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Abstract
When comparing the performance of multi-armed bandit algorithms, the potential
impact of missing data is often overlooked. In practice, it also affects their
implementation where the simplest approach to overcome this is to continue to sample
according to the original bandit algorithm, ignoring missing outcomes. We investigate
the impact on performance of this approach to deal with missing data for several bandit
algorithms through an extensive simulation study assuming the rewards are missing at
random. We focus on two-armed bandit algorithms with binary outcomes in the context
of patient allocation for clinical trials with relatively small sample sizes. However, our
results apply to other applications of bandit algorithms where missing data is expected
to occur. We assess the resulting operating characteristics, including the expected
reward. Different probabilities of missingness in both arms are considered. The key
finding of our work is that when using the simplest strategy of ignoring missing data,
the impact on the expected performance of multi-armed bandit strategies varies
according to the way these strategies balance the exploration-exploitation trade-off.
Algorithms that are geared towards exploration continue to assign samples to the arm
with more missing responses (which being perceived as the arm with less observed
information is deemed more appealing by the algorithm than it would otherwise be). In
contrast, algorithms that are geared towards exploitation would rapidly assign a high
value to samples from the arms with a current high mean irrespective of the level
observations per arm. Furthermore, for algorithms focusing more on exploration, we
illustrate that the problem of missing responses can be alleviated using a simple mean
imputation approach.

1 Introduction 1

In healthcare, rapid progress in machine learning is enabling opportunities for improved 2

clinical decision support [1–3]. In this context, Multi-Armed Bandit Problems 3

(MABPs), which can be traced back to proposals for allocating patients in two-armed 4

clinical trials [4], have seen a surge of interest in recent years [5, 6]. The goal in MABPs 5

is to achieve a balance between allocating resources to the current best choice 6

(exploitation) or to alternatives that could potentially be a better choice (exploration). 7

MABPs are a powerful framework for algorithms that make decisions over time under 8

uncertainty, arising in a variety of application domains in recent decades, such as ad 9

placement, optimizing seller’s prices (also known as dynamic pricing or learn-and-earn), 10

and internet routing and congestion control. 11

In the context of clinical trials, bandit algorithms fall within the larger class of 12

response-adaptive designs, which allow the allocation of patients to depend on the 13

previously observed responses in order to achieve experimental aims such as allocating 14
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more patients in the best arm. This paper will use the clinical trial setting as our main 15

focus. Jacko [7] illustrates the formulated terminology of MABPs in various disciplines, 16

and we follow the terminology that is widely used in the machine learning and clinical 17

trial communities. For instance, ‘algorithm’ and ‘arms’ in MABPs correspond to ‘design’ 18

and ‘treatments’ in biostatistics (see Table 1 in [7]). 19

A fixed (equal) randomization scheme that does not change with patient responses is 20

still the most traditional and well-accepted allocation rule in clinical trial designs. 21

However, there has been a surge of recent interest in response-adaptive designs [8]. The 22

use of bandit algorithms is thus increasingly being considered in the context of adaptive 23

clinical trials [9], potentially in combination with other adaptive features such as early 24

stopping or sample size re-estimation [10]. There is a growing methodological literature 25

discussing implementations of bandit models in various types or phases of clinical trial 26

designs [5, 11–15]. However, it is difficult to point to examples where bandit algorithms 27

have been used in clinical trials [5], except for algorithms based on a variant of the 28

Thompson Sampling (TS) algorithm. Such examples in oncology include the well-known 29

BATTLE trial [16] and the I-SPY 2 trial [17]. 30

A key problem with the use of multi-arm bandits in practice is that the response 31

information required to update the allocation of subsequent patients might not be 32

available for many reasons. In clinical trials, enrolled patients may not complete the 33

study and drop out without further measurements due to adverse reactions, death, or a 34

variety of other reasons. In some healthcare settings, malfunctions in electronic health 35

record systems commonly occur. It is common that the consequent missing data 36

reduces the statistical power of a study and produces biased parameter estimates, 37

leading to a reduction in efficiency and invalid conclusions [18]. 38

The simplest analysis approach to missing data problems in clinical trials is to use 39

only those cases that do not have any data missing in the variable(s) we are concerned 40

with. This approach is referred to as ‘complete case analysis’ or ‘listwise deletion’ [19]. 41

In response-adaptive designs, it is far more challenging to handle this problem than in 42

traditional fixed designs as a result of the fully sequential nature and the cumulative 43

impact of the allocation procedure [20]. In other words, it is not only an analysis 44

problem at the end of a trial (as in a fixed design), but also a design problem in terms 45

of the allocation procedure. The naive approach of ignoring missing data is thus 46

suboptimal in terms of performance in the context of response-adaptive designs since the 47

original intention of placing more patients in the best arm could be violated in this case. 48

To the best of our knowledge, this challenging problem has received limited attention 49

in the context of response-adaptive designs [21], including bandit algorithms. One 50

exception is Biswas and Rao [22], who implement regression imputation for a 51

covariate-adjusted response adaptive procedure based on the available responses and 52

associated covariates. A doctoral dissertation of Ma [20] concentrates on the 53

doubly-adaptive biased coin designs in the presence of missing responses. A common 54

approach in the literature is to assume that data are ‘Missing at random’ (MAR) [19], 55

meaning that the probability of data being missing depends on the observed data but 56

not the missing data. For responses that are MAR, a likelihood-based approach was 57

proposed by Ma [20] to incorporate the information of covariates and prevent 58

inconsistent parameter estimates and undesirable allocation results. Sverdlov et al. [23] 59

evaluate the impact of missing data on the proposed Longitudinal Covariate-Adjusted 60

Response-Adaptive Randomization procedures with continuous responses, in terms of 61

the targeted allocation proportions and the accuracy of final estimations of parameters 62

of interest. Numerous simulation studies results of three different missing data analysis 63

approaches show that the performance gets worse as the percentage of missing data 64

increases. Finally, Williamson and Villar [24] propose using online imputation for the 65

Forward-Looking Gittins Index rule [25] with normally distributed outcomes. 66
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The issue of delayed outcomes in response-adaptive trials is closely related to the 67

problem of missing responses. There have been a few proposals for dealing with delayed 68

outcomes that simply treat those late-onset outcomes as missing data. A Bayesian data 69

augmentation method has been proposed to impute those missing outcomes [26,27]. 70

Nevertheless, it is more common to distinguish between delayed responses and missing 71

responses in most cases. Kim et al. [28] study the impact of delay in the outcome 72

variables on the performance of doubly-adaptive biased coin designs with binary 73

outcomes. It was shown that the corresponding performance could be improved by 74

imputation based on a short-term predictor. Williamson et al. [29] identify the existing 75

gap between the theory and clinical practice for Bayesian response-adaptive procedures 76

by considering whether responses are intermediately available or delayed, respectively. 77

However, these findings may not apply to the missing data problem in the context of 78

response-adaptive designs, since missing values can be viewed as a very extreme form of 79

delay where the outcomes would never be available [30]. In other words, the problem of 80

missing data is distinct and has not received as much attention as the problem of 81

delayed outcomes. 82

In the machine learning community, researchers have also realized that the key 83

assumption of immediate reward after an action is taken may not hold in practice. For 84

instance, Bouneffouf et al. [31] investigate contextual bandits with missing rewards, 85

which reflect the outcome of the selected action in clinical trials, or whether an ad is 86

clicked or not in recommender systems. They propose a modified version of the Upper 87

Confidence Bound (UCB) algorithm, which imputes the missing rewards based on the 88

available rewards from similar contexts. The setting of contextual bandits in the 89

machine learning community corresponds to the covariate-adjusted response-adaptive 90

designs in clinical practice, where the problem of missing data has been discussed the 91

most together with associated covariates. For this reason, the proposed framework 92

allows the use of available context information for future decision-making when some of 93

the outcomes are missing. Missing data problem in the ‘context’ rather than in reward 94

is more widely discussed, which is referred to as ‘corrupted contextual bandits’ [32]. 95

Additionally, the problem with delays is also common in the field of machine learning, 96

which might not be applicable in the extreme case of missing data problems as already 97

mentioned above [33–38]. 98

Here we revisit the problem of missing responses for the following reasons: (a) Most 99

response-adaptive methods in clinical research are limited to response-adaptive 100

randomization, which does not cover the more general case of deterministic algorithms 101

favored in the machine learning community from the perspective of quality of care or 102

patients benefit; (b) There is a gap in investing the impact of missing data for finite 103

sample sizes since related research in machine learning applications focuses more on 104

some asymptotic properties; (c) Related research is limited to a limited range of 105

response-adaptive designs or bandit algorithms. Besides, the fact that MABP algorithms 106

and response-adaptive designs are usually not compared makes it harder to make broad 107

comparisons or useful recommendations. This indicates that further systematic 108

investigation based on the fundamentals of bandit algorithms (i.e., the 109

exploration-exploitation trade-off) is required; (d) Related work seldom accommodates 110

different probabilities of missingness in different arms, indicating a more extensive 111

evaluation is in need; (e) Covariate-adjusted RAR and contextual bandits use side 112

information, and it is unclear what the impact of missing data is on algorithms that do 113

no use any covariates; (f) The closely related issue of delayed outcomes in trial designs 114

has attracted a lot of attention and various solutions have followed. However, most of 115

these proposed solutions do not necessarily apply to the problem of missing data. Our 116

main contribution is to perform a comprehensive investigation concerning the 117

fundamentals behind bandit algorithms, specifically, the exploration-exploitation 118
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trade-off, in the presence of missing responses. This goes beyond the few examples that 119

have been looked at in isolation for specific response-adaptive designs or bandit models. 120

