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a b s t r a c t 

Budget allocation problems in portfolio management are inherently multi-objective as they entail differ- 

ent types of assets of which performance metrics are not directly comparable. Existing asset management 

methods that either consolidate multiple goals to form a single objective ( a priori ) or populate a Pareto 

optimal set ( a posteriori ) may not be sufficient because a decision maker (DM) may not possess compre- 

hensive knowledge of the problem domain. Moreover, current techniques often present a Pareto optimal 

set with too many options, making it counter-productive. In order to provide the DM with a diverse yet 

compact solution set, this paper proposes a three-step approach. In the first step, we employ different 

approximation functions to capture investment-performance relationships at the asset-type level. These 

simplified relationships are then used as inputs for the multi-objective optimisation model in the sec- 

ond step. In the final step, Pareto optimal solutions generated by a selected evolutionary algorithm are 

pruned by a clustering method. To measure the spread of representative solutions over the Pareto front, 

we present two novel indicators based on average Euclidean distance and cosine similarity between orig- 

inal Pareto solutions and representative solutions. Through numerical examples, we demonstrate that this 

approach can provide a set of representative solutions that maintain high integrity of the original Pareto 

front. We also put forward suggestions on choosing appropriate approximation functions, pruning meth- 

ods, and indicators. 

© 2021 The Author(s). Published by Elsevier B.V. 

This is an open access article under the CC BY license ( http://creativecommons.org/licenses/by/4.0/ ) 
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. Introduction 

As organisations deploy more infrastructure and equipment to 

upport their operations, the scope of asset management research 

as shifted from optimising individual asset performance to man- 

ging complex systems of multiple assets. For asset intensive in- 

ustries such as utility and infrastructure, substantial investment is 

nevitable to maintain assets at a high performing level due to the 

rofound impact of these systems on different stakeholders, often 

ith different objectives. Asset managers are therefore faced with 

n exacting task in making budget allocation decisions, especially 

or multi-asset systems that involve multiple objectives. 

In a recent study, Petchrompo and Parlikad (2019) categorised a 

ulti-asset system into a fleet and a portfolio. The former is used 

o describe a group of homogeneous assets or assets that share 

imilar features, whereas the latter is referred to a group of hetero- 

eneous assets. A major factor that complicates the modelling and 
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ptimisation of these systems is the fact that multiple units are 

ontingent on each other ( Nicolai & Dekker, 2008 ). To systematise 

esearch in the field, existing literature reviews ( Olde Keizer, Flap- 

er, & Teunter, 2017; Petchrompo & Parlikad, 2019 ) usually classi- 

ed systems based on the interaction among assets/components. 

erformance dependence occurs when the system performance 

e.g. system reliability, safety, and production output) depends on 

onfigurations among units (e.g. series, parallel, and k -out-of- N ). 

esource dependence exists in a system in which common re- 

ources (e.g. budget, equipment, and workforce) are shared among 

nits. 

The majority of past portfolio management studies readily 

ssumed inter-asset performance independence and employed 

imple forms of performance evaluation methods such as sum, 

verage, and percentage to aggregate individual asset performance 

ata into system outputs ( Bai, Ahmed, Li, & Labi, 2015; Fwa & 

arhan, 2012 ). Although it is reasonable to make such assumptions 

or a system that adopts direct physical measures such as asset 

ondition indices, the assumption may not hold for a portfolio that 

onsists of several asset types and requires different performance 

etrics. For example, infrastructure systems in a manufacturing 
 under the CC BY license ( http://creativecommons.org/licenses/by/4.0/ ) 
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lant or an oil refinery may entail objectives like production 

utput or reliability, which depend on asset configurations 

 Petchrompo, Li, Erguido, Riches, & Parlikad, 2020; Rasmekomen 

 Parlikad, 2013 ). However, to the best of our knowledge, no 

tudies have incorporated inter-asset performance dependence 

n portfolio management problems due to the formulation 

omplexity. 

Budget allocation is one of the most prevalent problem classes 

n the portfolio management literature ( Fwa & Farhan, 2012; Us- 

un & Anagun, 2015 ). Although assets in a portfolio may be associ- 

ted with different intervention options and performance metrics, 

hey are all under the control of a single entity and therefore com- 

ete for central budget. Previous papers generally converted and 

ombined multiple criteria into a single criterion before the opti- 

isation process takes place ( France-Mensah, O’Brien, & Khwaja, 

019; Sacco, Compare, Zio, & Sansavini, 2019 ). These methods have 

roved to be effective in the system involving only a small number 

f objectives that can be aggregable with other objectives. How- 

ver, these weighting and combining techniques may not applica- 

le to a problem that involves perspectives from multiple stake- 

olders or entails multi-type assets with strictly incommensurable 

erformance metrics. To deal with this problem, an alternative 

trategy is to generate a complete set of non-dominated solutions 

nd visualise these solutions on a trade-off frontier ( Bai et al., 

015; Gong & Zhou, 2018 ). Nonetheless, this method is likely to 

esult in a large number of optimal solutions in high-dimensional 

pace, making it difficult for a DM to comprehend and make a 

ell-informed decision. 

In this paper, we consider a budget allocation problem in an 

sset portfolio with inter-asset performance dependence. In other 

ords, the derivation of a performance objective for an asset type 

epends on collective outputs from multiple assets (e.g. system re- 

iability is based on a series asset configuration). To overcome the 

imitations in the existing portfolio management approaches, we 

ropose using a pruning method to address this problem to strike 

 balance between a single optimal solution and a complete set of 

on-dominated solutions. The ultimate objective of this approach 

s to acquaint the DM with the solution space by providing him/her 

ith a subset of representative solutions. The subset of a given size 

s selected in such a way that strongly represents the original set 

f non-dominated solutions by maximising the solution diversity. 

The remainder of this paper is organised as follows. 

ection 2 gives a generic problem description and discusses 

xisting work related to the problem of our interest. The overall 

odelling approach is described in Section 3 . Section 4 then 

ntroduces the curve-fitting techniques used to approximate 

nvestment-performance relationships at the asset-type level. The 

ortfolio optimisation model formulation is presented in Section 5 , 

ollowed by the discussion on pruning methods in Section 6 . 

n Section 7 , three numerical experiments in different problem 

imensions are conducted, and the results are discussed. Finally, 

onclusions and recommendations for future research are given in 

ection 8 . 

. Portfolio budget allocation problem 

.1. Problem description 

For a single decision horizon, a DM is required to make invest- 

ent decisions for maintenance intervention across an asset port- 

olio. More specifically, the DM has to decide how much budget 

hould be allocated to maintain assets in each asset type in order 

aximise portfolio performance. The portfolio is comprised of S

sset types, each consisting of a fixed number of assets. Each asset 

ype has its own performance measure that is not necessarily com- 

arable to those of other types. This means that the portfolio could 
204 
ossess up to S performance measures, which constitute up to S

bjectives for the optimisation model. Each of S objective values is 

erived from the collective performance of multiple assets. Mainte- 

ance intervention planning decisions — how and when each indi- 

idual asset is maintained or enhanced at a specific cost — are de- 

ermined by an asset-type optimisation model, whereas budget al- 

ocation decisions are made at the portfolio level. Specific assump- 

ions associated with the problem are as follows: 

• The relationship between the budget allocated to each asset 

type and its corresponding performance output is assumed de- 

terministic. 
• Performance dependence only exists among assets within an 

asset type. 
• Budget is the only form of resource dependence that exists 

across different asset types. 

It is apparent that these assumptions can be met by general 

ortfolio management problems with different asset types, as het- 

rogeneous assets are unlikely to work collectively to generate out- 

uts. A typical example of the problem of interest can be found in 

he infrastructure network in which each asset type has its own 

unction and the performance thereof can be determined indepen- 

ently of other types. However, these assumptions may not be sat- 

sfied in a problem with more complex types of dependence such 

s inter-type performance dependence (e.g. multi-modal transport 

etwork maintenance planning) and workforce and equipment de- 

endence (e.g. maintenance workshop scheduling). 

To support decision-making, a reduced set of Pareto optimal so- 

utions is required, so that the results are readily understandable to 

he DM. Moreover, to provide the DM with comprehensive knowl- 

dge of the solution domain, solutions in the reduced set should 

pread widely across the original Pareto front. Hence, the proposed 

pproach should be able to: 

• Aggregate outputs from asset-type models and produce Pareto 

optimal solutions of all performance metrics across the portfo- 

lio. 
• Reduce the number of Pareto optimal solutions in a manner 

that maintains the relative diversity of the reduced set to the 

original set. 
• Perform the aforementioned tasks independently of DM prefer- 

ences. 

.2. Related work 

This section reviews previous research in the portfolio budget 

llocation problem and discusses potential optimisation methods 

o issue guidelines on the modelling approach in the next section. 

