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In the next section we prove the theorem of Coates and Wiles
using the module Y i in the final section we relate the Iwasawa
invariants of Z and X_ (which are defined in that section) to

the rank of E(FO) as an o-module. Our results are:
Theorem 4. If E(K) has infinitely many points, then L(E/K,1l) = O.

Theorem 5. Suppose that p (which does not lie in T) is prime to
¢ (4) . Then the Iwasawa A- and p-invariants of X and Z_ are equal.

Furthermore the A-invariant is at least as large as the rank of

E(FO) (mod torsion) as an o-module.
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§1. The Coates-Wiles theorem.

In this section, we suppose that E(K) has infinitely

many points, and hence in particular, has a pointP of infinite order.
Further we assume throughout that p is not anomolous; infinitely many
such primes exist (see [7 ], lemma 12).

The idea of the proof is to show that gl(u—l) = O by construc-
ting sufficiently large submodules of (U;/Eoln)(l) for each n.
The proof may be broken into several stages.

First, let Yil)(—l) denote the Tate twist by (-1) (explained

below) . Then, as a A-module,
v (-1 = a/mem)

where h(T) = gl((u(l+T)—l) (recall u = k(y)).
Second, we show that either h(0) = O or |h(O)|;l is the number

of elements in (A/hA)F.

At the third stage, we construct extensions Hn of P for each

n, as follows. Let Qn be a point defined over the algebraic closure

n+1l _ _ ;
of K such that Qn = P, Set Hn = Fn(Qn), and reca;l that Ln is

the p-Hilbert class field of Fn' The extension HnLan/Lan will be

shown to have degree pn+l—c, where ¢ is a constant independent of

n, and depending only on P. The Galois group G(HnLan/Lan) is

(1),

1 -
a homomorphic image of (Un/co n)(l), and thus of Y =7 ; from this it
14

will follow that |h(OHI)s p—(n+l—c)’ and letting n —> «, we conclude

that

h(0) = g;(u-1) = 0 = L(y,1) = L(E/K,1).
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i We now proceed with the proof in stages. For Zg)ﬁmodules A
and B on which a group G acts, we define the action of G on the
Zr)-homomorphism group Hom (A,B) as follows. Let g belong to

Hom(A,B) . Define gO, for 0eG to be the homomorphism g: A —> B
=1

such that g(a) = (£ ))°

for every acA.

Let T be the Tate module lim E
Corms

Al (the connecting homomorphisms
™

are multiplication by powers of m). G_ acts on T via the character

{ k. Define the G, -~module T(-1) = HomZZ (T'ZE>); here the action of
5 p
| G, on Zp is trivial. Thus G acts on T(-1) via K—l: for teT, and

any homomorphisms g: T —> Zp ’

o gL -1 -1
g (t) = g(t ) = g(k(o 7)t) = k “(o)g(t).

Define the twist of Y1) by T(-1), denoted ¥‘!)(-1), to be the

(1)
®
0 7
p

products. Then for any o0eG_, eril) and geT(-1),

ZE)—module Y T(-1), with G, acting diagonally on tensor

i o (y8g) = oy®g’ = K—l(a)(cy®g).

(L)

°
o) I

The ZE>—module Yil)(—l) is isomorphic as a ZE)—module to Y
‘ ¢
A only the action of G has been changed. There is an isomorphism

\
B Yil’ —_—> Yil)(—l) such that

(1)

°
[oe]

B (oy) kK(o)ob(y) for all yeY

Now for any y in Y(l), and h(T) in A, we have

o

6(h(T)y) = h(u(l+T)-1)6(y);

this clearly holds if h(T) is a constant, or if h(T) = T (for then

To = (y=-1l)a, and u = k(y)) and the result follows for general h(T)




113 |

by linearity and continuity, since the module is compact. Thus
v (-1) = a/n(ma,
where h(T) = gl(u(l+T)—l).
The next step in the argument is.to consider the value h(O) .