In Section 2, we first introduce the notations used in this paper, followed by a 121

description of the allocation procedure in clinical trials in the presence of missing data. 122

We then introduce some well-known bandit algorithms in the framework of MABPs. In 123

Section 3, we consider different probabilities of missingness in the two arms, presenting a 124

comprehensive simulation study of allocation results considering various scenarios either 125

under the null or the alternative hypothesis. In addition, other patient-outcome metrics 126

are also considered for illustration. In Section 4, we implement the mean imputation 127

approach for missing binary responses, and discuss the impact of biased estimates in 128

MABP on imputation. We conclude this paper with a discussion in Section 5. 129

2 General framework 130

We consider a general two-armed bandit model referring to the setting with binary 131

responses in the presence of missing data. The two-armed bandit problem naturally 132

arises as a sub-problem in some multi-armed generalizations and serves as a starting 133

point for introducing additional problem features. Assuming responses are missing at 134

random (MAR), the probability of being missing is the same within groups defined by 135

the observed data (in our setting, the two treatment groups). Patients sequentially 136

enrolled in a clinical trial will be assigned to the k competing arms. In terms of the 137

performance of different algorithms, we evaluate metrics of patient outcomes, including 138

the proportion of patients assigned to the experimental arm (p∗) and the observed 139

number of success (ONS), which we define below. Specifically, our main focus is on p∗
140

since the performance of different algorithms is more clearly seen. We evaluate the 141

performance of different algorithms via simulation studies, which are performed using 142

the R programming language [39]. 143

2.1 Allocation procedure of bandit algorithms in the presence 144

of missing data 145

The two-armed trial setting is a very common one in clinical trial designs. We denote 146

the control arm by the subscript k = 0 and the experimental arm by k = 1, respectively. 147

Assigned patients have missing responses with a probability pm
k ≤ 0.5, given that it is 148

rare that the majority of patients would be missing in the setting of healthcare. The 149

total number of missing responses, successes and failures on arm k at time t are denoted 150

by Mk,t, Sk,t and Fk,t. The observed outcomes (Sk,t, Fk,t), with a true probability of 151

success pk, in turn have an impact on the next allocation due to the response-adaptive 152

nature in bandit algorithms, while missing responses Mk,t do not. The Bayesian feature 153

is introduced to the algorithm by a uniform prior (sk,0 = 1, fk,0 = 1), which is the 154

initial state that enables the first patients to be assigned when there are no observations. 155

The uniform prior implies that an equal allocation (as in the fixed design) is initially 156

used, but a different prior could also be used if appropriate. 157

The current state xk,t = (sk,0 + Sk,t, fk,0 + Fk,t) after having observed Sk,t and Fk,t 158

determines the subsequent patient allocation. Note that for each arm k, the number of 159

assigned patients in arm k at time t accounts for both the missing and observed data, 160

namely, Nk,t = Sk,t + Fk,t + Mk,t. The fixed total trial size is expressed as n. The 161

allocation procedure with bandit algorithms in the presence of missing data is attached 162

in S1 Appendix. The operating characteristics we evaluate are defined as the proportion 163

of patients assigned to the experimental arm (p∗ = N1,n

n ) and the observed total number 164

of success (ONS = E[S0,n + S1,n]). In the clinical trial context, we will typically be 165
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interested in testing a null hypothesis H0 : p0 = p1 against a one-sided alternative 166

hypothesis HA : p0 < p1. 167

2.2 Bandit algorithms 168

We classify several well-known bandit algorithms into three categories according to their 169

exploration-exploitation trade-off. Details of these algorithms are summarized in 170

Table 1, with further details given below. 171

• Randomized algorithms (TTS, RTS, and RPW): The patient at time t is 172

randomly assigned to arm k with probability πk,t. 173

• Deterministic algorithms (CB, GI, and UCB): The patient at time t is 174

deterministically assigned to the arm k with the larger index values Ik,t, indicating 175

the existence of a ‘priority’ value for sampling from one of the arms [40]. 176

• Semi-randomized algorithms (RandUCB, RBI, and RGI): The patient at time t is 177

deterministically assigned to the arm with the larger index values Ik,t as in 178

deterministic algorithms. However, a stochastic element is involved in the 179

computation of the index values Ik,t. 180

Table 1. Bandit algorithms defined by allocation probability πk,t or index
value Ik,t.

Algorithm πk,t or Ik,t Details Initial value
TTS πk,t = P (maxt pt=pk)c∑K

k=1
P (maxt pt=pk)c

c = t
2n πk,0 = 0.5

RTS πk,t = P (maxt pt=pk)c∑K

k=1
P (maxt pt=pk)c

c = 1 πk,0 = 0.5

RPW πk,t is urn-based initial urn with one ball for each arm k πk,0 = 0.5
CB Ik,t = µ̂B

k,t µ̂B
k,t = sk,0+Sk,t

sk,0+fk,0+Sk,t+Fk,t
Ik,0 = 0.5

GI Ik,t = µ̂G
k,t µ̂G

k,t = G[sk,0 + Sk,t][fk,0 + Fk,t] Ik,0 = 0.8699
UCB Ik,t = µ̂B

k,t + β · λk(t) β =
√

2 log(t), λk(t) = 1√
sk,0+fk,0+Sk,t+Fk,t

Ik,0 = 0.5

RandUCB Ik,t = µ̂B
k,t + Zt · λk(t) Zt ∼ fX(x), λk(t) = 1√

sk,0+fk,0+Sk,t+Fk,t

—
RBI Ik,t = µ̂B

k,t + Zt · λk(t) Zt ∼ Exp(1/K), λk(t) = K
sk,0+fk,0+Sk,t+Fk,t

—
RGI Ik,t = µ̂G

k,t + Zt · λk(t) Zt ∼ Exp(1/K), λk(t) = K
sk,0+fk,0+Sk,t+Fk,t

—

In the allocation procedure, the first assignment is based on the initial value (πk,0 or 181

Ik,0) and is an equal allocation for all algorithms, which is based on the choice of prior. 182

This is achieved by allocation of the first patient via an allocation probability fixed at 183

πk,0 = 0.5 in the case of randomized algorithms, or via equal index values Ik,0 in both 184

arms in the case of deterministic or semi-randomized algorithms. 185

• Tuned Thompson Sampling (TTS): is not the original version of TS but a variant 186

that has been more generally implemented [11]. TTS randomizes each patient to a 187

treatment k with a probability that is proportional to the posterior probability 188

that treatment k is the best arm given the accrued data. The best arm refers to 189

the arm with the largest pk, and it is assumed that in the case of a tie (p0 = p1), 190

the arm (p0) would be considered as the best. The positive tuning parameter 191

c = t
2n is time-varying. 192

July 15, 2022 5/28



• Raw Thompson Sampling (RTS): is the ‘raw’ version of TS in its first proposal [4]. 193

RTS is the most commonly used version in the machine learning community, which 194

is different from the commonly used version, TTS, in the biostatistical community 195

in terms of the tuning parameter [11]. The tuning parameter of TTS is fixed at 196

c = 1 in RTS. When compared to the traditional fixed randomization (FR) with a 197

fixed tuning parameter c = 0, RTS and TTS have different tuning parameters c. 198

• Randomized Play-the-Winner (RPW): is not a bandit algorithm but an urn-based 199

model [41]. We include it since RPW has a long history in clinical trials 200

methodology, and because its use helps explain why few response-adaptive clinical 201

trials have occurred in practice. Indeed, the infamous Extracorporeal Circulation 202

in Neonatal Respiratory Failure (ECMO) trial [42] used RPW to allocate patients. 203

Due to the extreme treatment imbalance and highly controversial interpretation, 204

the ECMO trial is regarded as a key example against the use of response-adaptive 205

designs in clinical trials [43,44]. The initial urn composition in this paper is the 206

extreme case of one ball for each treatment. One would expect the allocation 207

proportions to be less extreme when the initial urn composition is increased, as 208

the urn will not favor the better treatment as highly. 209

• Current Belief (CB): allocates each patient to the treatment arm with the highest 210

immediate estimate of reward µ̂B
k,t, which is defined as the current highest mean 211

posterior probability of success. With the only aim of exploitation, this myopic 212

algorithm will tend to ‘select’ an arm before the trial is over. Once one arm is 213

selected, all of the next enrolled patients will be assigned to this arm, and the 214

index value of the unselected arm will not change anymore. One issue with CB is 215

that the algorithm might make a wrong selection and make many allocations to 216

the inferior arm. An early selection within the first few patients could be 217

anticipated when the success probability pk is large. 218

• Gittins Index (GI): recovers the optimal solution to an infinite (discounted) 219

MABP as obtained by Dynamic programming [5]. There is an upward adjustment 220

in the index value Ik,t in GI when compared to CB, referring to the uncertainty 221

about the prospects of obtaining rewards from the arm [45]. This uncertainty 222

corresponds to a decreasing exploration component, which decreases with more 223

observations in the corresponding arm [46]. The value of the initial state Ik,0 of 224

GI is larger than that of CB as a result of the upward adjustment. It is fixed at 225

