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1 Introduction

In this paper we will propose a quantum mechanical framework for the cosmological
dynamics of four dimensional gravity with a positive cosmological constant. That is to
say, we aim to develop a holographic framework in the absence of a rigid boundary. Rigid
boundaries provide a conventional notional of quantum mechanical time evolution [1–3],
but in the absence of a boundary the gravitational Hamiltonian vanishes [4]. This has been
an obstacle to the construction of a conventional quantum mechanics for cosmology.

Our starting point will be the observation that cosmological solutions to the semiclassical
Wheeler-DeWitt equation involve a constant of integration c that can be interpreted as a
time. Wheeler-DeWitt wavepackets that are strongly localized on classical geometries are
further characterized by a second constant M that is conjugate to c. This second constant
is the mass of a Schwarzschild black hole in the de Sitter static patch. We propose that
the constant M is the expectation value of the Hamiltonian H of a ‘dual’ conventional
quantum mechanics. This Hamiltonian generates translations in c. More precisely, as there
is no fixed rigid boundary, there is a family of dual quantum mechanical theories for which
the Hamiltonian is a function of the induced metric h on the Wheeler-DeWitt slices. The
spectra of these Hamiltonians must obey equation (4.11) below, which states that H(h) has
an eigenvalue M whenever h arises as a slice of dS-Schwarzschild with mass M .

Solutions to the Wheeler-DeWitt equation are usually associated to a causal region
of spacetime. We will consider solutions that correspond to the ‘cosmological interior’ of
asymptotically de Sitter spacetimes. This is the past causal diamond of future infinity
I+, as shown in figure 1. The Wheeler-DeWitt wavefunction is a function of the induced
Riemmanian 3-metric h on slices of the cosmological interior, Ψ(h). To identify the constant
of integration c as a time, we extend the wavefunction Ψ(h) to Lorentzian 3-metrics. This

– 1 –



J
H
E
P
1
2
(
2
0
2
3
)
0
2
5

<latexit sha1_base64="GP1gx+7CwwCVhAbxJmi1aGXCruU=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBAEIexKUI9BL3qLaB6QrGF20psMmZ1dZmaFsOQTvHhQxKtf5M2/cfI4aGJBQ1HVTXdXkAiujet+O0vLK6tr67mN/ObW9s5uYW+/ruNUMayxWMSqGVCNgkusGW4ENhOFNAoENoLB9dhvPKHSPJYPZpigH9Ge5CFn1Fjp/vbxtFMouiV3ArJIvBkpwgzVTuGr3Y1ZGqE0TFCtW56bGD+jynAmcJRvpxoTyga0hy1LJY1Q+9nk1BE5tkqXhLGyJQ2ZqL8nMhppPYwC2xlR09fz3lj8z2ulJrz0My6T1KBk00VhKoiJyfhv0uUKmRFDSyhT3N5KWJ8qyoxNJ29D8OZfXiT1s5J3XirflYuVq1kcOTiEIzgBDy6gAjdQhRow6MEzvMKbI5wX5935mLYuObOZA/gD5/MHvFiNcw==</latexit>

I+

Static 
Patch

Cosmological 
Interior

Figure 1. The regions of the Penrose diagram for dS-Schwarzschild that will play a role in our
discussion. The Wheeler-DeWitt wavefunction is a function of slices in the (future) cosmological
interior. One such slice is shown in dark blue. The continuation of this wavefunction across the
cosmological horizon, shown as a diagonal dotted line, will define partition functions in the static
patch. These partition functions depend upon worldtube slices in the static patch. One such
worldtube is shown in dark red. The static patch is bounded on the other side by the black hole
horizon, also shown as a diagonal dotted line.

amounts to pulling the wavefunction out through the cosmological horizon and into the
static patch, as also shown in figure 1. Within the minisuperspace that we will be working,
this extension amounts to allowing the metric component gtt of h to be negative. Once in
the static patch, we show that solutions to the Wheeler-DeWitt equation can be identified
with partition functions of a dual quantum mechanics on the (now Lorentzian) ‘worldtube’
3-metric h, in which c is time. This correspondence was outlined in the previous paragraph
and is stated precisely in equations (4.5), (4.6), (4.7) and (4.8) below.

The Wheeler-DeWitt states on Lorentzian 3-metrics could also be considered directly
as gravitational static patch partition functions, see (4.8), without needing to continue
from the cosmological interior. Such a ‘pure static patch’ formulation would be analogous
to the AdS/CFT correspondence [5, 6]. We have started from the cosmological interior
because this is a more familiar setting for the Wheeler-DeWitt equation and because the
correspondence then offers a Hamiltonian perspective on the ‘interior’ cosmological quantum
states. Every interior state has a corresponding partition function, and thus there is not a
unique consistent quantum cosmological state of the universe (cf. [7]).

It is important to emphasize that we are not quantizing the gravitational superspace
directly. The partition functions are those of a family of dual theories with Hamiltonians
H(h) that live on worldtubes in the static patch. Time evolution generated by H(h)
corresponds to evolving between different Wheeler-DeWitt states.