Lemma 4.1. Either h(0) = 0, or |h(O)|;l is the number of elements

of (A/(h(T))F.

Proof: Suppose h(0) # O, and |h(O)|;l = p"'. There is a surjective

homomorphism ¢z A/hA —> Zﬂ/meZ induced by mapping an element
gel to g(0). Since h(0) = O modulo ﬁmZE), the mapping

g(mod h) +—> g(0) mod pmmp is well defined (noting that

ZZp /p'"zzp = 77 /meZ ) . The kernel of ¢ clearly contains T.A/hA.
Suppose g+hA lies in the kernel of ¢: so pm|g(O). Write
(T) = p'g, + Tqq (T)
g =P 9, qq
h(T) = p'h_ + Tq, (T)
P B 95 ’

where dqq and d, belong to A, Io and hO belong to ZE>' and hO is

. #
a unit. Then

1

=1 -
g(T) Ioh, h(T) - T(G_h

JhoTa, (T) - qq(T))

Tq3(T) modulo hA

for some q3(T)eA. Thus the kernel of ¢ is equal to TA/hA, so

that

(ANMHr:Z/ﬁﬁ

has pm elements. The lemma is proved.
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For the next step, let n be a nonnegative integer. As
explained in detail in [6 ], global class field theory describes
¥ 9
the Galois group G(Mn/LnFm) as a Gn—module: Un/Sn is isomorphic to

G(Mn/Lan). In particular, since Gn o GOXG(Fn/FO), we have

gL (1)

(u_/S,) = G(M_ /L F_) .

(Gn operates on G(Mn/Lan) via inner automorphisms: if 0eG and
xeG(Mn/LnFm), then x° = pxal, where p is any element of G(Mn/K)
whose restriction to Fo is equal to o). There is a natural

surjection of ZE>[GnJ modules
- (1) ' gy L)
(Un/co,n) > (U /8,) > 0. (1)

1 sy
We will show that (Un/Sn)(l) has a submodule of order at least

pn+l_c, where ¢ is a constant depending only on P.

Choose Qn over the algebraic closure of K such that w Q. = P;

set Hn = Fn(Qn). The extension Hn/Fn is cyclic of degree dividing

pn+l, and it is unramified outside [ thus Hn < Mn (see lemma 33

of [7])-
The group G, (or A) acts via ¥ on G(Hn/Fn). +For, let

xeG(Hn/Fn), 0eGy ., and let o, be any element of G(Hn/K) whose

L

restriction to F is equal to o. Define (x,P) = xQ -0, . (Subtrac-

tion in E(C€) ). This is independent of the choice of Qn: its value

lies in Eﬂn+l' Then
o o (o]
T. 00 _ .0 1 L _ 1 _ o
(X IP ) = X (Qn ) 5 Qn - (XQn Qn) S (XIP) o
Now PeE(K), so that (xG,P) = x (o) (x,P). Hence xO = x(o)x for

all xaG(Hn/Fn).
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The key step now is to show that Hn/Fn is nontrivial, and is
sufficiently large; more exactly, that G(HnLan/LnFm), which is a
homomorphic image of G(Mn/Lan)(l), is sufficiently large.

As noted in lemma 35 of [6], we may assume that P belongs to
the kernel of reduction modulo P on E(Kp). There is an isomorphism
over Op between the formal group ﬁ(p) on E corresponding to the
parameter t = 2p(z)/p'(z) and the formal group E(p) on which the
endomorphism corresponding to m is given by [7]w = wP+mw (see [7]
p228). Let § be the point on ﬁ(p) corresponding to P, and o the
image in E(p) under this isomorphism. For any integer n > O, let
E denote the points B in the algebraic closure of KP satisfying

ﬂn+l

[ﬂn+l

18 = 0: these correspond to the points of E n+l” We shall

™

denote addition in the group E(p) by a star (*) and subtraction
by a tilde (~).

