Eur. Phys. J. C (2025) 85:579
https://doi.org/10.1140/epjc/s10052-025-14312-9

THE EUROPEAN ()]
PHYSICAL JOURNAL C e

updates

Regular Article - Theoretical Physics

Friedmann-Lemaitre universes and their metamorphoses

Spiros Cotsakis'>*

! Clare Hall, University of Cambridge, Herschel Road, Cambridge CB3 9AL, UK
2 Institute of Gravitation and Cosmology, RUDN University, ul. Miklukho-Maklaya 6, 117198 Moscow, Russia

Received: 28 November 2024 / Accepted: 24 April 2025
© The Author(s) 2025

Abstract We analyze the dynamics of the Friedmann—
Lemaitre universes taking into account the different roles
played by the fluid parameter and the cosmological constant,
as well as the degenerate character of the equations. We find
that the Friedmann—Lemaitre system reduces to four quali-
tatively inequivalent normal forms and write down the sets
of all stable perturbations that may result (the ‘versal unfold-
ings’). These sets are of small codimension up to three. We
then describe all possible parameter-dependent solutions and
their transfigurations to other forms during evolution through
the bifurcation sets, these are also fully described. This anal-
ysis leads to a picture of cosmological evolution determined
by new parameters related to codimension which are zero in
standard cosmology. The emerging versal solutions are all
free of singularities, while other properties of them are also
discussed.

Contents

1 Introduction
2 Brief review of the FL equations and their basic solutions
2.1 Some known FL solutions
2.2 Dynamical systems formulations . . . . . .. ..
2.3 Linearized stability . . . ... ..........
2.4 Some preliminary comments . . . . .. ... ..
3 The FL equations as a bifurcation problem
3.1 Natureofyand A. .. ... ... .. ......
3.2 Inequivalent degenerate forms of the FL equations

3.2.1 Time-symmetric Case: y # £2/3 (includes
de Sitter and the ESU)

3.2.2 Time-symmetric Case: y = —2/3 (phan-

tomenergy) . . . .o ...
3.2.3 Time-asymmetric case: y = 2/3 (curvature-
likefluid) ... ...............

2e-mail: skot@aegean.gr (corresponding author)

Published online: 27 May 2025

4 The FL cusp

3.2.4 Time-asymmetric case: y 7# +2/3 (includes
de Sitter and the ESU)

3.3 The FL normal forms . . . . ... ... ... ..
3.4 The FL versal unfoldings . . . . ... ... ...

4.1 Preliminaries . ... ... ... .........
4.2 Transformation of the system (3.1) . . . . .. ..
4.3 Elimination of the nonresonant terms . . . . . . .
4.4 Embedding in a transverse family its final form

441 Step-1 . . . .. ...
442 Step-2 . . ..o
443 Step-3 . . ..
444 Step-4 . . ...

5 The saddle-focus-elliptic codimension-3 FL cubic . .
5.1 The main difficulty . . . ... ... ... ....
5.2 The normal form

5.3 Andronov theorem . ... ... .........
5.4 The versal unfolding of the codimension-3 FL-cubic
6 Thecasesy = —2/3andy =2/3. . ... ......

6.1 y = —2/3: the saddle-focus codimension-2 FL.
cubic. . . ...

6.2 y = 2/3: the Zj-equivariant codimension-2
unfolding . . . ... ... ... ... .. ...
7 Bifurcation diagrams and FL. metamorphoses . . . . .
7.1 The role of the fluid parametery . . . . . .. ..
7.2 Features of the bifurcation diagrams . . . . . . .
721 They =—2/3case. . ... ........
722 They =2/3case. . .. ... .......
7.2.3 The FL cusp
7.24 Codimension-3 . . ... ..........

7.3 Roughsolutions . . . . ... ... ........

8 Discussionand outlook . . . . . . .. ... ... ...
References . . . . . . . . .. . ... . ... ... ...

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1140/epjc/s10052-025-14312-9&domain=pdf
https://orcid.org/0000-0002-1147-2543
mailto:skot@aegean.gr

579 Page 2 of 24

Eur. Phys. J. C (2025) 85:579

1 Introduction

The standard model of physical cosmology is based on
the Friedmann—Lemaitre (hereafter ‘FL’) equations which
describe different evolutionary aspects of the universe and
enable to host a great variety of further physical effects, cf.
e.g., [1-11] and references therein. There are many cosmo-
logical models that can be built as solutions of the FL equa-
tions, all homogeneous and isotropic, and all have a duality
associated with them, either they are ‘evolving’, or they are in
a statistically steady state. Many of the FL models currently
favored by observations started from a big bang, a thermal
state of infinite curvature and temperature, and have a phase
of acceleration either ‘initially’ or currently (or both). There
are also models that may be said to have ‘started’ near the
Einstein static solution, or with quasi-de Sitter space as in
many inflationary theories. Using the FL equations one may
also proceed to perturb a given exact solution and study the
evolution of inhomogeneities, in turn leading to a theory of
small fluctuations for the observed structures either in the
microwave sky, or in baryonic matter, dark matter, etc, also
having acquired importance for and from the early stages in
the evolution of the universe.

The mathematical notion of stability of solutions of the FLL
equations in its many forms plays a central role in deciding
about the plausibility and direct physical relevance of many
of the cosmological ideas above throughout the cosmological
development over a period of more than 100 years (cf. [12—
31] and refs. therein). Stability studies inside the standard
model include not only those of de Sitter space, inflationary
solutions, the Einstein static universe, or the study of pertur-
bations, but also various model solutions outside it (cf. the
references). If a cosmological model is based on an unstable
solution of the FL equations, then its plausibility as a can-
didate physical cosmology is greatly lost, and one is usually
driven to seeking other models with better stability properties
to base their studies of further physical effects. The definition
and application of stability as is used in cosmology involves
notions that belong to the so-called ‘hyperbolic’ theory of
dynamical systems, cf. [32-35]. In this sense, stability in
its various usages in cosmology usually refers to linearized
stability, a particular form of stability which states that an
equilibrium solution of the FL equations (or other cosmo-
logical dynamical systems for that purpose) is linearization
stable if all eigenvalues of the linear part of the system have
negative real parts. Otherwise the solution is unstable (cf.
e.g., [32], chap. 9).

Studied this way, the FL equations lead to cosmologies
with usually complicated hyperbolic equilibria, and impose
two important conditions on all universe models they include:
firstly, cosmological models become qualitatively equivalent
to their linear parts, and secondly, nearby systems behave like
their unperturbed counterparts. In other words, FL. cosmolo-
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gies are usually treated as being structurally stable. This view
leads to only three possible behaviours associated with any
cosmological solution studied this way, stable, unstable, or
saddle-like (a particular kind of unstable situation that also
includes some stable orbits). That is, either there is nothing
new and the universe returns to its unperturbed initial state,
or the system diverges and is ripped apart, or there is an
unstable mixture of the two. In such a situation the universe
is essentially always ‘trapped in itself’ being unable to pass
to another, qualitatively different, state in the course of its
evolution.

There is a great difference between the above treatment
and the main message of this paper, which is that the FL.
equations are structurally unstable. We propose that the FL.
equations describe phenomena which are essentially nonlin-
ear and ‘dispersive’ and must be treated in a way that this
feature does not disappear altogether, as in a structurally sta-
ble approach, but persists. In particular, the observed struc-
tures in the universe could never have arisen if gravity was a
structurally stable phenomenon, and this has important impli-
cations for cosmology.

In this paper, we highlight the different roles played by
the two parameters, the fluid parameter y, and the cosmo-
logical constant A, and study the FL equations as a system
that is essentially structurally unstable. We show that these
equations belong to the most degenerate kind of dynamical
systems in the plane having linear part that has two zero
eigenvalues, and subsequently classify the different kinds of
degeneracy into four main types allowed by the combined
effect of  and the symmetries of the FL equations, in par-
ticular, the presence or absence of a time-symmetry. We then
embed the resulting systems in four inequivalent topolog-
ical normal forms, the so-called ‘versal families’ — sets of
equations which contain complete information about the set
of all stable perturbations of the original equations — and
discuss the corresponding bifurcation diagrams. These dia-
grams represent the solution sets of all possible perturbations
of the original FL equations, and clearly depict all possible
transfigurations — or metamorphoses — of the solutions. A
sort discussion of the main physical effects associated with
the constructions of the final ‘versal cosmologies’ is also
provided.

The plan of this paper is as follows. In Sect. 2, we review
some of the standard solutions of the FL equations and
present a critical discussion of their linearized stability prop-
erties. In Sect. 3, we motivate the need for a bifurcation
approach to the FL equations and also discuss the differ-
ent nature of the parameters involved in these equations. In
Sects. 4-6, we discuss in more detail the FLL normal forms
and present their versal unfoldings. The FL bifurcation dia-
grams are discussed in Sect. 7, and we further discuss certain
aspects of these results in the last Section of this paper.
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We direct the reader to the introductions in the beginnings
of the sections of this paper for a more detailed description
of their contents. Some of the most important points of this
work are: (1) the two theorems in Sects. 3.3 and 3.4, (2) the
role of the fluid parameter y as discussed in Sect. 7.1 and
the meaning of Fig. 1, and (3) the discussion of the final
bifurcation diagrams in Sect. 7.2 including the elucidation
about the rough character of the versal solutions in Sect. 7.3.
In addition, the reader may find the discussion in Sect. 8
useful.

2 Brief review of the FL equations and their basic
solutions

In this section, we first review some important solutions of
the FL equations for different ranges of values of the con-
stants y, A, that are typically obtained when seeking ana-
lytic expressions and closed-form solutions of the equations.
We then motivate the use of dynamical system formulations
for the FL equations and discuss the important notion of
linearized stability, that is the stability of the solutions by
looking at the linearized equations around some equilibrium
solution. We finally discuss the importance of the y, A ‘con-
stants’ and the limitations of such ‘hyperbolic-equilibrium’
formulations for the FL equations. This discussion naturally
leads to the necessity of a bifurcation treatment of the FL.
cosmology.

