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ABSTRACT

Title: Information and generative deep learning with applications to medical time-series
Author: Tom Edinburgh

Physiological time-series data are a valuable but under-utilised resource in intensive care
medicine. These data are highly-structured and contain a wealth of information about the
patient state, but can be very high-dimensional and difficult to interpret. Understanding
temporal relationships between time-series variables is crucial for many important tasks,
in particular identifying patient phenotypes within large heterogeneous cohorts, and
predicting and explaining physiological changes to a patient over time. There are wide-
ranging complexities involved in learning such insights from longitudinal data, including a
lack of a universal accepted framework for understanding causal influence in time-series,
issues with poor quality data segments that bias downstream tasks, and important privacy
concerns around releasing sensitive personal data. These challenges are by no means
unique to this clinical application, and there are significant domain-agnostic elements
within this thesis that have a broad scope to any research area that is centred around
time-series monitoring (e.g. climate science, mathematical finance, signal processing).

In the first half of this thesis, I focused firstly on information and causal influence in time-
series data and then on flexible time-series modelling and hierarchical model comparison
using Bayesian methods. To aid these tasks, I reviewed and developed new statistical
methodology, particularly using integrated likelihoods for model evidence estimation.
Together, this provided a framework for evaluating trajectories of the information contained
within and between physiological variables, and allowed a comparison between patient
cohorts that showed evidence of impaired physiological regulation in Covid-19 patients.
The second half of this thesis introduced generative deep learning models as a tool to
address some of the key difficulties in clinical time-series data, including artefact detection,
imputation and synthetic dataset generation. The latter is especially important in the
future of critical care research, because of the inherent challenges in publishing clinical
datasets. However, I showed that that there are many obstacles that must be addressed
before large-scale synthetic datasets can be utilised fully, including preserving complex

relationships between physiological time-series variables within the synthetic data.
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CHAPTER 1

INTRODUCTION

1.1 Intensive care and medical time-series data

Multimodality monitoring of a vast number of physiological variables forms the basis of data-
driven clinical care in the intensive care unit (ICU). ICU is a data-rich environment, perhaps
more than any other healthcare setting, with the physiological patient state described by a
wealth of complex and yet highly-structured data [1], including demographic information,
diagnoses, laboratory and imaging results, treatments and drugs, and constantly-recorded
routine vitals. This final group, containing physiological time-series data, are particularly
useful, for alerting clinicians to real-time clinical deterioration, especially since many ICU
patients are unable to communicate, and for deriving key clinical parameters that are
closely associated with clinical outcomes, e.g. optimal cerebral autoregulation [2] and
heart rate variability [3]. Additionally, new sets of derived measures based on physiological
time-series variables, e.g. from signal theory [4] and causal influence [5, 6], may gain
increasing relevance as clinical care experiences a shift towards personalised medicine [7].

Intensive care is also defined by heterogeneity in the patient state and disease profile,
with patients sometimes experiencing multiple life-threatening conditions concurrently.
Among the primary causes of admission to ICU are traumatic brain injury [8], sepsis [9],
and cardiac or respiratory failure. One of the defining global events during my PhD was the
Covid-19 pandemic, which placed huge burdens on clinical practice, resources and staff, and
introduced a new (and initially poorly-understood) cohort of ICU patients. Heterogeneity
in patient phenotypes, multiple diagnoses and treatment response creates a complicated
picture for clinical care. Clinical decisions about interventions and treatment are often
underpinned by extensive clinical experience, but can sometimes lack a conclusive evidence
base beyond this, particularly since randomised control trials for specific interventions
in intensive care have often been lacking or have been ineffective in their outcomes

[1, 10]. Multi-centre longitudinal observation studies [7, 11] offer a pathway to improving
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characterisation and classification of patient phenotypes, as an alternative approach to
clinical trials of specific interventions.

Freely-accessible large-scale ICU databases are an incredibly rich resource for ob-
servational clinical research, enabling development new and existing methodologies for
uncovering structure and association within complex multi-modal data. Releasing a large-
scale intensive care database is a complicated technical challenge, requiring careful data
preprocessing to preserve the privacy of individuals whose sensitive data is included in the
database. Widely-used ICU databases include MIMIC-III [12], eICU [13], CCHIC [14],
AmsterdamUMCdb [15] and, during the Covid-19 pandemic, the Dutch Data Warehouse
for Covid-19 (DDW) [16, 17]. In this thesis, I used both AmsterdamUMCdb and DDW,
which I have described more fully in Sections 2.3, 3.3 and 5.4.

Physiological time-series contain information at multiple frequencies, and multi-scale
waveform metrics can help forecast clinical events [18]. In practice, a significant amount
of information is lost by focusing on simple summary measures [19]. For instance, in-
creased multifractal signal fluctuations during hypotension events suggests the presence
of physiological regulatory mechanisms [4], but high-frequency arterial blood pressure
waveforms are typically summarised only as diastolic, systolic and mean arterial pres-
sures over some time interval. For many known clinically-relevant parameters, direct and
minimally-invasive measurement is often not possible, or can be confounded by complex
physiological dynamics. As a result, a clearer understanding of the interdependent rela-
tionships between physiological variables is crucial, especially since physiological systems
rarely act in isolation to each other.

ICU patients, even those with favourable outcomes, face increased risks of devastating
long-term burdens to health and socioeconomic status, both for the patient and for their
immediate support network. There is an obvious need to address all parts of the clinical
journey from initial medical incident and admission to outcomes on multiple timescales
[10, 20]. This goal is aided by a well-defined personalised medicine approach within the ICU
admission period. One key element of this involves interpretable patient representations,
and their trajectories within a well-defined representation space during ICU stay.

Mathematical modelling, information theory and deep learning will play an important
role in the future of clinical care, complementing existing clinical knowledge and experience
in order to better understand individual patient states and to identify optimal personalised
treatment strategies. Integrated successfully into clinical care, these approaches can help to
reduce uncertainty for clinicians and for patients alike. This thesis explores the application
of ideas from these mathematical and statistical areas to medical time-series data from
ICU. This includes domain-agnostic advances in time-series modelling methodology, which
can be applied to a much wider range of scientific disciplines both inside and outside of

clinical medicine.
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1.2 Thesis outline

This thesis covers a range of methodology for understanding and modelling time-series, in
particular with applications to medical time-series data from intensive care. The structure

of this thesis is as follows:

e In Chapter 2, I reviewed causal influence in bivariate time-series, via a qualitative
overview of the literature and a quantitative evaluation of performance. This
quantitative review, which I published in [21], tested a set of causal influence indices
from the literature, using multiple simulated systems and common real-world data
issues. I then summarised information-theoretic trajectories of patients in ICU
with Covid-19, using some of the causal influence indices evaluated on physiological

time-series.

e In Chapter 3, I modelled the physiological information-theoretic trajectories using
a modular multilevel modelling framework. I developed a semi-conjugate integrated
likelihood approach for estimating the Bayesian model evidence. I published this
approach, which has general applicability to any high-dimensional multilevel model
setting, in [22]. T used this Bayesian methodology to provide new insights into a
clinical hypothesis of brainstem dysfunction in Covid-19 ICU patients, comparing
the Covid-19 cohort against a second cohort of ICU patients with respiratory sepsis

and similar disease severity.

e In Chapter 4, I introduced a fully unsupervised artefact detection framework, called
DeepClean, which T have published in [23]. This framework uses a generative deep
learning model, trained on artefact-free real observations, to create real-synthetic
observation pairs. Alongside this generative model, I used an automatic threshold in
post-processing to identify artefactual real observations, while using the generative
model to provide a mechanism for data imputation when real observations were
invalid. T illustrated the performance of the DeepClean framework on ABP waveform
data.

e [ investigated the potential, and challenges, of large-scale synthetic medical data
in Chapter 5. I extended a privacy-related identifiability score, generalising this
to a property of the underlying generative model. I then demonstrated the unsuit-
ability of a state-of-the-art generative deep learning model, firstly at preserving
information-theoretic measures within synthetic time-series observations and then

on a downstream descriptive analysis of sepsis epidemiology in ICU.

e Lastly, I summarised my contributions in Chapter 6, with a discussion of their

limitations and of possible future research directions.
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As the statistical and mathematical methodology running through this thesis are wide-
ranging, I begin each chapter with a brief motivation and introduction, mathematical
problem definition, and a separate background and overview. I have endeavoured to make
the mathematical notation I have used as consistent as possible (and then as concise as
possible), particularly as there are common themes and ideas threaded through multiple
chapters.

In particular, two main threads connect sections of this work. In Chapter 2, I in-
troduced concepts from information theory and estimated their value on physiological
time-series data. I then sought to model the temporal trajectories of information-theoretic
measures in Chapter 3. 1 returned to these information-theoretic measures again in
Chapter 5, comparing the empirical distribution of information-theoretic values across
real and synthetic datasets. I also related the problem of latent representation learning
in generative deep learning to information-theoretic ideas, in Chapter 4. This chapter
explicitly introduced another central thread within my thesis, which is generative deep
learning and synthetic data. Synthetic data generation played minor roles in Chapters 2
and 3, mostly in simulation studies. Both Chapters 4 and 5 built on ideas relating to this,
with the former a use-case for synthetic data as a tool for artefact detection and the latter
a cautionary summary analysis about the suitability and usability of synthetic datasets in

modelling clinical time-series data.
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CHAPTER 2

INFORMATION AND CAUSAL INFLUENCE
BETWEEN BIVARIATE TIME SERIES

This chapter presents my work towards describing and evaluating causal relationships
between time-series variables. The context behind this chapter involved one of the defining
global events of my PhD, the Covid-19 pandemic of the SARS-CoV-2 virus. Prior to
Covid-19, I had been working on unsupervised representation learning to describe temporal
trajectories of a patient’s physiological state during ICU stay. Whilst on clinical duty
in Addenbrooke’s Hospital during the pandemic, Ari Ercole and his colleagues observed
indications that Covid-19 appeared to damage brainstem function for some patients in
ICU. This resulted in a new clinical hypothesis that patients with severe illness from
respiratory viruses experienced impaired regulation of cardiovascular, respiratory and
other physiological systems, and consequently reduced causal interaction between these
systems. Evidence in support of neurological dysfunction in Covid-19 patients has since
appeared in neurobiology and immunology studies [24, 25]. To explore this hypothesis in
the context of physiological time-series, I shifted my focus from generative deep learning
to causal influence estimation between multivariate physiological time-series, and whether
this provided insights into the patient condition and their physiological regulation.

My initial literature review on the relevant theory revealed a crowded field of indices for
estimating causal influence in time-series, and there was little clarity about the strengths
and weaknesses of each method and the level of agreement between them. As a result, the
first steps towards this research question were to categorise and evaluate a wide array of
causal influence indices, including assessing their performance under various issues that
systematically affect real-world data. My work on this was published in the journal Chaos
[21]. T also presented this work on invitation at the conference ‘The Flip Side of the

Pandemic’, which was held by the Isaac Newton Institute in Cambridge in May 2021.
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2.1 Introduction

Uncovering causal structure is essential to a fuller understanding of interactions between
sub-components of a system and, in turn, to building better and more parsimonious models
[26, 27]. This means that inferring causal structure is very desirable across a wide array
of scientific and data-driven fields. Causality is still a difficult concept in mathematical
terms, having been mostly sidelined in favour of correlation and covariance based statistics
for much of the 20*" century. In recent decades, different strands of causality theory
(e.g. graph-based, structural equations) have been brought together and unified, but
this theory is predominantly focused on static causality rather than dynamic causality.
Judea Pearl identified a ladder of causation, in which there is a three-tier hierarchy of
causal questions from association to intervention to counterfactuals (i.e. retrospection)
[28], but this framework neglects temporal elements [29]. Methods for estimating causal
structure within dynamic multivariate systems are generally not viewed in terms of a
direct ‘true’ causality of ‘event A causes event B’, and for the most part these methods
exist on the lowest rung of Pearl’s ladder (i.e. association). However, these go beyond
simple correlation-based measures, and are instead measures of directed causal influence
from past states of the system to its current state.

The development of statistical tools for describing causal structure in multivariate
time-series settings is a growing area of research, but estimating asymmetric and nonlinear
causal relationships is a challenging task in practice, because data is inherently messy and
unobserved confounding variables are difficult to handle. In many real-world applications,
we are rarely able to describe some underlying causal structure beforehand. We are
also typically limited to observing a small set of simultaneously recorded variables from
different subsystems, but without a priori knowledge we may not even know which
variables are important to measure. Furthermore, there are many domains in which
measurements are over-invasive, expensive or difficult to make, which is certainly true
of intensive care medicine. As an example, cardiac output (CO), which is the volume
of blood ejected per minute by each ventricle, is a useful measurement because it can
help identify cardiac tissue perfusion. CO cannot be directly monitored without invasive
intra-cardiac procedures but can be estimated using waveform analysis of arterial blood
pressure. However, the relationship between ABP and CO can be confounded by changes
in ABP associated with arterial function instead of cardiac function, such as compliance or
impedance [30]. Describing relationships between these and other cardiovascular variables
in terms of asymmetric causal influence can help to guide decisions about when to measure
invasively and create a more complete picture of cardiac function in general. In another
example from cardiology, described in [5], causal analysis reveals lagged relationships

between three variables (beat-to-beat intervals, systolic blood pressure and diastolic blood
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pressure) derived from arterial blood pressure. These relationships depict the Frank-
Starling mechanism, sympathovagal balance, and vasoconstriction/vasodilation due to
respiration. It is clear from this example that causal influence in physiological systems
can be very informative.

Various mathematical frameworks [26, 31, 32] have been described to allow identification
of asymmetric and nonlinear causal structure within complex systems. This has been driven
primarily by domain-specific applications, from diverse subjects including as statistical
economics [33, 34], climate science [35-37] and computational neuroscience [38, 39]. In a
longitudinal setting, two of the most important properties for causal influence are: that the
effect is temporally preceded by the cause, and that external changes to values of the causal
variable are propagated to changes in the values of the effect variable without breaking the
causal association [40]. In many settings, it is difficult to actively intervene on the system
and therefore it may only be possible to observe these external changes passively, which
can conceal the role of unobserved confounding variables within the system. Correlation
or synchronisation between observations does not necessarily imply a causal relationship
between the time-series variables, and it is relatively straightforward to construct or find
counterexamples [41]. Conversely, a lack of correlation does not imply a lack of causality
and a reliance on correlation-based measures may result in nonlinear causal relationships
being obscured [42].

Many real-world systems are intrinsically stochastic, with some degree of randomness
in parts of the system. Other systems appear to be stochastic, because the system is too
complicated and can only be modelled imperfectly, with unexplained elements treated as
random noise. In stochastic systems, a further standard assumption for causal influence is
separability. Separability is the statement that the causal variable alone contains unique
information about the future of effect variable, which cannot be recovered from any other
variable in the system. Most well-established techniques for identifying causal relationships
function by describing the current state of the effect variable twice, first in terms of
the ‘recent history’ of all variables and then in terms of the ‘recent history’” of variables
excluding a potential causal variable. If there exists a causal relationship that is not
mediated by other variables, then there will be some significant difference between the
inclusion and exclusion of the ‘recent history’ of the causal variable in describing the current
value of the effect variable. However, this is not the case universally. In particular, some
systems with a very high signal-to-noise ratio are best viewed as deterministic dynamical
systems, which evolve according to a group of differential equations or difference equations.
These systems do not necessarily satisfy the separability condition, since the equations
can often be reformulated in such a way that the effect variable can be rewritten purely
as a function of past values of itself, even if there exist established causal relationships

within the system. The consequence of this is that separability is not a strictly necessary
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condition for identifying causal relationships, and methods that assume separability may
perform inadequately in closed systems with minimal noise.

As a result, there is no general method or unifying notion of quantitative causality
estimation in time-series data. Current methods can be broadly categorised into the

following groups:

1. regression-based indices that use ‘recent history’ vectors as predictors in an autore-

gressive model (e.g. Granger causality),

2. information-theoretic indices based on conditional mutual information or other

entropy-like measures (e.g. transfer entropy),

3. cross mapped indices based on state space trajectories and transitivity of local

neighbourhood (e.g. convergent cross mapping),

4. network graph-based models that scale bivariate causal influence to high-dimensional

multivariate systems.

These groups are not strictly mutually-exclusive, and there are some common themes and
ideas between them. The suitability and interchangeability of different published methods
has received relatively little attention, particularly between methods arising from different
theoretical foundations. Previous meta-reviews of the literature [43-46] typically focused
on a subset of methods from one of the groups. One exception to this was a review by
Lungarella et al. [47].

2.1.1 Key contributions

In the paragraphs above, I identified three groups of causal influence indices for bivariate
time-series (and a fourth group for multivariate time-series). The focus of the first half of
this chapter was to reproduce, update and extend the analysis the review by Lungarella et

al. [47]. The key contributions in this part were as follows:

1. I provided a comprehensive overview of causal influence indices for bivariate time-
series, which included methods with origins in information theory, dynamical systems,
and autoregressive modelling (Figures 2.1 and 2.2). This included the indices reviewed
in [47], alongside two additional approaches from a literature search (excluding indices
with non-uniform embeddings e.g. [48]). In Figure 2.1, I set out key properties
and similarities between these methods. I first detailed motivation, mathematical
formulation and estimation of this widely-used subset of indices. Previously, each
index was introduced separately in the literature without a consistent unifying
notation, despite there being common elements between them, i.e. univariate

embeddings that describe the ‘recent history’ of the system. I therefore sought to
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provide more consistency between their definitions, with minimal changes to the

original formulation.

2. Following [47], I evaluated this set of causal influence indices on four simulated
systems, which had different structures that are controlled by one or two ‘coupling
strength’ parameters. I extended previous analysis by also investigating sensitivity
to phenomena that regularly occur in real-world data, e.g. limited data availability,
unequal data scaling, missing data, fixed measurement precision and rounding error,
and noisy observation. These new tests are rarely considered in the literature, but
should be seen as in-depth benchmarking criteria for new proposed methodologies in

the future.

The goal of this review was to provide some clarity about which measures would be suitable
for application to physiological time-series from Covid-19 ICU patients. In the second
part of the chapter, I described these physiological relationships using an information-
theoretic framework (including entropy, mutual information and transfer entropy). I
provided examples of physiological time-series that have low and high transfer entropy,
and visualised the trajectory of information-theoretic measures over time, where they were

evaluated over 24hr windows over a period of multiple days in ICU.

2.1.2 Mathematical definition and notation

In a multivariate time-series, the state of the system at time ¢ is defined as s;, fort =1...,T.
Within this chapter, it is implicitly assumed that each time-series has unit time, i.e. data
is observed or sampled at a fixed frequency. I also focused only on bivariate time-series,
where the two variables are x; € X and y; € ). I denoted each full univariate time-series
as X = (z1,...,z7) and Y = (y1,...,yr). The causal influence indices introduced later
are all asymmetric, with directionality denoted by arrows. For simplicity, in most cases
I introduced these indices in the direction Y — X, but equivalent expressions exist for
X =Y. I denote a (general) causal influence index as iy, x, and a relative (or net directed)
causal influence index as ry_,x = (iyx — ix,y)-

Underpinning the notion of causal influence in time-series is the assumption that a
cause strictly precedes its effect, so an important intermediate construct is the ‘recent
history’ time-delay embedding vector x;" in m-dimensional state space X C R™, with

lag 7. This is defined as:
- T
Ty - (xt—(m—l)Tth—(m—2)7'7"‘7‘rt—7’7'rt) € X? t= (m_ 1)T+ 17"‘7T

In the rest of this chapter, I omitted m and 7 from the embedding vectors, unless explicitly

stated otherwise. Instead, the time-delay embedding vector is denoted as x; € &X', while
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Figure 2.1: Categorisation of a widely-used subset of causal influence indices de-
scribed in this chapter. The indices are as follows: extended Granger causality (EGC),
nonlinear Granger causality (NLGC), predictability improvement (PI), transfer entropy (TE),
effective transfer entropy (ETE), coarse-grained transinformation rate (CTIR), similarity indices
(SI), convergent cross mapping (CCM). I identified three broad classes of bivariate causal influ-
ence indices, and highlighted similarities between the indices and their estimation (state space
dynamics, nearest neighbour computation, kernel estimation). Transfer entropy and Granger
causality are equivalent under Gaussian assumptions in the former (x) [49]. Figure 2.2 shows a
rough approximation of how these methods work.
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Figure 2.2: A schematic of common causal influence indices categories. The small time-
series segments represent ‘recent history’ embedding vectors x; (blue/red) and embedding vectors
in y, (black), with arrows showing the ‘current value’ z;. Dotted circles indicate a set of nearest
neighbours to the embedding vectors, in one of the embedding spaces. (a) Regression-based
indices usually predict the ‘current value’ based on similar ‘recent history’ embeddings in X and
in Z, and compares these predictions. (b) Information-theoretic indices measure the reduction
in ‘expected surprise’ of xy4;1 from knowing a; minus the reduction in ‘expected surprise’ of z; 1
from knowing z;. (c) Cross mapped indices usually compare the distances between x; and its
nearest neighbours in X, and between x; and points )} defined in terms of nearest neighbours

from Y.
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X = (Tm-1)r41;- - -, 7). While I tended not to use boldface type for vectors during this
thesis, to keep notation consistent between different chapters, I used boldface type for the
embedding vectors in this chapter, in order to distinguish between an observation x; and
an embedding vector x;. For a given time-series length 7', there are 75 = T"'—T} embedding
vectors from X and from Y, where T} = (m — 1)7 + 1. The embedding state spaces X and
Y can be viewed as subspaces of a joint state space Z, where joint time-delay embedding
vectors z; are defined as z;"" = z; = (&, y!l)?. The ‘recent history’ embedding vectors
z; define the potential causes in context of a ‘future’ effect, a value in X with horizon
h, i.e. x;1 . The horizon value is usually h = 1 and the interpretation tends to be of a
‘current’ value and ‘recent history’, i.e. with time index shifted to x; and z;_1, but this is
mathematically equivalent.

Causal influence indices from dynamical systems theory, in which the assumption of
separability does not necessarily hold, focus more on the topology of the embedding state
spaces X and Y. In particular, this involves mappings between local neighbourhoods in X
and Y, necessitating nearest neighbour computations for x;, y, and z;. Many indices for
stochastic systems also require computation of nearest neighbours, either explicitly or as
part of internal estimation algorithms. I denote the (ordered) R nearest neighbours of x;
using subscript indices m(r), 7 =1,..., R < T, i.e. the nearest neighbours are x,). To

clearly distinguish between different embedding spaces, I denote the S nearest neighbours

of y, using distinct subscript indices o4(s), s =1,...,5 < Ty, and similarly the U nearest
neighbours of z; using subscript indices py(u), v = 1,...,U < Ty. Nearest neighbours
are defined with respect to a distance metric d(-,-) and norm || - ||, the choice of which is

often omitted in the literature. As a default, this refers to the Euclidean distance and /s,
norm unless otherwise specified. Lastly, I denote the indicator function for some event or
condition A as 1{A}, and the Heaviside function O(z) = 1{z > 0}.

2.1.3 Overview and related work

Granger causality. Granger causality (GC) [26] is one of the most notable and popular
concepts of causal influence in time-series. This is built on the principles of (i) temporal
precedence (‘cause precede effect’) and (ii) separability (‘cause contains unique information
about effect’); and is formalised as the following: Y ‘Granger-causes’ X if it does not satisfy
the condition x;; LL Y* | (U'\Y") Vt, where U’ is all the information in the universe up
to time ¢, Y is all the information in Y up to time ¢ and U* \ Y is all the information in
the universe up to time ¢ excluding that in Y (notation A 1l B | C' denotes that A and
B are conditionally independent given C'). In practice, this is assessed using the weaker
statement x;,1 Ll y, | @;, by fitting separate autoregressive models with and without the

potential causal variable (referred to as the full and reduced models respectively) and then
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comparing the magnitude of error terms in each case, e.g.:

T
M,z =a T+ €,

Mpiap=pz+e.=plz+ By, +e

The autoregressive models are often assumed to have Gaussian noise with mean zero and
variances 02 and o2. In any case, the estimated error term variances are denoted s and
s respectively. Y is said to have a causal influence on X if s > s2, and the standard
linear GC index is defined as GCy_, x = log(s?) — log(s?).

Granger causality is a comparatively old but still widely-used concept, and has therefore
been extensively studied. Most GC tests are performed using linear autoregressive models,
but these are susceptible to overfitting when there are a large number of covariates and
an insufficient quantity of data. It has also been shown that this comparison of variance
between reduced and full regression models is itself biased with high variance [50]. However,
unlike many other indices, there exist formal hypothesis tests for the statistical significance
of Granger causality values [46], include an RSS-based F-test [51, 52] and the Hiemstra-
Jones [53, 54] and Diks-Panchenko [55, 56] non-parametric tests. Both non-parametric
tests are capable of generalisation to complex nonlinear systems, and the latter of the two
has greater size and power when the linearity of the system is not known. Additionally, a
number of extensions to this framework have been proposed to address the failures of the

standard linear Granger causality in more complex nonlinear systems [57-59].

Nonlinear Granger causality. One extension to the GC approach is a ‘global” nonlinear
autoregressive model, called nonlinear Granger causality (NLGC) [57], which uses a radial
basis function transformation on the autoregression covariates. This is defined as the

following, where, as before, s? and s* are estimates of the error term variances:

M,z = ol O(x) + 6y B(m) = (d1(2), ., dp(20))"
My x = BT‘I’(ZO +e, V(zt) = (Pr(=e), - 7¢P(zt))T
NLGCY_»( = Si - SE (21)

The standard choice of radial basis functions (RBFs) are Gaussian RBFs with fixed
variance, i.e. for M,, ¢,(@:) = o(||z: — ¢,l|) = exp(—|l@: — ¢,|[*/(20?)), where centres
c, € X are determined using a clustering algorithm, such as k-means or fuzzy c-means.

Gaussian RBF's are used in both [47] and [57].

Extended Granger causality. Instead of a global autoregressive model, the extended
Granger causality (EGC) [58] uses locally linear autoregression, where ‘locally linear’

refers to the joint embedding space Z. This involves applying Granger causality over
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neighbourhoods B, = {z; : |je; — z¢|| < 0} for I = 1,..., L, with centres ¢; randomly

sampled from the embedding vectors Z, then averaging over the neighbourhoods:

EGC -2 St (2.2)
yox =1 ——+ 5 .
- L l 32,1

Predictability improvement. Another (non-GC) index also based on locally constant
linear autoregression is predictability improvement (PI) [60]. In this approach, the ‘horizon
value’ x4y, with ‘recent history’ embedding @, or z; is estimated as an unweighted average
of ‘horizon values’ that correspond to a set of similar ‘recent history’ embedding vectors.
This is repeated for embedding vectors that are similar to «; in embedding space X and to
z; in embedding space Z respectively, where the ‘similar’ embedding vectors are nearest
neighbours of x; and of z; respectively (with R = U). The predicted ‘horizon values’ are

then:

R R
. 1 . 1
l’t+h|X = E Z Ly (r)+hs xt+h‘Z = }_% Z Tpi(u)+h
u=1

r=1

The notation used previously in [47] for this was not always clear, so for clarity, the
prediction is for x4y, in X rather than a;, in X. The predictability improvement is
the difference in mean squared error (MSE) between these predictions, over all possible

‘horizon values’:

1 T—h 1 R 2
MSE(X|X) = 7 — t:ZT: (:cHh -3 ; l’m(r)—i-h)
1 T—h 1 R 2
MSE(X|Z) = r—— t:ZT (xHh - ; xm(um)
Ply_y = MSE(X|X) — MSE(X|Z) (2.3)

Information theory. Information theory is a natural framework for describing causal
relationships, but estimating information-theoretic measures is generally much more
challenging with continuous data than with discrete data. One of the fundamental building
blocks of information theory is entropy, which is a measure of ‘average uncertainty’ or
‘expected surprise’ within the outcomes of a random variable. For a discrete random

variable X that takes values z; with non-zero probability p(z;), the Shannon entropy [61]
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is defined as':

H(X) =~ Z p(x) log p(;) (2.4)

z,EX

The logarithmic base determines the unit of information, which is commonly ‘bits’ (base 2)
or ‘nats’ (base €). I used the latter throughout this thesis. For discrete random variables
X and Y, where the latter takes possible values y; with marginal probability p(y;) and
joint probability p(z;,y;), two further information-theoretic measures are the joint entropy
H(X,Y) and the conditional entropy H(X|Y), which are defined as:

=Y plany) logplai,y;), HX|Y) ==Y plai,y;) log p(xily;)

z,€X y; €Y z,€X y; €Y

)

The conditional entropy H(X|Y') describes the ‘average uncertainty’ or ‘expected surprise
remaining in X when the values of Y are known. These three entropy quantities together
satisfy the equations H(X,Y) = H(Y)+ H(X|Y) = H(X) + HY|X).

The relative entropy between the probability distribution p and a reference distribution
¢, which is more commonly known as the Kullback-Leibler (KL) divergence [62], is a
measure of the ‘expected surprise’ when an approximate distribution ¢ is used to describe

the X in place of the true probability distribution p, defined as:

Diculpla) | a(e) = 3 ol tog (2.5

vt ()

The KL-divergence is non-symmetric in p and ¢, and non-negative unless p = ¢ almost
everywhere. This is also widely-used in machine learning (and appears again in Chapter 4).
This also defines another crucial quantity in information theory, the mutual information
(MI) between X and Y:

15,Y) = 33 ples;)log 25— b e, y) || p(@)p(y)

s et p(xi)p(y;)
= H(X)- H(X|Y)=HX)+ H(Y) - HX,Y) (2.6)

Mutual information is the amount of ‘information’ communicated about each variable by
the other, or equivalently the ‘average uncertainty’ in one of the variables that is removed
by knowing the other. This latter description is apparent in the relationships between MI,

Shannon entropy, joint entropy and conditional entropy. However, mutual information

IThroughout this subsection about information theory, X and Y are any random variables. This is a
departure from the rest of this chapter, notably Section 2.1.2, in which X and Y are complete time-series
data.
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is symmetric in X and Y and so it is not informative about directional information flow
from X to Y or vice versa.
For continuous variables, most of these definitions hold in the continuous limit, i.e.

with sums replaced by integrals. For example, the mutual information is:

p(x,y)
p(z)p(y)

The exceptions to this are Shannon entropy and joint entropy. The continuous extension

1XY) = [ pleyiog dudy
Xy

of Shannon entropy is called the limiting density of discrete points (LDDP) [63]. Defining
m(x) as the ‘invariant measure’ of the set of discrete points {x;} in the infinite limit, the
LDDP is defined as:

p(x)
H(X)= —/ p(x) log dx
X m(z)
In contrast, the (continuous) differential entropy, as introduced by Shannon, is neither
invariant under coordinate transformation nor dimensionless, but is very closely related
to LDDP when m(x) is approximately constant over the support of the distribution p(z).

Differential entropy is defined as:

BX) = — /X p() log p(a)de

In practice, a finite amount of data is observed, so entropies must be estimated non-
parametrically or by assuming some distributional forms. The simplest method, and
therefore one of the most common, is to use equidistant partitions in each joint probability
space and count the number of observations in each bin in order to estimate the joint
probabilities with a discrete approximation. However, this performs sub-optimally because
of the ‘curse of dimensionality’, e.g. resulting in systematic overestimation of mutual
information [64]. Another approach is multivariate kernel density estimation, e.g. p(x) =
1/pm " K((z — x;)/h) for some kernel function K(-) and width parameter h. The
most common choice of kernel is a standard Gaussian, i.e. K(z) = (2m)""™/?exp(—a"z/2),
where m is the dimension of X. Finally, adaptive partitioning methods are typically
superior to fixed partition methods [43]. These often involve nearest-neighbour distances
in estimating local density, e.g. weighted Kozachenko-Leonenko estimators [65] and
higher-order extensions of these [66]. An approach of this type is described in the next

section.

Transfer entropy. In the previous paragraphs, I described information theoretic in
terms of discrete and continuous random variables. In the following paragraphs (‘Transfer

entropy’, ‘Effective transfer entropy’” and ‘Coarse-grained transinformation rate’), I discuss
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these concepts in terms of ergodic random processes with sequential observations. Following
the notation in [67], these random processes are denoted as X; and Y;, and take states x;
and y;. The probability distribution of process X; is denoted Py,, with p(z;) = Px,({z}).
The embedding vectors x;, y, and z; are states of composite random processes X, Y
and Z; respectively. Throughout the following, it is assumed that X; and Y; are Markov
processes with suitably-defined transition probabilities, e.g. p(xi11]®:) = Px,\y1x, ({®41})
or p(xi11]2¢) = Px,,,1z,({Z141}). In order to estimate transition probabilities, it is often
necessary to assume that the process is stationary, though there are some exceptions to
this e.g. multiple recordings of evoked potentials [32]. As in Section 2.1.2, X and X
denote the notation for the full time-series recording and corresponding embedding, rather
than a random variable or random process.

Transfer entropy (TE) is a KL-divergence that measures the additional information
that the ‘recent history’ of the causal variable provides about the ‘current’ value of the
effect variable, above and beyond knowing the ‘recent history’ of just the effect variable. If
the generalised Markov property holds, i.e. p(z;11|z¢) = p(x¢41]2), then the embeddings
Y have no relevance to the transition probabilities of X and there is no information
transfer from Y to X. A deviance from the generalised Markov property is measured by

the KL-divergence, which can then also be rewritten as a sum of entropy terms:

P(Zt; $t+1>
Pz |xe)p(2)

(
= pl(z1, wpe1) log TR ACIRIED)
t p(xei1|er)
- Zp 24, Tpp1) log (2, Te1)p(@1)
p(@t, T41)p(2¢)

=—-H(X,)+ H(X,, Xiy1) — H(Zy, Xo1) + H(Z)) (2.7)

= Dir(p(24, Tei1), (i1 |)p(24))

TEy_x = Y _p(z1,711)log
t

H(Xt+1|Xt) - H(Xt+1|Zt) = I(YtaXt+1|Xt>

This highlights an equivalence between transfer entropy and conditional mutual information
[68]. The second line in the equations above also shows that transfer entropy can be
understood as a difference in conditional entropies, i.e. the reduction in ‘average uncertainty’
of z;,1 from knowing only «;, minus the reduction in ‘average uncertainty’ in z;,; from
knowing z;. However, this definition of transfer entropy is a function of the random process,
and it must be estimated, directly or through estimates of the transition probabilities.
As noted in Figure 2.1, transfer entropy reduces to linear autoregressive Granger
causality under the assumption of multivariate Gaussian variables in the former [49], up
to a factor of multiplicative factor. The two concepts are often framed differently however,
i.e. Granger causality as ‘prediction’ and TE as ‘disambiguation’ (removing uncertainty).
Non-zero TE is in fact a stronger statement than Granger causality, since the latter implies

violation of the generalised Markov property [59]. Transfer entropy can therefore be
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considered a generalised information-theoretic extension of Granger causality, which is
both non-parametric and nonlinear (though more difficult to estimate).

When transfer entropy was first introduced by Schreiber in [32], he proposed that the
transition probabilities p(z¢, z;11) and p(x, ;11) could be estimated using correlation
integrals from chaos theory. For a fixed coarse-grained resolution r, the correlation integrals

are of the form:

T-1

A 1 SHRIESH 1)
Z4, X = —_— O|r— - J
p( t t+1) T—1-T, j; ( ' ($t+1 i1
J#t

In this chapter, I investigated two different partition-based methods instead. The first
was the commonly-used histogram method, in which the (continuous) data is discretised
using histogram bins and transition probabilities are estimated using counts from each
partition bin. The second estimation method, called Kraskov-Stogbauer-Grassberger
(KSG) after [69], uses adaptive partitioning, via k-nearest neighbour distances. This was
initially introduced for estimation of mutual information, as a more robust version of the
mutual information estimate derived from the Kozachenko-Leonenko estimate [65]. It has
since been generalised to a class of functionals called ‘entropy combinations’ [70], which
includes transfer entropy. The first step of this algorithm defines a ball B, around the
point (21, z,,1)T € Zx X, with radius r; equal to the k" nearest neighbour distance in
this joint space, where k is small (e.g. k = 2,3,4). This ball B; is in fact a hypercube,
since both ball and radius are defined using the maximum /., norm. Next, the hypercube
is projected into each of the relevant subspaces (£, X and X xX) to calculate the number

of points in that subspace that lie within the hypercube, i.e.:

n(z) =Y Yz — zjlle <11, 25 € 2}, n(@) =Y Yz -zl <10 x5 € X}
j#t J#t

xr €Xr, €I,
= 1 L) — J < I )l eXxX
e wen) =D {' ($t+1) <i’3a’+1>‘ o " ($j+1> . }

it
The KSG estimate is then defined as the following, where 9 (-) is the digamma function:

T

S (1 +n(@) = w1+ () — 01+ (@ 7:1)) (28)

t=T1

1
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Similar estimates for entropy and mutual information in the embedding spaces are:

HEC =1+ 4(T) —

i (¢(1 +n(x,)) — mlog(Zrt)) (2.9)

T-1T =
MISS = (k) + 9(T) - = ! = ; (w1 + (@) + (1 +n(y) (210

Effective transfer entropy. When estimated using an equidistant partition, transfer
entropy can be biased by finite sample effect, which is the same source of bias that is
accounted for in LDDP. Empirical evidence suggests this is particularly true for weak
causal influence or limited data quantity [71]. For transfer entropy estimation, this bias
is estimated as the transfer entropy calculated for the same effect variable X and a
block-shuffled version of the causal variable Y, which is denoted Y;. The block-shuffle is
performed by breaking the time-series Y into blocks of length [ and reordering these blocks
(i.e. sampling without replacement) into a time-series of the same length. The block length
is typically taken to be [ = 1 [71]. Correcting for the finite sample bias by averaging over
multiple block-shuffled Y ;, j = 1...,.S, the effective transfer entropy (ETE) is defined as:

S
1
ETEyx = TEy_x — ¢ > TEy, -x (2.11)

J=1

Coarse-grained transinformation rate. The rate at which a random process X,
‘forgets’ its history, and consequently the ‘information creation’ of the process, is estimated
using a concept called coarse-grained entropy rates [72]. This is extended to bivariate
time-series in the coarse-grained transinformation rate (CTIR) [73], which measures the

rate of net information flow averaged over multiple lags 7, i.e.:

1 Tmax R Tmax R
CTIRyx = — > [(Xir, Vil X)) = o — > [(Xpr, YY)
max __q max .__ . o
T#0
1 Tmax . R .
=5 ; 20Xy Vil X) = [(Xuir, Vi) = 1Y, Xo )| (2.12)

CTIR is defined over states in X and ), rather over embedding vectors in the embedding
spaces X and Y. The mutual information estimates can be made using any of the above
techniques, e.g. I used the KSG algorithm (Equation 2.10). The sum is made over
lags for which there is non-zero information transfer in X', i.e. 7Ty, is defined such that

~

I(Xt>Xt+T) ~ 07 VT 2 Tmax -

35



Dynamical systems. A deterministic dynamical system evolves within a state space
according to a differential equation, e.g. N(t) = f(n(t)), or a discrete difference equation,
e.g. M1 = F(n,). In general, many systems are governed by higher-order equations rather
than these first-order examples. Both types of equation can be directly linked to each
other, i.e. a difference equation is the discretisation of an ordinary differential equation
under a given numerical method (such as the Euler method). For simplicity, I focused
on difference equations in what follows. Given suitable starting conditions, the system
may converge to a manifold I'. If the system does converge to this manifold, it will remain
on the manifold thereafter, i.e. the function F maps I" to I'. Additionally, if the system
experiences a small external perturbation away from the manifold, its subsequent evolution
may see it return to the manifold again. In this case, the manifold is called an attractor.
The bivariate time-series x; and y; are usually coordinate projections of the vector n,, i.e.
1, = z:, but more generally they may be the output of any injective functions acting on
My, e,z = gz(n,) and y, = gy(m,).

Many multivariate dynamical systems are governed by first-order equations but can be
rewritten as a set of univariate higher-order equations, particularly if the function F(+) is
fully invertible. For example, the bivariate first-order system z;,1 = y;, 01 =c— 2 + y;
with initial conditions z¢g = a, yo = b, is essentially equivalent to two univariate systems,
Ty =c+axy—xy_ g withzg =a, xr1 =0, and y, 1 = c+y;—y,—1 withyo = b, y1 = c+b—a.
Since x; can be reformulated as a function of only past values in X, it may seem reasonable
to conclude that the variable 3; has no direct causal influence on x; in this case, because
the univariate system for X alone appears to fully describe the dynamics of z;. However,
this neglects aspects of a causality that cannot easily be discerned from observation
or association alone, in particular intervention on the system. The example first-order
bivariate model above is a simplistic closed-system model of breath volume (x;) and carbon
dioxide levels in the blood (), an example from a Cambridge Tripos lecture course. In this
model, the level of carbon dioxide in the blood can be fully calculated without knowing the
breath volume, but this cannot account for external intervention acting on only the breath
volume, e.g. deliberately holding a breath. Incidentally, if this system is not perturbed,
it has a periodic orbit of 6 distinct points (a 6-cycle), which is the manifold I" for this
system. These considerations about causal structure are long-standing, and were noted by
Granger in a discussion of the limitations of Granger causality [26].

The reason that causal relationships in deterministic coupled systems are difficult to
evaluate is that the relationship is usually bidirectional, which creates a feedback loop
mechanism. The main methods for identifying causal influence in this setting instead
come from observing the event that each component time-series belongs to some shared
attractor manifold A within the full manifold I'. In this case, Takens’ embedding theorem

[74] states that, for m sufficiently large, there exists a 1-1 mapping between the trajectory
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of x; in m-dimensional space X and the attractor manifold A C I" and a similar 1-1
mapping for Y. A consequence of this result is that the trajectory of a; (which is referred
to in this instance as the ‘library of historical behaviour’ of X') converges to a ‘shadow
attractor’ manifold Ax C A that preserves the topology of the full system, as T" — oo.
If X and Y are causally related, and so belong to the same attractor A, then both
Ax C X and Ay C Y are diffeomorphic to A, and ‘local neighbourhoods’ on Ax will
map to ‘local neighbourhoods’ on Ay by transitivity. Many causal influence indices from
dynamical systems theory therefore use a technique called cross mapping, which assumes
that neighbourhoods in the trajectories of the embedding vectors «; and y, coincide, i.e.
indices denoting the nearest neighbours of x; and y, roughly share the same ordering,
which means that replacing the nearest-neighbouring indices of one variable with those of
the other still preserves its ‘local neighbourhood’. As this process does not directly involve
a link between the ‘current value’ x,,; and the ‘recent history’ z;, some of these indices

are more correctly measures of synchrony than measures of causal influence.

Similarity indices. One of the simplest indices that uses cross mapping is the similarity
index [75, 76]. The average nearest neighbour distance and average cross mapped distance
are defined as the following, where the indices m;(r) and o4(s) identify nearest neighbours

of x; and y, respectively:

d;(X) = RZH«’Bt ermll & (X|Y) = Zl\wt To(9)|[2

The former is the minimum average distance between a; and all possible sets of R points in
X, which means that the inequality d?(X) < d¥(X]Y’) always holds. If there is a strong
degree of synchronisation between X and Y, then the two sets of nearest neighbours
will approximately coincide and d?(X) ~ d?(X|Y). However, if the two variables are
independent and R < T (the total number of embedding vectors), then the cross mapped
indices {o¢(1),...,0:(R)} will be an almost random sample from within the complete
ordered indices {m(1),...,m(T3)}. In this case, d*(X|Y) ~ d/*(X) > dF(X). Using

this idea, several indices were proposed [75, 76|, including:

1« @R(X) - d(X)
T = dXY)

dTQ(){)
SI = — § log —L "7
Y=X T P og dNX|Y)’

Si? . = (2.13)
Both of these causal influence indices adjust the ratio df*(X)/d?(X|Y’) by amplifying the
contribution of df*(X|Y") in the summand, motivated by empirical evidence that suggested
these changes make the indices more robust [77]. In the former [75], this involves averaging

over all Ty nearest neighbours of z; (in the numerator). The latter [76] uses the R™ to 2R
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nearest neighbours of x;, which appears to resolve issues that arise when the time-series

are noisy and weakly coupled.

Convergent cross mapping. Convergent cross mapping (CCM) [42] is a popular
method from dynamical systems theory, which was formulated specifically for non-separable
and weakly-coupled deterministic systems. Assuming that the embedding vectors x; and
y, exist on diffeomorphic ‘shadow attractor’ manifolds Ax and Ay respectively, CCM
measures the Pearson correlation between the ‘current value’ 3, and an exponentially

weighted average of cross mapped ‘current values’ ¢;|Ax, defined as:

m—+1
-~ u’r‘, Ly — wﬂ't 2
yt|AX = Z wt,rym(r)a Wy = m-i-—lt’ Uty = €XP (—u)
r=1 Zj:l Ut j ||z — fvm(l)||2
CCMy . x = p(ye, (9:|Ax)) (2.14)

This can be calculated with only R = m + 1 nearest neighbours, since this number is
necessary but not sufficient to form a ‘bounding simplex’ for x;.

One unique point about CCM is that, somewhat counterintuitively, cross mapping
from Ax to y, is used to define causal influence from Y to X rather than from X to
Y. Sugihara et al. [42] argue that the more intuitive directionality is reversed in their
approach because, if Y drives X unilaterally, information about Y should be encoded in
the manifold Ax, but not neccessarily vice versa. Equivalently, under this unidirectional
coupling, the ‘shadow attractor’ manifold Ax is diffeomorphic to the manifold A, which
means that cross mapping of Y using Ax does in fact converge to Y, while the same is
not true of Ay. The crux of the argument is that, in a weakly-coupled system where many
processes may causally influence the effect, past values of a given causal variable can be
inferred from the response variable, since the dynamics of the causal variable continually
propagate to the response variable, whereas forecasting the ‘current value’ using ‘recent
history’ is ineffective since any given causal variable alone is a poor predictor of the effect
variable. As such, they also argue that the direction of causal influence can be wrongly
inferred in methods that involve a cross mapped reconstruction of the embedding space
manifolds.

Finally, a critical additional step involves ensuring convergence of X to an attractor
manifold that is diffeomorphic to Ay, as T — co. Sugihara et al. [42] remark that this
is “a key property that distinguishes causation from simple correlation”. Convergence is
implemented by calculating the average Pearson correlation p(y, (4:|Ax)) for multiple
smaller time-series segments of length 77 < T', as T” is increased up to 7. This helps to
distinguish between causal influence from Y and X (in which case p increases with T")
and external forcing acting jointly on non-coupled X and Y (which results in positive but

non-increasing p). There is no clear consensus on how to test this convergence property.
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One suggestion [78] is to fit an exponential regression p(1”) = (po — poo) €XP(—7T") + Poo,
where the reported value of CCM is pu, provided v > 0 and po — po = 6, > 0. Another
study [79] suggested p(T") may be poorly described by a parametric curve and the reported
CCM value should simply be the correlation p,, = p(T") for the maximum time-series
length T, provided this is larger than py = p(7”) for some minimal time-series length

T'"< T, ie. ps—po=20,>0.

