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Abstract

This paper is concerned with orthonormal systems in real intervals, given
with zero Dirichlet boundary conditions. More specifically, our interest is in
systems with a skew-symmetric differentiation matrix (this excludes orthonor-
mal polynomials). We consider a simple construction of such systems and pur-
sue its ramifications. In general, given any C'(a,b) weight function such that
w(a) = w(b) = 0, we can generate an orthonormal system with a skew-symmetric
differentiation matrix. Except for the case a = —oo0, b = 400, only few powers
of that matrix are bounded and we establish a connection between properties
of the weight function and boundedness. In particular, we examine in detail
two weight functions: the Laguerre weight function z%e™* for x > 0 and a > 0
and the ultraspherical weight function (1 — 2%)*, « € (=1,1), a > 0, and estab-
lish their properties. Both weights share a most welcome feature of separability,
which allows for fast computation. The quality of approximation is highly sen-
sitive to the choice of o and we discuss how to choose optimally this parameter,
depending on the number of zero boundary conditions.
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65M70.

Keywords: Orthogonal polynomials, differentiation matrices, special functions, spec-
tral methods.
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1 Introduction and motivation

1.1 Spectral methods

This work is motivated by spectral methods for time-dependent partial differential
equations (PDEs) of the form

%zﬁu—i—f(m,u), t>0, z€Q, (1.1)
where £ is a well-posed linear operator, defining a strongly-continuous semigroup,
and Q C R? given with an initial condition for u(z,0) and appropriate boundary
conditions on 9. Standard examples are £ = A with f = 0 (the diffusion equation)
or f a cubic polynomial in v with real zeros (the Fitzhugh—Nagumo equation) and
L = iA with either f = —iV(x) (the linear Schrédinger equation) or f = —iX|u|?u
(the nonlinear Schrédinger equation with standard cubic nonlinearity).



In this paper we are concerned by spectral methods applied in tandem with a
splitting approach. As an example, we may commence by approximating locally the
solution of (1.1) using the Strang splitting,

1 1
u’n+1 — ezAtl:eAtfezAtl:un7 n Z 0’ (12)

where u"(z) is an approximation to u(z, nAt). Here e*“v is a shorthand for a numerical

solution at ¢ of Ju/0t = Lu, u(0) = v, while e!/v denotes a numerical solution of the
ordinary differential equation (ODE) du/dt = f(z,u), u(0) = v. The splitting (1.2),
which incurs a local error of (’)((At)3), is but one example of operatorial splittings
[1, 2, 20] and is intended here to illustrate a general point, namely that the solution
of ‘complicated’ PDEs can be reduced to the solution of ‘simple’ PDEs and ODEs.
Once done correctly, this procedure is consistent with eventual quality of the solution,
concerning accuracy and stability alike.

Another benefit of (1.2) and of similar splittings is that it is consistent with con-
servation of the Ly energy. Many dispersive equations, e.g. Schrodinger (linear or
nonlinear), Gross—Pitaevskii, Dirac, Klein—-Gordon and Korteveg—De Vries, conserve
the Ly norm of the solution. This often represents a highly significant physical feature
and it is vital to respect it under discretisation. (Note that conservation of Lo norm
automatically implies numerical stability.) Because of the special form of (1.2) (and of
similar splittings) the overall numerical scheme preserves L energy if both the discreti-
sations of e'* and e’/ do so. Insofar as e’/ is concerned, we can use the very extensive
and robust existing theory [8], e.g. use a symplectic method (which automatically also
preserves the Ly norm). It is more challenging to ensure that ||e'“v||y = ||v||o for every
v, in other words that the discretisation of e** is unitary.

1.2 The differentiation matrix

In this paper we are concerned with spectral methods for time-dependent problems [3,
9, 27]. In a nutshell, we commence from a set ® = {¢,, }nez, , where each ¢, is defined
in © and endowed with appropriate regularity. We assume that ® is orthonormal in
the standard Lo inner product,

/ Wm(m)%z(fc) dz = 5m,n7 m,n € Z+,
Q

and complete in Lo (Q), and expand a solution in the basis @,

u(z,t) = Z U (t)on (),
n=0

where the coefficients u,,(0)s are determined by expanding the initial condition wqg,
while the u,(t)s, t > 0 are typically evolved by Galerkin conditions, which for (1.1)
read

uh, () = un(t){(Lon + f(- 0n)som),  mELL.
n=0

In a practical method we truncate the expansion and the range of m, thereby obtaining
a finite-dimensional linear system of ODEs.