Ik,0 = 0.8699 for GI in this paper, corresponding to a particular discount factor 226

d = 0.99, the widely used value in the related bandit literature [5]. 227

• Randomized Belief Index (RBI): is a semi-randomized approach with an 228

index-based part µ̂B
k,t for exploitation and a random perturbation part Zt · λk(t) 229

for exploration. Zt is a random variable and λk(t) is a decreasing sequence of 230

positive constants. This means that most patients are assigned to the (current) 231

superior arm, but some patients will still be assigned to the inferior arm in order 232

to achieve exploration [47]. In other words, there is no aggressive determinism in 233

RBI when compared to CB as a result of the additional perturbation part. The 234

overall pattern of its index values Ik,t is decreasing as a result of the decreasing 235

exploitation component, accompanied by some fluctuations representing the 236

random exploration part. 237

• Randomized Gittins Index (RGI): is a semi-randomized approach, which applies 238

the random perturbation idea to the GI rule [47,48]. Similar to RBI, the overall 239

index values Ik,t and the exploration component of the index values decrease over 240

time. 241
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• Upper Confidence Bound Index (UCB): is based on the principle of ‘optimism in 242

the face of uncertainty’ [49]. It explores the arm with higher uncertainty because 243

of higher information gain represented by the term β · λk(t), where β =
√

2 log(t) 244

and λk(t) =
√

1
sk,0+fk,0+Sk,t+Fk,t

reflects the confidence interval corresponding to 245

the standard deviation in the estimation of reward µ̂B
k,t. The more times a specific 246

arm has been engaged before in the past, the greater the confidence boundary 247

reduces towards the point estimate. If there are no observations in the k-th term, 248

then µ̂B
k,t = 0 and β · λk(t) → ∞, thus each arm is selected at least once. As 249

evidence accumulates and the term β · λk(t) vanishes, the index values have an 250

initial rapid increase for the first few patients but then decrease in both arms. 251

There are many variants of UCB targeting various objectives in different 252

disciplines [50]. 253

• Randomized Upper Confidence Bound (RandUCB): is similar to RBI and RGI in 254

terms of being a semi-randomized algorithm. RandUCB takes random 255

perturbations [47,48] for the computation of its index values. RandUCB is 256

different from the UCB algorithm in terms of the exploration term, which is 257

constructed by a random variable Zt sampling from a discrete distribution 258

fX(x) [51]. In addition, exploration in the arm with higher uncertainty is realized 259

by accounting for the confidence interval or standard deviation λk(t) as in the 260

UCB. The discrete distribution is supported on M points over the interval [L, U ]. 261

Let α1 = L. . . , αM = U denote M equally spaced points in [L, U ]. We recover the 262

UCB if M = 1 and [L, U ] = [β, β] hold. RandUCB with M → ∞ approaches 263

optimistic TS (one of the different versions of TS) with a Gaussian prior and 264

posterior. In other words, both UCB and TS can be recovered as special cases of 265

RandUCB. In this paper, we take M = 20 and [L, U ] = [0, 1] as an example for 266

illustration. More details are discussed in Vaswani et al. [51]. Actually, the idea of 267

RandUCB is the same as that used in RBI and RGI, which can be traced back to 268

around 40 years ago [47]. 269

In general, there is more than one strategy to solve the exploration-exploitation 270

dilemma inherent in the MABP. For algorithms in this framework, the exploitation goal 271

could be achieved with an immediate reward based on current observations. For the aim 272

of exploration, one of the classic strategies is to account for a confidence level in the 273

estimate, namely, optimism in the face of uncertainty [52]. The UCB algorithm is 274

an example using this strategy that has attracted a lot of attention in the field of 275

machine learning. Another common device in optimization problems is randomized 276

allocation, which is widely used in the context of clinical trials. This includes the first 277

well-known attempt at response-adaptive design, RTS. Besides, this stochastic setting 278

has also motivated the ‘Follow the Perturbed Leader’ algorithms, which add random 279

perturbations to the estimates of rewards of each arm prior to computing the current 280

‘best arm’ [53–55]. The semi-randomized algorithms, RBI and RGI [5], operate in the 281

same way through randomly perturbing arms that would be selected by a greedy 282

algorithm, which disregards any advantages of exploring. Thus, it allows mixtures of 283

alternative decisions of the selected arms. RandUCB uses randomization to trade off 284

exploration and exploitation, like RBI and RGI, and simultaneously it maintains 285

optimism in the face of uncertainty in a similar way to UCB. 286

2.3 Sampling behaviour without missing data 287

Bandit algorithms work in different ways according to their exploration-exploitation 288

trade-off. Fig 1 demonstrates the sampling behaviour using the results of a single 289

simulation, for a specific scenario under the null. The trial size is fixed at n = 200, 290
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indicating a relatively small confirmatory clinical trial. In the case of a larger trial, the 291

simulation results reflect what could happen at its beginning. The true probabilities of 292

success are fixed at p0 = p1 = 0.7, which might arise when testing two similarly 293

efficacious vaccines in clinical trials. The assumption of identical arms also is relevant to 294

some other machine learning applications, such as the problem of online allocation of 295

homogeneous tasks to a pool of agents; a problem faced by many online platforms and 296

matching markets. The regret performance of a bandit algorithm in terms of its 297

arm-sampling characteristics are of great interest, not only in the ‘large gap’ (i.e., 298

‘well-separated’) instance but also the ‘small gap’ instance (i.e., ‘worst-case’), where the 299

gap corresponds to the small difference between the top two arm mean rewards [56]. 300

The large treatment effects in the example in Fig 1 might not be common in general, 301

but it can provide some intuitive thinking and theoretical perspective. We illustrate a 302

counterpart for a scenario under the alternative in S5 Appendix because, in general, 303

research in machine learning illustrates bandit performance under the alternative but 304

the null case is rarely displayed. 305

In Fig 1, randomized algorithms (i.e., the first row) allocate patients with a 306

probability πk,t, while the others allocate patients to the arm with a larger Ik,t value. 307

Note that the scales on the y-axis of Ik,t of deterministic and semi-randomized 308

algorithms are different, and it is the relative difference between the Ik,t in the two 309

arms rather than the absolute value that determines allocation results. 310

Fig 1. Allocation procedure of bandit algorithms. Performance of different
bandit algorithms over a single simulation (with p0 = 0.7, p1 = 0.7, and n = 200) under
the null. The two colors reflect different arms that could be regarded as the same under
the null.

The allocation probabilities πk,t of TTS show that it tends to ‘select’ an arm (i.e., 311

allocate to that arm with a much higher probability) by the end of a large cohort of 312

patients, even when there is no treatment difference between these two arms. The 313

random selection of one of these equal arms under the null has been discussed in the 314

related discussion about bandit algorithms [57,58]. A theoretical explanation of this 315

imbalanced behaviour for Thompson Sampling under the null (i.e., despite the arms 316

being statistically identical), also known as the ‘incomplete learning’ phenomenon, is 317

provided in [56]. When compared with TTS, such a ‘selection’ under RTS happens 318

earlier than that of TTS. RTS is also relatively more ‘deterministic’ than TTS due to 319

the fixed tuning parameter, even though both are randomized algorithms. The 320

urn-based algorithm RPW also illustrates some degree of ‘determinism’ in the first few 321

patients. That is, one arm tends to be ‘selected’ at the beginning of the trial, as a result 322

of the small initial urn size in our setting. 323

These randomized algorithms have a smaller chance of an early selection and never 324

conduct a real selection in the finite sample size settings. In contrast, deterministic 325

algorithms are more likely to truly select an arm, with patients always assigned to the 326

selected arm from then on. An allocation skew could be anticipated if an early selection 327

occurs. For CB and RandUCB, early selection is particularly noticeable, especially for 328

CB. However, GI, although defined to be a deterministic rule, continues to explore in 329

this instance where CB does not, as shown by the index values of both arms continuing 330

to overlap throughout the trial. Meanwhile, RBI, RGI, and UCB are quite similar in a 331

sense that the index values in both arms are close to to each other, although 332

accompanied by fluctuations as a result of accounting for the uncertainty of the point 333

estimate. This sampling behaviour is also referred to as ‘complete learning’, which was 334

explained theoretically by [56], where UCB is taken as an example. In particular, UCB 335

is able to discern statistical indistinguishability of the arm-means, and induce a 336
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‘balanced’ allocation under the null when there is no treatment difference. 337

Since the results in Fig 1 are based on a single simulation under the null, a selection 338

is neither incorrect nor correct as both arms are the same and there is no inferior or 339

superior arm (all other costs being equal). A similar illustration of allocation 340

probabilities πk,t or index values Ik,t in a scenario under the alternative is given in S5 341

Appendix. The illustration in Fig 1 gives an insight into the potential consequences of 342

the presence of missing data as shown in Section 3.1. An extensive simulation involving 343

various scenarios follows in Section 3.3. 344

3 Impact of missing data 345

In this section, we investigate the impact of missing data on the expected proportion of 346

patients assigned to the experimental arm p∗ = N1,n

n . On average, half of the patients 347

(E[p∗] = 0.5) will be assigned to both arms under the null H0, and more than half of 348

the patients (E[p∗] > 0.5) will be assigned to the experimental arm under the 349

alternative HA. This aligns with the motivation for using response-adaptive designs in 350

clinical practice. With a fixed trial size n, p∗ is determined by the number of patients 351

assigned to the experimental arm N1,n. Thus, the metric p∗ reflects how the allocation 352

is affected in the presence of missing data. 353

In Section 3.1, we extend the discussion about Fig 1 taking missing data into 354

account. That is, we explore how missing data in one arm affects πk,t or Ik,t and hence 355

the allocation results. In Section 3.2, we illustrate the impact of different probabilities of 356

missingness in the two arms (pm
0 and pm

1 ) for an example under the null. In Section 3.3, 357

we present a comprehensive simulation study under the null and the alternative. 358