Hyperparameters. Time-delay embedding introduces two hyperparameters, the em-
bedding dimension m and the lag 7. Dynamical systems theory provides a priori ‘optimal’
choices for both [80-82]. However, this may not always be reliable or consistent, and other
authors suggest that the domain-specific or empirical approaches are better [75, 83]. In
practice, common choices for these parameters are 7 = 1 and m = 1 or m = 2 [47], which I
adopted in this chapter. As well as embedding parameters m and 7, each causal influence

index has a number of additional hyperparameters, which are detailed in Tables 2.1 and
Al

Multivariate systems and confounders. Most bivariate causal influence indices can
be be extended to a multivariate setting with multiple possible confounding variables
C = (c1,...,cr). In low-dimensional settings (in terms of the number of components in
the system), it is generally straightforward to investigate whether the causal structure
is mediated by a multivariate confounder C', by estimating the causal influence from Y
to X conditioned upon C, i.e. i(y_x)c. This allows distinction between indirect and
direct causation [44]. For instance, if an estimated causal relationship between X and
Y subsequently disappears with the inclusion of another time-series variable C, then
the causal relationship between X and Y is mediated by C. Conversely, the omission
or exclusion of extra variables can create spurious false-positive causal influence due to
overfitting [44, 84]. That said, most causal influence methods suffer from the ‘curse of
dimensionality’ when an increasing number of components are included [85], alongside
additional combinatorially-increasing computational requirements.

In high-dimensional settings, graph-based network models can be used to generalise
Granger causality or transfer entropy to directed acyclic graphs that represent variables as
nodes and causal relationships as edges [36]. Until recently, graph-based network models
were more commonly used in ‘static’ causal inference theory rather than for time-series
data. However, algorithms like PCMCI [36] have gained significant popularity in recent
years. PCMCI is an improved version of full conditional independence tests between all
variables and across multiple lags. This involves a modified version of the Peter-Clark
algorithm for causal Markov discovery, alongside a momentary conditional independence
test. One of the key features of this algorithm is that it automatically identifies values

of the embedding hyperparameters (7, m) to include within this graph-based network.
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Method Hyperparameters/other choices | Notes and suggestions Values used here
Embedding | All T Time-series length Depends on data availability 107, p=3,4,5
h Time horizon value h=1,2,..., but normally h =1 h=1
m Embedding dimension ‘Optimal’ [81] vs empirical (e.g. m =1,...,5) m =1 or 2
T Time-delay lag ‘Optimal’ [82] vs empirical (e.g. 7=1,2,3) T=1
Regression | EGC [58] Nearest neighbour (NN) metric | ¢,, may depend on state space/distribution Manhattan, ¢,
error L No. of neighbourhoods | Depends on T'. In [47, 58], L = 100 L =20 or 100
c Neighbourhood centres | Sampled randomly from Z Sampled from Z
J Neighbourhood size E.g. compute EGC for § —0 [58] Various (f)
NLGC [57] Radial basis function (RBF) Gaussian RBFs in [47, 57] Gaussian
P No. of RBFs e.g. ‘Optimal’ via gap statistics [86] Various (f)
cp Gaussian RBF centres Clustering centroids via k-means or fuzzy c-means | via k-means
o? Gaussian RBF variance | Typically fixed, e.g. 02 = 0.05 in [47, 57] o =0.05
PI [60] Nearest neighbour (NN) metric | ¢,, may depend on state space/distribution Euclidean, ¢,
R No. of NNs Not clear, but e.g. R =1,10 in [47, 60] R=1or 10
h Time horizon value As above, e.g. h =1 in [47, 60] h=1
Information | TE (KSG) [32, 69] | Nearest neighbour (NN) metric | ¢ (for the hypercube) [69] Maximum, £
theory k No. of NNs Small values e.g. k= 2,3,4 [69] k=4
TE (H) [32] N No. of bins e.g. via minimum description length [87, 8§] N =38
ETE [71] S No. of shuffled Y Not clear, but e.g. single shuffle in [71] S=10
l Block length Not clear, but e.g. a simple shuffle in [71] [=1
CTIR [73] Tmax | Max time-delay lag Such that [ (X4, Xiar) = 0, V7T > Tiax [73] Trax = D or 20
Cross SI [75, 76] Nearest neighbour (NN) metric | ¢,, may depend on state space/distribution Euclidean, ¢,
mapped R | No. of NNs Not clear, but e.g. R =10 in [75, 76] Various ()
CCM [42] Nearest neighbour (NN) metric | ¢,, may depend on state space/distribution Euclidean, ¢,

Tmax

nr

Poo
5P

Max. segment length
No. segments of size T”

Converged CCM value
p tolerance

Compute p for segment length 77 — Tyax [42]
p values averaged across nys segments, size T”
PTias i [79] or exponential regression [78]
€.8. Poo is valid if pog — ppy2 > 9,

Tmax =T

nrr = 40
meax

5, = 0.05 [79]

Table 2.1: Causal influence indices reviewed in this chapter, and their hyperparameters. The indices are as follows (where GC is
Granger causality): extended GC (EGC), nonlinear GC (NLGC), predictability improvement (PI), transfer entropy (TE), effective transfer entropy
(ETE), coarse-grained transinformation rate (CTIR), similarity indices (SI) and convergent cross mapping (CCM). Table A.1 provides more detail
on the parameter choices for individual simulation results (7).



However, I did not focus on this type of high-dimensional algorithm in this thesis. I have

briefly discussed the reasons for this in Chapter 6.

2.2 Causal influence indices: quantitative review

One part of my quantitative results in this chapter was a reproducibility study of Lungarella
et al. [47], using the same set of simulated systems to evaluate the performance of all
causal influence indices described above. In addition the indices included in [47], which
were NLGC (Equation 2.1), EGC (Equation 2.2), PI (Equation 2.3), TE using histogram
binning (Equation 2.7) and SI (Equation 2.13), I included four additional approaches
not considered in [47], which were TE using KSG (Equation 2.8), ETE (Equation 2.11),
CTIR (Equation 2.12) and CCM (Equation 2.14). I also provided theoretical results for
information-theoretic indices in one of the simulated systems, and included additional
comparisons of the level of agreement between the causal influence indices. The four
simulated systems, which I have summarised in Table 2.2 and defined in Equations 2.15-
2.18, are widely studied in chaos theory [89] and and have previously been used in other
studies relating to causal influence in time-series, e.g. [32]. Each simulated system had
either one or two ‘coupling strength’ parameters that determined the strength of the
causal relationships. For simplicity, I chose to repeat the same hyperparameters as in [47]
for the causal influence indices and for the simulated systems. These are summarised in
Tables 2.1, 2.2 and A.1. Some example transients are provided in Appendix A.1, though
the relationships between variables are not easy to interpret visually. There are clearly
questions about optimal or consistent hyperparameter choices for all of these methods,
but this is a challenging computational task that was beyond the scope of my work in
this chapter. I discussed differences between my results and those in [47] at the end of
Section 2.2.1. The main takeaway of this was that I managed to reproduce most, but
not all, of these results. The second half of this work was a sensitivity analysis, in which
I ‘corrupted’ the data of one simulated system in order to mimic the effect of several
common issues that are found in real-world data. This involved evaluating the impact of
each of the following on the value of all causal influence indices: data availability, data

scaling, rounding or precision error, missingness and noisy data.
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Simulation Coupling | Dynamics Time-series length
Linear process X <Y | Linear, stochastic T = 10*

Ulam lattice X—=Y Nonlinear, deterministic | 7" = 103, 10°
Unidirectional Hénon | X —Y Nonlinear, deterministic | 7" = 103, 10*, 10°
Bidirectional Hénon | X <+ Y | Nonlinear, deterministic | 7' = 10*

Simulation Simulation model parameters Coupling strength
Linear process by =08, b, =04, 0. =0, =02 Ae[0,]]

Ulam lattice N, =100 (lattice size) A e [0,1]
Unidirectional Hénon a=14,b,=03, b,=0.3 A€ 0,1]
Bidirectional Hénon (I) | a=1.4, b, =0.3, b, =0.3 Az Ay € [0,0.4]
Bidirectional Hénon (NI) | a = 1.4, b, =0.3, b, = 0.1 Az Ay € [0,0.4]

Table 2.2: Brief summary of each simulated system and their hyperparameters.
The simulated systems are defined in Equations 2.15-2.18. The difference between identical (I)
and non-identical (NI) bidirectional coupled Hénon maps is the value of coupling parameter b,
(by = by for identical maps and b, < b, for non-identical maps). Each simulation was initialised
randomly and the first 107 iterations were discarded (10* for linear process). The ‘coupling
strength’ parameters A were incremented by 0.01 in all cases.

2.2.1 Reproducibility study

Linear process. The simplest simulation system was a bivariate linear process (LP)
with intrinsic Gaussian noise. The system is defined as:
Ti41 = ba:xt + Ayt + €xts Ext ™ N(07 0925) (215)

Y1 = byyt + Ey,ta Gy,t ~ N(O, O';)

All indices showed increasing causal influence in the Y — X direction as the coupling
parameter A\ was increased (Figure 2.3). However, there were conflicting results in the
X =Y direction, where there should be no causal influence regardless of A. In particular,
TE (H) and CTIR decreased with A, while the cross mapped indices (SI and CCM)
increased with A. TE (H) and SI were non-zero in the X — Y direction for all values of
A. As each x; or g, is a sum of Gaussian variables, theoretical values can be calculated
for all information-theoretic measures, which I derived in Appendix A.1. For the transfer

entropy, these are:

TEx_.y =0
1. o1 =03 (1 —byb,)?* +2X20202(1 — byby) + Mo}
TEy . x = 5log 4 3 2 2 2y2 2 272 s
2 oa(1 —b2)(1 — byby)? + N20202(1 — b202)

I included the theoretical values for CTIR in Figure 2.3, but but did not derive the full
expression, since the algebra is significantly more complicated. TE (KSG) reliably estimated

the ‘true’ transfer entropy but TE (H) underestimated for Y — X and overestimated for
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Figure 2.3: Linear Gaussian process (LP) simulation results. The time-series had length
T = 10* and unidirectional (Y — X) coupling. Error bars are for one standard deviation from
the mean values, after 10 independent simulations.

X —Y. This is a fundamental flaw of the latter and undermines advantageous properties
it has over the KSG estimate. Increasing the time-series length 7" (not shown) did improve
the TE (H) estimates for this system, while TE (KSG) remained accurate. However, this
trend was not consistent across all simulated systems, with TE (H) generally more robust
to increasing time-series length than TE (KSG). The estimated CTIR values also matched

the theoretical values, but did not accurately reflect the causal structure of the system.

Ulam lattice. The Ulam lattice (UL) is a deterministic, nonlinear system that chains

together multiple unidirectional Ulam maps:

St+1,1+1 = f()\st,l + (1 - )\>St,l+1)7 [ = 17 o 7NL —1 (216>
sir1n = fAsen, + (1= N)s1), f(s)=2—¢°

Ty = St,1, Yt = St2

As Np— 00, the causal influence from Y to X becomes negligible, so the system should
have unidirectional coupling in X — Y direction. The system converges to a two-state

limit cycle when A ~ 0.18 (i.e. an attractor manifold containing two values that both X
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Figure 2.4: Ulam lattice (UL) simulation results. This has unidirectional X —Y coupling,
and was repeated for two time-series lengths, T = 10% and T = 10°. Error bars are for one
standard deviation from the mean values, after 10 independent simulations.

and Y alternate between), and to a fixed point for A ~ 0.82. In both cases, cause and
effect are indistinguishable and, as a result, most indices either have values approximately
equal to zero or suffer from numerical instability with extremely high variance. Outside of
these coupling parameter values, the information-theoretic methods and regression-based
indices showed reasonable consistency (Figure 2.5). The exception to this was CTIR,
which slowly decreased as A increased, though it still correctly identified the direction of
information flow. As was the case for the LP simulated system, ETE (H) successfully
corrected for finite sample effects, which gave rise to spurious positive TE (H) results when
T = 103. The cross mapped indices struggled to separate synchronisation from directed
causal influence in this system. Both similarity indices failed to identify causal structure
and CCM misidentified the direction of causal influence for A < 0.5.

Unidirectional coupled Hénon maps. Hénon maps are deterministic systems that

are functions of two past states, rather than just one. In this instance, X is governed a

classical Hénon map, a chaotic system that involves three steps (folding, contraction and
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Figure 2.5: Unidirectional coupled Hénon map (HU) simulation results. This shows
the net directed index rx_,y = (ix—y — iy—x) for unidirectional X — Y coupling, and was
repeated for three time-series lengths, T = 103, 10* and 10°. Error bars are for one standard
deviation from the mean values, after 10 independent simulations. Due to extreme results in
EGC when has a finite limit cycle (i.e. A > 0.7), I set these values to NaN and repeated the
subfigure (EGC*).

reflection), while Y is adjusted by a coupling signal proportional to y41(ys+1 — T41):

Tiyo = a — Ty + boy (2.17)

Y42 = @ — y152+1 +byye + Ay (Yer1 — Te11)

For unidirectional coupled Hénon maps (HU), I reported only the net directed index
rxoy = (ixsy—v-x). The HU system is highly synchronised with a finite limit cycle
for A € [0.7,1]. All causal influence indices were mostly consistent, without the noisy
fluctuations observed in [47]. The exception to this was the instability in EGC when
A > 0.7 (Figure 2.5). It is also notable that the values of approximately half of the indices
(TE (KSG), CTIR, SI, CCM) increased significantly as the time-series length 7" increased in
magnitude, in some instances tripling in value. The remaining indices (TE (H), ETE (H),
EGC, NLGC, PI) were reasonably consistent as 7" increased.
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Bidirectional coupled Hénon maps. In the bidirectional coupled Hénon maps (HB),

coupling signals are involved in both directions:

T4 = G — JL’?H + by + )\x($t+1 + yt+1)(l’t+1 - Z/t+1) (2-18)
Yraz = @ — Uiy + byt + Ny (Ter + Y1) (a1 — Tega)

As for the HU system, I reported only the net directed index rx_,y = (ix_y — ly—x)
(Figure 2.6). There was generally a high level of similarity between all methods for the
bidirectional coupled Hénon maps (relatively, rather than in absolute magnitude). The
exceptions to this in the identical HB(I) system were NLGC and CCM. In the case of
NLGC, I found that increasing the number of RBFs resulted in values that were more
consistent with other indices (not shown). For CCM, the direction of causality was
inconsistent and often incorrect. The reason for this was unclear, though it may also
have been related to hyperparameter choices. As HB(I) is symmetrical in X and Y, there
should be mirrored symmetry in the line A\, = \,, which was observed as expected. In
the region approximately equal to {(A;, Ay) : A, + A, > 0.28}, the system converges to
a plane in (z,y)-space with x; = y;, though without any periodic orbit. Since z; = v,
ix_y = iy_x and rx_y = 0. There were a small number of points in which zero values
or numerical instabilities were present in all indices, but these were all instances of the
system converging to finite limit cycles.

The differences in results between causal influence indices were more pronounced in
the non-identical HB(NI) simulations (Figure 2.7). There is another region, approximately
equal to {(A;, Ay) : 0.1 < A\, < 0.28, 0.05 < A\, < 0.15}, in which the system converges
to plane in (z,y)-space with © = y. There are also isolated points in which the system
converges to finite limit cycles, as in the HB(I) system. As in previous cases, EGC had
numerical instabilities at these coupling parameters, whilst the CCM and NLGC returned
NaN values. The information-theoretic indices were broadly in agreement with each other
and with EGC, PI and SIV). In contrast, NLGC was negative almost everywhere (and
remained so in a repeat analysis with an increased number of RBF kernels), while both
SI® and CCM were largely non-negative. However, the regions with the most extreme

values occurred in different places in each of these three indices.

Comparison between approaches In Figure 2.8, I assessed the degree to which there
was agreement between the causal influence indices, by computing the correlation between
them as the coupling parameters A\ were varied. For LP, there was almost universal
agreement in the Y — X direction. This was not the case in the X — Y direction. In
this instance, since the causal influence value should have been approximately zero for
all A values (but with some random variability around zero), the off-diagonal correlations

should also be about zero. However, as noted previously, the estimated causal influence
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Figure 2.6: Identical bidirectional coupled Hénon map (HB(I)) simulation results.
This shows the net directed index rx_y = (ix_y — iy_x) averaged across 10 independent
simulations, for bidirectional X <+Y coupling and time-series length 7' = 10*. Limits v were a
function of data percentiles, i.e. v = max(—p1, pgg), where p; was the ith percentile.
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Figure 2.7: Non-identical bidirectional coupled Hénon map (HB(INI)) simulation
results. This shows the net directed index rx_,y = (ixy — iy—x) averaged across 10

independent simulations, for bidirectional X <+Y coupling and time-series length 7' = 10%. Limits
v were a function of data percentiles, i.e. v = max(—ps, pgs), where p; was the it" percentile.
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Figure 2.8: Correlations between each of the causal influence indices for all simula-
tions: linear process (LP), Ulam lattice (UL) and unidirectional coupled Hénon maps (HU),
bidirectional coupled Hénon maps (HB(I) and HB(NI)). For UL and HU, simulations were
repeated with multiple time-series lengths 7. In each subplot, the lower left half below the
diagonal shows the Pearson correlation between pairs of indices (across all runs and values of
A) and the upper right half shows the rank-based Spearman correlation. Both directed indices
ix_y and iy _, x were calculated for LP and UL simulations but only the net directed indices
rx_y for HU and HB. The final bottom right subfigure contains the mean correlation in rx_y
across all simulations, weighting each previous subfigure equally.

erroneously increased with increasing A for some indices and decreased with increasing A
for others, which led to positive and negative correlations between indices. For UL, there
were mixed results in the X — Y direction in terms of correlations, even though there was
clear causal structure in the system. In particular, CTIR and SI both decreased in value as
the coupling strength was increased. In the Y — X direction, there was generally positive
correlation between indices, despite a negligible causal relationship in this direction. This
was likely due a very slight peak in value for most indices at approximately A = 0.5,
the reasons for which were unclear. As noted, there were signficant correlations between

methods for the coupled Hénon maps, with some exceptions (such as CCM in HB(I)).
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Comparison to the original publication. I was able to reproduce the findings in [47]
in most cases, but there were also some minor differences between their results and mine.
I followed the implementation in [47] as closely as possible and it was generally unclear
why these differences occurred. In particular, I sometimes found results of a similar profile
in A but different magnitude. I observed this for most notably for the following: EGC
and LP, PI and all simulated systems, SI'¥V and UL, TE and HU. My results were largely
comparably in magnitude for HB maps, though I handled numerical outliers differently in
visualisation.

One possible explanation for these discrepancies was an occasional lack of detail in [47],
e.g. no mention of data standardisation. The results I have reported did not involve any
preprocessing and when I repeated experiments (not shown) with some preprocessing, this
did not rectify these differences. In one notable difference between their results and mine,
they found a region in A-space (namely {(A;, A,) : Ay > 0.1, A\, > 0.1, A, + A, < 0.35}) in
which they identified general synchronisation between X and Y that resulted in numerical
instabilities and a difficulty in estimating the causal influence indices, but I did not observe
this behaviour.

I made only one deliberate change in implementation, which was to use k-means
clustering to select RBF centres in NLGC, rather than fuzzy c-means clustering. The
rationale behind this change was that k-means gave similar or improved results with a
much reduced computational cost. Lungarella et al. noted that NLGC was numerically
unstable for ‘small’ 7" and computationally expensive for ‘large’ T', which I suggest may be
partly due to their use of fuzzy c-means giving ‘poor quality’ clustering, perhaps because
of early-stopping criteria in a computationally inefficient algorithm. I also found that the
performance of NLGC in HB simulations improved significantly with a different set of
NLGC hyperparameters, e.g. P = 50 instead of P = 10 (not shown).

Computational costs. One consideration that may be relevant to identifying a suitable
method is a trade-off between robust performance and computational efficiency. This is
particularly true if an algorithm needs be run repeatedly over a large number of variables
or if there is a large quantity of data. In practice, the most significant factor in this
trade-off was the time-series length T'. Table A.2 shows the time taken to estimate the
causal influence indices for each simulated system. TE (H)/ETE (H) was the fastest in
almost all cases, followed by CCM, EGC and TE (KSG).

2.2.2 Sensitivity analysis

Next, I investigated the sensitivity of all causal influence indices to several types of data
modifications that mirrored issues often arising in real-world data. I chose to illustrate

the effects of these data transformations using UL with 7" = 103, and to naively keep all
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hyperparameters the same, even when this was clearly ill-advised (such as when the data
was scaled). This was in part to highlight that users should consider data preprocessing or
hyperparameter selection before estimation, because failure to do so can impact results
and interpretation. In Table 2.3, I summarised how the means and standard deviations
of the directed indices ry_,y (averaged over all A values) were impacted by these data

modifications.

Data availability. Many of the indices remained consistent with increasing time-series
length 7', but had smaller variance (Figure 2.4). The exceptions to this were TE (KSG)
and CTIR, which had large increases in the value as T" increased. This is something that
should at least be acknowledged in any implementation of these two indices. These results
reinforced similar observations in HU maps (Figure 2.5). It remained unclear whether the
values would converge as the time-series length continued to increase, or whether both are
unbounded as T'— 0o, but some initial empirical evidence did not support the former (not
shown). Though rx_,y values from both transfer entropy methods were highly correlated,
they should in theory be equal, since they are both estimates of the same quantity. It
is difficult to reconcile the different magnitudes, particularly as I previously observed
underestimation in TE (H) for LP simulations.

In the later work with physiological signals from intensive care, I initially considered
even shorter lengths than previously investigated in this section, e.g. 2 hours of minute-
by-minute data or 7" = 120. Up until this point, the analysis of causal influence indices
was for time-series of length at least 7' = 103. Therefore, I decided to revisit this analysis
with T' = 100, for both the linear process and Ulam lattice experiments (Figure A.4). The
results for the Ulam lattice were generally noisier for 7' = 100 than for 7" = 10% but were
still clear. The results for the linear process were worse for 7' = 100, with huge standard
deviations across multiple independent simulations. As a result, I decided to increase the
length of time-series in the anaylsis of physiological signals, and instead focused on 24hrs

of minute-by-minute data.

Data scaling and standardisation. The second set of tests was split into three. First,
I standardised both series by the sample means and standard deviations, and then I
separately scaled each (un-standardised) series by a factor of 10 (Figure A.2). For the
Ulam lattice system, sample means for both X and Y were typically between 0.4 and 0.7
and standard deviations were both approximately equal to 1.2 (except when the system
converged to a two-cycle or fixed point). Several methods are invariant under linear scaling
or shifting of the original time-series, including cross mapped indices. Information-theoretic
measures are also invariant in theory, but the KSG algorithm is not, since it is based
on k-nearest neighbour distances. EGC relies on a neighbourhood size parameter, and

mismatched scaling of the time-series without suitably adjusting this parameter can result
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Method Baseline | Data size Data scaling Rounding Missingness Gaussian noise

T =10%| T =10°| Stand. x10 x10 | 1d.p. 1d.p. 2dp. 10% 20% |o2=01 oc2=1 o2=1
Variable(s) X, Y X Y X Y X, Y| X, Y XY X, Y X Y
Mean %ZA Fox Dol — NE\Q)>/ DY
EGC 0.840 -0.064 | 0.036  0.207 -0.071 | 0.031  0.112 0.004 | -0.027 -0.040 0.533  0.981  0.950
NLGC 0.610 0.013 | 0.299 2905 -101.849 | 0.000 -0.003 0.001 | -0.008 -0.020 0.031  0.740 -0.007
PI 0.380 0.002 | 0.293 1.576 -98.727 | 0.950 -0.951 -0.016 | 0.001 0.005 0.011  0.617  0.019
TE (H) 0.675 -0.158 | 0.000  0.000 0.000 | 0.011  0.030 0.000 | 0.071 0.159 0.026  0.786  0.731
ETE (H) 0.674 -0.158 | 0.000  0.000 0.000 | 0.014  0.026 0.000 | 0.075 0.155 0.026  0.748  0.774
TE (KSG) 1.509 -1.348 | 0.000  0.269 0.609 | 0.095 -0.134 -0.029 | 0.111 0.216 0.306  0.841  0.863
CTIR 0.462 -1.226 | 0.000 0.128 0.713 | 0.299 -0.355 -0.026 | 0.083 0.161 0.273  0.826  0.848
SIM 0.001 0.015 | 0.000  0.000 0.000 | 0.549 -0.556 0.005 | -0.013  0.018 -0.007  -0.061  0.066
SI) 0.000 0.029 | 0.000  0.000 0.000 | -3.105  3.121 -0.001 | -0.037  0.017 0.000 -8.256  7.736
CCM 0.001 0.031 | 0.000  0.000 0.000 | -1.249  1.289 -0.005 | -0.009 -0.025 0.013  0.151 -0.075
Std. 13 o PO DIN
EGC 0.021 0.660 | 1.004  1.425 0.691 | 0.959 0.946 0970 | 1.023 1.033 1.025 0473  0.598
NLGC 0.023 0.089 | 0.608 64.469 126.734 | 1.000 0.954 0.994 | 1.353 1.906 1.023  1.345  2.325
PI 0.032 0.094 | 0.681 69.340 66.364 | 0.918 1.051 1.001 | 1.214 1.511 1.007  2.041  2.120
TE (H) 0.019 0.085 | 1.000 1.000 1.000 | 1.004 0.994 1.013 | 1.313 1.633 1.112  1.015  0.920
ETE (H) 0.019 0.083 | 1.000  1.000 1.000 | 0.992 0.994 1.009 | 1.296 1.634 1.109  0.947  0.854
TE (KSG) 0.025 0.120 | 1.071  0.869 1.026 | 1.232  1.320 1.042 | 1.197 1.430 1.028  1.017  0.962
CTIR 0.014 0.110 | 1.016  0.898 0.920 | 1.159  1.209 1.042 | 1.076 1.258 0.958  0.942  0.872
SI) 0.029 0.097 | 1.000  1.000 1.000 | 1.363  1.355 1.053 | 1.084 1.219 0.895 0.705  0.693
SI) 0.000 0.000 | 1.000  1.000 1.000 | 1.394 1.399 1.074 | 1.666 2.630 0.968  2.334  2.018
CCM 0.047 0.103 | 1.000  1.000 1.000 | 1.115  1.105 0.740 | 1.090 1.250 1.010  0.944  0.959

Table 2.3: Summary of all results from tests involving the effects of data size/availability, data scaling, rounding or precision
error, missingness and Gaussian noise. I used UL with 7" = 103 as a baseline and calculated the mean y) and standard deviation oy of the
net directed rx_,y at each A, over 10 independent experimental runs. I then computed the average means 1/ny >, py and standard deviations
1/nx Y 5 o, over all A, excluding only A values where the system converged to a finite limit cycle. For each modification test, I repeated these
calculations for 1/ny 3"y (@, and 1/ny 3", 0@, and computed their deviation from the baseline averaged mean (difference in value, divided by
absolute value of the baseline) and averaged standard deviation (ratio). If a modified simulated system returned the same values as the baseline,
then these deviations should equal zero and one respectively. For each modification test, I highlighted the causal influence index that was closest

to these values. For the increased data size, the averaged standard deviation should instead be much reduced, so I highlighted the value closest to
0 instead.



in an insufficient number of points available for the locally linear autoregression. This was
observed when either series was scaled by 10. The net directed index for both NLGC and
PI had vastly inflated magnitude when Y was scaled by 10. I recommended in [90] that
both series should be independently standardised or normalised before causal influence

estimation.

Rounding and precision error. Real-world data often comes from measuring instru-
ments with a fixed measurement precision or are reported with some rounding error. I
performed three tests to investigate rounding error, first rounding each series separately to 1
decimal place and then simulteneously rounding both to 2 decimal places (Figure A.2). TE,
EGC and NLGC had similar performance to the baseline in all cases, whilst CCM suffered
the most. There were some practical implementation issues that relate to rounding error,
particularly edge-cases in nearest neighbour approaches. Theoretical work motivating
estimation algorithms often makes assumptions about these edge-cases or neglects them
entirely. For example, one typical assumption is that the nearest neighbour distances are
unique, which may not hold if data is rounded. A solution to this, as suggested in [69], is
to add low-amplitude random noise to the data before estimating causal relationships, but

the impact of this on the bias and variance of causal influence estimation is still unclear.

Missingness. In two experiments, all causal influence indices appeared robust to ran-
dom missingness of 10% and 20% (Figure A.3). While some implementations of causal
influence indices, e.g. [91, 92|, are unable to handle missing data (or NaN values) there
is no theoretical reason that any of the causal influence indices should be unable to
estimate the value when there is some amount of missing data, since the univariate em-
bedding vectors should simply be discarded for both series if either one contains NaN
values. Missing data has some similarity to reduced length time-series and there is some
level of missingness that ought to invalidate results and interpretation, but it is not
currently clear what that is. There is one important subtlety between missingness and
data quantity, which is that the embedding step must be performed before excluding
NaN values and only afterwards should any embedding vectors containing NaNs be dis-
carded. For example, if X = (1,3,NaN, 0, 3,2), the embedding vectors with m = 1 are
((1,3), (3,NaN), (NaN, 0), (0,3),(3,2)) and X = ((1,3),(0,3), (3,2)). If a window of m = 1
either side of the missing data was removed prior to embedding, then the embedding
vectors (1,3) and (0, 3) would be incorrectly excluded. Alternatively, if the missing data
was initially discarded, truncating the series to X = (1, 3,0, 3,2), then an extra embedding
vector &; = (3,0) would be erroneously included. This additional embedding vector would

only be valid under imputation assumptions.

53



Noisy data. In the earlier LP simulations, Gaussian noise was an intrinsic component
of the system and theoretical expression showed that this impacted the value of TE only
through the ratio of variances o,/0,. However, this noise is internal to the simulation
process and does not arise in observation. In the UL tests, I added additional Gaussian
noise after the simulation was completed. The inclusion of this ‘measurement noise’ does
not alter the state of the system or the causal influence between variables, but it may
obscure the causal structure. In the first of these tests, in which I added small variance
Gaussian noise to both variables (o, = 0.1), the amplitude of the noise was an order of
magnitude less than the values of the time-series, and the inclusion of this noise had only
a small effect for all indices (Figure A.3). In the latter tests, I added noise with much
higher variance to each time-series in turn (with o, = 1) and the effect of this was more
pronounced. NLGC performed best and appeared very resilient to noise added to Y (effect

variable), though it dropped slightly in value when noise was added to X (cause variable).

2.2.3 Discussion and recommendations

In-depth comparative studies of this kind are relatively rare in the literature, particu-
larly methods for describing a mathematical concept that does not have a consistent
mathematical definition, e.g. estimating causal influence in time-series. Even without
a universal definition, causality has huge importance in how we can model, predict and
exploit real-world applications from many scientific disciplines. Understanding asymmetric
causal influence in bivariate systems is an important step towards providing insight into
causal interactions between components in complex temporal networks.

Most causal influence indices have strengths and weaknesses, and there did not appear
to be one method whose all-round performance exceeded all others. Granger causality
and transfer entropy have long been regarded as the leading methods for bivariate or
low-dimensional multivariate systems and these have had wide applications [33, 34, 39].
Transfer entropy has the distinct advantage that it is built upon a well-established
and universal framework of information-theoretic principles (i.e. Shannon entropy). It
performed solidly throughout, though there was some tension between algorithms for
estimating TE. I showed that a fixed partition approach using histogram binning (TE (H))
was biased in the simplest model, despite this having better computationally efficiency
and more consistency as time-series length varied. The KSG algorithm appears to be
a better option, unless data is extremely scarce. However, there are some unanswered
concerns about TE (KSG), particularly that it sometimes increased in magnitude as the
time-series length was increased. CTIR did not seem to offer any obvious advantage to
compensate for a much higher computational cost. Standard linear Granger causality
is widely favoured but has restrictive assumptions and is ill-suited to complex nonlinear

problems. Of the two nonlinear extensions to Granger causality, EGC was preferred in [47].
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Some of the computational challenges and numerical instability that they experienced
with NLGC may have been a result of their choice of a fuzzy c-means for RBF kernels,
and alternate parameter choices appeared to resolve some of their concerns. I found
that NLGC was one of the most robust methods to rounding error, missing data and
Gaussian noise. Lungarella et. al rightly noted that ”if the rank of the data is small,
kernel based methods tend to overfit” [47], but I did not observe any issues with this in
simulations. Predictability improvement (PI) likewise performed solidly, and had a slight
advantage among regression-based indices in that it was less reliant on hyperparameter
choices. Finally, cross mapped indices had mixed results in the quantitative review, but
dynamical systems theory offers different insights into causal inference, particularly in high
signal-to-noise settings, so should not be readily dismissed. Convergent cross mapping is a
more recent and popular method, and this offered a broad improvement on the similarity
indices (SI), which did not consistently identify the strength or direction of causal influence.
However, CCM also did not always manage to determine the correct direction of causal
influence in the simulations.

In Section 2.2.2, I highlighted the importance of some preprocessing steps to avoiding
algorithmic issues, in particular data standardisation. This is also important to allow
comparison of results relative to other data, since there is no clear interpretation of the
absolute value for any causal influence index. Rounding error gave rise to practical issues
within the implementation of several of the algorithms, particularly for indices that require
k-nearest neighbour computations. Noisy data led to the largest changes in absolute value
for most methods, particularly for observation noise in the causal variable. As noted in
previous studies, “noise in real-world data is ubiquitous, [and] the inclusion of noise in
model investigations has been largely ignored” [78|. However, provided the noise had
small variance relative to the magnitude of the time-series values, all methods performed
adequately.

On the basis of this work, I concluded that the strongest choices for quantifying
bivariate causal relationships were, in my view, transfer entropy using the KSG algorithm,
followed by nonlinear Granger causality and predictability improvement. A more complete
approach would be to estimate the causal influence using multiple indices, which may
strengthen conclusions if they are largely in agreement. Furthermore, new proposed
methodologies should include discussion of the various real-world data issues that I have
identified.

2.3 Information, intensive care and Covid-19

The motivation for the review of causal influence indices was an application to physiological

time-series from ICU. In particular, I sought to test whether there was evidence of Covid-19
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brainstem dysregulation, via decreased interaction between physiological subsystems. I
decided to use measures from information theory to describe the interactions between
three of the main physiological time-series variables (temperature, heart rate and mean
arterial blood pressure). Alongside transfer entropy (Equation 2.7), I also estimated the
entropy (Equation 2.4) and mutual information (Equation 2.6), in order to describe the

information content of these physiological time-series more completely.

2.3.1 Dutch Data Warehouse for Covid-19

The Covid-19 pandemic placed huge burdens on ICUs, with high mortality rates and
more demand for ICU beds than availability. The urgency for scientific discovery around
Covid-19 necessitated large-scale multi-centre ICU data sharing, especially with uncertainty
around the variation in clinical practice between centres and with more frequent patient
transfers between centres. Aided by experience with previous large scale single-centre ICU
databases, Amsterdam UMC led a data sharing collaboration in the Netherlands to create
the Dutch Data Warehouse for Covid-19 (DDW) [16]. This contained clinical data from
3463 patients and 25 hospitals, mapped to a unified pre-defined vocabulary of 942 clinical
parameters. This data totalled over 200 million datapoints, and included demographics,
outcomes, medications, laboratory data and routine physiological measurements. Overall,
patients in ICU had a median age of 64, median ICU length of stay of 7.1 days and
24.4% ICU mortality. Within the entire dataset, there were between 6.5 and 8 million
measurements for each of the three physiological time-series variables (T, HR, ABP),
averaging at around 2000 measurements per patient. All three variables were present within
the database at minute-by-minute intervals. Arterial blood pressure is often recorded at
the bedside at higher frequencies, but it was only available here as three summary values
(systolic, mean and diastolic), averaged by minute. I used the mean ABP in this chapter
and in Chapter 3.

Since the set of hospitals contributing to DDW used different electronic health record
systems (Epic, HiX and MetaVision) and recorded data at different levels of granularity,
not all of the patients in the full dataset had consistent simultaneous minute-by-minute
measurements of all three variables. I used a simple thresholding to remove extreme values
outside of pre-defined ranges for each variable. The minimum and maximum allowed
values were 50mmHg and 140mmHg for ABP, 33°C and 42°C for temperature, and 50bpm
and 150bpm for HR. Having removed these outliers, I identified a subset of 136 patients
who were in ICU for at least 2 days, with at least 1440 measurements in each variable and
at least 90% of these occurring within 1 minute of the previous measurement (i.e. at least
24hrs of minute-by-minute time-series data for each variable). The patients in this smaller
Covid-19 cohort came from 4 hospitals and had a maximum length of stay of 55.5 days.
34 patients in this cohort died in ICU with median length of stay 14.1 days, while 102
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patients were discharged with median length of stay 13.6 days. In my analysis, I restricted
to looking at a maximum of 15 days after ICU admission. Within this window, 19 patients
died in ICU, 55 were discharged and 62 were still in ICU at the end of the 15 day period.

2.3.2 Hypothesis of dysregulation of the brain stem

One of the most widely-known physiological regulation models is homeostasis, which means
‘stability through invariance’ (etymologically, ‘similar’ + ‘standing still’) [93-95]. In this
model, systems in the body (e.g. chemical, biophysical or physiological) are maintained by
regulatory mechanisms that apply negative feedback loops to reduce perturbations away
from narrow, fixed homeostatic ranges. Sometimes, a homeostatic range is necessary for
function, but it can also be a compromise between cost (i.e. energy requirements) and
utility. There are many examples of feedback mechanisms within the human body, e.g.
thermoregulation [96, 97], arterial blood pressure [98] and fluid balance [99].

An alternative regulation model is allostasis, or ‘stability through variation’ (etymo-
logically, ‘different’ + ‘standing still’) [100-102]. The central idea of allostasis is that an
efficient regulatory system involves constant natural variation (usually within some ‘safe’
variable range), which in turn allows flexible adaptation to changes in the availability of
resources. Examples of this include insulin levels [103] and arterial blood pressure [104].
Compared to homeostasis, allostasis can be viewed almost as a paradigm switch from a
reactive regulation model to a feedforward predictive regulation model, anticipating the
demands on internal biological systems based on the predicted resource abundance or
scarcity. In physiological systems, this variability can be observed in continually varying
physiological time-series variables (e.g. heart rate, arterial blood pressure).

The hypothalamus and the brainstem play critical roles in regulating cardiovascular
and respiratory function, and in thermoregulation. The brainstem also conveys all infor-
mation from the brain to the rest of the body and vice versa, and has neural function
relating to alertness, awareness and consciousness. Brainstem damage is very serious,
and can lead to irreversible loss of capacity for consciousness (i.e. ‘brainstem death’)
[105]. Anecdotal evidence from clinicians treating severely-ill Covid-19 patients, which
included abnormal brainstem reflex and unresponsiveness to sensory stimuli, suggested that
brainstem dysfunction was a symptom of Covid-19. This resulted in a clinical hypothesis
of brainstem dysfunction in patients with severe illness induced by respiratory viruses,
which has since been supported in multiple studies [24, 25]. Since the brainstem controls
some physiological regulation, brainstem dysregulation may lead to reduced interactions
between physiological systems. The idea that severe disease disrupts interactions between
different systems within the body (i.e. ‘decomplexification’) follows from research during
the 1980s and 1990s, which focused on measures of heart-rate variability as a proxy for

the interaction between heart and brain [106-108]. In fact, several measures of system
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complexity, including approximate entropy [109], were developed around this time because
of their application to cardiology. Causal influence between time-series can therefore
provide insights into these interactions, though this has not yet been done in the context
of severe respiratory viral disease. The fundamental idea in allostasis is that there is some
natural variation, but this variation should remain largely consistent over time. As such,
there are also parallels between this regulation model and the concepts from information
theory, as both can be viewed in terms of ‘expected surprise’ and ‘average uncertainty’.
This meant that causal inference and information theory provided a natural framework for
investigating the brainstem dysfunction hypothesis under the allostasis model and through

the lens of physiological time-series.

2.3.3 Information theory and physiological time-series

For the Covid-19 cohort defined in Section 2.3.1, I rounded each variable to a uniform
precision, in order to ensure consistency between patients (to the nearest integer for
HR and ABP, and to 1 decimal place for temperature). I then added infinitesimally-
small uniform noise to each variable (i.e. between —5x 107 and 5x 107?) to ensure
distances between embedding vectors during causal influence estimation were unique, and
standardised each variable separately by its mean and standard deviation. I estimated the
entropy individually for each variable (T, HR, ABP), and the mutual information and
(bidirectional) transfer entropy for each pair of variables (T and HR, T and ABP, HR
and ABP). I used the KSG algorithm for estimation (Equations 2.8, 2.9 and 2.10), with
hyperparameters m =1, 7 =1 and k = 4.

For each information-theoretic measure, these calculations were for a time window of
length 24hrs, containing up to 1440 measurements. I repeated this at 6hr increments from
ICU admission until discharge, death or the end of the 15" day after admission. By shifting
the 24hr window and estimating each information-theoretic measure at 6hr increments
over a maximum of 15 days, I created multivariate trajectories of information-theoretic
measures (which I refer to as ‘information trajectories’) for each patient during their ICU
stay. These consisted of 12 values (3 entropy values, 3 mutual information values and
6 transfer entropy values) at every successive 6hr timestamp, with a maximum of 60
multivariate observations per patient. My implementation of the KSG algorithm was able
to handle missing data, but I discarded windows in which there was a significant amount
of missingness in the physiological variables. For the differential entropy estimation, I
required there to be at least 200 valid measurements in the time-series. For mutual
information and transfer entropy, I required there to be at least 200 simultaneous valid
measurements in both variables. In practice, this meant that within each 24hr window,
there were 1343 raw measurements on average, rather than 1440.

In the remainder of this chapter, I sought to illustrate what the information-theoretic

58



41 A —— Heart rate

130
— Temperature
39 A 110

e | SN | Sadhadlc a0
M L
Low TEqR—T 37

Wi AN [\ - 70

35 o
33 30
419 L 130
39 4 - 110
Low TET-nr
; L 90
High TExr-T1 37 4
- 70
o 357 ) Lso X
— +F]
v 33 3 -~
2 41 2
@ 130 @
Qi L
g 39 1 L 110 S
High TEr=xr & L 90 i
Low TEr-r 37 { Lo duitennend,.,

35 1 L 50

33 30
17 - 130
39 4 F110
High TET- i
_g T—HR ‘ L 90
High TEqg-T 37 1
F 70
35 i L sg
33 T T T T T T T T T T T T 30
0 6 12 18 0 [} 12 18 0 6 12 18
Time (hrs)

Figure 2.9: Example physiological time-series with extreme transfer entropy values.
Each row was randomly selected from among the 24hr windows which had TE values in the
lowest and highest deciles (in both transfer from HR to T and from T to HR).

values and trajectories looked like. I returned to the information trajectories later in the
thesis, in the second half of Chapter 3. Firstly, I identified 24hr windows with extreme
transfer entropy values between temperature and heart rate, i.e. the highest or lowest
deciles. In Figure 2.9, I showed 24hr windows of the raw data corresponding to these.
Both transfer entropy values were in the lowest decile in the top row, and in the highest
decile in the bottom row. In the middle row, the transfer entropy value in one direction
was in the lowest decile and in the highest decile in the other direction. Each row in
this figure contained three randomly selected 24hr observations that met these conditions.
In some examples, an increase in one physiological variable appeared to coincide with
a later increase or decrease in the other variable (suggesting some feedback response),
but generally the situation was slightly more complicated than this, particularly since
‘expected surprise’ is not straightforward to visualise, and minute-to-minute variability

is not easy to read from this figure. One thing that was apparent from Figure 2.9 was
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that there was much less variability on small timescales in temperature than in heart rate,
which in turn corresponded to much lower entropy values (Figure 2.11).

In Figure 2.10, I showed individual information trajectories for four randomly selected
patients from the cohort. Three of these patients remained in ICU for the full 15 days,
while the other was discharged after 208hrs. I summarised the information trajectories
of all 136 patients in the cohort were summarised in Figure 2.11. This figure contains
heatmaps, where counts are the number of patients in discretised value ranges (with 50
bins), at each 6hr timestamp. This was useful for visualisation at the cohort-level, but
masked individual variability at the patient-level. The general picture from the examples
in these figures were that (i) entropy of ABP and HR tended to increase during ICU
stay, (ii) entropy of temperature was much lower and more stable within each patient, (iii)
mutual information tended to decrease over time, with the largest values between HR and
temperature, (iv) transfer entropy from ABP or HR to temperature was lower than in the
other direction (and between ABP and HR in either direction), (v) in general, transfer
entropy had high within-patient variance but was reasonably constant on the cohort-level.
The lower entropy of the temperature time-series was likely to have also contributed to the
reduced transfer entropy from ABP to HR, since the ‘expected surprise’ in each entropy
component of Equation 2.7 will be reduced (though exactly how is unclear, since these
entropy components do not have consistent sign). One other interesting observation from
Figure 2.10 is that the patient who was discharged after 208hrs had significantly higher HR
entropy values than almost all other patients (though smaller mutual information), and
experienced sudden changes in entropy values for both HR and T in the 24hrs preceding
ICU discharge. A possible conclusion here is that this could have represented a short
period of clinical deterioration, yet there was no clear evidence in the DDW data to suggest
that this occurred (and the fact that the patient was discharged from ICU indicated
an improvement in the patient state). Identifying and explaining dramatic shifts in the
information trajectories may help to identify rapid changes in clinical prognosis and to
help our understanding of the underlying physiological processes, but this is a direction
for future research. Initial interpretation from Figures 2.9-2.11 may be useful but does not
provide clear and objective evidence, without more detailed analysis. Therefore, in order
to investigate these trajectories further, I returned to this problem in the next chapter,

using flexible time-series modelling and Bayesian model evidence estimation.
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Figure 2.10: Example information trajectories for four patients. These patients were
randomly chosen from the Covid-19 cohort that I defined in the main text. Each patient is
identified in all subplots by separate colours (pink, blue, green, orange).
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Figure 2.11: Cohort-wide summary of information trajectories. These heatmaps show
histogram-binned counts of information-theoretic values (with 50 bins) for all 136 patients within
the Covid-19 cohort, at every 6hr timestamp.
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CHAPTER 3

MULTILEVEL MODELLING OF TIME-SERIES
AND INTEGRATED LIKELIHOODS

The focus of this chapter was an analysis of frequentist and Bayesian methods for modelling
the trajectories of time-series data, in particular data with hierarchical structure. This was
as a follow up to the previous chapter, and concluded my work on bivariate causal influence
in time-series and brainstem dysfunction in ICU patients with Covid-19. T estimated
information flow between temperature and heart rate for a cohort of ICU patients from
the Dutch Data Warehouse for Covid-19 (DDW), at regular intervals over the first 15 days
in ICU in Chapter 2. The next steps were to compare the information trajectories between
this cohort and a control group of mechanically-ventilated ICU patients experiencing
similar respiratory distress but without viral infection, i.e. patients in ICU with sepsis
and respiratory dysfunction. This full dataset had a multilevel group structure, with
groupings at the patient level and hospital level, in which data observations are more
closely related to other observations in the same group than to observations in other
groups. I used multilevel (mixed effects) linear models to model information trajectories
for each cohort separately, and for both cohorts combined. For each information-theoretic
measure, | defined a statistical hypothesis that the former (split cohort) model described
the data better than the latter (combined cohort) model. If true, this could provide further
evidence that the Covid-19 ICU patients had impaired physiological regulation, compared
to patients who had a similar severity of respiratory illness.