Substantive advantage of spectral methods is that expansions in orthonormal bases
typically converge very rapidly indeed: for example, orthogonal polynomials converge
in a finite interval to analytic (in the interval and its neighbourhood) functions at
an exponential rate. Therefore, the number of degrees of freedom, compared to the
more usual finite difference or finite element methods, is substantially smaller. While
this is not the entire truth — finite differences and finite elements produce sparse linear
algebraic systems while spectral elements yield dense matrices which sometimes can be
also ill conditioned and, moreover, expanding a function in an orthonormal basis can
be potentially costly — spectral methods are often the approach of choice in numerical
computations. In the specific context of time-dependent problems, however, naive
spectral methods are unstable [9]. This motivates us to consider the major concept of
a differentiation matriz.

In the sequel we restrict our narrative to the univariate case, 2 C R, for a number
of reasons. Firstly, surprisingly, even the univariate case (as we hope to persuade the
reader) is dramatically incomplete. Secondly, it lays the foundations to a multivariate
case, whether by tensorial extension to parallelepipeds or by more advanced means
which we intend to explore in a future paper.

The set ® being a basis of Ly(Q2) N C1(Q), any function therein can be expressed
as a linear combination of the ¢,s, and this is particularly true with regard to the
derivatives ¢/ . This yields a linear map represented by the infinite-dimensional matrix
2 such that

Do, = / on (@) pn(z) de, m,n € Zy.
Q

It is very simple to prove by integration by parts that the differentiation opera-
tor D = 9/0z is skew Hermitian in the following three configurations of boundary
conditions:

1. The torus Q =T (i.e. periodic boundary conditions);
2. The Cauchy problem: Q = R; and
3. Zero Dirichlet boundary conditions on the boundary of Q C R.

In that case ||e'P|| = 1 (unless otherwise stated, we assume in this paper the Euclidean
norm.) and, D? being Hermitian and negative semidefinite, ||e'P”|| < 1. More gen-
erally, D! is skew Hermitian and (71)5’1D2£ negative semidefinite for all £ € Z_ .
Consequently, once £ = Zé\il ae D', where (—1)*"tag, > 0, it is trivial to prove that
(Lu,u) <0 for every w in the underlying Hilbert space.

This feature is retained by a spectral method, provided that 2 is skew Hermitian,
as is its (N + 1) x (N + 1) section Zy. In the context of the PDE (1.1), it thus
follows that, letting Ly = Zé\il CL[@]{[, we have w*Lyw < 0 for all w € CM*L, A
consequence is that the Lo energy is conserved for £ = D (the Schrodinger case) and it
dissipates for £ = D? (the diffusion equation case). In both cases numerical stability
comes in the wash.



1.3 Few examples

This is the right moment to expand further on skew symmetry and differentiation
matrices in a practical setting by means of few examples, restricting ourselves for
simplicity to a single space dimension. Firstly, the reaction-diffusion equation

ou 0%u
9 02 + f(u),

where f is a low-degree polynomial. In a finite-dimensional setting the equation is
replaced by v/ = 2" Pu + f(u) and, provided 2 is skew-Hermitian, Z* 2 is negative
semidefinite. Once we use e.g. the Strang splitting (1.2), the diffusion component 7%
is assured to be dissipative. Another example is the convection-diffusion equation for
incompressible flow (assuming, for simplicity, constant vector field),

ou 0%u ou

o o2 o

where ¢ € R. Its semidiscretisation is u' = (2" 2+ cP)u and, since for skew-Hermitian
matrix 2

%[(@*@—i—c@) (D' D+ D)) = T2,

a negative-semidefinite matrix, stability is assured.
Yet another example (and the underlying motivation to the work that has led to
this paper) are dispersive equations of the form

where f(z,u) = V(x)u for linear Schrédinger equation, f(x,u) = Au|?u for standard
nonlinear Schrédinger equation and f(x,u) = [V (x) + A|u|?*]u for the Gross—Pitaevskii
equation. All these equations conserve the Ly energy ||u|| (often known as ‘mass’ in
this context) and this is a fundamental physical invariant. Once the equation is semi-
discretised in the form iu' = — 2" Pu+ F(u) and solved e.g. with the Strang splitting
(1.2), the mass is conserved because i7" 2 is skew-Hermitian.

Our last example is the KdV equation

ou  u ou

A S gy}
ot "o on
Strang splitting (1.2) means that we solve separately du/dt = —%*u and scalar
Burgers equations Oy, /0t = —ty,(Pu).,. In each case, once 2 is skew Hermitian,

the solution is stable and Ly energy conserved.

An important take-away lesson of our four examples is that we typically work (for
real ) with a specific power (or powers) of the differentiation matrix, predicated by
the space derivatives present in the differential equation. In particular, we require not
just 2 but its specific powers to be bounded.