Although we do not identify the dual quantum mechanics explicitly, and hence we
are not providing a concrete duality, we are able establish a few properties that the dual
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theory must have. In section 5 we show that dual theory has symmetries given by a central
extension of the Poincaré algebra e(1, 1). The coefficient (5.10) of the central extension
depends on the radius R of the worldtube. The algebra (5.9) includes a generator D that
can be thought of as a dilation. We find that this generator corresponds, in the bulk, to
motion in the ‘holographic’ bulk radial direction.

In section 6 we show that the entropy of the dS black hole may be obtained by
averaging the quantum mechanical partition functions over one of the background metric
components. The averaging we perform is natural: it corresponds to ‘gauge-fixing’ the bulk
time-diffeomorphism invariance by fixing the trace of the extrinsic curvature of the Wheeler-
DeWitt slices [8–10]. It may be that, when the dust settles, this averaged partition function
will play a more fundamental role in dS holography than the individual Hamiltonians H(h).

Our work below connects to several important contemporary and long-standing themes
in de Sitter holography. One of these is the dichotomy between the ‘meta-observer’ [7, 11–
16] and the static patch [17–29], and the need to add an observer with a ‘time’ to the
static patch [30]. Our family of quantum theories on worldtubes may be closely related
to ideas connecting families of partition functions and wavefunctions using ‘T 2’ type
deformations [31–35]. Worldtubes in the static patch have previously been considered
in [36–38].

Our construction is inspired by an analogous correspondence between the Wheeler-
DeWitt states of black hole interiors and asymptotic AdS/CFT partition functions [39]. In
an AdS/CFT setting one wishes to understand the black hole interior, and in particular
the strongly curved singularity, starting from the well-defined boundary theory. In the
cosmological context we have argued in the opposite direction, from a weakly curved
asymptotically dS cosmological interior out to the static patch. Setups in which a dS
cosmological interior can be engineered with AdS asymptotics, such as [40], potentially have
the best of both worlds and may provide a fruitful laboratory to further extend the ideas
that we develop below.

2 dS-Schwarzschild from the Hamilton-Jacobi equation

The classical limit of the Wheeler-DeWitt equation is the gravitational Hamilton-Jacobi
equation. It will therefore be useful to first recover the classical dS-Schwarzschild black hole
using the Hamilton-Jacobi formulation of gravity. Our presentation here will follow [39]
closely, with a few improvements.

The action for pure, four dimensional gravity with a positive cosmological constant is

I[g] = 1
16πGN

ˆ
d4x

√
−g

(
R− 6

L2

)
+ 1

8πGN

ˆ
d3x

√
hK . (2.1)

Here GN is Newton’s constant and L is the de Sitter radius. The final term is the Gibbons-
Hawking boundary term for the induced boundary metric h. Throughout this paper we
will be concerned with the ‘minisuperspace’ ansatz for the metric:

ds2 = −N2dr2 + gttdt
2

(∆t)2 +R2dΩ2
S2 . (2.2)
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Here dΩ2
S2 is the metric on a two-sphere and N , gtt and R are functions of r only. We

have explicitly included a factor of ∆t, the extent of the t coordinate, in the metric. This
amounts to a pre-emptive rescaling of gtt that will simplify formulae in the remainder. The
notation in (2.2) indicates that this is a description of the ‘cosmological interior’ in figure 1,
where r is the timelike coordinate. Evaluating the action on this ansatz gives

I[N, gtt, R] =
ˆ

drL
2GN

, (2.3)

where the Lagrangian density

L = N
√
gtt

(
1 − 3R2

L2

)
− (∂rR)(∂r(Rgtt))

N
√
gtt

. (2.4)

This minisuperspace theory has been shown to possess a Schrödinger symmetry [41].
From the action (2.3) we obtain the conjugate momenta {πtt, πR} and the Hamiltonian

in the usual way. The Lagrange multiplier N is then seen to impose the Hamiltonian
constraint

(RπR − gttπtt)πtt −
R2

(2GN )2

(
3R2

L2 − 1
)

= 0 . (2.5)

The Hamiltonian-Jacobi equation is obtained by introducing a function S(gtt, R) such that
πR = ∂RS and πtt = ∂gttS. From (2.5) we have

(R∂RS − gtt∂gttS)∂gttS − R2

(2GN )2

(
3R2

L2 − 1
)

= 0 . (2.6)

To obtain the classical solution to the equations of motion from the Hamilton-Jacobi equation
one must, as usual, find a solution to (2.6) that has a nontrivial constant of integration. The
overall shift in S by a constant trivially drops out and will not be considered further. In
fact, one can find two different solutions for S. These lead to the same classical solution to
the equations of motion, and will later be related by a Fourier transform of the semiclassical
wavefunction. The two solutions are

S1(gtt, R; c) = 1
2GN

(
gttR

c
+ cR

(
R2

L2 − 1
))

, (2.7)

where c is the constant of integration, and

S2(gtt, R;M) = R

GN

√
−gttfM (R) , fM (R) ≡ 1 −GN

2M
R

− R2

L2 , (2.8)

where M is now the constant of integration. There is a freedom to choose the overall sign
in S in the expressions above.