3.1 Impact of missing data in one arm 359

For simplicity, suppose that missing data only occurs in arm k and not arm k̃. If the 360

outcome at time t1 in arm k is missing, the next allocation to arm k at time t2 cannot 361

be updated and remains what it was for the last patient (Ik,t2 = Ik,t1 or πk,t2 = πk,t1). 362

By contrast, since there is no missing data at time t2 in arm k̃, the value of Ik̃,t2
or πk̃,t2

363

would be updated as it was supposed to do. Consequently, the subsequent allocations 364

could be affected due to the missing data. 365

In addition, the impact of missing data on πk,t or Ik,t is expected to differ across 366

algorithms. For randomized and semi-randomized algorithms, the impact due to missing 367

responses is relatively low as a result of exploration. This applies to both randomized 368

algorithms (i.e., TTS and RTS) and semi-randomized algorithms (i.e., RBI and RGI). 369

Similarly, algorithms taking uncertainty into account for allocations (i.e., UCB and GI) 370

are also less affected by missing data due to their continued exploration. 371

By contrast, heavily exploitative algorithms (i.e., CB and RandUCB) are expected 372

to be largely affected by missing data in terms of the selection. In the example in Fig 1 373

with large true probabilities of success (p0 = p1 = 0.7), the arm with missing outcomes 374

is less likely to be selected. The reason is that the other arm without missing outcomes 375

is more likely to have successful outcomes under such a large pk, and Ik,t of this arm 376

will be updated to a larger value for the next allocation. As a consequence, these greedy 377

or deterministic algorithms are less robust to the impact of missing data when 378

compared with algorithms that are more explorative. 379

Besides, the changing patterns of πk,t and Ik,t provide some additional insights on 380

the impact of missing data. On the one hand, randomized algorithms (TTS and RTS) 381

keep learning and πk,t of both arms change across the trial – starting from πk,0 = 0.5, 382

πk,t values in these two arms become more distinguishable from each other with more 383

enrolled patients and are always symmetric around 0.5. Consequently, the arm with 384
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larger πk,t values is more likely to be selected even if there is missing data in this arm. 385

On the other hand, Ik,t values generally decrease as the immediate reward µ̂B
k,t or µG

k,t 386

decreases with more patients. Once the selection of an arm occurs, Ik,t of the other arm 387

will remain unchanged as the arm will not be selected anymore, see Fig 1. Consequently, 388

the arm with missing data is more likely to be selected. 389

Considering both the impact of missing data in one arm and the changing patterns 390

of πk,t or Ik,t across a trial of different algorithms, it could infer the impact of missing 391

data in one arm on allocation results, as shown in the simulation results in Section 3.2. 392

Intuitively, for algorithms geared towards exploration, missing data in one arm slows 393

down the progress of learning or exploration in randomized algorithms. More patients 394

will thus be assigned to the arm with missing data to continue to explore. For 395

algorithms geared towards exploitation, missing data in one arm impedes the decreasing 396

trend in Ik,t of the corresponding arm, which may thus have a larger index value than 397

the other arm without missing data. Consequently, the arm with missing data is less 398

likely to be selected, and fewer patients will be assigned to it. 399

3.2 An example of the impact of different types of missing data 400

In this section, we investigate the impact of having different probabilities of missingness 401

in the two arms. Simulation results are based on 104 independent replications of each 402

algorithm, except for TTS, which has 103 replications for computational reasons. We 403

consider 36 combinations of missingness probabilities for the two arms, where pm
0 and 404

pm
1 follow a sequence of discrete values ranging from 0 to 50% (0, 0.1, 0.2, 0.3, 0.4, 0.5). 405

Fig 2 shows the simulation results for E[p∗] of three representative algorithms from 406

Table 1. 407

The value of E[p∗] in each cell of Fig 2 corresponds to one of the combinations of 408

missingness probabilities. The trial size is fixed at n = 200, and the true probabilities of 409

success in this example (p0 = p1 = 0.9) are unrealistic in a healthcare setting, but are 410

chosen to show the impact of missing data on allocations in an extreme case. A more 411

comprehensive simulation study is given in Section 3.3, including scenarios under the 412

alternative. 413

Fig 2. Simulation results of E[p∗] for TTS, CB and UCB under the null.
Expectations of 104 replications are taken for CB and UCB and 103 replications for
TTS under different combinations of missingness probabilities, with p0 = p1 = 0.9 and
n = 200.

As a comparison, fixed randomization always allocates approximately half of the 414

patients to the experimental arm (E[p∗] = 0.5), regardless of the missingness 415

probabilities. Similarly, the values of E[p∗] for TTS under different probabilities of 416

missingness are only slightly affected, as shown in Fig 2. However, this is not the case for 417

CB and UCB, where allocations will be largely affected in the presence of missing data. 418

Even though our assumption of MAR means that the missing data is non-informative, 419

the corresponding impact on allocation results seems to be predictable if we know which 420

arm has more available responses (equally fewer missing responses). To be specific, CB 421

selects the experimental arm when this provides relatively more responses. Approximate 422

63% patients are assigned to the arm k = 1 when (pm
0 , pm

1 ) = (0, 0.5). In contrast, 423

UCB assigns approximate 34% patients to the arm k = 1 in the same case with 424

(pm
0 , pm

1 ) = (0, 0.5). One concern is that under the null, this can falsely promote the 425

idea that the experimental arm (e.g., a new drug) is better because more patients are 426

assigned to it and hence it will have relatively more observations (or vice-versa). 427
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3.3 A comprehensive simulation study 428

3.3.1 Simulation settings 429

To investigate the impact of different probabilities of missingness, five scenarios under 430

the null (H0 : p0 = p1) and seven scenarios under the alternative (HA : p0 < p1) are 431

investigated, as shown in Table 2. Scenarios under the null correspond to settings where 432

the new treatment offers no benefit over control, which is important for clinicians and 433

drug regulators to consider. In machine learning applications, the increase in 434

performance goal fosters a focus on the alternative. In the context of clinical trials and 435

other healthcare applications, simulation studies should consider both the null and 436

alternative scenarios. 437

The twelve scenarios are taken from Rosenberger et al. [59], which uses the sample 438

size that yields a power of 90% (under the alternative) when using equal allocation. 439

Note that this consideration of power would not imply the same level of power for 440

different response-adaptive rules. The setting of a fixed sample size may not be 441

consistent with machine learning applications, which typically requires a large sample 442

size. However, this setting is common for trial designs in clinical practice. 443

Simulation results are based on 104 independent replications (except for TTS, which 444

uses 103 replications for computational reasons). We investigate 16 combinations of 445

missingness probabilities, namely: (a) Equal probabilities of missingness in each arm 446

(pm
0 = pm

1 = pm), corresponding to the diagonal in Fig 2; (b) Missingness only occurring 447

in the control arm (pm
0 ∈ {0, 0.1, 0.2, 0.3, 0.4, 0.5}, pm

1 = 0), corresponding to the 448

leftmost column in Fig 2; (c) Missingness only occurring in the experimental arm 449

(pm
1 ∈ {0, 0.1, 0.2, 0.3, 0.4, 0.5}, pm

0 = 0), corresponding to the bottom row in Fig 2. The 450

problem of both differential and equal rates of missing data in two arms has attracted 451

attention [60]. The impact of the other types of combinations of missing rates in two 452

arms would correspond to interpolating between scenarios (a), (b), and (c). 453

Table 2. Simulation scenarios.
Scenario (p0, p1) Trial size n

S1 (0.10, 0.10) 200
S2 (0.30, 0.30) 200
S3 (0.50, 0.50) 200
S4 (0.70, 0.70) 200
S5 (0.90, 0.90) 200
S6 (0.10, 0.20) 526
S7 (0.10, 0.30) 162
S8 (0.10, 0.40) 82
S9 (0.40, 0.60) 254
S10 (0.60, 0.90) 82
S11 (0.70, 0.90) 162
S12 (0.80, 0.90) 526

3.3.2 Under the null 454

Fig 3 show the simulation results for E[p∗] under the null. Each column corresponds to 455

a bandit algorithm as described in Table 1. Simulation results of fixed randomization 456

(FR) are also included as a reference. The five rows correspond to five scenarios under 457

the null (H0), as indicated in Table 2. The different line colors indicate results of E[p∗] 458

under different kinds of missing data: Grey lines correspond to the case of equal 459

missingness probability in both arms; Blue lines correspond to missingness only in the 460
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control arm; Red lines correspond to missingness only in the experimental arm. Note 461

that even though these scenarios are under the null, we distinguish the two arms (k = 0 462

and k = 1) with different colors. 463

When there is no missing data (i.e., when the probability of missingness is equal to 464

zero), half of the patients are assigned to the experimental arm across all algorithms 465

and all scenarios. With equal missingness, there is almost no impact on E[p∗] under the 466

null. In contrast, the impact due to missing data occurring in one arm (pm
0 > 0 or 467

pm
1 > 0) can be large, as shown in Fig 3 and described in more detail below. 468

Fig 3. Simulation results under the null. Simulation results of E[p∗] under the
null for different missing data combinations. Grey lines correspond to the case of equal
missingness probability in both arms; Blue lines correspond to missingness in the
control arm; Red lines correspond to missingness in the experimental arm.