Portfolio budget allocation problems are inherently multi- 

bjective, because they involve different value metrics that are not 

irectly comparable. The approaches adopted by asset management 

esearchers to deal with multiple objectives can be categorised into 

 priori and a posteriori modes. The a priori mode assumes that 

ll user preferences are known and can be perfectly quantified at 

he beginning of the decision-making process ( Hartikainen, Miet- 

inen, & Klamroth, 2019 ). In this mode, a DM assigns a weight to 

ach objective, aggregates multiple objectives into a single func- 

ion, and searches for a single optimal solution. These a priori 

ethods generally involve the application of multi-criteria deci- 

ion analysis (MCDA) in identifying weights and combining multi- 

le objectives ( Watrobski, Jankowski, Ziemba, Karczmarczyk, & Zi- 

lo, 2019 ). On the other hand, in the a posteriori mode, a complete 

et of non-dominated solutions — a Pareto front — is generated 

y a multi-objective optimisation algorithm ( Kellner, Lienland, & 

tz, 2019 ). The DM subsequently makes a trade-off between ob- 

ectives and selects a preferred solution directly from the Pareto 

ront. 
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Despite several available a priori and a posteriori methods, ei- 

her of the aforementioned methods may not sufficiently address 

ortfolio budget allocation problem. In a priori methods, since mul- 

iple goals are consolidated to form a single objective, only a single 

olution is presented to the DM. The aggregation of multiple objec- 

ives at an early stage of the resolution process could lead to two 

roblems. First, it is a difficult task for the DM to accurately deter- 

ine weights for multiple objectives, because only small perturba- 

ions in weights can sometimes lead to a dramatic change in the 

esultant solution. Second, a single solution produced by the opti- 

isation model may not suffice for the DM who wishes to exam- 

ne different solutions for trade-offs. On the other hand, a posteriori 

ethods that populate the entire Pareto optimal set often provide 

 DM with too many options, making it counter-productive. This 

roblem is apparent in a high-dimensional problem of which the 

esults cannot be effectively visualised and are not easily compre- 

ensible to the DM. 

To overcome the weaknesses of these methods, researchers in 

ther fields have developed several approaches for achieving a bal- 

nce between a single solution and a complete Pareto set. These 

lternatives will be referred to as pruning methods in this paper. In 

 pruning method, a set of predefined rules is employed to iden- 

ify a subset of Pareto optimal solutions, so that the solutions are 

ore comprehensible to the DM ( Taboada & Coit, 2008 ). Pruning 

ethods have been applied to system design ( Taboada, Baheran- 

ala, Coit, & Wattanapongsakorn, 2007 ), production planning ( Guo, 

ong, Li, & Ren, 2013 ), and workforce allocation ( Brusco, 2017 ). 

runing instructions can be given before, during, or after the opti- 

isation process. In this paper, we broadly classify pruning meth- 

ds into three classes according to their selection criteria: 

• Preference-based methods: In this class, pruning instructions 

are derived from a DM’s preference. Typical methods in this 

class include the non-numerical objective ranking (NOR) and 

reference-point-based (RPB) methods. In the NOR method, ran- 

dom weights for different objectives are generated in line with 

the DM’s preference before a weighted-sum model is solved 

for an optimal solution. The process is repeated until a desired 

Pareto front is complete ( Kulturel-Konak, Coit, & Baheranwala, 

2008 ). On the other hand, the RPB method requires the DM 

to supply a reference point to guide the search towards the 

region that is of his/her interest. A representative example of 

RPB method is the PR-MOEA/D developed by Sudeng and Wat- 

tanapongsakorn (2015) . 
• Efficiency-based methods: Methods in this class focus on identi- 

fying efficient solutions according to pre-set indicators. A typi- 

cal method in the class is the identification of frontier knees —

regions in which a small improvement in one objective could 

dramatically deteriorate at least one other objective ( Sudeng & 

Wattanapongsakorn, 2016 ). Another interesting method in this 

class is the application of data envelopment analysis (DEA). In 

the study by Li, Liao, and Coit (2009) , each of the Pareto opti-

mal solutions generated by an optimisation algorithm is treated 

as a decision-making unit (DMU). The output of DEA is the rel- 

ative efficiency of each DMU, which enables the user to identify 

the most efficient solutions on the Pareto front. 
• Diversity-based methods: Methods in this class aim at identify- 

ing a diverse solution subset in order to provide a DM with 

comprehensive knowledge of the solution domain. The simplest 

method in this class is the direct selection of solutions from the 

Pareto front ( Wang, Lin, Fu, Luo, & Chen, 2020b ) where the data

visualisation is possible. Operational researchers also employed 

clustering methods to group similar solutions together accord- 

ing to objective values. In clustering methods, a representative 

solution is selected from each cluster. The DM then investigates 

the cluster of his/her interest. This technique was introduced to 
205 
Pareto pruning by Taboada and Coit (2007) . Other similar stud- 

ies include ( Cao, Hou, & Gao, 2018; Zio & Bazzo, 2011 ). 

Despite several available techniques, there has not been any 

efinitive indicator that can demonstrate the superiority of a prun- 

ng method over another ( Sudeng & Wattanapongsakorn, 2015 ). 

ence, the challenge of applying pruning methods lies in the se- 

ection of appropriate performance indicators. 

. Modelling approach 

As shown in Fig. 1 , the proposed approach is comprised of three 

ain steps. Firstly, we determine the relationship between main- 

enance investment and performance for each of the asset types. 

he approximation functions derived from the first step are then 

mployed as inputs for a portfolio optimisation model in the sec- 

nd step. The aim of the second step is to make budget alloca- 

ion decisions across the asset portfolio and generate a Pareto front 

hat demonstrates the trade-offs between the performance objec- 

ives. The final step is to identify representative solutions from the 

areto front obtained from the multi-objective optimisation model 

n the second step. A clustering method is used to partition the so- 

utions into different clusters in such a way that solutions within 

he same clusters have similar objective values. The selected Pareto 

ubset will consist of central solutions from different clusters in 

rder to preserve the diversity of the original Pareto front. The 

cope of our approach is defined by dashed boxes in Fig. 1 . The

pproach is started with the modelling of asset-type investment- 

erformance relationship and completed after the representative 

olution set is obtained. 

According to the limitations indicated earlier, the originality of 

his research paper lies in the following aspects: 

• An approach to approximate input functions for portfolio optimisa- 

tion: We propose using different approximation functions to de- 

termine investment-performance relationships in the first step. 

These outputs enable users to simplify an objective function for 

the optimisation stage while capturing inter-asset performance 

dependence within an asset type. 
• A framework for pruning Pareto optimal solutions in portfolio 

management: To the best of our knowledge, this is the first pa- 

per to adopt a pruning method to achieve the balance between 

a priori and a posteriori modes to address a portfolio manage- 

ment problem. We also conduct a comparative analysis of the 

K -means and K -medoids methods with regards to their applica- 

tion in pruning Pareto optimal solutions. 
• Performance indicators for assessing representative solutions: With 

an ultimate goal to provide the DM with a small yet diverse 

solutions, we develop two performance indicators, Relative Eu- 

clidean Index ( REI ) and Relative Cosine Index ( RCI ), for assessing 

the relative diversity of representative solutions to the original 

Pareto front. 

Despite this paper’ s specific application to portfolio manage- 

ent, it is important to note that these techniques can also be ap- 

lied to any multi-objective problem that follows the assumptions 

iven in Section 2.1 . 

. Approximation of investment-performance relationships 

This section explains how a continuous function that describes 

he relationship between the maintenance investment and perfor- 

ance of each asset type can be determined. Existing asset-type 

odels in the literature generally generate a set of non-dominated 

olutions on a discrete frontier, which demonstrates a trade-off

etween maintenance investment and collective performance of 

ssets. Fig. 2 depicts two trade-off frontiers, which indicate how 
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Fig. 1. Structure of the proposed three-step approach. 
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he asset-type performance (y-axis) is improved as the investment 

mount (x-axis) increases. Fig. 2 a demonstrates how the average 

emaining useful life of road safety assets increases as more main- 

enance budget is allocated ( Bai et al., 2015 ). Likewise, Fig. 2 b illus-

rates how the reliability of a power generator system is enhanced 

s more investment in preventive maintenance is made ( Zhong, 

antelous, Beer, & Zhou, 2018 ). 

This investment-performance trade-off information will be used 

s inputs for the portfolio budget allocation model in the second 

tep. Based on our observations of such relationships in the pre- 

ious literature ( Bai et al., 2015; Fwa & Farhan, 2012; Moghad- 
206 
am, 2013; Zhong et al., 2018 ), the trade-off frontiers are gener- 

lly in the form of discrete data points that illustrate the mono- 

onic relationships between the two value elements albeit hav- 

ng different variants of shapes as shown in Fig. 2 . A possible 

eans to feed this information into the portfolio model is to 

se a binary decision variable to indicate whether an investment- 

erformance pair is chosen at the portfolio level. However, it is 

pparent that these trade-off frontiers generally consist of many 

olutions. Therefore, this approach can be very computationally 

xpensive ( Koumousis & Katsaras, 2006; Sahoo, Bhunia, & Kapur, 

012 ). To simplify the input data, we propose employing curve- 
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Fig. 2. Trade-off data representing investment-performance relationships at the asset-type level. 
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tting techniques to identify a continuous function that can accu- 

ately represent the investment-performance relationship. 

Different curve-fitting functions including polynomial ( Yang, 

ao, Sellars, & Sorooshian, 2015 ), log-transformed power 

 Chattopadhyay, Verma, Satsangi, & Sharma, 2009 ), piecewise 

inear ( Habermann & Kindermann, 2007 ), spline ( De Santiago- 

erez, Osornio-Rios, Romero-Troncoso, & Morales-Velazquez, 2013 ), 

nd radial basis functions ( Gneiting, 2013 ) have demonstrated to 

roduce satisfactory results for approximating different monotonic 

unctions. In spite of several available curve-fitting techniques 

n the literature, we limit our discussion only to polynomial, 

og-transformed power, and Gaussian radial basis functions (RBF). 

iecewise and spline functions are not included in our discussion 

ecause they tend to incorporate a large number of discontinuous 

ub-functions of which conditional properties could incur high 

omputational cost at the optimisation stage. 