The classical solution is then obtained by setting

∂cS1 = −M or ∂MS2 = c . (2.9)

Either of these equations leads to (for the latter equation this requires c > 0 when gtt > 0,
and indeed we want c > 0 for solutions in the future cosmological interior)

gtt = −c2fM (R) . (2.10)
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The equation of motion for N following from the action (2.3), using (2.10) to eliminate gtt,
gives

N2dr2 = − dR2

fM (R) . (2.11)

Putting (2.10) and (2.11) into the ansatz (2.2) gives the dS-Schwarzschild spacetime in
familiar coordinates

ds2 = −fM (R)d
(
ct

∆t

)2
+ dR2

fM (R) +R2dΩ2
S2 . (2.12)

The constant M is recognized as the mass of the black hole while c determines the normal-
ization of the ‘time’ coordinate t. We may recall that in the cosmological interior fM (R) < 0
so that R is timelike.

We emphasize that (2.10) is a ‘timeless’, relational way to express the dS-Schwarzschild
spacetime. It gives one metric component directly in terms of another, with no reference to
coordinates on the spacetime.

3 Semiclasscal Wheeler-DeWitt states

The classical discussion of the previous section is the starting point for a description of
semiclassical quantum states. The Wheeler-DeWitt equation [4] is a canonical quantization
of the Hamiltonian constraint (2.5). The momenta are promoted to operators obeying the
usual commutation relations, so that the wavefunction Ψ(gtt, R) obeys

− ∂

∂gtt

(
gtt

∂Ψ
∂gtt

−R
∂Ψ
∂R

)
+ R2

(2GN )2

(
3R2

L2 − 1
)

Ψ = 0 . (3.1)

There is an ordering ambiguity in the quantization of (2.5). This will not be important for
the leading order semiclassical physics that we will be concerned with. We have fixed the
ordering in (3.1) by identifying the differential operator in the Wheeler-DeWitt equation
with the Laplacian on the inverse DeWitt metric [42, 43].

It is clear that semiclassical solutions to (3.1) with Ψ = eiS will be given to leading order
by solutions to the Hamilton-Jacobi equation (2.6). The Wheeler-DeWitt equation should
not be trusted beyond the semiclassical regime, as pure gravity is not a microscopically
complete theory. Nonetheless, it is straightforward to solve (3.1) exactly so we will do this
for completeness. We will then take the semiclassical limit of the exact solutions. Mirroring
our classical discussion in the previous section, there are two natural ways to write the
general exact solution to (3.1). Firstly one may write

Ψ(gtt, R) =
ˆ ∞

−∞

dc

2πβ(c)eiS1(gtt,R;c) . (3.2)

Here β(c) is an arbitrary function and S1 is the Hamilton-Jacobi function given above
in (2.7). The semiclassical solution turns out to be exact in this case. Allowing c to be
negative in (3.2) means that we do not need to separately consider the e±iS solutions. That
is to say, (3.2) is the general solution and

Ψ(gtt, R; c) ≡ eiS1(gtt,R;c) , (3.3)
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is a basis of solutions. As we have said above, we will be considering solutions with c > 0
that correspond to the future cosmological interior.

Secondly, one may Fourier transform (3.2) by setting

β(c) =
ˆ

dM√
2π
α(M)eiMc . (3.4)

Here α(M) is a function and we can be agnostic at this point about the range of M in the
integral. We will want regular semiclassical states to be localized at non-negative M that is
furthermore below the Nariai limit. The solution (3.2) then becomes

Ψ(gtt, R) = −gtt

√
2π
ˆ
dM

2π α(M)
J1
(

R
GN

√
−gttfM (R)

)
√
−gttfM (R)

. (3.5)

Here J1 is a Bessel function. In the rapidly oscillating semiclassical limit (3.5) becomes

Ψ(gtt, R) → 2gtt√
R

ˆ
dM

2π

√
GN α(M)

(−gttfM (R))3/4

[
eiS2(gtt,R;M)+iπ/4 + e−iS2(gtt,R;M)−iπ/4

]
. (3.6)

Here S2 is the second Hamilton-Jacobi function that we found previously in (2.8). The two
terms in (3.6) originate from negative and positive c, respectively. They therefore separately
solve the Wheeler-DeWitt equation. It is helpful to introduce the semiclassical solutions

Ψ±(gtt, R) =
ˆ
dM

2π α(M)e±iS2(gtt,R;M) . (3.7)

The upshot is that one may write the general semiclassical solution as a superposition of
either eiS1(ttt,R;c) states or of eiS2(ttt,R;M) states. We will only be working to leading order
in the semiclassical limit in the remainder, and therefore we have dropped all prefactors
of the exponential terms in (3.7). The split into positive and negative modes can also be
done at the level of the exact Bessel functions in (3.5), with J1 written as a sum of two
K1 Bessel functions. Solutions with e±iS2 correspond to growing and collapsing universes,
differing in the sign of πtt and πR. For some purposes it is natural to consider superpositions
of expanding and collapsing universes, but due to decoherence they may effectively be
considered separately, e.g. [44–46]. More detailed discussion of related issues in a similar
context may be found in [39].