Let @n = l_)@n (recall that @n is the completion of Fn at pn).

nzo
Then as explained in lemma 35 of [7 1], @n(Qn) - @n(an) and
@m(Qn) = Qm(un), where o ~are defined inductively by the formulae
[mlay = a, [mla ., = a for allm > Q.

By our remarks above, <I>O°(0Ln)/<1>oo is cyclic of degree dividing pn+l.

The following lemma is a refinement of theorem 11 of [7 ].

Lemma 4.2. Let c be the least positive integer such that

a*[ﬂc+l]E(p). For each n =2 c, the extension @m(anybw is totally

ramified, and of degree pn+l—c.

(We stress that c¢ depends only on P, and not on n).




|
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Proof: First we note that because F /K is totally ramified at p,
the Galois group G(QO/KP) may be identified with Go' Since o

belongs to E(p), one sees easily that GO operates on G(@m(an)/Qw)
via x. Thus ¢ _ is the maximal abelian extension of Kp contained

in @m(an). As any unramified extension of ¢ is abelian over Kp/
it suffic to prove that ¢ (o_)/® hés degree g
£ es P w (Op s gree p -

We may assume, without loss of generality, that c¢c = 0. 1Indeed,
choose B in E(p) such that [ﬂCJB = o, then B satisfies the hypotheses
of the lemma with ¢ = 0, and @w(an) = @m(Bn_c); here Bm satisfies

[W]BO = B and [ﬂ]Bm+l = Bm for all m = O.

Il

Suppose therefore that c O. The proof is by induction on n.

o
If n = O, suppose that @w(ao) ¢ . Then the map ¢ > ag "~ ey is

clearly a cocycle on G_ with values in Eﬂ. But by Sah's lemma
(see [191) Hl(Gm,Eﬂ) = 0. Hence there must exist vV, on Eﬂ such

o R - - N ; .
that o a0, = Vg s for all ¢ in G_. Thus Oy vV, is fixed by

G,r and so lies in Kp' But then o = [ﬂ](ao & vo) belongs to

LmJE(p), which is a contradiction. Hence the lemma is true for

n = 0.
Suppose it has been proven for n, but that pw(an) = ¢w(an+l)'
Let T denote a generator of G(@w(an)/Qw). Now
ot = 0 *
n+l n+tl
for some neEﬂn+2, whence
Tk
= *
oLn+l “n+l Lkn
n
for all k > 0. As 1P = 1, it follows that net nel® Therefore
i
n+l T _ n+1 . n+l _
Cm ](an+l) = [w ](an+l), but [ ]an+l = Qa,s SO that Og

belongs to ¢ _. But we have already shown that this is not the case,

and so the proof of the lemma is complete.
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This lemma implies that G(H_L_F /LnFm), which is cyclic, has

nn e
order at least p"t17C. (2)
The surjection (1) (see above) gives rise to the injection
S ¢ o=t (1) . ' = (1)
O —> Hom((U_/S )" "', Eﬁn+l) > Hom((U_/C_) "7, E 1) OF
Z;>_[Gn] modules; this gives an injection’
F_/F_) G(F_/F_)
. ¥ ozt (1) G(nO_ 'o= (1) n’*o
0] > Hom((Un/Sn) 7 ETrn+l >Hom((Un/Co,n) ’Eﬂn+l)
G(Fn/Fo)

(where for a G(Fn/Fo) module A, A denotes the elements of

A fixed by G(Fn/Fo)).

We saw above that G, operates on G(HnLnFm/LnFm) via X. Also

any homomorphism g: G(HnLth/Lan) — Eﬂn+l satisfies f° = f for all
0eG . (Let TeG(H L F_ /L F_ ). Then

o & ~1

£ (1) = (E{v" )) = klo)f(e(o ")) = £(T)°
since 0 acts on E - via k, and on T via k also). Therefore there

i
is an injection
. - (1) G(Fn/FO)

o —> Hom(G(HnLnFoo/LnFoo),Eﬂn+l) —> Hom((U_/C, ) ,E“nﬂ) .