It is evident from the previous literature that polynomial fitting 

s the most popular method because the parameters thereof can 

e efficiently estimated using the least squares approach. However, 

olynomial fitting also has some disadvantages in that it is likely to 

ontain a large number of functions with high-degree polynomials 

n order to achieve an accurate approximate function. On the other 

and, log-transformed power functions have been used widely to 

eal with skewed data and data sets with a power trend. 

RBF has been used widely in identifying functions for noisy 

raining data, especially in deep neural network. One major ap- 

lication of RBF is in forecasting. For example, RBF neural net- 

orks were used for clustering and regression tasks in a prediction 

odel to forecast the power produced by different variable en- 

rgy sources ( Sideratos & Hatziargyriou, 2020 ). Moreover, RBF has 

lso been proved to produce high quality approximate functions in 

ifferent fields. For instance, in robotics, Gaussian RBFs were em- 

loyed to generate smooth joint trajectories for robot manipulators 

 Chettibi, 2019 ). These findings demonstrated that RBF is suitable 

or approximating scattered data that tend to form a curvilinear 

hape such as sigmoid or saturation functions. This is due to its 

ccuracy, flexibility, and insensitivity to outliers. 

Note that the choice of an appropriate curve-fitting technique 

nd approximation function depends on data characteristics; thus, 

here is no definitive instruction on which particular curve-fitting 

ethod is superior than others. This paper demonstrates the use of 

og-transformed power functions, polynomial functions, and Gaus- 

ian RBFs to approximate investment-performance relationships at 

he asset-type level. To offer guidelines on choosing an appropriate 

pproximation function, we employ the Nash–Sutcliffe Efficiency 

oefficient ( NSE ) ( Nash & Sutcliffe, 1970 ) as a goodness-of-fit in-

icator. NSE is expressed as: 

SE = 1 −
(

RMSE 

SD 

)2 

(1) 
207 
here SD is the standard deviation of the observations and RMSE is 

he root-mean-square error between the actual and estimate data. 

MSE is given by: 

MSE = 

√ ∑ J 
j=1 

(y j − ˆ y j ) 2 

J 
(2) 

here y j and ˆ y j are the actual data (actual performance data) and 

he estimate data for observation j of the sample of size J. 

Although the RMSE can be used to quantify the approximation 

rror, the indicator’s wide range (0 to ∞ ) makes it difficult for a 

M to evaluate the goodness-of-fit of a model. By normalising the 

ean-square error using the variance of the observations, NSE is 

ore interpretable. Although NSE takes values between −∞ to 1, 

he indicator generally varies within a finite range. An NSE value 

lose to 1 indicates a good fit, whilst a negative NSE value sug- 

ests that the mean of the observations outperforms the selected 

pproximation function. The detailed guidelines on identifying ap- 

roximate functions and parameters will be given after the numer- 

cal experiments are conducted in Section 7 . The remainder of this 

ection introduces the candidate approximation functions. 

.1. Log-transformed power function 

The functional relationship between the dependent variable 

performance) and the independent variable (maintenance invest- 

ent) with a power trend can be expressed as: 

 = ax b (3) 

here y is the dependent performance variable and x is the inde- 

endent variable; a and b are parameters. 

Eq. (3) can be converted into a linear form by logarithmic trans- 

ormation and rewritten as: 

og (y ) = log (a ) + b log (x ) (4) 

Eq. (4) can also be written as: 

 

 = α0 + α1 ̃  x (5) 

here ˜ y is the value of the dependent performance variable on a 

ogarithmic scale and ̃

 x is the logarithmic transformation of the in- 

estment variable; α0 and α1 are the intercept and regression coef- 

cient respectively. The linear regression model is fitted using the 

east squares approach. 

.2. Polynomial function 

The polynomial function of degree M is given by: 

 = β0 + β1 x + β2 x 
2 + · · · + βM 

x M (6) 

here β0 , β1 , β2 , . . . , βM 

are the coefficients of the polynomial. For 

he parameter estimation purpose, the polynomial function can be 
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onsidered linear where x, x 2 , . . . , x M are independent variables. As 

ith the log-transformed model, the polynomial regression model 

an be fitted using the least squares approach. 

.3. Gaussian radial basis function 

A radial basis function is a real-valued function whose value de- 

ends on the distances between the input variable and selected 

xed points. Using Gaussian as a basis function, the Gaussian RBF 

ith M functions can be defined as: 

 = 

M ∑ 

i =1 

w i e 
−ε i (x −p i ) 

2 

(7) 

here y is the dependent performance variable and x is the invest- 

ent variable; w i , ε i , and p i are the coefficient, shape parameter, 

nd centre of Gaussian function i respectively. 

Since there is no closed form solution for obtaining Gaussian 

BF parameters, it is necessary to employ an algorithm that can 

rain the data in such a way that the loss function — the sum 

f the differences between estimate and actual empirical values 

f data — is minimised. Recent studies used a variety of algo- 

ithms including genetic algorithms, grid search, and gradient de- 

cent techniques to determine these parameters ( Ma, Liu, & Cao, 

019; Serfidan, Uzman, & Turkay, 2020 ). In this research, we em- 

loy a gradient descent optimisation algorithm called adaptive data 

omentum (Adam) optimisation to estimate parameters ε i and 

p i . Adam is an extension of gradient descent optimiser, based 

n adaptive estimates of lower-order moments. Adam is chosen 

ver other stochastic gradient descent methods due to its learn- 

ng speed, low computation complexity, and little memory re- 

uirements ( Kingma & Ba, 2014 ). More importantly, the method is 

traightforward to implement as its hyperparameters have intuitive 

nterpretations. After ε i and p i are obtained, Eq. (7) can be rear- 

anged in a linear form where e −ε i (x −p i ) 
2 

is the regressor. Thus, the 

oefficient w i can be obtained using the least squares approach. 

he details of the algorithm can be found in the pseudocode given 

n Appendix A. During the training process, we calculate the gradi- 

nt of the loss function with respect to the hyperparameters. Em- 

loying the same expressions for y j and ˆ y j as given in Eq. (2) , 

e can define the loss function L using the sum of squared errors 

SSE): 

 = 

J ∑ 

j=1 

(y j − ˆ y j ) 
2 (8) 

Since the goal of applying Gaussian RBF is not to predict but to 

nterpolate a function for the data within a selected dataset, the 

roblem of data overfitting will not arise. Hence, all of the solu- 

ions on the investment-performance frontier will be used in the 

raining process. 

. Portfolio optimisation 

After the relationship between the maintenance investment and 

erformance of each asset type is determined, the next step is to 

ecide how much budget should be allocated to each asset type to 

ptimise portfolio performance. This section explains the portfolio 

ptimisation model employed in the second step of the proposed 

pproach. Apart from the model formulation, we also discuss the 

ulti-objective optimisation algorithms and solution validation ap- 

roach adopted in this paper. 

.1. Multi-objective optimisation model formulation 

Based on the problem description given in Section 2 , the opti- 

isation model for a portfolio of S asset types can be formulated 
208 
s: 

ax g i (x i ) for i = 1 , 2 , . . . , S (9) 

ubject to: 

S 
 

j=1 

x i ≤ B (10) 

 

min 
i ≤ g i (x i ) ≤ c max 

i for i = 1 , 2 , . . . , S (11)

here x i is the decision variable determining the amount of bud- 

et allocated to asset type i ; g i (x i ) is the performance measure i

s a function of x i ; B is the total budget for asset management

lanning in the considered decision horizon; c min 
i 

and c max 
i 

are the 

inimum and maximum performance levels allowed for the per- 

ormance measure i respectively. 

Objective function (9) is set to maximise performance of mul- 

iple asset types. Each of the functions g i (x i ) is derived from Step

. Constraint (10) indicates that the sum of investments in all asset 

ypes cannot exceed the total budget, while Constraint (11) speci- 

es the feasible range of performance levels for each asset type. 

.2. Optimisation solution methods 

We first populate a complete set of non-dominated solutions 

efore they are pruned in the next step. The concept of non- 

ominance — the Pareto optimality — can be explained using the 

ollowing example. 

Let a = [ a 1 , a 2 , . . . , a K ] and b = [ b 1 , b 2 , . . . , b K ] be two different

ectors of K decision variables and I = { 1 , 2 , . . . , S} be a set of S

bjectives. In a multi-objective maximisation problem, the vector a 

ominates vector b if and only if: 

 i (a ) ≥ g i (b ) for all i ∈ I and g i (a ) > g i (b ) for at least one i ∈ I 

(12) 

here g i (x ) is the value of objective i as a function of decision

ariable x . 

A solution is considered Pareto optimal if the value of one ob- 

ective cannot be improved without negatively affecting at least 

ne of the other objectives ( Raimundo, Ferreira, & Von Zuben, 

020 ). To work towards a comprehensive set of Pareto optimal 

olutions, previous researchers made great strides in develop- 

ng multi-objective evolutionary algorithms (MOEAs). The existing 

OEAs can be categorised by their methods to balance the con- 

ergence and diversity of solutions on the approximated Pareto 

ront, namely into Pareto dominance based and decomposition 

ased ( Hafiz, Swain, & Mendes, 2020 ). A representative algorithm 

rom each of the two categories — Non-dominated Sorting Genetic 

lgorithm-II (NSGA-II) ( Deb, Agrawal, Pratap, & Meyarivan, 20 0 0 ) 

nd Multi-objective Evolutionary Algorithm based on Decomposi- 

ion (MOEA/D) ( Zhang & Li, 2007 ) — is employed. Since the de- 

elopment of MOEAs is not a major contribution of this paper, we 

nly demonstrate that the selected algorithms can produce effec- 

ive solutions based on a selected indicator. 