As is familiar from standard WKB wavefunctions in quantum mechanics, classical
solutions are recovered by building wavepackets. For example if we take the Gaussian
wavepacket

β(c) = exp
{
iMoc−

∆2

2 (c− co)2
}
, (3.8)

then, performing the c integral by stationary phase, the Ψ wavefunction in (3.2) will be
strongly peaked on gtt and R such that

∂S1
∂c

∣∣∣∣
c=co

= −Mo . (3.9)
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Which is to say that the wavefunction is strongly supported on the classical solution (2.9) with
M = Mo and c = co. More explicitly, to leading semiclassical order the wavefunction (3.2)
becomes

Ψco,Mo(gtt, R) = δ
(
gtt + c2

ofMo(R)
)

exp
{
− ico

GN
RfMo(R)

}
. (3.10)

Here we have taken the limit in which the strongly peaked Gaussian that arises after
performing the c integration becomes a delta function. The phase in (3.10) is equal to the
on-shell action of dS-Schwarzschild space integrated up to R (up to a constant of integration
that depends on the other endpoint of the integral). Solutions to the Hamilton-Jacobi
equation give the on-shell action on general grounds, so this is a check of our algebra.

It will be important to appreciate that in the quantum theory the two classical constants
of integration {c,M} arise in different ways. One of the constants parameterises a basis
of quantum states. The other constant arises in the stationary phase approximation to
wavepackets, which recovers the classical phase space. By choosing different bases of states,
the roles of the two constants can be exchanged.

4 Static patch partition functions

At the cosmological horizon gtt → 0 and the minisuperspace metric (2.2) becomes degenerate.
This is well-known to be a coordinate artifact. The coordinates used in the metric (2.2) are
only able to describe slices of spacetime that are localized in the cosmological interior. There
certainly exist spacelike slices of dS-Schwarzschild that cut through the cosmological horizon,
but these should be described by different coordinates. Such slices will necessarily break
the symmetry of dS-Schwarzschild given by shifts in t. We wish to retain this symmetry,
that underpins the minisuperspace description, and hence we will do something different.

It is also well-known that the coordinate t can be extended through horizons at the
cost of it acquiring a constant imaginary shift, e.g. [47, 48]. Within our time-independent
minisuperspace, at least, this shift does not seem to be important. For example, at a
classical level the relational form of the dS-Schwarzschild given by (2.10) continues without
change from gtt > 0 in the cosmological interior to gtt < 0 in the ‘static patch’. A point made
in [39] is that continuation in gtt appears to be more straightforward than continuation in t

itself. In particular, the Hamilton-Jacobi function (2.7) is linear in gtt. For this reason, we
will employ the Wheeler-DeWitt state in the form (3.2), with the exponent given by (2.7).

In the ‘static patch’, where gtt < 0, the fixed r slices of the minisuperspace metric (2.2)
are Lorentzian. See figure 1 above. In this region the wavefunction is more naturally
interpreted as a Lorentzian partition function of a ‘boundary’ theory, in the spirit of the
AdS/CFT correspondence [5, 6]. Partition functions are traces over a Hilbert space, which
is quite distinct from a wavefunction. In the remainder of this section we give a proposal for
how, with gtt < 0, Ψ can be interpreted as a partition function on the boundary worldtube.
Because there is no rigid boundary in the static patch, one expects to find a family of
partition functions for the different possible geometries of the boundary worldtube.
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We would first like to interpret the constant M , the mass of the dS-Schwarzschild black
hole, as the expectation value of a dual quantum mechanical ‘Hamiltonian’ H(gtt, R):

⟨H⟩ = M = −∂S1
∂c

. (4.1)

We may use the explicit expression (2.7) for S1 to obtain

⟨H⟩ = gttR

2GN

1
c2 + R

2GN

(
1 − R2

L2

)
. (4.2)

Furthermore using (2.7) to obtain the conjugate momentum πtt = ∂gttS1 we may verify that

S1 − 2gttπtt = −c⟨H⟩ . (4.3)

This is a useful expression because it will allow us to relate the semiclassical wavefunction
eiS1 to a partition function where H generates translations in c. We will see in (4.8) below
that the extra term 2gttπtt in (4.3) is a boundary term in a gravitational path integral.
Similar additional terms, relating wavefunctions and partition functions, have appeared in
discussions of T 2 deformations [34, 35].

We propose that the shifted Hamilton-Jacobi function in (4.3) may now be understood
as the semiclassical limit of a quantum mechanical partition function Z by upgrading

ei[S1(gtt,R;c)−2gttπtt(gtt,R;c)] → Tr
[
e−icH(gtt,R)

]
≡ ZQM(gtt, R; c) . (4.4)

The quantum mechanical trace in (4.4) is understood to be normalized, with Tr 1 = 1.
In the classical limit, then, Tr

[
e−icH

]
= e−ic⟨H⟩, recovering (4.3). It is important to

appreciate here that in the quantum mechanical description H is an operator that depends
on background fields gtt and R but does not depend explicitly on ‘time’ c. Instead, in the
quantum mechanics, H generates translations in c. Its expectation value must therefore be
independent of c. The gravitational expression (4.2) for ⟨H⟩ does depend on c explicitly.
We know from the Hamilton-Jacobi relation (4.1), however, that on classical solutions ⟨H⟩
is a constant independent of c. This fact is essential for the proposed correspondence to
make sense.

