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of [ 8], but the details are omitted because of length. 

For each integer k �~� 1, let nk be the conductor of �~�k� (it 

divides n), and let fk be a fixed generator of it. Define 

k-l -k vk = 12 (-1) · . (k-l)! (r2/f k ) . Then there exists a power series 

H. (T) in I [[T]] with the following �i�n�t�~�r�p�o�l�a�t�i�o�n� property: 
1 p 

k �~� ( )k -k 
Hi (u-l) = �0�p�~ �, �(�l� - �N�~� ) Ln k (ljJ ,k) 

for all positive integers k = i mod(p-l)i here 0p is a unit in 

lp' and Ln �(�~�k�,�s�)� = IT �(�l�_�~�k�(�q�)� (Nq)-s)-l is the Hecke L-function 

-k k qtnk 
of ljJ , now viewed as a primitive Grossen character mod nk. Then 

�z�~�i�)� will be pseudo-isomorphic to A/hi (T)A, where hi eT) is a 

power series in A generating the same ideal in lp[[T]] as Hi(T) i 

moreover (Z(i)) 
00 r 

n 

= Z (i) 
n 

The close connection between Xoo and Yoo,Zoo is provided by 
, 

considering the global units Sn of Fni let Sn denote the global 
-, 

units congruent to 1 mod p , and S the closure in U. Denoting n n n 

by Ln the p-Hilbert class field of Fn' global class field theory 
, -' 

shows (see [ 6 J)that Un/Sn is isomorphic as a G -module to 
n I 

G(Mn/LnFoo), which is a subgroup of Xn = G(Mn/Foo) of order the 

p-part of the class number of Fn. -' -' On the other hand S /e has n n 

precisely this order also, and it is conjectured that X and Y 
00 00 

(and Zoo) are pseudo-isomorphic and that the components 

x(i) y(i) z(i) are individually pseudo-isomorphic. The 
00 ' 00 ' 00 

establishment of this property would have deep consequences for 

the arithmetic of E. The cyclotomic analogue of these modules are 

discussed in [ 4 Ji the analogous pseudo-isomorphism has been 

recently proved by Wiles and Mazur. Indeed, the work of [ 8J was 

motivated by Iwasawa's work on cyclotomic units [ llJ, [12J. 
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In the next section we prove the theorem of Coates and Wiles 

using the module Yoo ; in the final section we relate the Iwasawa 

invariants of Zoo and Xoo (which are defined in that section) to 

the rank of E(Fo ) as an a-module. Our results are: 

Theorem 4. If E(K) has infinitely many points, then L(E/K,l) = o. 

Theorem 5. Suppose that p (which does not lie in T) is prime to 

cp(fi). Then the Iwasawa A- and ~-invariants of X and Z are equal. 
00 00 

Furthermore the A-invariant is at least as large as the rank of 

E(F ) (mod torsion) as an a-module. o 

I 
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§l. The Coates-Wiles theorem. 

In this section, we suppose that E(K) has infinitely 

many pOints, and hence in particular, has a pointP of infinite order. 

Further we assume throughout that p is not anomolous; infinitely many 

such primes exist (see [7 ], lemma 12) . 

The idea of the proof is to show that gl(u-l) = 0 by construc­

ting sufficiently large submodules of (Un'/c ) (1) for each n. 
o,n 

The proof may be broken into several stages. 

First, let y(l) (-1) denote the Tate twist by (-1) (explained 
00 

below). Then, as a A-module, 

y(l) (-1) ~ A/(h(T)) 
00 

where h(T) = gl ((u(l+T) -1) (recall u = K (Y)) . 

Second, we show that either h(O) = 0 or Ih(O) 1-1 is the number 
p 

of elements in (A/hA)r . 

At the third stage, we construct extensions Hn of Fn for each 

n, as follows. Let Q be a point defined over the algebraic closure 
n 

of K such that nn+1Q = P. Set H = F (Q ), and recal.l that Ln is n n n n 7 

the p-Hilbert class field of Fn. The extension H L F /L F will be nn oo n oo 
n+l-c shown to have degree p , where c is a constant independent of 

n, and depending only on P. The Galois group G(HnLnFoo /LnFoo ) is 

a homomorphic image of (U'/c ) (1), and thus of y(l). from this it 
n o,n 00 ' 

will follow that Ih(O)1 :5 p-(n+l-c), and letting n - > 00 , we conclude 
p 

that 

h ( 0 ) = g 1 (u -1) = 0 = L ( ~ , 1 ) = L ( E /K , 1) . 
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We now proceed with the proof in stages. For II -modules A 
p 

and B on which a group G acts, we define the action of G on the 

II -homomorphism group Hom(A,B) as follows. Let g belong to 
p 

Hom(A,B). Define g O, ~or 0 EG to be the homomorphism g: A --> B 

o - 1 ° 
such that g(a) = (f(a )) for every a EA. 