2.1 Some known FL solutions

The FL equations can be directly obtained from the Einstein
equations for a Friedmann metric with scale factor a(f) as
a function of the proper time ¢, a perfect fluid source with
density p and pressure p, and a cosmological constant A. In
their ‘primitive’ form they read,

a 1 1
—+—(p+3p)—zA=0 @.h
a 6 3

.\ 2

a k 1 1

= . _p——-A=0 2.2
<a> +a2 3773 22)
) a
p+32(p+p)=0. 2.3)

Here we have set 871G = ¢ = 1, and k = 0, =1 denotes the
normalized constant curvature of the spatial 3-slices. These
are the standard equations of isotropic and homogeneous cos-
mology, while the case A = 0 corresponds to the Friedmann
equations.

As discussed in the Introduction, the standard model of
cosmology is based on the FL equations (2.1)—(2.3), a fact
which shows the importance attached to these equations as
clearly demonstrated by the abundance of related sources
devoted to their study and physical effects based on them.

In fact, the FL equations and their solutions also play an
important role in any attempt to go beyond the standard cos-
mological model, cf. e.g., the review [12, 13] where the devel-
opment of FL-cosmology is placed in a more general scheme
of things cosmological.

There are two main methods to study the FL equations
(cf. e.g., [7, pp. 8-55], [8, pp. 138-50], [15, pp. 51-67]).
The first aims to determine analytic expressions of the solu-
tions. It usually starts by noting that these equations are not
independent, for instance, Egs. (2.2), (2.3) imply (2.1). Then
the usual strategy consists of the following two steps: (1)
study the continuity equation (2.3) for the equation of state
p = (y — Dp (y is the fluid or state parameter, related to
the square of the sound speed) by writing it in the ‘integrated
form’ p = Ca=3Y (C is an integration constant), valid for
any constant y (i.e., the fluid is barotropic), and (2) solve
the Friedmann equation (2.2) to determine a(¢). The follow-
ing important solutions — among many others — of the FL
equations have been obtained using this method:

1. The k = +1 Einstein static universe with nonzero A.

2. The k = 0, empty de Sitter space with nonzero A.

3. The k = 0 Friedmann universe with zero A.

4. The k = —1 Milne universe withzero A, and p = p = 0.

From these solutions, a number of other universes can be
obtained when the constants y, A take special values or are
constrained in certain intervals. For future reference and com-
parison, we note the following important classes of solutions
to the FL equations associated with specific ranges of the
fluid parameter y:

e y > 1: this is the standard cosmology case (dust and
radiation models belong here).

e y < l: this is the standard negative pressure case. An
expanding universes releases energy with expansion.

e y € (0,2/3): Closed oscillating universes where oscil-
lations slowly decay leading to closed static stable uni-
verses.

e y = 2/3:such auniverse contains a dark component that
behaves as a curvature-like fluid.

e y = 0: this is an interesting situation of an expanding
universe of constant density. This includes a flat, steady
state model, and also the inflationary universe.

e ¥ < O0: tension (as negative pressure) exceeds the
energy density leading to models where the density
increases/decreases with expansion/contraction.

In addition, the Einstein-de Sitter solution is found when
y = 1, the case of ‘dust’, or cold matter. The radiation-
filled, also known as hot matter, universes having y = 4/3
exist for all values of k, while further special solutions exist
for special values of k, y, and/or A, for instance, the Edding-
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ton—Lemaitre models, and the Lemaitre universes which have
transient stages near the Einstein static or de Sitter solutions
(cf. the references). Solutions to the FL equations are called
ordinary (resp. dark) matter-energy solutions when certain
extra inequalities are satisfied, namely, p + 3p > 0 (resp.
< 0). Specifically, one sometimes refers to solutions of the
FL equations satisfying the inequality constraint y < 2/3
as dark energy. For example, one refers to a fluid with
y = —2/3 as a particular case of phantom energy (cf. e.g.,
[7, p. 55)).

We note that from the Raychaudhuri equation (2.1) we
may obtain a useful criterion for the existence of acceler-
ating expanding solutions to the FL equations. Introduc-
ing the deceleration parameter ¢ = —d/(aH?), and divid-
ing Eq. (2.1) by H?, one has accelerating (i.e., bending-up
a > 0) solutions with g < 0, satisfying Eq. (2.1) in the form,

3y -2
2
where the standard definitions for the energy parameters
Qum, Qa for matter and cosmological constant respectively
are used. So when A = 0, a dominating cosmic fluid induc-
ing acceleration requires 3y —2 < 0, in compliance with the
dark energy constraint. On the other hand, there are obvious
accelerating solutions having only ‘vacuum’ A > 0, the sim-
plest form of dark energy. Inflationary dynamics, now part
of the standard model of cosmology, can also be described
using such accelerating solutions, cf. [8, chap. 8].

q Quy — Q4. 24

2.2 Dynamical systems formulations

Another approach to the study of the FL equations (2.1)—
(2.3) is based on the important idea that certain of the known
solutions, for instance the de Sitter, Einstein static universe
(ESU), Milne, flat solutions, may be regarded as equilibrium
solutions in a dynamical system formulation, and so each
one of those become a kind of ‘organizing center’ for the
evolution of all others.

A little reflection shows that the Egs. (2.1)—(2.3) can be
written as an autonomous evolution system of two first-order
ordinary differential equations with an extra algebraic con-
straint. For the dynamical variables (H, p), where H = a/a
is the Hubble parameter, one obtains the following dynamical
system in terms of the (H, p)-variables,

e P (2.5)
T P73 '
p = —3yHp, (2.6)
and the algebraic constraint
3k
2 2.7)

at = —s.
o+ A—3H?

This form of the FL equations will be discussed in more detail

later. Of course, this reduction of Egs. (2.1)—(2.3) is highly
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non-unique, other choices of variables are possible and lead
to dynamical systems of different forms, cf. e.g., [15], or, [8].

However, the form obtained in Eqs. (2.5)—(2.6) will prove
most useful for our purposes, a reason for this being that this
form of the FL equations separates the unknowns (i.e., the
phase space coordinates H, p) from the parameters y, A.
The important role that the fundamental Friedmann equa-
tion (2.7) plays in understanding the existence of rough (i.e.,
non-smooth, or even discontinuous) solutions to the ‘ver-
sal’ versions of the system (2.5)—(2.7) will be discussed in
Sect. 7.3.

A common aspect of different dynamical systems formu-
lations of the FL equations usually considered in the litera-
ture (either in standard relativistic cosmology, or in modified
gravity theories, string cosmology, etc), cf. e.g., [14-16], is
that they are all based on the use of the hyperbolic theory
of dynamical systems cf. e.g., [32-34]. These tools are of a
qualitative, topological nature, and are useful for two reasons:

e They implement the existence of organizing centers asso-
ciated with the dynamics of the FL equations referred to
above as equilibrium solutions of these equations.

e They help decide about the linearized stability of these
equilibria, and hence offer a very valuable approach to
one of the most mysterious and central problems in the-
oretical cosmology, namely, the long-term behaviour of
solutions of the FL equations near their equilibria.

For example, these ‘newer’ methods have been applied to var-
ious cosmological contexts in this sense of proving linearized
stability and related results: to complement and extend older
works about the (in-)stability of the Einstein static universe,
or the stability of de Sitter space, or deduce novel results
about the behaviour of entropy, the possibility of singularity-
free solutions, as well as other important properties of the
FL equations, but also in the more general Bianchi cos-
mologies generalizing the FL solutions (cf. e.g., [17-31],
the reviews [14-16], and Part B, Sect. i, of [12,13], and ref-
erences therein).

2.3 Linearized stability
It is interesting that the Einstein static universe and de Sitter
space appear as equilibrium solutions of the FL equations

(2.1)—~(2.3) in their dynamical system formulation (2.5)—
(2.6). The system (2.5)—(2.6) has two equilibria:

1. EQ-1a,b: Flat and empty de Sitter space.

H—+,/A
=+/5
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H=—]>, 2.8)

A
3
with the + (resp. —) sign for EQ-1a (resp. b), A > 0,
any y, p=0,and k =0.

2. EQ-2: Einstein static universe.

A

H:Oa = 5 A
P 3y =2

(2.9)

forany A, and y # 2/3.

These equilibria are of course very well-known and exist only
when A # 0. Inthe case of the ESU, tokeep p > 0 we require
either Case 1: A >0,y > 2/3,orCase2: A <0,y < 2/3.
These equilibria exist together only in case 1, whereas in
Case 2 only the ESU equilibrium exists. When y = 2/3, we
only have the de Sitter space as an equilibrium.

To simplify the subsequent analysis, we shall move the
equilibria EQ1, EQ2 to the origin and write the equations in
a form that is easier to work with. This is simply done by a
linear change of the dynamical variables. For EQI1, we set
h = HF./A/3 and the system (2.5)—(2.6) ‘splits off’ the
linear from the nonlinear part and gives,

: A _Gy-2) 5
(f’): w5 (h>+< —h ) (2.10)
p 0 qE3,,\/§ p —3yhp

The first term on the right of this equation is the linear part
of the ‘FL vector field’ defined by Eqgs. (2.5)—(2.6) at the
origin (the de Sitter space equilibrium). Similarly, for EQ2
and fory #2/3, wesetw = p —2A/(3y — 2), and obtain
the following system for the new variables (H, w) with the
linear part evaluated at the origin (i.e., the ESU),

H\ ( 0o G2 HY, ( —H
w_—% 0 w —-3yHw )~

2.11)

Both systems (2.10), (2.11) have linear parts (given by the
first terms on their right-hand-sides) equal to the linear parts
of the FL vector field at the corresponding origins, and so
they are obviously equivalent to the FL equations (2.5)—(2.6)
near their respective origins. (For the equilibrium EQI, we
shall only treat the case with the minus sign in front of the
diagonal elements of the Jacobian in Eq. (2.10), the other
case is very similar.)

To decide on the linearized stability of the de Sitter space
and of the Einstein static universe equilibria, one merely
needs to calculate the eigenvalues of the Jacobians evaluated
at these two equilibria of the systems (2.10), (2.11) respec-
tively. In this way, one thinks of the linear parts of the vector

fields in (2.10), (2.11) as approximating the FL vector field
defined by Egs. (2.5)—(2.6) near the origin in each case.