One of the main Bayesian approaches for quantifying the support for one model over
another is to calculate the Bayes factor, which can be estimated using importance sampling
or Markov chain Monte Carlo (MCMC) techniques. This is challenging in high-dimensional
or hierarchical settings. There are established methods for flexibly modelling data with
hierarchical structure, but I was initially frustrated in my attempts to estimate the Bayes

factor using MCMC. Instead, I decided to approach the problem from a different angle,
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which involved estimating the model evidence for each model, since the Bayes factor is the
ratio of the model evidence. As a result, I developed and expanded upon an approach
that uses semi-conjugate priors and integrated likelihoods as an intermediate step for
this, including a novel extension of the integrated likelihood approach to hierarchical data
with multiple-level group structure. The remaining integration in the model evidence
can be performed using the previously mentioned sampling techniques, but crucially this
part can be performed over a much lower dimension, typically only a few single-valued
parameters. Multilevel models have been used widely in applications such as phylogenetics,
education and healthcare [110, 111]. My approach here is relevant to any multilevel linear
model under weak prior assumptions, and so has wider applicability than the original
ICU time-series modelling task. I published my contribution to this integrated likelihood
approach as a methodology paper in PLOS One [22], separately from the application to
Covid-19 ICU data.

The second half of this chapter used this approach to evaluate and conclude the research
questions from Chapter 2. In addition to information-theoretic measures of directed causal
influence between temperature, heart rate and arterial blood pressure, I also modelled
and compared trajectories of the raw data of inflammatory marker variables, C-reactive
protein (CRP) level and white blood cell (WBC) count, in order to create a more complete
picture of the differences between the two ICU cohorts. In the course of this, I published
an open-source implementation of the Sepsis-3 criteria for AmsterdamUMCdb, in the
journal Gigabyte [112]. T have not yet submitted the work on information trajectories for

Covid-19 and sepsis ICU patients for publication but intend to do so.

3.1 Introduction

Multilevel models are a generalisation of linear models to settings in which the model
parameters (e.g. regression coefficients) are stratified by groups within the population [113].
For example, individuals in the population may belong to a small number of groups or
clusters, and data may be available on both the individual level and the group level. Simple
linear models without multilevel structure are generally inferior in situations where the
data has hierarchical structure, as it neglects information intrinsically contained within the
group structure. In contrast, multilevel models explicitly model at each level of granularity.

The most general multilevel setting in this chapter is a nested three-level hierarchy;,
with first-level observations (clinical measurements) nested by second-level group (patient
pseudo-identifier) nested by third-level group (hospital identifier). The goal of the chapter
was to determine whether there were statistically significant differences in a number of
variables between two mutually-exclusive patient cohorts (Covid-19 and sepsis). If there

was no difference between the cohorts, then they can be considered as both belonging
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to the same three-level combined dataset. Otherwise, the cohorts could be viewed as an
fourth-level grouping within a merged dataset (i.e. with some shared model coefficients
and some depending explicitly on the cohort) or as two completely different datasets (no
shared model coefficients or a different model structure entirely).

Given there is a wide variety of modelling structures that can describe multilevel
data, an important question is how we might identify an ‘optimal’ model from multiple
competing candidate models. There is not an established methodological answer to this,
particularly as the answer may be context-dependent. There are many criteria than can
be used to compare the suitability of competing candidate models. In the frequentist
setting, this includes Akaike information criterion (AIC) [114], false-discovery rate [115]
and likelihood ratio tests [116, 117|. The standard Bayesian approach is to estimate the
ratio of the model evidence for each model, where the model evidence is the full likelihood
integrated over all parameters in the model with respect to their priors. One advantage
of using a Bayesian approach for model comparison is that it implicitly penalises model
complexity, as increasing the number of parameters of the model increases the dimension of
the parameter space and the integral. However, direct computation of the model evidence

is not possible in most cases, except for simple models with fully conjugate priors.

3.1.1 Key contributions

There are two major elements to this chapter, first extending the Bayesian integrated
likelihood approach to multilevel models, and then the application of both Bayesian
and frequentist approaches to model selection with time-series data from ICU. The key

contributions were as follows:

1. I derived integrated likelihoods in multilevel models with semi-conjugate priors, up
to a three-level hierarchical data structure. The integrated likelihood calculation is
well-established for a simple linear model and for a simple two-level linear model
[118], though the latter is generally only presented in simplified matrix algebra form
without explicit dependence on variance parameters. To my knowledge, integrated
likelihood computations for a general two-level model and a three-level model, which
are described in Equations 3.4 and 3.5, have not previously been discussed or

published in the literature.

2. The model evidence is usually estimated using sampling methods, such as importance
sampling or Monte Carlo integration. I showed that model evidence estimates were
more robust and consistent when using the integrated likelihood (sampling over
variance parameters) in place of the full likelihood (sampling over all parameters).

Using simulated time-series datasets generated from various multilevel models, I
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showed that the ‘true’ model could be identified in each case using the integrated

likelihood approach but not using the full likelihood approach.

3. T modelled the trajectories of information-theoretic variables (entropy, mutual in-
formation and transfer entropy) for physiological time-series (temperature, heart
rate and arterial blood pressure) and of clinical variables (CRP and WBC) for
patient cohorts in ICU with Covid-19 or respiratory sepsis. I showed there were
significant differences between cohorts in the information trajectories. These findings
were agnostic to the basis expansion used to define the function of time and to
the statistical paradigm (Bayesian or frequentist). Finally, I contextualised these
information-theoretic results in terms of the clinical presentation of patients in each

cohort.

3.1.2 Mathematical definition and notation

The basic premise in this chapter involved modelling a variable y as a non-linear smooth
function of time ¢, i.e. E[y] = f(t), for data D containing datapoints (y;, ;) (ignoring for
the moment any hierarchical data structure). This is usually achieved by approximating
the unknown non-linear function f(t) as a finite weighted sum of known basis functions
fi(t), e f(t)~ ijl B f;(t). Given pre-defined basis functions f;(¢), this converts the
problem to a regular generalised linear model E[y;] = 87 x;, where z; = (fi(t), ..., f1(t:))
are new covariates under the basis expansion of f(¢). Under this expansion, the datapoints
in D are (y;, x;). Even though this describes a non-linear function of ¢, it describes a linear
model because of linearity in the coefficient . I assume all models are general linear
models, i.e. with normal distribution and identity link. Both frequentist and Bayesian
approaches use some form of penalised regression (either explicitly or implicitly) to fit the
model. I described the model structure for each setting, e.g. the basis functions, later in
Section 3.1.3. In this chapter, I use the notation 1{ A} to denote the indicator function for

some event or condition A.

Data structure. [ denote (strictly) hierarchical structure using index notation, with the
number of subscript indices equal to the number of levels in this multilevel structure. In a
three-level hierarchy, the i*" observation in the j* second-level group in the k" third-level
group is (Yijk, Tiji), where y;;x is the response variable and x;;;, are the covariates. I denote a
dataset as D, the most general of which contains (vy;;x, xix) fori =1,....m, 7=1,...,n
and k =1,..., K. There are m;; and my, observations in second-level group j and third-
level group k respectively (with my = Zyi 1 M), and ny second-level groups in group
k. In total, there are K third-level groups, n second-level groups (n = Zszl ng) and m
first-level observations (m = S, D myy = S my). The independent variables z,;

are vector-valued, with dimension d. Unless otherwise stated, this includes an intercept
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term (i.e. the first element of z;j, has value 1 for all indices). I assume the data is
standardised (centred and scaled) prior to any modelling, standardising each dependent

and independent variable separately.

Subscripts. At this point, I include a brief note about subscript indices, as there is
potential for the subscript notation to become confusing within a variety of hierarchical
structures. I have tried to make this notation as consistent as possible. Firstly, when
the hierarchical data structure has fewer levels (or a model structure does not require
higher-level groups), the corresponding index can be dropped for easier readability. For
example, with no hierarchical structure, this dataset D contains (y;,z;) for i =1,... m.
Secondly, in the above, the subscripts ijk are nested. Results in Section 3.2 and their
derivations in Appendix B.2 often involve summation (or products) over combinations of
these subscripts. Including limits in these sums makes the algebra bulky and difficult to
read (particularly in Appendix B.2), so these were left implicit. Summation (or product)

over k is from 1 to K, summation over j for a fixed k£ is from 1 to ng, and summation

Nk

over i is from 1 to my, for fixed k and j. Equivalently, 3, means 3 0 |, 3" ;j means > 5*

mik Nk mijk .
>, means Y, 7, >, means y *, >0, ete. Where necessary, I used [ or p in place of

J in summation and ¢ in place of ¢ in summation, to avoid repeating subscripts.

Models. I denote multilevel linear models as M,,,, where [ is the number of levels and
n an additional index to distinguish between models of the same level. I denote the
model parameters as 0§ € O, e.g. 8 = (87,0%)T. In the Bayesian setting, models are not
completely specified unless accompanied by prior distributions for model parameters 6, i.e.
0 ~ Py. I did not explicitly include any priors until Section 3.2, but they are understood
to be implicitly accompanied by suitably defined priors when viewed from a Bayesian

setting. The simplest model is a linear model with no hierarchical structure:
Mll Y = BTI‘Z‘ + €;, € N(O,O‘Q) (31)

The idea behind a multilevel model framework is that each level is modelled separately in a
cascading sequence, with possible covariates at the different group-levels. For instance, in
a two-level hierarchical structure, if there are individual-level covariates z;; and group-level

covariates Z;, then:

Mo+ yij = Bl xij + u; + €5, €5~ N(Ovo—Z)
uj = B3 & +n, nj ~ N(0,07)
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In practice, any group-level covariates are absorbed directly into x;; and do not change

value between same-group observations. This model can be then rewritten as:
Moy 1y = Bl + n; + €ij, €5 ~ N(0, 05)7 n; ~ N (0, 0727) (3.2)

Instead of directly modelling the unobserved group-level response u;, the term 7; can
be viewed as group-level deviation from the ‘population average’ (in the terminology of
mixed effects models, 7); is a random effect). The model parameters in this instance are
0= (p7, 05, 072]). This multilevel linear model can also be rewritten as a single-level linear
model with correlated errors [119]:

My 2 y~N(@B,V), V=0l +0o MM" (3.3)
In this case, y is a m-dimensional vector (yi1,...,Ym,n), T 1S & m X d matrix defined
similarly, where M is an m x n matrix indicating group-membership, M;; = 1{i €
{1+ mu, ., 300 mi}}. In some cases, a d'-dimensional subset of covariates x;;,

which I denote z;;, have regression coefficients that vary by second-level group:
Moy oy = 5T33ij + 77?«%‘ + €35, €5 ~ N(0, 0_5)7 n; ~ N(0, Zn(¢)) (3.4)

The covariance matrix %, for d’-dimensional coefficient 7; is symmetric positive-definite
and parameterised through ¢, e.g. ¥,(¢) = ¢I (though the independence assumption
in this example is restrictive). Finally, a three-level hierarchical model, with parameters

0= (BT,(I;,J%,JZ), is:

M yijr = 5T33'z'jk + ik + Ck + €ijks
6ijk: ~ N(OJ 0-13)7 77]]6 ~ N<07 U%)? Ck ~ N(07 U?) (35)

For a linear model My, I denote the following:

e Likelihood of D at 0: p(D|M;1,0) (Bayesian) or L(0|M;1, D) (frequentist)

e Prior distribution function for : p(6|M;;)

e Posterior distribution function for 8: p(6| M1, D) x p(D| M1, 0)p(0|M;1)

e Integrated likelihood, over §: p(D|Myy,0?) = [pa p(D| My, B,0%)p(B| M1, 0?)dp

e Model evidence (marginal likelihood): p(D|Mji1) = [o p(D| My, 0)p(0|M11)d6
The likelihood is central to both Bayesian (as a function of #) and frequentist (as a function
of D) paradigms. Unless explicitly stated otherwise, I assume independence of priors, so

the prior for # is the product of individual priors e.g. p(0|Mi1) = p(B|M1)p(c?|My1).

For higher-level models, the likelihood and prior are the same as above, but the model
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evidence and integrated likelihood depend on the multilevel structure of the model, since
group-level deviation terms (7 and () are additional nuisance parameters that must be

also integrated out. For example, for Moy:

e Integrated likelihood, over 3 and n:
p(D|M21,a§,a727) = fRd+nP(D|M21aﬁ,7770570127)27(77‘/\421,Ug)p(mMm)dﬁdﬁ

e Model evidence (marginal likelihood):

p(DIMa1) = [g. pn P(DIMay, 0, 0)p(n| May, 8)p(0]| Moy )dbdn
Similarly, for Mg;:

e Integrated likelihood, over S and n: p(D|Masy, 02, 0'%, a?) =
fRd+n+K p(D|M31,5,77;(,057Ug)p(qM?ﬂ,U?)P(U|M31,072,)19(5|M31)d5d7]d§

e Model evidence (marginal likelihood):

p(DIMs1) = [g pnix P(DIMs1, 0,1, O)p({IMay, 0)p(n| My, 0)p(0]| Ms1)dOdnd(

3.1.3 Overview and related work

Frequentist model comparison. One of most common model selection tools is the
Akaike information criterion [114], a measure of the goodness of fit. This is defined as the

following, where k is the number of unconstrained parameters:
AIC = 2k — 2maxyce log L(0|M, D)

Candidate models can be ranked by their AIC to evaluate the relative suitability of each.
AIC is rooted in information theory, as an asymptotic estimate of the relative amount
of information lost when describing the true data generation process by the statistical
model, i.e. it is an asymptotic Kullback-Liebler divergence. A more complicated model
will generally improve the goodness of fit but risks overfitting to the data. AIC penalises
model complexity to mitigate against this.

Models can be compared more explicitly in a frequentist setting using statistical
hypothesis tests, e.g. a likelihood-ratio test for imposing some constraints on the full
parameter space ©. However, the exact distribution of a likelihood ratio under competing
hypotheses is often difficult to compute. One example relevant to multilevel modelling

involves generalised additive mixed models.

Generalised additive mixed models. The frequentist multivariate extension to
generalised linear models for the smooth non-linear function f(-) are generalised additive
models (GAMs) [120], where f(-) may be a function of multiple variables (rather than a

function of ¢). In a GAM, the multivariate f(-) is represented by a superposition of smooth
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univariate functions, which are each approximated in turn by a finite sum of basis functions.
The rationale for this expansion is based a modified version of the Kolmogorov-Arnold
representation [121]. Generalised additive mixed models (GAMMs) further extend the
GAM model with the inclusion of higher-level group effects (random effects). In GAMs and
GAMMs, smoothing basis functions are used alongside penalised least-squares regression to
prevent too much ‘wiggliness’ (i.e. overfitting) in the function f(-). These smoothing bases
are usually spline functions, e.g. weighted radial basis functions or piece-wise polynomial
with smoothness enforced at fixed changepoint knots, 71, ..., 7411.

Later in Section 3.3, I used a cyclic cubic spline basis for the generalised linear mixed
model (a univariate GAMM), i.e. f(t) is a cubic polynomial on every interval [7,,, 7,,41] for
n=1,...,d. It is more convenient to describe the maximum penalised likelihood using
matrix algebra rather than subscript notation. For the general second-level model Mo

(Equation 3.3), penalised regression minimises the following:
T " 2 1 1 -1 T
LOMz D)+ [ f1(8)dt = —5|V| = 5y —2B)V " (y —af) + A7 56

The basis functions f;(¢) and the matrix .S in the above are described fully in Appendix B.1,
while the correlated-error covariance V' (Equation 3.3) depends on the variance parameters

oy and 0. The maximum penalised likelihood estimate (MPLE) for 3 is:

~

B ="V e+ AS) TV y = Py

Then, for an m-dimensional function c¢(¢) with i component equal to Z;.lzl f (t)]%i,
the MPLE estimate for f(¢) is f(t) = Z;l:l f;t)(Py); = é(t)"y. Imposing a penalty
term (like the term S7Sf) is in some sense equivalent to assigning prior beliefs about
the model characteristics. In this case, if A, UZ and 0727 were known, then if g has prior
p(B|Mas) ~ N(0,S a7 /)), it has posterior p(8|Maz, D) ~ N3, (2TV "z + AS)~la).
This posterior can be used to generate credible regions for inference using the GAMM
model.

The goal was to compare non-linear functions f(¢) and ¢(t) describing time-series
trajectories for two cohorts D; = (y™, M) and Dy = (y?,+?). Assuming each cohort
has different model parameters 5, and V; for [ = 1,2, then the joint correlated-errors
single-level model is y ~ N (23, V}). Following [122, 123], a frequentist hypothesis test

for model comparison between cohorts and a measure of the difference between f(¢) and

g(t) are:

Ho: f(t) = g(t), Hy: f(t) £ 9(t)  ALf()9()] = / T gz (36)

T1
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The test statistic for this hypothesis test is:

~

Td+1 N
Aus = Alf. 4] = / () eo(t)eo(t) Ty Ot = (y@)T Ciyl®

. Td+1 1) é (t) . ‘71 0
C:/ e Tdt, yO = (Y ) ety = @ Vo= )
- 0( ) 0() Yy y(2) 0() —é2<t) 0 0 ‘/2

The null hypothesis is rejected if Af 1 g] > 0. This has an approximate p-value for the
observed test statistic Agpg is p(X2 > Agps/tr(CV5)?) [122], where tr is the matrix trace.
This approach can be further generalised to include additional covariates unrelated to

the function f(t), e.g. a covariate z with coefficient ar. Then, for Mog : y ~ N(zf+za, V),

Td 1 1
£OMas, D)+ [ 67 = =3IV = S = B — )V — 2 — 20+ A5TSP
B=@"Wa+ M) "Wy =Py, W=V"'—-V 12TV 1) LTy}

Given this MPLE, the remaining definitions and hypothesis test remain the same as the

above.

Modular time-series models. A more Bayesian approach to this problem allows
more flexibility in the model structure, while model coefficients are already implicitly
penalised through their prior distributions. In particular, the function f(¢) does not
need to be smooth or continuous in this framework. In [124], the authors use a modular
model with growth and seasonality components as an alternative forecasting model to
an autoregressive integrated moving average (ARIMA) model. T used a similar basis
expansion in the Bayesian sections of this chapter. This included a piece-wise linear term

and a truncated Fourier series term:

2 2
=\+ 25 2) {t > s} + Z (an CoS 7;% + b, sin %nt> (3.7)

The piece-wise linear component has fixed changepoints s, for n = 1,...,d;, at which
the function is continuous but not smooth, and the Fourier series has fixed periodicity
P. With s; < min, t;, the baseline gradient is 0, while 9,, are gradient adjustments for

n=2,...,d;. The generalised linear model for this is E[y;;x] = 87z, with:

27Ttijk: sin 27th’jk )

BT: ()\,(ST,(J,T,bT>, QZz‘jkz (L(tijk_sl) 1{tijk—81},...,COS P sy P e

The model coefficient £ includes the intercept adjustment A, gradient terms ¢,, and the

Fourier coefficients a,, and b,,. Consequently, the dimension of x;;, and 8 is d = 1+d; +2ds.
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Autoregressive models and other alternatives. In the above paragraphs, I described
non-linear regression two approaches. These model the data as a direct function of time
t, so each group shares the same response variable trajectory with i.i.d. errors, up to
a group-level effects. There are alternative approaches to this. The most common are
autoregressive models, which model the response variable at time ¢ as a function of the
response variable at previous times e.g. at time ¢t — 1. Hidden Markov models and simple
recurrent neural networks leverage time-series data similarly. As with the non-linear
regression model, these types of models can be augmented with multilevel effects, e.g.
[125-127]. It was not feasible to investigate all of these models within this thesis, so I

focused on the models previously introduced. I discuss this choice again in Chapter 6.

Bayes factor. The standard Bayesian approach to model selection is to calculate the
Bayes factor, defined as the ratio of the model evidence for each model. For two competing
models, M, and My, the Bayes factor is BFy, = p(D|M,)/p(D|My), with BF,, = 1/BF .
The value of the Bayes factor indicates the strength of evidence for one model over the
other, and interpretation is provided via tables proposed by Jeffreys [128] or Kass [129].
A Bayes factor BF,, > 1 suggests that the data supports model M, more strongly than
model M. Using the model evidence guards against model overfitting, since it involves
integration with respect to priors over the entire parameter space ©, and each additional
parameter increases the dimension of this parameter space. Competing models may
have different subsets of independent variables or different prior beliefs associated with
model parameters, but the data D must remain fixed and include the same m individual

observations.

Markov chain Monte Carlo methods. The model evidence for multilevel linear
models are analytically intractable, except for single-level models with a fully conjugate
normal-inverse-gamma prior (e.g. [118]). There are several approaches for estimating the
Bayes factor, including approximating the integral as a sum (e.g. importance sampling
[130] or sequential Monte Carlo [131]), numerical optimisation methods [132, 133], and
jointly estimating posterior probabilities of candidate models using Monte Carlo methods.

In the latter, each model is identified by a new subscript index. Hierarchical MCMC
sampling alternates between two sampling steps, first across the model indices and then for
model parameters of the current chosen model. This sampling scheme can accommodate
multiple models, M;, j = 1,...,J, and requires both the prior probability p(M;) for
choosing individual models and the prior distributions p(#;|M;) for parameters of each
model. The relative acceptance frequencies in MCMC chain for the model index provides
an approximation to the posterior probability p(M;|D) for each model. This bypasses the
need to calculate the model evidence, since the Bayes factor between any pair of models is
estimated as BF ,, = p(M,|D)/p(My|D) x p(M,)/p(M,). However, the challenge in this
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approach is to ensure sufficient mixing in the MCMC chain for the model index, since if
MCMC spends too long repeatedly choosing and exploring only one of the models, the
posterior probability is biased by the resulting extreme autocorrelation. There are several
variants of this ABC framework, including reversible-jump MCMC [134] and product-space
MCMC [135]. The former is difficult to implement because it has a non-constant parameter
space with variable dimension.

Product-space MCMC defines a distribution over the product of all model indices
and their parameters, i.e. at each step it samples (M;, 6,.5) € {My1,..., M } x Hj OFR
where M; is any generic model rather than a linear model with j levels and 6,.; =
07, ...,60%). In the two-step sampling process, the algorithm alternates between two steps,
first selecting one candidate model and then sampling the parameters of that particular
model in the usual manner (e.g. using Metropolis-Hastings or Hamiltonian Monte Carlo).
Therefore, the n'" iteration of the MCMC involves sampling steps p(M ”H |D 6™) and

p(e+1) |/\/l§~nJrl ,D). The likelihood of selecting model M; depends only on its own
parameters 6;, i.e. p(D|M;,01.5) = p(D|M;,60;). The remaining parameters 0_; =
(0F,...,071,67,,,...07) need to specified as well, but can be chosen arbitrarily without
affecting the marginals of M, and 6;. A standard assumption is that the parameters 6_;
are independent of each other and of 6;, i.e. p(0_;|M;,0;) = [],; (x| M;). The full
posterior for (M;,0:.;) is p(M;,01.,]D) o< p(DIM;;, 0;)p(0;|M;)p(M;) [11r; P(OKIM;).
The product-space MCMC approach is very inefficient if each model does not have a
reasonable chance of selection in the first of the two sampling steps. This is likely to be the
case if the distribution functions p(6|M;) are chosen poorly and are implausible under
M,.. This motivates a construct called pseudo-priors, which set the distribution of unused
parameters 6, to an approximate of their posterior under My, i.e. p(6;|M;) = p(6x|D, My,).
In theory, pseudo-priors reduce the first sampling step for M; to an approximation of
its true model posterior probability, i.c. p(M;|D,0) ~ p(M;|D) = f@ (M;,0;|D)db;.
Typically the prior over models will be a discrete uniform distribution with p(M;) =1/.J
and the Bayes factor reduces to the proportion of MCMC iterations in which each model
is selected.

Instead of estimating the Bayes factor using a hierarchy of models, a fully Bayesian hier-
archical scheme could assign shared priors to any cohort-specific parameters. For example,
suppose the model parameters for two cohorts are 31 and [, with §; ~ N(u, %), [ =1,2.
This is routinely the case throughout this chapter, where the prior mean is typically fixed
as = 0. Instead, by placing a further prior on u, we can test the assumption that
the priors for 8; and (5 are correlated, i.e. whether the credible interval for p under its
posterior includes zero or not. This has several advantages. Similar to the product-space
MCMC, it is a joint model for cohort-specific parameters, but it avoids issues that arise

from mixing discrete and continuous sampling. Furthermore, the posteriors of these
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cohort-specific parameters could be used to quantify whether there exists shared structure
between cohorts, instead of using the model evidence for this purpose. This may be
preferable in high-dimensional settings, when likelihoods are often sub-optimal. This offers
an attractive alternative to the approaches in this chapter. However, in the interest of

time, this was not pursued further here.

Importance sampling and sequential Monte Carlo (SMC). An alternative ap-
proach is a direct Monte Carlo estimate of the model evidence using importance sampling.
In a naive Monte Carlo integration (later used in Section 5.2.2), an integral of a function
g(¢), with respect to distribution P with pdf p(¢), is estimated as the sample mean of a

large number of samples drawn from that distribution:

Emwﬂzégw> )dd ~ — 239@ - (3.8)

The difficulty in this scheme is that it is often challenging to sample from P. It is usually
easier to evaluate an unnormalised p(¢) = ¢,p(¢) than to evaluate p(¢), because the
normalising constant ¢, is difficult to calculate. This means that this result holds for
unnormalised kernels as well as fully-specified distributions, e.g. if the distribution in
question is the unnormalised posterior p(D|M, 6)p(0).

Importance sampling circumnavigates sampling issues by specifying a proposal distri-
bution P, that has pdf ¢(¢), is an approximation to PP, and is easy to sample from and

easy to evaluate. Then:

0@ Zwlg o0 0 39
p(¢1)

ZJ (9

w; =

i

Importance sampling is asymptotically unbiased but may have large variance if an in-

Elo(0)] = [ 962D 4(0) m~%z
i)
)/a

sufficient number of samples are taken, particularly if the tails of proposal and target
distributions are not well aligned. Sequential Monte Carlo (SMC) extends and improves
this by alternating between Metropolis-Hastings sampling and importance sampling. SMC
is also referred to as a particle filter, because of theoretical foundations in mean-field
particle methods from fluid dynamics, where the pair {6;,w;} describes the coordinates
and weight of a particle. Particle filters are widely used as hidden Markov models in
modelling the state space evolution of dynamical systems. In the context of marginal
likelihood estimation, the sequential element of SMC is artificially introduced by an an-

nealing process from the prior for 6 to its posterior. A temperature parameter y controls
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the annealing, with p, (6| M, D) x p(D|M,0)"p(|M) for 0 = v < ... < Y < Vnt1s
until ¥ > 1. The n'" stage has N particle-weight pairs {0§”),w§”)} fori =1,...,N.
In the first stage, particles 91(0) are drawn from the known prior distribution, since
po(0| M, D) x p(8|M). The corresponding (unnormalised) weights are used to estimate
the likelihood, i.e. wgo) = IDEO)/ > @D](-O) with @DEO) = p(D|M,0®). At the n'® stage, with
temperature v increased, the particles are ‘evolved’ by running independent Metropolis-
Hastings chains initiated at 91@71). This step uses the target distribution p, (6| M, D) and a
tractable proposal distribution that depends on previous stages, e.g. a multivariate normal
distribution with mean and covariance matching the posterior from the previous iteration.
The importance weights are then updated by multiplying with the likelihood of the particle
at the current stage and are then re-normalised. When the annealing process is complete,
the distribution of # from the final stage is the posterior distribution. Finally, the model
evidence is estimated as the mean of the unnormalised weights: p(D|M) ~ 1/N SN ;.

Thermodynamic integration is a similar approach that can be used for Bayes factor
estimation. It also sequentially tempers the likelihood between 0 and 1. An estimate
of the log model evidence comes from path sampling via Metropolis-Hastings, alongside
numerical integration over different temperatures [136, 137]. As with sequential Monte
Carlo, this approach could be adapted to use the integrated likelihoods derived in this

chapter, but this has not been performed in this thesis.

3.2 Model evidence and integrated likelihoods

The idea in this chapter was to to compare time-series trajectory models for two cohort
datasets, D; and D, which contained datapoints (yz(]l,z,tfjl,)c) and (ny,z,tl(j,)C) respectively,
where y;;;, were standardised by their mean and standard deviation and ¢;;;, were normalised
to the interval [0, 1]. The number of individuals and groups in each cohort does not need
to the same, so the subscripts may have different ranges for D; and D,. I first focused
on the frequentist approach, where a framework to do this had already been established
(Equation 3.6). I also wanted to validate and strengthen my findings using a more flexible
Bayesian framework (Equation 3.7). As such, I needed to define two competing models
and estimate the Bayes factor. To be able to perform the Bayesian model comparison,
both models have to be defined for the same data (with ¢;;; now replaced by covariates
T;jk, as defined by Equation 3.7). To enable this, I defined the full combined dataset
D = D; UD, as the datapoints (y;jk, z;jk) from both cohort datasets. As this section
(Section 3.2 describes only Bayesian methodology, I explicitly stated priors for each model,
with an unspecified joint distribution Py defining the most general prior for 6.

In the baseline model, denoted My, both cohorts were assumed to be from the same

underlying data generation process, i.e. there was no significant difference between the
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cohorts, so all model parameters are shared across cohorts. For a three-level hierarchical

structure, My, is of the form:

M1 2 yige = BT @ige + njk + G + € (3.10)
€ijk ™ N(OJ 0-13)7 Nk ~ N<07 072])7 Ck ~ N(07 U?)

0= <6T7 0-57 07277 U?)T ~ P@

In the alternate model, denoted M,, the cohorts were fundamentally distinct from each
other and came from different underlying data generation processes, i.e. there was a
significant difference between the cohorts. In this case, there were twice as many model

parameters, since each set of parameters depends explicitly on the cohort label. Therefore,
M, is of the form:

l l ! l l
Maz g = Bl + 0 + ¢ + e 1=1,2 (3.11)
l l !
Egj)k ~ N(O, U;,l)7 77](13 ~ N(Ovai,l)v C]E;) ~ N(07 Ug,l)
0, = (BIT7 0-5,17 Ufl,lv O-g,l)T ~ PG‘H 0= (91T7 Qg)T

As a reminder, the strength of evidence for one model over the other is given by the
value of BF,, = p(D|M,)/p(D|M,;). Assuming D; and D, are completely distinct (i.e.
no shared or overlapping group structure), then each cohort dataset can be modelled
separately using alternate models of the form M3;. Denoting these MY and M((f), the
model evidence for M, is then p(D|M,) = p(Di| M )p(Do| M.

Difficulties with MCMC sampling. My first attempts to estimate the Bayes factor
focused around product-space MCMC. This proved challenging, because alternating
between discrete Gibbs sampling (on the set of models) and continuous Hamiltonian
Monte Carlo sampling (over the model parameters) can be very fragile, with strongly
autocorrelated chains and extremely low acceptance rates for new proposed states. It
proved difficult to get any meaningful results using this method, so I realised that I needed
a more carefully considered sampling scheme.

One of the biggest challenges with estimating the model evidence using SMC sampling
in high-dimensional parameter spaces. While there are asymptotic results for the validity
of SMC, in practice the estimates suffer when there are a large number of regression
coefficients [ or a multilevel group structure. Multilevel models are particularly hard
to sample, because sampling of group-level deviance terms (n and () is dependent on
sampled variance parameters (0% and ag), and the non-constant variance means that it
is difficult to achieve a stationary distribution for these deviance terms. One solution to

these issues is to impose specific distributional forms on the priors. In particular, Gaussian
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priors for [ are semi-conjugate in a multilevel linear model with normally-distributed
errors and identity link. This means that all non-variance parameters, including the
(potentially high-dimensional) regression coefficients and group-level deviance terms, are
treated as ‘nuisance’ parameters and can be analytically integrated out of the full model
likelihood. This reduces the full likelihood on all model parameters to a partially-integrated
likelihood on only variance parameters. Instead of sampling over all model parameters,
the model evidence can be estimated using SMC sampling over the remaining parameters,
so this converts the SMC requirements from a high-dimensional sampling scheme to a
low-dimensional sampling scheme (though with a more complicated likelihood function
in place of a composite of simple likelihood functions). In theory, both model evidence
estimates are identical, but I showed later in Section 3.2.3 that sampling over the lower-
dimensional parameter space yields improved results, reduces the bias and variance in
estimates, and typically improves computational efficiency.

In the rest of this section, I provided results of integrated likelihoods for models M
(Equation 3.1), My (Equation 3.2), May (Equation 3.4) and Maj; (Equation 3.5). The
latter two of these are new results, so I have included full derivations for these two in
Appendix B.2. In practice, it is more convenient to work with log (integrated) likelihoods

for computational reasons.

3.2.1 Linear models and fully conjugate priors

Linear model. First, I considered a linear model M1; (Equation 3.1) with independent
priors for B and o2, where the prior for  was Gaussian with mean p and covariance ¥, i.e.
p(0|Mi1) = p(BIMu1)p(0?|Mi1), p(BIMur) ~ N(u, X). At this stage, it was not necessary
to specify a prior for o2, though later I used an inverse-gamma prior. As a reminder, M,
has no hierarchical structure, so group-level indices can be dropped and the datapoints

are (y;, x;) for i = 1,...,m. The integrated likelihood for this is:
pOMu ) = [ o exp( =58 - w5 - ) x
v re (2m)4/2| )12 2

1 1
H W exp <—@(yi - 5T%’)2> dp

Rearranging the integrand gives posterior mean and covariance (conditional on o?):
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Integrating out  and taking the logarithm, the log integrated likelihood is:

10gp(17|/\/ln,02)=——(log|E [ +log 3] + nlog(2r0®) + 4" 27 ut — Zy arss #)

(3.12)

Fully-conjugate normal-inverse-gamma prior. For a linear model with fully con-
jugate normal-inverse-gamma (NIG) prior, the model evidence can be derived in full.
I denoted this My to distinguish it from the above linear model. In the NIG prior,
B,0% ~ NIG(a,b,u,Y), the prior covariance for 3 is a function of the unknown variance
parameter o2, i.e. 02 ~ IG(a,b), Blo* ~ N(u,0?). For this model, the joint posterior
distribution is also NIG, i.e. 8,02D ~ NIG(a,b, i,3), with & = n/2 + a, and:

S =% +Za?xl, i = 2(2 u+2xzyz)
_ (Zyz leyl (%~ +me 1(2125613/@))

The log integrated likelihood and log model evidence are then:

1 - 1
log p(D| M, %) = —3 <log 1271 + log || + nlog(2ma?) + E,LLTZ’l,u

1 ~ .
logp(D|Mi2) = 3 (log XY + log | 3| + nlog(2m) — 2alog b + 2alog(b) (3.13)
—2logI'(a) + 2log F(a))
The fully conjugate NIG prior is convenient in that it allows an analytic expression for the
model evidence, but it also imposes a restrictive prior relationship between 3 and o2, and

is generally not a useful or realistic assumption in practice [118, 138|. Furthermore, the

conjugacy of the NIG prior does not extend to multilevel models.

3.2.2 Multilevel models

Two-level model. Next, I considered the basic multilevel model Ms; (Equation 3.2),
with a Gaussian prior for 3, i.e. p(8|Ma1) ~ N(p, X), independent of the priors for both

variance parameters. For data D with datapoints (y;;,z;;), ¢ =1,...,m;and j =1,...,n,
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the integrated likelihood is:

1
p(D| My, 0, Oy 77 /Rd/n%d/—Qwexp<_§(ﬁ p) TN - M))
Mot esn(- )«
; (2ma2)1/2 P 202
(

1 < yij — By — nj)2>
[T e dndj3
i (2ma2)1/2 202

Following similar algebra as for the single-level linear model, the log integrated likelihood

becomes:
1 ~
log p(D| Moy, 0, 07) = —3 <log X7 + log 2] + mlog(2m0?) (3.14)
o2 + m;o?
j y
o e
- __ % 2) = aTS g
y;ym : (O’S—FmJO'%(;y])) :u /1’

where the posterior mean [i and posterior covariance 3 are functions of O'Z and 0’%2
g—l_g—1+izx..ﬂ_i “_3(29,.)(23;)
B o2 L= o2 ~~\o; +mjo; - “ e
1
=25k 2 - Z(U2+m02 Cu(Em))

y Z]

Two-level model with group-varying coefficients. The more general two-level case
of model My, (Equation 3.4) has group-independent and group-varying coefficients for

covariates x;; and z;; respectively. The integrated likelihood for this is:

1 1
p(D|M22,Uf,, ¢) = /]Rd /Rnxd, Wexp (—5(5 - M)Tz_l(ﬁ - M)) X

1 1
L g o (2o )

1 (yij — 5T$ij - 77]'Tzij)2>
————exp| — dndp
1;[ (2m02)1/2 ( 202

In this case, the posterior means ¥, ; and posterior covariances fi,; for group-level

deviance terms n; are different for each group. As usual, posterior means and covariances
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are conditional on the model variance parameters 05 and ¢:
$-1 _ -1 1 T % 1 T
ng = &g T ; Zzijzij, Hng = =mi\ 2 Zzij(yij — 3" xy)
, i
T
2=t Z LijT lJ Z ( Z Lijz l] n,j(z qu%j))
q

y 7,]
=35+ S - z( 3 =)0 (2 o)
y i,j J q
The log integrated likelihood in this instance is:
1 &
log p(D| Mg, 05, o) = —3 (log |7 + log || + mlog(?my;) + nlog |3, (3.15)
+ D log| S5+ TSt — Zym
J %y
1 ~ AT A
T ((Z Zgyij)zn,j(z quyqj)) — 'y 1:“)
vy og i q

Three-level hierarchical structure. Finally, in a three-level hierarchical structure
with the usual N(u, ) prior for 3, the integrated likelihood for model M3 is:

1 1
2 2y _ _ (A — N1
(D‘M3170y7 nJO-C) - /Rd+m+K (27T)d/2|2|1/2 eXp( 2(/6 lu) E (6 /“L)> X
1 (i ) 1 ( 7732k)
————=exp| — | | exp| ———= | X
1;[ (2m0})1/? < 20? o (2ma2)1/? 202

.,

2 2
. 27ray 20y
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The log integrated likelihood is:

1 ~
log p(D| My, O'y, 72], ag) =3 (— log |71 = log |Z] — mlog(?waz) (3.16)
o2
+ 10g< Y )
g s 08 (ogmpn/ (o + ormyr))
o2 .
+ 10g< Y ) prE T 4 fT
j,zk o2+ oZmyy,
1 2 1 & 2
) Yijk T 3 (> vijk)
2 ; ol Jzk: op+o;m Z

1 o}
+= x
o2 o+ a? >o(o2my /(02 4 o2myy))
o2
Yy )2
(; o2+ U%mjk Z Yiat) )

where the posterior mean and covariance for 3 (conditional upon o7, o and o) are:

. 1 1 &
_ [y T 1 .
S (37 L S w55 (e (S (i)
Y ok Y n % q

Y gk
5
oy oy + 02 > (opmu/ (og + opmu))

2 -1
(Z 2 - 2 Z “’qMZ 2 Uy2 Z J"gk))
. o, + O Mpk p 7 oy + Ty Mk

X

<N

R o
=3[+ — E Tiikli E S/ g Tii E ;
( H ikYijk — 5 o (Ug“f'o-gmjk( i Jk)( q ngk))

y i,5,k
0.2
Z : x
CT2 0'2+0' Zl 02mlk/(02+02mlk))

0.2
(Zp: m zq:lfqpk)(zj: 02 T 02 Z Yijk )

I did not consider this three-level model in my paper on this topic [22], but I included the
derivation in Appendix B.2.

3.2.3 Simulation study example

In [22], I illustrated that using the integrated likelihood with SMC sampling yielded
improved model evidence estimates, via simulated datasets from the modular time-series

framework (Equation 3.7) corresponding to models M1, Mis, Ma; and Mas. For all four
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models, I generated a simulated dataset where each model was the ‘true’ model in turn,
i.e. D11, Dya, Doy and Das. I then estimated the model evidence using SMC sampling for
all four models on all four datasets, first with the integrated likelihood (sampling variance
parameters) and with the full likelihood (sampling all model parameters).

In this simulation study, the data and models had at most a two-level structure. To
generate the datasets, I first simulated multilevel group structure and timepoints ¢;;. The
timepoints then defined covariates x;;. I defined a (centred) subset of the covariates as z;;,
the group-varying coefficients in My,. The group structure and covariates were shared
across all datasets, even when the underlying structure was not explicitly used. For each
dataset, I sampled ‘true’ model parameters (including ‘true’ Gaussian noise), which were
then regarded as fixed. I denoted the true model parameters with the following notation
changes: f — b, 0* = s, n; — h; and €;; — €;;. I computed the outcome variable y;; as
defined by the corresponding model. Together, the multilevel structure, covariates and
outcome variable formed the four datasets that corresponded to each model.

In all datasets, I fixed the number of groups as n = 15 and the number of individual
datapoints as m = 1000. To assign multilevel group membership (with unequal group
sizes), I sampled the indices j € {1,...,n} m times with replacement, with probability
p; from a Dirichlet distribution with parameter o = (2,...,n + 1). The probabilities
p; satisfied 3. p; = 1 and E[p;] = (j 4 1)/n*. For all datasets, the simulated data also

included:

ti; ~ U0, 1] (3.17)
dy =5, s=1(0,0.2,04,06,08), P=1, dy=20, d=46

x = (1, ty, (t; — 0.2) L{ty; > 0.2},..., cos(2mty;), . .., sin(27t;;), . . . sin(67t;;))

2T = (1,1 — 0.5, (t;; — 0.4) 1{t;; > 0.4} — 0.18, (t; — 0.8) 1{t;; > 0.8} — 0.02)

The constants added to z; were such that E[z]] = (1,0,0,0). I specified a covariance
hyperparameter S for simulating ‘true’ coefficients b from a multivariate Gaussian distri-
bution:

1 0 0 O 0

0 4 -3 -1 0

0 -3 5 —4 0 S0

S = , A=0001, S= "

0 -1 -4 10 —4 0 0 M

0O 0 2 -4 2

0 0 0 0 6

The elements of S were chosen to encourage a reasonable amount of ‘wiggliness’” in f(¢;;),

while also ensuring S was d x d positive-definite. In particular, for k = 2,...,5, the ‘true’

82



parameter by, only specified a non-smooth change in gradient at the changepoint sy,
so the covariance structure of S; was chosen to encourage anti-correlated gradients in
successive changepoint intervals. Similarly, the Fourier element weight A was small to

ensure the Fourier terms of Equation 3.7 did not dominate the piece-wise linear component.

Simulated datasets. All four simulated datasets are shown in Figure 3.1 and are

available in the repository at [139]. These were defined as follows:

Dy b~ N(0,S), s*~1G(3,04), e~ N(0,5%

i(;l) = bTIij +eij, D= (ygl), Tij, Zij)
Dyy: 8° ~1G(3,04), v=5=1/E[s*], b|s* ~ N(0,7s>S), e;ij ~ N(0,s%)

(12)

12
Yij = bT%‘j + €ij, Do = (yi(j )7%]', Zij)

Doy : b~ N(0,5), s2~1G(3,0.3), s ~IG(3,0.1), e~ N(0,s2), hj~ N(0,s})

yi(?l) = bT$ij + hj + eij, Doy = (ygl), Tij, Zij)

Dyt b~ N(0,5), s2~1G(3,0.3), sjy,5h0:Shs5p4~1G(3,01), p=02

5%,1 0 0 0
0 si Sp.28 0
ei; ~ N (0, 312;)> hj ~ N(0,Sy), Sp= h2 P h,22 h3
0 psn2sh3  Shz  PSh3Sha
0 0 PSh,35h,4 5274

(22)

i — bTZ)SZ'j + thzw + €ij, D22 = (%(322)7 Lij, Zij)

In Dy9, I added the factor v so that E[5] = 0, Cov(5) = S under the joint NIG prior for b
and s?. In each dataset, the outcome variable y;; should have similar expected value and
variance, because the expected value of IG(a,b) is b/(a — 1) and because n; and ¢;; are
independent. As a result, E,g[E[y;;|t:;,0]] = 0 and E, g[var(y;; — b z|t;;,0)] = 0.2 in each
case. This is important because it meant the choice of prior hyperparameters should not
unduly influence the model evidence (at least, relative to the model structure), when all

models were tested against a given dataset.
Models. I then specified priors for each model that were similar to the distributions

from which the ‘true’ coefficients were drawn. In place of the covariance matrix S, the

prior for § had covariance X, which shared the diagonal terms of S but was zero elsewhere:

Y, 0
¥, = diag(1,4,5,10,5,6), A=0.001, o= [ "'
0 A
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Figure 3.1: Simulated datasets, D11, D12, D21, Doo. Each dot represented a single datapoint.

The covariate function z = (f1(t),..., f7(t)) was a deterministic multi-valued function of ¢. 1
included the line bz for all values of ¢ € [0,1] in each subfigure. For Dy, I also included the
lines bTx + hj for 5 = 1,...,n = 15. For Day, I included the lines bl'x 4 hfz, where z was a

subset of x as defined in Equation 3.17.
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The models were then as follows:

Moy ="z + €, ¢~ N(0,0°)
B~ N(0,%), o?~IG(3,0.4)

Miz: yi=pB"2i+ e, €~ N(0702)
0? ~1G(3,04), v=5, Blo* ~ N(0,70°%)

Moy Yy = 5Tﬁﬁij + N+ €, € o N(0, 0-5)7 n; ~ N(0, 0727)
B~N(0,%), oo~1G(3,04), o) ~IG(3,0.1)

Moot yi; = BTy + ﬂjTZij + €ij, €5 ~ N(0, 0;)7 n; ~ N(0,%,)
B~N(0,%), oo~1G(3,03), 021,005,003 094~ 1G(3,0.1), p=0.2

n,10%n,2»
0371 0 0 0
5, = 0 0y POy20m3 0
0  popa204,3 03’3 POy30n 4
0 0 POy 3004 0274

Results. For each dataset, we would expect the model with ‘true’ structure to have the
largest model evidence. Table 3.1 shows the performance of all four models on all datasets.
SMC sampling with the integrated likelihood correctly identified the ‘true’ model for each
dataset, and resulted in decreased uncertainty in model evidence estimates. In contrast,
SMC sampling with the full likelihood misspecified the correct model in two of the four
cases. For model M5, the model evidence could be directly calculated, so the bias of each
SMC sampling approach can be evaluated. Model evidence estimates were more accurate
using the integrated likelihood approach than using the full likelihood approach. The
bias was not possible to directly evaluate for the other models, where there was no exact
solution. One approach for estimating the bias here is to increase the number of particles
in the SMC sampling, as the SMC estimate of the model evidence should converge as the
number of particles tends to infinity. However, the main problem with this is that the
computational cost gets prohibitively expensive, and unfortunately it was not possible to
complete the computations for all models. However, some initial results for model M5
showed a small reduction in the bias when the number of particles was doubled from 8
to 16. In every instance, the computational cost of sampling variance parameters with
the integrated likelihood was smaller than the cost of sampling all parameters with the
full likelihood. Finally, in [22], T used the Mahalabonis distance to compare posterior
distributions for coefficients 3 against the ‘true’ coefficients b for every pair of dataset and

model. I have omitted the details of this here but, in every case, the ‘true’ coefficient was
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closer to the posterior distribution when using the integrated likelihood approach than

when using the full likelihood approach.