.2.1. NSGA-II 

In NSGA-II ( Deb et al., 20 0 0 ), solutions are ranked using a fast

on-dominated sorting approach. The process begins with a set of 

on-dominated individuals identified and assigned rank 0. Next, 

he second set of non-dominated individuals is generated and as- 

igned rank 1. The process continues until the entire population is 

xamined. Individuals of lower ranks have the priority to survive. 

n case the number of solutions of the same rank is larger than 

he archive size, the crowding distance mechanism is applied to 

reserve the solution diversity. Specifically, among candidate solu- 

ions of the same rank, less crowded individuals will be selected 
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Fig. 3. Solution adjustment operation from a single-objective perspective. 
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o enter the archive. By sorting the population based on each ob- 

ective value and assigning a large distance value to extreme solu- 

ions, the algorithm is likely to select extreme solutions in the next 

opulation. The elitism of the solutions is ensured by retaining all 

he non-dominated solutions throughout the generations. 

.2.2. MOEA/D 

In MOEA/D ( Zhang & Li, 2007 ), a multi-objective optimisation 

roblem is explicitly decomposed into multiple scalar optimisa- 

ion sub-problems. The decomposition is facilitated by a scalarising 

unction and a set of uniformly distributed weight vectors. Specif- 

cally, each sub-problem is assigned with a specific weight vector. 

he fitness value of a solution vector for each sub-problem is then 

omputed by a scalarising function. The Tchebycheff function is 

sed as a decomposition function in this paper. The decomposition 

rocess enables MOEA/D to effectively address fitness assignment 

nd diversity maintenance issues, which are problematic in tradi- 

ional decomposition MOEAs. Moreover, by employing a small pop- 

lation to produce a small number of evenly distributed solutions, 

OEA/D tends to incur low computational cost at each generation 

hen compared to other MOEAs. Note that, in MOEA/D, the popu- 

ation size corresponds to the number of generated weight vectors 

ecause only one best solution is stored for each sub-problem. 

.3. Solution adjustment and validation 

The outputs obtained from the multi-objective optimisation 

odel defined in Section 5.1 are based on the investment- 

erformance functions derived in Section 4 . This means that these 

utputs may not perfectly correspond to original asset-type out- 

uts and could fall into infeasible space. To ensure that the final 

olutions obtained from the portfolio optimisation model are fea- 

ible, an adjustment to these outputs is necessary. The pseudocode 

or the adjustment operation is given in Appendix B. The adjust- 

ent operation from a single-objective perspective is illustrated in 

ig. 3 . Suppose that for objective i , the value g i (x i ) is a Pareto opti-

al value generated by an MOEA. Since the coordinate x i , g i (x i )

ay not correspond to any actual asset-type solution, the algo- 

ithm will identify x ′ 
i 

and g ′ 
i 
(x ′ 

i 
) . The former is the largest feasible

 value that does not exceed x i , while the latter is the correspond-

ng feasible objective value. By doing so in every dimension, an 

djusted Pareto optimal set can be obtained. 

Nonetheless, after the adjustment, some solutions may dupli- 

ate their adjacent solutions or become inferior to other adjusted 

olutions. To remove redundant and dominated outputs, a Pareto 

ptimality check on the adjusted solutions is conducted. The so- 

ution validation process complies with the condition set out in 

tatement (12) . Once all the inferior and duplicate solutions are 

emoved, the validated Pareto optimal set can be attained. 
209 
.4. Solution performance indicator 

To evaluate the performance of our optimisation method and 

ompare the quality of MOEAs, the hypervolume metric is adopted. 

n its application to multi-objective optimisation, hypervolume is 

efined as the objective space enclosed by a reference point and a 

et of solutions generated by a selected algorithm ( Zitzler & Thiele, 

999 ). Based on its straightforward calculation, hypervolume has 

n ability to measure both the solution convergence and diversity, 

hereby meeting the requirements set out in our problem descrip- 

ion. The hypervolume indicator has been employed to determine 

nd compare performance of MOEAs in recent studies on multi- 

bjective optimisation ( Raimundo et al., 2020; Wang, Li, Tao, & Gu, 

020a ). 

For the purpose of hypervolume calculation in a maximisation 

roblem, each objective function value i is linearly normalised as: 

 

′′ 
i (x ′ i ) = 

g ′ 
i 
(x ′ 

i 
) − g min 

i 
(x ′ 

i 
) 

g max 
i 

( x ′ 
i 
) − g min 

i 
(x ′ 

i 
) 

for i = 1 , 2 , . . . , S (13) 

here g ′′ 
i 
(x ′ 

i 
) is the value of normalised objective function 

 ; g ′ 
i 
(x ′ 

i 
) is the adjusted and validated value of objective i ;

 

min 
i 

(x ′ 
i 
) and g max 

i 
(x ′ 

i 
) are minimum and maximum values of objec- 

ive function i found in the feasible solution space respectively. 

A reference point is required to determine the hypervolume 

ndicator of a given non-dominated front. In this paper, we take 

p the suggestion offered by Araya, Moyano, and Sanchez (2020) ; 

shibuchi, Imada, Setoguchi, and Nojima (2018) on how to select an 

ppropriate reference point. By its definition, the reference point 

ust be dominated by all the efficient solutions. Given the nadir 

oint N and ideal point I, the reference point R can be given by: 

 = N − r(I − N) (14) 

Ishibuchi et al. (2018) propose to use r close to 1 /u where u is 

he number of solutions on the Pareto front. 

. Reduction of Pareto optimal solutions 

In the final step of our proposed approach, the Pareto opti- 

al solutions obtained from the portfolio optimisation model are 

runed before they are delivered to the DM. The goal of pruning is 

o provide a compact yet diverse solution set that is easily compre- 

ensible to the DM. A comparison of Pareto pruning methods dis- 

ussed in Section 2.2 against the problem requirements is drawn 

n Table 1 . 

It is apparent that the preference-based method is reliant on 

he DM’ s preferences, whereas the efficiency-based method only 

onsiders the relative efficiency of the solutions, thereby neglecting 

he diversity criteria. This means that the diversity-based method 

s the only pruning method that satisfies all the requirements be- 

ause the selection of representative solutions is based on solution 

oordinates. Hence, the remainder of this paper will focus on clus- 

ering — the most widely used diversity-based pruning method. 

Clustering is a type of unsupervised learning methods in which 

ata points are divided into clusters. The data is clustered in such a 

ay that data points in the same cluster are more similar and data 

oints across different clusters are more dissimilar. Although var- 

ous clustering techniques are available in the previous literature, 

ur discussion is limited to two methods: K -means and K -medoids. 

he K -means method is chosen as a benchmark because it is the 

ost popular clustering method used in the existing literature on 

areto pruning. The K -medoids is chosen as a candidiate because it 

ses an actual data point (medoid) as a cluster centre. This charac- 

eristic allows the user to identify representative solutions without 

ny adjustment. 
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Table 1 

Comparison of pruning methods against the problem requirements. 

Requirement 

Pruning methods 

Preference-based Efficiency-based Diversity-based 

Solution reduction � � � 

Independence of DM’s preferences � � 

Diversity preservation � 
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.1. K-means clustering 

The K -means method was pioneered by MacQueen (1967) . The 

 -means method is renowned for its efficiency and straightfor- 

ard interpretation. The essence of the K -means method is the as- 

ignment of data points to clusters and the computation of clus- 

er centres (centroids) according to the Euclidean distance. The 

ethod seeks to organise N data points from a set of observations 

 = v 1 , v 2 , . . . , v N into K clusters C = C 1 , C 2 , . . . , C K with an objectiv e 

o minimise the sum of squared deviation of data points to their 

orresponding centroids. The objective of the K -means method is 

o find: 

rg min 

C 

K ∑ 

j=1 

∑ 

v ∈ C j 

∥∥v − d j 

∥∥ (15) 

here d j is the centroid vector of cluster j ; ‖ . ‖ denotes the Eu- 

lidean norm. 

In its particular application to Pareto pruning, the K -means 

ethod requires an additional step in identifying cluster represen- 

atives. Since a centroid is the mean of solutions in a cluster, the K -

eans method cannot guarantee that the centroid is a member of 

he original dataset. To choose an appropriate cluster representa- 

ive, previous researchers suggested using the closest solution (ac- 

ording to Euclidean distance) to each centroid ( Taboada & Coit, 

007 ). 

.2. K-medoids clustering 

The K -medoids or partitioning around medoids method was 

roposed by Kaufmann and Rousseeuw (1987) . The K -medoids 

ethod also aims at minimising the distance (maximising simi- 

arity) between data points and a designated cluster centre. How- 

ver, the difference lies in the identification of cluster centre. 

hile K -means uses calculated means as cluster centres, the K - 

edoids method uses actual data points (medoids) as cluster cen- 

res. Hence, the use of medoids offers more flexibility as it allows 

he use of any distance or similarity metric for clustering. In this 

aper, the cosine similarity is adopted; Using the same expressions 

or C and v , the objective of the K -medoids method can be given

y: 

rg max 
C 

K ∑ 

j=1 

∑ 

v ∈ C j 

v · m j 

‖ 

v ‖ 

∥∥m j 

∥∥ (16) 

here m j is the medoid vector of cluster j . 