Considering eiS1 as the semiclassical limit of a gravitational wavefunction Ψ, the
proposed quantum duality (4.4) can be rewritten explicitly as

Ψ(gtt, R; c)e−i2gtt⟨πtt⟩Ψ = ZQM(gtt, R; c) . (4.5)

The left hand side involves a basis of quantum gravitational minisuperspace states of the
cosmological interior, solutions to the WDW equation labelled by the constant of integration
c. The right hand side is a quantum mechanical partition function with time c. The
quantum mechanical theory lives on a world-tube with background metric labelled by
{gtt, R}. The different possible backgrounds give a family of partition functions.

It should be emphasized that (4.5) is not linear in Ψ. This means it is not immediately
obvious how to deal with general wavefunctions of the form (3.2), where the Ψ(gtt, R; c) are
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linearly weighted by an arbitrary function β(c). Our proposal is that (4.5) holds for general
gravitational states Ψ, so that:

Ψ(gtt, R)e−i2gtt⟨πtt⟩Ψ = ZQM(gtt, R) ≡
ˆ

dc

2πβ(c)ZQM(gtt, R; c) . (4.6)

Here β(c) is defined via the decomposition (3.2) of Ψ in the Ψ(gtt, R; c) basis. The more
general form (4.6) of the correspondence can be motivated by expressing the expectation
value in the exponent on the left hand side of (4.6) as a boundary term in a bulk partition
function. We may write the correspondence (4.6) as an equivalence of partition functions:

ZQM(gtt, R) = Zgrav(gtt, R) , (4.7)

where

Zgrav(gtt, R) ≡
ˆ

Dg exp
{
i

[(ˆ r⋆ drL
2GN

)
− 2gtt(r⋆)πtt(r⋆)

]}∣∣∣∣g(r⋆)={gtt,R}

β
. (4.8)

In the gravitational path integral πtt = 1
2GN

∂L
∂(∂rgtt) . The subscript β instructs us to

impose boundary conditions away from r = r⋆ that, in the absence of the gttπtt term, would
prepare the solution Ψ(gtt, R) to the Wheeler-DeWitt equation. The equivalence of partition
functions in (4.7) has the same form as the AdS/CFT dictionary [5, 6].

As an application and also a check of (4.6), consider the Gaussian wavepacket state
Ψco,Mo(gtt, R) with β(c) given in (3.8). We wrote this state explicitly in (3.10). According
to (4.6), this state corresponds to the partition function

Zco,Mo(gtt, R) = Tr [δ(H −Mo)] . (4.9)

The right hand side of (4.9) is independent of co; we explain how to deal with the co

dependence of the left hand side shortly. As in (3.10) we have taken the delta function limit
of the Gaussian that arises after performing the integral over c in (4.6). We are working to
leading semiclassical order and therefore not keeping track of overall prefactors. It is clear
that (4.9) describes a microcanonical partition function, where the energy H has been fixed
to Mo. At the leading semi-classical level the expression (4.9) for the partition function
must equal the continuation of the wavefunction (3.10) to gtt < 0. We now proceed to verify
that this is the case. Noting that on the classical solution

2gtt⟨πtt⟩ = − co

GN
RfMo(R) , (4.10)

we verify that the exponent in the correspondence (4.6) precisely cancels the phase in (3.10).
It follows from (4.6), (3.10) and (4.9) that we must have

Tr
[
δ(H(gtt, R) −Mo)

]
= δ

(
gtt + c2

ofMo(R)
)

= δ

(
gtt + R2fMo(R)

4G2
N ⟨πtt⟩2

Mo

)
. (4.11)

In the final step we used (4.10) to re-express co in terms of the expectation value (4.10)
of πtt. This can be though of as the expectation value of an operator πtt in the state
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of the quantum mechanics with energy Mo. Once again, we are not keeping track of
prefactors. The equality (4.11) is verified using the classical expression for ⟨H⟩ in (4.2).
From the perspective of our duality, (4.11) is the statement that there is a state in the
quantum mechanical theory with energy Mo if and only if gtt and R are related by the
corresponding classical gravitational equations of motion with constant of integration
Mo. Equation (4.11) expresses an essence of the correspondence: a quantum mechanical
Hamiltonian H with the property (4.11) is equivalent to a semiclassical dS-Schwarzschild
universe. This demonstrates the possibility of associating a (non-vanishing) Hamiltonian to
the dynamics of closed universes.

From (4.11), we see that the spectrum of H is bounded above. For gtt < 0, the allowed
values of Mo obey

Mo = R

2GN

(
1 − R2

L2

)
+ 2GN

R
gtt⟨πtt⟩2

Mo
≤ R

2GN

(
1 − R2

L2

)
≤ 1

3
√

3
L

GN
. (4.12)

This is, of course, just the familiar Nariai bound on the black hole mass.