SMC with integrated likelihood (sampling variance parameters)
log p(D11IM)  log p(Dy1| M) log p(Daa| M) log p(Di1a| M) | Time (s)
Mu | -633.08 (0.03) -684.87 (0.05) -753.53 (0.05) -908.24 (0.07) 6.0
Mis | -633.10 (0.05) -684.87 (0.03) -753.50 (0.04) -909.22 (0.03) 2.3
Moy | -642.08 (0.04) -694.88 (0.06) -681.06 (0.02) -518.24 (0.04) 8.7
Moy | -644.66 (0.05) -697.33 (0.06) -683.43 (0.03) -508.96 (0.06) 37.3
SMC with full likelihood (sampling all parameters)

logp(Dii|M)  logp(Dia|M)  logp(Dai|M)  logp(Dap|M) | Time, s
My, | -633.34 (0.15)  -685.00 (0.22)  -753.79 (0.18)  -908.29 (0.22) 13.8
My | -632.95 (0.26) -684.63 (0.21) -753.56 (0.19)  -909.44 (0.18) 45.8
My, | -643.23 (0.24)  -695.64 (0.26) -681.37 (0.32)  -526.05 (2.69) 19.1
My, | -647.68 (1.07)  -700.39 (1.05) -686.42 (0.99) -532.39 (6.75) 63.2

Fully analytical solution
logp(D11|M)  logp(Dia|M)  logp(Doy|M)  log p(Daa| M)
Mis -633.08 -684.87 -753.47 -909.23

Table 3.1: Comparison of model evidence for each simulated dataset and model.
This was computed using sequential Monte Carlo (SMC), with the integrated likelihood and
with the full likelihood. The results shown are the mean and standard deviation over 8 random
initialisations in SMC sampling. For both approaches and for each dataset, the model with the
strongest evidence was highlighted . For each model, I also reported the time taken to complete
SMC sampling, averaged over different datasets and initialisations.

3.3 Comparing trajectories between cohorts

As previously stated, the original goal was to compare the trajectories between two
cohorts of patients from ICU. The first cohort of patients were those admitted to ICU
with respiratory viral infection from Covid-19, as described earlier in Section 2.3.1. In
Section 2.3, I calculated information-theoretic measures associated with key physiological
variables for this cohort, but it was difficult to draw any conclusions about this, firstly
without modelling these trajectories as a function of time and secondly without similar
knowledge of information trajectories in more ‘routine’ ICU patients. Heterogeneity in
patient conditions within ICU meant that it was difficult to define a suitable baseline
cohort, so instead I chose a more directly comparable cohort of ICU patients who were

admitted with sepsis and severe respiratory infection.
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3.3.1 Amsterdam University Medical Centers database

The Amsterdam University Medical Centers database (AmsterdamUMCdDb) is a recently-
published freely-accessible ICU database [15], and the first large-scale European ICU
database released in compliance with both European and US data regulations. This
database contains close to 1 billion datapoints from 20,109 critically ill patients admitted
to Amsterdam UMC between 2003 and 2016, and consists of patients admitted to both
ICU and to a ‘medium care unit’ (MCU). The median length of stay in AmsterdamUMCdb
was 26hrs, with ICU mortality of 9.9%. Age was categorised by decade, with the median
age between 60 and 69. Within a dictionary of 9031 clinical parameters, there were
approximately 8 million temperature measurements, 33 million ABP measurements and
38 million HR measurements, averaging 360, 1450 and 1600 measurements per patient
respectively. The database was de-anonymised through risk-based patient de-identification,
and contains demographics, routinely-measured physiological vitals, administered drugs,
laboratory results, diagnoses and procedures. AmsterdamUMCdb has already been the
focus of several multidisciplinary research events, including datathons hosted by the
European Society of Intensive Care Medicine (ESICM) [140].

Sepsis is a leading cause of mortality in ICU and is caused by a dysregulated biochemical,
physiological and immune response to infection resulting in multiple organ dysfunction.
It is generally difficult to quantify its incidence and mortality rate in ICU, as it is a
heterogeneous syndrome characterised by wide-ranging infectious agents, infection site,
treatment history and host response. Sepsis can be acquired in the community, in hospital
or in ICU [141], and therefore it may not always be the primary reason for ICU admission.
As such, there was no consistent sepsis diagnosis among the severity scores and diagnoses
included in AmsterdamUMCdb. As a result, I developed an open-source implementation of
the Sepsis-3 criteria for AmsterdamUMCdb [112]. The Sepsis-3 criteria involves a disease
severity score, Sequential Organ Failure Assessment (SOFA), which grades a set of six
physiological systems between 0 and 4. For the purposes of this chapter, the Sepsis-3
criteria was only required to identify a subset of patients with a sepsis diagnosis and
respiratory failure. A patient has SOFA respiration score > 2 if they have poor oxygenation
(hypoxemia) and ventilatory support. I have described Sepsis-3 and SOFA in more detail
later in Section 5.4, as the clinical Sepsis-3 definition was more relevant to my thesis in
that chapter.

Using the Sepsis-3 criteria, I defined an initial cohort of 1761 patients with sepsis at
ICU admission, ICU length of stay >48hrs and either (i) a SOFA respiration score of >2,
(ii) a medical specialty admission relating to lung disease or respiratory-related surgery, or
(iii) a clinical diagnosis of pneumonia or respiratory failure. As before, the workflow for
building the full time-series dataset included estimation of information-theoretic measures

between pairs of physiological variables recorded at 1 minute intervals over 24hr windows.
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I required at least 24hrs of continuous monitoring of each variable (temperature and heart
rate) with measurements recorded at 1 minute intervals. I followed the same preprocessing
steps as for the Covid-19 cohort, removing outlier values in the data and excluding patients
who (i) did not have at least 24hrs of data or (ii) for whom <90% of measurement intervals
were 1 minute or less. Under these criteria, I identified a subset of 176 patients who
were admitted to ICU with sepsis and respiratory failure, and who had sufficient quantity
of data. Of these, 54 died in ICU with median length of stay 10.0 days, and 122 were
discharged with median length of stay 10.7 days. Restricting to a maximum of 15 days
after ICU admission, 42 patients died in ICU, 74 were discharged and 60 were still in ICU
at the end of the 15 days.

For each patient in the cohort, I added precision-level uniform noise to each variable,
then estimated the entropy, mutual information and (bidirectional) transfer entropy
between temperature, HR and ABP across 24hr windows, which contained up to 1440
minute-by-minute measurements. I repeated the 24hr information estimation at uniformly-
spaced 6hr increments, from ICU admission until discharge or death. I used the KSG
algorithm for estimation (Equations 2.8, 2.9 and 2.10). I discarded any 24hr window that
did not contain at least 200 multivariate measurements, as the KSG algorithm performed
poorly when there were too few datapoints. In addition to the information trajectories,
I also modelled the trajectories of lab result values for two markers of inflammation,
C-reactive protein level and WBC count. These were both recorded more infrequently,
typically with one measurement per day, so I used the raw data values in this instance.
Unlike the information-theoretic measures, the timepoints for these data were unique to

individual patients and irregularly spaced.

3.3.2 Cohort datasets

I modelled each inflammatory marker or information-theoretic measure separately, as
univariate functions of time. For each dependent variable, I defined a trio of datasets,
the Covid-19 cohort Dy, the sepsis cohort D, and a combined cohort with all datapoints
D = D; UD,. To avoid over-complicating the notation further, I used y;;; (and the
datasets Dy, Dy and D) to interchangeably represent just one inflammatory marker or
information-theoretic measure at any given point during the rest of this chapter. This
should be clear in context. The number of measurements, patients and hospitals in all
datasets (i.e. for each variable) is summarised in Table 3.2. For each variable, I modelled
time-series trajectories using both Bayesian and frequentist frameworks, which had different
basis functions, model fitting and model comparison approaches. The Bayesian approach
was described in Section 3.2. In the baseline model (Equation 3.10), both disease cohorts
(sepsis and Covid-19) belonged to a single unified dataset and all model parameters were

shared, i.e. I modelled the combined cohort. In the alternate model (Equation 3.11), each
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Cohorts
Covid-19, D; Sepsis, Dy  Combined, D
Number of patients, n 136 172 312
Number of hospitals, K 4 1 5
Number of measurements, m
Entropy, T 4197 3882 8079
Entropy, HR 5836 6762 12598
Entropy, ABP 5795 6646 12441
MI, T and HR 4194 3874 8068
MI, T and ABP 4189 3857 8046
MI, HR and ABP 5794 6627 12421
CRP 1682 1825 3507
Leukocytes 1780 2083 3871

Table 3.2: Dataset sizes for information-theoretic measures and inflammatory mark-
ers. For each pair of physiological time-series, the number of transfer entropy measurements
(in each direction) was the same as the number of mutual information measurements. For
information-theoretic measures, there was a maximum of 57 measurements per patient. For
inflammatory markers, there was a maximum of 24 measurements per patient.

disease cohort was modelled independently (under the same basis functions). I estimated
the (log) model evidence for both baseline and alternate models using SMC with integrated
likelihoods (Equations 3.14 and 3.16), and compared the baseline and alternate models
using the Bayes factor. Further details about this (including model priors) is given in
Appendix B.3. The frequentist approach used GAMMs, along with the hypothesis test
defined in Equation 3.6. In this paradigm, the sepsis and Covid-19 cohorts were modelled
independently and a test statistic involved the integrated squared difference between their
time-series trajectory functions (Equation 3.6). Under a null hypothesis of no difference
between cohorts, this integral is equal to zero. I included further details relating to this
model setup in Appendix B.3. If there was a significant difference in the trajectories
between cohorts, then the alternate model should be favoured in the Bayesian paradigm
and the null hypothesis should be rejected at some appropriate a-level in the frequentist
paradigm. As there were explicit differences in the model setups between Bayesian and
frequentist paradigms, there was no reason to expect full agreement between these two
approaches, though less similarity between cohort should make it more likely that both
rejected the baseline.

I evaluated the model evidence for each dataset, first including only second-level patient
groups (i.e. patients had multiple measurements, and each patient was modelled with a
separate intercept term) and then repeating this with both second-level patient groups and
third-level hospital groups (apart from the sepsis cohort, which did not contain any third-
level groups). These results are detailed in Tables 3.3 and 3.4. In the two-level datasets,

there was decisive evidence in favour of the alternate model in the Bayesian approach for
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every information-theoretic measure and inflammatory marker, but not universal rejection
of the frequentist null hypothesis at the level a = 0.05. In the three-level model, the
alternate model was favoured and the null hypothesis rejected for most variables, but this
was also not consistent. In particular, moving from two-level models to three-level models
altered some results. For mutual information between temperature and HR, the addition of
third-level hospital groups changed the Bayes factor from decisive in favour of the alternate
model to substantial in favour of the baseline model. This suggested that there was
enough group-level variation between hospitals to explain the differences in value between
cohorts as a hospital-level deviation rather than as a fundamental cohort-wide difference.
Similar effects were observed in the (frequentist) p-values for transfer entropies. Finally, I
evaluated the model evidence for three-level models for models without time-dependence,
i.e. with the function f(t) replaced by a single intercept term. In Table B.1, I compared
this to results from Table 3.4, to test whether the trajectories were indeed time-varying
or whether they were fully independent of time. There was decisive evidence in favour
of the full time-varying model in almost every case, except for transfer entropy from
ABP to T and transfer entropy from HR to T. Only once was there evidence in favour
the intercept-only model (in the combined cohort, for transfer entropy from ABP to T).
These results suggested that there were time-dependent relationships in the cohort-average
information trajectories.

Figures 3.2 and 3.4 show Bayesian model fits for the information trajectories. These
model fits use posterior means for model parameters, adjusted by group-level intercept
deviations. In these figures, I provided highest density intervals (HDIs) for the time-series
trajectory function f(t) alone (via the posterior for regression coefficients ), and for
f(t) with the group-level deviations (via the posteriors for 8 and deviations n and ().
HDIs are a type of credible interval. The latter HDI was vastly wider than the former,
which was often tight and could not be easily distinguished from the model fit itself. The
HDI for f(t) without group-level effects was also consistently wider in a three-level model
(Covid-19 cohort and combined cohort) than for a two-level model (sepsis cohort). This
was unsurprising, because the results in Section 3.2 show that the posterior covariance
for § in a three-level model should theoretically be larger than for a two-level model
(in the three-level model, the inverse of the posterior covariance contains an additional
negative term and the posterior covariance has larger determinant). Figures 3.3 and 3.5
show frequentist GAMM model fits. In these figures, I used bootstrap resampling to
estimate confidence intervals for f(¢) alone, in which both patient groups and individual
measurements were resampled multiple times before repeated model fitting. To estimate
HDIs for f(¢) and the group-level deviations combined, I computed the lower and upper
HDI limits of the group-level intercept deviations and added these to the previous lower

and upper confidence interval bounds respectively. One point to emphasise in these figures
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Two-level models (with group-level patient terms)

SMC with integrated likelihoods GAMM
Baseline model Alternate model

Variable log p(D| M) log p(D|M,,) logp(D1|./\/l ) logp(DgM/l ) log,gBFay | Aops  p-value
Entropy, T -8761.13 (0.02) | -8719.24 (0.05) -4748.93 (0.03) -3970.31 (0.03) 0.020  0.048
Entropy, HR -13334.46 (0.03) | -13222.52 (0.06) -5627.25 (0.04) -7595.27 (0.05) 0.072

Entropy, ABP -14378.94 (0.02) | -14264.09 (0.05) -6299.60 (0.03) -7964.49 (0.02) 0.127

Mutual information, HR and T -9443.50 (0.03) | -9418.46 (0.06) -4938.32 (0.03) -4480.15 (0.03) 0.298

Mutual information, ABP and T | -9938.40 (0.03) | -9926.57 (0.04) -5214.25 (0.03) -4712.32 (0.02) 0.142

Mutual information, ABP and HR | -14007.91 (0.02) | -13907.95 (0.05) -6628.24 (0.04) -7279.71 (0.04) 0.276

Transfer entropy, HR to T -10111.38 (0.03) | -10102.05 (0.03) -5332.84 (0.03) -4769.21 (0.03) 0.061

Transfer entropy, T to HR -10248.87 (0.04) | -10221.43 (0.04) -5119.66 (0.03) -5101.77 (0.02) 0.044

Transfer entropy, ABP to T -10020.79 (0.04) | -10003.26 (0.05) -5006.30 (0.04) -4996.96 (0.04) 0.005  0.310
Transfer entropy, T to ABP -10235.45 (0.03) | -10230.12 (0.05) -5362.35 (0.04) -4867.77 (0.03) 0.033  0.017
Transfer entropy, ABP to HR -16320.68 (0.02) | -16316.05 (0.04) -7369.94 (0.03) -8946.10 (0.04) 0.004  0.292
Transfer entropy, HR to ABP -16146.54 (0.03) | -16121.08 (0.05) -7763.12 (0.03) -8357.96 (0.03) 0.078 -
C-reactive protein (mg/1) -3999.41 (0.04) | -3993.24 (0.06) -1813.29 (0.02) -2179.95 (0.04) 0.029 0.078
Leukocytes (10°/1) -4155.36 (0.03) | -3718.17 (0.04) -1049.96 (0.03) -2668.20 (0.04) 0.197 [/ <0.001"

Table 3.3: Bayes factors and frequentist p-values for model comparisons of all information trajectories and inflammatory
marker trajectories. This involved two-level models, with second-level patient groups but without third-level hospital groups (compared to
three-level models in Table 3.4). The Bayes factors were calculated using log model evidence estimates from sequential Monte Carlo (SMC)
with integrated likelihoods (Equations 3.10, 3.11, 3.14, 3.16). These are colour-coded according to the interpretation table of Jeffrey [128], with

(greater than 2). The p-values are from the GAMM hypothesis test (Equation 3.6) and are colour-coded with p > 0.1,

p<01, p<0.05 and -.
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Three-level models (with group-level patient and hospital terms)

SMC with integrated likelihoods GAMM
Baseline model Alternate model
Variable log p(D| M) logp(DIM,) logp(Di|MP)  log p(Ds| M)
Entropy, T -8761.78 (0.02) | -8715.44 (0.05) -4747.09 (0.03) -3968.35 (0.04)
Entropy, HR -13325.86 (0.03) | -13221.09 (0.04) -5626.12 (0.02) -7594.97 (0.03)
Entropy, ABP -14372.46 (0.04) | -14264.73 (0.04) -6300.23 (0.02) -7964.50 (0.04)
Mutual information, HR and T -9412.71 (0.04) | -9414.92 (0.05) -4933.39 (0.03) -4481.53 (0.03)

( (
( ( ( (
( ( ( (
( ( ( (
Mutual information, ABP and T -9931.20 (0.03) | -9928.21 (0.04) -5215.88 (0.03) -4712.34 (0.04)
Mutual information, ABP and HR | -13979.65 (0.03) | -13907.62 (0.06) -6627.92 (0.03) -7279.70 (0.05)
Transfer entropy, HR to T 10104.68 (0.03) | -10102.14 (0.04) -5333.33 (0.04) -4768.81 (0.03)
Transfer entropy, T to HR 10245.52 (0.02) | -10216.67 (0.04) -5116.88 (0.03) -5099.79 (0.02)

( ( ( (

( ( ( (

( ( ( (

(0. (0. (0. (0.

(0. (0. (0. (0.

(0. (0. (0. (0.

Transfer entropy, ABP to T 10025.14 (0.02) | -10005.87 (0.03) -5008.92 (0.02) -4996.96 (0.02)

Transfer entropy, T to ABP -10238.43 (0.03) | -10232.86 (0.03) -5365.08 (0.03) -4867.77 (0.04)
Transfer entropy, ABP to HR -16323.07 (0.03) | -16317.10 (0.05) -7371.00 (0.04) -8946.10 (0.03)
Transfer entropy, HR to ABP -16136.40 (0.04) | -16123.60 (0.06) -7765.66 (0.03) -8357.94 (0.04)
C-reactive protein (mg/1) -3988.38 (0.04) | -3980.23 (0.03) -1803.79 (0.04) -2176.44 (0.02)
Leukocytes (10°/1) _4144.67 (0.03) | -3714.77 (0.04) -1047.09 (0.03) -2667.68 (0.03)

Table 3.4: Bayes factors and frequentist p-values for model comparisons of all information trajectories and inflammatory
marker trajectories. This involved three-level models, with second-level patient groups and third-level hospital groups (compared to two-
level models in Table 3.4). The Bayes factors were calculated using log model evidence estimates from sequential Monte Carlo (SMC) with
integrated likelihoods (Equations 3.10, 3.11, 3.14, 3.16). These are colour-coded according to the interpretation table of Jeffrey [128], including
substantial in favour of Mj (log;, BF, between -1 and -0.5), strong in favour of M, (between 1 and 1.5) and _ (greater

than 2). The p-values are from the GAMM hypothesis test (Equation 3.6) and are colour-coded with p > 0.1, p < 0.1 and -



is that the choice of cyclic GAMM splines enforced matching boundary conditions, i.e.
f(0) = f(tmax), which seemed to result in superficially suboptimal model fits (e.g. increases
in mutual information towards the end of the time interval). Finally, the trajectories for
the lab measurement inflammatory markers (C-reactive protein and leukocytes) are shown
in Figure 3.6, for both paradigms together. I discuss quantitative results from these figures
one by one in the following paragraphs, before providing interpretation in Section 3.3.5.

Figure 3.2 shows entropy and mutual information trajectories. As noted in the previous
chapter (Figure 2.11), the trajectory models illustrated several cohort-wide patterns,
including: (i) HR and ABP entropy gradually increased over time, (ii) temperature entropy
was much lower than HR and ABP entropy and appeared to remain largely constant, (iii)
mutual information decreased significantly over time, (iv) transfer entropies had small
fluctuations but overall decreased a small amount, (v) transfer entropies from ABP to T
and from HR to T were smaller than other transfer entropies and did not vary as much.
In addition, there were several new insights from the comparison between sepsis cohort
and Covid-19 cohort. Figure 3.2 clearly shows that the mutual information trajectories
were lower in the sepsis cohort than in the Covid-19 cohort, but Tables 3.3 and Tables 3.4
suggested that there was sufficient between-hospital variability that this could be explained
as a hospital-level effect. In the combined cohort, the HDIs were very wide, indicating
that the deviance intercept terms (at both patient and hospital level) had large variance in
this model. In contrast, the HDIs in the combined cohort were surprisingly narrow in the
GAMM framework (Figure 3.3), perhaps suggesting overconfidence in the frequentist model
fits (or that the variability was mostly contained in the independent measurement-level
error terms €;;;). In the case of mutual information between ABP and T, the differences
between cohorts could not be explained as a between-hospital deviation, and model
evidence estimation suggested that both cohorts were best modelled separately. While
the Bayes factor favoured the separate-cohort alternate model, the frequentist GAMM
p-value was not significant at a=0.05 for transfer entropy from ABP to T (though this
was reversed in the two-level model without a hospital-level deviation term).

Finally, I also modelled the trajectories of C-reactive protein and leukocytes, both
inflammatory markers (Figure 3.6). In both cases, the CRP trajectory decreased over time,
though with a sharp peak in the sepsis cohort within the first 48hrs. The white blood
cell count (leukocytes) was much lower in Covid-19 patients than in sepsis patients and
the Bayes factor favoured the separate-cohort alternate model, suggesting that patients
with Covid-19 perhaps had a decreased inflammatory response to infection. However, the
HDI for the leukocytes trajectory was wider in the sepsis cohort, suggesting much more
between-patient variability. The frequentist p-value was largely in agreement, except for
the two-level CRP model. However, the CRP model p-value was significant when the model

included third-level hospital groups. This may have been due to model misspecification
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SMC with integrated likelihoods

Sepsis cohort
Covid-19 cohort (DDW) (AmsterdamUumMCdb) Combined cohort

Entropy, HR

Entropy, T

:-—'- - Tl e st i i i s 57—

e e = = i e — o e ot =]

Mutual information,
HR and ABP HR and T Entropy. ABP
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Mumber of measurements
Figure 3.2: Bayesian model fits for information trajectories of entropy and mutual
information estimates, using SMC with integrated likelihoods. The heatmaps show
counts of each variable across all patients in the cohort, with 50 histogram bins. The (three-level)
model fits (—) are the posterior mean of the function f(t), adjusted by the sum of group-level
deviations. The dotted lines (--) are the highest density interval (HDI) of f(¢) only, and dashed
lines (--) are the HDI of f(¢) and group-level deviations combined.
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GAMM

Sepsis cohort
Covid-19 cohort (DDW) (AmsterdamUmMCdb) Combined cohort

Mutual information,
HR and ABP HR and T Entropy, ABF Entropy. T Entropy, HR

Mutual information,

Mutual information,
ABPandT
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— ; —
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Mumber of measurements
Figure 3.3: Frequentist model fits for information trajectories of entropy and mutual
information estimates, using GAMMs with cyclic splines. The heatmaps show counts of
each variable across all patients in the cohort, with 50 histogram bins. The (three-level) model
fits (—) are the maximum likelihood estimate of the function f(t¢). The dotted lines (--) are the
highest density interval (HDI) of f(¢) only, and the dashed lines (--) are the HDI of f(¢) and
group-level deviations combined.
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SMC with integrated likelihoods

Sepsis cohort
Covid-19 cohort (DDW) (AmsterdamUumMCdb) Combined cohort

Transfer entropy, Transfer entropy, Transfer entropy, Transfer entropy, Transfer entropy,
ABPtoT HR to ABP ABF to HR T to HR HR to T

Transfer entropy,
T to ABP

0 120 240 0 120 240 0 120 240
Time since admission (hrs)
— ; —
0 10 20 30 =40

Mumber of measurements
Figure 3.4: Bayesian model fits for information trajectories of transfer entropy
estimates, using SMC with integrated likelihoods. The heatmaps show counts of each
variable across all patients in the cohort, with 50 histogram bins. The (three-level) model fits
(—) are the posterior mean of the function f(¢), adjusted by the sum of group-level deviations.
The dotted lines (--) are the highest density interval (HDI) of f(¢) only, and dashed lines (--) are
the HDI of f(t) and group-level deviations combined.
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GAMM

Sepsis cohort
Covid-19 cohort (DDW) (AmsterdamUmMCdb) Combined cohort
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Figure 3.5: Frequentist model fits for information trajectories of transfer entropy
estimates, using GAMMSs with cyclic splines. The heatmaps show counts of each variable
across all patients in the cohort, with 50 histogram bins. The (three-level) model fits (—) are
the maximum likelihood estimate of the function f(¢). The dotted lines (--) are the highest
density interval (HDI) of f(¢) only, and the dashed lines (--) are the HDI of f(¢) and group-level
deviations combined.

97



Sepsis cohort
Covid-19 cohort (DDW) (AmsterdamUMCdb) Combined cohort
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Figure 3.6: Both Bayesian and frequentist model fits for inflammatory markers,
C-reactive protein and leukocytes. The former (top rows) are from SMC using integrated
likelihoods and the latter (bottom rows) are from GAMM using cyclic splines. The heatmaps
show counts of each variable across all patients, with 50 histogram bins. The (three-level) model
fits (—) are the posterior mean or MLE of the function f(t), adjusted by the sum of group-level
deviations. The dotted lines (--) are the highest density interval (HDI) of f(¢) only, and the
dashed lines (--) are the the HDI of f(¢) and group-level deviations combined.
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or possibly due to the hospital groups ‘explaining away’ some of the unknown error-term

within the two-level model, but it was not clear what this meant in practice.

3.3.3 ICU mortality and endpoint alignment

The rationale behind choosing a model with each patient following the same trajectory
(up to individual intercept terms) came from anecdotal observations from intensive care.
Clinical colleagues noted that patients admitted to ICU often had high levels of inflam-
mation during the first 24 hours, which then decreased over time. This observation was
reflected in the C-reactive protein measurements (Figure 3.6). As a result, we assumed
that patients were admitted to intensive care at similar points in their disease progression.
However, the previous analysis showed there was clearly significant variability within the
population-wide trends.

One issue with this assumption is that there may be subgroups within the population
who responded differently over time. These subgroups may have experienced very different
disease progressions, which would reflected in the trajectories of information-theoretic
measures. Patient outcomes were recorded in both databases, and it is reasonable to
assume that there are differences in cohort-averaged trajectories between patients who
died in ICU and patients who were discharged. In normal circumstances, patients need to
have shown some clinical improvement, or at least stability, in order to be discharged from
ICU (excluding those discharged for palliative care, which I accounted for in our definition
of ICU death if they died within 24 hours of discharge). In this instance, the scarcity of
ICU beds during the Covid-19 pandemic may have meant that patients were more readily
discharged to another ward, but discharged patients would still have had better clinical
prognosis than those who had died or were not yet discharged.

With these considerations in mind, I decided to stratify by ICU mortality, and align
the data by the endpoint rather than by the time of admission. This latter change was
important, as ICU length of stay was very different across the entire cohort. In any case, it
is possible that the time of departure from ICU (discharge or death) was more meaningful
than the time of admission to ICU, in terms of disease progression. As the original dataset
included patients who were still in ICU after 15 days, I used a reduced dataset in order to
align by ICU departure (Table 3.5), and excluded the patients with length of stay greater
than 15 days. This analysis involved 9 cohorts. Four of these were stratified by ICU
mortality and by disease (Covid-19 vs sepsis), and the remaining 5 were combined datasets
of one or both stratified cohorts. As before, I used the integrated likelihood method
with SMC to model the trajectories for each cohort. I also performed various model
comparisons, comparing a baseline model, in which two cohorts shared model parameters,
against an alternate model, in which they had separate model parameters.

Figures 3.7 and 3.8 show the Bayesian model fits for the stratified cohorts. For
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Cohorts

Covid-19 Sepsis Covid-19 and sepsis

Death Discharge All |Death Discharge All |Death Discharge All

No. of patients, n 17 57 74 39 72 111 56 129 185

No. of hospitals, K 3 3 4 1 1 1 4 4 5)
Number of

measurements, m

Entropy, T 412 1194 1606 | 601 1089 1750 | 1073 2283 3356

Entropy, HR 563 1705 2268 | 1078 1928 3006 | 1651 3633 5274

Entropy, ABP 563 1680 2243 | 1074 1871 2945 | 1637 3551 5188

MI, T and HR 412 1192 1604 | 661 1086 1747 | 1073 2278 3351

MI, T and ABP 412 1188 1600 | 659 1080 1739 | 1071 2268 3339

MI, HR and ABP 562 1680 2242| 1071 1857 2928 | 1633 3537 5170

Table 3.5: Dataset sizes for information-theoretic measures, centred at endpoints.
These datasets included only those patients with ICU length of stay less than 15 days. For each
pair of physiological time-series, the number of transfer entropy measurements (in each direction)
was the same as the number of mutual information measurements. For information-theoretic
measures, there was a maximum of 57 measurements per patient.

patients who were discharged (Covid-19 and sepsis), the entropy values increased sharply
prior to ICU departure, while mutual information and transfer entropy values decreased
by varying amounts. The decreases in MI and TE were somewhat surprising, since it
suggests that different physiological subsystems were interacting less strongly despite these
patients presumably showing clinical improvement. It is possible that entropy within
physiological signals separately is a more important indicator of health, in terms of the
‘decomplexification’ of allostasis, than their interaction. Another possible explanation was
that the decreasing mutual information and transfer entropy between variables values arose
as an artefact of increasing variability within each variable. However, there was only very
weak negative correlation between the information-theoretic measures (Figure B.2). In any
case, there were clear differences between ICU cohorts, when stratified by ICU mortality.
At the population-level, patients who were discharged experienced more pronounced
changes in all information-theoretic trajectories prior to ICU departure, than patients
who died in ICU. From these figures, it appeared that differences between ICU death and
discharge cohorts (for both Covid-19 and sepsis cohorts) were greater than differences
between the disease cohorts (for both ICU death and discharge). This was supported
by estimation of Bayes factors in Table 3.6. For example, the top left cell in this table
shows the Bayes factor for a baseline model that treated all Covid-19 patients as one
cohort against an alternate model that treated Covid-19 patients who died as a separate
cohort from Covid-19 patients who were discharged. Similarly, the bottom right cell shows
the Bayes factor for a baseline model that treated all patients as one cohort against an

alternate model that treated Covid-19 patients as a separate cohort from sepsis patients
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ICU death vs discharged Covid-19 vs Sepsis
Variable Covid-19  Sepsis All | ICU death Discharged All
Entropy, T
Entropy, HR
Entropy, ABP
MI, HR and T
MI, ABP and T
MI, ABP and HR
TE, HR to T 0.28 1.22
TE, T to HR 0.86 1.65
TE, ABP to T -0.31  -0.05
TE, T to ABP
TE, ABP to HR
TE, HR to ABP

Table 3.6: Bayes factors for model comparisons of all information trajectories,
centred at the endpoint. This involved three-level models (Figures 3.7 and 3.8), with second-
level patient groups and third-level hospital groups. The Bayes factors were calculated using
log model evidence estimates from sequential Monte Carlo (SMC) with integrated likelihoods
(Equations 3.10, 3.11, 3.14, 3.16). These are colour-coded according to the interpretation table

of Jeffrey [128], including [décisive / (very) strong / substantial in favour of the shared model
and substantial / (very) strong /[decisivel in favour of split model.

(regardless of ICU mortality). Notably, there was evidence to support the observation that
there were differences in entropy and mutual information trajectories between patients
who died in ICU and patients who were discharged. There was also evidence of differences
in the entropy trajectories between Covid-19 and sepsis cohorts. Apart from this, the

general picture was more mixed.

3.3.4 Misspecification and model checking

The non-linear regression models used in this chapter made strong assumptions about
structure of the information trajectories. In particular, it was assumed that individual
patients follow shared trajectories up to patient-level (and hospital-level) intercept terms.
Additionally, errors were assumed to be normally-distributed. Without a priori knowledge,
I chose weakly-informative priors for the model parameters, including for the variance
terms associated with multilevel effects and errors. These priors were chosen to ensure
that the prior predictive distributions covered the data fully. However, if the assumptions
within the non-linear regression models were incorrect and the model was misspecified,
this could have a significant impact on model comparison.

The model comparisons in this chapter were to determine whether two cohorts share

the same model parameters (and therefore the same trajectory shape, multilevel effects and

101



SMC with integrated likelihoods

Covid-19 cohort, Covid-19 cohort, Sepsis cohort, Sepsis cohort,
ICU discharge ICU death ICU discharge ICU death
o
T
=
[=H
=
=
W)
'_
=
[=N
<
=
L
o
o
=
=
(=N
2
=
W)
c
2
I -
£
‘= om
-
m L
=
5
=
c
2
oo
£S
ST
£5
&<
5
=

Mutual information,
ABPandT

—-240 -120 0 —-240 -120 0 —-240 -120 0 =240 -120 0

Time to ICU departure (hrs)

0 =10
Number of measurements
Figure 3.7: Bayesian model fits for information trajectories of entropy and mutual

information estimates, using SMC with integrated likelihoods. The heatmaps show
counts of each variable across all patients in the cohort, with 50 histogram bins. The (three-level)
model fits (—) are the posterior mean of the function f(t), adjusted by the sum of group-level
deviations. The dotted lines (--) are the highest density interval (HDI) of f(¢) only, and dashed

lines (--) are the HDI of f(¢) and group-level deviations combined.
102




SMC with integrated likelihoods
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Figure 3.8: Bayesian model fits for information trajectories of transfer entropy

estimates, using GAMMSs with cyclic splines. The heatmaps show counts of each variable
across all patients in the cohort, with 50 histogram bins. The (three-level) model fits (—) are
the maximum likelihood estimate of the function f(¢). The dotted lines (--) are the highest
density interval (HDI) of f(¢) only, and the dashed lines (--) are the HDI of f(¢) and group-level
deviations combined.
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error variance). The baseline model that both cohorts share parameters, M,, was a reduced
version of the alternate model M,, in which both cohorts independently had different
model parameters. In model comparison using Bayes factors, model misspecification can
results in bias towards the more complex, flexible model (i.e. My). This is true if the
simpler model is misspecified or if both models are misspecified. This may have had some
consequences on the results in Tables 3.3, 3.4 and 3.6. For example, in the two-level models
without hospital-level effects, the alternate model was favoured in every instance. In the
three-level models with hospital-level effects, the alternate model was generally favoured
less strongly and the baseline model was favoured in one instance (transfer entropy from
HR to T). In this particular case, the model evidence for the three-level models was much
less than for the corresponding two-level models. One explanation for this is that the
two-level models were misspecified, so, without hospital-level effects, the alternate model
was incorrectly favoured. However, it is worth noting that, although the simpler three-level
baseline model was favoured ahead of the three-level alternate model here, this does not
necessarily mean that this baseline model was not also misspecified.

There are several approaches for checking how well a model is specified in Bayesian
and frequentist settings. Goodness-of-fit tests can include test statistics that are shown
to converge in distribution to a known distribution when the model is correct. The
model fit is then evaluated by comparing the value of the test statistic against this known
distribution. For regression models with multilevel effects, one example of this type of
goodness-of-fit test is a x? test [142]. Another option is to perform posterior predictive
checks. These seek to quantify discrepancies between the data and the fitted model, and
whether these discrepancies could have occurred randomly given the model assumptions
[143]. Posterior predictive checks involve sampling multiple replicated data, denoted y"P,
from the posterior predictive distribution. These replicated data have the same covariate
data and implicit multilevel structure as the observed data, but their response variables
are computed directly from the model via the posteriors of the model parameters. This
means that the replicated data is data that could have been observed, if the model was
true. The posterior predictive distribution for the three-level model Mas; is discussed in
Appendix B.2.

The most common types of posterior predictive checks include visual checks of residuals
and comparison of a test statistic T'(y) or test quantity T'(y, @), between the observed data
and the replicated data. Assuming the model is true, generating multiple instances of
replicated data allows an estimate of the distribution of a test statistic or test quantity. It is
then possible to estimate the posterior predictive tail probabilities, i.e. p(T(y*P) > T(y)|y)
or p(T(y*?,0) > T(y,0)|y). In order to check the models described in this chapter, I
decided to perform posterior predictive checks using the within-patient residual sum of
squares (RSS) and the between-patient RSS. For a three-level model, fitted with the

104



posterior means for 5, n and (, these were defined as the following:

RSSw = > (Wik — B ik — e — )% RSSy = D (OO (wije — B wije — 0je — &)
ijk jk i

Additionally, to test the model assumption that there were group-level intercept terms but
not group-level gradient terms, I also decided to estimate the intercepts and slopes of each
patient, using simple linear regression, with test statistics based on the spread of each
variable. As the number of observations for each patient was quite small in some cases, I
decided to use the interquartile range (IQR) for this purpose, rather than the standard
deviation, because it is more robust. In theory, the intercept IQR should be accounted for
within the model by the patient-level effects.

I evaluated these test statistics for 1000 instances of replicated data. Figures B.1 and
B.3 in Appendix B.2 show some examples of the replicated data for HR entropy, and
of the test statistics under the posterior predictive distribution. Figure 3.9 shows the
proportion of times that the test statistics were lower for replicated data than for the
observed data, across all 144 models (12 datasets and 12 variables). In almost every case,
the within-patient RSS for the observed data were much higher than for the replicated
data. Only for 16 out of the 144 models was this proportion less than 0.99. For the
between-patient RSS, there was a marked difference between the sepsis cohorts and the
Covid-19/combined cohorts. The between-patient RSS was generally much higher for the
observed data than for the replicated data for the Covid-19 cohort, but the opposite was
true for sepsis cohort. The sepsis cohort came from just one hospital, so was modelled
without hospital-level effects. It appears that the inclusion of hospital-level effects caused
the model to underestimate between-patient variability and the exclusion of hospital-level
effects caused the model to overestimate between-patient variability. Similarly, the test
statistic based on patient-specific gradients was greater for the observed data than for any
replicated data, in almost every case. Averaged across all models, the mean proportion was
0.996. This suggested the observed data was implausible under the assumption that the
group-level effect was intercept-only. Adding a patient-level gradient term to the model
may reduce this discrepancy, but this was not tested further.

Overall, these results suggest that the models were indeed misspecified and a different
model structure or assumptions may have been better suited for this analysis. Despite
these model failings, it should be noted that misspecified model can still be useful for
providing insight. Though the model clearly masks some patient-specific effects, part of
the motivation for these models was to describe population-wide trends, which arguably
these models have achieved. Additionally, while model misspecification can impact the
model comparison using Bayes factors, many of the Bayes factors in this analysis had

extremely large absolute values, and favoured the separate-cohort alternate model with
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Figure 3.9: Posterior predictive checks for all models. Four test statistics were defined
for model checking: IQRs of patient-specific intercepts and gradients, within-patient RSS and
between-patient RSS. The test statistics were evaluated for the observed data and for S = 1000
instances of replicated data. For each test statistic and each model, the figure shows the value
of &3 (T (y™P*) < T(y)). Values close to 0 or 1 indicate that the test statistic evaluated for
observed data was consistently outside the posterior predictive distribution for this test statistic.
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and without the addition of hospital-level effects. While these results should be interpreted
with caution because of model misspecification, it is likely that there were in fact significant

differences between the cohorts.

3.3.5 Revisiting the clinical hypothesis

As a brief reminder of the concepts involved: entropy is a measure of ‘expected surprise’ in
variable X, mutual information is the reduction in the ‘expected surprise’ for variable X
that is gained when the value of the variable Y is known (or vice versa), and transfer entropy
is the average information that past values of variable X provide about the current value of
variable Y, above and beyond the past values of variable X (transfer entropy is a necessary
but not sufficient condition for a causal relationship, when separability is assumed). Using
these information-theoretic concepts applied to three physiological time-series (all of which
are regulated by the brainstem), I compared a cohort of patients with severe illness caused
by respiratory virus (Covid-19 cohort) and a cohort of patients with any respiratory
infection (sepsis cohort). Generally, there were significant differences between the cohorts
for most of information-theoretic measures, which I had evaluated on individual time-series
or pairs of physiological time-series. In particular, mutual information (and some transfer
entropies) tended to decrease over time within both cohorts, while entropy values tended to
increase. This suggested that there was some physiological dysregulation in both cohorts.
For instance, an increase in entropy (‘expected surprise’) in HR and in ABP suggests that
cardiovascular allostasis (‘stability in variation’ of cardiovascular function) was gradually
lost during ICU stay. Decreases in mutual information suggested a reduced interaction
between cardiovascular function and thermoregulation during ICU stay, which could be
also be interpreted as a symptom of brainstem dysfunction.

Ultimately, these results are challenging to interpret objectively, for several reasons.
Firstly, these relationships are clearly complicated, but the trends were broadly similar
between sepsis and Covid-19 cohorts (though differences between the cohorts were generally
statistically significant). Secondly, there is no objective, meaningful interpretation of the
absolute value (or change in value) of the information-theoretic indices. This is mentioned
further in Chapter 6. In the absence of this, any conclusions are somewhat speculative.
However, there was some evidence that physiological relationships were affected in patients
with severe respiratory infection and Covid-19, but more work is required in order to
contextualise what this means and what the true underlying causes of this are. For example,
there is currently no equivalent data for the information trajectories of physiological systems
in healthy humans. A comparison between mild and severe Covid-19 may have been more
illuminating, had this data been available, because this may have elucidated the severity
of symptoms. Furthermore, a breakdown in the interaction between physiological systems

may be related to brainstem dysfunction, but there are potential confounding factors that
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deserve brief mention. For example, it may be the case that bed rest and limited patient
movement contributed to decreased physiological interactions, more than the underlying
physiology of Covid-19 of respiratory viral infection. However, accumulation of evidence
from different sources, e.g. [24, 25], should help to consolidate the evidence and findings
from each individual source. I believe this data-driven approach has the potential to
add more weight to the Covid-19 brainstem dysfunction hypothesis, and to help further
illuminate the mechanisms involved in, and the consequences of, brainstem dysfunction

induced by respiratory viral infection.
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CHAPTER 4

ARTEFACT DETECTION IN TIME-SERIES
DATA USING GENERATIVE DEEP LEARNING

This chapter presents work from the first year of my PhD, on artefact detection in
physiological time-series. At this time, I was primarily interested in representation
learning of ICU time-series, and whether novel clinical insights about the patient state
could be gained by visualising temporal trajectories in the latent representation space
from a generative deep learning model. This is a difficult task, because generative deep
learning models are usually ‘black box’ functions and latent representations are not easily
human-interpretable. However, a latent representation space is also useful beyond the
representation learning itself. If the model learns to encode meaningful representations
only for ‘valid’ data, then combining the generative ability of the model with careful
preprocessing and post-processing can help to discriminate between ‘valid’ and ‘invalid’
segments of physiological time-series. Unless properly handled, artefacts in data can bias
clinical summary variables, cause unnecessary ‘false alarms’ in automatic warning systems,
and confound subsequent downstream research tasks. Using a variational autoencoder
model, I built an artefact detection algorithm to identify, remove and impute time-
series data that contained artefacts, without the model itself being shown any types of
artefactual data. I presented this in an oral presentation at the International Symposium
on Intracranial Pressure and Neuromonitoring (ICP2019) in Leuven, with an accompanying
conference proceedings paper published in Acta Neurochirurgica [23]. T also presented
this work as a poster and elevator pitch oral presentation at the CCIMI workshop session
‘Geometric and Topological Approaches to Data Analysis’, in a poster session at STEM
for Britain 2021, and as an invited oral presentation in the ESICM Lives 2021 virtual

conference.
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4.1 Introduction

Continuous monitoring of physiological waveform (time-series) data is a crucial component
in patient care for critically ill patients in ICU, in particular providing real-time alerting of
rapid changes in the patient state and allowing estimation of a wider set of useful clinical
parameters. Waveform recordings are susceptible to data artefacts, which must be removed
before the data can be used for automatic alerting or repurposed for other clinical or
research purposes. Waveform artefacts arise from a variety of internal and external sources,
including sensor noise, patient movement and clinical interventions. Examples of the latter
include arterial flushing [144], when the arterial line is transduced to re-establish a relative
pressure baseline, and draining of intracranial fluid. The former is repeated at infrequent
intervals either to decrease damping caused by blood clotting or upon moving the patient,
while the latter alleviates pressure on the brain caused by swelling after traumatic brain
injury. Waveform artefacts may reduce reliability in downstream estimation of derived
parameters and can be a distraction in clinical analysis and decision making. Artefacts
also contribute to a high false positive rate of automatic ICU alarms, and alarm fatigue
can leave clinical staff with a perception that the alarm systems are generally unhelpful
[145]. As a result, this creates a potential risk that a missed true positive alarm leads to a
delay in the appropriate clinical intervention [146]. Accurate artefact identification and
removal can therefore contribute to a safer ICU environment, and reduce both bias and
uncertainty in clinical assessment.

An artefact identification method will mark time-series segments that contain an
artefact as ‘invalid’. In essence, the time-series segment is subsequently treated as missing
data. However, missing data can have similar effects to artefacts in downstream tasks,
particularly as missing data preprocessing is routinely handled in a simplistic manner
that introduces bias or underestimates natural variability (e.g. linear interpolation or
last measurement carried forward). Imputation methods that maintain some statistical
properties or features of the data can mitigate these issues [147], and an ideal artefact
detection algorithm should include scope for data imputation in segments where an artefact
has been identified.

Artefact detection has traditionally been a difficult and costly task [148], requiring
time-consuming manual annotation or (fragile) signal-specific automatic thresholding based
on feature engineering [149]. Due to the complex structure of physiological waveform data,
automated systems are still inferior to annotation by experienced clinicians, which remains
the gold standard in spite of internal biases and issues with replicability. Many supervised
deep learning methods require pre-annotated samples for model training, which can be
costly to produce. Unsupervised approaches use generative deep learning to construct

‘realistic’ synthetic observations, and use spectral anomaly detection [150] to separate
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artefacts from ‘valid’ data by their representations in a lower-dimensional latent space.
This lower-dimensional ‘information bottleneck’ is intended to capture salient features of
‘valid’ data and disregard artefactual features, which then results in synthetic observations
that do not contain any artefacts. By comparing the distribution of matching real-synthetic
observation pairs, real observations containing artefacts can be discriminated from ‘valid’
observations or, equivalently, real artefactual observations will have high reconstruction

error and low probability under the generative model distribution [151].