• TTS and RTS : these randomized algorithms are hardly affected by the impact of 469

missing data occurring in one arm (pm
0 > 0, or pm

1 > 0), which is similar to the 470

results of the standard FR. For RTS, the more exploitative nature introduced by 471

the fixed tuning parameter c = 1 makes the allocation results slightly more 472

affected by missing data under extreme scenarios (i.e., S1 (0.1, 0.1) and S5 (0.9, 473

0.9)) than TTS. 474

• GI, UCB, RBI and RGI : are explorative algorithms as a result of a randomized 475

term or the uncertainty taken into account during allocations. As mentioned in 476

Section 3.1, the index values Ik,t may stop decreasing in the arm with missing 477

responses. As a result, higher Ik,t values in the arm with missing data can be 478

expected, and more patients will be assigned to this arm for the purpose of 479

exploration. This conclusion applies to all scenarios under the null. 480

GI is an exception where the magnitude of the impact of missing data varies 481

across different scenarios, since uncertainty towards the future varies under 482

different pk values. Specifically, exploration dominates exploitation in most cases, 483

while more exploitation and less exploration could be expected under larger pk 484

since GI is a deterministic algorithm. The allocation results are thus hardly 485

affected by missing data under S5 (0.9, 0.9), where there is a balance of 486

exploration and exploitation with the existence of missing data. 487

By contrast, another deterministic algorithm that achieves exploration by taking 488

uncertainty into account, UCB, performs differently from GI with the existence of 489

missing data. Specifically, the goal of exploration is always dominant in UCB, and 490

we can see consistent results under different scenarios. As a consequence, UCB 491

assigns more patients to the arm with missing data. The allocation results can 492

thus be strongly affected by missing data (steeper lines in Fig 3) when compared 493

with semi-randomized algorithms (i.e., RBI and RGI) as well as randomized 494

algorithms (i.e., TTS and RTS). 495

• RPW, CB and RandUCB: are algorithms focusing more on exploitation. This 496

exploitative feature is not that obvious with a small value of pk, as there is a 497

relatively long period before selection. By contrast, an early selection occurs with 498

large values of pk. In the case of small pk, more allocations are required to the arm 499

with missing values to decide on the selection. In the other case of large pk with 500

early selections, if missing data occurs in an arm, the algorithm may opt to select 501

the other arm instead. Consequently, the arm with missing data is less likely to be 502

selected, and thus patients are less likely to be assigned to the corresponding arm. 503
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Note that under scenario S3 (0.5, 0.5), E[p∗] is hardly affected by missingness. 504

This is because of the balance between the impact of missing data before selecting 505

the superior arm (exploration phase) and after selecting the superior arm 506

(exploitation phase). For RandUCB, the values of E[p∗] depend heavily on the 507

parameter M , and as M changes, the results would become similar to either TTS 508

or UCB [51]. In the example displayed in Fig 3, the choice of M = 20 means that 509

RandUCB is more exploitative, which is more clear in Fig 1. 510

3.3.3 Under the alternative 511

Results for scenarios under the alternative are shown in Fig 4, where the experimental 512

arm (k = 1) has larger true probabilities of success pk than the control arm (k = 0). 513

More than half of the patients will be assigned to the superior arm when there is no 514

missing data (E[p∗] > 0.5), except for the standard FR. This is one of the motivations 515

for implementing response-adaptive designs in clinical trials. In most of the scenarios, 516

RTS, GI, and RandUCB assign more than 80% of patients to the experimental arm. 517

Similarly, TTS, UCB, RBI, and RGI are algorithms with relatively robust results across 518

different scenarios. Approximately 70%-80% of patients are assigned to the 519

experimental arm, regardless of how large pk are. The allocation results of CB depend 520

heavily on the values of pk. For example, more than 80% of patients are assigned to the 521

experimental arm in S6 (0.1, 0.2), while approximately 60% of patients are assigned to 522

the experimental arm in S12 (0.8, 0.9). This variation across different scenarios can also 523

be seen for RPW, which allocates relatively more patients to the experimental arm in a 524

scenario with small pk values. 525

In the presence of missing data, fewer patients will be assigned to the superior arm 526

in general, when compared with when there is no missing data. Namely, we could 527

observe a generally decreasing trend in all three lines corresponding to different kinds of 528

missing data in most cases in Fig 4. This is because the presence of treatment 529

differences always requires more patients to make the right decision regarding 530

assignments, namely, to select the better arm. More details are given below. 531

Fig 4. Simulation results under the alternative. Simulation results of E[p∗] under
the alternative for different missing data combinations. Grey lines correspond to the
case of equal missingness probability in both arms; Blue lines correspond to missingness
in the control arm; Red lines correspond to missingness in the experimental arm.

• TTS and RTS : are slightly affected by missing data in a consistent way under the 532

alternative scenarios. That is, fewer patients will be assigned to the superior arm 533

no matter if the missing data occurs in both arms or only one of these arms. This 534

feature allows the impact of missing data on TTS and RTS to be predictable in 535

practice. 536

• GI, UCB, RBI and RGI : are largely affected by missing data in a consistent way 537

under the alternative scenarios. Specifically, more missing data in the inferior arm 538

(pm
0 ≥ 0) results in more allocations to this arm and fewer allocations to the 539

superior arm, as indicated by decreasing blue lines. For UCB, which is most 540

affected by missing data, a high probability of missing data occurring in the 541

control arm (pm
0 = 0.5) can even reduce the proportion of patients assigned to the 542

experimental arm to approximately half of the patients under S6 (0.1, 0.2). In 543

comparison, RBI and RGI are always less affected by missingness in the control 544

arm. GI seems to be relatively robust in terms of the impact due to missing data, 545

with more than 80% of patients assigned to the experimental arm in all scenarios. 546
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In terms of missingness in the experimental arm, the impact is less obvious than 547

that in the control. It is even hard to observe the impact of the missingness in the 548

experimental arm in most cases in Fig 4. The exception is that UCB allocates 549

more patients to the experimental arm with a larger pm
1 . Lastly, the impact of 550

equal missingness in both arms is in-between the impact of missingness in only 551

one arm. This indicates that equal probabilities of missing data is only ignorable 552

when there is no treatment difference. 553

• CB, RPW and RandUCB: perform differently across the scenarios since their 554

deterministic nature depends on pk. In scenarios with small pk (S6 (0.1. 0.2) – S8 555

(0.1, 0.4)), even though there is a slight reduction in E[p∗] due to the impact of 556

missing data in the control arm, more than 80% of patients are still assigned to 557

the experimental arm. However, in scenarios with large pk (S10 (0.6, 0.9) – S12 558

(0.8, 0.9)), where an early selection occurs as a result of exploitation, these 559

algorithms perform worse than in the scenarios with small pk. In the extreme 560

cases of CB and RPW, less than 50% of patients are assigned to the experimental 561

arm when there is a large probability of missing data in the experimental arm in 562

S12 (0.8, 0.9). That is, the inferior arm might be incorrectly selected at the 563

beginning of a trial, while the experimental arm never gets a chance to be 564

explored after this incorrect selection. 565

In general, bandit algorithms are more likely to be affected by missing data than the 566

standard FR. The existence of missing data can slow the progress of exploration in the 567

corresponding arm. This means that more patients will ultimately be assigned to the 568

arm with missing data, such that this arm could still be explored. In this case, a smaller 569

impact could be expected with algorithms that have a greater focus on exploration. 570

This corresponds to the fact that randomized algorithms (i.e., TTS and RTS) are less 571

affected than semi-randomized algorithms (i.e., UCB, RBI, and RGI) and deterministic 572

algorithms (i.e., CB, RandUCB, and GI). In contrast, for algorithms that are more 573

exploitative rather than explorative, an early selection of an arm can occur under large 574

pk. Consequently, fewer patients will be assigned to the experimental arm if missing 575

data occurs in that arm. This fact warrants careful attention when such algorithms are 576

implemented under large pk. E[p∗] values of exploitative algorithms could be 577

unexpectedly small because there are fewer observations in the experimental arm. 578

3.4 Observed number of successes 579

In clinical practice, another key metric of interest is the expected number of successes 580

(ENS), namely, the oracle version based on the observed as well as the missing 581

responses. Since in practice, ENS is the expected value of a quantity that will never be 582

fully observed in the presence of missing data, the actual observed number of successes 583

(ONS) might be more relevant to explore. S6 Appendix and S7 Appendix illustrate the 584

simulation results for ONS under the twelve scenarios in Section 3.3. Since large 585

numbers of missing values result in fewer successes, equal missingness always results in 586

lower ONS values than missingness that occurred in one arm. 587

In scenarios under the alternative, the impact of missing data in the two arms is 588

distinguishable from each other, and missing data in the experimental arm (pm
1 > 0) is a 589

more serious problem. Across different algorithms in a given scenario, the impact of 590

missingness in the experimental arm (the red lines in S7 Appendix) on the ONS varies 591

across the algorithms. For the explorative algorithms, including randomized (i.e., TTS 592

and RTS), semi-randomized (i.e., RBI and RGI), and deterministic algorithms (i.e., GI 593

and UCB), more assignments to the arm with missing data are expected as discussed 594

above. However, the ONS decreases dramatically with larger probabilities of missing 595
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data. In extreme cases with pm
1 = 0.5, we could even see smaller ONS in these 596

algorithms than in FR. This indicates that assigning more patients to the experimental 597

arm (due to missing data in this arm) cannot compensate for the missed observations. 598