Under this assumption one immediately concludes that
for A,y > 0, both eigenvalues of the Jacobian in (2.10)
are indeed negative, thus de Sitter space is a (nonlinear) sink
attracting all nearby solutions, whereas the eigenvalues of
the Jacobian in (2.11) are 4,/Ay, thus the ESU is a sad-
dle. Since nonlinear sinks behave like linear sinks, nearby
solutions approach the origin exponentially and therefore
de Sitter space is a stable solution in the linear approxima-
tion. Similarly, since saddles are unstable, it follows that the
ESU is an unstable solution of the FL equations in the lin-
ear approximation (this conclusion was already known by
examining the system (2.5)—(2.6) directly, and clarified the
usual meaning of the phrase ‘the ESU is unstable’, cf. e.g.,
[20,21] and references therein). There is also another case,
not usually considered in linearized studies about the issue of
the ‘stability of the ESU’, thatis when A < 0. Following our
discussion after Eq. (2.9), when A < 0 we may distinguish
two further subcases of Case 2: Inthe Case2a: A < 0,y <0,
the ESU is again a saddle like before. However, in the Case
2b: A < 0,0 < y < 2/3, we have a pair of nonzero purely
imaginary eigenvalues and so this subcase corresponds to a
situation that has to remain undecided in the linear approxi-
mation. For as it follows from Eq. (2.11) the origin is ‘linearly
acentre’ and this leads to the question of the structural stabil-
ity of the Eq. (2.11), namely, whether this equation is stable
with respect to perturbations which will generally alter the
structure of the phase space of the problem in other nontriv-
ial ways (for instance if it is a centre, the phase curves are
ellipses in this case, and the presence of higher-than-linear
‘perturbing’ terms in (2.11) may be expected to completely
destroy the ellipses).

The presence of the original second-order terms in the
Egs. (2.10), (2.11) is in a sense just ‘symbolic’ here, we have
simplified (in the sense of reaching the normal form) only
the linear parts by moving the equilibria to the origin (it so
happens that the linear part so obtained is already in Jordan
form). The most important problem to be addressed in this
paper is to fully understand the nature of the second-order
terms and the possible influence of higher-order terms in
the systems (2.10), (2.11). In fact, this problem is not really
relevant for linearized stability studies of the FL equations
(and vice versa!) since for such studies one is only interested
exclusively in the linear part of the vector field.

2.4 Some preliminary comments

There are two somewhat concealed aspects which natu-
rally arise in connection with the FL equations (2.5)—(2.6)
(or (2.10), (2.11)) that deserve special attention, we briefly
describe them here. Firstly, as we discussed in Sect. 2.1, inter-
esting and physically relevant solutions of the FL equations
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may occur for a wide variety of different values of y, A.
Therefore, since y, A are not really known exactly and also
acquire different values during cosmological history satisfy-
ing relevant physical constraints, it appears more reliable not
to restrict their ranges ad hoc as in searches for linearized sta-
bility, but instead treat them as parameters, that is continuous
variables independent of the time, i.e., A = y = 0. This will
allow us to carefully monitor the influence they might have
on cosmological phenomena as these parameters change. It
will also lead us to discover the true relevance of nonlinear
stability for cosmology in the context of such a complicated
set of dynamical equations as the FL system.

Secondly, to apply the theory of hyperbolic systems (lead-
ing to linearized (in-) stability) to the FL equations presup-
poses that for the stated ranges of the parameters y, A near
the equilibria, these equations behave like their linear parts
(cf. the linear parts in the Egs. (2.10), (2.11)). This is of
course an extra assumption whose validity entirely depends
on whether or not the assumed hyperbolicity of a given equi-
librium is violated for some nearby value of the parameters
due to the possible presence of degeneracies. If it does it dra-
matically affects the conclusion, and the whole approach of
linearized stability and general application of hyperbolic the-
ory may not be an appropriate tool to decide on the stability
of the given equilibrium (an equilibrium is non-degenerate
of 0 is not an eigenvalue).

We re-emphasize the subtle fact that having to examine
some special system that arose in some area of applica-
tion (such as the FL equations presently) is quite different
from developing the general hyperbolic theory of dynamical
systems — these are already assumed to be hyperbolic for
this purpose, cf. [32-34]. Dynamical equations that arise in
gravitational studies very rarely contain hyperbolic equilib-
ria without extra assumptions (like above), and when they
do they represent an exception that proves the rule. To deal
with nonhyperbolic cases a whole branch of mathematics is
available, namely, bifurcation theory with all of its methods
and subfields.

We shall employ some background about the dynamics
and geometry of degenerate systems and bifurcations as we
go along with the analysis of the FL equations at differ-
ent stages in this work. For sources on bifurcation theory
at various levels, we refer the reader to [35-49], while for
an introduction to bifurcation theory notions and results in a
gravitational setting, see [S0-54].

3 The FL equations as a bifurcation problem
In this section, after a discussion of the different nature of
the two distinguished parameters of the problem, y, A, we

write down the four inequivalent forms of the FL equations
explicitly exhibiting the different possible types of degener-
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ate behaviour associated with these equations. This leads to
a statement of the normal forms of the FL equations as well
as their versal unfoldings, the topologically inequivalent dif-
ferential systems which contain all possible perturbations of
the original FL equations.

3.1 Nature of y and A

To begin appreciating the different roles played by the two
distinguished parameters y, A of the FL equations (2.10),
(2.11), we may consider one of them as fixed, vary the other,
and check for possible degeneracies and/or multiplicity of
steady state solutions. Instead of restricting the parameters
to obtain complicated hyperbolic equilibria, we ask: is there a
parameter value such that the Jacobians in Egs. (2.10), (2.11))
have some zero eigenvalue? (We note that if the answer to
this question was negative, then hyperbolic analysis would
be the tool to use.) If the answer is positive, the next step is
to look for possible variations in the number of equilibria as
the parameters change. We prove the following

Theorem 3.1 The parameters y, A which appear in the FL
equations (2.1)—(2.3) (or equivalently (2.5)—(2.7)) are as fol-
lows':

1. y is not a bifurcation parameter, and
2. A is an unfolding parameter.

Proof There are two cases to consider as one of the param-
eters y or A varies and the second remains fixed.

A. The singular case: y varies, A is fixed.

We examine the two Egs. (2.10), (2.11) separately. Using
the FL equations in the form (2.10) it is straightforward to see
that when y = 0 and A is fixed and nonzero, the eigenvalues
are F/A/3,0, so there is always a zero eigenvalue. This
means that the assumptions of the implicit function theorem
are violated and so the critical point in question is a singu-
larity (i.e., not a regular value according to that theorem). It
remains to look at the possible multiplicity of solutions at
y = 0 (if y is to quantify as a bifurcation point). Since by
the constraint (2.7) we have that 3H2 # p + A, using the
Egs. (2.5), (2.6) we either find de Sitter space or the ESU in
the forms (2.8), (2.9). Then when y # 0, from Eq. (2.6) we

' We note that there is another kind of bifurcation parameter, a modular
coefficient (or simply ‘moduli’). This is one thatis related to inequivalent
bifurcation diagrams. In general, in a bifurcation problem the presence
of moduli complicates matters because for each value of a moduli cor-
responds a different, inequivalent diagram. We shall meet such moduli
parameters because they will be present in all versal unfoldings below.
The fluid parameter y is not a modular coefficient, as it does not appear
in the versal families. However, it is not an unfolding parameter either,
itis just a distinguished parameter of the problem, i.e., a parameter that
appears in the original equations (cf. [43] for this terminology).
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have that either H = 0, in which case we get the equilibrium
(2.9), or p = 0 and we get the equilibrium (2.8). So y cannot
be a bifurcation parameter for the Eq. (2.10).

For the case of the system (2.11), the proof proceeds as
before with the only difference that when y = 0 and A is
fixed, the linear part is nilpotent (a double zero eigenvalue).

Therefore in both cases, no change in the number of equi-
libria is found. Hence, although this is a singular case in the
sense of violating the regularity assumptions of the implicit
function theorem (Jacobian degenerate), since the number of
equilibria remains fixed and equal to two as the parameter y
changes and passes through zero (for fixed A), there is no
bifurcation.

B. The bifurcation case: A varies, y is fixed.
We first note the fact that when A = 0 and y fixed, the
Egs. (2.10), (2.11) acquire an identical form, namely,

HY Gy—2(01\(H —H?
() =57 o) () () o

In other terminology [48], Eq. (3.1) means that the FL equa-
tions have a unique organizing centre. This fact allows for a
unified bifurcation treatment of the full FL equations (2.5)—
(2.7).

To examine for bifurcating behaviour, as a first step one
counts and identifies the multiplicity of equilibrium solutions
as A changes. When y = 2/3, as A passes through zero the
number of solutions of the form (2.8) jumps from zero when
A < 0tooneat A = 0 (the trivial solution H = p = 0), to
two for A > 0 (the = solutions for de Sitter). (The behaviour
of the Eq. (3.1) itself is a different story, see below.) When
y # 2/3, the ESU equilibrium from Eq. (2.9) will have
to be added to the previous counting for the A # 0 cases.
Also the FL equations in the form (3.1) represent a fully
degenerate two-dimensional system with linear part that has
two zero eigenvalues. This is the nilpotent 2-matrix when
A # 0, and when y = 2/3 the linear part is the zero matrix
(this is the only other case with a double zero eigenvalue
for planar systems). This implies that for different y-values
bifurcation diagrams will occur with modified codimension:
different numbers of parameters will be needed to unfold the
singularities associated with the different linear parts of the
FL equations.

Therefore in all cases of fixed y, we find that A is a bifur-
cation parameter for the FL equations because it satisfies both
conditions for this purpose, namely, giving both a singularity
(degenerate Jacobian) at the origin, and a bifurcation point
at A = 0. This completes the proof of the Theorem 3.1. O

The role of the fluid parameter y in this problem will also
be treated later where we shall show (as we have already indi-
cated) that the bifurcation diagrams corresponding to differ-
ent values of y are topologically inequivalent: for example,
thecase y = 2/3 comparedtoy # 2/3, cf. Sect.7.1. Despite

the different roles played by y and A as per the Theorem 3.1
and the bifurcation results of the following Sections of this
paper, there is a physical ambiguity still remaining because
of the well-known fact that the case y = 0 corresponds to
just a cosmological constant. Although it is a trivial algebraic
fact to associate one to the other (cf. e.g., [7, pp. 43-4]), and
so it would seem somewhat pedantic to discuss it any further,
this standard identification generally corresponds to a non-
dynamical, or ‘static’, equivalence of the vacuum (y = 0)-
fluid state and the cosmological constant. However, since
these two states usually appear in a cosmological context
to be related to equilibrium states of the system, the ques-
tion naturally arises whether the two states, the y = 0-fluid
state and any nonzero-fixed-value A-state, are also equivalent
when considered as two different transient states approached
by the system dynamically? This is not a trivial question, and
due to its various intricacies, we shall leave a more detailed
discussion of this problem for the future.