.3. Performance indicators for representative solutions 

Difficulties inherent in applying clustering techniques lie in the 

etermination of the appropriate number of clusters and the com- 

arison of different clustering methods. Various clustering indica- 

ors have been proposed in the previous literature. Taboada and 

oit (2007) suggested the use of silhouette index which com- 

ares the intra-cluster to the inter-cluster data similarity based 

n the average Euclidean distance. In a more recent study, Brusco 

2017) proposed using a ratio indicator that determines the im- 

rovement in a measure objective when K increases (comparing 
210 
he improvement of increasing from K − 1 to K with that of K to 

 + 1 ). 

Although the silhouette index can evaluate the quality of clus- 

ering based on how distant an individual data point is from neigh- 

ouring observations, it does not indicate how well a selected cen- 

re represents other solutions within its cluster. Thus, the silhou- 

tte index does not comply with the problem requirement for the 

ssessment of the reduced set to the original Pareto set. Objec- 

ive improvement indicators also have several limitations. Firstly, 

 measure of a method may not be applicable to other methods. 

econdly, for some specific measures such as sum of squared Eu- 

lidean distance, it is difficult to determine a threshold that distin- 

uishes desired from undesired results. 

To transcend the limitations of existing indicators, we develop 

wo new indices: relative Euclidean index ( REI ) and relative cosine 

ndex ( RCI ). Instead of assessing the distance of every single data 

oint from neighbouring observations, the proposed indices com- 

ute the distance (or similarity) between any data point and its 

earest representative solution. In other words, superior REI and 

CI values suggests that unselected Pareto optimal solutions are 

ot significantly different from one of the representative solutions. 

oth indices use the normalised solutions g ′′ (x ′ ) previously defined 

n Eq. (13) in their calculation. 

To enhance the interpretability of these indicators, the formula- 

ion of both indices is based on the worst-case and best-case sce- 

arios as depicted in Fig. 4 where round ( ◦) and plus ( + ) markers

epresent original Pareto and representative solutions respectively. 

he worst-case scenario ( Fig. 4 a) demonstrates a poor relative di- 

ersity of the representative solution as only one single solution is 

sed to reflect the entire Pareto front. Contrarily, the best-case sce- 

ario ( Fig. 4 b) demonstrates the ideal case in which all solutions 

re captured in the representative subset. The use of these refer- 

nce scenarios in REI and RCI will be discussed after are formally 

efined in the remainder of this section. 

.3.1. Relative euclidean index 

The relative Euclidean index can be defined as: 

EI K = 

ε K 
ε 1 

(17) 

here REI K is the relative Euclidean index for a representative 

areto set of K solutions. ε K is the average of the sum of squared 

uclidean distances between original solutions and their closest 

epresentative solutions. 

Given an original Pareto optimal set of N solutions and a rep- 

esentative solution set of K members p 

K , the average of sum of 

quared Euclidean distances between original solutions and their 

losest solutions in the representative set ε K is given by: 

 K = 

1 

N 

N ∑ 

i =1 

min 

j 

∥∥v i − p 

K 
j 

∥∥ (18) 

Based on Eqs. (17) and (18) , REI is a measure of the average

istance between representative solutions and all solutions on the 

areto front. The value of REI ranges from 0 to ∞ . An REI value

lose to 0 suggests that the selected solution set can strongly rep- 

esent the original Pareto front, thereby implying a high relative 
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Fig. 4. Benchmark scenarios for relative diversity indicators. 
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iversity of the representative solutions. Contrarily, an REI value 

reater than 1 shows that even a single central solution outper- 

orms the selected solution set and therefore suggests that the rep- 

esentative solutions poorly reflects the characteristic of the origi- 

al Pareto front. 

.3.2. Relative cosine index 

The relative cosine index is given by: 

CI K = 

γK − γ1 

1 − γ1 

(19) 

here RCI K is the relative Euclidean index for a representative 

areto set of K solutions. γK is the average of cosine similarities be- 

ween original solutions and their closest representative solutions. 

For a representative set of K solutions p 

K , the average of cosine 

imilarities between original solutions and their closest represen- 

ative solutions γK is given by: 

K = 

1 

N 

N ∑ 

i =1 

max 
j 

v i · p 

K 
j 

‖ 

v i ‖ 

∥∥p 

K 
j 

∥∥ (20) 

As shown in Eqs. (19) and (20) , the interpretation of RCI dif- 

ers from that of REI . This is due to the use of cosine measure in

hich a high value demonstrates strong similarity between a pair 

f observations. The RCI value ranges from −∞ to 1, and its in- 

erpretation is in the opposite direction to REI . A high RCI value 

close to 1) indicates that the selected centres are similar to other 

ata points in their clusters, thereby signifying a widespread dis- 

ribution of representative solutions along the original Pareto front. 

ontrarily, a negative RCI value suggests that the representative so- 

ution set is worse than a single central solution. 

. Numerical examples 

In this section, we employ three different examples to demon- 

trate the application of the pruning methods and performance in- 

icators described in the previous sections. Example I borrows the 

utputs obtained from existing studies to demonstrate how our 

roposed approach can be applied to the investment-performance 

nformation obtained from asset-type optimisation models. Exam- 

le II considers a real-world portfolio management problem in 

 railway network. This example shows that our approach can 

tilise the outputs obtained from asset-type simulation models 

rovided by our industrial partner. Lastly, in Example III, the bi- 

bjective DTLZ2 problem is employed to warrant the proposed 

runing methods and performance indicators. Note that all the al- 

orithms were coded in Python 3.7 and run on a PC with 2.4GHz 

ntel®Core TM i5 processor. 

h

211 
.1. Example I 

In this example, we consider a problem in a manufacturing 

lant in which a DM has to make budget allocation decisions for 

 portfolio of three asset types. The trade-off frontiers that repre- 

ent the relationship between maintenance investments and per- 

ormance metrics for each asset type is borrowed from well-known 

sset management studies. 

Assets in the first type are a group of safety assets ( Bai et al.,

015 ). The average remaining service life (RSL) was used to eval- 

ate the performance of this asset type. In other words, the 

rade-off frontier represents the relationship between the aver- 

ge RSL and cost of maintenance required to achieve the RSL. 

he second asset type is a multi-workstation manufacturing sys- 

em ( Moghaddam, 2013 ) with three possible maintenance actions 

repair, replace, and do nothing). The evaluation of the system’ s 

erformance (system reliability) is based on a series configuration 

f multiple workstations. The trade-off frontier represents the re- 

ationship between reliability and cost of maintenance. The third 

sset type is a system of power generators ( Zhong et al., 2018 ).

he original asset-type model was developed to optimise preven- 

ive maintenance plan with two conflicting objectives: maximising 

ystem reliability and minimising maintenance cost. The reliability 

s derived from a gross power reserve function, which is the differ- 

nce between the demand and the aggregate amount of electricity 

roduced by all generators. 

The combination of the three asset types ( S = 3) leads to a 

ortfolio management problem with three conflicting objectives: 

aximising RSL of Asset type 1, maximising reliability of Asset 

ype 2, and maximising reliability of Asset type 3. The manufac- 

uring plant has a budget of 3 million GBP. The summary of the 

nformation used in this example is given in Table 2 . In this exam- 

le, the investment spending will be stated in 10 5 GBP. 

Table 2 shows that maximum performance can be achieved by 

pending at the maximum investment level for each asset type. It 

s apparent that implementing the ideal maintenance plan for each 

f the asset types will violate the organisation’ s budget constraint. 

ence, budget allocation decisions need to be optimised across the 

ortfolio. 

.1.1. Approximation of investment-performance relationships 

To determine appropriate functions that will be used as inputs 

o the portfolio optimisation model, the investment-performance 

ata are approximated using the candidate functions described in 

ection 4 . Performance of different approximation functions for 

he three asset types is illustrated in Fig. 5 , which demonstrates 

ow the NSE (y-axis) improves as the number of functions (x-axis) 
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Table 2 

Summary of investment-performance information at the asset-type level (Example I). 

Asset 

type 

Assets Objective Investment range Performance range 

min max nadir ideal 

1 Safety assets max average RSL 0.00 20.32 2.9359 12.0793 

2 Manufacturing system max reliability 2.96 35.67 0.0243 0.7311 

3 Power generators max reliability 0.00 28.39 0.6839 0.8449 

Fig. 5. Performance of approximation functions (Example I). 

Fig. 6. Curve fitting for investment-performance relationships (Example I). 
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ncorporated in the approximate functions increases. Due to the 

igidity and limitation of the log-transformed power function, its 

utputs are presented only when they are comparable to those 

f the polynomial and Gaussian RBFs. The investment-performance 

ata for all asset types and the selected smooth curves that repre- 

ent the relationships thereof are depicted in Fig. 6 . 

Fig. 5 shows that the improvement in NSE stalls when the num- 

er of functions reaches a certain point, indicating the convergence 

f these functions. These findings enable us to identify the appro- 

riate number of functions to be incorporated in the polynomial 

unctions and Gaussian RBFs. 