4.1.1 Key contributions

In this chapter, I focused on unsupervised artefact detection for time-series data. My

contributions to this area of research were:

1. I presented an artefact detection algorithm called DeepClean, which used a variational
autoencoder (VAE) with deep convolutional neural networks. As an unsupervised
algorithm, this avoids costly and painstaking manual annotation of physiological
waveforms, required only easily-obtained ‘valid’ time-series for model training. The
generative deep learning model in this algorithm does not provide binary labels
identifying artefacts itself. These come from a post-processing step, in which real-
synthetic observation pairs are evaluated using a simple distance-based decision

rule.

2. I demonstrated the performance of DeepClean using a test case of high-frequency
invasive arterial blood pressure (ABP) measurements. I showed that the DeepClean
framework was able to detect the presence of artefacts within 10s long observations,
with sensitivity and specificity at about 90%, massively outperforming a baseline
‘information bottleneck” approach that used principal component analysis (PCA).
Additionally, DeepClean identified within-observation artefactual segments with high
accuracy. As a generative deep learning model, DeepClean can produce synthetic ob-
servations (conditional on a real observation), which can be used for data imputation

when an artefact is identified within a real observation.

3. While this work is a standalone chapter in my thesis, I wanted to highlight how the
VAE framework fits in with other concepts I have previously discussed at length, so
I reviewed the literature on VAEs to highlight links between this generative deep

learning framework, information theory and importance sampling.

4.1.2 Mathematical definition and notation

I denote observations from a real dataset D, as z} fori =1,...,n, or as X, = (z,...,2"),

where n is the number of observations within the dataset. In this chapter, these observations
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Figure 4.1: (a) An autoencoder and (b) a variational autoencoder. The autoencoder
trains an encoder and decoder simultaneously to reconstruct input observations via sparse low-
dimensional latent representations. The VAE includes additional sampling steps, which explicitly
task the decoder to train a probabilistic generative model. The weights of the encoder neural
network are ¢ and the weights of the decoder neural network are 6.

are time-series of length T with constant frequency (i.e. the difference between successive
timestamps is fixed). The observation z7 can be written as 27 = (z7,,...,25,)7, and is a
realisation of a distribution P, on a sample space X C RT. As usual, I denote any distance
metric by d(-, ), where this is assumed to be Euclidean unless otherwise specified.

The main generative model in this chapter has an autoencoder-like structure. An
autoencoder is made up of a pair of models, an encoder and a decoder, which are usually
deep neural networks [152]. These are the functions F(-) and D(-) and are parameterised
by (trainable) weights ¢ and 6 respectively (Figure 4.1). For (fixed) parameters ¢, the
encoder maps an observation x! either (i) to a ‘latent representation’ variable z; in latent
space Z or (ii) to parameters of a known ‘variational’ distribution PP, ; on latent space Z.
The latent space Z has dimension d, < T, so forces an information compression of the
input observation. The variational autoencoder (VAE) used in the DeepClean framework
in this chapter does the latter mapping, from the input observation to a mean and variance
of a multivariate Gaussian distribution N (s, diag(c?;)). In this case, the observation z
is represented in the latent space by a latent representation variable z; sampled from P, ,,
e.g. zi ~ N(p.;,diag(c?,)). In mathematical terms, the encoder variants are:

) E: Xx®— Z, (2],0) — 2z, = E(z], )

(i) B: & x® > Z x[0,00)%, (2],0) = (e 02,) = (Bu(a), 0), Eye(al, 0)) = B (), 0)
For (fixed) parameters 6, the decoder maps a latent representation z; either (iii) directly to
a synthetic observation x7 or (iv) to parameters of a known distribution P, ;. For example,
in the DeepClean VAE, the decoder D(-,0) maps z; to a vector mean uj ; = D,(z;,0) =
D(z;,0), for a multivariate Gaussian with fixed variance 2. In this case, the synthetic

observation zj is then sampled from this distribution, e.g. zf ~ N (4 ;, 02I). These are
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formulated as:

(ili) D: Z2x0 = X, (2,0) — af = D(z,0)
(iv) D: Z2x0 = &, (2,0) = ul; = Dy(z,0)

As shown in Figure 4.1, an autoencoder [152] has an encoder and decoder of the form (i)
and (iii), defined as:

Input observation: x; (4.1)
Encoder (deep neural network): zi = E(x], )

Latent representation: Z;

Decoder (deep neural network): z! = D(z,0)

Output observation: zd

The DeepClean VAE has an encoder and decoder of the form (ii) and (iv), defined as:

Input observation: x; (4.2)
Encoder (deep neural network): [zi,05; = B2, ¢)

Sampling: zi ~ N(p.;, diag(o?,))

Latent representation: 2

Decoder (deep neural network): g = D(2,0)

Sampling: af ~ N(ud;, 021)

Output observation: zd

In a VAE, a synthetic output observation can be generated conditionally on a given real
input observation, by passing the input observation through the full process (encoder,
sampling, decoder, sampling). A key property of either model is that this synthetic
observation should approximate the real observation z}, forming a real-synthetic observation
pair in which the distance d(z},z7) is small. As a result, in a VAE, the distribution of
all paired synthetic observations (i.e. a mixture distribution of P,; for all i = 1,...,n)
is approximately equal to the ‘true’ distribution P,. The role of weights ¢ and € is to
optimise this condition during model training (as one part of the loss function). Repeatedly
passing a given real observation through the full process (encoder, sampling, decoder,
sampling) will result in multiple similar but not identical synthetic observations, since
the process involves random sampling at two points. Synthetic output observations can
also be generated independently, by ‘uncoupling’ the encoder and decoder networks and

ignoring the former to sample z; ~ P, and 2§ ~ N(D(z;,0), 02I), independently of any
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real input observation.

4.1.3 Overview and related work

Generative deep learning. Generative modelling describes a class of models in which
we want to learn a generative distribution P, to approximate the ‘true’ distribution P, of
data D,.. This approximation can help us to understand the generative process behind the
data, and in turn to include useful abstractions within downstream modelling tasks. Some
causal relationships may also be captured implicitly during model training and consequently
become embedded within the generative model [153]. New synthetic observations sampled
directly from the distribution P, should match some statistical properties and features of
the real data D,. Directly learning the generative distribution PPy is not straightforward.
A simpler task is to use a class of models called latent variable models (LVMs), in which
synthetic observations JI? € X are generated conditional upon unobserved latent variables
z € Z. This is how the decoder D(-, ) introduced above functions. However, in order for
this to work properly, the latent space Z must be structured in a way that encourages
latent variables z € Z to meaningfully encode information about the real data. This is
achieved by training a second model, e.g. encoder E(-, ¢), alongside the generative decoder
model. Latent variables z; from this encoder model then form representations of the real
observations x] € D,. This results in a secondary dual task in the generative deep learning,
which is representation learning of the real observations. Several prominent approaches
use this template, including VAEs and generative adversial networks (GANs). I return to
synthetic data generation (and GANs) in Chapter 5.

Autoencoders and variational autoencoders. Autoencoders seek to embed data
in an ‘information bottleneck’ latent space, which is a lossy transformation that must
prioritise the most important features of the data. An autoencoder, as described in
Equation 4.1 and Figure 4.1(a), maps real observations directly to representations in
a sparse latent space, but this often results in latent representations that are neither
meaningful nor well-structured. As a result, autoencoders often encounter issues with
fragility and overconfident predictions [154]. Extensions have been proposed to try to
alleviate some of these problems [155-158], but autoencoders have largely fallen out of
favour, with VAEs and GANs garnering much wider popularity.

For a generative latent variable model, defined by function D(-, ), one obvious approach
for training the weights 6 is for the model objective function to maximise the ‘model
evidence’ over 6. Strictly speaking, this is not a model evidence if 6 are considered variables
of the generative model, but rather a partially-integrated model likelihood. Semantics
aside, this is defined as the probability of observing the entire data under the generative
model for fixed 0, i.e. p(X,|0) = [L([]; p(z]|2,0))p(2)dz, where p(z) is a prior distribution
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function for z. However, maximum likelihood of p(X,|6) (with respect to 6) is intractable.
Variational autoencoders (VAEs) [159] resolve this using a technique called variational
Bayes, which approximates an intractable distribution or integral using known tractable
distributions (or mixture distributions). This has clear parallels to both relative entropy
(Section 2.1.3, Equation 2.5) and sequential Monte Carlo (SMC) (Section 3.1.3). The
variational Bayes approximation provides a lower bound for the (fixed #) model evidence.
Combining variational Bayes with the autoencoder framework requires the encoder model
to learn a ‘variational’ distribution function ¢(z|z], ¢) that approximates the intractable
‘true’ posterior function of the decoder model, defined as p(z|a%,0) < p(xf|z,0)p(z). In
this case, the full posterior, when evaluated over all real observations, is an ‘aggregate
posterior’, i.e. [[, p(z|z},#) [160]. For example, in Equation 4.2 the tractable variational
distribution is a Gaussian distribution. As shorthand, I denote the variational distribution
as qs(z|2]) = q(z|x], ¢) and I denote all distributions conditional on # (i.e. generative
distribution, true posterior) as py(-) = p(+|6).

During model training, the variational Bayes approach simultaneously learns to en-
code meaningful information about x] in the latent representation z; using variational
distribution g4(z|z}), and to generate synthetic observations x7 from the LVM generative
distribution pg(z|z;). There are dual competing goals to the model training, which are to
minimise the divergence between g4(z|z]) and the unknown ‘true’ posterior py(z|z}) and
to reconstruct real observations with minimal error via the generative distribution pg(x|z;).
The lower bound of variational Bayes can be used as the model objective for these dual

goals, in which case it is called the evidence lower bound objective (Equation 4.3).

Evidence lower bound objective. Under the (decoder) generative model, The joint
distribution of observation z! and any z € Z is py(x}, z). Bayes’ theorem gives py(al) =
po(i, 2)/po(z]7) = po(xi|2)p(2)/pe(z|27). Then:

log py(X Z log po(z Z log pg(x / s(z|2])dz
—Z/% |27 log po(x dz—Z/% ) 1Og<m< (|’;§>>dz
=5 [ aselatto (fale) FELA4EE )

q¢(z|2}) po(2]x7)

_ ;/Z%(z\xf)(logpa(x?b) —log(%gn> +log(]%))dz
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g0%) = 3 [ autelat) o pu(a7l2)dz — Dicalau(o4) 1)
| + Dialasle?) I nlelal))

The evidence lower bound objective (ELBO) is the analytically tractable function Lg 4(X,):

Loos(Xe) =) (/Z qs(z|27) log pe(wj|2)dz — Dicr(gs(2|27) | p(Z))) (4.3)
This satisfies the inequality logp(X,|0) > Lg4(X,), since Dgp(qs(2|2]) || po(2|2])) is
always non-negative. In an ‘ideal encoder’ setting, the model has arbitrarily high encoding
capacity and the ELBO efficiently minimises the divergence between variational and true
posterior, while jointly maximising the model evidence, which makes the lower bound
tight. However, the KL-divergence Dg(qs(2|2]) || po(z|x])) is intractable, so the tightness

of the bound cannot be reliably estimated. The ELBO splits into two conflicting terms,

L97¢(XT) = Léﬁs(Xr) — Léz) (X,), with:

L0 = Y [ auleleDlogplallz)dz, P = 3 Dieaaalela?) | p(2)

In the special case in which these distributions are multivariate Gaussians (as in Equa-

tion 4.2), these loss terms are estimated as the following, where (p.;,02;) = E(z}, ¢) and

79
sz) are n, samples from the latent distribution space:

n 1 N
) =Y —— S d@], DEY.0), 2P~ N(u., diag(02,), k=1,...,n.

2
n,o
i=1 z

T k=1
1
LY (X) = 37 S (U (s + 02, —log(02)) = d2), 1a. = (1., )" € R™

=1

The first term Léi;(DT) minimises the reconstruction error of synthetic output observations
compared to real input observations, and is therefore associated with the performance of
the decoder. The KL-divergence term Lg) (X,.) regularises the latent space by enforcing
similarity between g4(z|r}) and a known prior p(z). These two terms create competition
between the quality of the latent representation learning and the generation of high fidelity
synthetic observations with low reconstruction error. The ELBO itself cannot distinguish
between models that use the latent variable to learn meaningful representations (e.g. an
autoencoder) and non-autoencoder models that map the observations X, to itself via a
high-dimensional latent space Z that does not learn a lower-dimensional representation
[161]. However, the competition between the two terms can be managed by appropriate

choices of network architectures and distributions (e.g. prior and variational), or balanced
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by tuning a global hyperparameter 3, in a S-ELBO objective function [162]:
Loo(X,) = Lo y(X,) = BL(X,) (44)
0,¢ r 0, r @ T .

In general, the use of variational Bayes helps to encode more robust and meaningful latent
representations, since it encourages the variational distribution to place probability mass
on a range of latent values that could feasibly generate a synthetic observation similar
to the real input observation, rather than placing all of the mass on a single point in Z.
Regularisation ensures this range of latent values are close to each other in the latent
representation space, which means that similar input observations have similar latent
representations and vice versa.

Naive Monte Carlo integration estimates (Equation 3.8) of the ELBO gradient are
impractical due to high variance [159], so model training uses stochastic gradient descent.
Stochasticity during model training helps to further improve regularisation of the latent
representation space, resulting in more robust latent representations. However, stochastic
variables are not automatically differentiable, so a ‘reparameterisation trick’ is needed to
allow backpropagation [159]. Optimising the ELBO can also be improved by annealing
the KL-divergence term early in model training [163, 164].

Information theory, ELBO and representation learning. Though there is tension
between the quality of latent representations and of reconstructed synthetic observations,
the former is important for artefact detection because latent representations must learn
salient features of ‘valid’ time-series data in order for post-processing discrimination of
observations containing artefacts. The trade-off between the reconstruction error and
KL-divergence terms can be described using phase diagrams in a rate-distortion plane.
The rate Ry is defined as the excess number of ‘bits’ or ‘nats’ needed to encode real
observations in the latent space using an ideal coding channel, and the distortion Dy, is a
measure of the amount of lossy compression. For a VAE-type model, these are defined as
[165]:

Dos == [ pla)as(ela)og mlale)dod: (4.5)

Ry = /X sz(x)Q¢(Z’9‘7) (log qq;(é';c ))dxdz

Though the true data distribution p(x) is intractable, for the purposes of visualising models
in the rate-distortion plane, this can be estimated using an empirical approximation p(x)
(e.g. Monte Carlo integration, Equation 3.8). Rate and distortion are concepts from
information theory. Together, they satisfy the following inequality involving entropy H(-)
(Equation 2.4) and mutual information /(-,-) (Equation 2.6), where E(X,) is the entire
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encoded data E(X,,0) = (E,(z1,0),...,E,(z],0)):
0 S H(XT) - D9’¢ S I(XTJ E(XT'a 9)) S R¢

In rate-distortion theory, the optimal rate is considered as a function of distortion in the
rate-distortion plane and the goal is to maximise the rate without exceeding some predefined
expected distortion, i.e. infy 4 Ry subject to Dy, < D*. A Legendre transformation of this
optimisation problem with 37! = 9R;/0D,, converts this optimisation problem to the
B-ELBO objective (Equation 4.4):

i Ry 3D0o = inf 5 [ (o) (— [ ascla) oz pa(el)dz + BDcs(an(a) | p<z>>)d:c
This reframes the tension between latent representation and reconstruction error within
the model objective in terms of information theory, since making either of the inequalities
I(X,,E(X,,0)) < Ry and H(X,) — I(X,, E(X,,0)) < Dy 4 tighter will generally result in
the other becoming looser.

Additionally, this highlights the flaw in using generative deep learning algorithms
for representation learning, which is by definition ill-posed [161, 166], since learning
‘good’ latent representations (i.e. that encode meaningful information about the input
observations) is largely detached from the model objective during training, while many
possible generative models can achieve an identical model evidence through different
variational distributions [161]. Furthermore, a sufficiently powerful decoder may entirely
neglect the latent representation to store an encoding within the decoder weights 6 instead,
which prevents generalisation to other unseen datasets. Under the information-theoretic
principle of ‘minimum descriptive length’, which motivated VAE predecessors such as
the Helmholtz machine [167], a ‘bits back’ argument provides interpretation about the
‘extra information’ gained about z}, when z € Z is sampled from g4(z|x]) rather than
from the prior p(z) [168]. This can be leveraged alongside inverse autoregressive flow
(IAF) transformations to create a VAE-type generative model with a decoder capable of
explicitly modelling known structural elements of the data that are viewed as unnecessary
to its latent representation [153, 169], but with a lossy latent representation space that

captures other unspecified features [166]. This information preference allows an element of

control over the representation learning process.

Importance weighting and ELBO. Instead of using more flexible and expressive
variational distributions (e.g. IAF transformations) in order to minimise the KL-divergence
between the variational and posterior distributions, an alternative is to explicitly tighten
the evidence lower bound using importance weighting [170], which is similar to Equation 3.9

in Section 3.1.3. Denoting unnormalised importance weights for the joint distribution
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po(l, 2) as wy = py(af, 2¥)) /gy (2™]27) and expectation with respect to gg(z|z}) as E,,,

the importance weighted estimate Ly 45 (X,) achieves a tighter bound than the ELBO:

Nk

1
Lo (X,) = Eq, [log wﬂ = Log1(X,) < Logr(Xy) = Ey, {log - Z wk] < log po(X,)
k=1

Principal component analysis. A simple autoencoder alternative that does not involve
deep learning is to use principal component analysis (PCA), with the PCA representation
as an encoder and PCA reconstruction as a decoder. PCA is a statistical technique for
dimension reduction of high-dimensional data, via a coordinate system that describes the
maximal amount of data variation. For the (mean-centred) X, € R™? (an nx T matrix),
the PCA decomposition is defined as Z = X, W, where the columns of W € R7*¢ are the d
(orthogonal) eigenvectors of X, X7 that correspond to the largest ordered eigenvalues. The
subsequent PCA reconstruction is X, = ZW7T = X, WWT. The PCA latent representation
z; (also referred to as the principal component scores) and reconstruction of a (mean-

centred) real observation z! = (2%, ..., 2%)T are:

T T
2 = (%, - .- 7Zid)T = (Z JCZ-WJ'L S Z x;jwjd)T
j=1 j=1

d d
vd = (2f,.. ., 29" = (Z zijWhj, .. -vzzz’jWTﬁT

j=1 j=1

This maximises the amount of variance preserved while minimising the total distance
between X, and their reconstructions, i.e. ) d(z},2]). Under some conditions (which
include independent Gaussian noise), PCA also minimises information loss from X, to its
latent representation. Additionally, PCA is equivalent to a one-layer autoencoder with
linear activations, in which the encoder weights span the same subspace as the principal
components [171].

In practice, it is almost always more efficient to perform PCA by computing the singular
value decomposition (SVD) of matrix X,., rather than via the eigendecomposition of the
(unscaled) covariance X, X7. The truncated SVD of a matrix X, is X, = ULV, where
U c R™ and V € R"*? are semi-orthogonal, and d < rank(X,.). The singular values on
the diagonal of the diagonal matrix ¥ € R¥? correspond to the PCA eigenvalues. X,
provides a low-rank approximation to X, and is equal to X, above, while Z = UX and
W =V.

However, PCA is not particularly robust to outliers. Outliers, e.g. samples containing
artefacts, may have high leverage when viewing PCA as a linear regression [172]. By
g

definition, the distance d(z}, xS

17

) will be relatively small for this set of samples. This

would mean that the reconstruction error is unlikely to be a good classifier for identifying
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artefacts. There are several alternatives to this, including robust PCA methods that
similarly seek a low-rank approximation of noisy or corrupted data [173]. T have briefly
explored this below with L1-PCA.

Another alternative for classifying outliers is to use a statistic based on the PCA scores.
The PCA reconstruction is a projection onto a lower-dimensional hyperplane and the
reconstruction error is the orthogonal distance to this hyperplane. PCA eigenvectors
describe orthogonal vectors of maximal variance, which may be influenced by the presence
of artefacts. As a result, observations containing artefacts may be very dissimilar from
valid observations and yet exist close enough to the linear hyperplane that they have small
reconstruction error. These artefacts may be found instead by a distance metric applied
to the projections on the hyperplane, e.g. their /,-norm (Chebyshev distance from the
origin). However, principal components describe a decreasing proportion of explained
variance and the first PCA score will have larger variance, so may dominate this distance.
Rescaling the PCA scores by their singular values will mitigate against this, as the SVD
matrix U = ZX 7! is orthogonal. This is very similar to the Mahalabonis distance from
the origin in the lower-dimensional ‘latent’ space, but with the Chebyshev distance instead

of the Euclidean distance. Therefore, a potential test statistic for observation z] is:
ti = [luilloo = max |Us| = max|Zi;/s;], s; = 24 (4.6)

I used PCA as a baseline model for comparison with my VAE-based artefact detection
framework. The number of PCA principal components d is somewhat comparable to
the latent dimension d, of the VAE, in the sense that each sample can be encoded as d,
components. As such, I referred to both as the latent dimension in Section 4.2. However,
it is worth noting that the VAE is a much more flexible model, so it is expected that the
VAE is more efficient at encoding and decoding than PCA, and direct comparison of the

two methods should be interpreted accordingly.

L1 principal component analysis. Under the /;-norm, the following low-rank opti-
misation problems are equivalent for fixed d < rank(X,) [174]. Their solution is given by
PCA, with Z = X,V in problems P, and Ps.

P : Z,V = argmin || X, — SRT||, Re R™¢ 5 ¢ R™ (4.7)
R,S
Py :V =argmin | X, — X,RR”||, Re R”™*¢ RTR=1
R

Py :V =argmax || X, R||, Re R™ RTR=1
R

The ¢;-norm (Manhattan distance) is more robust and less sensitive to outliers. However,

the three optimisation problems are much more difficult to solve when the ¢;-norm is
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used instead of the ¢;-norm, and they are also no longer equivalent. Previous research
has focused most on Pj for the ¢;-norm [175]. This can be translated into more tractable
optimisation problems involving the matrix nuclear norm, via a bit-flipping algorithm. As
problems P, and P; do not necessarily admit similar solutions, the solution to P; does not
necessarily perform well as an autoencoder. However, it should provide a more robust test

statistic for classifying artefacts based on the PCA scores.

4.2 DeepClean

Using this generative deep learning methodology, I constructed an artefact detection
framework for small segments of physiological waveform data, which I named DeepClean.
This involved a preprocessing step to create a ‘mostly clean’ training dataset, and to identify
and label a suitably chosen test set. After VAE training, I generated synthetic observations
corresponding to each real observation, using both encoder and decoder networks. The idea
behind the artefact detection is that ‘valid” waveform data comes from a ‘true’ underlying
distribution P, and artefacts in the waveform come from a ‘true artefact’ distribution P,.
A single real observation comes from a mixture of these distributions, depending on the
amount of ‘valid” and artefactual waveform it contains. By training a VAE to generate
observations from a distribution that approximates P, (with minimal exposure to P,),
any subsequent test observations that are mostly from P, will have sub-optimal synthetic
reconstructions under the VAE. I used automatic post-processing to identify artefacts,
based on the reconstruction error between real-synthetic observation pairs (in practice, the
synthetic observation is replaced in this step by the decoder mean ugﬂ-). I evaluated the
DeepClean framework on 10s long observations from a dataset containing high-frequency
arterial blood pressure (ABP) waveform data, obtained as part of routine ICU clinical

care. I repeated the process for a number of different latent dimensions.

4.2.1 Methods and artefact detection

Preprocessing. The DeepClean VAE model must be trained on ‘clean’ preprocessed
waveform data in order to learn to encode latent representations of ‘valid’ real observations
without also learning features of artefactual data. This preprocessing involved basic
thresholding heuristics that removed large, grossly abnormal segments of the waveform
(Figure 4.2). Waveform segments were marked as ‘abnormal’ if any of the following

occurred:

(i) values exceeded global, signal-specific thresholds (for the ABP waveform, cp,;, =

—bmmHg and ¢ = 240mmHg),

121



(a) n/a (b)n;'a D —
(1) (i) —
(i) (i)

(iii) = - (i) 1 '
(iv) - SRR RCITE: SIRERIRTTRIeY NSRRI , {iv) - | . |
0 86400 172800 259200 345600 132000 10920 L0980
Time (s Time (s
(c) (s) (d) _ (s)
50
0.8 4 200

B —

= B0 150 4

% 064 :FC- 150

5 E 100

S04 e
§ £ 50

“ 2] | 0
0.0 — . .

0 ml{]{] 172800 2. 345600 132000 10920 10980
Time Time (s)
=== (i) Global threshold = (iii] Extreme local variance = No data quality issue

(i) Locally near-constant signal = (iv) Annotated by clinical staff

Figure 4.2: The heuristic preprocessing step for DeepClean. (a) and (b) show the
location of marked ‘abnormal’ sections across the whole dataset and for a short example segment.
The widths of these segments were often short, so additional vertical lines indicate the start of a
marked section. (c) shows the proportion of data within each 100s window that was marked as
‘abnormal’ in preprocessing and (d) shows marked data for the example segment.

(ii) the range within a sub-pulse window stayed within an extreme small threshold, i.e.
the signal was essentially static (for the ABP waveform, the minimum local change

was 0.5mmHg in a window of length 0.25s),
(iii) an extreme local change in the signal within the same sub-pulse window exceeded

a much larger threshold (for the ABP waveform, the maximum local change was

80mmHg in a window of 0.25s),
(iv) real-time signal quality annotations by clinical staff were included within the dataset.

In addition, successive marked segments were merged if the proportion of marked ‘abnormal’
waveform was greater than 0.7 within any given time interval.

These preprocessing heuristics were straightforward to implement and did not re-
quire detailed manual observation-level annotation. Importantly, they did not require
particularly high sensitivity or specificity in removing artefacts, but simply needed to
reduce the proportion of abnormal data across the whole dataset in order to create a
predominantly ‘clean’ dataset for VAE training. In practice, the proportion of artefacts
within a physiological waveform is likely to be reasonably small, so I was able to apply
conservative thresholds for these heuristics, to allow only most artefacts to be removed
without unwanted removal of valid data with unusual morphology. The VAE can be
trained on the raw waveform data without this preprocessing step. However, excluding the

preprocessing will make model training more difficult, since abnormal waveform segments
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have larger reconstruction errors and so contribute a disproportionate weighting in the
model objective.

Though the DeepClean framework is unsupervised, a ‘ground-truth’ test set manual
annotations was required to evaluate model performance against this ‘gold standard’
annotation. I wanted a closely balanced test set with a similar proportion of ‘valid’
and artefactual observations, but the raw waveform was unbalanced in favour of normal
data rather than abnormal. To avoid potential selection bias by mutually choosing test
set observations, I sampled these randomly from the unprocessed data in a two-step
process. First, I sampled a 100s window from the entire waveform, with bias towards 100s
windows that contained higher proportions of labelled ‘abnormal’ data, then I uniformly
sampled a 10s observation from within this 100s window. The aim was that this two-step
process would result in test observations having an approximately similar chance of being
artefact-free or of containing an artefact. The choice of the larger 100s window length in
this process was an educated guess to enable this. I repeated the selection process with
replacement until I had a test set containing n* observations z (where n* = 200). I then
annotated each 10s test observation on an observation-wide basis as either containing an
artefact or not, with annotations independently verified by Ari Ercole. I also annotated
segments of artefact within each test observation to allow assessment of within-observation
artefact detection.

After performing the preprocessing step, and removing both test observations and
waveform segments marked as ‘abnormal’; T split the remaining waveform was into 10s
training and validation observations, forming a dataset D, with observations X,. The test

set observations were denoted X* = (z7,...,z%.).

Model specification. In the DeepClean framework, I used a VAE with deep convolu-
tional neural networks (CNNs) for both encoder and decoder models. Recurrent neural
networks (RNNs) may perform better for general time-series, but high-frequency ABP
waveform data is quasi-periodic and highly-structured. This motivated the choice of
CNNS, since these allow the model to learn translation-invariant local patterns in a spatial
hierarchy of increasing scale. The encoder architecture included three small convolutional
layers, alternated with pooling layers to increase the receptive field and decrease tensor
granularity, ending with two dense layers that split into mean and variance parameters for
the variational distribution (Table C.1). The decoder architecture was a mirror image of
this in reverse, with pooling replaced by up-sampling. Both encoder and decoder contained
approximately 20,000 trainable parameters, with the exact number depending on the latent
space dimension.

[ used the S-ELBO (Equation 4.4) as the training objective function, and used standard

distributions for both variational and generative distributions (Equation 4.2). I used a
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d,-dimensional multivariate Gaussian N (0, ) as the prior distribution for the latent
representations. In theory, diagonal covariance matrices for the variational distribution
encourage independent feature learning and therefore an efficient encoding in the latent
representation space, though this can lead to latent dimension ‘pruning’ [163]. I fixed the
variance term o2, but this satisfies 7! = ¢2 under the distribution assumptions that I

made, so it was essentially the main tunable hyperparameter.

Post-processing for artefact detection. The DeepClean framework identifies artefacts
within waveform segments by comparing real observations to their synthetic reconstruction
means from the VAE model. An artefact is therefore identified in observation z] if the mean
squared error (MSE) distance satisfies d(zj, i, ;) > 7, for a suitable threshold v. In order
for DeepClean to be fully unsupervised (and completely blind to test data), the threshold
must be automatically defined as a function of the training data, i.e. v = v(X,), instead of
being specified post-hoc by the user. I set this automatic threshold to be the 90*" percentile
of the sum of MSE values between training and validation real-synthetic observation pairs.
If the threshold v is decreased, a larger number of observations are classified as artefacts,
regardless whether this classification is correct. Therefore, this increases the specificity
while decreasing the sensitivity. I assessed the DeepClean classification using both of
these binary performance metrics. I also evaluated performance using the area under the
curve of the receiver operator characteristic (ROC AUC), when (X, ) was allowed to vary
across all training and validation set MSE percentiles. Figure 4.4 highlighted that the
distribution of MSE values was dependent on at least one of the model hyperparameters
(the latent dimension), validating this automatic thresholding approach.

In addition to using the reconstruction MSE, I also classified observations by their
latent representations z;, which is similar to the rescaled PCA score vector (Equation 4.6).
As before, this test statistic used the Chebyshev (o -norm: ¢; = max; |Z;;/s;|. The singular
values s; here were calculated using SVD on the latent representation matrix Z € RT*%.
The same process was used to classify artefacts based on this statistic, with the 90!
percentile of values of the statistic from the training set observations used as a threshold.

For each test observation that was identified as containing an artefact (by manual
annotation, by DeepClean or by PCA), I calculated within-observation MSE values on a 1s
sliding-window (approximately one or two typical heartbeat periods) and applied the same
automatic thresholding method, in order to identify within-observation artefacts. If the
MSE for a given 1s window exceeded the automatic threshold, then the entire 1s window
was identified as artefact. I used a stricter threshold in this instance, which was the training
and validation set MSE 99" percentile. There were several reasons behind this decision.
Firstly, I argued that it is more useful to restrict the within-observation false positive rate

than the between-observation false positive rate, since former will result in a much larger
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overall number of false artefact segments than the latter. Consequently, this could place a
higher burden on clinical staff to verify the more granular artefact segments. Secondly,
for an observation that contains both an artefact segment and a non-artefact segment,
the whole-observation MSE is an average of MSE values over both segments separately,
even though the artefact segment often resulted in a distorted synthetic reconstruction.
The MSE for the artefact segment will almost certainly be much higher, but averaging
over both segments down-weights this. This means that MSE values on more granular
sliding-windows should have an empirical distribution with much wider tails. The idea is
that these wider distribution tails should allow a stricter threshold without compromising

on the true positive rate.

4.2.2 Results and discussion

Data. Fully anonymous ABP waveform data was obtained as part of routine ICU clinical
care from a single adult patient monitored almost continuously throughout an ICU stay of
several days (486,984s). This ABP waveform was obtained from a standard indwelling
arterial line connected to a pressure transducer and was recorded at frequency of 125Hz.
Under UK regulations, ethical approval was not required for reuse of anonymous data that
was obtained as part of routine clinical practice, for clinical research.

First, I performed the preprocessing step on this ABP waveform, marking 11,082s
(2.28%) as ‘abnormal’. T then formed a (reasonably balanced) test set of size 200 and
annotated each 10s observation in this set, marking 130 test observations as containing an
artefact. Having removed test set observations and all segments marked as ‘abnormal’,
I then split the remaining waveform into 10s observations. I shuffled and split these
into training and validation sets, containing 37,821 and 4,728 observations respectively
(90%-10% split).

Model training. For each of 8 latent dimensions (d, = 2, 3,4, 5, 10, 20, 50, 100), I trained
the DeepClean VAE model five times, and selected the model with the smallest validation
loss (which was not directly related to artefact detection performance). Training the VAE
required under 10 minutes of computation time on average, although this increased with
latent dimension. I also calculated PCA representations and reconstructions, for the same

latent dimensions (i.e. the number of PCA components).

Between-observation performance. The DeepClean VAE model was able to accu-
rately reconstruct real observations, with much higher fidelity than the PCA reconstruction
(Figure 4.3). In particular, it was able to encode sub-pulse components, e.g. the dicrotic

notch and diastolic peak, even when the latent dimension was small. In comparison, the
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PCA reconstructions were especially poor for small latent dimensions, and overfit to the
data when the latent dimension was large.

DeepClean substantially outperformed the PCA baseline in between-observation artefact
detection, using the reconstruction error d(zf,z?) with the automatic 90" percentile
threshold (Table 4.1). This was consistent across all latent dimensions. In particular,
DeepClean had similar specificity to PCA but significantly higher sensitivity (Figure 4.4).
It is worth noting that the accuracy of artefact detection did not depend monotonically
on the quality of the reconstruction, which can be seen in Figure 4.4. Varying the
automatic threshold via MSE percentiles, DeepClean also had much higher AUC in all
cases (Figure C.1 shows all ROC curves). DeepClean tended to perform best when the
latent dimension was relatively small, and achieved highs of 0.994 in AUC and 0.945 in
accuracy when the latent dimension was 5. However, the reverse occurred when using
the rescaled latent representation scores ||u; || = max; |Z;;/s;| for classification. In this
case, DeepClean had poor sensitivity and PCA achieved much better results. L1-PCA
performed well as an encoder-like model, but the reverse transformation poorly as a
decoder-like model, which meant that the reconstructions were of limited utility. The
reason for this is likely that the optimisation problems P, and P; in Equation 4.7 do not
admit similar solutions in this case. However, the /;-norm is more robust to outliers, and
L1-PCA did perform slightly better than vanilla PCA. Overall, DeepClean outperformed
L1-PCA, when the best performing classifier was used for each model.

In general, there was a clear distinction between MSE values of artefacts and of ‘valid’
data using DeepClean reconstructions (Figure 4.4, with log MSE for easier visualisation),
because DeepClean was able to distinguish between observations from ‘true’ waveform
distribution P, and observations not from this distribution (i.e. those mostly from the
‘true’ artefact distribution P,). In contrast, the PCA reconstructions did not appear to
make any such distinction between observations, so the distribution of (log) MSE values
using PCA reconstructions were similar for all observations, regardless of any training/test
or artefact/non-artefact split. The regularisation term in the VAE model objective that
penalises new observations that are unlike any it has previously seen during training (i.e.
artefacts), resulting in latent representations with low probability mass under the ‘aggregate
variational” distribution, i.e. the mixture [], gs(z|2])). However, PCA does not appear
to penalise unseen observations as strongly. In both cases, non-artefact test observations
followed a similar distribution of (log) MSE values to the training observations, which
meant that the specificity was generally about 0.9 (matching the 90% percentile threshold).
As the thresholds were dependent on the training set reconstructions, these were not
aligned for PCA and for DeepClean, which meant that a given synthetic observation may
be classified differently depending on whether it was a reconstruction from DeepClean or
from PCA.
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Figure 4.3: Example 10s observations with their PCA and DeepClean VAE synthetic
reconstructions. PCA performed poorly without a large number of principal components,
whereas the DeepClean VAE managed to encode sub-pulse components, including the dicrotic
notch and diastolic peak (circled in the example data).
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Figure 4.4: Log mean squared error (MSE) values for both PCA and DeepClean
reconstructions, with increasing latent dimension. The distribution of training set log
MSE values is shown alongside the automatic threshold (i.e. training and validation set 90"
percentile). Test observations were categorised according to whether or not they contained an
artefact in ‘ground-truth’ manual annotations. ‘Ground-truth’ artefacts in test set observations
below the threshold were incorrectly categorised as false negatives by the artefact detection
algorithm, and ‘ground-truth’ non-artefacts above the threshold were incorrectly categorised
as false positives. Therefore, the proportion of ‘ground-truth’ artefacts above the threshold is
the sensitivity and the proportion of ‘ground-truth’ non-artefacts below the threshold is the
specificity.
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Sensitivity Specificity
d(af, ) [l oo d(x;, x]) il

d, | PCA VAE | PCA L1-PCA VAE | PCA VAE | PCA L1-PCA VAE

0.454 0854 0.839  0.857  0.031 | 0.900 0.929 0.932 0.966  0.929
0.462 0977 0.848 0.866  0.492 | 0.900 0.886 0.920  0.932  0.957
0.462 0977 0.848 0.643 0.761 | 0.914 0.886 0.909  0.932  0.943
0.462 0992 0.866 0.821 0431|0914 0.857 0909 0.932  0.929
10 | 0.470 0.869 0.857  0.920  0.508 | 0.900 0.843 0.909  0.932  0.843
20 | 0.470 0877 0.795 0.830 0.408 | 0.929 0.814 0.909 0.943  0.900
50 | 0.454 0931 0.830 0.839 0.592 | 0.886 0.857 0943 0.943  0.886
100 | 0.446 0.908 0.839  0.857  0.469 | 0.828 0.871 0.932  0.909  0.900

O = W N

Accuracy ROC AUC
d(xj, x) il d(z7, =) [Juill

177 17

d, | PCA VAE | PCA L1-PCA VAE | PCA VAE | PCA L1-PCA VAE

0.610 0.880 0.885  0.905  0.345 | 0.471 0.967 0930 0.939 0.551
0.615 0.925 0.895 0.895 0.655 | 0.478 0984 0923 0.941  0.679
0.620 0945 0.900 0.770  0.825 | 0.482 0.987 0920 0918  0.879
0.620 0945 0.900  0.870  0.605 | 0.487 0.994 0917 0923  0.655
10 | 0.620 0.860 0.900  0.930  0.625 | 0.496 0.953 0.923  0.954  0.688
20 | 0.630 0.855 0.900 0.880  0.580 | 0.528 0.960 0.907  0.955  0.652
20 | 0.605 0905 0.900 0.885  0.695 | 0.474 0976 0.936 0931  0.667
100 | 0.580 0.895 0.920  0.880  0.620 | 0.478 0.969 0.935 0.933  0.639

Ot = W N

Table 4.1: Artefact classification performance for PCA, L1-PCA and DeepClean
(VAE). Two different statistics were used for classification, the reconstruction error d(z%,x?)
and the statistic ||u;||o based on the rescaled score vector (Equation 4.6). ROC AUC is the area
under the receiver operating characteristic curve (Figure C.1). L1-PCA performed extremely
poorly as an autoencoder model for all latent dimensions, but provided robust ‘encodings’. As a
result, only ||u;||« is provided for L1-PCA. All classifiers had comparable specificity, i.e. the
proportion of correctly identified non-artefact observations. However, the sensitivity of each
model was very dependent on the test statistic. DeepClean had the highest ROC AUC values,
and was the only method that had high sensitivity using the reconstruction error d(zf,z?). For
each performance metric, the best performing model was highlighted (PCA or VAE, across all
latent dimensions).
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Mean proportion correctly identified of the:
Entire sample Artefact Non-artefact Proportion
within sample | within sample | 100% correct

d, | PCA  VAE | PCA VAE | PCA VAE | PCA VAE
210507 0818 | 0.779 0.896 | 0.950 0.943 | 0.235 0.595
310500 0.818 | 0.778 0.889 | 0.945 0.951 | 0.220 0.555
410504 0.796 | 0.779 0.893 | 0.956 0.949 | 0.235 0.490
510.505 0.820 | 0.776 0.889 | 0.944 0.949 | 0.260 0.560

10 | 0.530 0.752 | 0.796 0.857 | 0.946 0.940 | 0.315 0.510

20 | 0.551 0.794 | 0.807 0.853 | 0.946 0.965 | 0.350 0.510
50 | 0.545 0.777 | 0.772 0.853 | 0.949 0.955 | 0.340 0.570
100 | 0.556  0.776 | 0.926 0.755 | 0.982 0.965 | 0.375 0.540

Table 4.2: Assessment of within-observation artefact detection, for both PCA and
DeepClean (VAE). For each observation, I calculated the proportion that was correctly
identified with respect to the ‘ground-truth’ manual annotation, and report the average over all
observations. In addition, I calculated the proportion of within-observation artefact segments
that were correctly identified as artefactual, and similarly for within-observation non-artefacts.
Finally, I calculated the proportion of observations in which the model artefact detection was
100% correct. For each performance metric, the best performing model was highlighted (PCA
or VAE, across all latent dimensions).

Within-observation performance. The second task of the granular within-observation
artefact detection was a more difficult problem. This was only possible using reconstruction
error between a real observation and its synthetic counterpart. Both PCA and DeepClean
performed less well in this (Table 4.2). For each observation, I calculated the proportion
within the observation that was correctly categorised with respect to the ‘ground-truth’
manual annotation. In addition, for each observation that contained at least one ‘ground-
truth’ artefact segment, I calculated the proportion of ‘ground-truth’ artefact segments
within the observation that were correctly identified as artefact by the models. Similarly,
for observations containing at least one ‘ground-truth’ non-artefact segment, I calculated
the proportion of ‘ground-truth’ non-artefact segments within the observation that were
correctly identified. These three scores were roughly analogous to the binary performance
metrics (accuracy, sensitivity and specificity respectively). For approximately half of the
test observations, there was 100% agreement in the within-observation artefact labels
between DeepClean and the ‘ground-truth’ annotation. These mostly corresponded to cases
in which the observation was either entirely artefact or contained zero artefact segments,
according to the ‘ground-truth’ manual annotation. PCA was also able to classify some
of these observations 100% correctly, but it also classified others 100% incorrectly. I
included some examples of the within-observation artefact detection (both ‘ground-truth’

and DeepClean) in Figure 4.5, which is discussed in more detail in the next few paragraphs.
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Imputation. Imputation methods should be considered a key element of artefact de-
tection algorithms, since removal of artefacts creates missing data that may also bias
downstream analysis. One major advantage of using a generative learning model within
the artefact detection framework is that this model can generate new realistic synthetic
observations post-training, by sampling directly from the latent representation space. For
real observations that contain both artefact segments and non-artefact segments, one
solution is to replace the entire observation (or only the artefact segment) with its synthetic
reconstruction (for example, left column reconstructions in Figure 4.5(a)). Similarly, if an
observation is partially missing, the missing segment can be set to a fixed value and viewed
as artefactual, to be replaced by its synthetic reconstruction in the same manner. When an
observation contains fully missing data or is fully artefactual, identifying a suitable latent
representation (and similarly a viable synthetic reconstruction) is much less straightforward,
since the observation contains no information about what the counterfactual, i.e. what
waveform would have been had it been recorded as a ‘valid” waveform in the absence of
any artefact (e.g. Figure 4.5(a), bottom right reconstruction).

In practice, the task of identifying when to use a synthetic reconstruction is aided
by the latent representations of artefactual observations. An observation that contained
an artefact but had high probability mass within the ‘aggregate variational’ distribution
tended to have a more realistic synthetic reconstruction, since its latent representation
learnt ‘valid’ features of the observation. Conversely, some observations containing artefacts
had a latent representation in regions of Z with very low probability mass, because these
were unlike anything the generative model encountered during model training (Figure
4.5(b)). As the generative model did not spend any time in these regions of Z during
training, the corresponding synthetic reconstructions were of poor fidelity (e.g. Figure
4.5(a), right column and second row). This subset of poor fidelity artefactual observations
can be identified and excluded from imputation, using density-based anomaly detection
methods in the latent representation space, but they do not have any obvious alternate
synthetic reconstructions. One potential avenue for imputation with the excluded synthetic
observations (when the latent representation is unavailable or of poor quality) is to reorder
all observations in chronological order by their metadata timestamps, and to track the latent
representation trajectory of successive observations (around the excluded observation)
within Z. If Z is well-structured, this could allow the missing latent representation to be

approximated using interpolation. However, this approach has not been verified.

Justification and summary. I used an ABP waveform as a proof-of-concept test
case for several reasons. Firstly, ABP is particularly artefact-prone, due to the effects of
arterial flushing and patient movement. Secondly, it has universal physiological importance,

especially in the extremes (hypotension and hypertension), which tend to have higher rates
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Figure 4.5: Example observations and their latent representations and synthetic
reconstructions. All are from DeepClean with latent dimension 5. (a, left) The real observations
(black) and their reconstructions (coloured). These example observations include noisy data
(third row), attenuation (left column, fourth row) and flushing (right column, second and fourth
row). Shaded regions show the DeepClean within-sample artefact detection (above the dotted
line) and the ‘ground-truth’ annotation (below the dotted line). (b, right) Latent representations
in 5-dimensional latent space Z. Each subplot shows the distribution of a pair of latent coordinate
variables, after marginalising over all others. The ‘aggregate variational’ distribution of the
training observations is shown in black, and the latent representations of the example observations
in (matching) colour.
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of artefacts. Finally, ABP morphology generally has good signal-to-noise properties and
consistent periodicity, particularly for patients in sinus rhythm, which made it an easier
waveform to work with in proof-of-concept. The idea is that an autoencoder-like generative
model can learn the structure of ‘clean’ waveforms, and can subsequently classify artefacts
based on differences between unseen inputs and their corresponding outputs. However,
this ABP waveform is perhaps too simplistic for this approach to be generalised to other
noisier or less predictable waveforms, without more careful consideration about properties
of the waveform and about the architectures of the deep learning networks. More flexible
architectures, such as transformer networks, may be better suited to other physiological
signals.

It was surprising that PCA performed poorly in reconstructing observations with high
fidelity. The waveform was well-structured and periodic, and should be described well
by a relatively small number of Fourier components [176]. It is possible that an optimal
number of PCA components was not considered. The reason that PCA performs poorly
using a classifier based on the reconstruction error is likely because the hyperplane that
PCA fits to the data is linear and is sensitive to any outliers remaining in the training set.
However, it did perform better when using a classifier based on the rescaled PCA scores.
This is not that surprising, as the former is a distance perpendicular to the hyperplane
and the latter is a distance on the hyperplane. It seems reasonable that only one of these
classification statistics performed well for a linear transformation of the data. In contrast,
DeepClean should find a non-linear lower-dimensional manifold to describe the data, and
indeed a classifier based on the distance to this manifold performed better for DeepClean.