3.2 Inequivalent degenerate forms of the FL equations

The system (3.1) is the core degenerate system associated
with the FL equations, as it contains all degenerate subcases
of these equations that need to be considered in order to arrive
at a full picture of the behaviour of all possible perturbations
of these equations.

To enumerate the various cases that can occur, it is nec-
essary to simplify it as much as possible, eventually leading
to all possible topological normal forms that this system can
take. This will be completed in the next Section. In the rest of
this Section, we shall present a preliminary discussion which
serves as an introduction to this problem.

3.2.1 Time-symmetric Case: vy # +2/3 (includes de Sitter
and the ESU)

For the case y # 2/3, if we redefine the time,
Gy —2)
- =0,
6
(we shall use a’ in the place of the - for differentiation), and
introduce the notation,

6 18y
a=——, b=——,
3y =2 3y =2

(3.2)

(3.3)
we arrive at the following equivalent form of the system (3.1),
H _ (01 (HY, (@ H?

o] \00 0 bHp |’

The system (3.4) is (like (3.1)) (Z2 +t)-equivariant, meaning
that it is invariant under the symmetry,

(34)

H— —H, p—>p, t— —t. 3.5

@ Springer
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We shall show that exploiting this symmetry, the system (3.4)
leads to a final versal unfolding which is also manifestly
(Zp+t)-equivariant. We shall call the appearance of this sym-
metry in the final topological normal form a ‘time-symmetric
case’.

3.2.2 Time-symmetric Case: y = —2/3 (phantom energy)
In the case when y = —2/3 in Eq. (3.1), the system can

also be readily written in a time-symmetric form (redefining
t — (2/3)t), thatis,

()=o) (7) -3 ()

We shall say more above this system below.

(3.6)

3.2.3 Time-asymmetric case: y = 2/3 (curvature-like fluid)

On the other hand, when y = 2/3 (this excludes the ESU
Eq. (2.11) and retains only Eq. (2.10)), Eq. (3.1) becomes,

(%) =-(hn)

The main difference between the systems (3.1) (or (3.4))
and (3.7) is that in (3.7) the linear part is zero making it a
totally degenerate case. The other distinguished property of
the system (3.7) is that it is invariant under the Z,-symmetry,

3.7

H—H, p— —p 3.8)

but not the time symmetry + — —t. We shall call any system
in which the time reflection symmetry + — —t is absent, a
time-asymmetric case.

3.2.4 Time-asymmetric case: y # x2/3 (includes de Sitter
and the ESU)

We note here the final way in which the degeneracies of
the system (3.1) become manifest. We shall show that when
y # £2/3, thereis a second way to simplify the system (3.4),
qualitatively inequivalent to that noted in Sect. 3.2.1, a form
which as we shall prove is manifestly time-asymmetric. This
happens when the eventual versal unfolding does not have
the full (Z; + t) symmetry present in the original system
(3.1), but it is only Z-equivariant.

3.3 The FL normal forms

All four inequivalent forms to which the system (3.1) reduces
to depend on y and lead to the following normal forms.>

2 A normal form is the simplest possible form that a dynamical system
containing nonhyperbolic points can acquire. It is found by a series of
smooth transformations starting from the original system. (Nonhyper

@ Springer

Theorem 3.2 Each of the four primary inequivalent degen-
erate cases discussed above for the FL equation (3.1) leads to
the following normal forms classified according to the ranges
of the modular parameter y:

A. Time-Asymmetric Case-1: y # £2/3. In this case (cf.
Sect. 3.2.4), after a series of smooth changes the system
(3.4) reduces to the normal form,

x’ 01 X 0
(y’)_<00) <y>+(3xy+Cy2)’ G2
where
6(3 2 12
_0Gr+2 , (3.10)
3y =2 3y =2

B. Time-Symmetric Case-1: y # +£2/3. In this case (cf.
Sect. 3.2.1), after a series of smooth changes the system
(3.4) reduces to the normal form,

x/ 01 X 0
(y/>_<00> (y)+<Ax3+Bxy>’ GAD
where
108
A=V (3.12)
3y =2

and B as in Eq. (3.10).
C. Time-Symmetric Case-2: y = —2/3. The system (3.6)
reduces to the form given by,

X 01 X
(y.) _ (00) (y) L 00).
This system can be brought to a normal form that is man-
ifestly time symmetric.

D. Time-Asymmetric Case-2: y = 2/3. The system (3.1)
reduces to the form given by the system (3.7).

(3.13)

The relations of the variables (x, y)! to the original ones
will be given below.

3.4 The FL versal unfoldings

The fact that the FL equations contain the degenerate system
(3.1) means that these equations acquire inequivalent normal

Footnote2 contiuned

bolic points are equilibria where the Jacobian of the linearized system
evaluated there has some eigenvalues on the imaginary axis.) Bifurca-
tion theory starts once a system is reduced to its normal form.
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forms according to their degeneracy as discussed in the pre-
vious subsection, Theorem 3.2. In the next four sections, we
shall employ an exhaustive list of all possible perturbations
for the FL equations, the so-called ‘versal unfoldings’ of each
one of the four basic FL normal forms.3

The most complicated situation to deal with corresponds
to the y # =£2/3 time-symmetric case, however, all four
cases taken together represent a vast structure of possible
behaviours associated with the FL equations. In all these pos-
sibilities the versality of the constructed families depends on
second-order or third-order terms, as summarized in cases
A-D of the Theorem below.

Theorem 3.3 Through different series of smooth changes
and rescalings, the systems given in Theorem 3.2, lead to the
following versal unfoldings in Cases A—D respectively.

The FL cusp.

The saddle-focus-elliptic codimension-3 FL cubic.
The saddle-focus codimension-2 FL cubic.

The Zj-equivariant codimension-2 unfolding

Snow>

This result together with Theorem 3.2 will be deployed in
the next several Sections of this paper. Together they contain
the main information about the possible/allowed perturba-
tions of the FL equations. The meaning of the symbols and
technical terms that appear in these Theorems 3.2, 3.3 will
also be clarified in these sections.

4 The FL cusp

The purpose of this section is to prove Theorem 3.2, Case A,
as well as to develop the following result which settles Case
A of Theorem 3.3.

Theorem 4.1 When y # =£2/3, the FL equations in the
form (3.9) (cf. Sect. 3.2.4) versally unfold to the topologi-
cal normal form described by the second-order Bogdanov—
Takens versal unfolding, namely,

X =y,

¥ =+ oy +x* £ xy, 4.1

where (L1, L2 are the two unfolding parameters. This form is
also manifestly time-asymmetric.

We shall split the proof of this theorem in several steps in
the following subsections.

3 The notion of versal unfolding was introduced by H. Poincaré around
1890. Bifurcation theory was also founded by Poincaré around the same
time, and subsequently developed by A. A. Andronov, R. Thom, V.
1. Arnold, and later by F. Takens, R. I. Bogdanov, F. Dumortier, H.
Zoladek, and many other brilliant mathematicians, cf. the refs.

4.1 Preliminaries

We shall construct a new basis for the vector space R? to
transform (3.1) into a more convenient form. We introduce
two linearly independent vectors, a 0-eigenvector go and a
0-generalized eigenvector g of the matrix,

01
4= (00)

defining the linear part of the vector field (3.1), namely,

“4.2)

Ago =0, Agi = qo. 4.3)

as well as two adjoint eigenvectors pg, p; which belong to

the kernel and range of the transposed matrix A i.e.,
Ap1 =0, Apo=p1. 4.4

Using the Fredholm alternative, we have the following

orthogonality relations,*

go-po=1 qi-p1=1, (4.5)
and

q1-po=0, qo-p1=0. (4.6)

Solving for the vector components, we can choose four such
vectors, for example as follows,

q0=(1,0), g = (11, po=(1, -1, p1r=(,10).

4.7
4.2 Transformation of the system (3.1)

Any solution of the system (3.1) (in fact, any plane vector)
can now be written as,

(H, p) = xq0 + yq1, (4.8)
where,

x=po-(H,p), y=p1-(Hp), 4.9)
that is,

H=x+y,

P =Y, (4.10)

with inverse, x = H — p, y = p.
Then the FL-system (3.1) in the new coordinates x, y
becomes (after redefining the time as in Eq. (3.2)),

X\ (01 (x N [x2 + Doxy + '3y
y') oo/ \y Dixy + Diy? ’

.11

4 This is with respect to the standard scalar product of R2.

@ Springer
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where the coefficients are as follows,

6 3y —1
N=——, I'h=-6, I'3=-6 Y
3y =2 3y —2
18
D =—2 4.12)
3y -2

4.3 Elimination of the nonresonant terms

We shall use some standard terminology from normal form
theory. We denote by H» the space of all vector-valued homo-
geneous polynomials of degree two in R?. This is a vector
space which in the standard basis of R? is spanned by the
vectors,

Hp = span

1(0)-(9)-(5)-(2)-(5)- ()}

(4.13)

obtained by multiplying each of the standard basis vectors of
R? by the possible monomials of degree two. The space H,
is the direct sum,

Hy = L (H) & G,. (4.14)

We explain the two terms on the right-hand-side as follows.
For the linear part A given by Eq. (4.2), it is a simple calcu-
lation to show that the first summand is given by,

) -2 2 2 xy
L(’)(HZ)zsmn{( Oxy>’(y0)’<—§xy>’(—y2)}'

(4.15)

This term in the decomposition (4.14) contains all the ‘non-
resonant terms’, those second-order terms linear combina-
tions of the basis vectors in Eq. (4.15) which can be com-
pletely eliminated from the Eq. (4.11).

The last term in (4.14) is the space complementary to
L(Jz)(Hg) that contains all the other terms F} (Y) (‘r stands

for ‘resonant’) that cannot be in the range of L(Jz) (H>) and
hence cannot be removed from the Eq. (4.11). That is all other
terms can be eliminated except the resonant terms F; (Y).