5 Symmetry algebra

In the dual quantum mechanical theory gtt and R are background functions. For a given
background, however, the gravitational momenta πtt and πR depend on time and hence
should be upgraded to operators in the quantum mechanics. Their expectation values,
computed using the classical gravitational theory, obey

gtt
∂⟨πtt⟩
∂c

= −gtt
∂⟨H⟩
∂gtt

= −⟨H⟩ + R

2GN

(
1 − R2

L2

)
, (5.1)

R
∂⟨πR⟩
∂c

= −R∂⟨H⟩
∂R

= −⟨H⟩ + R

GN

R2

L2 . (5.2)

The first equality in each line follows from the definitions ⟨H⟩ = −∂S1/∂c, ⟨πtt⟩ = ∂S1/∂gtt,
⟨πR⟩ = ∂S1/∂R and commuting derivatives. These first equalities demonstrate that the bulk
gravitational degrees of freedom obey Hamilton’s equations with c as time and ⟨H⟩ as the
classical Hamiltonian. The second equalities follow from, for example, the expression (4.2)
for ⟨H⟩. Equations (5.1) and (5.2) show that the c derivatives of πtt and πR are independent
of c on classical solutions. This is important for what we are about to do next.

Given that H generates translations in time c in the quantum mechanical theory, the
relations (5.1) and (5.2) require (semiclassically) the quantum mechanical commutators

i[H, gttπtt] = −H + R

2GN

(
1 − R2

L2

)
, (5.3)

i[H,RπR] = −H + R

GN

R2

L2 . (5.4)
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The remaining commutator between the three operators H,πtt and πR can be constrained
using the Jacobi identity

i[H, i[gttπtt, RπR]] = −i[gttπtt, i[RπR, H]] − i[RπR, i[H, gttπtt]] (5.5)

= R

2GN

(
1 − 3R2

L2

)
. (5.6)

The simplest possibility for the commutator, involving only the operators we have at our
disposal at this point, is then

i[gttπtt, RπR] = gttπtt −RπR + αH + β . (5.7)

Here α and β are undetermined c-numbers. These undetermined terms can be removed
by letting gttπtt → gttπtt + γ + δH, with suitably chosen constants γ, δ, without changing
either of the other commutators (5.3) and (5.4). Therefore we may set α = β = 0 in (5.7).

The commutators (5.3), (5.4) and (5.7) generate an interesting algebra. Let

P ≡ H − R

GN

R2

L2 , X ≡ RπR − gttπtt , D ≡ RπR . (5.8)

Then the algebra becomes

i[X,D] = X , i[P,D] = −P , i[X,P ] = h(R) , (5.9)

which may be recognized as a central extension of the 1+1 dimensional Poincaré algebra
e(1, 1). In e(1, 1), without the extension, D would generate Lorentz boosts, while X ± P

would generate spacetime translations. The coefficient in the central extension is

h(R) = R

2GN

(
1 − 3R2

L2

)
. (5.10)

This coefficient is positive for R < L√
3 , which always contains the black hole horizon, and

negative for R > L√
3 , which always contains the cosmological horizon. The two horizons

coincide in the Nariai limit at R = L√
3 , where the coefficient (5.10) vanishes.

The representation of the algebra in which the quantum mechanical states transform is
constrained by the invariant [49]

C ≡ PX +XP

2h(R) −D . (5.11)

Using the classical gravitational values for the momenta and energy we obtain

⟨C⟩ = ⟨X⟩⟨P ⟩
h(R) − ⟨D⟩ = −2gtt⟨πtt⟩ . (5.12)

Curiously, the invariant thereby gives a group-theoretic interpretation to the phase of the
gravitational wavefunction (3.10), via (4.10). Recall that this phase was cancelled out of
the quantum mechanical partition function in the correspondence (4.6).
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The algebra (5.9) has been studied previously following its introduction as the gauge
symmetry of a 1+1 dimensional theory of gravity by Cangemi and Jackiv [50]. Aspects of its
representation theory have been discussed in [51–55]. An explicit field theory representation
of the algebra was given in [56], as the symmetry group of a complex scalar field in 1+1
dimensions in a constant background electric field. A simple realization of the algebra (5.9)
on functions of a single variable x is

X = x , P = h(R)p , D = 1
2 (xp+ px) . (5.13)

Here p = −i∂x is the usual momentum operator. In this realization the generator D is
manifestly a dilation. The correspondence between dilation in quantum mechanics and
motion in the bulk ‘radial’ direction, implied by (5.8), has a holographic flavor. The simple
realization (5.13) is not the appropriate one for our dual theory because the invariant (5.11)
vanishes. However, (5.13) can be extended to obtain a non-vanishing invariant by adding
an operator to D that commutes with both P and X.

More information from the gravitational theory, beyond superspace, is needed to identify
the appropriate representation of the algebra for our dS-Schwarzschild context. In addition
to (5.12), a further constraint follows from the Nariai bound (4.12) on the black hole mass.
This requires states dual to classical gravity solutions to have

− R

GN

R2

L2 ≤ ⟨P ⟩ ≤ h(R) . (5.14)

The lower bound is from positivity of the black hole mass.
Two copies of the extended Poincaré algebra appears as subalgebras of the Schrödinger

symmetry discussed by [41]. We are unsure at this point whether there is a connection
between that symmetry and ours, which act on different Hilbert spaces.

