier transform. Its oscillations in the Fourier plane are irregular, thus making the texture in the white part much smoother that the others and the edge between white and black better than the uniformly illuminated ones but not than that of the Gaussian profile mask.  It can be summarized that for different mask illumination intensity profiles with the same filling factor, the texture and 

quality of reconstructed images depends on the nature of the Fourier transform of the mask profile. Strong oscillations in the Fourier transform function especially the high frequency part will affect the quality and texture of the reconstructed image and create speckles in the white region and noises in the black region, while weak and few oscillations result in smooth white regions with sharp edges and low noise in the black region. Finally, the dimension of the profile especially the low frequency part will affect the texture of the reconstructed in the part, and smaller in dimension will cause more speckles. 
 

4. CONCLUSIONS The above studies concern the effect of masking a phase-only holograms on the reconstructed images. Quantitatively evaluations were carried out for different masking scenarios, including when the phase-only hologram is illuminated by an incident beam with an arbitrary profile and size, or when the phase-only hologram is sliced and then tiled up for reducing the computational load but with acceptable quality. This has practical value when it is necessary to use the phase-only hologram on a SLM efficiently. Based on the above results, it can be concluded that: (1) if a mask is added onto a phase-only hologram, the reconstructed image will be the original one convolved with the Fourier transform of the mask; (2) the mask filling position has no influence on the quality of the reconstructed image; (3) the mask filling factor defines the FWHM of the point spread function of its Fourier transform as well as of the reconstructed image and the decrease of the mask filling factor will result in the increase of the FWHM of the pixel point spread function increases and the decrease of the quality of the reconstructed image; (4) the mask illumination intensity profile will affect the texture and details of the reconstructed image, especially when the filling factor value is low. 



It is worth to point out that although the phase-only hologram is calculated as a matrix without the actual size information, the general principle and approach used in this paper apply to all pixel sizes. Different pixel size and the pixelated structure of an SLM will only change the reconstructed image size and result in high orders, which will not affect the conclusions of this paper. For future work, focus will be on how the phase variations and phase noises influence the reconstruction of phase-only hologram, which is important in practical applications such as holographic projection displays [2-4], wavefront encoding for telecom [26] and calibration in start imaging [27-28].   
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