It is straightforward to check that the second-order terms
in the Eq. (4.11) can be further simplified. The I"-terms can
be rewritten using the L(Jz) (H»)-basis vectors as follows:

(3)er () n(3)
() (3)-r (0
SESRES

@ Springer

+F1(20 >~|—F2<02>. (4.16)
Xy y

The first five terms on the right-hand-side are linear com-
binations of three of the basis vectors in L(jz)(Hz) and can
be eliminated. Therefore substituting the remaining terms
present in right-hand-side of Eq. (4.16) in Eq. (4.11) in the
place of the I'-terms, (4.11) becomes,

()=o) () (aner)

where B = D1+ 2I"1, and C = D1 + I'», which is the result
announced in Theorem 3.2, Case A.

4.17)

4.4 Embedding in a transverse family its final form
4.4.1 Step-1

We now need to embed (4.17) in a codimension-2 family
which is transverse to the versal extension of the linear part
given the nilpotent matrix A. This is a well-known process
and the result is (cf. e.g., [45, pp. 413-4]),

X =y,

y = lex—i—sz—i—sz—i—ny. (4.18)

Here the 11, o are the unfolding parameters, and together
they constitute the versal unfolding of the linear (nilpotent)
part of (4.17).

4.4.2 Step-2

We may further reparametrize to obtain the versal unfolding
in its final form, having the origin moving upon parameter
variation (this does not occur in (4.18)°). Shifting the x-part
of the vectorfield, x — X = x —x¢, y — y, the versal family
(4.18) acquires a new constant term,

X =y,

¥ = Bxg — m1xo + (1 — 2Bx0)E + (12 — Cxo)y
+Bx% + Cxy. (4.19)
4.4.3 Step-3
A further parameter-dependent shift of the y-part,
y=y+ ‘“_TBXO, (4.20)

removes the linear x-term, and we arrive at the result

)

= i1 + oy + B¥* + Ci¥,

=1
I
<1

421

<

5 This leads to the notion of fixed branches instead of fixed points, cf.

[51].
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where,
fi1 = Bxg — pixo + (u1 —2Cx)(u1 —2Bxg)  (4.22)
= 1 — 2Cxo. (4.23)

4.4.4 Step-4

Finally, by a standard rescaling in x, y, T (cf. [45, p. 437],
[41, Sect. 7.3]), we may reduce the possible cases to two,
namely, in the rescaled variables B = 1 and C = %1, which
transforms (4.21) into the result Theorem 4.1, and we have
reverted back to unbarred symbols for simplicity without a
danger of confusion.

The meaning of the word ‘cusp’ in the title of this section
will be elucidated in Sect. 5.3 below.

5 The saddle-focus-elliptic codimension-3 FL cubic

In this section, we are concerned with the system (3.4) which
contains all the main difficulties associated with, and stem-
ming from, the degeneracies present in the FL equations.
These difficulties arise and become very transparent and
prominent already in the original form of the FL equations
(2.5)—(2.7), and are closely related to the presence of the
terms H? and 3y Hp in those equations.

We shall proceed to prove Theorem 3.2, Case B, as well
as to develop the following result which settles Case B of
Theorem 3.3.

Theorem 5.1 When y # =£2/3, the FL equations in the
form (3.11) (cf. Sect. 3.2.1) versally unfold to the topological
normal form described by the following versal unfolding,

X =y,
¥ = j1 + pox + p3y + Ax® + Buxy, (5.1)
where (1, 2, 3 are the three unfolding parameters, and
108y 6By +2)
3y -2 7 3y =2

as before. This form is also manifestly time-symmetric.

) (5.2)

We shall split our discussion of his result in several steps
in the following subsections.

5.1 The main difficulty

One way to express the main difficulty associated with the
second-order terms present in the FL equations (3.4) is to use
the decomposition (4.14). While the term (0, bHp)T in (3.4)
belongs to the resonant component G, of the decomposition
(4.14), the term (H?,0)” belongs only to H,. This simple
observation about the structure of the FL equations reveals
that the system (3.4) is not in normal form.

One can rewrite the second-order term in Eq. (3.4) in the
following form,

aH? 6 0 H?
(btt0) =537+ () * (o) |

(5.3)

Since the last term is in the L(JZ) (H») part of the decompo-
sition (4.14), it can be completely eliminated and therefore
the FL equation (3.4) is replaced by,

H’ 01 H 0
() =(00) () +2 ()
where B is as in Eq. (3.10).

There are two features of the system (5.4) which will play
an important role in the following. First, (5.4), like the pre-
vious form Eq. (3.4), is manifestly time-symmetric in the
sense of being (Z, 4-t)-equivariant that is invariant under the
symmetry (3.5). However, Eq. (5.4) is qualitatively inequiv-
alent to the Bogdanov—Takens normal form found in Sect. 4,
namely Eq. (4.21), because the x> term is missing presently.
This means that the present case is more degenerate than that
of the Sect. 4, in particular it is expected to contain third-order
terms.

54

5.2 The normal form

In fact, by a generalization of the standard normal form pro-
cess leading to second-order terms we may acquire a first
taste of the structure of the sought-for normal form contain-
ing the appropriate third-order terms. To deal with the above
difficulty, we proceed as follows (cf. e.g., [46, p. 167]). In
general, one starts from the system (3.4) and looks for the
normal form to O (3) terms in X = (H, p)”, which we write
symbolically as X = JX + F»(X) + F3(X) + O(|X|*),
where F; € H;,i = 2,3, and H; is as in Sect. 4.3, and
[51, Section 7.1.2], respectively, for i = 2, 3. Then by a
series of near-identity transformations, we first reduce this
system to the form X = JX + F>(X) + F3(X) + 0(|1X|Y),
where F»(X) € G, and Fg(X) € Hj, and secondly, by
another nonlinear transformation to the final form X =
JX 4+ F>y(X) + F3(X) + 0(1X|%), with F3(X) € G3.

The first reduction was already performed in the previous
subsection, where we arrived at the reduced form (5.4). As
it turns out, the following smooth change accomplishes the
second reduction, namely, under the transformation of the
field,

()= () + ()

(5.5)
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Eq. (3.4) finally becomes the FL ‘cubic’,%

X =y,

y = Ax> + Bxy, (5.6)

so that the Theorem 3.2, Case B follows (for simplicity
we have reverted back to the variables x, y in the place of
the transformed variables yi, y»). The important new fea-
ture in the reduction (5.6) is that the third-order vector field
0, AxHT belongs to G3. Thus we have succeeded in finding
the normal form of the FL equations in this case.

Finally, we note that using a similar rescaling as that
which was used in Sect. 4.4.4, namely, x — ax,y —
By,t — 6t,8 > 0, without loss of generality we may set
A = =1, B > 0in Eq. (5.6).

5.3 Andronov theorem

Before we proceed further, we make the following obser-
vation. In the analysis of linearized stability summarized in
Sect. 2.3, we found that the two equilibria, de Sitter space and
the Einstein static universe, were saddles and sinks respec-
tively, and this appeared as a basic feature of the FL equations.

However, this conclusion appears perhaps somewhat
restricted for a number of reasons which will unravel gradu-
ally in the next few Sections of this paper. Using two of the
results we have developed up to now, namely, Egs. (4.17),
(5.6), we see that the FL equations contain non-hyperbolic
points instead of the assumed saddle or a sink in linearized
studies. This has important consequences because when y #
2/3 the behaviour of the solutions near both the de Sitter and
the ESU depends on whether we assume a time-asymmetric
or a time-symmetric system leading to the Egs. (4.17), (5.6),
hence giving a cusp or a elliptic domain respectively, not a
saddle or a sink.

For planar systems with non-hyperbolic points of nilpotent
type, there is a general theorem discovered by Andronov
and coworkers which characterizes completely all possible
dynamical behaviours near such points (cf. [55], Section 22
for a proof). We shall state Andronov’s theorem in its simplest
form in order to give a broad classification of the possible
behaviours of solutions to the FL equations (4.17), (5.6),
before we proceed to the analysis of their bifurcations.

Theorem 5.2 (Andronov etal 1973) Part 1: General normal
form.

The normal form of a planar dynamical system with nilpo-
tent linear part is given by,

X =y,
¥ = apxF (1 4+ h(x) 4+ bux"y(1 + g(x)) + Y2 f(x, ¥),(5.7)

6 We shall use this word to indicate the situation that the FL equations
when reduced to a normal form contain a cubic term.

@ Springer

where h(x), g(x), f(x, y) are analytic in a neighborhood of
the origin, h(0) = g(0) = 0, k > 2,ar # 0, and n >
1,b, #0.

We shall list below all possible non-hyperbolic points only
for the simplest, that is lowest-order, values of the exponent
k. When k is even, k = 2m, we shall list only the cases with
m = 1, and similarly when k is odd, k = 2m + 1.

Theorem 5.3 (Andronov et al. 1973) Part 2: Lowest expo-
nents.

There are two main quadratic cases, and five cubic ones
in total. We have:

e QUADRATIC CASES, k = 2.

— Case Ay : Cusp. In this case, azy, > 0.

1. b, =0.
Simplest case: We have the form: .
2. by #0.

Simplest case: n = m = 1, by # 0. We have

the form: . This case leads to a
codimension-2 Bogdanov-Takens 2nd-order.
— Case Ay : Saddlenode: b, # 0. In this case,
aryn < 0.
Simplest case: n = 0 < 1 = m. We have the form:
boy + arx?.

e CUBIC CASES, k = 3.

— Case By : : Topological saddle

— Case By : a3 < 0: Four main cases as per below.
Behaviours depend on the expression A = bﬁ +
4(m + 1)az. We note the two further subcases when
b, >0andb, <0

1. a. Focus, or, b. centre
(@) b, = 0. (No xy termwithn = 1.)
() b, #0andn > m.
When m = 1, the simplest case isn = 2,

so we get a3x’ + b2x2y . Codimension-2
Bogdanov-Takens 3rd-order.
(c) When n = m and . < 0, simplest case
Codimension-3 versal unfolding.
2. Topological node
(a) b, # 0andn even < m, simplest case m =

(b) b, # 0 and n = m even, so simplest case

n = m =

ism =2, and we get a5x5 + b2x2y  with
A= b3+ 12as > 0.
3. Elliptic point
We note the two further subcases when b, >
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0 and b, < 0, phase portrait is upside down
(reflection in the x-axis) when b,, < 0.
(a) by, # 0andn odd < m, simplest case m =

2,n =1, we find a5x5 +bixy |
(®) by, # 0 and n even = m, simplest case
n=m=1, we find

a3x3 + b1xy |, and so thisis a codimension-
3 versal unfolding.