For Asset type 1, Fig. 5 a demonstrates that both polynomial 

nd Gaussian RBFs are outperformed by the log-transformed power 

unction even if the first two employ larger numbers of functions. 

his is because the investment-performance relationship of this as- 

et type appears to have a power trend as shown in Fig. 6 a. Hence,

he linear regression with logarithmic transformation described in 

qs. (3) –(5) is used to approximate the function for Asset type 1. 

he least squares approach provides the estimates for the param- 

ters α0 = 1 . 9805 and α1 = 0 . 1677 and gives NSE = 0 . 9995 . Hence,

he power function described in Eq. (3) , where a = 0 . 7247 and

 = 0 . 1677 will become the first objective function to be max- 

mised in the portfolio optimisation model. 

It is evident from Fig. 5 b–c that, for both Asset types 2 and

, the Gaussian RBFs are superior to the polynomial functions as 

he former produces higher NSE values in every scenario. More- 

ver, the Gaussian RBFs have also shown to converge using fewer 

umbers of functions ( M ) than the polynomial functions. Specifi- 
a

212 
ally, our experiments have demonstrated that the NSE values for 

sset types 2 and 3 cease to improve at 0.9977 ( M = 5) and 0.9983

M = 8) respectively. Thus, we can put forward suggestions to use 

he Gaussian RBFs as given in Eq. (7) with the parameters exhib- 

ted in Appendix C as the second and third objective functions for 

he portfolio optimisation model in the next step. 

.1.2. Portfolio optimisation 

The investment-performance functions derived from Step 1 are 

sed as inputs for the portfolio optimisation model in Step 2. The 

ulti-objective optimisation model is then solved by NSGA-II and 

OEA/D. Due to the stochastic nature of both MOEAs, we deter- 

ine the performance of each algorithm over 30 independent runs. 

ince the development of MOEAs is not the contribution of this 

aper, we only employ the parameters that were found to produce 

atisfactory results in a previous study ( Hafiz et al., 2020 ). It is rec-

mmended that related parameters are tuned if these algorithms 

ere applied to an actual industrial use or a study focusing on 

he development of MOEAs. More information on parameter tun- 

ng for NSGA-II and MOEA/D can be found in Samsuri, Ahmad, Za- 

aria, and Zain (2019) , Pang, Ishibuchi, and Shang (2019) . In this 

aper, we employ the crossover and mutation probabilities of 0.9 

nd 0.006 for NSGA-II and 0.8 and 0.008 for MOEA/D respectively. 

e use the population size of 600 for both MOEAs and fix the 

eighbourhood size for MOEA/D at 10% of the population size. 

The hypervolume indicator is employed to assess and compare 

he two MOEAs after the solutions obtained from these algorithms 

re adjusted and validated. In our experiments, the average num- 
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Fig. 7. 95% Confidence intervals for the mean hypervolume (Example I). 

Fig. 8. Pareto front of validated solutions (Example I). 
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Fig. 9. Relative diversity against the number of representative solutions (Example 

I). 

Fig. 10. Representative solutions and solution clusters (Example I). 
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er of solutions on the Pareto front obtained from multiple runs of 

SGA-II and MOEA/D is 252.25. Hence, we use r = 1 / 253 for calcu- 

ating the reference point in Eq. (14) . The mean hypervolume val- 

es and the corresponding 95% confidence intervals produced by 

he two algorithms are illustrated and compared in Fig. 7 . It is vi-

ually apparent from the plot that NSGA-II outperforms MOEA/D 

n this example. The confidence interval for the mean hypervol- 

me derived from 30 runs of NSGA-II is (0.6231, 0.6241), while 

hat of MOEA/D is (0.6215, 0.6222). Further analyses on this ex- 

mple will be based on the results obtained from the best run of 

SGA-II which gives the highest hypervolume of 0.6257. 

Fig. 8 depicts the non-dominated solutions obtained from 

SGA-II after the solution adjustment and validation operations 

re performed. Although 342 inferior and duplicate solutions have 

een eliminated, the DM still needs to handle 258 remaining so- 

utions in the validated set. To make these solutions easily com- 

rehensible to the DM, we will demonstrate how pruning methods 

an be used to reduce the number of solutions in Step 3. 

.1.3. Reduction of Pareto optimal solutions 

The K -means and K -medoids algorithms were applied to clus- 

ering 258 solutions from the validated Pareto optimal set. To iden- 

ify the appropriate number of clusters, we determine the relative 
213 
iversity of the representative solutions with K varied between 2 

nd 20. Fig. 9 illustrates the REI and RCI values of the representa- 

ive solutions generated by the selected algorithms. The values of 

 1 and γ1 used in the calculation of REI and RCI are determined by 

qs. (18) and (20) , both at K = 1 , respectively. 

Fig. 9 indicates that the performances delivered by the K -means 

nd K -medoids methods are closely comparable. The results indi- 

ate that, at small K values, both diversity indicators improve sig- 

ificantly as K increases, but the improvement becomes less sig- 

ificant once K reaches a certain level. The analysis can be infor- 

ative for a DM who seeks to derive benefits from having more 

olutions in the representative set. A set of nine representative so- 

utions ( K = 9 ), which is deemed the elbow point, will be used to

emonstrate the next step of the proposed pruning method. Note 

hat this K value is used only for demonstration purposes; in real- 

ty, any number of solutions can be chosen according to the per- 

pective of a DM. 

The nine clusters produced by the K -medoids method are de- 

icted in Fig. 10 . In this example, the K -medoids was chosen over 

he K -means method because the former resulted in a lower REI of 

.3432 and a higher RCI of 0.8810. In Fig. 10 , solution clusters are

ifferentiated by colours, and the medoid of each cluster is repre- 

ented by a plus (+) marker. It is visually apparent that the cluster- 

ng is effective, as members within a cluster are in the same region 
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Table 3 

Summary of investment-performance information at the asset-type level (Example 

II). 

Asset 

type Assets Objective 

Investment range Performance range 

min max nadir ideal 

1 Signalling assets min SDC 150.00 230.00 223.56 207.23 

2 Tracks min SDC 270.00 356.00 207.31 182.23 

3 Earthworks max RAV 170.00 260.00 2547.76 2581.56 

4 Structures max RAV 200.00 350.00 4187.00 4424.62 
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f the three-dimensional space with their corresponding medoid 

ocated approximately in the cluster centre. It is also noticeable 

hat the medoids are well spread throughout the Pareto front. Sup- 

orted by the REI and RCI indicators, our clustering method has 

roved to maintain high relative diversity of the reduced Pareto set 

the ultimate objective of our pruning approach. Representative 

olutions of the nine clusters (budget allocation decisions and ob- 

ectives) are summarised in Appendix C. Note that the visualisation 

s in Fig. 10 can be presented to the DM to bolster the decision-

aking process. However, this is only possible in two- and three- 

imensional problems. For a problem in higher-dimensional space 

n which the visualisation of solutions is ineffective, a list of rep- 

esentative solutions as in Appendix C is provided instead. 

.2. Example II 

Example II is adapted from an exploratory case study on a UK- 

ased rail network. This case study focuses on an intervention 

lanning for a selected route. In this particular route, the asset 

anager aims to devise a 30-year intervention plan for a portfo- 

io of four asset types ( S = 4 ): signalling assets, tracks, earthworks, 

nd structures. The company adopts functional metrics to assess 

erformance of systems that directly affects the service in addi- 

ion to traditional condition metrics. Note that the numerical fig- 

res presented in this example are slightly masked and scaled due 

o confidentiality issues. 

The investment-performance relationship of each asset type is 

etermined by a simulation model developed by the company. The 

imulation model considers the asset condition that corresponds 

o an investment level and uses historical system failure data to 

etermine the performance for each asset type. In this example, 

he expected performance value is used as the input to the pro- 

osed model. Since the condition of the assets in the first two 

ypes — signalling assets and tracks — directly affects the train per- 

ormance, the service disruption cost (SDC) is used as the perfor- 

ance metric. On the other hand, the overall remaining asset value 

RAV) is used to assess the performance for earthworks and struc- 

ures. 

The company has a budget of 950 million GBP for the four as- 

et types throughout the 30-year time span. This leads to a port- 

olio optimisation problem with four objectives: minimising SDC 

or Asset types 1–2 and maximising RAV for Asset types 3–4. The 

nvestment-performance information used in Example II is sum- 

arised in Table 3 . In this example, the investment spending is 

tated in million GBP. 

.2.1. Approximation of investment-performance relationships 

Performance of approximation functions, determined by the 

SE against the number of functions, is illustrated in Fig. 11 . 

ig. 11 a–b demonstrates that the Gaussian RBFs clearly outperform 

he polynomial functions when using the same number of func- 

ions. Contrarily, Fig.11 c–d shows that performance of the Gaus- 

ian RBFs and polynomial functions are closely comparable after 

he NSE values of both functions converge. According to these re- 

ults, we can put forward suggestions to use Gaussian RBFs with 
214 
 = 8 and M = 9 , which gives the NSE values of 0.9996 and 0.9997

or Asset types 1 and 2 respectively. Contrarily, we suggest using 

olynomial functions with M = 7 and M = 3 , which results in the

SE values of 0.9987 and 0.9996 for Asset types 3 and 4 respec- 

ively. The polynomial functions, albeit produce comparable results, 

re chosen over Gaussian RBFs, because the computational cost for 

stimating function parameters incurred by the least squares ap- 

roach is lower than that of Algorithm 1 exhibited in Appendix 

. The parameters of the Gaussian RBFs and polynomial functions 

hat will be used as objective functions in the optimisation stage 

re summarised in Appendix D. The smooth curves produced by 

he chosen approximation functions are depicted in Fig. 12 . 