6 The black hole entropy from averaging

One might expect that if the boundary worldtube is taken close to the black hole horizon,
then the quantum mechanical theory should know about the black hole microstates. In this
section we show that this is indeed the case.

As written, the microcanonical trace (4.11) does not seem to know about black hole
entropy. One would like to see a factor of eSH , with SH the black hole entropy, on the
right hand side of (4.11). It turns out that an averaging over the quantum mechanical
theory is needed. To see how this works, let us first extract the black hole entropy from the
gravitational on-shell action. We will do this in the spirit of [57, 58], in which the on-shell
action is supplemented by an additional boundary term at the horizon. At a classical
level the boundary term implements a Legendre transformation from volume to extrinsic
curvature. We shall recover this Legendre transformation as the semiclassical limit of a
Fourier transform. Via our duality, the Fourier transform will then seen to describe an
average over quantum mechanical partition functions.

The delta function in the Wheeler-DeWitt state (3.10), that subsequently appears
on the right hand side of (4.11), suggests that it is natural to integrate the state against
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one of the metric functions. A specific form of this integral can be motivated as follows.
The Wheeler-DeWitt equation itself represents a gravitational gauge redundancy. As has
been emphasized recently [9, 10], and known for a long time [8], a natural way to fix this
redundancy is to consider slices with fixed trace K of the extrinsic curvature.1 The trace
K ∝ πv is conjugate to the local volume

v ≡
√
−gttR

2 , (6.1)

of the induced metric (with gtt < 0). To express the wavefunction in terms of extrinsic
curvatures rather than metric components, one must Fourier transform the wavefunction
from Ψ(v, [h]) to Ψ̃(πv, [h]). Here [h] ≡ gtt/R

2 is the conformal class of the induced metric.
To fix the trace of the extrinsic curvature, one can then evaluate the Fourier transformed
wavefunction on the expectation value in the original state, i.e. let Ψ̃([h]) ≡ Ψ̃(⟨πv⟩Ψ, [h]).
In this way we obtain a wavefunction Ψ̃([h]) of the conformal data only.

To implement the Fourier transform from v to πv we need to add a term proportional
to ivπv in the exponent. A natural term to add is the Gibbons-Hawking boundary term:

1
8πGN

ˆ
d3x

√
hK = gttπtt + 1

2RπR = 3
2vπv . (6.2)

In fact we already included this term in our starting point (2.1), so what we will do now is
to subtract it off. That is, we consider the following partial integration of the gravitational
wavefunction Ψ(gtt, R):

ψ̃(R) ≡
ˆ
dgtt e

−i 3
2 v⟨πv⟩ΨΨ(gtt, R) =

ˆ
dgtt e

−i(gtt⟨πtt⟩Ψ+ 1
2 R⟨πR⟩Ψ)Ψ(gtt, R) . (6.3)

The integral in (6.3) is precisely the Fourier transform discussed in the previous paragraph,
evaluated on the original expectation value ⟨πv⟩Ψ as we described, with the difference
that we have integrated over gtt rather than v. The last fact means that the reduced
wavefunction Ψ̃ is a function of R rather than the conformal class [h]. We do this because
R is single-valued on the static patch, increasing monotonically from the black hole horizon
to the cosmological horizon, and is therefore a convenient coordinate. In contrast, gtt and
the conformal data [h] = gtt/R

2 are not single-valued in the static patch as they vanish at
both horizons.

For the Gaussian wavepacket state (3.10) we obtain from (6.3) that

Ψ̃co,Mo(R) =
ˆ
dgttδ

(
gtt + c2

ofMo(R)
)

exp
{
ico

4πR2

4GN

f ′Mo
(R)

4π

}
, (6.4)

= exp
{
ico

βR

AR

4GN

}
. (6.5)

1To avoid possible confusion we emphasize that, throughout this paper, we are not discussing gravity
with either Dirichlet or Neumann boundary conditions in a subregion. The entire static patch is dual to
a family of quantum mechanical theories. These can be labelled by the induced metric on slices. In this
section the black hole entropy will be extracted by a certain natural average over these theories, fixing K.
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Here we defined
AR ≡ 4πR2 , βR ≡ 4π

f ′Mo
(R) . (6.6)

If R = RH, the black hole horizon radius, then βRH = βH is the inverse Hawking temperature
and ARH

4GN
= SH is the Bekenstein-Hawking entropy. Thus, setting co = −iβH, we recover

the black hole entropy as:
Ψ̃−iβH,Mo(RH) = eSH . (6.7)

In this expression βH, RH and SH all depend on Mo. The imaginary value of co here is
such that the resulting classical Euclidean solution (2.12) has no conical defect at the black
hole horizon. In Euclidean dS-Schwarzschild there must be a conical defect at either the
cosmological or the black hole horizon. The steps we have just gone through show that to
extract the black hole entropy from the transformed wavefunction at R = RH, the black hole
radius, one should require regularity at the black hole horizon. One may analogously extract
the entropy associated to the cosmological horizon from the transformed wavefunction at
the cosmological horizon radius.