Andronov’s theorems give the normal forms of systems
with linear part given by (4.2). We see that instead of ending
up with the linear saddles, nodes, or foci met the linearized
studies, the FL equations admit a great variety of nonlinear,
non-hyperbolic points: besides topological (nonlinear) ver-
sions of the saddle, nodes or foci, they admit in addition, the
cusps, the saddle-nodes, and the elliptic domain points. We
shall see below that in fact these possibilities correspond in
turn to only the simplest behaviours to be met in the FL equa-
tions. This is because the full description of the FL dynamics
requires by necessity taking into account their bifurcations.

As an immediate application of Theorem 5.3 to our prob-
lem, we get the following result which justifies the name
‘FL-cusp’ in Sect. 4.

Corollary 5.1 Atthe origin ofthe parameter space 11, Lo =
0 in Theorem 4.1, the FL dynamics under the assumptions
of that theorem is described by the cusp found Theorem 5.3,
Case A1-2.

5.4 The versal unfolding of the codimension-3 FL-cubic

We now return to the FL system (5.4) and consider the ques-
tion of what is the topological normal form, or versal unfold-
ing, in this case. We know from Sect. 5.1 that the FL equations
in this case are more degenerate than their time-asymmetric
counterpart Eq. (4.1) analysed in Sect. 4, and we also learnt
from the previous subsection that the normal form necessar-
ily contains cubic terms.

In fact, this problem was only solved somewhat recently,
in the fundamental work [56,57] where it is shown that the
topological normal form of Theorem 5.1 is equivalent to the
following versal unfolding,

X =y,

¥ = p1 + pox + puzy £ x° + Bxy, (5.8)

and we only need to consider the case B > 0 (the other case
is found by a reflection about the x-axis (cf. Theorem 5.3).
Therefore for the current cubic case we arrive at the following
result.

Corollary 5.2 At the origin of the parameter space (11, (L2,
w3z = 0in Eq. (5.8), the FL dynamics is described by the
following cases:

e (+)-sign case in (5.8) corresponds to a topological sad-
dle (Case B; of Theorem 5.3).

e (—)-sign case in (5.8) corresponds to either a focus or an
elliptic domain (cases By —1c and By—3b of Theorem 5.3
respectively.)

Since by Eq. (5.2), A 2 0 iff the fluid parameter y < 0,
we conclude by an application of this Corollary that the FL
cubic is a topological saddle at the origin for y < 0 (i.e.,
the (4)-sign case in the Corollary 5.2). Using the combina-
tion . = B? + 8A, we also conclude the origin is a focus
when B < 2\/5, and an elliptic domain when B > 2\/5.
Since the form (5.8) is manifestly time-symmetric our dis-
cussion of Theorem 5.1 in the beginning of this Section is
thus concluded.

6 The casesy = —2/3and y =2/3

In this section, we complete our discussion of the possible
versal unfoldings of the FL equations by treating the remain-
ing two, single y-values, cases.

6.1 y = —2/3: the saddle-focus codimension-2 FL cubic

Let us first treat the Case C in Theorem 3.2, namely, the case
y = —2/3 for the fluid parameter y. Using the method of
Sect. 4.3, we conclude the quadratic term in the FL equation
(3.6) of Sect. 3.2.2, namely, the term

3( H?
2\ —2Hp )’

is a linear combination of nonresonant vector fields in the
space L(Jz)(Hz) (cf. Eq. (4.15)) and can thus be eliminated.
Hence we must proceed to calculate third-order terms, that
is the space L(JS)(H3).

This is a problem identical to the one addressed in [51],
Sections 7.1.2, 7.1.3, and we shall present a very brief dis-
cussion of the solution leading to the versal unfoldings in this
case.

The space Hj of all vector-valued homogeneous polyno-
mials of degree three in R? is given by,

el (0)-(5)-(7) () ()
(2)-(2)(2)

As in the second-order terms case, this space is the direct
sum,

6.1)

6.2)

Hy = LY (H3) @ G3, (6.3)
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where,

3 2 2
3) . X Xy Xy
e = (e, ) () (7))

3
y 0 0
(6)-(3) ()} o
while the resonant component is found to be,
0 0
G3 _span{<x3> , (xzy)}' (6.5)

Following the discussion in [51], we find that after rescaling
the normal form of the FL equation (3.6) is given by,

xX=y,
y = 4x> — x%y. (6.6)

We therefore arrive at the following result for the versal
unfolding of the FL equations in this case.

Theorem 6.1 When y = —2/3, the FL equations in
the form (3.13) versally unfold to the topological normal
form described by the third-order Bogdanov-Takens versal
unfolding, namely,

X =y,

Y = wix + pay £ x° — 2y, (6.7)

where L1, 42 are the two unfolding parameters. This form is
also manifestly time-symmetric.

6.2 y = 2/3: the Z;-equivariant codimension-2 unfolding

We now move on to discuss the last case of Theorem 3.2,
case D, namely the system (3.7) which we reproduce here
(also setting x := H, y := p for uniformity of notation, and
rescaling t — —1),

<;):(2§2y)

As we discussed in Sect. 3.2.3, the linear part of this system
has also two zero eigenvalues but instead of being nilpotent
like in all previous cases, it is the zero matrix. This system
(6.8) is also invariant under the Z,-symmetry x — x,y —
—y.

In the literature such systems are called truncated ampli-
tude systems because the may be regarded as reductions
of three-dimensional systems having an extra equation that
describes arotation around the x-axis. In gravitation such sys-
tems appear as governing the dynamics of the optical scalars
in spacetime, and also as the convergence-vorticity systems
associated with vorticity congruences, cf. [51], Sections 5, 6.
It is interesting that exactly the same situation arises in the
totally distinct FL, y = 2/3 case presently.

(6.8)
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The versal unfolding of the Eq. (6.8) is given by [58],’

&=y + %+ sy,

¥ = oy +2xy +x7y, (6.9)

where (1, o are two unfolding parameters, and s = =+1 is
another modular parameter. The properties of this versal fam-
ily have been discussed in many references and the bifurca-
tion diagrams have been obtained (cf. [S1] and refs. therein).

7 Bifurcation diagrams and FL. metamorphoses

In this section, after discussing the role of the fluid parameter
y, we present some aspects of the very rich patterns of bifur-
cations that occur at different y parameter ranges and which
describe the amazing variety of dynamical features that stem
from the four versal unfoldings of the FL universes, namely,
the versal families (4.1), (5.1), (6.7), and (6.9). We shall also
discuss the ‘rough’ nature of the emerging solutions.

A very important aspect of the versal solutions is their
continuous ‘metamorphoses’ (or ‘perestroikas’ in other ter-
minology [38]) into new forms of evolution effected by some
of the bifurcations, e.g., the pitchfork. New solutions are typ-
ically created by saddle-node bifurcations and then revisited
by other kinds of transitions. When this happens one observes
an old structure transfiguring to another one precisely when
the system passes through a bifurcation set in the correspond-
ing parameter space.

A bifurcation diagram is to a versal unfolding what a solu-
tion set is to a hyperbolic dynamical system, namely, it con-
tains all possible qualitative information about the behaviour
of the solutions. For a given versal family, the bifurcation
diagrams consist two parts,

e The parameter diagram.
This is the parameter space (2-, or 3-dimensional in all
cases below) divided into separate connected regions, the
strata, at each point of which the system has a phase
portrait topologically equivalent to that of any other
point in the same region. The strata are separated by
well-defined bifurcation sets, points, curves or higher-
dimensional manifolds in parameter space where all qual-
itative changes in the dynamics take place.

e The phase portraits.
These are representative of the dynamics in each one of
the strata of the parameter diagram.

7 This versal family is equivalent to the one used in [58]. As Zholondek
proves in his work, that equation represents all non-degenerate (versal)
unfoldings. The remaining unfoldings are degenerate, non-transversal
families which are described as a finite union of codimension-1 sub-
manifolds.
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t—-symmetry t—asymmetry
i 1 y-axis
-2/3 2/3

Fig. 1 The axis of the parameter y. Away from the two shown values
of y, the system can be either time-symmetric or time-asymmetric. In
either case, a passage through the time-(a)symmetric value —2/3 (resp.
2/3) dualizes the behaviour of a time-(a)symmetric that existed for the
system when y # +2/3

Normally a bifurcation diagram appears as a superposition
of phase portraits on the parameter space (one per stratum
separated by the bifurcation sets).

Once the bifurcation diagram(s) of a system is known,
we are equipped with a complete classification scheme of all
possible modes of behaviour of the solutions of the system
as well as their bifurcations. That is, we know the possible
transitions between solutions upon parameter variation, when
a particular type of universe is transfigured into another and
how this metamorphosis is exactly done. Given that the versal
unfolding of a given equation contains information about
all possible perturbations of that equation, the bifurcation
diagramisin asense the ‘theory of everything’ of the equation
one started with — it contains the answer to any question that
may be posed about that equation.

7.1 The role of the fluid parameter y

All different versal unfoldings of the FL equations emerge
in the five possible sets of values of the fluid parameter y
and can be classified as to whether or not they are (Z, + t)-
equivariant. When they are, we call them time-symmetric,
otherwise they are time-asymmetric. This is shown in Fig. 1.
To understand what the role of the y-parameter is, sup-
pose that the system is time-asymmetric for some value of
y < —2/3, and we wish to understand the behaviour of the
system as y increases (motion to the right of the y-axis in
Fig. 1). Then on passing through the value y = —2/3 the
system becomes manifestly time-symmetric and remains so
until it crosses the value y = 2/3 where it changes to time-
asymmetry and keeps it for y > 2/3. The system may be
either time-symmetric or asymmetric for any y #* +2/3,
but it is the crossing of the two critical values £2/3 that
changes the type of time-symmetry the system possesses.
In this example, when the system is in the y < —2/3
region of the y-parameter, it behaves like an FL cusp (that is
it is time-asymmetric) with bifurcation diagrams described
as in Sect. 7.2.3 below. When y crosses the value —2/3, the
system dualizes to time-symmetry and the bifurcation dia-
grams of Sect. 7.2.1, then in the region —2/3 < y < 2/3
remains time-symmetric with bifurcation diagrams as those

described in Sect. 7.2.4, then when y = 2/3 the system
dualizes again back to time-asymmetry and the bifurcation
diagrams are those described in Sect. 7.2.2, to finally change
to those of Sect. 7.2.4 (retaining the time-asymmetry). All
such evolutionary changes are smooth, the universe point
moves on some orbit of a phase portrait in some bifurca-
tion diagram, continues its motion from phase portrait to the
next passing through subsequent bifurcation sets, strata, and
eventually through whole bifurcation diagrams.