I divided the ABP waveform into 10s samples for training and evaluation, since
observations of this length typically contain a small number of beats, and clinical experience
suggested that ABP physiology should not vary grossly over this time period. This was
really a middle-ground choice. It had to be a long enough time period for a generative model
to learn meaningful latent representations, and a 10s observation should contain sufficient
beats for this. However, the generative model should not be allowed to learn features on
longer timescales, i.e. timescales relating to infrequent clinical events that describe changes
in the patient state, because this may result in artefact detection framework incorrectly
identifying such clinical events as artefacts. At worst, this scenario could result in delayed
alerting and clinical intervention.

I considered expert manual mark-up as a ‘ground-truth’ artefact identification. Some
artefacts were clearly identifiable because their waveform profile was so extreme, e.g. blood
sampling and arterial line flushing, both of which may be variable in profile but will
clearly contain un-physiological waveform excursions. However, other waveforms were not
so clear-cut. Patient movement may introduce vibration, which renders the waveform

unusable in the extreme, but usually only decreases the signal-to-noise ratio. Changes in
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the resonant properties of the ABP transduction system, due to blood clots or bubbles,
represents another difficulty. This may occur because of over-damping (mean pressure
preserved) or attenuation (mean pressure not preserved) [177]. In either case, the pulse
amplitude is reduced and high-frequency features are lost. Since the presence of high
frequency features varies with cardiac output, it is impossible to absolutely identify these
segments as valid or otherwise.

I focused little on hyperparameter optimisation and architecture choices, consistently
using CNNs with only a small number of layers. This was deliberate, since I expected
any gains from increasing the network size or architecture complexity would be small for
this type of waveform data. Additionally, increasing the learning capacity of the decoder
may mean that information is encoded within the decoder weights rather than within the

latent representation. I briefly investigated relaxing distributional assumptions. I had fixed

2
T

the generative distribution variance term o2 (and, in this case, 02 = $71), but this can
instead be made into another output of the decoder (alongside the synthetic observation
mean /i ;). When the generative distribution is a multivariate Gaussian with diagonal
covariance, artefacts can be identified using confidence regions, e.g. Mahalabonis distance
[178], instead of MSE. However, this may hinder artefact detection, because the generative
model would assign higher variance to artefact segments than to non-artefact segments,
which means that any confidence region for an artefact segment would likely be much
wider, at the same a-level. Introducing the generative distribution variance as a function
of the decoder also introduces more decoder weights 6, which increases the flexibility of
the model, but may result in overfitting, vanishing gradients during training and increased
training costs.

Analysis of physiological waveform data is a key component in the treatment of critically
ill patients in ICU. These waveforms are susceptible to artefacts, which must be removed
before the data can be reused for clinical alerting or for clinical research purposes, including
derivation of important secondary clinical parameters. Accurate artefact identification
and removal often reduces bias and uncertainty in clinical assessment, while lowering
the false positive rate of ICU alarms. I presented an unsupervised artefact detection
framework in this chapter, which used a VAE to generate synthetic reconstructions of the
real observations. This avoids costly manual annotation and offers a promising alternative
to artefact detection in physiological waveform data. The DeepClean framework does not
require much data preprocessing, unlike similar methods e.g. the pulse pre-segmentation
in [179], and only needs basic heuristic rules to create mostly ‘clean’ training dataset.
Including a generative model within the artefact detection framework has additional
benefits, in that it can also function as an imputation method, by replacing artefact

segments with synthetic observations.
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CHAPTER 5

CHALLENGES IN GENERATING SYNTHETIC
MEDICAL TIME-SERIES DATA

This chapter presents the most recent work from my PhD. In it, I examined three
main pillars (privacy, fidelity and utility) of assessing state-of-the-art generative deep
learning models, from the perspective of ICU time-series data. Towards the end of
my PhD, I had discussed with Ari Ercole the technical challenges involved in releasing
open-access large-scale anonymised ICU datasets. As well as providing new insights into
physiological trajectories, synthetic data from generative modelling should (in theory)
allow an alternative ethical and legal route to releasing open-access ICU data resources.
To explore issues around synthetic time-series, I used a state-of-the-art generative model
[180] and generalised a concept of identifiability [181], both of which were introduced by
the van der Schaar group in Cambridge, but I have not collaborated with this group on
the content of this chapter. In Section 5.4, I used the analysis from a recent project I
was involved in, which aimed to describe sepsis epidemiology in AmsterdamUMCdb. This
project was a collaboration with Chris Williams, a junior doctor at Addenbrooke’s, who
provided clinical expertise and wrote a forthcoming manuscript (currently under review).
I developed the code, figures and tables for this project. In this chapter, I extended this
analysis to synthetic data generated using AmsterdamUMCdb. Section 5.4 includes some
parts of mine and Chris’s manuscript, which I have rewritten in my own words. The

content of this chapter is as yet unpublished.

5.1 Introduction

The primary goals of synthetic data generation are that:

e the synthetic data are similar enough to the real data that it can be used as a

substitute for the real data when the latter cannot be readily shared, and
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e synthetic observations are dissimilar enough from any single real observation, such
that it is not possible to make meaningful inference about any individual whose data
are included in the real dataset (or at least no more probable than doing so given all

other observations from the real dataset, with this individual removed).

This is clearly a difficult task, as these dual goals are competing, though the former (fidelity
and utility) is a global statement of all observations and the latter (privacy) is a local
statement of individual observations.

I illustrate these abstract goals with a hypothetical example from medical imaging.
Patients who have had a stroke will require neuroimaging to help clinicians understand
the extent of the brain injury. Suppose there are research questions around possible
risk factors associated with the severity of hemorrhagic and/or ischaemic strokes. The
dataset could include magnetic resonance imaging (MRI) scans, and demographic and
comorbidity risk factors, some of which may be obviously identifiable. For this reason,
the real dataset cannot be published as it is, without some de-identification process. The
data is high-dimensional, as each observation is a vector containing pixel values of the
MRI, concatenated with demographic and comorbidity data. There are clearly complex
interdependencies across both neighbouring (i.e. pixels next to each) and far away elements
(i.e. shape of the skull) of the pixel vector. A good generative model needs to recognise
and reproduce global and local features, in order to achieve sufficient fidelity i.e. it needs
to produce synthetic MRIs that look ‘realistic’ to a clinician and it needs to capture
well-established relationships within demographic and comorbidity data. Some features in
an MRI may seem intuitive to humans but will not be easy to define explicitly in statistical
terms. A good synthetic dataset will contain a similar number of observations as the real
dataset, but without allowing re-identification of any individuals who contributed to the
real data. Under sufficient privacy guarantees, e.g. use of a differentially private algorithm,
it should not be possible to identify a synthetic observation as ‘belonging’ to any real
individual, with a high confidence. The synthetic dataset should be constructed in a way
that prevents external parties from, for instance, inferring the extent of a real patient’s
brain injury by matching any information they (the external party) already have about
the patient’s demographic data to synthetic observations, and consequently identifying an
synthetic MRI that is almost identical to the patient’s real MRI. This would be classed as
information leakage or an attribute inference attack. The utility of this synthetic data
could come from its capability for new knowledge generation. This cannot be directly
evaluated before synthetic dataset publication, but some utility can still be checked by
verifying established results, i.e. whether known risk factors are still risk factors within
the synthetic dataset. Finally, one mechanism that allows development of downstream
models is called TSTR (train on synthetic, test on real) [182]. In this framework, external

researchers are provided access to the synthetic dataset and can develop models on the
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synthetic data, before handing their final downstream model to a ‘trusted data guardian’
(i.e. hospital) for testing on the original real dataset, in order to validate the research

findings.

5.1.1 Key contributions

This chapter is split into three, each exploring an aspect of synthetic data from the
perspective of data from intensive care. The key questions and my contributions were as

follows:

1. In Section 5.2, I sought to generalise identifiability, an observation-level measure
of privacy, extending this from a property of a synthetic dataset to a property of
the underlying generative model. In particular, I considered the following question:
what is the probability under a generative ‘approximate’ distribution of generating a
synthetic observation that ‘identifies” any given real observation? I then explored how
identifiability related to real and synthetic dataset sizes. I visualised the generalised
identifiability with a geometric example, then evaluated this both simple (resampling
with Gaussian noise) and state-of-the-art (a generative deep learning model called
TimeGAN) approaches. Finally, I summarised this measure in the context of common

privacy attacks.

2. I previously showed in Chapter 3 how information-theoretic measures of causal
influence in bivariate physiological time-series contains latent signal about a patient’s
physiology. To test the fidelity of synthetic datasets from both generative models
(resampling with Gaussian noise and TimeGAN), in Section 5.3 [ wanted to investigate
whether the mutual information and transfer entropy were preserved in each synthetic
dataset. However, I faced issues relating to the observation length, which impacted
both the performance of synthetic data generation and of entropy-like causal influence
estimation, in contrasting directions (i.e. longer time-series meant more reliable
estimation of information-theoretic measures, but also meant that there were fewer
and more complex observations and so poorer generative models). I highlighted that
there is still work to be done to ensure these information-theoretic measures are

maintained by generative models.

3. Finally, in Section 5.4, I investigated whether a state-of-the-art generative model
for time-series data (TimeGAN) could reproduce the incidence and epidemiology
of sepsis within a real ICU dataset (AmsterdamUMCdb). I used the TimeGAN
model to generate synthetic datasets of physiological variables involved in identifying
sepsis incidence, at various levels of granularity. I then built on analysis from
a collaborative research project that I am involved in, which aimed to provide

a descriptive analysis of the Sepsis-3 criteria in AmsterdamUMCdb. I used the
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Sepsis-3 clinical research criteria to identify cases of septic shock and sepsis without
shock, for both real and synthetic datasets. Grouping patients by their sepsis status
at admission, I investigated whether synthetic datasets would preserve a ‘sepsis
trajectory’ in ICU and would reproduce summary characteristics of demographic
information, physiological variables, admission categories and outcomes. In particular,
I wanted to determine whether the link between sepsis (including septic shock) and
ICU mortality was present in synthetic datasets. In this analysis, I highlighted
glaring discrepancies between the synthetic datasets and the real dataset, as well
as huge variances across repeated initialisations when training otherwise identical
generative models, showing that these synthetic datasets would be of limited utility

in downstream tasks relating to sepsis.

5.1.2 Mathematical definition and notation

I denote a real dataset as D,, which contains observations ] for ¢ = 1,...,m, where m is
the number of observations within the dataset. In the most general case, an observation
x] may contain both time-independent and time-varying variables, as well as timestamps
at which time-varying components were recorded. For simplicity, I assume that each
observation in the dataset contains the exact same set of features at each timestamp
and that the timestamps ¢, (for 7 = 1,...,T) are regularly-spaced with a fixed period
between successive timestamps. The observation ] can then be written in vector format as
x7 = (u;, Vi1, - - ., vir) T, where the time-independent component u; € RY and time-varying
component v;; € RY may be vector-valued themselves. The observation x; has length
D =U + VT and is a realisation of a ‘true’ distribution P, on sample space X C R”. A
subset D, _; contains the same set of observations as D, but without ;.

A synthetic dataset D, contains synthetic observations xjg for j =1,...,n, where the
size of the dataset n does not need to match that of the real dataset. The synthetic
observations :c? contain the same variables as the real observation, and exist in the same
sample space X C R”. The goal is to learn a generative model G(-) that returns synthetic
data observations ZL‘? from an generative ‘approximate’ distribution P,, where P, ~ P,.
As was the case for the VAE in the previous chapter, the generative model is usually a
deep neural network, parameterised by weights 6. In most cases, the generative model is
a latent variable model, and maps latent inputs z; € Z from a known distribution P, to
synthetic observations 7 € X, i.e. G: Z x 0O — X, (2;,0) = zf = G(2;,0). The latent
space Z is usually structured differently to the sample space X', with lower dimension.

As in all previous chapters, I denote any distance metric and norm by d(-,-) and || - ||
respectively, which are assumed to be the Euclidean distance and norm unless otherwise
specified. I denote the indicator function for some event or condition A as 1{A}. Finally,

I denote resampling of real observations from D, using an index notation [j], i.e. i 1S
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"True' distribution Approximate distributions

Figure 5.1: Example 2-dimensional ‘true’ and approximate distributions. The left
column shows the underlying (unseen) ‘true’ distribution (top) and the real dataset (bottom).
The remaining columns show several approximate distributions, alongside the real dataset. The
distributions in the top row seem better than those in the bottom row, which either assign very
low probability to most real observations (bottom centre) or overfit to the real observations
(bottom right).

the j*® draw from D,. Sampling with replacement, the set of unique resampled indices
after n draws is denoted as I[n] = {i[1],...,i[n]} C {1,...,m}.

5.1.3 Overview and related work

Approximating the true distributions. The two goals of synthetic data in Section 5.1
can be reconciled by viewing the real dataset as a probabilistic sample from an underlying
‘true’ distribution IP,. The true distribution has continuous density and non-zero probability
mass around any and all ‘real’ observations that could be observed if the data generation
process was continuously repeated (i.e. for an infinite number of patients admitted to ICU).
However, there are also hypothetical observations that are extremely unlikely to be observed
in practice, and the true distribution P, will therefore have almost-zero probability mass
near these. By definition, P, must have non-zero probability mass around the observations
in D, itself, since these observations were observed. If the generative model can similarly
assign probability mass under the approximate distribution Py, without placing too much
probability mass around the observations in D,., then it will be able to produce ‘realistic’
synthetic observations that are not ‘almost-copies’ of the real observations. Consequently,

the balancing act for an ideal generative model involves learning a close approximation
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to the true distribution without overfitting to the training data. In this case, a synthetic
dataset D, sampled from the approximate distribution [P, shares statistical properties with
D,., without information leakage of any individual who contributed to the real dataset.
This is not an entirely straightforward task in practice, and there are several challenges
to learning this approximate distribution. Firstly, the true distribution is almost always
intractable. In many situations, the sample space is high-dimensional and the volume of
real data is finite, which almost certainly means that real observations are sparse within
the region of sample space that has non-zero probability (the support of P,.). We assume
that P, has continuous density but, without infinite access to real observations, we cannot
say for certain how the probability mass is distributed in regions away from the real
observations, or even how concentrated the probability mass is around any particular real
observation. We also assume D, is an unbiased sample from the true distribution, in the
sense that repeating data collection will result in another real dataset that is quantitatively
similar, but in practice the data collection process is usually a noisy and biased process.
Secondly, there are a number of established failure modes for generative models [183],
which include overfitting or memorisation of real observations. One of the most common
failures is mode collapse, where P, is multimodal but the generative model only learns to
generate observations from a small number of its modes (e.g. the dominant clusters in
the real dataset). The ability of the model to generalise (i.e. to unseen regions of sample
space that have non-zero probability under P,) is a desirable property, but this becomes
undesirable if too much probability mass is assigned to these regions or if probability mass

is erroneously assigned outside the support of P, (mode invention).

Fidelity. If we managed to define a generative distribution P, that successfully ap-
proximates PP,, then sampling a synthetic dataset from P, will be almost equivalent to
constructing a new real dataset (i.e. taking observations from a new set of patients). In
this ideal case, the true distribution and the approximate distribution are closely aligned,
and so share statistical properties. Sample statistics of the real and synthetic datasets are
inherited from these distributions and will therefore be similar, with the generative model
achieving almost perfect fidelity. With perfect fidelity, any downstream task required from
the real dataset can be performed interchangeably on the synthetic dataset, producing the
same results, and insights gained from research on the synthetic data will translate to the
real data (i.e. perfect fidelity implies perfect utility).

However, in practice there will be a non-zero divergence between the real and approxi-
mate distribution. An initial fidelity test usually involves visual inspection of synthetic
observations by human experts, particularly in domains where humans can easily and
rapidly identify whether an observation is ‘realistic’ or not (e.g. most image data) [184, 185].

The greater the divergence between the true and approximate distributions, the fewer
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statistical properties are shared by the real and synthetic datasets. As a result, a developer
has to make choices, on some level, that prioritise certain properties of the real dataset
that they wish to reproduce, which is typically enforced by the training objective of the
generative model. Another approach to this is conditional deep learning, e.g. [182, 186],
which forces the generative model to remember labels or properties associated with each
real observation, learn the relationship between property and observation, and subsequently
generate synthetic observations with some desired value of that property.

Statistical properties to evaluate the fidelity include global divergence in distribution
(e.g. Jensen-Shannon divergence, Wasserstein distance [187, 188]), differences in the
distribution supports (precision and recall [189], density and coverage [190]), moment
matching (maximum mean discrepancy [182, 191]) and domain-specific distance measures
(Fréchet Inception distance for images [192]). Likelihood-based assessment of generative
models may be misleading in high-dimensional settings, in which case ‘realistic’ observations
are not sufficient or necessary for high model likelihood [193]. It is worth emphasising that
there is no universal domain-agnostic notion of imperfect fidelity, and different domains

will inevitably assign different relative importance to a given set of properties.

Utility. Utility measures the similarity in the image of real and synthetic datasets under
some function or transformation, i.e. the similarity in distribution of outputs of that
function rather than the similarity between P, and P, directly. In other words, utility
relates to the overarching motivation or purpose behind generating the synthetic dataset.
Two common reasons for generating synthetic datasets are (i) to allow external researchers
to develop downstream statistical or machine learning models on realistic data without
compromising on real dataset confidentiality, and (ii) to augment a biased real dataset by
boosting minority phenotypes in order to improve data fairness [194-196]. Of these, the
latter is often explicitly stated as the goal of the synthetic data (and so can sometimes
influence the generative model), and the former is usually implicit.

The basic fundamental test of utility is whether the synthetic data can answer down-
stream questions, regardless of whether these answers can be considered correct, e.g. it
must contain all the requisite variables at a sufficient granularity to provide an answer.
Beyond this, there is no well-defined standard for evaluating the utility of synthetic data.
One approach is to verify that the performance on known downstream tasks accurately
reflects established results [197, 198]. This is difficult to define, because it may be unclear
what downstream tasks will be required of the synthetic data in the future. The utility
of the synthetic dataset for any particular downstream task can only be verified after
evaluating this task on the real dataset, at which point the synthetic data appears obsolete.
If the approximate distribution P; does not fully capture all statistical properties and

between-variable relationships of P, then it follows that there are potential downstream
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tasks for which the synthetic dataset will not produce answers that are faithful with respect
to real dataset. Performance on downstream tasks should certainly be evaluated to some
degree before the synthetic dataset is shared, but to what extent this should happen is
something that does not currently have an answer. In most literature that introduces
new generative modelling approaches or architectures, the utility of the new model is
assessed by comparing the performance of one or two machine learning tasks, such as
next-step prediction or classification [180, 182, 199]. Tasks such as this are important in
many domains but are not universally applicable or useful, and I would argue instead that
synthetic data utility is best evaluated on well-defined domain-specific baseline tasks that

have a known ground-truth result [200, 201].

Privacy for real and synthetic data. There are several strategies to safeguarding
confidential identifiers and building privacy-preserving datasets (real or synthetic). Be-
fore real medical data is made publicly available, it must first undergo preprocessing
steps to preserve the anonymity of individuals within the dataset, as the raw data will
almost certainly contain sensitive personal information. The standard for de-identification
includes removing direct identifiers (names, social security numbers) and discretising
quasi-identifiers (age, admission date, postcodes) to a level that meets k-anonymity and
[-diversity requirements [202, 203]. In a dataset that satisfies both k-anonymity and
[-diversity, each individual shares quasi-identifiers with at least k — 1 other individuals
and, for any sensitive attribute in the dataset, each group of individuals that share
quasi-identifiers contains at least [ distinct individuals for every attribute value. If the
de-identification process is too strict, with too many variables removed or discretised, then
the research value of the dataset may be severely limited [204]. The Amsterdam UMC
intensive care database [15] uses both k-anonymity and [-diversity alongside a risk-based
assessment of the likelihood of re-identification and an end-user license agreement, in order
to comply with the Health Insurance Portability and Accountability Act (HIPAA) in the
US and General Data Protection Regulation (GDPR) in Europe.

The taxonomy of privacy attacks against synthetic data includes membership inference
attack [205, 206] and attribute inference. In a membership inference attack, the attacker
is able to discriminate between observations used to train the generative model and those
unseen by the model, typically as a result of model overfitting. In attribute inference,
partial information from an alternate data source can help to re-identify an individual
using similar synthetic observations, which can then reveal sensitive attributes associated
with the individual, e.g. [204, 207]. Given suitable statistical privacy guarantees for
individuals whose data is used to train the generative model, it is possible to apply a less
stringent post-hoc de-identification on a synthetic dataset than on the real dataset, without

compromising the confidentiality of individuals in the real dataset. As de-identification
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is a lossy transformation of the data, a less stringent de-identification process does not
impose as much restriction on the utility of the synthetic dataset, compared to a fully

de-anonymised real dataset.

Differential privacy, identifiability and memorisation. In the literature, the domi-
nant approach for establishing statistical privacy guarantees in dataset sharing is differential
privacy [208, 209]. This states that for every pair of datasets that differ only by one obser-
vation (e.g. D, and D, _;), the probability of generating any set of synthetic observations
(S) using a function G(-) of the first dataset (G(D,)) is at most a small multiplicative
factor different from the probability of generating the same set S using the same function
G(-) of the second dataset (G(D, _;)):

p(G(D,) € 8) < ep(G(D,_;) € S), VD, _;, VS C X

In other words, the data for any single individual can be removed or perturbed without
significantly changing the likelihood of generating any synthetic observations under the
generative model, which means that their data alone will not contribute to any subsequent
use of the synthetic dataset. For synthetic data generation, differential privacy is usually
enforced during model training by gradient clipping and noisy gradients [210]. This only
gives theoretical guarantees that are generally impractical to verify. However, the bigger
issue with differentially-private algorithms is that they often return poor quality synthetic
data [181]. As such, differential privacy is useful when low fidelity synthetic data is
required, but currently it is generally too strong a condition for generation of high fidelity
synthetic data.

Another approach to ensuring privacy is to perform preprocessing and post-processing
steps to minimise disclosure of information from individuals within the training data.
For example, sample-level evaluation of individual synthetic and real observations can
directly assess the extent to which there has been overfitting or memorisation of the real
training dataset. However, there is not yet a consistent, well-defined notion of privacy
across multiple synthetic datasets derived from the same training data. I summarise two
ideas in the following paragraphs, and expand on this further in Section 5.2. It is likely
that differential privacy is a stronger privacy condition, at the cost of fidelity, but this is
difficult to establish conclusively.

For any real dataset D, and synthetic dataset D,, a real observation x; is identifiable if
there is at least one synthetic observation in D, that is not sufficiently ‘different enough’ to
x;, where ‘different enough’ is defined in terms of the nearest-neighbouring real observation
[181]. Identifiability is defined as a function of a real observation, given both datasets.

This is estimated by comparing the nearest-neighbour distances between real and synthetic
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observations for some suitable metric (usually Euclidean). This is formalised as:
1(al[D,,,) = Hmind(a].o7) < r; = mind(af, a])} (1)
J %

Averaging across all real observations gives a measure of the identifiability of the entire
real dataset in the context of the synthetic dataset, with D, classed as e-identifiable from
D, if:

10,0 =1{e> 13 5iat1p D)} (52)

This definition of identifiability was proposed alongside a GAN model called ADS-GAN
[181]. In this model, the authors incorporated an additional loss alongside the standard
GAN model objective, to explicitly penalise identifiability. As it is computationally
infeasible to calculate all possible pairwise distances between real and synthetic observations
during model training, each synthetic observation was conditioned upon a real observation
x in the ADS-GAN and the identifiability loss maximised the distance between this pair,
without weighting by the radius 7;.

Using an alternative approach based on the posterior probability of real observations
under a VAE generative model, the authors in [211] defined memorisation as “an increased
probability of generating a sample that closely resembles the training data in regions of
the input space where the algorithm has not seen sufficient observations to enable general-
isation”. They distinguished this from overfitting, which is more generally understood as
the synthetic dataset containing ‘almost-copies’ of real observations. Evaluated over K

repeated initialisations for otherwise identical models Gy, the memorisation score [211] is:

K K
T r ]- r
fulai) =log 2 > p(«}|D, Gy) —log = ;pm Dris Gi)

This leave-one-out memorisation score is a property of the generative model itself rather
than any single synthetic dataset, but the posterior probability is difficult to compute unless
an explicit density model is used. As such, this is not universally applicable and was only
explored in [211] in the context of VAEs, using the evidence lower-bound approximation
(Equation 4.3).

Post-hoc auditing. Synthetic datasets can be audited in order to improve sample-level
fidelity and generalisation [183], independently of the underlying generative model. I argue
that post-hoc auditing of synthetic observations acts similarly to acceptance-rejection
algorithms used in Monte Carlo sampling (I am not aware of any previous suggestion of

a link between these ideas). With the approximate distribution P, viewed as a Monte
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Figure 5.2: Generative adversarial network architecture. The basic GAN has two
networks, a generator and a discriminator. The generator seeks to produce synthetic observations
that are indistinguishable from real observations, and the discriminator is given either a synthetic
or a real observation and must try to distinguish whether it is synthetic or real.

Carlo proposal distribution, observations can be repeatedly drawn from P, and rejected if
they fail to meet some pre-defined fidelity or privacy criteria, implicitly defining a new
target distribution that has stricter fidelity or privacy guarantees. Similarly, the real
training dataset can be audited after initial generative model training, in order to remove
observations that are deemed to have high risk of information leakage, though this may

require the model to be iteratively retrained at high computational cost.

Models: resampling with noise. One of the simplest strategies for generating new
synthetic datasets is to resample observations from the real dataset and add random
noise from some known distribution. This method performed well against generative
deep learning models, with respect to fidelity metrics [183]. However, it can be argued
that this process is not truly ‘generative’, i.e. it is incapable of producing novel ‘realistic’
observations. Resampling techniques such as the bootstrap [212] are easy to implement
and can preserve the statistical properties of the data or correct for imbalanced datasets.
Provided the noise has small enough amplitude that it does not destroy within-observation
or between-observation dependencies, the synthetic dataset will have excellent fidelity
compared to the true distribution. However, unless the noise is weighted appropriately,
this approach will result in extreme overfitting to real observations. This is all true of
noisy resampling from any known distribution. In the following sections, I used resampling
with Gaussian noise (RwGN) to produce synthetic observations 7, where z; ~ N(0,I)
and o2 was fixed:

93? = zj; + 0%z (5.3)

Models: TimeGAN. Many generative models for time-series and tabular data, e.g.

[181, 182, 209, 210, 213], are based on a type of deep learning architecture called gener-
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ative adversarial networks (GANs) [185, 214]. In a GAN, a generator model is trained
concurrently with a second neural network that discriminates between real and synthetic
observations (Figure 5.2). This discriminator model acts in direct competition to the genera-
tor during training, forcing the latter to create increasingly ‘realistic’ synthetic observations.
One state-of-the-art model from recent years that was designed to generate synthetic
time-series is the TimeGAN model [180]. This augments the generator-discriminator
structure of a vanilla GAN with additional embedding and recovery neural networks that
aid the model in learning local autoregressive dynamics alongside the global distribution
P, (see Appendix D for more details about the architecture). TimeGAN was shown to
demonstrate strong performance on various benchmark tasks compared to similar methods
[180]. Most TimeGAN components are recurrent neural networks (RNNs), which maintain
an internal ‘memory’ of previous states allowing information to propagate from past states
to future states. While TimeGAN was designed to have state-of-the-art performance in
terms of fidelity and utility, it contains no mechanisms explicitly aimed at improving

privacy-preservation, unlike other GAN models e.g. [181, 210, 215].

Data. As in previous chapters, I used data from AmsterdamUMCdDb in this chapter. In
Sections 5.2 and 5.3, I used (standardised) bivariate time-series, consisting of temperature
and heart rate measurements recorded every minute. In Section 5.4, I used a much
wider set of demographic, physiological and outcome variables, at two levels of temporal

granularity. This is described in more detail within each section.

5.2 Privacy: extending identifiability

The first area of synthetic data that I investigated in the context of medical time-series was
observation-level privacy. In particular, I wanted to extend identifiability (Equation 5.1)
from a property of a single synthetic dataset to a property of the underlying generative
model. Closely related to this, I sought to establish the maximum synthetic dataset
size that could be published without exceeding a suitable pre-defined identifiability level.
This is an important concern when the data owner wishes to release multiple synthetic
datasets based on the same real dataset, e.g. providing separate synthetic datasets to
different external research groups. Additionally, considering identifiability as a property
of the underlying generative model is generally more useful during model development,
when changes to the model architecture, model objective or real dataset can be made in
order to satisfy privacy guarantees. Finally, in the previous definition of identifiability
(Equation 5.1), there was no distinction between a real observation that is identified by
just one synthetic observation and a real observation that is identified by many synthetic

observations. It is reasonable to assume that a privacy breach is more likely in the latter
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case, because the real observation is similar to a larger number of synthetic observations.
I aimed to evaluate the probability of generating a synthetic observation under Py,
such that it ‘identifies’ a given real observation. To do this, I first considered identifiability

as a function of both synthetic and real observations:

e}, a|Dr, Dy) = Hd(a$, @) < i = min d(af, a7))

g9
7

where zj is identified by x§ and x} identifies x7. In addition to this, I also considered 7

In the previous definition, z] was ¢dentifiable if this condition was satisfied for any x

to be identifying if fi(xj,x7) = 1 for any 2j. Both the set of real observations that are
identifiable and the set of synthetic observations that are identifying can be made clearer

by viewing this problem in terms of the geometry of the sample space.

5.2.1 (Geometric interpretation

A real observation ] is identifiable if there is any synthetic observation closer to it than
the nearest-neighbouring real observation is. This condition is equivalent to the occurrence
of any synthetic observation within a ball with centre z] and radius r; = ming; d(z], z},).
Using the Euclidean distance, this ball is a hypersphere. Denoting the set of points
contained within (and on the surface of) this ball as B;, the condition that z! is identifiable

is equivalent to the following definition, where U denotes set union:
f1(#]|D;, Dy) = {32} : 2] € Bi} = U; H{z] € B;}

Contrasting this, a synthetic observation :E‘]q- identifies at least one real observation if it
belongs to the union of every ball B, i.e.
f1(@}|D,, D) = U H{zf € Bi} = L{z§ € U;Bi} = L{Iz} : d(af,2]) < 1113;51 d(z, z})}

I then argued that the identifiability should be clearly associated with the size of both real
and synthetic datasets (statements which seem reasonably intuitive but I have not sought
to prove or disprove). Firstly, if the number of real observations increases, then the size
of the balls B; should decrease on average and so each individual real observation should
become less identifiable. Secondly, for a fixed real dataset, the more synthetic observations
are generated, the more likely it is that at least one synthetic observation identifies any
given real observation. In this case, each ball B; is fixed, since the real dataset is fixed.
Provided the generative distribution P, assigns non-zero probability mass over every B;,
then the likelihood of observing at least one synthetic observation lies within B; increases,
as more and more synthetic observations are drawn from P,. This suggests there is a

limiting synthetic dataset size before every real observation is identifiable in expectation.
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I illustrated these ideas with a toy example in Figure 5.3. The real observations in this
example were two-dimensional points, with (coloured) balls B; around each real observation

X, .

7. In this figure, the top row contains an example dataset of 5 observations and the

bottom row contains another example dataset of 100 observations. When the number of
real observations was increased, the regions B; and their union decreased in area. Suppose
a naive generative model samples uniformly from the grey shaded parallelogram, defined
as a parallelogram of minimum area that covers at least 80% of the real observations. This
has sides parallel to the y-axis and the simple linear regression line of best fit. This is a
contrived and inadequate model choice but, in using a uniform distribution, it allowed
a direct link between the area of intersecting shapes and the probability of generating
identifying synthetic observations. In the middle column, one real observation was singled
out. Any synthetic observation that exists in the intersection of the parallelogram and
the ball would identify this specific real observation. The probability p that a synthetic
observation randomly sampled from PP, identifies this real observation is equal the area of
this intersection as a fraction of the area of the parallelogram. For a synthetic dataset of
size n, the probability that at least one synthetic observation identifies this real observation
is equal to 1 — (1 — p)™, which tends to 1 as the synthetic dataset increases in size. This
is true for any real observation in which the accompanying ball has at least some area
overlap with the parallelogram. When the number of real observations was increased
(bottom row), the probability that a single synthetic observation identified this a specific
real observation, or was identifying for any real observation, decreased.

By design, there are some real observations in this example that will never be identified,
since there is no intersection between the corresponding ball and the shaded parallelogram.
In practice, it is generally unlikely that the distribution support of P, and P, differ by much,
which means there is unlikely to be exactly zero probability of a given real observation
being identifiable for infinite synthetic observations. However, it is also not unrealistic for
regions of extremely low probability mass to be significantly different (i.e. the probability
of some region S under P, and under P, may be many orders of magnitude apart), in which
case the probability that a specific real observation is identifiable could be infinitesimally
small. This is the case under some common failure modes for generative models, such as

mode collapse.

5.2.2 p-Identifiability

Following this, I defined a generalisation of identifiability, as the probability of identifying

a real observation under the generative model:

Definition 5.1. The p-identifiability of a real observation z] is the probability, under

the approximate distribution P, of a generative model G(-), of generating a synthetic

148



Figure 5.3: Identifiability as the number of real observations increases, with two-
dimensional toy data. Each real observation has a ball around it, indicating the region in which
it is identifiable by synthetic observations. The top row shows a real dataset with 5 observations
and the bottom row shows a real dataset with 100 observations. In each case, I defined a simple
generative model, which samples uniformly from the grey shaded parallelogram. The intersection
of this parallelogram and any given ball indicates a region in which a synthetic observation
is possible and identifying. The larger the intersection between parallelogram and ball, the
greater the identifiability of the corresponding real observation (middle column). The probability
that no real observations are identified by a given synthetic observation increases when the
non-intersecting grey region is smaller (right column).
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observation r that is closer to zj than the distance between ] and its nearest neighbour
in the real dataset D,:

£@i 1D, GO)) = p(af ~ By | d(a,2]) < mind(af, 7)) (5.4)

p(z

<l

NPg, £jg c BZ) =p;

The most straightforward approach to estimating p-identifiability is using an empirical
Monte Carlo integration (Equation 3.8), i.e. as the expectation E, with respect to P,. For

n — oo (or at least, for n > m):
T 1 - g
fo(@{IDr, G() = By[1{z € BiY] = — > 1{af € B} (5.5)
j=1

The process of generating new synthetic observations involves sampling random inputs
zj from a known latent distribution P,, where r is a deterministic function of z;, i.e.
a:? = (G(z;). This means that p-identifiability can be equivalently defined in terms of the
distribution P.,:

ol Dr, G(1)) = Palzy ~ Pe | (d(G(2), 27) < mind(z}, 27))) = p(z; ~ P2, G(z) € Bi)
Instead of estimating p-identifiability empirically, an alternative approach involves optimi-
sation over the random input z; € Z. With the generative model now fixed, this minimises

the distance between the corresponding generated output and a given real observation:

27 = argmind(G(z;), z7), € = d(G(2]), x})
P

Optimisation algorithms are typically terminated upon reaching some threshold. Set-
ting individual thresholds equal to the radii r; means that the corresponding synthetic
observation G(z;) lies on or just inside the surface of the ball B;. For a VAE, this z}
should be close to the latent representation (the output of the encoder). However, latent
optimisation depends on the form of Z and P,. For some choices of generative model, it
may be straightforward to calculate, but unfortunately it was not useful for the TimeGAN
model, whose latent space is a high-dimensional joint uniform distribution.

The p-identifiability scores of different real observations are not necessarily independent,
particularly if they are adjacent. If there is significant overlap between two or more
identifying balls, then a single synthetic observation could identify multiple real observations
simultaneously. This means that, using the p-identifiability, it is difficult to define the
maximal size of synthetic dataset before the entire real dataset has e-identifiability equal

to 1 in expectation (i.e. the analogue of Equation 5.2). However, for any given real
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observation zj, the expected number of synthetic observations that are drawn before

x} is identified follows a geometric distribution with parameter p = p;, which has mean
(1 —pi)/pi-

5.2.3 Results and discussion

I evaluated the p-identifiability (Equation 5.4) for a bivariate time-series real dataset con-
taining temperature and heart rate measurements, with corresponding synthetic datasets
from TimeGAN and from resampling with Gaussian noise (RwGN). In each case, I
estimated p-identifiability empirically using Equation 5.5 with n = 100m synthetic obser-
vations, where m was the size of the real dataset. I implemented TimeGAN using the
default model architecture (3 layers with gated recurrent units and hidden dimension of
24 for each component network) and default hyperparameters (including training batch
size of 128), which had 48099 trainable parameters [180].

Data. Temperature and heart rate are routinely and constantly recorded in ICUs. 1
constructed a dataset containing minute-by-minute recordings of both variables from the
first 24hr of ICU admission. 23080 of the 23106 patients in the database had at least some
temperature or heart rate measurements during this period, but not all had recordings
at the required frequency. For each patient, I calculated the difference in successive
timestamps for temperature and heart rate separately, and then selected only patients
where at least 10% of the timestamp differences were equal to or less than one minute,
leaving an initial subset of 2011 patients. I split the time-series for each patient into
hourly segments so that each patient contributed up to 24 observations. For both variables
separately, if there was more than one measurement recorded within the same minute, I
took the median value of these. Temperature was measured to 1 decimal place and heart
rate to the nearest integer. I did not want this measurement precision to unduly influence
any results or findings, so I added uniform random noise between —x and +z, where z was
0.05 for temperature and 0.5 for heart rate. I defined an invalid measurement as below 33
or above 42 for temperature, and below 50 or above 150 for heart rate. Any observation
that had invalid or missing values were discarded, leaving 25216 observations from 1751
patients (up to 24 measurements per patient). I labelled this real dataset Dy.

I defined training and test datasets by splitting the real dataset according to the patient
pseudo-identifier, with an 80-20% split. Since the number of observations per patient
was not consistent, the proportion of observations in each set did not exactly match the
proportion of patients. The training dataset, labelled Dy, contained 19996 observations
from 1400 patients. To investigate the effect of real dataset size, I created two further
training datasets, Dy and D3, nested within Dy, i.e. D3 C Dy C Dy C Dy. D, contained
10% of patients included in D;, with 2017 observations from 140 patients, and D3 contained
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10% of patients included in D, with 192 observations from 14 patients. Finally, I min-max

scaled both temperature and heart rate separately, within each real dataset.

Resampling with Gaussian noise. The single free parameter in this model (Equa-
tion 5.3) was the variance %, which controls both the fidelity and privacy of the synthetic
dataset. If 02 is too small, then the distance between the synthetic observation x? and the
real observation z7,, will be close to 0, and every real observation indexed by the set / [n]

will be identifiable, or equivalently:
Vilj] € I[n], min d(zip, 2]) < d(wjy, o)) <ri = min (i, )

Conversely, if o2 is too large, the Gaussian term will dominate, synthetic observations will
be of poor quality and the synthetic dataset will have poor fidelity. I decided to set the
value of o2 such that the median distance between x? and xgm was approximately equal
to the median radius r; = ming; d(«], z},) of the full real dataset Dy. Using the Euclidean
i %3/ 02 =||z|| follows a chi distribution, with D degrees of freedom (where
zj € RP). The median value of the chi distribution, m(]|z;||), is approximately equal
to /D —2/3. With D = 120 and the median radius m(r;) = 0.202, I set the value
0? = 0.02. In practice, this meant that the two medians weren’t completely equal, as
m(o?||z;]|) = 0.218 and only 43% of the radii were greater than this, instead of 50%.

Moments of chi distribution give the following;:

distance, d(z

2/2 (L
:il%@%ilsUQZT—yz
2

var(d(zj;), 27)) = To* — p* =~ 0.50"

Eld(zy), 7)) = p

Jl g

The distribution of d(zj;, z]) was therefore narrow and almost symmetric, with 95%
probability mass between 0.192 and 0.247 (inverse CDF values at p = 0.025 and p = 0.975
respectively). However, the support of the chi distribution is (0, 00), which means that
there was non-zero probability of the event 1{r; < o?||z;||} for every r; > 0 (though this
probability may be infinitesimally small for 0 < r; < 0.192).

Next, sampling with replacement (independently and with equal probability of selection)
was performed on the indices denoting real observations. In a synthetic dataset of size n,

the probability that any given index i € {1,...,m} was sampled at least once is:
p(t € 1ln]) =1—(1—1/m)"

For a single synthetic dataset equal in size to the real dataset, p(i € I[n]) ~ 1—1/e ~ 0.632.
In the context of p-identifiability, n — oo with m fixed, so p(i € I[n]) — 1. In practice, I
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estimated p-identifiability with n = 100m, in which case p(i € I[n]) ~ 1 —1/e'® ~ 1.
Putting both parts of this together (resampling and Gaussian noise) gives some
theoretical insight into the p-identifiability for this choice of synthetic dataset. Firstly, r;
are a function of the real dataset and should become smaller as the size of the real dataset
increases (as observed in Figure 5.3). T used Dy to define a consistent, fixed value of o2,
but each of the training datasets (D;, Dy and D3) were smaller in size than this one. This
meant that the proportion satisfying 1{r; > 0.218} increased as the size of the training
dataset decreased. Under this model, there were two possible reasons for a real observation
j to be identified by some synthetic observation x7, (i) this real observation was selected
in the resampling (i = i[j]) and the corresponding Gaussian noise was less than the nearest
neighbour distance (r; < 0?||z;]|) or (ii) another, sufficiently close, real observation (such
as its nearest neighbour within the real dataset) was selected in resampling and by chance
the addition of Gaussian noise brought the synthetic observation within the ball B;. For
this real observation z, the p-identifiability is greater than or equal to the former, which
equals the probability 1/m of selecting the index i = i[j] on the j* draw multiplied by
the scaled chi distribution CDF evaluated at r;. This lower bound can be observed in the
top right panel of Figure 5.4, where almost all real observations with small values of r;
had essentially zero p-identifiability and the most real observations with large values of r;

had p-identifiability approximately equal to 1/m.

p-identifiability and nearest neighbour distance. The distribution of p-identifiability
scores differs greatly between TimeGAN and RwGN for the real dataset Dy, which was
the largest dataset both models were trained on (Figure 5.4). For TimeGAN, most real
observations had essentially zero p-identifiability, regardless of their radius 7;, and remained
unidentified by any synthetic observations within a synthetic dataset of size 100m (top
left). Because they are so distinct, real outlier observations (real observations that are
far apart from their nearest neighbour) were typically more vulnerable to re-identification
in RwGN. This was not the case for TimeGAN, where many outliers were not identified
by any synthetic observations, which suggests that the approximate distribution P, for
TimeGAN assigned little or no probability mass near these outlier observations. However,
the distribution of p; (i.e. y-values of the top row of Figure 5.4) was heavily skewed for
TimeGAN with a much longer tail compared to RwGN, which had a bimodal empirical
distribution (top right). As a result, the mean p-identifiability was over 5 times greater
for TimeGAN than for RwGN (Table 5.1). In the second and third rows of Figure 5.4,
I discretised the p-identifiability values on a logarithmic scale to highlight differences
in p-identifiability between both models, for increasing radius r;. As expected, the p-
identifiability p; was clearly related to r; for RwGN, with p; essentially 0 for small r;

and a steep rise in p; as 7; increased above the median m(r;). This was in contrast to
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Figure 5.4: The relationship between the p-identifiability scores and the nearest
neighbour radius. This used the temperature and heart rate time-series real dataset D;, and
both TimeGAN model and resampling with Gaussian noise (RwGN). The p-identifiability was
estimated empirically using 100m synthetic observations, where m = 19996 was the size of D;.
For TimeGAN, most real observations had p; < 1/(100m). As well as scatter plots (top row),
the p-identifiability scores were split into five categories linked to the number of times each real
observation was identified. The second row shows stacked histograms against the radius and the
third row shows the proportion of each of these categories within every stacked histogram bar.
The final row shows the proportion of p-identifiability scores below certain thresholds (which
match the previous categories when n = 100m), as the amount of synthetic data increased.
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TimeGAN, where the histogram bin of r; that had the highest proportion of identifiable

real observations was for values of r; less than the median m(r;) (third row, left).

Real and synthetic dataset size. In the final row of Figure 5.4, I calculated the
proportion of real observations that were identified by synthetic observations fewer than z
times (for z € {1, 10, 100, 1000}), as the size of the synthetic dataset was increased from
n =m to 100m (where m = 19996 was the size of D;). These were decreasing functions
of the synthetic dataset size n, which offered empirical evidence for my observations in
Section 5.2.1. Assuming the support of the generative distribution PP, is contained within
the support of P, in every case, then each curve will eventually decrease to 0.

Conversely, a generative model trained on an insufficient quantity of real observations
m is generally more prone to overfitting, so I also decreased the size of the real dataset
to observe the relationship between m and p; (Table 5.1). Two things occurred here, as
expected: the mean p-identifiability values increased and the proportion of unidentified
real observations (within a synthetic dataset of size 100m) decreased. This suggested that
increasing the number of real training observations does help to reduce their identifiability.
In particular, almost all of the real observations for the smallest real dataset D3 were
identified by at least one synthetic observation in RwGN.

I also estimated the maximum synthetic dataset size that could be generated and
published, before an e-identifiability threshold of 0.1 was reached. To do this, I set a
counter on the proportion of identified real observations, as an increasing number of
synthetic observations were generated. When this e threshold was reached, I recorded
the number of synthetic observations that had been generated, then reset and restarted
the counter. Under this e-identifiability condition, no generative model was capable of
releasing a synthetic dataset that was at least as large as the corresponding real dataset
(Table 5.1). The state-of-the-art TimeGAN model performed particularly poorly here,
which may seem surprising given that a high proportion of real observations remained
unidentified. However, it met the e threshold in fewer synthetic observations because the
mean p; value was still much higher for TimeGAN than for RwGN, and the empirical

distribution tail was much longer.

Comparing training data and unseen data. High p-identifiability for a real obser-
vation z] suggests that the generative model has memorised the observation and that
synthetic observations similar to this have a higher probability under P, than they would
if this real observation was not included in model training. Furthermore, a real observation
with high p-identifiability may be vulnerable to attribute disclosure, as correspondingly
similar synthetic observations could be used to infer other attributes of the individual

(which is unlikely to be a pressing concern for this particular time-series data). However,
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Model Dataset Processing 1 = iDi % > Upi < 1/n} No.1
TimeGAN D, None | 1.23e-4 (5 5e-8) 0.688 (0.001)  880.3 (275.9)
TimeGAN D, None | 7.26e-4 (1.2e-6) 0.628 (0.002) 150.6 (82.0)
TimeGAN Dy None | 8.42¢-3 (3.4e-5) 0.255 (0.008) 184  (11.5)
RwGN D, None | 2.10e-5 (1.1e-8) 0.447 (0.001) 3859.6 (1389.0)
RwGN Dy None | 4.21e-5 (5.4e-7) 0.272 (0.005)  297.7 (113.6)
RwGN Dy None | 4.56e-5 (1.8e-7) 0.001 (0.001) 21.6  (7.1)
TimeGAN D; Rounding | 4.30e-6 (1.0e-8) 0.948 (0.000) 5897.5 (4208.7)
RwGN D; Rounding | 2.10e-5 (1.8e-7) 0.459 (0.013) 3713.5 (1625.0)

Table 5.1: Summary of p-identifiability for both generative model types and varying
training set sizes. This was calculated for both generative model types, TimeGAN model
and resampling with Gaussian noise (RwGN). Where ‘rounding’ was applied, both real and
synthetic datasets were rounded to match the same precision level as the original unprocessed
time-series. The table shows the mean p-identifiability, the proportion of observations that
remained unidentified within 100m synthetic observations, and minimum number of synthetic
observations ng1 that could be generated before a proportion >10% of the real observations
were identified. Dy had 19996 real observations, Do had 2017 and D3 had 192. Each column
contains the mean and standard deviation of empirical estimates. For the first two columns, this
was computed using a jackknife procedure. The latter was estimated by iterating through the
entire synthetic dataset, counting the number of synthetic observations before this threshold was
exceeded.

a high p-identifiability score does not necessarily indicate that the real observation was
used to train the generative model.