On the contrary, exploitative algorithms (i.e., RPW, CB, and RandUCB) will assign 599

fewer patients to the arm with missing data, which is less likely to be incorrectly 600

selected as the superior arm. It is interesting to see that the trend of decline of ONS 601

with larger values of pm
1 is far less dramatic than the explorative algorithms and even 602

FR. This is reasonable considering that incorrect selection of the inferior arm as a result 603

of the missing data could also lead to successful outcomes when p0 is large. In the 604

extreme case with pm
1 = 0.5, we could even see ONS in these algorithms larger than that 605

in FR. This again encourages us to carefully consider the implementation of bandit 606

algorithms in the presence of missing data. 607

4 Imputation results for the missing responses 608

To mitigate the impact due to missing data, we consider the use of mean imputation. 609

Mean imputation is a kind of single imputation that replaces missing values with the 610

mean value of that variable [61,62]. Considering outcomes are missing at random, we 611

intend to investigate how a simple imputation technique would change the impact of 612

missingness in terms of the allocation results of bandit algorithms. For each patient at 613

time t, we compute an estimate p̂k,t = Sk,t

Sk,t+Fk,t
of the true probability of success pk. A 614

random value is then drawn from a Bernoulli distribution with estimated probability of 615

success p̂k,t to replace the missing outcome. In the case of Sk,t + Fk,t = 0, the 616

corresponding p̂k,t is not available. We instead use a default initial value p̂k,0 = 0.5, 617

indicating that the treatment has an a-priori success probability of 50% in this case. 618

The allocation procedure with bandit algorithms after the missing data is imputed is 619

given in S2 Appendix. 620

4.1 Under the null 621

Fig 5 shows the simulation results of E[p∗] for scenarios under the null both with and 622

without mean imputation for missing data. We use solid lines to represent the results 623

without mean imputation, while dashed lines represent the results with mean 624

imputation. For equal probabilities of missing data per arm, the results of E[p∗] are 625

hardly affected by missing data. That is, approximately half of the patients are assigned 626

to the experimental arm on average, and the mean imputation approach does not make 627

any differences. In the cases of missingness in only one arm, imputation works 628

differently in terms of the inherent exploitation-exploration trade-off and specific 629

scenarios, as discussed below. 630

Fig 5. Imputation results under the null. Imputation results of E[p∗] under the
null for different missing data combinations with initial value p̂k,0 = 0.5. Grey lines
correspond to the case of equal missingness probability in both arms; Blue lines
correspond to missingness in the control arm; Red lines correspond to missingness in the
experimental arm. Solid lines correspond to the results without mean imputation, while
the dashed lines correspond to the results with mean imputation.

• Exploration: more explorative algorithms, including randomized algorithms (i.e., 631

TTS and RTS), semi-randomized algorithms (i.e., RBI and RGI), and 632

deterministic algorithms (i.e., UCB), assign more patients to the arm with missing 633
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data. Mean imputation could largely solve this problem, and this applies across 634

all scenarios (S1 (0.1, 0.1) – S5 (0.9, 0.9)), with the exception of RTS in S5 (0.9, 635

0.9), where the exploitative nature dominates the explorative nature as explained 636

in Section 3.3. 637

• Exploitation: In scenarios with small pk (i.e., S1 (0.1, 0.1) and S2 (0.3, 0.3)), there 638

is no early selection. In this case, we observe a similar but limited impact of 639

missingness as in the case of explorative algorithms. That is, there are more 640

allocations in the arm with missing data. Consequently, mean imputation could 641

help with allocation skew in the way it works for the explorative algorithms. 642

However, this is not the case under large pk (i.e., S4 (0.7, 0.7) and S5 (0.9, 0.9)), 643

where an early selection occurs and the algorithms exhibit great determinism in 644

the allocation procedure. In this case, the impact due to missing data cannot be 645

mitigated by mean imputation, and sometimes it even exaggerates this impact. 646

For instance, GI assigns fewer patients to the experimental arm with imputation 647

for pm
1 in S5 (0.9, 0.9), which is even worse than without imputation. 648

4.2 Under the alternative 649

Fig 6 illustrates simulation results of E[p∗] for scenarios under the alternative both with 650

and without mean imputation for missing data. In general, since more patients are 651

required to make the right allocation decision (i.e., select the superior arm) under the 652

alternative, relatively fewer patients are assigned to the experimental arm in the 653

presence of missing data when compared with results in a same scenario without 654

missing data (as discussed in Section 3.3.3). 655

• Exploration: the impact of missing data could largely be mitigated for randomized 656

(i.e., TTS and RTS), semi-randomized (i.e., RBI and RGI) and deterministic 657

algorithms (i.e., UCB) as for scenarios under the null in Fig 5. One exception is 658

RTS in scenario S12 (0.8, 0.9), where it exhibits a more exploitative nature due to 659

the fixed tuning parameter. 660

• Exploitation: mean imputation does not work well to mitigate the impact due to 661

missing data, especially when there is an early selection with larger pk. In this 662

case, missing data occurring in the experimental arm is a serious problem with a 663

substantial reduction of assigned patients to this arm. GI is a special case that is 664

less likely to be affected by missing data across all of these scenarios. A particular 665

concern with GI is that mean imputation in a scenario with large pk (S10 (0.6, 666

0.9) - S12 (0.8, 0.9)) could even greatly exaggerate the impact of missing data. In 667

S12 (0.8, 0.9), with the existence of a large proportion of missing data (pm = 0.5 668

or pm
1 = 0.5), approximately 90% of patients will be assigned to the experimental 669

arm, while this drops to only 80% after imputation. 670

Fig 6. Imputation results under the alternative. Imputation results of E[p∗]
under the alternative for different missing data combinations initial value p̂k,0 = 0.5.
Grey lines correspond to the case of equal missingness probability in both arms; Blue
lines correspond to missingness in the control arm; Red lines correspond to missingness
in the experimental arm. Solid lines correspond to the results without mean imputation,
while the dashed lines correspond to the results with mean imputation.
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4.3 The impact of biased estimates on mean imputation 671

The implemented mean imputation approach is based on the currently estimated 672

probabilities of success p̂k,t, which is known to be biased in the context of adaptive 673

sampling [5, 63–65]. Villar et al. [5] empirically demonstrate the presence of negative 674

bias of the sample means for a number of multi-armed bandit algorithms in a finite 675

sample setting via a simulation study. Nie et al. [64] formally provide two conditions 676

called ‘Exploit’ and ‘Independence of Irrelevant Options’ (IIO) under which the negative 677

bias of sampling mean exist. Shin et al. [65] provides a more general and comprehensive 678

characterization of the sign of the bias of the sample mean in multi-armed bandits, 679

which discuss the same context as ours (adaptive sampling in finite sample) and some 680

other cases (adaptive stopping and adaptive selection). 681

To interpret the results of using mean imputation of missing data in this setting, the 682

magnitude of the bias matters more than the sign of the bias. Bowden and Trippa [63] 683

derived an exact formula to quantify the bias for randomised data dependent rules in a 684

finite sample as shown in Eq (1). This simple characterisation indicates that the bias 685

increases in magnitude as the dependency of p̂k,t and Nk,t increases. For this reason, 686

FR guarantying a zero covariance between these two is expected to have zero bias of 687

sample mean estimate. In contrast, in the common case where optimistic adaptive 688

randomization is used to direct more allocations towards arms that appear to work well, 689

Nk,t will be variable and positively correlated with p̂k,t. Notice that the derivation of 690

the bias in [63] applies to randomized algorithms, while [65] then extends this formula 691

to more general cases of MABP (i.e. non-randomized algorithms). 692

Cov[Nk,t, p̂k,t]
E[Nk,t]

= pk − E[p̂k,t] = −Bias(p̂k,t) (1)

Consequently, we could expect a larger negative bias under the exploitation feature 693

where there is a large covariance between p̂k,t and Nk,t because of the rather myopically 694

‘optimistic’ sampling behaviour. In contrast, algorithms with more exploration features 695

will see relatively smaller bias and be less reactive to current mean estimates. This 696

aligns with the simulation results in Fig 4 in [5]. Similar simulation results for bias of 697

the investigated algorithms in this paper are attached in S12 Appendix for scenarios 698

under the null and in S13 Appendix for scenarios under the alternative. It is 699

substantially more complicated to discuss the negative bias of treatment effect estimates 700

accounting for the three different missing data combinations. However, the first 701

intuitive conclusion we can make is that larger bias is expected in algorithms with a 702

great amount of short term exploitation. For instance, CB and RandUCB show large 703

negative bias in all scenarios. RTS and GI seem to be more biased when the treatment 704

effect is larger (e.g., S4 (0.7, 0.7) – S5 (0.9, 0.9) and S9 (0.4, 0.6) – S12 (0.8, 0.9)). The 705

magnitude of the negative bias is relatively small in TS, UCB, RBI, and RGI, which are 706

relatively more explorative within the size of the experiment. Further investigation of 707

how the bias varies between the control and treatment arms (under the alternative), as 708

shown in S13 Appendix, is another interesting direction for research for in the future. 709

Consequently, for more explorative algorithms, a single success or failure does not 710

have a large impact on the value of Ik,(t+1) or πk,(t+1) of the subsequent allocation. 711

Besides, the negative bias of p̂k,t is relatively small for these algorithms. Thus, mean 712

imputation based on p̂k,t could work to mitigate the impact due to missing data. In 713

contrast, for the exploitative algorithms, an early selection could be substantially 714

affected by a single success or failure. In addition, the negative bias of p̂k,t is relatively 715

large in these cases. As a consequence, imputation based on an inaccurate estimate p̂k,t 716

may fail to mitigate the impact of missing data on exploitation. In other words, mean 717

imputation with missing data replaced by a single value does not work for more short 718
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term exploitative algorithms that are highly sensitive to the success or failure of each 719

allocation. 720

We also tried conducting imputation in two settings: 1. with a large initial value 721

p̂k,0 = 0.9 (see S8 Appendix and S9 Appendix); and 2. only after the first observation 722