Let T be the Tate module lim E n~l (the connecting homomorphisms 
<- TI 

are multiplication by powers of TI) • G acts on T via the character 
00 

K. Define the G -module T(-l) 
00 

= Hom
ll 

(T, II ); here the action of 
p p 

Goo on II is trivial. 
p 

Thus G 
00 

acts on T(-l) via K- l : for t ET, and 

any homomorphisms g: T - > 

- 1 
g0(t) = g(t0 ) = 

Define the twist of Y (1) by 
00 

II - module y(l) 
®ll T(-l) , p 00 

p 

products. Then for any 0 EG 

ll, , 
P 

-1 g(K( 0 )t) 

T( - l) , denoted y(l) ( - 1) , 
00 

with G acting diagonally 
00 

00 ' 

Y (1) y E 00 and g ET ( - 1) , 

0(y®g) = 0y®g0 = K- l (0) (0y®g) . 

to be the 

on tensor 

The ll . - module y(l) (-1) is isomorphic as 
p 00 

a II -module to y (1) . p OO l 
I 

only the action of G has been changed. 
00 

There is an isomorphism 

8: y(l) _ > y(l) ( - 1) such that 
00 00 

8 (0Y) = K (o) o8 (y) for all Y E y~l) . 

Now for any y in y~l), and h(T) in A, we have 

8 (h (T) y) = h (u ( 1 +T) -1) 8 (y) ; 

this clearly holds if h(T) is a constant, or if h(T) = T (for then 

Ta = (y-l)a, and u = K(y)) and the result follows for general h(T) 
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by linearity and continuity, since the module is compact. Thus 

y ( 1) (-1) ~ 11. /h ( T) 11. , 
00 

where h(T) = gl(u(l+T)-l). 

The next step in the argument is . to consider the value h (0) . . 

Lemma 4.1. Either h(O) = 0, or Ih(O) 1-1 is the number of elements 
p 

of (1I./(h(T))r. 

Proof: Suppose h(O) I 0, and Ih(O) I~l = pm. There is a surjective 

homomorphism ~: A/h1l. --> ~/pm~ induced by mapping an element 

gE1I. to g (0). Since h (0) :: 0 modulo pm~p' the mapping 

g (mod h) 1-> g (0) mod pm~p is well defined (noting that 

~ /ptn2Z ~ 2Z /pm~ ). The kernel of ~ clearly contains T .1I./h1l.. p p 

Suppose g+h1l. lies in the kernel of ~: so pmlg(o). Write 

g(T) 

h(T) 

where ql and q2 belong to 11., go and ho belong to 2Zp' and ho is 

a unit. Then I 

g(T) = g h-lh(T) - T(G h-lq2(T) - ql(T)) o 0 0 0 

- Tq3(T) modulo h1l. 

for some q3(T) Efl.. Thus the kernel of ~ is equal to ~1I./h1l., so 

that 

has pm elements. The lemma is proved. 
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For the next step, let n be a nonnegative integer. As 

explained in detail in [6J, global class field theory describes 
, -' 

the Galois group G(Mn/LnFoo ) as a Gn-module: Un/S n is isomorphic to 

G(Mn/LnFoo ). In particular, since Gn ~ GoxG(Fn/Fo )' we have 

~ G (M /L F ) (1) • 
n n 00 , 

(G operates on G(M /L F ) via inner automorphisms ·,. if OEGn and n n n 00 

o -1 
XE G(Mn/LnFoo )' then x = pxp , where p is any element of G(Mn/K) 

whose restriction to F is equal to 0). There is a natural n 

surjection of ~ [G J modules 
p n 

(U ' /e ) (1) - > (U' /S ') (1) - > O. 
n o,n n n ( 1) 

We will show that (U'/S') (1) has a submodule of order at least n n 
n+l-c p , where c is a constant depending only on P. 

Choose Q over the algebraic closure of K such that TIn+lQn = Pi 
n , 

set H = F (Q ) . The extension H /F is cyclic of degree dividing n n n n n 
n+l 

p ,and it is unramified outside Pn : thus Hn ~ Mn (see lemma 33 

of [ 7J). 