In a membership inference attack, the attacker’s goal is to determine whether each
real observation was used during generative model training or not. The p-identifiability
score is only relevant to this if there is a significant difference in the empirical distribution
of p; values between real observations in the training dataset and real observations in
an unseen dataset. To evaluate whether this was the case, I estimated p-identifiability
scores with respect to the full dataset Dy, but where the generative model was trained
only a subset of the data (one of Dy, Dy or D3). As the radius r; depends on the set
of real observations (in this case Dy), these p; values were now slightly different from
before. In Table 5.2, I performed a non-parametric approximate permutation test, using
the two-sample Kolmogorov-Smirnov (KS) statistic, to evaluate the statistical significance
in the difference between empirical p-identifiability distributions of the training dataset and
the unseen observations. Although there are known critical values for the KS statistic, the
empirical distributions were heavily skewed, so it was unclear whether these critical values
would be appropriate. Instead, I repeatedly pooled and permuted the p-identifiability
scores between training and unseen groups before re-calculating the KS statistic, in an
approximate permutation test. The p-value reported in Table 5.2 was the fraction of

permutations for which the permuted-group KS statistic was higher than the original KS
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Model Training dataset Processing | KS statistic (p-value) | ROC AUC
TimeGAN D, None 0.0316 (<0.001) 0.484
TimeGAN D, None 0.0356 (<0.001) 0.517
TimeGAN Dy None 0.5634 (<0.001) 0.787
RwGN D, None 0.4728 (<0.001) 0.752
RwGN D, None 0.5603 (<0.001) 0.783
RwGN Dy None 0.9421 (<0.001) 0.971
TimeGAN D; Rounding 0.0050 (0.195) 0.502
RwGN D;  Rounding 0.0088 (<0.001) 0.504

Table 5.2: Summary of differences in empirical p-identifiability distributions between
training and unseen datasets. This was calculated for both generative model types, TimeGAN
model and resampling with Gaussian noise (RwGN), and for varying training dataset size. Where
‘rounding’ was applied, both real and synthetic datasets were rounded to match the same precision
level as the original unprocessed time-series. D; had 19996 real observations, Ds had 2017 and
D3 had 192. The table shows the Kolmogorov-Smirnov statistic with p-values (computed using
an approximate permutation test), and the AUC ROC for a membership inference attack that
used p-identifiability scores to distinguish between training and unseen observations.

statistic, from 10000 permutations. This was significant at a = 0.01 in every scenario
except one, which suggests the empirical distributions were indeed different, but it does not
necessarily provide evidence that an attacker could distinguish between seen and unseen
observations. Therefore, I also calculated the area under curve of the receiver-operating
characteristic (ROC AUC), for a binary classification using p; (i.e. for every ¢ € [0, 1],
any real observation with p; > ¢ was classified as a training observation and any real
observation with p; < ¢ as an unseen observation). Apart from D3, where there was clearly
insufficient training data, the ROC AUC was about 0.5 for TimeGAN models, which
showed that membership inference in this case was essentially random. For RwGN, the
AUC was very high, suggesting that RwGN overfits the training data, despite having

relatively low mean p-identifiability.

Measurement precision and distance metric. One final consideration was that
the original unprocessed time-series (temperature and heart rate) were actually recorded
at a certain measurement precision. In the preceding paragraphs, I had added uniform
noise prior to generative model training (where rounding to same measurement precision
restored the original data). Generating synthetic observations at the same precision
level as the original data impacted both computations and results. Using D; againm, [
generated synthetic observations with TimeGAN and with RwGN, having first reverted
back to the original precision of the data. Synthetic observations were discretised in
post-processing to the same precision levels. As the real observations now had discretised

values, it was possible that some nearest neighbours were no longer unique (i.e. if there
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were multiple nearest neighbours on the surface of the ball B;). I did not make the
inequality in Equation 5.4 strict, so any synthetic observation on the surface of the ball
was deemed identifying. For TimeGAN, discretising the synthetic observations reduced
the p-identifiability, allowed larger synthetic datasets at the e-identifiability threshold, and
reduced the difference between training and unseen empirical p-identifiability distributions.
For RwGN, there was little change in the p-identifiability scores, but the difference in

empirical distribution between training and unseen observations was much reduced.

5.3 Fidelity: time-series length and information

In Section 5.1.3, I described how fidelity is the difference between the intractable true
distribution [P, and the approximate distribution P, but that there is no universal notion
of how best to define or minimise this as a statistical divergence. Multiple elements from
both model setup and model training can influence the similarity between the real and
synthetic datasets, both implicitly and explicitly. Given that complete alignment between
the true distribution P, and the approximate distribution P, is essentially impossible
(unless the true distribution is unrealistically simple), these will almost certainly differ
on some statistical properties. If the generative model is trained on a large number of
real observations, then it should be able to learn many properties of the true distribution
without any specific intervention by the modeller, but this is not guaranteed. I showed
in Chapters 2 and 3 that that causal influence between the bivariate time-series can be
described by information-theoretic measures, and that this can provide evidence of causal
relationships in the underlying physiological systems. It is highly likely that this extends to
relationships between other physiological systems (e.g. cardiovascular, immune, endocrine,
respiratory), so there are clear reasons why synthetic physiological waveform data should
preserve these information-theoretic temporal relationships.

In this section, I investigated whether this was the case for synthetic (temperature and
heart rate) time-series data, again using the TimeGAN model and for real observations
with added Gaussian noise (without resampling). After generating the synthetic datasets,
I estimated the mutual information (Equation 2.6) and transfer entropy (Equation 2.7) for
the two variables, and compared their empirical distributions between real and synthetic
datasets. I decided not to adapt the TimeGAN model to this goal, preferring instead to
see if it would learn information-theoretical relationships without external modification.
As before, I calculated the mutual information and transfer entropy using the Kraskov-

Stogbauer-Grassberger algorithm (Equation 2.8) [69].

158



5.3.1 Time-series length

The first problem I faced was related to the length of each observation 7. The datasets
described in Section 5.2.3 contained up to 24hrs of data for each patient, split into hour-long
observations of length T' = 60. However, I was unsure whether these observations would
be of sufficient length to allow a reliable estimation of entropy-like measures, using any of
the algorithms described in Section 2.1.3 (e.g. Equations 2.8 and 2.10). In Section 2.2, I
investigated the performance of causal influence indices for bivariate time-series of length
T > 1000. I briefly returned to the Ulam lattice (UL) experiments from Section 2.2
(Equation 2.16) with simulated data of length 7" = 100, and found that the transfer
entropy estimates were unreliable, biased and had high variance (as did almost all other
causal influence indices). This meant that it was necessary to use a dataset that contained
longer observations here, which reduced the number of observations available for generative

model training.

Data. 1 followed the same process as Section 5.2.3 to create a dataset containing
temperature and heart rate time-series data, but I split the time-series for each patient into
6hr segments. This was a compromise between the number of observations and the length
of observations. Only 1498 patients (of the previous 1751) had at least one continuous
6hr period of data collection, leaving a dataset containing 3000 observations from 1498
patients (with dimension D = 2x360). As this was a proof-of-concept exercise, I was not
looking to optimise model hyperparameters or to test on unseen data, so I trained on the
whole dataset without a validation or test set, in order to maximise the amount of training

observations available to the generative models.

Visualisation. Visualisation of model outputs is not always the most reliable model
assessment, but it is useful as a sanity check for identifying when the generative model
has poor performance or displays obvious signs of failure modes. When trained on the 6hr
time-series data, synthetic observations from the TimeGAN model had clearly unrealistic
behaviour, with large periodic spiking in both variables. Examples are shown in Figure 5.5
(centre left column). In this figure, I took the nearest-neighbouring synthetic observation to
the example real observations (far left column), to form matching real-synthetic observation
pairs. If these synthetic observations were observed in a real setting, they would almost
certainly be labelled as artefactual. As the TimeGAN model failed the first fidelity hurdle,
I felt that this synthetic dataset was unsuitable for providing comparisons between the
empirical distributions of mutual information and transfer entropy values. As I did not
intend to modify the TimeGAN model in order to improve fidelity, exploring why the
model learnt this behaviour was not relevant to the analysis here (even though it would be

of interest). TimeGAN had nearly 50000 trainable parameters and sampled latent random
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inputs of length D = 720, so I believe that there was either insufficient training data or
that the model architecture is simply not well-suited to long time-series.

Instead, I decided to return to the dataset and already-trained TimeGAN model from
from Section 5.2, which contained 1hr observations. Synthetic observations from this
model had appeared more realistic. I built a synthetic dataset containing 6hr observations
as follows: I split each 6hr real observation back into lhr sections, found the nearest-
neighbouring lhr synthetic observation and then concatenated both back up to 6hr
observations. Each of the six 1hr segment within the 6hr synthetic observations should
approximately match the corresponding 1hr segment of the 6hr real observation, and so
this 6hr synthetic observation should appear more ‘realistic’ to a human eye. I made no
attempts to post-process the observations, e.g. to align the endpoints of successive 1hr
observations. The effect of this was occasional steep jumps at each 1hr mark, but overall
these synthetic observations appeared more similar to the real observations than the full
6hr synthetic observations. This can be observed in the second example observation in

Figure 5.5 (middle row, centre left column).

Gaussian noise. Finally, I also created synthetic observations by adding Gaussian noise
to the real observations (Equation 5.3). As I was comparing ‘neighbouring’ synthetic
observations from TimeGAN to the real observations, I did not use resampling here. I

used the same variance noise as in Section 5.2 (i.e. 2 = 0.02).

5.3.2 Comparing empirical distributions of information-theoretic

measures

Figure 5.6 show histograms of the mutual information and transfer entropy (both directions)
between temperature and heart rate for the real observations, the concatenated lhr
TimeGAN synthetic observations and the observations with added Gaussian noise. As
these information-theoretic measures are generally not independent of each other, I also
showed the joint distribution of each pair of measures in Figure 5.7 using heatmaps
to visualise 2d histograms. The latter shows that there is moderate positive correlation
between mutual information and both transfer entropies but little to no correlation between
the two transfer entropies. I returned to this point later, in Figure 5.8.

Somewhat surprisingly, synthetic observations from TimeGAN had higher values than
the real data, for all information-theoretic measures. This suggests a stronger causal
influence between the two variables, when the opposite (i.e. that the generative model fails
to fully capture the complexities of their association) is perhaps more intuitive. There are
two artefacts of the synthetic observations that may offer partial explanation. Firstly, some
synthetic observations still appear to have an invented periodic spiking in both variables

(for example, the centre left, bottom row observation in Figure 5.5). Joint periodicity can
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Figure 5.5: Example real and synthetic observations of temperature and heart rate
time-series. Three real observations (far left column) were randomly selected from the training
dataset and the corresponding synthetic observations were their nearest neighbours within each
synthetic dataset. The TimeGAN model struggled to reproduce realistic looking observations
when trained on the the full 6hr time-series observations (centre left column), with unrealistic
periodic spiking. The centre right column instead shows synthetic observations from a TimeGAN
model trained on 1hr segments, with the nearest neighbours (of the corresponding real lhr
observations) concatenated together to form a 6hr observation. The far right column shows the
real observations with added Gaussian noise.
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Figure 5.6: Histograms for mutual information and transfer entropy values. These
were evaluated for heart rate and temperature time-series (real and synthetic). In the middle
column, the TimeGAN synthetic dataset contained 1hr synthetic observation segments, which
were concatenated to 6hr observations using a nearest-neighbouring approach.
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be symptomatic of causal forcing of one variable on the other and result in higher values of
mutual information and transfer entropy. There is certainly real physiological interaction
between temperature and heart rate, but this periodicity with peaks occurring at 10-12
minute intervals in not realistic. The other artefact that may bias the information-theoretic
measures are the artificial discontinuities at every hour. The KSG estimation uses nearest
neighbour based counts for short ‘past information’ sequences within each observation,
and regular concurrent discontinuities may have some effects on this estimation.

In contrast, mutual information and, to a lesser extent, transfer entropy were reduced
for synthetic observations with added Gaussian noise. I had previously investigated the
effect of Gaussian noise on transfer entropy estimation (and other causal indices) in
Section 2.2, and showed that this reduced the value of transfer entropy. This was an
expected result, since this estimates the amount of causal influence exerted by the ‘recent
history’ of one variable on the ‘present value’ of the other, and adding independent noise
at each timestamp to both time-series dilutes this signal.

In Figure 5.7, there appeared to be moderate positive correlation between mutual
information and both transfer entropies in the real dataset, but little to no correlation
between the transfer entropies. As each synthetic observation is defined with respect to
a neighbouring real observation, I calculated the Pearson correlation coefficient between
all observation pairs (matched across datasets), in each information-theoretic measure.
As expected, there were moderately strong correlations between the real and Gaussian
noise datasets for each measure. However, there were zero correlations in between the
real dataset and synthetic 1hr TimeGAN dataset, despite many of the real and synthetic
observations looking reasonably similar. In addition, there was much stronger correlation
between transfer entropies for synthetic TimeGAN 1hr synthetic dataset than for the real
dataset, which was unusual (there should be strong causal influence in one direction only,
as per Chapters 2 and 3).

These results highlighted that (i) noisy resampling of real observations may perform well
with regard to fidelity metrics [183] but results in weaker information-theoretic relationships
between variables, and (ii) current state-of-the-art generative deep learning architectures
do not accurately learn information-theoretic relationships between multivariate time-series
and further work is needed to develop architectures that are capable of implicitly learning

these relationships.

5.4 Utility: downstream epidemiology with Sepsis-3

I approached the third main contribution of this chapter via the insights I had gained
while working on a sepsis epidemiology project, which had involved identifying sepsis

incidence in ICU and describing trajectories of sepsis status during ICU stay. Sepsis is a
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major cause of mortality [216] but has proven notoriously difficult to define, even in the
data-rich ICU environment. Predicting onset of sepsis is an important research question
[217] but, with multiple competing notions (systematic inflammatory response syndrome,
septicaemia, severe sepsis), there has not been an accepted gold-standard definition of
sepsis. In 2016, an expert international taskforce recommended the Sepsis-3 criteria,
defining sepsis as life-threatening organ dysfunction caused by dysregulated host response
to infection [9]. These criteria defined organ dysfunction as an increase in Sequential
Organ Failure Assessment (SOFA) score [218] of at least 2 points. The guidelines do not
explicitly state how to define suspected infection, which is generally dependent on the
practice and demographics of an individual ICU. Previous definitions of sepsis did not have
a consistent link to mortality, which was deemed an essential element of the definition,
for there to be confidence in its validity. This was a driving factor in the data-driven
construction of the Sepsis-3 criteria.

Though there has been some opposition to the Sepsis-3 definition within the clinical
community [219], Sepsis-3 has been adopted by a number of studies that operationalise these
criteria within large-scale electronic health record databases, in an effort to describe sepsis
epidemiology [12, 141]. Major hindrances to comprehensively studying sepsis epidemiology,
and consequently to developing downstream prediction models, include the scarcity of
accessible de-identified ICU records, which prevents widespread comparison between ICUs,
and the lack of common and consistent data structure and labelling between current large-
scale databases. The ability to generate privacy-preserving synthetic data that reliably
replicates sepsis epidemiology could facilitate more extensive sepsis research, especially
if combined with transfer learning to capture between-centre differences. Therefore, I
investigated whether TimeGAN (as a current leading generative model for time-series)

could reproduce descriptive findings from the real AmsterdamUMCdb dataset.

Sequential Organ Failure Assessment. The SOFA score is a points-based summary
of a patient’s organ function (or dysfunction), subdivided into six scores for different
physiological systems: cardiovascular, respiratory, coagulation, renal, liver and central
nervous system (Table 5.3). Each system is graded from 0 to 4, which are determined via
thresholds applied to one or several physiological variables and are typically updated at
least once per day. The total SOFA score is a daily sum of the maximum (non-missing)
component scores within that day. If pre-ICU data is unavailable, then the SOFA score is
assumed to be 0 [9]. If at least 3 SOFA components are missing during on any given day,
then the total score is marked as invalid. Missing SOFA scores on the day of ICU death

are set to the maximum.

Sepsis and septic shock. Following the framework of [141], T defined infection as

an escalation in antibiotic treatment, i.e. an increase in the spectrum or number of
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Score Measurement 0 1 2 3 4
Respiration Pa0O,/FiO, ratio, mmHg > 400 <400 <300 < 200*% < 100*
Coagulation Platelets, 10?/mm? > 150 <150 <100 <50 <20
Liver Bilirubin, pgmol/1 <20 >20 >33 >102 > 204
Cardiovascular MAP, mmHg >70 <70

or Dobutamine, pug/kg-min >0

or Dopamine, pg/kg-min <5 >5

or Epinephrine, pg/kg-min <01 >0.1

or Norepinephrine, pg/kg-min <01 >01
CNS Glasgow Coma Scale 15-16 13-14 10-12 6-9 <6
Renal Creatinine, pmol/1 <110 <170 <299 <440 > 440

or Urine output, ml/day > 500 < 500 < 200

Table 5.3: SOFA score summary, taken from [218]. Each score is the highest possible (i.e. if
a patient had MAP < 70, dopamine < 5ug/kg-min and norepinephrine < ug/kg-min, then the
cardiovascular score is 3). The cardiovascular drugs are vasopressors, so cardiovascular SOFA > 2
forms part of the definition of septic shock. Glasgow Coma Scale measures the ocular, oral and
motoric response to stimuli, grading these up to 4, 5 and 6 respectively. CNS: central nervous
system, MAP: mean arterial pressure. * with ventilatory support.

antibiotics, with at least one intravenous course. I worked with Chris Williams to form a
curated list of antibiotics (in consultation with Ari Ercole, plus Patrick Thoral and Paul
Elbers from Amsterdam UMC). Some antibiotic administration is prophylactic, with the
antibiotics given routinely to (almost) all admissions or to the subset of patients arriving
from cardiothoracic or elective surgery. In particular, Amsterdam UMC practices selective
digestive decontamination in ICU, which includes a four-day course of cefotaxime. If an
infection is suspected during this period, then cefotaxime may be switched to ceftriaxone,
a similar antibiotic. This was context-specific knowledge about Amsterdam UMC that a
generative model must either be explicitly told or learn by itself.

Sepsis was identified when the SOFA score increased by > 2 on consecutive days
with antibiotic escalation on either day, or when the SOFA score was at least 2 points
higher on the day after antibiotic escalation compared to the day before. Septic shock is a
particularly serious subset of sepsis, in which metabolic and circulatory dysfunction leads
to much higher mortality. This is defined in the Sepsis-3 criteria as sepsis accompanied
by administration of vasopressors (cardiovascular SOFA score of at least 2) and a lactate
level > 2mmol/l.

In the absence of clear criteria to define a reduction in sepsis status (i.e. from septic
shock to sepsis without shock), Chris and I defined the following conditions under which
the sepsis status was assumed to remain unchanged on consecutive days: (i) a sepsis

episode continued for as long as the current SOFA score was higher than a SOFA baseline
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and the patient remained on antibiotics, and (ii) a septic shock episode continued until the
lactate level decreased below 2 or vasopressors were discontinued. We defined the baseline
SOFA score for a sepsis episode as the smaller SOFA score when the SOFA increase of
> 2 occurred, or as 0 on admission. Lastly, we defined ICU mortality as death whilst in
ICU or within 24hrs of discharge from ICU to another ward.

5.4.1 Increasing the synthetic data granularity

To evaluate the ability of TimeGAN to capture sepsis epidemiology, I formed three datasets

at different levels of variable and temporal granularity. These were as follows:

e Dataset #1. This contained categorical SOFA component scores, a binary antibiotic
escalation variable (as a proxy for suspected infection), the daily max lactate value
and a binary indicator for ICU death. Each real observation contained daily time-
series data for one patient during their ICU stay, for a maximum of 14 days after
admission. The observations were of variable length up to 7" = 14, depending on the
ICU length of stay.

e Dataset #2. This contained daily summaries of each of the variables involved
in SOFA score calculation (listed in Table 5.3), the maximum antibiotic rank and
number of antibiotics at maximum rank (used to calculate antibiotic escalation), a
binary indicator for whether any antibiotics were given intravenously, the daily max
lactate value and a binary indicator for ICU death. As before, each real observation
contained daily time-series data for one patient during their ICU stay and the

observations were of variable length, up to T' = 14.

e Dataset #3. This contained hourly physiological variables, binary indicators for
hourly administration of 32 antibiotics used to treat infection, the hourly max lactate
value and a binary indicator for ICU death. The physiological variables involved
all of those in Table 5.3, except with PaO2 and FiO2 as separate variables instead
of the ratio between them, and with hourly urine output instead of daily. I also
included additional variables that were not involved in the Sepsis-3 criteria but were
useful to describe the epidemiology, as follows: heart rate, mechanical ventilation,
gender, age (categorised) and admission type (including whether the admission was
for cardiothoracic surgery). Each real observation contained hourly time-series for
one patient, for a maximum of 24hrs after ICU admission. Observations were of

variable length, up to T' = 24.

The synthetic datasets associated with each dataset were similarly labelled (e.g. Synthetic
#1). Additionally, there were five synthetic datasets associated with Dataset #3, which

were labelled (a-e). Each came from a different initialisation of the same TimeGAN
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generative model (i.e. identical architecture and hyperparameters, different learned
weights).

The real datasets contained a mixture of continuous and categorical variables, some
of which were immutable for each patient (i.e. demographics, admission category and
outcome). Additionally, some variables had a high proportion of missing data. I decided
to handle both issues naively in preprocessing and post-processing, rather than adjust the
TimeGAN model architecture to handle this. This involved the following:

e I set thresholds for each continuous variable at the 1%t and 99" percentiles, ¢; and ggo.
For most variables, I set outliers to be equal to these threshold (i.e. the smallest 1%
of values were set to the 15 percentile). For a small number of variables, including
mean arterial pressure and heart rate, I set these outlier values to NaN, and treated

them as missing data.

e For Dataset #3, I imputed a subset of variables that were not typically recorded
every hour, using last observation carried forward (LOCF) imputation. This included

creatinine, platelets, bilirubin, PaO,y, FiO, and GCS scores.

e For all datasets, I defined a fixed implausible value for each variable, with any missing
data set to this value. For some variables lower values indicate organ dysfunction, e.g.
platelets. This is reversed for others, with high values indicating organ dysfunction,
e.g. bilirubin. For the former, I set the imputed NaN value to be approximately equal
to g1 — (o9 — q1)/9. For the latter, I set the imputed NaN value to be approximately
equal to ggg + (gog — ¢1)/9. This meant that, after min-max scaling the dataset, the
minimum (or maximum) value for normal data was 0.1 (or 0.9), with NaN value 0

(or 1), when low (or high) values were indicative of organ dysfunction.

e For categorical variables, I imputed missing data as -1, in cases where there was any
instance of missing data in the real dataset. If there was no missing data, then I did
not create this additional category. I then treated categorical variables as continuous
variables, rather than e.g. adding a soft-max activation layer in the generative
model. When min-max scaling these categorical variables, I set the min value to be
the smallest categorical value -0.5 and the max value to be the largest +0.5. This
meant that if there were n categories, each category would have an interval of length
1/(n + 1) associated with it, i.e. the k' category value would be the centre of the
interval [k/(n+1),(k+1)/(n+1)].

e After model training and generation of synthetic dataset, I inverted the min-max
scaling. For immutable demographic variables, I took the mean value across the
synthetic observation. I then rounded all categorical variables. Any value below or
above the thresholds ¢; and gg9 were determined to be ‘missing’ in the synthetic

dataset. For Synthetic #3, I performed the same LOCF imputations as before.
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For both Synthetic #2 and #3, I calculated SOFA component scores from the
physiological variables. Additional post-processing included identifying prophylactic
antibiotics according to the same process as the real dataset, e.g. post-elective

surgery antibiotics in the first 24hr, post-cardiac vancomycin, and cefotaxime.

5.4.2 Comparing real and synthetic sepsis epidemiology

Datasets #1 and #2 contained all the data required to identify septic shock and sepsis
without shock according to the Sepsis-3 criteria, during each day of ICU stay. For every
day up to 14 days after ICU admission, I assigned each patient to one of five categories
according to their sepsis and outcome status. These were: no sepsis, sepsis without shock,
septic shock, discharged from ICU and died. Grouping patients by their sepsis status
at admission, I highlighted the differences between the ‘sepsis trajectories’ for real and
synthetic datasets (Figure 5.9). In the real AmsterdamUMCdb dataset, the majority
of patients did not have sepsis at admission. Of these (bottom row, left), only a small
proportion developed sepsis later in their ICU stay, while almost half were discharged
within 48hrs and most discharged within 14 days. Of the patients with sepsis at admission,
about 1 in 3 had septic shock. The mortality of patients with septic shock at admission
(second row, left) was much higher than among other patients, and fewer patients were
discharged within 14 days. The number of patients with continued septic shock gradually
decreased over 14 days and, in some instances, patients with septic shock at admission
were downgraded to sepsis without shock or to no sepsis after only 24hrs. Among patients
who had sepsis without shock at admission (third row, left), a large number no longer had
sepsis after 24hr. The number in this category then decreased by the next day, but this
was likely due to the fact a subset of these patients showed considerable improvement over
the first 48hrs, going from sepsis without shock to no sepsis to discharged on consecutive
days.

The synthetic dataset from the model trained on the SOFA component scores (Synthetic
#1) had a reasonably comparable number of sepsis and septic shock patients on admission
(Figure 5.9, first row, middle). However, very few synthetic patients with septic shock
at admission (second row, middle) progressed to sepsis without shock or to no sepsis,
even though a significant proportion ended up discharged. The same was true for sepsis
without shock at admission. The other notable point with this synthetic dataset was the
much higher overall ICU mortality, particularly in patients admitted to ICU without sepsis
(fourth row, middle). In the second synthetic dataset (Synthetic #2), which was trained
on daily physiological variables, there were several concerning patterns. Firstly, there was
almost no incidence of septic shock, either at admission or throughout the whole 14 day
period. Secondly, there were zero ICU deaths among patients with sepsis at admission. As

the Sepsis-3 criteria was designed to ensure the relationship between sepsis and mortality
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Figure 5.9: Trajectories of ICU admissions for the real dataset and two synthetic
datasets. This is shown for up to 14 days in ICU and stratified by admission sepsis status. The
left column was from the real AmsterdamUMCdb data; the middle column was derived from a
synthetic dataset trained on categorical SOFA component scores for each day, alongside antibiotic
escalation, max lactate and ICU death; and the column on the right was derived from a synthetic
dataset trained on the daily summaries of the continuous variables whose thresholding provides
the SOFA component scores, alongside the maximum antibiotic rank, max lactate and ICU death.
For each day, a patient belonged to one of five mutually-exclusive categories (no sepsis, sepsis
without shock, septic shock, discharged, died). The conditions for moving to another category
were defined in the main text. Patients were further grouped (in rows) by their sepsis status
upon ICU admission.
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was reflected within the criteria, this synthetic dataset was clearly insufficient.

I delved deeper into the sepsis epidemiology with Synthetic #3a. Tables 5.4 and 5.5
summarised the demographics, admission category, first 24hr physiology and outcomes for
real AmsterdamUMCdb dataset and the synthetic data from dataset Synthetic #3a. In
this table, patients were again grouped by sepsis status at admission. I highlighted cells
when the percentage difference for each variable (of the median or of the sum) between the
real and synthetic datasets was large in absolute value. Some univariate distributions were
well-preserved in the synthetic dataset, even across the sepsis admission categories, e.g.
gender, max heart rate, minimum mean arterial pressure and PaO,. However, the mortality
in each group was again completely at odds with the real data (and the findings of multiple
similar sepsis epidemiology studies, such as [12, 141]). The age profile of admissions was
also somewhat different in the synthetic dataset, while a much higher proportion of septic
shock patients were emergency surgical admissions rather than emergency medical. Finally,
the length of stay was significantly higher in the synthetic data in all categories.

I had observed a much lower than expected ICU mortality for patients with septic shock
in two of these first three synthetic datasets (Synthetic #1, #2 and #3a), which alone was
a significant enough flaw to render these datasets unviable for research purposes. However,
I decided to re-train an additional four TimeGAN models with the same architecture,
hyperparameters and training data as Synthetic #3a, to see if this was consistently
reproduced (Synthetic #3b-e). This turned out not to be the case, but it instead raised
concerns about the replicability of the TimeGAN model in this setting. Table 5.6 shows
the number of admissions, number of females and ICU mortality for the real dataset and
each of the synthetic datasets described in this section. Again, I divided this table into
sepsis status at admission categories. While the TimeGAN model generally managed
to reproduce the overall ICU mortality, the ICU mortality in each admission category
varied wildly across synthetic datasets. In contrast to earlier synthetic datasets (Synthetic
#2 and #3a), which had unrealistic low mortality for patients with septic shock, the
additional synthetic datasets all overestimated the mortality in this cohort. The number of
patient admitted with septic shock also varied significantly between the synthetic datasets.
Additionally, in all but one of the synthetic counterparts to Dataset #3, an unexpectedly
large majority of patients with septic shock at admission were female, again deviating
hugely from the real AmsterdamUMCdb data. In other groups, the picture was slightly
more consistent, but it is clear that any associations the TimeGAN generative model has
learnt does not include key physiologically-grounded causal relationships (i.e. males are
more likely to be in ICU and to develop sepsis, while patients with septic shock have much
higher mortality than general ICU admissions). In fairness, this was not a straightforward
chain of relationships for the generative model to understand from within the data, as sepsis

status was entangled within a set of physiological variables and subsequently disentangled

172



Septic shock Sepsis without shock

Real Synthetic #3a Real Synthetic #3a
No. of admissions 1661 314 3317 6218
Female, n (%) 611 (36.8) 122 (38.9)| 1230 (37.1) 2348 (37.8)
Age 18-39, 1 (%) 420 (127) 1220 (19.6)
Age 40-49, n (%)
Age 50-59, n (%) 951 (15.1) 91 (29.0) 546 (16.5) 618 (9.9)
Age 60-69, n (%) 305 (23.8) 55 (17.5) 833 (25.1) 1304 (21.0)
Age 70-79, n (%) 410 (24.7) 88 (28.0) 867 (26.1) 1798 (28.9)
Age 80+, 1 (%) 923 (13.4) 13 (4.1) 349 (10.5) 39 (0.6)
Admission cat., n (%)
Elective surgical 0 (0) 0 (0) 0 (0) 0 (0)
Emergency surgical _ 349 (10.5) 518 (8.3)
Emergency medical 1347 (81.1) 159 (50.6) 2968 (89.5) 5668 (91.2)
Cardiothoracic 15 (0.9) 0 (0) 48 (1.4) 32 (0.5)
First 24hr physiology
Max heart rate 121 (104-136) 113 (101-118) 108 (92 126) 103 (95-114)
Min MAP, mmHg 53 (44-61) 59 (54-65) 60 (53-66) 63 (61-67)
Max FiO2 0.69 (0.51-0.91) 0.68 (0.60-0.75)| 0.51 (o 41-0.80) 0.61 (0.58-0.65)
Min Pa02, mmHg 71 (61-84) 62 (59-67) 77 (66-94) 71 (65-76)
Min Pa02:FiO2 ratio 132 (88-198) 97 (83-125)| 180 (118 247) 117 (105-135)
Min GCS 11 (3-15) 3 (3-3) 13 (7-15) 7 (4-10)
Max creatinine, pmol /L 93 (71-125) 154 (112-384)
Min platelets 145 (78-216) 36 (32-49)| 163 (101-250) 98 (36-148)
Max bilirubin, pmol /L, 10.0 (6.0-17.0) 19.3 (9 7-32.6)
Max SOFA score 11 (8-13) 19 (17-20) 7 (5-9) 12 (8-14)
Vasopressors, n (%) 1661 (100.0) 314 (100.0) 1744 (52.6) 3677 (59.1)
Mechanical vent., n (%) 1531 (92.2) 314 (100.0) 2704 (81.5) 6195 (99.6)
Outcomes
Antibiotic esc., n (%) 1661 (100.0) 314 (100.0)| 3317 (100.0) 6218 (100.0)
ICU length of stay, h
ICU mortality, n (%) 634 (38.2) 16 (5.1) 380 (11.5) 8 (0.1)

Table 5.4: Summary characteristics of ICU admissions by sepsis status for the

real dataset and for a synthetic dataset (continued in Table 5.5).

Values are median

(IQR) unless otherwise stated. The TimeGAN generative model for the synthetic dataset was
trained on hourly measurements (up to the first 24hr in ICU) for all physiological variables
used sepsis status definition, as well as outcomes, demographic categories and admission type.
The table was colour-coded to highlight differences between the real and synthetic data, by the
percentage increase (or decrease) (of the median or of n) from real to synthetic, according to

the following categories -20% to 20% , 20% to 60% , 60% to 100% , [5100% , -20% to -60% ,

-60% to -100% , | <-100% -
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Other Missing data, n (%)

Real Synthetic #3a Real Synthetic #3a
No. of admissions 13243 11689 0 (0) 0 (0)
Female, 1 (%) 4035 (30.5) 3801 (32.5)| 416 (2.3) 5 (0.0)
Age 18-39, n (%) 1040 (7.9) 68 (0.6) 0 (0) 0 (0)
Age 40-49, n (%) 1008 (7.6) 723 (6.2) 0 (0) 0 (0)
Age 50-59, 1 (%) 2237 (16.9) 1564 (13.4) 0 (0) 0 (0)
Age 60-69, 1 (%) 3790 (28.6) 3509 (30.0) 0 (0) 0 (0)
Age 70-79, n (%) 3880 (29.3) 5785 (49.5) 0 (0) 0 (0)
Age 80+, n (%) 1288 (9.7) 40 (0.3) 0 (0) 0 (0)
Admission cat., n (%)
Elective surgical 7397 (55.9) 7988 (68.3) 0 (0) 99 (0.5)
Emergency surgical 1078 (8.1) 1060 (9.1) 0 (0) 99 (0.5)
Emergency medical 4768 (36.0) 2574 (22.0) 0 (0) 99 (0.5)
Cardiothoracic 5755 (43.5) 4651 (39.8) 0 (0) 0 (0)
First 24hr physiology
Max heart rate 99 (87-113) 96 (85-112) 15 (0.1) 0 (0)
Min MAP, mmHg 59 (51-66) 61 (49-65)| 6 (0.0) 0 (0)
Max FiO2 0.50 (0 41-0.60) 0.60 (o 45-0.73)| 587 (3.2) 3 (0.0)
Min Pa0O2, mmHg 80 (69-97) 67 (59-116)| 579 (3.2) 5 (0.0)
Min PaO2:FiO2 ratio 205 (148 271) 119 (82-273)| 587 (3.2) 5 (0.0)
Min GCS 15 (11-15) 7 (4-10)|5517 (30.3) 12614 (69.2)
Max creatinine, pmol/L 87 (71-110) 154 (119-187)| 348 (1.9) 32 (0.2)
Min platelets 148 (108-202) 102 (58-183)| 321 (1.8) 0 (0)
Max bilirubin, pmol/L | 10.0 (6.0-15.0) 3 (2.1-9.8) |9178 (50.4) 6576 (36.1)
Max SOFA score 6 (4-8) 7 (5-8) 0 (0) 0 (0)
Vasopressors, n (%) 8849 (66.8) 5082 (43.5) 0 (0) 0 (0)
Mechanical vent., n (%)| 11738 (88.6) 9881 (84.5) 0 (0) 0 (0)
Outcomes
Antibiotic esc., n (%) 109 (0.8) 410 (3.5) 0 (0) 310 (1.7)
ICU length of stay, h 24 (21-71) 60 (43-98) 0 (0) 43 (0.2)
ICU mortality, n (%) 1256 (9.5) 2757 (23.6) 0 (0) 0 (0)

Table 5.5: Summary characteristics of ICU admissions by sepsis status for the
real dataset and for a synthetic dataset (continued from Table 5.4). Values are median
(IQR) unless otherwise stated. The TimeGAN generative model for the synthetic dataset was
trained on hourly measurements (up to the first 24hr in ICU) for all physiological variables
used sepsis status definition, as well as outcomes, demographic categories and admission type.
The table was colour-coded to highlight differences between the real and synthetic data, by the
percentage increase (or decrease) (of the median or of n) from real to synthetic, according to
the following categories -20% to 20% , 20% to 60% , 60% to 100% , >100% , -20% to -60% |,

-60% to -100% , | <-100% .
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in post-processing using the Sepsis-3 definition. However, it does illustrate how far a
leading generative model currently is from reproducing synthetic medical time-series data

that is both realistic and useful for clinical research.
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Overall

Admissions Female, n (%) ICU mortality, n (%)
Real 18221 5876 (33.0) 2270 (12.5)
Synthetic #1 18221 n/a 7824 (42.9)
Synthetic #2 18221 n/a 3485 (19.1)
Synthetic #3a 18221 6271 (34.4) 2781 (15.3)
Synthetic #3b 18221 4364 (24.0) 2344 (12.9)
Synthetic #3c 18221 8529 (46.8) 1910 (10.5)
Synthetic #3d 18221 9602 (52.7) 2295 (12.6)
Synthetic #3e 18221 8390 (46.0) 3036 (16.7)

Septic shock

Admissions Female, n (%) ICU mortality, n (%)
Real 1661 611 (36.8) 634 (38.2)
Synthetic #1 314 n/a 766 (51.3)
Synthetic #2 30 n/a (O)
Synthetic #3a 314 122 (38.9) 16 (5.1)
Synthetic #3b 867 678 (78.2) 522 (60.2)
Synthetic #3c 1879 926 (85.8) 823 (76.3)
Synthetic #3d 2151 1881 (87.5) 1063 (49.4)
Synthetic #3e 783 739 (94.4) 613 (78.3)

Sepsis without shock

Admissions Female, n (%) ICU mortality, n (%)
Real 3317 1230 (37.1) 380 (11.5)
Synthetic #1 3377 n/a 714 (21.1)
Synthetic #2 7181 n/a 0 (0)
Synthetic #3a 6218 2348 (37.8) 8 (0.1)
Synthetic #3b 7587 2854 (37.6) 1769 (23.3)
Synthetic #3¢ 4032 1586 (39.3) 87 (2.2)
Synthetic #3d 5313 1635 (30.8) 286 (5.4)
Synthetic #3e 8249 4300 (52.2) 1601 (20.5)

No sepsis

Admissions Female, n (%) ICU mortality, n (%)
Real 13243 4035 (30.5) 1256 (9.5)
Synthetic #1 14078 n/a 6717 (47.7)
Synthetic #2 11010 n/a 3485 (31.7)
Synthetic #3a 11689 3801 (32.5) 2757 (23.6)
Synthetic #3b 9767 832 (8.5) 53 (0.5)
Synthetic #3c 13110 6017 (45.9) 1000 (7.6)
Synthetic #3d 10757 6086 (56.6) 946 (8.8)
Synthetic #3e 0189 3342 (36.4) 732 (8.0)

Table 5.6: Summary of gender (where included) and ICU mortality by sepsis status
for the real dataset and all synthetic datasets. In practice, there should be a higher
incidence of sepsis and of septic shock among males and a higher ICU mortality for septic shock,
as observed in the real AmsterdamUMCdb dataset (and in similar studies). This was often not
observed consistently in the synthetic datasets and there was huge variability for gender and
ICU mortality within synthetic datasets from generative models that were identically trained
(Synthetic #3a-e).
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CHAPTER 6

CONCLUSION

This thesis described wide-ranging methodology for uncovering and understanding struc-
ture within medical time-series data. This included causal influence estimation, modular
multilevel time-series modelling, Bayesian model evaluation, artefact detection in physio-
logical waveforms, and assessment of synthetic data. Although the theoretical work in this
thesis was motivated and accompanied by applications to intensive care time-series, it is
largely domain-agnostic. In particular, the integrated likelihood approach in Chapter 3 is
relevant to any multilevel linear models, and the discussion and evaluation of synthetic
data in Chapter 5 can be abstracted to more general synthetic datasets (including tabular

and imaging data).

6.1 Summary

The key contributions and results from this work were as follows:

e The focus of Chapter 2 was the estimation of causal influence in a bivariate
temporal system. I performed an in-depth qualitative and quantitative review
of causal influence indices, including a novel sensitivity analysis to evaluate the
impact of real-world data issues. The underlying motivation behind this analysis
was to understand whether Covid-19 affected the auto-regulation of physiological
subsystems, and therefore resulted in decreased causal influence between physiological
time-series variables. Having highlighted the usefulness and consistency of transfer
entropy in describing causal influence, I applied information-theoretic measures
(entropy, mutual information and transfer entropy) to a set of physiological time-
series variables (arterial blood pressure, heart rate and temperature), for a cohort of
ICU patients from the Dutch Data Warehouse for Covid-19. Finally, I visualised
information-theoretic trajectories by estimating these measures within successive

24hr windows, up to 14 days in ICU. This initial data visualisation showed that
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there was generally stronger causal influence from temperature to each cardiovascular
variable, than in the opposite direction. Additionally, averaged across the cohort,
many of the transfer entropy trajectories appeared to remain mostly constant during

ICU stay, while mutual information tended to decrease over time.

In Chapter 3, I continued working with these information-theoretic trajectories
with the aim of providing further insights into physiological regulation in ICU,
particularly for Covid-19 patients. I used two flexible multilevel time-series models
to describe these trajectories. I sought to compare between the Covid-19 cohort
and a similar cohort of ICU patients with sepsis and respiratory dysfunction, from
AmsterdamUMCdb. To make comparisons between multiple models with respect
to the same dataset (in this instance, the combined dataset of both cohorts), I
developed a hybrid approach for reliable estimation of the Bayesian model evidence
in high-dimensional settings, using semi-conjugate priors and integrated likelihoods.
I provided analytical solutions for integrated likelihoods in single-level and multilevel
linear models (the latter of which were novel), and used these in Markov chain
Monte Carlo estimation of the model evidence. I showed that my approach yielded
improvements in terms of bias and variance, when compared to MCMC methods
using the full likelihood. Finally, I used this approach to compare trajectory models
for each ICU cohort and for the combined dataset. These results provided some
evidence to support a clinical hypothesis of brainstem dysfunction and impaired

autoregulation for patients in ICU with Covid-19.

In Chapter 4, I switched the focus of the thesis from statistical modelling to
deep learning. Generative deep learning of time-series data is useful not only for
learning latent representations (i.e. of the patient state), but also for generating
realistic synthetic observations. I introduced a novel fully unsupervised framework for
artefact detection in physiological waveforms, called DeepClean [23]. The DeepClean
framework used a variational autoencoder, trained to generate artefact-free synthetic
observations. This was followed by a post-processing automatic threshold to identify
artefacts within real observations, using the distance between matching real-synthetic
observation pairs. In addition to artefact detection, this framework also provided
a method for data imputation (i.e. replacing an artefactual real observation with
the matching synthetic observation), and suggested the conditions under which this
appears to be successful (i.e. when the corresponding latent representation has

sufficient probability).

In Chapter 5, I summarised the overarching goals of synthetic data generation:
privacy, fidelity and utility. I then examined an aspect of each in detail, testing
the capabilities of synthetic medical time-series datasets using a state-of-the-art

generative deep learning model for time-series, TimeGAN. Firstly, I showed that an
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observation-wide identifiability score was dependent on the size of real and synthetic
datasets, using a geometric example. I then developed this identifiability score
into a property of the underlying generative model. Next, I evaluated whether
the TimeGAN model implicitly preserved information-theoretic measures between
multivariate time-series. Finally, I investigating whether a simplified synthetic
ICU dataset (which was generated by a model that was not explicitly trained on
sepsis incidence) could be used for downstream sepsis epidemiology research, and
showed that the resulting synthetic datasets had inconsistent behaviour and failed
to capture and replicate fundamental relationships between sepsis incidence and
ICU mortality. I highlighted several flaws in the TimeGAN model performance,
illustrating that there are many technical challenges that must be addressed before

large-scale synthetic medical datasets can become widely-used.

6.2 Limitations and future work

Many of the limitations of my work in this thesis provided natural avenues for future

research. I have outlined some of these below:

Chapter 2. The main limitation in this chapter was the difficulty in interpretation of
the absolute value of any causal influence index, without needing to rely on comparison
relative to other time-series data. I showed that some indices were very dependent on the
time-series length, so reliable comparison between datasets can also only be performed
for time-series of similar lengths. Non-parametric significance tests exist for standard
linear Granger causality, e.g. [51-53, 55]. This is perhaps the most well-established causal
influence method but has previously been shown to perform inconsistently for nonlinear
systems [50]. Similar non-parametric tests need to be introduced for a wider range of
causal influence indices. I also highlighted data issues that may introduce biases in results
and interpretation (including rounding, missingness and observation noise), but there still
remains some unanswered questions about how best to address or alleviate these issues in
practice.

There is not a consensus in the literature about optimal hyperparameter selection
in causal influence indices. Dynamical systems theory provides universal methods for
identifying suitable embedding hyperparameters [80-82|, but other authors have suggested
domain-specific or empirical approaches are better [75, 83]. The set of causal influence
indices included in my quantitative review shared a common univariate embedding step that
featured constant time-delay lags, and it is perhaps unlikely that an optimal multivariate
mixed embedding will be of this form.

Similarly, most estimation algorithms cannot reliably estimate causal influence in
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sparse data settings, or when time-series are recorded non-simultaneously or at irregular
time intervals. Sparse data is difficult to handle without implicit or explicit regularisation.
Often, a typical workflow for such data may involve preprocessing to transform the data
into a multivariate series with constant time intervals. However, imputation can result in
significant and poorly quantified biases propagating through to causal influence estimation,
and more work is needed to explicitly factor these biases into uncertainty quantification
within a causal influence framework. However, some causal influence indices could be
translated into a Bayesian framework with prior beliefs, in particular by exploiting the links
between information theory and approximate Bayesian computation. Bayesian methods
may also be useful for data that is recorded with non-constant frequency, but more work
is needed to develop a consistent framework that allows causal influence estimation in this
setting.