(see S10 Appendix and S11 Appendix). In either of these cases, the problem of biased 723

estimates lead to undesirable characteristics of E[p∗]. 724

Since the simple mean imputation based on biased estimates works differently under 725

exploitation and exploration features, some adjustments of the balance of the 726

exploration-exploitation trade-off might help. For instance, imputation for missing data 727

might work for RandUCB with a different turning parameter (e.g., using a larger value 728

of M), which could introduce more ‘randomization’. Besides, the idea of an additional 729

perturbed component to the current estimate of the reward provides a similar way of 730

thinking about exploration. In this sense, a randomized version of deterministic 731

algorithms (i.e., RBI to CB, RGI to GI and RandUCB to UCB) should be amenable to 732

an imputation approach. Apart from this, taking uncertainty into account in the 733

computation of Ik,t also supports exploring both arms, and the idea of deterministic 734

algorithms GI and UCB aligns with this when compared with the myopic and greedy 735

algorithm CB. In these cases, a simple mean imputation could work for the impact of 736

missing data. This idea of more exploration in deterministic algorithms has gained 737

popularity in related domains [53,54,68]. 738

Given the problem of negative bias of the treatment effect estimates, there have been 739

a number of proposals in the literature showing to obtain unbiased or bias-reduced 740

estimates. Nie et al. [64] explore data splitting and a conditional MLE as two 741

approaches to reduce this bias, using considerable information about (and control over) 742

the data generating process. Meanwhile, Deshpande et al. [66] use adaptive weights to 743

form the ‘W-decorrelated’ estimator, a debiased version of OLS. They attempt to use 744

the data at hand, along with coarse aggregate information on the exploration inherent 745

in the data generating process. In addition, Dimakopoulou et al. [67] propose the 746

Doubly-Adaptive Thompson Sampling, which uses the strengths of adaptive inference to 747

ensure sufficient exploration in the initial stages of learning and the effective 748

exploration-exploitation balance provided by the TS mechanism. In this paper, we did 749

not try these novel debiasing approaches to obtain unbiased estimates for imputation. 750

However, these proposals provide natural future directions to improve the performance 751

of imputation in the presence of missing data. 752

In conclusion, mean imputation could reduce the problem of oversampling the arm 753

with more missing data, which is a result of the explorative nature of some algorithms. 754

However, it does not work for the problem of undersampling the arm with more missing 755

data in the case of short term exploitative algorithms. The reason is that for these 756

algorithms that perform differently in various scenarios, the impact of missing data 757

varies according to this sampling behaviour. Since information about the true scenario 758

is not accessible in reality, it is hard to use a simple mean or some other single 759

imputation approach to mitigate the impact of missing data. 760

5 Conclusion 761

The problem of missing data in the implementation of machine learning algorithms in 762

contexts such as healthcare applications is commonly overlooked. We demonstrate that 763

bandit algorithms are not robust in the presence of missing data in terms of expected 764

performance, e.g. in terms of expected patient outcomes. The omission of this practical 765

issue, as well as the naive approach of ignoring it in related works, may prevent the 766

realization of the potential advantages of widespread use of bandit algorithms in 767

healthcare settings, including clinical trial designs. Through a simulation study, we have 768
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investigated the impact of missing data on randomized, semi-randomized, and 769

deterministic bandit algorithms for scenarios under the null and the alternative. In 770

terms of machine learning implementations, scenarios under the null are often ignored. 771

However, these results under the null allow us to focus on the impact of missing data 772

and isolate the impact of treatment differences on allocation results. In addition, it 773

suggests that different scenarios need to be taken into account when choosing an 774

algorithm in healthcare implementations. Specifically, for scenarios under the 775

alternative, the potential consequences could be serious as the presence of missing data 776

may reverse our preferences for the experimental or superior arm and opt for the control 777

or inferior arm in extreme cases. 778

In this paper we focus on a practical setting of an experiment with a finite number 779

of patients. The setting of a finite number of actions and outcomes has also gained 780

attention in some other machine learning applications [69]. The investigation of 781

different combinations of missing probabilities in two arms (i.e., equal missingness or 782

missingness occurring in only one arm) should be given more attention. For scenarios 783

under the null, the impact of equal missingness probabilities in both arms can be simply 784

ignored. The practical implication is that if there is non-informative missing data (i.e., 785

MAR) and even if the true success rates pk are unknown, we can infer what the impact 786

of missingness on different bandit algorithms will be. This applies to scenarios under 787

the null and the alternative in general. Most importantly, there is a distinction between 788

the results for explorative and exploitative algorithms, which corresponds to the 789

inherent exploration-exploitation trade-off in a finite sample. Since deterministic 790

algorithms are sometimes preferred over randomized algorithms from the perspective of 791

quality of care [6, 70,71], our findings show the need for careful thinking about the 792

potential impact of missing data. More generally, incorporating randomization, 793

perturbation, or accounting for uncertainty in deterministic algorithms for the aim of 794

exploration can bring some advantages, see further discussions of optimism in the field 795

of online learning [53,54,68]. 796

The general rule guiding the impact of missing data on bandit algorithms, 797

considering all the factors mentioned above, is in the way to balance exploration and 798

exploitation. Explorative algorithms encourage more assignments in the arm with 799

missing data (being optimistic in the face of uncertainty as less sample arms will have 800

larger variance), while exploitative algorithms are less likely to select the arm with 801

missing data (being more myopic and reacting more to the current mean than to the 802

current variance). In the latter case of exploitative algorithms, this impact consequently 803

depends on whether an early selection occurs and hence the success rates pk in both 804

arms. The impact of missing data on the use of machine learning in healthcare has not 805

received much attention so far, especially in settings other than clinical trial designs. An 806

important message of this paper is a call for actively considering the impact of missing 807

data when selecting a bandit algorithm for a specific application in which missing data 808

is likely to occur. 809

Instead of simply ignoring missing data, imputation replaces missing values in the 810

response-adaptive procedure. Assuming outcomes are MAR, we have investigated 811

conducting mean imputation based on the current estimated probability of success p̂k,t. 812

Our results show that the mean imputation approach supports the exploration 813

procedure in heavily explorative algorithms, so that the impact of missing data on 814

explorative algorithms could be mitigated by imputation. Specifically, there would be 815

no additional assignments in the arm with missing data if imputation is implemented. 816

This applies to the cases of explorative algorithms, including randomized algorithms 817

(i.e., TTS and RTS), semi-randomized algorithms (i.e., RBI and RGI), and deterministic 818

algorithms (i.e., UCB). By contrast, in the case of more exploitative algorithms, the 819

impact of missing data is different for scenarios with small or large success rates (pk). 820
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As a consequence, the problem of missing data could not be alleviated by a mean 821

imputation approach based on current estimates p̂k,t. Worse still, in some extreme cases, 822

the impact of missing data could even be exaggerated. This is especially obvious with 823

large treatment effects pk. The negative bias that has been well recognized and proved 824

for MABPs also helps to explain the imputation results. That is, exploitative algorithms 825

are associated with a large covariance between the number of allocations in one specific 826

arm and the corresponding estimated probability of success, and thus exhibit a large 827

negative bias of less sampled arms. As a result, mean imputation can be based on biased 828

estimates which does not alleviate the issues caused by the presence of missing data. 829

We note that the conclusions about imputation results are limited to the assumption 830

of MAR, which is untestable. In cases where the MAR assumption does not hold, which 831

is a common setting in machine learning applications, algorithms may not be able to 832

avoid selection bias. This is of particular importance in many areas of machine learning 833

applications. Hence, the assumption underlies our conclusions where fairness is a 834

concern, which is an emerging area in machine learning of how to ensure that the 835

outputs of a model do not depend on sensitive attributes in a way that is considered 836

unfair [72,73]. This leads to an important caveat of improper representation and 837

exclusion of fairness issues in the implementation of machine learning algorithms. As 838

future research, we could extend the current single imputation approach to more 839

advanced methods of imputation [31, 74] or more complex missing data settings, such as 840

when patient covariates are taken into account. In addition, rather than only 841

considering a single approach to the missing data problem, appropriate forms of 842

sensitivity analysis are important and necessary to assess the validity of these 843

assumptions and the robustness of the results [23]. 844

Finally, discussions about delayed outcomes have received increasing attention both 845

in the community of machine learning [33,75] and biostatistics [38,76,77] in recent years. 846

In this paper, we assumed that all of the missing outcomes would never become 847

available. This missing data problem could be viewed as an extreme form of delay, and 848

an interesting avenue for future work would be to account for both missing data and 849

delayed outcomes together. 850
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6 Supporting information 851

S1 Appendix. The allocation procedure with bandit algorithms in the 852

presence of missing data. 853

S2 Appendix. The allocation procedure with bandit algorithms and 854

imputation for missing data. 855

S3 Appendix. Simulation results of E[p∗] for TTS, CB and UCB under the 856

null. Expectations of 104 replications are taken for CB and UCB and 103 replications 857

for TTS under different combinations of missingness probabilities, with p0 = p1 = 0.7 858

and n = 200.