The group Go (or ~) acts via X on G(Hn/Fn)' I For, let 

XEG(Hn/F n ), OEG
O

' and let 0
1 

be any element of G(Hn/K) whose 

restriction to Fn is equal to a. Define (x,P) = x Qn-Qn' (Subtrac -

tion in E(<r) ). 

lies in E n+l' 
TI 

This is independent of the choice of Q : its value 
n 

Then 

Now P EE(K), so that (xo ,P) = X (o ) (x ,P). Hence x O = X (o ) x for 
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The key step now is to show that Hn/Fn is nontrivial, and is 

sufficiently large; more exactly, that G(HnL F /L F ), which is a noon 00 

homomorphic image of G(Mn/LnFoo) (1), is sufficiently large. 

As noted in lemma 35 of [6J, we may assume that P belongs to 

the kernel of reduction modulo P on E(K ). There is an isomorphism 
. p 

A . 
over 0p between the formal group E(p) on E corresponding to the 

parameter t = 2p(z)/p' (z) and the formal group E(p) on which the 

endomorphism corresponding to n is given by [nJw = wP+nw (see [7J 
A 

p228). Let 0 be the point on E(p) corresponding to P, and a the 

image in E(p) under this isomorphism. For any integer n ~ 0, let 

Enn+l denote the points S in the algebraic closure of Kp satisfying 

[nn+l JS = 0: these correspond to the points of E n+l. We shall 
n 

denote addition in the group E(p) by a star (*) and subtraction 

by a tilde (~). 

Let ~n= ~~n (recall that ~n is the completion of Fn at Pn). 
n_o 

Then as explained in lemma 35 of [7 J, ~n(Qn) = ~n(an) and 

~ (Q ) = ~ (a ), where an are defined inductively by the formula e 
00 noon 

n+l By our remarks above, ~ (a )/~ is cyclic of degree dividing p 
00 n 00 

The following lemma is a refinement of theorem 11 of [7 J. 

Lemma 4.2. Let c be the least positive integer such that 

t c+l ~ a~[n JE(p). For each n ~ c, the extension ~ (a)~ is totally 
00 n 00 

n+l-c ramified, and of degree p 

(We stress that c depends only on P, and not on n). 
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Proof: First we note that because FolK is totally ramified at p, 

the Galois group G(~ IK ) may be identified with Go' Since a o p 

belongs to E(p), one sees easily that Go operates on G(~oo (an)/~oo ) 

via X. Thus ~ 
00 

is the maximal abelian extension of K p contained 

in ~oo ( an)' As any unramified extension of ~ oo is abelian over K p ' 

it suffic es t o prov e tha t ~ (a )/~ 
00 n 00 

n+l-c has degree p . 

We may assume, without loss of generality, that c = 0. Indeed, 

choose S in E(p) such that [ncJS = a , then S satisfies the hypotheses 

of the lemma with c = 0, and ~oo ( an) = ~oo (Sn-c); here Srn satisfies 

[n J So = Sand [ nJ Sm+l = Srn for all m ~ 0. 

Suppose therefore that c = 0. The proof is by induction on n. 
a 

If n = 0, suppose that ~ oo ( ao) = ~oo ' Then the map a ~> a ~ a is o 0 

clearly a cocycle on G with values in E. But by Sahls lemma 
00 n 

1 
(see [19J) H (G ,E ) = 0. Hence there must exist v on E such 

00 non 

~ a 
o 

~ v 
o for all a in G . 

00 
Thus a ~ v is fixed by o 0 

Goo ' and so lies in Kp' But then a = [nJ(ao ~ v o ) belongs to 

[n JE(p), which is a contradiction. Hence the lemma is true for 

n = O. 

Suppose it has been proven for n, but that ' 00 (a n) = ~oo ( an+l) ' 

Let T denote a generator of G(~oo ( a n)/~oo )' Now 

for some n EE n+2' whence 
n 

k 
L 

a n+l = a n+l * [kJn 

n 
for all k ~ 0. As LP 1, it follows that n EE n+l ' Therefore 

n 
n+l L n+l n+l 

[ n J( a n+l ) = [n J( a n+l ); but [n Ja n+l = a o ' so that a o 

belongs to ~ oo' But we have already shown that this is not the case, 

and so the proof of the lemma is complete . 
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This len~a implies that G(H L F IL F ), which is cyclic, has nn oo n oo 
n+l-c order at least p . (2) 

The surjection (1) (see above) gives rise to the injection 

o - > Horn ( (U~/S~) (1), E 'n+l) -> Hom( U~/en) (1), E n+l) of 
TI TI 

2Zp -~Gn ] modules; this gives an injection ' 

• I ( ) G( F IF ) • (1) G(Fn/Fo) 
0-> Hom«U IS ) 1 ,E +1) ' n 0 ->Hom«U le ) ,E ) n n n n o,n n+l 

TI TI 

G (F n /F 0) 
(where for a G(Fn/Fo) module A, A denotes the elements of 

A fixed by G(Fn/Fo)). 