#
We may now quickly deduce theorem 2. First, we see that

. G(F, _/F )
Hom(Yil),Eﬂn+l)r & Hom((Un/Co,n)(l)’Eﬂn+l) e
because (Yogl))F B (U;/EO n)(l).
n { 4
Also fom (v 1), & n+]_)F =~ Hom(v 1) (-1), = /p""1z )T
ﬂ

where G acts trivially on Zﬂ/pn+lz §

n+lzz r

But Hom(Yof,l)(—l),ZZ /P )

= Hom (M) (-1)) ., = /p™m) .
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From (2) above, there is a surjective homomorphism

¢: G(H L F /L F ) —> E

n-n n+l-c’
m

consequently, there is a surjective homomorphism

o2 (P (-1, — =M

Thus either gl(u—l) = h(0) = 0O,
c-(n+1)

or Igl(u_l)lp = Pp

Since this holds for all n, gl(u—l)

Il
O

But this implies that L(E/K,1)

Il
(©)
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§2. Proof of theorem 5.

The main result of this section is the relation between the
rank of the Fo—rational points on E (mod torsion) and the Iwasawa
invariants of the A-modules X , and 2 .

Suppose X is a A-torsion A-module. Then it is pseudo isomorphic

to a direct sum of the form
il Hx
A/p "N &...® A/p A & A/fl(T)A ®...0 A/fz(T)A

where ul,...,uk are positive integers, and fl(T),...,fQ(T) are

distinguished polynomials in A, that is, of the form

where p divides each bi’ and Ai = deg fi' Suppose that the

n
Fn—invariance of X, that is, X/wnX (wn = (l+'I‘)p -1), is finite;

e

let p % denote its order. Then (see [15] pl27 , or [20]) for all
% k

sufficiently large n, e, = n Z Ai # pn X Hy + v, where v is a
i=1 j=1

constant depending only on X. The coefficients of n and pn are

known as the Iwasawa A- and yp-invariants of X.

#
We now turn to the proof of theorem 5 and first establish the

equality of the invariants: it depends upon the following lemma.

_1 1
Lemma 4.3 For each n > O, the index of C, in Sn equals the p-part

of the class number of Fn‘

Proof: Theorem 2 shows that |[Sn:Cn]|p = |n » where p  denotes

n|p
] i 1 _
the class number of F_. Now S_/C_ =~ S _/C_ is a Z_ -module and so
n n’ “n n’ "n P

] 1
is a p-group; furthermore there is an injection Sn/cn c—> Sn/cn'
-1

1 )
so that S _/C_ has order dividing Ihn|p

] i 1
. But s /C_=8cC/C, and \
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1 1 1
since Sn/sncn has no p-torsion, we conclude that Sn/Cn has order

1 ! . !
(Sn/SnCn has no p-torsion; because Sn/Sn has

1 1
peSn, then x = xF = 1 mod pn, so that annLq,e.d.

precisely |hn|p
\ none: for if xeS and x

\ We consider the exact sequences

0 —> GM_ /L F,) —> G(M/F) —> G(LF./F) —> O

| o —> §_/C — u'fel  — u_/8, —> o.

‘ Now G(Mn/Lan) is isomorphic to U;/gg as a G(Fn/K)—module (see [ 6 1,
| theorem 11 ); these are both finite groups, because the p-adic rank

| of the global units of Fn equals the 7Z -rank (this is Leopoldt's

| conjecture which holds because Fo is abelian over K; see [2 ]).

2t - 158

nlp = [Sn:CnJ.

I

| Also the order of G(L F /F.) G(L /F ) is |h

Recalling that

Xoo/wnXoo -

I
b
Il
@
=
=}
e
&)
8

Il
N
I
c
oy
Ql

and Zoo/ngO°

we conclude that X and Zn have the same finite order for every n. ‘
Consequently the A- and p-invariants are equal; denote these by
A and u respectively.