859

S4 Appendix. Simulation results of E[p∗] for TTS, CB and UCB under the 860

alternative. Expectations of 104 replications are taken for CB and UCB and 103
861

replications for TTS under different combinations of missingness probabilities, with 862

p0 = 0.7, p1 = 0.9, and n = 200.

863

S5 Appendix. Performance of different bandit algorithms over a single 864

simulation under the alternative (p0 = 0.7, p1 = 0.9, and n = 200). Blue line 865

represent πk,t or Ik,t in the experimental arm and red lines represent that in the control 866

arm.

867

S6 Appendix. Observed number of success in the presence of missing data 868

under the null. The impact of missing data is similar under different algorithms under 869

the null: the impact due to the equal probabilities of missing data per arm is larger 870

than the impact of only having missingness in the control or experimental arm.

871

S7 Appendix. Observed number of success in the presence of missing data 872

under the alternative. The impact of missing data on ONS varies among different 873

algorithms. Generally, bandit algorithms outperform FR when there is no missing data. 874

Equal missingness is a more serious problem than missingness only occurring in the 875

experimental arm, which in turn is a much more serious problem than missingness only 876

occurring in the control arm.

877
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S8 Appendix. Imputation results under the null with initial value p̂k,0 = 0.9. 878

Imputation results of E[p∗] under the null for different missing data combinations with 879

initial value p̂k,0 = 0.9. Grey lines correspond to the case of equal missingness 880

probability in both arms; Blue lines correspond to missingness in the control arm; Red 881

lines correspond to missingness in the experimental arm. Solid lines correspond to the 882

results without mean imputation, while the dashed lines correspond to the results with 883

mean imputation.

884

S9 Appendix. Imputation results under the alternative with initial value 885

p̂k,0 = 0.9. Imputation results of E[p∗] under the alternative for different missing data 886

combinations with initial value p̂k,0 = 0.9. Grey lines correspond to the case of equal 887

missingness probability in both arms; Blue lines correspond to missingness in the 888

control arm; Red lines correspond to missingness in the experimental arm. Solid lines 889

correspond to the results without mean imputation, while the dashed lines correspond 890

to the results with mean imputation.

891

S10 Appendix. Imputation results under the null, with imputation starting 892

after the first observation. Imputation results of E[p∗] under the null for different 893

missing data combinations, with imputation starting after the first observation. Grey 894

lines correspond to the case of equal missingness probability in both arms; Blue lines 895

correspond to missingness in the control arm; Red lines correspond to missingness in the 896

experimental arm. Solid lines correspond to the results without mean imputation, while 897

the dashed lines correspond to the results with mean imputation.

898

S11 Appendix. Imputation results under the alternative, with imputation 899

starting after the first observation. Imputation results of E[p∗] under the 900

alternative for different missing data combinations, with imputation starting after the 901

first observation. Grey lines correspond to the case of equal missingness probability in 902

both arms; Blue lines correspond to missingness in the control arm; Red lines 903

correspond to missingness in the experimental arm. Solid lines correspond to the results 904

without mean imputation, while the dashed lines correspond to the results with mean 905

imputation.

906

S12 Appendix. Bias of treatment effect after n = 200 patients. Simulation 907

results of p̂k,t − pk,t under the null for different missing data combinations. We 908

illustrate the result for one of the two equal arms. Grey lines correspond to the case of 909

equal missingness probability in both arms; Blue lines correspond to missingness in the 910

control arm; Red lines correspond to missingness in the experimental arm.

911
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S13 Appendix. Bias of treatment effect after n = 200 patients. Simulation 912

results of p̂k,t − pk,t under the alternative for different missing data combinations. We 913

illustrate the result for one of the two equal arms. Grey lines correspond to the case of 914

equal missingness probability in both arms; Blue lines correspond to missingness in the 915

control arm; Red lines correspond to missingness in the experimental arm. Solid lines 916

correspond to the bias in the treatment arm, while the dashed lines correspond to the 917

bias in the control arm.

918

July 15, 2022 23/28



References
1. Chen IY, Joshi S, Ghassemi M, Ranganath R. Probabilistic machine learning for

healthcare. Annual Review of Biomedical Data Science. 2020;4.

2. Bastani H, Bayati M. Online decision making with high-dimensional covariates.
Operations Research. 2020;68(1):276–294.

3. Scott I, Carter S, Coiera E. Clinician checklist for assessing suitability of machine
learning applications in healthcare. BMJ Health & Care Informatics. 2021;28(1).

4. Thompson WR. On the likelihood that one unknown probability exceeds another
in view of the evidence of two samples. Biometrika. 1933;25(3/4):285–294.

5. Villar SS, Bowden J, Wason J. Multi-armed bandit models for the optimal design
of clinical trials: benefits and challenges. Statistical science: a review journal of
the Institute of Mathematical Statistics. 2015;30(2):199.

6. Demirel I, Celik AA, Tekin C. ESCADA: Efficient Safety and Context Aware
Dose Allocation for Precision Medicine. arXiv preprint arXiv:211113415. 2021;.

7. Jacko P. The Finite-Horizon Two-Armed Bandit Problem with Binary Responses:
A Multidisciplinary Survey of the History, State of the Art, and Myths. arXiv
preprint arXiv:190610173. 2019;.

8. Robertson DS, Lee KM, Lopez-Kolkovska BC, Villar SS. Response-adaptive
randomization in clinical trials: from myths to practical considerations. arXiv
preprint arXiv:200500564. 2020;.

9. Chow SC, Chang M. Adaptive design methods in clinical trials–a review.
Orphanet journal of rare diseases. 2008;3(1):1–13.

10. Slivkins A. Introduction to multi-armed bandits. arXiv preprint arXiv:190407272.
2019;.

11. Thall PF, Wathen JK. Practical Bayesian adaptive randomisation in clinical
trials. European Journal of Cancer. 2007;43(5):859–866.

12. Press WH. Bandit solutions provide unified ethical models for randomized
clinical trials and comparative effectiveness research. Proceedings of the National
Academy of Sciences. 2009;106(52):22387–22392.

13. Chapelle O, Li L. An empirical evaluation of thompson sampling. Advances in
neural information processing systems. 2011;24:2249–2257.

14. Aziz M, Kaufmann E, Riviere MK. On Multi-Armed Bandit Designs for
Dose-Finding Clinical Trials. Journal of Machine Learning Research.
2021;22:1–38.

15. Shrestha S, Jain S. A Bayesian-bandit adaptive design for N-of-1 clinical trials.
Statistics in Medicine. 2021;40(7):1825–1844.

16. Zhou X, Liu S, Kim ES, Herbst RS, Lee JJ. Bayesian adaptive design for
targeted therapy development in lung cancer—a step toward personalized
medicine. Clinical Trials. 2008;5(3):181–193.

17. Barker A, Sigman C, Kelloff G, Hylton N, Berry D, Esserman L. I-SPY 2: an
adaptive breast cancer trial design in the setting of neoadjuvant chemotherapy.
Clinical Pharmacology & Therapeutics. 2009;86(1):97–100.

July 15, 2022 24/28



18. Lee KM. Optimal designs in the presence of missing responses. University of
Southampton; 2016.

19. Rubin DB. Inference and missing data. Biometrika. 1976;63(3):581–592.

20. Ma Z. Missing data and adaptive designs in clinical studies. University of
Virginia; 2013.

21. Atkinson AC, Biswas A. Randomised response-adaptive designs in clinical trials.
CRC Press; 2013.

22. Biswas A, Rao J. Missing responses in adaptive allocation design. Statistics &
probability letters. 2004;70(1):59–70.

23. Sverdlov O. Modern adaptive randomized clinical trials: statistical and practical
aspects. vol. 81. CRC Press; 2015.

24. Williamson SF, Villar SS. A response-adaptive randomization procedure for
multi-armed clinical trials with normally distributed outcomes. Biometrics.
2020;76(1):197–209.

25. Villar SS, Wason J, Bowden J. Response-adaptive randomization for multi-arm
clinical trials using the forward looking Gittins index rule. Biometrics.
2015;71(4):969–978.

26. Jin IH, Liu S, Thall PF, Yuan Y. Using data augmentation to facilitate conduct
of phase I–II clinical trials with delayed outcomes. Journal of the American
Statistical Association. 2014;109(506):525–536.

27. Zhang Y, Cao S, Zhang C, Jin IH, Zang Y. A Bayesian adaptive phase I/II
clinical trial design with late-onset competing risk outcomes. Biometrics. 2020;.

28. Kim MO, Liu C, Hu F, Lee JJ. Outcome-adaptive randomization for a delayed
outcome with a short-term predictor: imputation-based designs. Statistics in
medicine. 2014;33(23):4029–4042.

29. Williamson SF, Jacko P, Jaki T. Generalisations of a Bayesian decision-theoretic
randomisation procedure and the impact of delayed responses. Computational
Statistics & Data Analysis. 2021; p. 107407.

30. Pilarski S, Pilarski S, Varro D. Delayed Reward Bernoulli Bandits: Optimal
Policy and Predictive Meta-Algorithm PARDI. IEEE Transactions on Artificial
Intelligence. 2021;.

31. Bouneffouf D, Upadhyay S, Khazaeni Y. Contextual bandit with missing rewards.
arXiv preprint arXiv:200706368. 2020;.

32. Bouneffouf D. Corrupted Contextual Bandits: Online Learning with Corrupted
Context. In: ICASSP 2021-2021 IEEE International Conference on Acoustics,
Speech and Signal Processing (ICASSP). IEEE; 2021. p. 3145–3149.
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