This analysis could be extended to multivariate settings (both low-dimensional and
high-dimensional). Model misspecification in multivariate systems is a common issue, i.e.
when potential confounding variables are omitted, omission of confounding variables can
create spurious false-positive causal relationships [44]. There may also be redundancy
across multiple variables which provide similar information to the effect variable, or sets of
variables that interact in a synergistic manner such that their combined causal influence is
greater than the ‘sum of their parts’. Consequently, results from bivariate indices cannot
be definitively interpreted as the existence of a fundamental direct causal relationship
between two variables [75], without further knowledge of possible confounding relationships.
By considering a bivariate system in isolation of possible confounders, the separability
assumption (i.e. the causal variable alone contains unique information about future values
of the effect variable) cannot be verified. An avenue for further work is therefore to advance
this quantitative analysis beyond a bivariate setting by including possible confounding
variables, in line with conditional extensions to Granger causality [34, 58, 220, 221] and
transfer entropy [91].

There are two reasons why I did not investigate high-dimensional approaches like
PCMCI [36] more thoroughly within this thesis. Firstly, these algorithms assess conditional
independence between pairs of variables in a multivariate time-series (i.e. testing edges
within the fully-connected graph). The conditional independence test is similar to the
Granger causality conditional independence statement. Bivariate causal influence indices
should not necessarily be neglected, since it may be that different tests of bivariate causal
influence can be used in this stage of the algorithm. This is further complicated because
analysing pairwise conditional independence statements for high-dimensional data is
computationally expensive, so estimation of bivariate causal relationships must be efficient.
Secondly, these methods are designed for high-dimensional settings where many variables

are recorded at uniform frequency. This is not really the case for physiological time-series
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data from intensive care. My initial plan was to investigate just two physiological signals
(temperature and heart rate), though this was later expanded to include arterial blood
pressure recordings as well, so I focused solely on bivariate methods in Chapter 2. Only a
small number of physiological signals are routinely recorded in intensive care and most
other variables, e.g. laboratory results, are infrequently and irregularly recorded. As
such, high-dimensional methods such as PCMCI may not be the most suitable for this
setting. However, PCMCI is also useful for identifying suitable values of embedding
hyperparameters, including 7 and m. As mentioned above, this is something that has
been not been explored fully within this thesis.

In terms of the application to physiological time-series from intensive care, more work
is needed to understand the trajectories and relationships shown in Figures 2.11 and
2.10. This was expanded upon further in Chapter 3. As noted by one of my examiners,
analysis of causal influence may not be necessary, in order to test the clinical hypothesis
that severe disease disrupts causal relationships between physiological systems. In other
words, it is perhaps sufficient only to quantify changes in temporal correlations between
the physiological variables. During my viva, my examiners and I discussed comparing
the findings from this chapter with simpler cross-correlation based indices. Unfortunately,
time-limited access to the raw data from the Dutch Data Warehouse database meant that

I was unable to revisit this during thesis corrections.

Chapter 3. Likewise, model misspecification is also an issue in the multilevel models
discussed in Chapter 3. The model that best describes the data (and achieves the highest
model evidence) may not necessarily be the most useful for a given research objective,
e.g. if the goal is to perform inference on certain covariates, then these covariates should
not be naively excluded on the basis of model evidence comparison. On a similar note,
the choice of suitable priors, e.g. weakly-informative or narrow, is often related to
specific previous knowledge or is otherwise often poorly-justified. A clear discussion of
what constitutes good scientific practice in this regard is needed (for instance, post-hoc
maximising the model evidence with respect to prior distribution hyperparameters is akin
to p-hacking). Multilevel models can also be extended to higher-dimensional settings using
the Kolmogorov-Arnold representation behind the generalised additive model framework.
There are also many alternatives to this regression model framework, including hidden
Markov models and recurrent neural networks, which can be adapted to include multilevel
structure. Given possible model misspecification in the application of information-theoretic
indices to physiological time-series data, it is likely that other models are more suited to
in this instance. However, time constraints meant the only models that I investigated in
this chapter were univariate non-linear functions of time.

I showed that model evidence estimation using an integrated likelihood (alongside
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SMC on variance parameters) performed better than using the full likelihood (with SMC
on all model parameters). One point that remained unclear was whether there were any
circumstances (e.g. relating to the size and structure of the data) under which this is
not the case, i.e. if sampling from a highly-nonlinear integrated likelihood is sometimes
more challenging than sampling from a high-dimensional product of simple distributions.
Establishing the conditions under which the integrated likelihood approach performs better
than the full likelihood approach will provide more clarity about which approach is more
appropriate under a given research question.

I limited the theoretical work in this chapter to general linear models (Gaussian likeli-
hood function and identity link function) with semi-conjugate Gaussian priors for model
covariates . However, this framework can be generalised to other exponential family
likelihoods with conjugate priors, including to generalised linear models with discrete
outcome variables, e.g. logistic regression. Most generalised linear model forms (expo-
nential, gamma, Poisson, categorical, multinomial) have corresponding semi-conjugate or
fully-conjugate prior distributions, which, if suitable given previous or assumed knowledge

of model covariates, can be used in a similar integrated likelihood approach.

Chapter 4. In this chapter, I discussed the relationship between representation learning
and information theory, and highlighted how latent representations can help to guide im-
putation when segments of the time-series contain waveform artefacts. ICU multimodality
monitoring is incredibly high-dimensional, which can make it difficult for clinical staff to
parse a complete snapshot of the patient state. In particular, humans tend to struggle at
visualising multivariate trajectories of time-series variables. I believe that representation
learning has a key role to play in the future of personalised medicine, by exploiting short
and long-term temporal relationships and providing concise summaries of the patient state
and trajectory.

The DeepClean framework works particularly well for structured, quasi-periodic wave-
forms. One of the key assumptions was that the waveform was recorded at constant
frequency and that each observation had equal length. The structure of high-frequency
ABP waveforms means that it is unlikely that an additional preprocessing steps to stan-
dardise waveform timestamps (e.g. using linear interpolation) would result in a significant
loss in artefact detection performance. For other types of data, the same framework
(a probabilistic autoencoder model with appropriate preprocessing and an automatic
thresholding during post-processing) could be used to identify artefacts but these might
require tailored autoencoder network architectures. The artefact detection framework can
be extended to multivariate artefact detection with relatively straightforward adjustments
to the generative deep learning network architecture. In a multivariate physiological

waveform, artefactual segments within one waveform may help to identify events that
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should perhaps invalidate all of the waveforms as similarly artefactual, e.g. extreme patient
movement.

An interesting future direction would be to extend the artefact detection framework to
sparse time-series measurements, e.g. daily laboratory measurements. Most generative
models are incapable of handling these types of data, and may require a more explicitly
Bayesian approach due to the measurement sparsity. When I spent some time shadowing
Dr Ari Ercole and his colleagues on the ICU ward, they described having an internal
sense of the ‘trustworthiness’ and ‘seriousness’ of various data observations. Replicating
this process automatically using Bayesian generative deep learning could prove extremely
useful and would perhaps align well with the human intuition, since this intuition is in
some sense Bayesian as well.

Towards the end of the chapter, I discussed some of the motivations behind the model
architecture and the use of ABP waveform as a test case for model evaluation, without
explicitly mentioning limitations that these decisions imposed on my findings. In particular,
further work is needed to extend and evaluate the DeepClean framework to more irregular
ABP waveforms (e.g. patients with arrhythmias, such as atrial fibrillation or multiple
ectopics) and to establish the generalisability to previously unseen waveforms from other
patients. Similarly, the ‘ground-truth’ manual annotation was not completely objective,
because artefacts are not unambiguously defined. As a result of these considerations
around the properties of ABP morphology, a true gold-standard is lacking, which in turn

imposes limitations on rigorous evaluation of model performance.

Chapter 5. In this chapter, time-series length posed issues in terms of synthetic data
fidelity. Estimates of information-theoretic measures were not reliable when the time-series
length was insufficiently short but, at the other extreme, the generative model was unable
to create synthetic observations that were both long and realistic to the human eye. More
work is needed to create generative deep learning architectures to achieve this. On a
related note, structured representation learning approaches, which explicitly build in
known causal structure and information within a deep learning framework, may help to
improve synthetic dataset utility, for instance the sepsis epidemiology task on which the
TimeGAN model was unsuccessful.

I believe this final chapter contains several elements for future research around synthetic
time-series data, and for investigating important unanswered questions surrounding the use
of large-scale synthetic medical datasets. A key component of synthetic data generation
should be to establish statistical guarantees that enable data holders to make informed
decisions about when and why synthetic medical datasets can and should be published,
and to minimise risks to various stakeholders within the medical community (primarily

the patients, clinicians and researchers). Communicating the risks and rewards of sharing
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real de-anonymised medical datasets is a challenging task in itself, and the abstraction
from real to synthetic datasets will often be harder for stakeholder groups to understand,
so future work on synthetic datasets also needs to clearly identify tangible benefits to
these stakeholders. While working on this chapter, I realised that the pathway to full
open-access publication of large-scale synthetic ICU datasets requires navigating many
theoretical and technical obstacles, most of which are currently poorly understood or still
completely unknown. While some of these challenges, particularly those relating to patient
privacy concerns, will overlap with similar questions about real ICU datasets, there are
also other issues that are unique to the synthetic data generation itself. My aim for this
final chapter was to highlight some of the successes and failures of current state-of-the-art
generative deep learning models, and I showed that there is much still to do to understand

and develop generative deep learning models in clinical applications.
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APPENDIX A

INFORMATION AND CAUSAL INFLUENCE

A.1 Information-theoretic indices and linear processes

with Gaussian noise

The linear process with Gaussian noise is defined as:

Tip1 = bpy + Ay + €5y, €z ~ N (0, ai) (A.1)
Yi+1 = byyt + €yts €yt ™ N<Oa 0—5)

Closed-form analytic expressions for information-theoretic measures can be derived for X
and Y from this system [67]. However, in [67], the authors only implicitly defined entropy,
mutual information and transfer entropy in this system, so I have extended on their work
to provide full analytic solutions here. Denoting the covariance matrix of vector v € R™
as C, with entries C; ;(v) = c(v;,v;) = E[vvj] — E[v;] Elv;], the information-theoretic
measures H(X), I(X,Y) and TEy_, x are:

H(X) = % - % log(27) + %log det C'(z;) (A.2)
1. detC(xy)det C(y,)
I(X,)Y)==1 A.
(X,Y) = S log —— = Clz) (A-3)
det C(( Tt )) det C(z,)
1 Tt+1
TEY%X = 5 lOg (A4>

det C ((;;)) det C(x;)

In Section 2.2, I estimated transfer entropy for m = 1 and 7 = 1. I have derived full

algebraic expressions for this choice of hyperparameters here, but the same calculations can
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be extended to other hyperparameter values. Defining u = (1 — 62) Jo2 v=1-0 w=

y?
— byby, elements of the covariance matrices are as follows:
2 2 05 1
c(ye, y) = c(Wes1, Yer1) = c(byye + €y, by + €y0) = byC(yt, Ye) + o, = 11— u
Y

b,0? b
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v u

c(ze,y) = c(@pg1, Y1) = c(bpxy + Ayp + €0ty by + €y0) = bubyc(ay, yr) + Abyc(ye, yi)

1 1 or  Ab,
= T g, e ) = T AT =
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:b Y )\ Y -
1= TN E

b o2 b2
c(ze, Y1) = (@, byys + €41) = byc(ze, yi) = by T by 1 —yb2 — u_uil
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= b2c(xy, m) + 2Xbgc(zy, yi) + Nc(ye, i) + 02
1 Ab 02 o?
— [ 2xp,—2¥ A2y 2
1—bg( T 1=0 1—b§+‘7m)
1 2 /\2(1 + bmby) y 1 2 2
- — - N2(1 4 byb
T ("x T a1 —12)) = www T AT b)

(g, wpp1) = (@, bpwy + Ayt + €24) = bpc(ze, 1) + Ae(xt, Ye)
_ b (02 N N (1 + beby)o ) b, o
1-02\ " (1 —byb,)(1— b;) 1 —byb, 1 — bf/
1 (b ) A2(b, + by)az

1
T - b;p 2 )\2 bx b
T2\ % T b1 = bg)) v 00z A (b £0y))

These calculations hold under an implicit stationarity assumption. In reality, initial states
xo and yo can have a small effect, but this becomes negligible if the time-series do not
diverge and if a large number of early states (called transients) are discarded. For example,
for b, < 1:

c(Ye, yr) = Zb 5 T Z bzk 2 = yts Lyt = Z b;kaz —0

k=0 y k=t+1 k=t+1

204



The full covariance determinants of the different subspaces are:

()=

we((2))-

we((3) -

Tt
Li+1
where:
A=2w(2-

C(l'n xt)c($t+17 Tyy1) — oy, $t+1)2

1
o7 (u2w2a§(1 — b2) + 22202uw(1 + byb, — byb, — b2)

+ A1 4 2bgby + D262 — B2 — 2b,b, — bz))
1

wvw?

(uw?oy + 2X*wo’ + No?)

C(yt7 yt)c(ytJrla yt+1) - c(yt7 ?Jt+1)2
1
o2

—(1=b,) = oyc(ye, m)

C(xu @) c(Ye, ye) — (@4, yt)2

1
R (uw?a? + Nw + N2wb,b, — )‘2sz2/)
1
5 (ww?a? + N (1 + b,b, ) (1 — byb,) — A2BE(1 — b2))
usvw
2 2 2 2 _ 2 2 2 2
m(uw (o -+ A (1 — by)) = W(UJ (o + A O'y)

c(xy, o) (Yo, yr) (i1, To1) + 2¢(Te, Ty ) e(@ppr, ye) (e, yi)

- C(%’ $t+1)2c<yt7 yt) - C('rtu xt>c(xt+17 yt>2 - C(xt+17 37t+1)C(33t7 yt)2

1
——— (w(uwag AL+ boby))? + 232b,0(byuwo? + N2(b, + b,))
udvw
—/\2b§v(uw0§ + N (14 byb,)) — w(byuwe? + N (b, + b,))?
N o(uwo? + N (1 + bxby)))
1
m(u%w?’ai + AN uwo? + BA\Y)
udvw
1 o2
W(U2UU}30’§ + )\QUQUU}0'20'2> = W;ZJQ(QUQO'i + A2O'§)

ac((3)

w) +2(1—w)o— (1 —uo)v —2w(l —v+1—w) —v =uvo,

B =w(l—b2)(1— b;) +v(—1+byby)(1 — bz) = wwwo? — uvwo? = 0

Y Yy
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Ty

detCi| w = (@, 2e)C(Yr Yo) e (Yor1 Yeu1) + 26(2, Yo) (Yo, Yo )C(1, Y1)
Yt+1 — c(zy, yt+1)26(yt7 yr) — (g, )y, yt+1)2 — (Yer1s Yo (e, yt)2
1
- u3w2 (uw2c($t7 «It) + 2)\2[)3 — )\2b3 — bzuw20<xt’ xt) _ )\263)
1 0.2 b 2
(1= et ) ) = D) o3 (22

= o (c(e, 2)c(yn, yi) — (i, y1)*) = 0 det C((yt»

From this, entropy, mutual information and transfer entropy are defined as:

1 1 1 1 2mo?
H(Y) = 5T §log27rc(yt,yt) =5+ §log - by?
y
11 1 1. 2r [, A(L+bb,)
H(X):§+§10g27rc(xt,xt):§+§10g1_bg(02+( 1—b2)
I(X Y) 11 C(xlh It)c(yt, yt) — 1 Og ( + )\2( b262))/(u21}w )
2 7 clag, w)e(ye, y) — clee,y)® 207 (uw? 02 + A(1 = 87))/ (u?vw?)
1 oR(1—B)(1 = b, + N1 — )
T 2% 02(1 - b2)(1 — byb,)? + A202(1 — b2)
1 detC’((xt,yt)T) detc((ytayt—i-l)T) 1 detC((mt,yt)T)ch(yt,yt)
TEx_y = - log T = 5 log 2 T
2 C(yt,yt) det O((lftaytaytﬂ) ) 2 C(ytayt)ay det C((l“tayt) )
=0
TEy_.y = 1 log det C((%:, yt)T) det C(@t, $t+1)T>
2 c(xy, ) det C((xt, Yt $t+1>T)
_ 1 o det C’((xt, yt)T) det C((l’t, xt+1)T) _ l o det C((:Bt, xt+1)T)
2 %8 c(zy, )02 det O (x4, y:)7) 2 %8 o2c(xy, xy)
1 uw?oy, 4+ 2\ wo} + o
— 2% uw?od + Nw(2 — w)o?
1 | op(1 = 02)(1 = bpby)* 4+ 2X%020, (1 — byb,) + Xy,
T2 T I — 1) (1 — buby)? + No202(1 — 202)

When A is small, then both I(X,Y) and TEy _, x are approximately quadratic in A:

Log(1=03b2) —oa(1 = 02) o2 bi(1—02)
I(X,)Y)= -~ i M4+ O = Y id A+ O
2 21— 02)(1—b, b) 202 (1 — 02)(1 — b,b,)?
120707 (1 — byby) — 020, (1 — b2b7) o2 1
TEy_x = @7y) )2 oy Ty 2 4
e G R R O 7=y sy AN
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These covariance calculations can similarly be extended to arbitrary integer-valued lags 7:

Usb;
1 - b2
O.2b7'+1)\
(e, Yerr) = byc(@e, Yror—1) = byc(zy, ye) = 1— be)(yl — byb,)
Y Yy

C(ytv ytJrT) = byc(ytv ytJrT*l) = bzc(ytv yt+7*2) =

C(xty xtJrT) = be(Z't, xt+7—,1) + AC(;pt? yt+771)
O'2bT )\20'?3 T
= r°x 1— bQ bka—k br-‘,-l bx b
1_b§+(1—53)(1—55)(1—69@)(( w)’;w + 4 b+ b))
(Y, Tegr) = beC(Yt, Trpr—1) + A(Yt, Yeir—1) + (Yt, €xt1r—1)

_ A7, bb, + (1 — bob 5 brpT
= TRty (B (0 beb) S0
k=0

Clearly, a full expression for the coarse-grained transinformation rate (CTIR) is a much
more complicated than transfer entropy. However, it is possible to construct covariance
matrices which have elements that are one of the above four expressions, then numerically

compute determinants in each case, before summing over a range of 7 values to calculate

CTIR.

A.2 Hyperparameters, computational cost and Ulam

lattice figures

In Table A.1, I provide hyperparameter choices for each causal influence index, across
different simulated systems. Table A.2 shows computation times for each causal influence
index across all simulated model systems, averaged over 10 random initialisations of the
simulated system for each value of A\. For practical reasons, some of the indices were
combined because they shared internal computations. TE (H)/ETE (H) was the fastest
in almost all cases, even though this calculation included 10 reshuffled computations for
ETE (H). Several methods had extremely long computational times in UL simulations
with T' = 10°, particularly CTIR and PI, but this was distorted by difficulties in compu-
tation when the system was in a synchronised state. I observed a marked difference in
computational cost for NLGC when using k-means for clustering instead of fuzzy c-means,
and this was one of the reasons that I argued in favour of using k-means for estimating
NLGC. Figure A.1 shows correlations between methods and the additional tests relating to
common data issues, for the Ulam lattice. These correlations are between of the ‘baseline’
T = 103 Ulam lattice system and the additional sensitivity analysis tests, for the net
directed index ry_.y values and all values of A\. Figures A.2 and A.3 show the results of

these experiments in full (alongside Figure 2.4 in the main text).

207



Method Parameter | LP UL HU HB(I) HB(NI)
T 10* | 10% 10° | 10* 10* 10°| 10% 10*
All (%) m 2 1 1 2 2 2 2 2
EGC L 20 | 100 100 | 100 100 100 | 100 100
) 08 105 02]05 03 02| 06 0.6
NLGC P 10 | 50 50 | 50 50 100 | 10 10
PI R 10 | 1 1 1 1 1 1 1
Tinax 20 | 5 5 5 5 5 5 5
SIM R 10 | 20 20| 20 20 20 20 20
SI® R 30 | 20 20| 20 20 20 | 100 100
Method Parameter | All simulations
All T 1
NLGC o 0.05
PI m 1
h 1
TE (H) m 1
N 8
ETE (H) |S 10
l 1
TE (KSG) | m 1
k 4
CTIR k 4
CCM Tinox T
no: 40
5, 0.05

Table A.1: Causal influence indices hyperparameter values for all simulations. 1
followed the hyperparameter values in [47]. The indices are as follows (where GC is Granger
causality): extended GC (EGC), nonlinear GC (NLGC), predictability improvement (PI), transfer
entropy (TE), effective transfer entropy (ETE), coarse-grained transinformation rate (CTIR),
similarity indices (SI) and convergent cross mapping (CCM). TE (H) denotes estimation using a
histogram binning partition, and TE (KSG) denotes Kraskov-Stogbauer-Grassberger estimation.
The lower half of the table are parameters shared in all simulated systems. The embedding
dimension was generally m = 2 for methods (x), except for the Ulam lattice or when otherwise
specified for a particular method in the lower half of the table. CTIR is the only method that
does not involve m or .
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Method LP UL HU HB(I) HB(NI)

T =10 103 10° 103 10 10° 10 10
EGC 0.193 | 0.131 4.095 | 0.070 0.227 1.216 | 0.250 0.291
NLGC 0.693 | 0.314 7488 | 0.462 1.536 27.718 | 0.319 0.320
PI 0.555 | 0.047  21.323 | 0.051 0.535 6.166 | 0.535 0.675
ETE (H) 0.041 | 0.032 1.060 | 0.013 0.039  0.370 | 0.039 0.040
TE (KSG) 0.277 | 0.021 12.461 | 0.018 0.216 3.097 | 0.200 0.264
CTIR 8.729 | 0.181 140.876 | 0.156 1.860 25.541 | 1.714 2.317
S104:2) 3.030 | 0.086 108.029 | 0.118 2.856 &88.200 | 3.301 3.463
CCM 0.069 | 0.028 4.500 | 0.029 0.065 0.740 | 0.068 0.101

Table A.2: Computational requirements of each causal influence index on all sim-
ulated systems. The table reports the time in seconds for each computation, averaged over
10 independent runs and all values of A\. The most efficient method is highlighted . ETE (H)
includes the computation of TE (H) as well. Both SI values were computed concurrently, so the
computational time listed is for both indices combined. The computations were done in a high
performance CPU computing cluster using SkyLake 6140 with 18 core 2.3GHz processors and
384GB of RAM.

T =10¢
T =10°

XY stand.

Tl =¥ - 0.5

Fx—10v
A to ldp
Y to 1dp - 0.0

ALY to 2dp

10% NA

—0.5

20% NA
ol =01(X.Y)

ol =1(X)

-1.0

Pl

EGC
MNLGC
CTIR A

gpill

S1t='
CCM S

L
[

ETE (H)
TE (KSG)

Figure A.1: Pearson correlations in rx_.y values for data sensitivity tests. This is
for the base case of Ulam lattice simulation with 7' = 103, and for the subsequent tests, which
included the effects of data size, scaling, rounding error, missing data and Gaussian noise.
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Figure A.2: Ulam lattice simulation results for data scaling (top) and rounding error
(bottom). The Ulam lattice simulation had T' = 103 data points and unidirectional (X —Y)
coupling. The Gaussian noise was added to the variables in brackets after simulation. Error
bars are for one standard deviation from the mean values, after 10 independent Ulam lattice
simulations.
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Figure A.3: Ulam lattice simulation results for missing data (top) and Gaussian
noise (bottom). The Ulam lattice simulation had 7" = 103 data points and unidirectional
(X —Y) coupling. Error bars are for one standard deviation from the mean values, after 10
independent Ulam lattice simulations.
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Figure A.4: Linear process and Ulam lattice simulation results for 7 = 10> data
points. The Ulam lattice figure also includes results with 7 = 103 and 7 = 103 data points,
to mirror Figure 2.4. In the linear process, two indices (EGC and SI™") returned NA values for
all values of the coupling strength A. Error bars are for one standard deviation from the mean
values, after 10 independent simulations.
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A =0.05 A =10.95

Linear process
=
i
i

Ulam lattice
o]
i
i

1] 10 20 30 1] 10 20 30

Figure A.5: Example transients from linear process and Ulam lattice experiments.
These are sequences of length 7' = 30, taken after discarding initial 7' = 10* transients. For both
experiments, low and high values of the coupling parameter A are included. When A = 0.95,
there is coupling from Y to X in the linear process and from X to Y in the Ulam lattice.
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APPENDIX B

MATHEMATICAL DETAILS FOR
MULTILEVEL MODELS

B.1 Cyclic cubic regression spline for GAMs

The cyclic cubic regression spline defines the basis functions for a generalised additive
model, as described in Section 3.1.3. The function f(t) = Z?:1 fi(t)B; is a piece-wise
cubic polynomial, described in terms of (changepoint) knots 7;, j = 1,...,d + 1. The
coefficients (; are the (unknown) value of the function f(t¢) at these knots, i.e. 8; = f(7;).

The first basis function fi(t) is:

fl(t) = (T2h ) 1{7‘1 §t§72}+ ( Td) 1{Td§t§7—d+1}
J d
d—1
— )3 —h? —t
+ (s — 1) o T — 1) U <t <71} Fra
k
k=1

(t = 7h-1)® = Wi (t = Th1)
6hy—1

Yy <t <m}Fn

]~

+

T

2

For j =2,...,d, the basis functions f;(t) are defined as:

(t—75-1)
hi_y

J

f(t) = —(Tj+;L ! Uy <t<mn}+

Hrj <t <75}

U
— .

(Tha1 — 1) — Rj(Thga — 1)

+ e <t <71} Fj

(]

s 6y
d 3 2
t— T )P —h2 (=T
+ (t=7) o et = Te) o <t < m}Fy
=2 k—1
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where hy = (Tp11 — Tx), the d x d matrices F, B and D are defined as F = B~ D:

;

2(hy + hg-1) 1= 1=1
2(hi—1 + hy) 1= 1=2,...,d
. hi_q 1=7+1 1=2,...,d
Bl-jzéx h; 1=j—1 1=1,...,d—1
hg—1 =1, j=
ha—1 j=1,1=d
\ 0 otherwise
(—1/hy — 1/hg_4 i=j i=1
—1/h;—1 — 1/h; 1= 1=2,...,d
1/h;q 1=7+1 1=2,...,d
D;; = 1/h; 1=5—1 i=1,...,d—1
1/hg_4 1=1, j=d
1/hg 1 j=1i=d
0 otherwise

\

B and D are constructed such that B = D3, where 6; = f”(7;) are the second derivatives
at the knots. The cyclic condition means that f(7441) = f(71) and f"(7441) = f"(11). A

smoothing penalty term, f:ld 1"(t)*dt, can also be defined in terms of these matrices, i.e.
f:d f//(t)Zdt — ﬁTDTB_lDﬁ — BTsﬂ

T

B.2 Integrated likelihoods for multilevel models

In Section 3.2, I presented the integrated likelihoods for multilevel (two-level and three-level)

models. In this section, I provide detailed derivations of these results.

Two-level model. For the basic two-level linear model (Equation 3.2):

2 2\ 1 1 Ty —1
p(D\lea%a%)—/Rd/nmexp(—§(ﬁ—ﬂ) Y (5—M)>><
H;GXP BUAW
j (2ma2)1/2 207

1 5 — 87
HWeXP(_(yJ

1 1 .
- /Rd o S22y i d 2 P (—5(5 — )78~ u)) X

1 > o1
11 [ fora? / P (_273 T 552 > (s — 8wy — m)Z) dm] dp
J n v o0 n Yy o

2
20'y
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where [[, (2707)~ 2 = (2m02)” 2imil? =

= (2m0})” n/2 Completing the square in 7, for the
mtegrand in the square brackets:

1 e’} 2 1 - )
L A o =02 ) dn;
27?0727 /_OO eXp< 20% 205 - (i = 5" i 7];)) &

7

2

oy 1 o
— Y — BT N2 Ui o BT )2
=\ oo eXp< 2(73(5 (yij — B wij) 02+nj02(§ (yij — B 7)) ))

(2

y o7 Y o, +nio,
1 o2 ~
~\T 1 T 1 2 n 2 AT =1 ~
= — by — > co— — ; — 0
(B — 1) B—i)+p X+ ; E] Yis 72 <ag+njag(§ y;)) [T I

Finally, this gives the integrated likelihood

2 DIES &
(DlMQI;O-y; 77) (27{0‘5)m/2|2|1/2 ];[ X

02 + nja2

1 AT A
(B A

y ’L]

! ()
ol ; 02+ njo? - Yii

where the posterior mean and covariance are as defined in Section 3.2:

2o} 0y 0p) =37 +_Z$U Lij — Z(a2+n302 wa me)

y Z]

fi{o},02) = (E f+ = szﬂ/z] 2(02+n = Z%J Z% )>

y z]

3
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Two-level model with group-varying coefficients. In the more general case (Equa-

tion 3.4), the steps are very similar to the above:

1 1
st = [ [ s e (0 - 0" -0 )

1 1 B
1 0P[5, (@72 P (_577? > 1(¢)77j) X

1 ( (yij — BTy — UJTZij)2>
————exp| — dndf
1;[ (2ma2)1/2 202

1 1 Ty—1
= —Z(8 — )y _
/Rd+nd/ am\E‘l/Q‘E (¢)|"/2(2r ) (m+dtnd’)/2 exp( 5 (B — ) (B M)) X

_ 1
exp <—— Z iy 1 Dy Z(yij - BT%J‘ - ngrzij)g) dndp
Y

)

Then:

(B=m)™SHB =)+ D05y 0+ — ! 3> (i — B i — ) 2)°

J ym

=B-w)'ST B+ (UJT (EJI + é > zyz U)% 012 n (Z zij(Yis — 5T=’ﬂz‘j))

% %

1 1
o2 (Z(ylj - 5%“)25) TS > (i - 5T£Cij)2>

Y i Yy 4

_ . o oo 1 T ]
=B-w'SB-p+> ((m — fin ) 5 (0 — fng)— > (i — Bxy)” - Najzn,}:umj>
j

L

= (8" +Z< — fug) 5 (0 um)
AN 042(@ 5915 (Zijykj)>+uTE‘1u—ﬂTfl‘lﬂ

Y ij k

with the posterior means and covariances:

o _ 1 . - 1
Zn,; =X, V) + ; Z Zijz£> finj = Y (; Z zij(Yis — 5T$ij)>
, i

55 S~ S (S eSS )
Ty i,j k
el 1 :
w= E(E llu+ sz”y” ( lejzzj;>2ﬁvj(z ijykj)>)
Y oig k
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This integrated likelihood is:

2 D SR
p(D|M2270y7 ¢) - (QFJZ)W/2|E|1/2|En|n/2 H |E77J| X

1 .
exp<—§< thHn u+—zyu st

y z]

(s en)

Three-level hierarchical structure. Finally, for the three-level hierarchical structure
(Equation 3.5):

1
2 2\ __ T
(D|M31’Uy’ 777UC> —/Rd+m+K (2m) d/2|2|1/2 2 (8= %" (B 'u)>

H exp i ! exp —ik X
(2ot (2mo2)1/2 20? 2#02)1/2 202

2
H 2 5 1/2 eXp( (yl]k /B xl]k njk Ck) )dgdndﬂ
7TU

202

exp

zyk

1
= dCdnd
/Rm+d+K U;no.go.é(‘2‘1/2<2ﬂ-)(n+d+m+K)/ exp( ) Cdndp

where:

=(B—w)TE (B - p)+ Z

k

Z%k Z Yijh — B Tig — i — Ck)2]

y Zj

The expression in square brackets is in the same form as the simple multilevel model:

1, ) oy + oZmy
?Ck Z%k Z QAijk — G)” = yUT G — 02 + o2 Za”k
¢ y 4,j ¢ C .3
+—ka+—2 i
Ty S
1 UC 2
0_2 o2 _I_O_ka (; ]k)
where I have introduced the following for readability:

aijr = Wik — B Tije — 1), bijk = Wik — BT wijn)
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For a given k, the last two lines of the previous expression are:

1 0.2 2
2 ¢
2 ank Z bijk — Njk)” — o202 T ofmy (;(bijk - Ujk))

y 1,3

=52 Z M + = Z ((Z b)) — 205D big) + mjkngk)
n j . N -

1 2

o2 m (Z < Z bijk) mjkﬁjk) )

y "y
1 1 o
- Znﬂkmk< 051 + ymjk(sﬂ 02 Wmﬂcmlk) + —y Z bzyk
iJ
1 o 2
—2 Z Mjk E(Z biji) — 02 02 n Uka Z bitk) Mk | — ;W(Z bijk)
j ) 7 Y Zl i)j
1
= ’r]k_ 2,,7 k,r]k 277k 2,’7 k"un’k + — Z b’?jk‘ 55, =2 Z b”k
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For matrices A and B, where A and A + B are invertible and B has rank 1 (as is the case

with the outer product above), then the inverse of A + B is:

|
A+B)y ' = A F— A
) 1L To(BA

In this case,
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Putting this together, we have the following:
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Returning to the original integrand, the expression for Z becomes:
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Sampling from the posterior and the posterior predictive distribution. For the

three-level model (Equation 3.5), the SMC trace (or another method) provides samples

from the posterior distributions for the variance parameters, i.e. 9((7‘? fors =1,...,85,
where 0,2 = (05, 0,27, 2)‘ The posterior distributions are sampled upwards through the

multilevel structure. This starts with ﬂ(s)wc(;) ~ N(f1, %), using Equations B.3 and B.4 (e.g.
replacing variance terms with their samples from the posterior). Then, the second-level
terms are sampled from posterior 77,(:)] B 9((752) ~ N(fiyr, Eyx) using Equations B.1 and
B.2. This is a multivariate Gaussian distribution for all second-level groups within a given
third-level group, rather than separate univariate Gaussians for each second-level group
independently of the higher-level structure. Next, the third-level terms are sampled from

posterior C,gs)|77,(f), B 9((782) ~ N(fi¢r, 67 ), where:

U? T 2 A2 0202

. . y

= E i — B Tiik — Nig)°, Orfp = ———2—
Hek 05 + a?mk — (vigk = 5" ige: = i) Gk 05 + ngk

Z?]

Finally, the replicated data from the posterior predictive distribution is:

?/U}:Kk ,nk , B¢ 9(5 (5T=’Ez‘jk+77jk+Ck,U§)

This is repeated S times to give multiple instances of replicated data. In a posterior
predictive check, the value of a test statistic T'(y) or test quantity 7'(y, #) for the observed
data is compared against the distribution of values of this test quantity for each of the

different replicated data.

B.3 Comparing cohorts: priors and further results

In Section 3.3, I modelled inflammatory markers and information-theoretic variables
separately as univariate functions of time, using both Bayesian and frequentist approaches.
I did this firstly using two-level models (with patient groups) and then using three-level
models (with patient and hospital groups). For each variable, I modelled three datasets: the
Covid-19 cohort Dy, the sepsis cohort Dy and the combined cohort D = D; U D,. In each
case, I converted the (normalised) timestamps ¢;;;, to covariates z;;;, using Equation 3.7,
with d; = 5 fixed changepoints s,, (which were 0, 0.2, 0.4, 0.6 and 0.8). The Fourier terms
had periodicity P = 0.5 and dy = 4. In the unnormalised timestamp data, this meant the
longest Fourier period was 7.5 days and the shortest Fourier period was 1.875 days (or 45
hours). The full dimension of x;;, was d = 1 + dy + 2dy = 14. The three-level Bayesian
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model was of the form described in Equation 3.10, i.e.:

My : yijr = B @ik + e + G + €, €jx ~ N(0, 03)7 ik ~ N (0, 03), Gk ~ N(0, 0?)
0= (5T,O'§,O'g,0'g)T ~ Py

The two-level Bayesian model was instead:

Moy = iy = B i +m; + €5, €5~ N(0,02), 7, ~ N(0,07)
_ (AT 2 2T
0_(/8 ’O-y70-77) N]P)Q
In Section 3.3, I left details about the priors Py to this Appendix. In each case, Py was a
composed of independent priors for each variable, with were either Gaussian (for regression
coefficients /3) or inverse-gamma (for each variance parameter). In all Bayesian models, the
prior for 8 was 8 ~ N(0,Y), where ¥ was a diagonal covariance matrix. The first 1 + d;
elements of the covariance diagonal, corresponding to the piece-wise linear component in
Equation 3.7, had value 1. The remaining d, elements, corresponding to the Fourier term,

had value 0.05. For the three-level models, the prior for 05 was IG(3,1) and the priors

2
n

IG(3,1.5) prior for 05. Similarly to Section 3.2.3, this meant that any randomly sampled

for o2 and 0? were 1G(3,0.5). The two-level model had the same prior for ag, but an

value y;ji or y;; from Py should have similar expected value and variance. In Table B.1,

the intercept-only three-level model was:

Mss s yige = B+ i + Ce + €ijiy € ~ N(070§)7 Njk ~ N(QUE;% G ~ N(Oﬁg)
B~ N(0,1), o) ~IG(3,1), o2 ~ IG(3,0.5), ¢ ~ 1G(3,0.5),
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Figure B.1: Samples from the posterior predictive distribution. The left subplots (blue)
show trajectories of HR entropy for two patients from the sepsis cohort (aligned at admission),
with the Bayesian model fit. The remaining columns show replicated data sampled from the
posterior predictive.
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Figure B.2: Correlations between information-theoretic measures for Covid-19 and
sepsis data. There was generally weak negative correlation between entropy values and the
other information-theoretic measures, and generally weak positive correlation between mutual
information values and transfer entropy values. The only strong correlations were between mutual
information measures. The strongest negative correlation (-0.42) was between HR entropy values
and T and HR mutual information values.
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Figure B.3: A subset of posterior predictive checks. Four test statistics were defined in
Section 3.3 for model checking: IQRs of patient-specific intercepts and gradients, within-patient
RSS and between-patient RSS. The figure shows samples of the test statistic from the posterior
predictive distribution, along with the observed value (vertical line).
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8CG

Three-level models (with group-level patient and hospital terms)

SMC with integrated likelihoods
Baseline model Alternate model

Full model Intercept-only Full model Intercept-only
Variable log p(D|M,) log p(D| M) log p(D|M,) log p(D| M)
Entropy, T “8761.78 (0.02)  -8854.32 (0.03) “8715.44 (0.05)  -8835.01 (0.04)
Entropy, HR 113325.86 (0.03) -13480.03 (0.04) 113221.09 (0.04) -13429.24 (0.05)
Entropy, ABP -14372.46 (0.04) -15318.18 (0.02) -14264.73 (0.04) -15301.39 (0.04)
ML, HR and T 2941271 (0.04)  -9940.01 (0.04) -0414.92 (0.05)  -9943.74 (0.03)
Transfer entropy, HR to T | -10104.68 (0.03) -10107.32 (0.03) -10102.14 (0.04) -10107.06 (0.02)
Transfer entropy, T to HR -10245.52 (0.02) -10276.19 (0.03) -10216.67 (0.04) -10266.35 (0.03)
MI, ABP and T 9931.20 (0.03) -10379.36 (0.03) -9928.21 (0.04) -10380.52 (0.05)
Transfer entropy, ABP to T | -10025.14 (0.02) -10022.93 (0.03) -10005.87 (0.03) -10009.73 (0.03) 1.68
Transfer entropy, T to ABP | -10005.87 (0.03) -10284.90 (0.02) -10232.86 (0.03) -10288.21 (0.05)
MI, ABP and HR -13979.65 (0.03) -14556.37 (0.04) -13907.62 (0.06) -14557.98 (0.03)
Transfer entropy, ABP to HR | -16323.07 (0.03) -16429.87 (0.03) “16317.1 (0.05) -16421.03 (0.02)
Transfer entropy, HR to ABP | -16136.40 (0.04) -16235.63 (0.03) -16123.6 (0.06) -16220.09 (0.06)
C-reactive protein (mg/1) -3988.38 (0.04)  -4309.85 (0.03) -3980.23 (0.03)  -4303.88 (0.03)
Leukocytes (10°/1) -4144.67 (0.03)  -4150.76 (0.02) _3714.77 (0.04)  -3779.55 (0.03)

Table B.1: Bayesian model evidence comparisons of all of the information-theoretic and inflammatory marker variables between
full model and intercept-only model. This involved three-level models, with second-level patient groups and third-level hospital groups. The
Bayes factors was calculated using log model evidence estimates from sequential Monte Carlo (SMC) with integrated likelihoods (Equations 3.10, 3.11,
3.14, 3.16). These are colour-coded according to the interpretation table of Jeffrey [128], including substantial in favour of My« (log;y BF 4 between

-1 and -0.5), strong in favour of M; (between 1 and 1.5), very strong in favour of M, (between 1.5 and 2) and _

(greater than 2).



APPENDIX C

DEEPCLEAN IMPLEMENTATION

This appendix contains supplementary material for the DeepClean artefact detection
framework. Figure C.1 shows the ROC curves, as the automatic MSE threshold was varied.
Table C.1 shows the DeepClean VAE network architecture.
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Figure C.1: Receiver operating characteristic (ROC) curves for artefact detection
with DeepClean and PCA. True positive rate (TPR) and false positive rate (FPR) are the
same as sensitivity and (1 - specificity) respectively. The points marked on each curve correspond
to the automatic percentile threshold, for each latent dimension.
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Encoder Decoder
Layer Hyperparameters Dimensions | Layer Hyperparameters Dimensions
Input = None 1250 x 1 Input 2 None d,
1-d convolutional n=3_8, sp=15 1250 x 8 Fully connected | n =16 16
Max value pooling | s, =5 250 x 8 Fully connected | n = 800 800
1-d convolutional n =16, sy =15 250 x 16 Reshape None 50 x 16
Max value pooling | s, =5 50 x 16 1-d convolutional | n =16, sy =15 50 x 16
Dropout r=20.1 50 x 16 Upsampling Su =205 250 x 16
1-d convolutional n=106, sy =15 50 x 16 Dropout r=20.1 250 x 16
Flatten None 800 1-d convolutional | n =8, s, =15 250 x 8
Dropout r=20.1 800 Upsampling Sy =295 1250 x 8
Fully connected n =16 16 Dropout r=0.1 1250 x 8
2x fully connected | n =d, d,, d, 1-d convolutional | n =1, s, =15 1250 x 1
Outputs f.,log(c?) | None d,, d, Output pu, None 1250 x 1

Table C.1: DeepClean encoder and decoder network architecture, with tensor dimensions and hyperparameters. The inputs to
each network are the first row. Each row after this describes a transformation applied to the one above. 1-dimensional convolutional layers have n
convolutional filters with kernel size m. Pooling have pool size s, and upsampling layers have repeat size s,. Dropout layers have the dropout rate
r, and dense fully connected (FC) layers have n units. The activation functions for every convolutional layer and FC layer were ‘ReLu’ functions.
In all other cases, the activation was linear.



APPENDIX D

TIMEGAN ARCHITECTURE

The TimeGAN model [180] used in Chapter 5 consists of four neural networks, which
act as the following: embedding, recovery, sequence generation and discriminator. In
Chapter 5, I denoted the data as 7 = (u;, v, . .., vir)T, with time-independent (static)
component u; € Ry and time-varying component v;; € RV for 7 = 1,...,T. In [180], the
authors present the TimeGAN architecture with slightly different notation, using static
features s and temporal features z1.0 = (1, . .. ,xT)T in feature vector spaces S and X
respectively (e.g. RY and RY). These are associated with embedding vectors hs and
hy.7, latent vectors zs and z1.7, and reconstructions § and Z;.7. The corresponding vector
spaces for the embedding vectors are Hs and Hy and for latent vectors are Zgs and Zy.

Generally speaking, the four neural networks are functions acting on these vector spaces:
e: Sx[[x—Hsx [[Hr,  s,2ir > hs hir = e(s, z17)
t t
ritsx [[He = Sx[[X,  hs g~ 8 &0 = r(hs, hir)
t t
g: Zs X HZX — Hs X H’HX, zs, 21w — hs, b = g(zs, z1.7)

t t
d: Hs x [[Hx — J]I0.1], hs, bz = js, iz = d(hs, hir)
t

t+1

Here, the latent vector zs, z1.7 is sampled from a known distribution (e.g. a Gaussian
distribution for zg and a Wiener process for z1.7), the output of the sequence generating
function ¢ is a synthetic embedding ﬁg, hi.r and the input to the discriminator function
d is either the real embedding hg, hi.r or the synthetic embedding iLg, HLT. Random
sampling to determine the input to the discriminator is unseen by the model. The output
of the discriminator function d is the usual GAN classification s, 1.7 (i.e. whether the
model believes the current embedding vector iLs, ﬁlzT is real or synthetic). These functions

can have different neural network architectures but must follow some autoregressive/causal
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Figure D.1: TimeGAN architecture (from [180]). (a) Block diagram of networks and loss
functions. (b) The default TimeGAN architecture using RNNs and feedforward networks.

ordering rules. The default TimeGAN architecture uses a combination of recurrent and

feedforward networks (Figure D.1).
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APPENDIX E

CODE AVAILABILITY

E.1 Causal influence indices for bivariate time-series

One goal of the reproducibility project in Section 2.2 was to make an open-access code re-
source for all the causal influence indices reviewed in this chapter. My code is openly avail-
able at the GitHub repository https://github.com/tedinburgh/causality-review,
with permanent DOI at [90]. The data that supported the findings of this study are
openly available at the same repository. I received a CODECHECK certificate (https:
//codecheck.org.uk) that confirmed all computations and figures in my paper [21] could
be independently executed. This CODECHECK has permament DOI [222]. Existing open-
access code for some causal influence indices include repositories for information theory
and transfer entropy in IDTxI1 [91] v1.1 and PyIF [223], and for convergent cross mapping
in pyEDM [92] v1.7.4. T checked results for transfer entropy and convergent cross mapping
against the IDTx] and pyEDM repositories respectively. All code in our repository and in
these others is Python.

E.2 Bayesian model selection for multilevel models

Open-source code and all datasets for Section 3.2 is available in the GitHub repository (1),
with permanent DOI at [224]. The AmsterdamUMCdb dataset discussed in Section 3.3 is
freely-accessible, with access upon request through (2). This is supported by a GitHub
repository (3). The code for Section 3.3 is available on request, and will be made available

open-access when this analysis is ready to submit as a publication.

(1) https://github.com/tedinburgh/model-evidence-with-integrated-likelihood
(2) https://www.amsterdammedicaldatascience.nl

(3) https://github. com/AmsterdamUMC/AmsterdamUMCdb
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E.3 DeepClean artefact detection

The data used in this work were recorded as part of routine clinical care and not available
for open access. Open-access code used in this chapter is available at https://github.

com/tedinburgh/deepclean.

E.4 Synthetic medical time-series data

This chapter uses the TimeGAN generative model, which is supported at the GitHub
repositories (1) and (2). The code for my analysis in this chapter is available on request, and
will be made available open-access when this chapter is ready to submit as a publication.
Section 5.4 is built on a project I lead to implement the Sepsis-3 criteria in real data from
AmsterdamUMCdb, and then to describe the epidemiology. The first part of this project
was published at [112], with supporting code available open-access at [225] and in the
accompanying GitHub repository (3).

(1) https://github.com/jsyoon0823/TimeGAN
(2) https://github.com/vanderschaarlab/synthcity
(3) https://github.com/tedinburgh/sepsis3-amsterdamumcdb
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