We conclude that the role of y in the evolution of the
FL equations is to drive the system between topologically
inequivalent bifurcation diagrams available, while those of
the unfolding parameters (A included) are to drive the system
through each bifurcation diagram. Once the system is found
itself in one of the five possible ‘ranges’ of y-values (the
two point values are also regarded as two of these ranges),
the consequent behaviour of the system is completely deter-
mined by the unfolding parameters p;, i = 1, 2 (and also 3
for the codimension-3 unfolding (5.1)) present in the corre-
sponding versal families and their bifurcation diagrams. (We
note again that since in all cases we are unfolding from zero
A, one of the unfolding parameters must be the cosmological
constant A.)

7.2 Features of the bifurcation diagrams

We describe below some aspects of these diagrams. Overall,
one counts nine possible topologically distinct bifurcation
diagrams for the FL equations. We emphasize that the (nor-
mal forms of the) original FL equations are found when ones
sets the u parameters equal to zero.

7.2.1 The y = —2/3 case

The bifurcation diagrams correspond to the cubic Bogdanov—
Takens bifurcation (6.7), namely,

x=y,

V= mix + pay 27— xPy, (7.1)
are shown in Figs. 2, 3 for the positive and negative moduli
respectively.

It is interesting that the same bifurcation dynamics occurs
here as in [51], figs. 13, 14 for the (4+) and the (—) case
respectively. We shall only briefly recall here the main fea-
tures of the (4)-case, directing the reader to the Sect. 7.3 of
[51] for the other case. We summarize in a qualitative way the
(+)-case following closely [51], Sect. 7.2, (however, much
of the intriguing difficulties in obtaining these results are now
lost in the present summary). The origin &3 = (0, 0) is a sad-
dle for ;1 > 0 and any sign of wy, while when pu < 0, it
is a source for up > 0, and a sink for ur, < 0. Apart for
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Fig. 2 The bifurcation diagram Lo
for the y = —2/3, positive
moduli case
s<&X
N\ y
H1
@ /‘h\
Fig. 3 The bifurcation diagram Lo
for the y = —2/3, negative
moduli case @ Lo =11
@\ \
N
A H
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the origin, there are two new equilibria &1 » = (£4/—u1, 0)
which are real provided w1 < 0. They are both saddles.
There are two kinds of local bifurcations:

e A pitchfork bifurcation when (11 = 0. So in this case the
behaviour of the system near p is supercritical (resp.
subcritical) for uy > 0 and the origin repels all orbits
(resp. o < 0 the origin is an attractor to all orbits).

e A Hopf bifurcation when p, = 0. When 1 < 0, this is
supercritical (the bifurcating limit cycle is stable at uy =
0). We note that there are various regions of parameter
space with no periodic solutions.

In the (—) case, we have again analogous bifurcations but
all conclusions are ‘dualized’ (‘super’— ‘sub’, etc.), while
the new equilibria are centers. We also note that the origin
in parameter space is now a focus (instead of a saddle in the
(+)-case).

7.2.2 The y = 2/3 case

The bifurcation diagrams correspond to those of the Z;-
symmetric versal family (6.9), namely,

X= 4 x?+ sy,

V= oy +2xy + x2y, (7.2)

are shown in Figs. 4, 5 for s = =£1 respectively (interestingly,
similar dynamics is found in [51], fig. 8 for the (+)-case, and
fig. 11 for (—)-case there). We again only briefly summarize
here the main features of the ensuing bifurcations.

For the (4)-case (cf. [51], Sect. 5), at zero parameter the
dynamics is characterized by the existence of the straight
line separatrices, y = =*x, a key fact for the construction
of the phase portrait in this case. All solutions are unstable
(and the origin represents only de Sitter space in the present
subsection).

There are three new equilibria (i.e., ‘fixed branches’) in
this case, all parameter-dependent, but none of them exists
in the right half of the parameter space (1t1, (2):

1. The first two are, £1 2 = (F4/—11,0), 1 < 0.
2. The third fixed branch is,

The stability of the equilibria £; 2 depends on the sign of the
combination uy — 2./—pu1, & is a saddle or sink, and &, a
source or saddle, when py — 2./—p1 2 0 in the two case
respectively, while &3 is a saddle.

The equilibria & » are created in a saddle-node bifurca-
tion, in the sense suggested by the centre manifold dynam-
ics, x = u; + x2, which also implies that the saddle-
node is solely H- (i.e., x)-dominated. On the other hand,
the equilibrium &3 is created in a supercritical pitchfork
bifurcation by the equilibrium &; crossing the 74-branch:
ny = —,u% /4, w2 > 0 transversally, and also in a subcrit-
ical pitchfork bifurcation by the transversal crossing of the
T_-branch: u; = —,u% /4, ua < 0 by the equilibrium &, (or
destroyed in the opposite directions of the curve crossings).
We note that the equilibrium &3 does not bifurcate further
(i.e., into something else different from & 7).

We see the different roles played by the two bifurcations,
saddle-node and pitchfork, in creating new solutions and also
in transfiguring one into another. In this way, one witnesses
the transitions described by the smooth transformations,

&3 e &1, onthe t4-branch, (7.4)
and,
&3 «~ &, onthe T_-branch, (7.5)

(cf. [51], Sect. 5.4.2,3 for complete proofs of this result).

The (—)-case (cf. [51], Sect. 6) is very different qualita-
tively than the previous one. At zero parameter the dynam-
ics is characterized by the existence of closed trajectories
(only!). There are again three parameter-dependent equilib-
ria which we again denote by £12,3. A main difference is
that here & is a node rather than a saddle of the previous
case. There are saddle-node and pitchfork bifurcations of the
equilibria &1 7 like before, only that the latter are to a node
(not a saddle), which is a sink (resp. source) for p > 0 (resp.
< 0).

There is however, one extra possibility for the equilibrium
&3, namely, to become a centre acquiring a pair of purely
imaginary eigenvalues, and bifurcate in a degenerate Hopf
bifurcation thus creating an infinity of closed orbits. It is here
that the effects of the cubic term present in the versal unfold-
ing of this case enter and create a stabilization mechanism
that leads to a unique stable limit cycle for the versal dynam-
ics of the FL universes. Upon further parameter variation, one
sees that this cycle disappears by becoming invisible, cf. [51]
and references therein, where a more detailed description of
the various bifurcations is given.

7.2.3 The FL cusp

Using similar methods to those in the last two subsections,
one is led to the construction of the bifurcation diagrams in
this case too and the resulting versal dynamics. The bifurca-
tion diagrams that describe the FL cusp (4.1) correspond to
the quadratic Bogdanov-Takens versal family,

X =y,
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Fig. 4 The bifurcation diagram
for the y = 2/3, positive
moduli case

. A

¥ = p1 + pay + x% £ xy, (7.6)

are shown in Figs. 6, 7, and may be found in various sources,
for instance, [41], p. 366, [45], pp. 444-5, for the (+)-case,
and [47], p. 358 or [56], p. 1038, Fig. 15 for (—)-case.

We shall consider the (—)-case. There are three impor-
tant bifurcations for the FL-cusp (i.e., quadratic Bogdanov—
Takens) problem (7.6) in this case, namely,

e A saddle-node bifurcation along the w,-axis. This leads
to the creation of new parameter-dependent equilibria
(when @1 > 0, there are no such equilibria) apart from

the origin.
e A Hopf bifurcation along the curve H (no relation to the
Hubble parameter) given by pu; = —,u%. This leads to

the appearance of a limit cycle.

e A global bifurcation associated to an orbit homoclinic
to one of the new equilibria (the saddle) leading to the
destruction of the limit cycle.

All these features of the bifurcation diagram are insensi-
tive to the inclusion of higher-order terms in the unfolding.
We further note that the limit cycle is unstable in the (+)-
case, stable in the (—)-case. The parameter space curve, say

@ Springer
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a, responsible for the creation of the limit cycle, starts at
the origin (i.e., at de Sitter space or the ESU), and is given
by u1 = —(49/25)/1%. As we trace this curve towards the
origin, the homoclinic loop orbit shrinks and disappears, a
reason why such a phenomenon in absent in linearized sta-
bility studies. Also no limit cycles exist outside the region
between the two curves H, «.

7.2.4 Codimension-3

As it is perhaps expected from Andronov’s theorem, Sect.
5.3, there are three topologically inequivalent cases associ-
ated with the family (7.7), the saddle case corresponding to
the (+)-case in Fig. 8 (left), the elliptic (domain) case cor-
responding to the (—)-case with B > 2+/2 in Fig. 8 (right),
and the focus case for the (—)-case with 0 < B < 24/2 Fig.
9.

The bifurcation diagrams for the codimension-3 FL cubic,
namely (5.8),

X =y,

¥ = p1 + pox + puzy £ x° + Bxy, (7.7)
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Fig. 5 The bifurcation diagram H2
for the y = 2/3, negative
moduli case

[

H1

H2 diagrams are reproduced below for the convenience of the
reader. We note that the parameter space in all three cases
has a conic structure and the shown diagrams are projections
on different faces of a cube centered at the origin of the
parameter space. This is the dynamically richest case among
all versally unfolded FL cosmologies, and we conclude this
Section by giving a few hints about the dynamics involved
in this case, closely following Refs. [56,57].

As it is perhaps expected from Andronov’s theorem,

U1 Sect. 5.3, there are three topologically inequivalent cases
associated with the family (7.7), the saddle case correspond-
ing to the (+)-case, the elliptic (domain) case corresponding
to the (—)-case with B > Zﬁ, and the focus case for the
(—)-case with 0 < B < 2+/2. The following aspects of the

\Y bifurcational dynamics of (7.7) are very important:

-—X
e The versal unfolding (7.7) is shown to be topologically
equivalent to the general topological normal forms con-

Fig. 6 The stratified parameter space, part of the bifurcation diagram sidered in Ref. [57] by the method of principal rescaling,
of FL cusp, positive moduli case cf. [56,57].

e The system has at most one limit cycle in the elliptic case,

and in suitable parameter regions in the other two cases.

can be found in [56], figs. 3, 4 for the saddle case, figs. 7, 8 e Noting the coupling of A with y in (2.10), (2.11), we
for the focus case, and figs. 13, 14 for the elliptic case. These may identify the parameter u3 with A. The family X
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Fig. 7 All phase diagrams of the nine strata of Fig. 6

obtained from (7.7) is a family of rotated vector fields if
we fix @i, ua.