Equation (6.7) shows that the partially transformed wavefunction Ψ̃ knows about black
hole entropy in a natural way. We may now determine the corresponding quantity in the
dual quantum mechanics. To be completely clear, the entropy is a trace over states in
the dual theory which is given by averaging a single wavefunction in the gravitational
theory, continued to the static path. Using the identification of delta functions (4.11) in the
transformed state (6.4) gives

Ψ̃co,Mo(R) =
ˆ
dgtte

i[gtt⟨πtt⟩co− 1
2 R⟨πR⟩co ] Tr [δ(H(gtt, R) −Mo)] . (6.8)

The exponent comes from the transform (6.3) together with the shift by 2gtt⟨πtt⟩ in (4.4).
The co subscript tells us that these are expectation values of Heisenberg picture operators,
evolved in c by H . At leading semiclassical order these expectation values equal the values of
the momenta on the classical gravitational solution. Setting ⟨πtt⟩ = ∂S1/∂gtt, and similarly
for ⟨πR⟩, it is verified that the exponent then matches that in (6.4).

It is remarkable that the transformed ‘gauge-fixed’ gravitational wavefunction (6.8)
equals an average over dual quantum mechanical (microcanonical) partition functions. The
averaging is over gtt. Given that the worldtubes are in the midst of a quantum fluctuating
geometry, the averaging is perhaps natural and, indeed, such averaged theories can be
thought of as 0 + 1 dimensional theories of quantum gravity, as recently discussed in [59].

The expression (6.7) shows that the black hole entropy can be extracted from the
averaged partition function in (6.8) if it is evaluated at the black hole radius R = RH
and at the appropriate imaginary value of co = −iβH. The black hole radius is picked out
as the minimum radius for which the unaveraged semiclassical partition function (4.11)
has support on gtt < 0. The value of the imaginary time is picked out, as we explained
above, by the absence of a conical singularity at the black hole horizon in the Euclidean
gravitational solution. A conical singularity at the horizon means that the action is not
extremized there, see e.g. [57]. A careful treatment of this point should show, then, that the
quantum wavepacket fails to localize on the classical solution at R = RH unless the correct
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value of co is chosen. From this fact it should be possible to determine βH, in principle,
given the dual quantum mechanical Hamiltonians H(gtt, R).

We end with a comment on the continuation of gravitational wavefunctions with the
imaginary value co = −iβH to the cosmological interior. This continuation is unnatural given
the conical singularity at the cosmological horizon. Further to this point, the wavefunction
Ψ−iβH,Mo(gtt, R) in (3.10) grows exponentially as R → ∞ towards the late cosmological
interior because fMo(R) → −∞ in this limit. The DeWitt norm — which is more like a flux
than a conventional norm, see [39] for a recent discussion — vanishes on these purely real
states. The averaged wavefunction Ψ̃−iβH,Mo(R) instead decays exponentially towards large
R. All of the above suggest that the entropy is most easily discussed within the ‘pure static
patch’ perspective on the correspondence that we noted in the introduction. However, given
a family of microscopic partition functions — dual to a Lorentzian WDW wavefunction that
does extend to the cosmological interior — one can calculate (in principle) the averaged
trace in (6.8). The answer to this computation can then be analytically to imaginary co to
obtain (6.7).

7 Discussion

We have proposed that an AdS/CFT-like duality is possible for dS-Schwarzschild spacetimes,
where one has a family of dual quantum mechanical theories defined on static patch
worldtubes. Time translation in these dual theories corresponds to moving among different
basis states of the gravitational theory. We argued that it was natural to gauge-fix the
trace of the extrinsic curvature of the worldtubes by performing a certain average over the
worldtube theories. The upshot of this procedure was that the black hole entropy could be
extracted from the averaged partition function.

An important test of our proposal will be whether it can be extended beyond minisu-
perspace, to allow for inhomogeneous perturbations of the geometry. This extension, if
it is possible, may also shed further light on the nature of the dual quantum mechanics.
The inhomogeneous modes will have corresponding momenta that will become operators in
the quantum mechanical theory. One would like to understand whether these enlarge the
extended Poincaré algebra that we have uncovered. A natural candidate for the expectation
value of the Hamiltonian, that played a central role in our analysis, in this more general
context would be the Brown-York energy [1] of the (now inhomogeneous) worldtube.

Another ingredient that is currently missing from our proposed correspondence is the
role of entanglement between the two antipodal static patches. This is similar to the
thermofield double picture of black holes in AdS/CFT [3] and has played a prominent
role in recent works including [27, 30, 60–62]. As occurs in the case of AdS/CFT, it is
possible that considering entangled copies of the dual static patch partition functions may
give a deeper understanding of the sense in which these prepare quantum states of the
cosmological interior.

Finally, as noted several times above, while we anchored our discussion of Wheeler-
DeWitt states in the cosmological interior, this was not strictly necessary. One can also work
directly with gravitational partition functions defined in the static patch via a gravitational
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path integral. A partition function formulation may also be applicable in spacetimes with
zero cosmological constant. In particular, the L → ∞ limit of all of the expressions in
our paper appears to be sensible. This may suggest an approach to flat space holography,
with the cosmological horizon then arising as a 1

L deformation of the quantum mechanical
theories dual to asymptotically flat spacetimes.
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