We saw above that Go operates on G(HnLnFoo/LnFoo) via X· Also 

any homomorphism g: G(H L ' F I L F ) - -> E n+l satisfies fO = f for all nn oo n oo 
'IT 

(Let Te G(H L F IL F ). Th e n n n oo n 00 

-1 
fO(T) = (f( 't"° ))0 = K(O)f(K(O-l)T) = f(T) ' 

since ° acts on E n+l via K, and on T via K also). Therefore there 
TI 

is an injection 

I 
We may now quickly deduce theorem 2. First, we see that 

I G(F IF ) 
Horn (Y (1) E ) r ~ Horn ( (U le ) (1) E ) n 0 

00 ' n+l n o,n 'n+l 

because 

Also 

TI TI 

(y(l)) 
00 r 

n 

~ (U I le ) (1) • 
n o,n 

Horn (Y (1) E ) r ~ Horn (Y (1) ( - 1), 2Z Ipn+ 12Z ) r 
00 ' n+l 00 

TI 

where Goo acts trivially on 2Z Ipn+l2Z . 

But HOm(y~l) (-1) ,2Z Ipn+l2Z)r ~ Horn ( (y~l) (-1) )r' 2Z Ipn+l2Z). 
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From (2) above, there is a surjective homomorphism 

consequently, there is a surjective homomorphism 

Thus either 91(u-l) = h(O) = 0, 

or I I c-(n+l) 
gl(u-l) p ~ p 

Since this holds for all n, gl(u-l) = O. 

But this implies that L(E/K,l) = o. 

I 



I 
I 
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§2. Proof of theorem 5. 

The main result of this section is the relation between the 

rank of the F -rational points on E (mod torsion) and the Iwasawa o 

invariants of the A- modules X , and Z . 
(X) (X) 

Suppose X is a A-torsion A-module. Tnen it is pseudo isomorphic 

to a direct sum of the form 

where ~l' ... ,Wk are positive integers, and fl(T), . .. ,f~(T) are 

distinguished polynomials in A, that is, of the form 

A. A. - I 
fi(T) = T 1 + bA. _IT 1 + ... + bo 

1 

where p divides each b i , and Ai = deg f i . Suppose that the 
n 

rn-invariance of X, that is, x/oo X (00 = (l+T)P - 1), is finite ~ n n 
e n . 

let p denote its order. Then (see [15J pl27 , or [20J) for all 
~ k 

sufficiently large n, en = n L A. + pn l. ~. + v, where v is a 
i=l 1 j =l J 

constant depending only on X. The coefficients of nand pn are 

known as the Iwasawa A- and ~ ·~ invariants of X. 
I 

We now turn to the proof of theorem 5 and first establish the 

equality of the invariants: it depends upon the following lemma . 

- - ' 
Lemma 4.3 For each n ~ 0, the index of Cn in Sn equals the p - part 

of the class number of Fn. 

Proof: Theorem 2 shows that I [S : C J I = Ih I ' where h denotes n n p n p n 
, , -' -' 

the class number of F n . Now Sn/Cn '" Sn/Cn is a zzp -module and so 
, , 

is a p-groupi furthermore there is an injection S IC ~> S IC , n n n n 
I I I 

so that Sn/Cn has order dividing Ihnl~ . 
" , 

But Sn/Cn '" SnCn/Cn' and 
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, , , 
since Sn/SnCn has no p-torsion, we conclude that Sn/Cn has order 

- 1 ' , 
precisely Ih I (S /S C has no p-torsioni because S /S has n p n n n n n 

none: for if xeSn and xP e S~, then x ~ x P - 1 mod Pn , so that xeS~),q.e. 

We consider the exact sequences 

0 - > G{Mn/LnFoo ) - > G{M /F ) n 00 
- > G ,(lJnF oo/F 00 ) - > 0 

- ' -' , -' , -' 0 - > S /C - > Un/Cn - > Un/Sn - > o. n n 

, -' 
Now G{Mn/LnFoo ) is isomorphic to Un/Sn as a G{Fn/K)-module {see [ 6 J, 

theorem ll)i these are both finite groups, because the p - adic rank 

of the global units of Fn equals the ~ -rank (this isLeopoldt's 

conjecture which holds because Fn is abelian over Ki see [2 J) 

Also the order of G{L F /F ) n GO 00 

Recalling that 

x /w X 
00 n 00 

and 

= G{M /F ) n ,00 

-' -' [S :C J . n n 

we conclude that Xn and Zn have the same finite order for every n. 