.2.2. Portfolio optimisation 

The approximation functions determined in the previous sec- 

ion are used as objective functions in the portfolio optimisation 

odel. This example employs the same parameters as those in Ex- 

mple I, except for the population size of 10 0 0. The reference point 

s also estimated by Eq. (14) using r = 1 / 689 , which is determined

rom the average number of solutions from 30 runs of both algo- 

ithms. 

The mean hypervolume values and 95% confidence intervals de- 

ived from NSGA-II and MOEA/D are shown in Fig. 13 . As with the

esults obtained from the previous example, the hypervolume out- 

uts in Example II also indicate that NSGA-II performs better than 

OEA/D in terms of solution diversity and convergence. In this 

xample, the 95% confidence interval for the mean hypervolume 

ased on 30 runs of NSGA-II is (0.3970, 0.3982), whereas that of 

OEA/D is (0.34 4 4, 0.3476). The analysis in the remainder of this 

ection will be based on the top-performing run of NSGA-II which 

ives the largest hypervolume of 0.4007. 

Fig. 14 illustrates the set of non-dominated solutions generated 

y the selected NSGA-II run. Note that these validated solutions are 

ormalised for visualisation purposes. The plot indicates that it is 

n exacting task for a DM to comprehend all 726 solutions on the 

areto front and make a well-informed decision. Thus, a pruning 

peration will be performed in Step 3 to identify a manageable 

ubset of solutions that strongly represent the original Pareto front. 

.2.3. Reduction of Pareto optimal solutions 

We determine the relative diversity of representative solutions 

ith K varied between 2 and 30. Fig. 15 shows a notable difference 

etween the performance of the K -means and K -medoids methods. 

hile the REI values of the K -means method improve gradually as 

 increases, the RCI values do not increase monotonically. Likewise, 

he RCI values of the K -medoids method increase steadily as more 

olutions are included in the representative set, whereas the REI 

alues seem to improve until K = 12 after which point the REI val- 

es begin to fluctuate around the same level. 

These results allow us to put forward the suggestion to use K - 

eans over K -medoids in this example because the former tends 

o produce more reliable relative diversity results than the latter. 

s with the analysis shown in Example I, a DM can also make a 

irect trade-off between the interpretability and the relative diver- 

ity of the representative solutions from the plot in Fig. 15 . For 

emonstration purposes, a representative set of 12 solutions, which 

s considered an elbow point in this case, is employed. The sum- 

ary of the clustering results is exhibited in Appendix D. 

.3. Example III 

The overall objectives of this example are to ensure the cor- 

ectness and to understand the properties of the proposed prun- 

ng methods and relative diversity indicators. The analysis will be 

ased on the well-known scalable multi-objective test problem 
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Fig. 11. Performance of approximation functions (Example II). 

Fig. 12. Curve fitting for investment-performance relationships (Example II). 
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TLZ2. The bi-objective version of DTLZ2 is chosen because of its 

bility to control shape and distribution of Pareto front. 

In this example, the relative diversity indicators are tested 

gainst four different scenarios. The descriptions of these scenarios 

re given in Table 4 . Scenario 1 is the case in which all representa-

ive solutions are bunched together around the centre of the Pareto 

ront. This is a usual instance when a DM adopts an efficiency- 

ased method to identify knee solutions. Representative solutions 
215 
n Scenario 2 are the combination solutions that maximise the hy- 

ervolume value. Due to the problem’s simplicity, solutions in Sce- 

ario 2 can be determined by a generic grid search method. We 

lso follow the guidelines given in Eq. (14) for the reference point 

election. The representative solutions given in Scenario 3 are the 

olutions that are closest to the centroids of clusters produced by 

he K -means method, whereas those shown in Scenario 4 are the 

edoids of the clusters generated by the K -medoids method. 
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Fig. 13. 95% Confidence intervals for the mean hypervolume (Example II). 

Fig. 14. Pareto set of validated solutions in the normalised scale (Example II). 

Fig. 15. Relative diversity against the number of representative solutions (Example 

II). 

Table 4 

Description of verification scenarios (Example III). 

Scenario Description 

1 Representative solutions are bunched together around the 

centre of the Pareto front 

2 Representative solutions are chosen to maximise 

hypervolume value 

3 Representative solutions are shifted centroids of clusters 

produced by the K -means method 

4 Representative solutions are medoids of clusters 

produced by the K -medoids method 

Table 5 

Relative diversity and hypervolume values of verification scenarios (Example III). 

Scenario REI RCI Hypervolume 

Scenario 1 0.8950 0.1447 0.2059 

Scenario 2 0.4114 0.8306 0.4378 

Scenario 3 0.2864 0.9163 0.3668 

Scenario 4 0.2901 0.9167 0.3755 
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For the sake of simplicity, we consider selecting four represen- 

ative solutions from the Pareto front of 50 solutions in this ex- 

mple. The representative solutions for all verification scenarios 

re shown in Fig. 16 , with the solution clusters differentiated by 

olours. The relative diversity and hypervolume results of all four 

cenarios are given in Table 5 . Note that the clusters for Scenarios 

 and 2 are determined by the shortest Euclidean distance between 

he original and the representative solutions. 

The results are in line with the general intuition that Scenario 1 

roduces the worst outputs among the four verification scenarios 

or all three indicators. Since all the solutions are only clustered 

round the centre of the frontier, one can expect that the solution 

iversity of this scenario is poor. Scenario 2, albeit maximising the 

ypervolume value by featuring the boundary solutions, does not 

roduce satisfactory REI and RCI values. This is mainly because the 

ncorporation of the boundary solutions forces that they locate fur- 

her to intermediate representative solutions when compared to 

cenarios 3 and 4. This instance, therefore, makes the clusters of 

ntermediate solutions contain significantly larger number of solu- 

ion members than those of boundary solutions do. 

The results also indicate that the representative solutions in 

cenarios 3 and 4 are distinctly superior to those in the first two 

cenario in terms of relative diversity. The two pruning methods 

ive similar results, with REI indicating that the K -means method 

lightly outperforms the K -medoids method and RCI showing the 

pposite. This slight difference between the results produced by 

he two methods is due to the use of different topological mea- 

ures. Specifically, since the angles between the solutions are em- 

loyed, slightly extreme solutions are chosen in Scenario 3 as com- 

ared to Scenario 4 in which the solutions are selected according 

o the Euclidean distance. It is also important to mention that the 

umbers of solution members in clusters shown in Scenarios 3 and 

 are more evenly distributed than those in Scenario 2. 

.4. Discussion 

The proposed data-driven approach was able to attain all the 

esearch goals set out in the problem description. Specifically, the 

pproach demonstrated its capability to aggregate incommensu- 

able inputs from different asset types, optimise investment deci- 

ions, and reduce the solutions on the Pareto front in the sense 

hat it could preserve the relative diversity of the representative 

olutions as compared to the entire non-dominated solutions. All 

he steps could be executed in the absence of the DM’ s preference. 

urthermore, our analysis showed that the proposed performance 

ndicators enabled the user to quantify the relative diversity of the 

epresentative solutions for problems in different dimensions. Ac- 

ording to the results obtained from three numerical examples, we 

an make the following observations: 

• Investment-performance approximation functions: In Examples I 

and II, it was apparent that we only chose the approximation 

functions that produce very effective NSE results ( NSE > 0 . 99 ). 

The log-transformed and polynomial functions were shown to 

have a very limited application, as they could only capture the 

concave investment-performance relationships. On the other 

hand, the Gaussian RBFs, due to their flexibility, were able to 
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Fig. 16. Representative solutions and clusters of four verification scenarios (Example III). 

Fig. 17. Chosen representative solution and corresponding cluster (Example I). 
produce very effective approximation functions in a wide range 

of data sets even though the data seemed to form a non- 

concave frontier with multiple inflection points. According to 

the numerical analyses, we can put forward a recommendation 

to use the Gaussian RBFs to approximate inputs for the portfolio 

optimisation model. Despite incurring high computational cost 

as compared to the log-transformed and polynomial functions, 

the Guassian RBFs can guarantee their convergence for differ- 

ent data characteristics. Moreover, due to the generalisability 

of these techniques, there is no restriction on the source of 

the performance measure. Our proposed method is applicable 

to the data obtained from any source such as an optimisation 

model, a simulation model, a computer experiment, and perfor- 

mance observations in a factory. An exception can be made for 

the data set with a distinctly concave relationship where the 

log-transformed and polynomial functions are more efficient. 
• Multi-objective optimisation: In our particular examples in two- 

and three-dimensional space, NSGA-II was shown to outper- 

form MOEA/D as the former produced more diverse solutions 

than the latter did according to the hypervolume indicator. 

Since the development of a problem-specific optimisation al- 

gorithm is not a major contribution of this work, we only 

demonstrated the applicability of our overall approach to dif- 

ferent evolutionary algorithms. In other words, our approach 

relaxes the requirement on the use of original objective func- 
217 
tions employed in the asset-type models, which generally in- 

cur high computational cost as evidenced in previous studies. 