To calculate a lower bound for A, we need the following result

(a similar result is due to Bashmakov [291]).

Let T = TTT = 1lim E il denote the Tate module . Let r be the
<— 7
rank of E(FO) as an ¢-module, and let Pl""’Pr be a basis for
E(FO) (modulo torsion) over ¢. Let A denote the ¢-submodule of

E(F,) generated by P -rPLi let A denote the set of points P

l,-.

on E, defined over the algebraic closure of For for which there

R
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exists an integer n (depending upon P) such that_ﬂnP lie in A;

note that A contains all the m-power division points. Let

H = Fw(i) be the field obtained by the adjunction of the coordinates
of the points in A; it is a Galois extension of FO. We wish to

describe the Galois group G(H/F_). Recall that T = G(Fw/FO).
Lemma 4.4 G(H/Fm) is isomorphic, as a I'-module, to a I'-submodule
of T,
i)

Proof: ©For each i = 1,...;t; let Pn i (n =0,1,2,...) denote the
14

sequence in A defined by the relations

= = >
Po = Byr "oy, 3 = By q 1B 20D,
i i < = o = .
For each o in G(H/F_), define o,Py a OPn’l Pn,l The seguence
<0,Pi>n (n=1,2,...) lies in T and is independent of the choice of
sequence (Pn i). Thus if ? is any extension of y to an element of
14

G(H/FO) the image o' of ¢ under Y (namely §0§_l) is mapped to the
~=] :
sequence <0Y,Pi>n = v < O,Y Pi§1= Y <0,Piﬁ1o We thus obtain a
r-injection of G(H/F_) into TT.
Clearly G(H/F_) has ZE)—rank at most r; we now fhow it has
ZE)—rank at least r and so is of finite index in T'. For any point

P in E(FO), let Q be such that ﬂnQ = P for some integer n.

Let Fo denote the algebraic closure of Fo‘ The map

G(F /Fg) —> E _
P
o —> 00-Q

is a well defined cocycle. Performing a similar construction for

E(F_), we obtain the following commutative diagram with exact rows

and columns:
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) ——— * PR Hl(G(Foo/Fo),E W) > ...
l o
l —
o —> E(FO)®KP/0p = H (G(Fo/Fo)'Epoo) —>  eee
l V
0 —> E(F)®K /0, —> H(G(F_/F),E ) —> ...
o’ "p p

Now because y-1 is an automorphism of E _, Sah's lemma [19 Jshows
P
that Hl(P,E ) = 0. Hence E(F_)®K /o = (K _/o )r injects into
p“ o PP PP
Hl(G(ﬁm/Fw),E o Hom(G(ﬁw/Fw),E )i we conclude that G(H/F_) has
P P
ZE)—rank at least r, and the proof of the lemma is complete.

Let W denote the T'-submodule of T' to which G(H/Fw) 1S
isomorphic. Lemma 33 of [7] shows that H is contained in M_, so
there is a surjection f: G(M_/F_) —> W.

According to the structure theorem, X = G(M_ /F ) may be decomposed

|} n 1
as a direct sum X = X _ & X where X  is a p-torsion group (i.e.

annihilated by a sufficiently large power of p) and X_ is a direct

sum & A/fj(T)A of a finite number of quotients by distinguished
J

1
polynomials fj. Since W has no p-torsion, £(X_ ) = O and

L n
£(X,) = £(X_); the A-invariants of X_ and X are the same, and

n
the p-invariant of X _is zero. The surjection f induces a surjection

" n n+1
Xoo/wnxo° _ W/(Yp -1)W

(Recall that y is a topological generator of y and acts on X via

y.x = (14T)x, for xeX ). Since W is of finite index in t, i
n+1l 1

WAVP -1)W has order prn—m (for some constant m depending only

on W) for sufficiently large n. Thus the A-invariant of X _is at

least as large as r. This completes the proof of theorem 5. w
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