Consequently the A- and ~-invariants are equali de note these by 

A and ~ respectively. 

To calculate a lower bound for A, we need the following result 

(a similar result is due to Bashmakov [29J). 

Let T = T 
7f 

= lim E n+l denote the Tate module 
<- 7f 

Let r be the 

rank of E{Fo ) as an a -module, and let Pl, . . . ,Pr be a basis for 

E{Fo ) (modulo torsion) over a. Let A denote the 'Q- -submodule of 

E{F o ) generated by Pl , .. . ,Pri let A denote the set of points P 

on E, defined over the algebraic closure of Fo' for which there 
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e x ists an integer n (depending upon P) such ' that TInp lie in Ai 

note that A contains all the TI-power division points. Let 

H = F (A) be the field obtained by the adjunction of the coordinates 
00 

of the points in Ai it is a Galois extension of Fo. We wish to 

describe the Galois group G{H/F
oo

) • Recall that f = G(F /F ). 
00 0 

Lemma 4.4 G{H/Foo ) is isomorphic, as a f-module, to a f - submodule 

of Tr 
TI· 

Proof: For each i = l, ... ,r, let P . (n = o,l,i , .. . ) denote the n,l 

sequence in A defined by the relations 

P . = P., TIP +1 . = P . (n 2: 0) . 
0,1 1 n,l n,l 

For each a in G(H/F ), de fine <a, P. > = aP . - P .. The seo_,uence 
00 1 n n,l n,l 

<a ,p. > (n = 1,2, ... ) lies in T and is independent of the choice of 1 n 
~ 

sequence (P .). Thus if Y is any extension of y to an element of n,l ' 

/ 
y ~ ~-l 

G{H Fo) the image a of a under y (namely ya y ) is mapped to the 

y ~-l 
s equence <a , Pi> n = y < a , y P i >l'I -- y <a , P i >1'\ . We thus obtain" a 

f-injection of G(H/ F ) into Tr. 
00 

Clearly G (H/F ) has LZ - rank at most r i we now show it has 
00 p , I 

LZ -rank at least r and so is of finite index in Tr . For any point 
p 

n P in E{F o )' let Q be such that TI Q = P for some integer n . 

Let Fo denote the algebraic closure of Fo . The map 

--> E 
00 

p 

a 1- -> aQ- Q 

is a well defined cocycle . Performing a ~imilar construction for 

E(Foo )' we obtain the following commutative diagram with e xact rows 

and columns: 
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o --> H
I 

(G (F /F ), E ) 
00

1 
0 p oo --> * --> 

1 
o - - > HI (G (F /F ), E ) 

00 00 --> --> 

1 I ')¥. 

p 

o --> E(F )®K /0 
00 P P 

--> - -> 

Now because y - l is an automorphism of E 00' Sahls lemma [19 Jshows 
p 

that Hl(r,E 00 ) = o. 
p 

Hence E(Fo)®Kp/O p ~ (Kp/Op)r injects into 

Hl(G(F /F ),E ) 
00 00 00 

p 
= Hom(G(Foo/Foo),E 00 ); we conclude that G(H/Foo ) has 

p 

~ -rank at least r, and the proof of the lemma is complete. p 

Let W denote the r-submodule of Tr to which G(H/F ) is 00 

isomorphic. Lemma 33 of [7J shows that H is contained in M , so 
00 

there is a surjection f: G(M /F ) -> W. 
00 00 

According to the structure theorem, Xoo = G(Moo /Foo ) may be decomposed 
11 I 

as a direct sum Xoo = Xoo ~ Xoo where Xoo is a p - torsion group (i.~. 
11 

annihilated by a sufficiently large power of p) and Xoo is a direct 

sum ~ A/fj(T)A of a finite number of quotients by distinguished 
J 

I 

polynomials f .. 
J 

Since W has no p-torsion, f(Xoo ) = 0 ~d 
11 11 

f(Xoo ) = f(Xoo ); the A-invariants of Xoo and Xoo are the same, and 
11 

the ~-invariant of X is zero. The surjection f induces a surjection 00 

11 11 . n+l 
X /w X -> W/Cyp - l)W 

00 n 00 

(Recall that y is a topological generator of y and acts on Xoo via 

y.x = {l+T )x, for XEX ). Since W is of finite index in Tr, 
n+l ~ 

w/hP - l)W has order prn-m (for some constant m depending only 

on W) for sufficiently large n. Thus the A- invariant of X is at 
00 

least as large as r. This completes the proof of theorem 5. 
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