The previous point implies that unlike the previous three
cases of the FL problem, the equilibria presently are in
general independent of the parameter w3 (that is of A).
The bifurcation diagram is a cone with vertex at the origin
(so along the pt3-axis), and we may plot the various phase
portraits on the faces of a cube intersecting the cone and
parallel to the coordinate planes of the parameter space
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(u1, 2, n3). For instance one plots the bifurcation dia-
grams on the (111, u3)-plane with py =const, for exam-
ple, > = —1 for the saddle, and 41 for the other two
cases, cf. [56].

The are four kinds of bifurcation sets: Equilibria, sad-
dle connections, boundary tangencies, and cycles. There
are codim-1 strata (surfaces) and codim-2 strata (curves)
transversal to the spheres S : ,u% + /L% + u% =¢?, fore
small. The bifurcation sets intersect such spheres S.
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Fig. 8 The degenerate saddle Degenerate saddle Elliptic point

and elliptic cases \\// /
X 7? '

Fig. 9 The degenerate focus Degenerate Stable Focus (CW) Degenerate Unstable Focus (CW)

case in the clockwise (CW)

direction.
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Fig. 10 A saddle-node-point structure (left), the two cuspidal ‘vertical lip’ enclosing the rhombic region (middle), and the resulting ‘parallel’
saddle-node lines separating the bifurcation diagrams of the FL cubic into an interior and an exterior region (right).

e Examples of bifurcations include: saddle-nodes, Hopf, clinic or heteroclinic), and various loops and tangencies
Bogdanov-Takens points, saddle connections (homo- of more complicated types.
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e There are particular bifurcation diagrams for each of the
three cases, namely, the saddle, focus and elliptic cases.

The reduction for the FL equations effected above lead-
ing to the versal unfolding (7.7) together with the results just
mentioned lead to a novel cosmological dynamics having lit-
tle in common not only with the known cosmological solu-
tions obtained by an analysis of the original FL equations,
but also with all the previous three bifurcation cases consid-
ered in this paper. The main novelties here are related to new
equilibria and cycles, their different creation and annihilation
properties, as well as the several possible distinct ways for
their transfigurations.

7.3 Rough solutions

Let us finally discuss the meaning of the Friedmann equation
(2.7) in connection with the versal unfoldings (4.1), (5.1),
(6.7), and (6.9). As we showed in previous Sections, in any
of the versal unfoldings, all relations between the unfolding
parameters and the phase portrait variables x, y are always
smooth, even analytic. That is the versal families are smooth
functions of their arguments. This is evident from the con-
structions and final forms of all versal families we obtained.

The new coordinates x, y, however, are, as solutions of the
versal equations, non-smooth functions of the distinguished
parameters y, A, and the auxiliary parameter p being a
2-, or 3-dimensional vector with coordinates w1, (2, and
w3.8 Therefore if we write the right-hand-sides of the ver-
sal unfolding equations (4.1), (5.1), (6.7), and (6.9) in the
symbolic form (f, g), where,

fog=fH, p, v, A, p1, no, n3),

g(H,p,y, A, 1, 12, 13), (7.8)

to signify their dependence on the variables H, p and the var-
ious parameters, we can comment on the smoothness prop-
erties of the final solutions in terms of the original H, p vari-
ables. With regard to the equations,

f=g=0,

in the variables (7.8), it is similarly rarely possible to further
solve for H or p — let alone the scale factor a — to express
them in a smooth or even a continuous manner in terms of
the parameters y, A, (41, 12, 3. This is so because of the
powers present there, some kind of non-smooth, or discon-
tinuous behaviour will always be present in the functions

H = H(y, A, 1, p2, u3), and p = p(y, A, 1, n2, 143),
or in their derivatives.?

(7.9)

8 The reader should not confuse this with the smoothness of each phase
portrait or of their metamorphoses.

9 We note here the subtle fact that all standard solutions of the FL
equations are smooth as functions of the y, A, as it clearly follows from
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Hence, we arrive at the important conclusion that typically
our solutions obtained from the versal unfoldings (4.1), (5.1),
(6.7), and (6.9) will be non-smooth. In addition, this will also
lead to behaviours which are typically inhomogeneous in the
functions H, p and the scale factor a because of the following
effect. In general, derivatives of these functions with respect
to the unfolding parameters are of a ‘non-local’ character in
terms of the phase points because they relate phase portraits
at two different p-values, which are typically topologically
inequivalent due to the bifurcations. For instance, this will
be the case in parameter space when passing from a stratum
corresponding to one equilibrium to another corresponding
to two equilibria, for example in a saddle-node bifurcation.

It is typical in any bifurcation to expect a jump, a dis-
continuity, or in general non-smooth behaviour due to the
change in the number of solutions upon parameter change.
This effect therefore leads to expect a ‘rough’ character for
all our solutions, in the sense that although we work with
smooth, even analytic, relationships between the variables as
it is clearly evident in the constructions of all versal unfold-
ings, one eventually discovers a lot of non-smoothness and
the resulting inhomogeneous behaviour at the end parameter-
dependent solutions.

8 Discussion and outlook

In this paper, we have taken into account two somewhat sub-
tler aspects of the mathematical structure of the FL equations
and based on these we began to deploy some of their conse-
quences for the nature and the evolution of the unfolded solu-
tions. The first aspect of the structure of the FL equations we
exploited here is the fact that y and A are two distinguished
parameters of the problem which play totally different roles
in the evolution of the universe. Secondly, the FL equations
are a degenerate system whose linear part contains two zero
eigenvalues (and is therefore either the nilpotent or else the
zero matrix). We have shown that the nonlinear terms in the
FL equations determine precisely four main degenerate cases
to which the original dynamics precisely reduces. A common
characteristic of the unfolded evolution in all four cases is
the presence of a number of novel equilibria, totally distinct
from the standard ones (i.e., the Einstein static universe and
de Sitter space). These equilibria are parameter-dependent
and totally absent when the parameters are zero.

The presence of symmetry in the FL equations, in partic-
ular the Z, symmetry x — €x,y — §y,€,8 = *£1, and
the time symmetry + — — also play important roles in this
respect. In fact, the whole dynamics is initially determined
by the combined effects of y and the presence or absence of

the Friedmann equation (2.7) and by inspecting the solutions (2.8), (2.9),
the y, A being constants.
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the time symmetry, and the question arises as to how to study
these systems without spoiling the degeneracies completely.
If the FL equations were an isolated ‘hyperbolic’ system then
such degenerate, nongeneric cases could have been removed
by a small perturbation moving the system into the set of
generic cases.

However, in the case of the FL equations a small perturba-
tion of the parametric family (the latter represented say by a
curve parameterized by the A) intersects the surface contain-
ing the A = 0 system transversally (i.e., at nonzero angle) at
a nearby point of the degenerate surface. So although every
member of the family can be made generic by a small pertur-
bation, it is not possible to achieve this for the whole family
at once, as a nongeneric case is avoided at some parameter
value only to recur at another.

Therefore in this paper we have striven to calculate the
corresponding codimensions of the degenerate FL systems.
We found them equal to 2 or 3 depending on the type of
degeneracy, and we have also proceeded to find their bifur-
cations (both steps are necessary, cf. [36], Section 29 for
additional motivation on this process). This in turn leads to a
very rich set of bifurcation diagrams for the versal unfoldings
of the FL equations. These unfoldings describe and exhaust
all possible perturbations of the original FL equations and
their solutions sets — the bifurcation diagrams — describe the
possible topologically inequivalent kinds of evolution com-
pletely. The resulting solutions are typically non-smooth and
this implies global inhomogeneities present in the character
and the physics of the versal unfoldings.

We have shown the presence of bifurcations that lead to
the creation or annihilation of new equilibria other than the
de Sitter space or the ESU cases. There are other bifurca-
tions which transfigure solutions to others in a very pre-
cise manner. There are also isolated closed orbits (i.e., limit
cycles) in the phase spaces associated with these new struc-
tures implied by the FL equations. The cycles bifurcate dif-
ferently than equilibria depending on codimension. There
are also other kinds of connecting orbits between different
equilibria and cycles, for example, saddle connections and
saddle-node loops which are phenomena of codimension 2,
etc. We shall return to this problem in the future with a more
detailed description of some of these effects.

Another problem which may lead Figs. 8, 9, 10 to interest-
ing results is the extension of the present approach to other
contexts (cf. Ref. [53], for a more thorough discussion of
this issue and gravitational bifurcation methods in general).
We shall restrict presently to only a few comments about
one of the possible ways to study this problem, namely in
the context of modified gravity. Suppose one is interested in
developing versally unfolded FL. cosmology in a modified
gravity context, say for some f(R) theory or in a Brans—
Dicke context with a fluid with parameter y and a cosmolog-
ical constant A. We assume that one is able to find a smooth

series of changes of the variables in the original equations in
that context recasting them near some equilibrium solution
to the form of a nonlinear system for some new variables
X = (x, y) of the form,

. 01
= (O0)xs,

where the dots mean any nonlinear terms in X (obtained say
from an expansion of the vector field f(x, y) defining the
problem around the origin). In this case, identical conclu-
sions to those found here in Sections 3-7 will apply in the
modified gravity context, and the whole problem there will
be precisely reduced to the one discussed here. However, the
present results are expected to be generically violated in such
contexts, either in the Jordan or Einstein frame formulations
of a theory in the context we are now discussing. The main
issue is related to the conformal equivalence of these theo-
ries to Einstein gravity with a self-interacting scalar field.
The present of such a scalar field is expected to disrupt the
present conclusions, because the dimensionality of the sys-
tem will be increased to become at least three and then one
expects the influence of new interactions between the vari-
ous modes of bifurcation to become important. This has not
been done in a gravity context even for the simplest genre of
self-interaction. While one may develop gravitational bifur-
cations independently of frame, another issue arises as to
the behaviour of bifurcations under a conformal transforma-
tion taking those of one conformal frame to those of another.
Of course, one does not expect to find a uniform kind of
bifurcational behaviour along these lines across the space of
modified theory Lagrangians. We believe that these remarks
will be useful in a wider context of investigations for grav-
itational bifurcation theory than in the problem developed
presently.
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