More specifically, by using the approximation functions to sim- 

plify inputs and applying solution adjustment and validation 

operations after the optimisation stage, we showed that any 

existing or future MOEAs that can address constrained multi- 

objective problems with continuous variables and functions can 

be adopted to address this portfolio management problem. 
• Pruning methods: The results obtained from all three examples 

indicated that both the K -means and K -medoids methods were 

effective in identifying representative solutions from a large set 

of optimal solutions according to a diversity criterion. The over- 

all performance of both methods was closely comparable as 

they could identify diverse solution sets in two- and three- 

objective problems. The only slight difference in Example I was 

due to the marginal error arising from the shifted centroids in 

the K -means method. In Example III, the two pruning meth- 

ods were also shown to identify more strongly representative 

solution of the entire Pareto front than those selected by a hy- 

pervolume maximising technique. Since the boundary solution 

in each objective is always chosen to maximise the hypervol- 

ume, this technique inevitably makes the clusters of interme- 

diate solutions contain a large number of solution members. 

This means that the numbers of solution members in different 

clusters are less evenly distributed. Nonetheless, the difference 

between the K -means and K -medoids methods became more 

significant in the four-dimensional problem (Example II). The 

results indicated that the K -medoids method, albeit maximis- 

ing the cosine similarity between the representative and other 

non-dominated solutions, performed poorly when considering 

the Euclidean indicator. This is because the convergence of the 

K -medoids method is more difficult to be achieved than that 

of the K -means method. Specifically, using the same number 

of maximum iterations for both methods in our experiments, 

the approximation process of medoids is shown to be less ef- 

ficient than that of centroids. While the approximate medoids 

result from the assignment of completely different solutions in 

every iteration, the approximate centroids are slightly shifted 

throughout the iterations. According to these findings, we can 

put forward a suggestion to adopt the K -means method due to 

its consistency in problems with different dimensions. As an al- 

ternative, the DM can also employ the hypervolume maximis- 

ing technique if he/she would like to incorporate very extreme 

solutions in the representative solution set. 
• Number of representative solutions: From the sensitivity analy- 

ses in Examples I and II, both REI and RCI demonstrated that, 

at small K values, the relative diversity of representative solu- 

tions improved substantially as K increases. Nevertheless, the 

improvement became less significant once K reaches a certain 



S. Petchrompo, A. Wannakrairot and A.K. Parlikad European Journal of Operational Research 297 (2022) 203–220 

o

o

a

t

s

p

t

I

a  

p

l

w

t

s

8

a

m

a

p

p

o

d

p

c

t

p

t

a

t

s

s

p

d

r

I

t

i

h

m

t

t

v

t

p

s

g

n

r

p

o

s

i

r

o

d

v

o

s

o

I

s

w

fi

t

w

t

p

m

i

i

p

m

i

o

m

i

level. These results were in line with the general intuition that 

the improvement should be less significant when the majority 

of the area on the Pareto front is already covered by the rep- 

resentative solutions. To maintain the interpretability and di- 

versity of the representative solutions, we suggest that the DM 

chooses the number of solutions at the elbow point of the sen- 

sitivity graph where the improvement in relative diversity be- 

gins to stall. An exception can be made in accordance with the 

DM’s preferences. 
• Performance indicators for representative solutions: All the nu- 

merical examples demonstrated the effectiveness of the pro- 

posed performance indicators, namely that both REI and RCI 

were able to quantify the relative diversity of the represen- 

tative solutions as compared to the original solutions on the 

Pareto front. Apart from producing sensible results in the ver- 

ification scenarios in Example III, both indicators also yielded 

nearly the same results in the sensitivity analysis of Example 

I. A plausible reason that the two indicators are closely com- 

parable in the two- and three-dimensional problems is because 

all the solutions on the Pareto front are pushed to their limits 

in each of the objectives. Hence, the magnitude of all solution 

vectors is approximately the same, thereby alleviating the dif- 

ference between the two topological indicators. The numerical 

experiments performed in Example III indicated that RCI gave 

more priority to slightly more extreme solutions on the Pareto 

front. Since the calculation of RCI is based on the angle between 

the solution vectors, the indicator is more sensitive to extreme 

solutions in order to preserve the average similarity between 

the selected and non-selected solutions. In essence, we sug- 

gest that, although the two measures are closely comparable, 

the DM relies on RCI if he/she wants to include slightly more 

extreme solutions in the representative set and employs REI if 

he/she prefers slightly more intermediate solutions and evenly 

distributed clusters. 

After taking the three-step approach, the DM is faced with a set 

f representative solutions that strongly reflect the characteristics 

f original Pareto front. The proposed approach is expected to cre- 

te a better understanding of the Pareto front and enable the DM 

o identify a region of his/her interest through choosing a preferred 

olution from the representative solution set. To demonstrate the 

ost-pruning process, we revisit the non-dominated solutions and 

heir corresponding representative solutions produced in Example 

. In this demonstration, we assume that the DM is interested in 

nd chooses an extreme solution as highlighted in Fig. 17 . It is ap-

arent that the chosen solution is basically the representative so- 

ution of a cluster that consists of 29 solution members. Hence, 

e suggest that the DM further investigates the selected cluster 

o identify the definitive solution. In general, we can offer two 

treams of recommendations for post-pruning steps: 

• Preference-based selection: In case the selected cluster does not 

contain too many solutions, the DM can either choose a pre- 

ferred solution directly from the cluster or employ MCDA meth- 

ods to compare the solutions within the cluster. Conducive 

MCDA methods to this particular application include traditional 

pair-wise comparison and analytic hierarchy process (AHP), as 

they enable the DM to systematically prioritise the solutions 

( Watrobski et al., 2019 ). 
• Efficiency-based selection: If there are still too many solutions 

in the selected cluster or it is still difficult to elicit the DM’s 

preferences, we suggest that the DM applies an efficiency-based 

method. The application of efficiency-based methods such as a 

knee-based approach ( Sudeng & Wattanapongsakorn, 2016 ) and 

data envelopment analysis ( Li et al., 2009 ) after Pareto pruning 

can ensure the most efficient solution located within the region 
that is of interest to the DM. 

218 
. Conclusions 

In this paper, we proposed a three-step method for optimising 

nd pruning budget allocation decisions for a portfolio manage- 

ent problem. The problem is inherently multi-objective, because 

 portfolio is comprised of assets from multiple categories of which 

erformance metrics are not directly comparable. To address this 

roblem, we employed a pruning method to reduce the number 

f Pareto optimal solutions. The ultimate goal of this paper was to 

eliver a small yet diverse set of solutions to the DM. Since the 

roposed approach is independent of user preferences, its outputs 

an be very informative for a DM who has limited knowledge of 

he problem domain. 

In the first step, the relationship between the investment and 

erformance of each asset type was determined. It was evident 

hat the Gaussian RBFs were highly flexible and well capable of 

pproximating functions for complex relationships when compared 

o the log-transformed power and polynomial functions. The cho- 

en simplified functions led to efficient optimisation in the second 

tep. The two widely-used MOEAs, NSGA-II and MOEA/D, were im- 

lemented. After the solutions were generated, adjusted, and vali- 

ated, the hypervolume metrics revealed that NSGA-II was supe- 

ior to MOEA/D in terms of solution convergence and diversity. 

n the final step, we employed the K -means and K -medoids clus- 

ering methods to prune the Pareto optimal solutions. Our exper- 

ments that benchmarked the two pruning methods against the 

ypervolume-maximising method demonstrated that the pruning 

ethods were able to identify better representative solutions of 

he Pareto front with more evenly distributed clusters. To measure 

he spread of representative solutions over the Pareto front, we de- 

eloped two relative diversity indicators based on Euclidean dis- 

ance and cosine similarity metrics. These metrics are easily com- 

rehensible as they are scaled with respect to extreme reference 

cenarios. We demonstrated through numerical examples that bud- 

et allocation decisions could be efficiently optimised and that the 

umber of Pareto optimal solutions could be greatly reduced. Cor- 

oborated by both the indicators and the solution visualisation, the 

roposed approach was found to maintain high integrity of the 

riginal Pareto front. We also put forward suggestions on further 

teps towards obtaining the final solution and guidelines on choos- 

ng appropriate pruning methods and indicators. 

We can offer four streams of recommendations for future 

esearch. Firstly, in this paper, we assumed that the outputs 

btained from the asset-type models are perfectly accurate and 

eterministic. If the information about risks associated with in- 

estment choices and system performance can be acquired, it will 

pen up an opportunity to develop a stochastic portfolio optimi- 

ation model. Moreover, there is also an avenue for integrating 

ur proposed performance indicators with the Pareto Uncertainty 

ndex ( Selcuklu, Coit, & Felder, 2020 ) to address representative 

olutions in a stochastic setting. Secondly, the proposed approach 

orks on the assumption that the number of assets is known and 

xed for each asset type. This assumption limits the decisions 

hat can be made in the proposed optimisation model. Hence, 

e suggest that future studies could relax this assumption so 

hat not only intervention options but also system enhancement 

lans (e.g. additional asset acquisition) can also be decided by the 

odel. Thirdly, the approximation function proposed in this paper 

s only applicable to a two-dimensional relationship, namely one 

nvestment variable and one performance variable in our specific 

roblem. To enhance the practicality of the model, more perfor- 

ance objectives should be incorporated in the model. Hence, 

t is suggested that future research delve into the application 

f a symbolic regression method based on genetic program- 

ing ( Ghaddar, Sakr, & Asiedu, 2016 ) in the approximation of 

nvestment-performance relationships in high-dimensional space. 
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ourthly, the problem of our interest also opens up a research 

venue in the development of a problem-specific optimisation 

lgorithm. Application of algorithms that are capable of making 

 solution reparation during the optimisation such as Darwinian 

 Nowak & Sigmund, 2004 ) or Lamarckian ( Ong & Keane, 2004 )

lgorithms could be the key to a more efficient approach. 
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