1.4 An orthonormal basis

The obvious choice of an orthonormal system is a set of orthogonal polynomials —
unless we use (possibly shifted) Legendre polynomials, this means replacing the Lo
inner product by another, defined by the orthogonality weight function — but it is
clear that this produces a lower-triangular 2. While there are nontrivial ways round
t [22], there is strong motivation to consider alternative orthonormal systems.

The periodic case — without loss of generality, ! = [—m, 7] with periodic boundary
conditions — is obvious: we let ® = {e"*}, cz, the Fourier basis. An added bonus is
fast expansion by means of a Fast Fourier Transform of any Lo[—m, 7] N Cper[—m, 7]
function in the underlying basis. This is the paradigmatic case whereby a spectral
method has few competitors.

The Cauchy case Q2 = (—o0,00) has been the subject of an extensive recent study
[11, 12, 13, 14]. In particular, all orthonormal systems ® such that & is skew Hermitian
and tridiagonal have been completely characterised. Specifically, they are in a one-to-
one relationship with Borel measures, supported on the entire real line. Let du(z) =
w(z)dz be such a measure (w might be a generalised function) and & = {py }nez,
the underlying set of orthonormal polynomials. It is elementary that & obeys a
three-term recurrence relation

ﬂnpn-&-l(x) = (.T + an)pn(l') - ﬂn—lpn—l(l‘)a ne Z+7 (13)

where 1 = 0, a, € R and 3, > 0 for n € Z,. Inverse Fourier transforming
{wl/zpn}nez+ and multiplying the n term by i", we obtain an orthonormal set ¥,
dense in Ly(R) and such that

'l/}'/n = —Bn-1VYn-1 +ian¥n + Bn¥ni1, n €Ly

In other words, 9, = i"F~*(w'/?p,). Therefore 2 is skew Hermitian (skew symmet-
ric if e, = 0, which is the case once w is an even function) and tridiagonal, while
orthonormality follows from the Plancherel theorem. Tridiagonality is a valuable fea-
ture because it is easy to manipulate 2 (e.g. multiply 2 by a vector or approximate
exp(t2y)) and the powers of the infinite-dimensional matrix & (approximating higher
derivatives) remain bounded.

This leaves us with the third — and most difficult — case, namely zero Dirichlet
boundary conditions.! This is the subject of this paper.

A natural inclination is to extend the Fourier-transform-based theory from (—oo, 00)
to, say, (—1,1). This can be done in one of two obvious ways and, unfortunately, both
fail. The first is to choose a measure du supported by (—1,1), but this leads again
to ® supported on the entire real line, the only difference being that in this case the
closure of ® is not La(—00,00) but a Paley—~Wiener space [11]. Another possibility is
to abandon altogether the Fourier route and alternatively commence by specifying a
©o, subsequently determining the ¢,s for n € N and the matrix Z consistently with
both orthogonality and tridiagonality. A forthcoming paper demonstrates how to do
this algorithmically. However, given ¢/ = Z¢, it follows by induction that ¢*) = 2%

11t is elementary to reduce nonzero Dirichlet conditions to zero ones by reformulating the PDE for
u®W =y — p, where p is any sufficiently regular function that obeys the correct Dirichlet boundary
conditions on the boundary.



for all s € Z, . Consistency with zero Dirichlet boundary conditions, though, requires
©n(£1) = 0, and this implies that gogf)(il) =0 for all n,s € Z,. If ¢y is analytic in
(—1,1), this means that it necessarily must have an essential singularity at the end-
points. Intuitively, this is bad news, and this is confirmed by numerical experiments
that indicate that the ,s develop boundary layers and wild oscillations near +1 and
their approximation power is nil.

Both ideas above fall short and the current paper embarks on an altogether different
approach, abandoning tridiagonality and the Fourier route altogether. Note that the
existence of an essential singularity at the endpoints hinged on the fact that all powers
of the infinite matrix 2 are bounded. This is obvious once Z is tridiagonal (or, more
generally, banded), hence our main idea is to choose an orthonormal set & such that
2°! blows up for some s € N. At the same time, we wish to retain a major blessing
of tridiagonality, namely that Zyw can be computed in O(N) operations for any
w € CVT! and, more generally, that Z is amenable for fast linear algebra.

1.5 Plan of this paper

The main idea underlying this paper is exceedingly simple: given a measure duy =
wdz, where w € C'(a,b), and an underlying set & = {Pn}nez, of orthonormal

polynomials, we set
on(x) = Vw(@)ps(z), x € (a,b). (1.4)

It follows at once that ® is orthonormal with respect to La(a,b) and it is easy to
determine conditions so that ¢, (a) = ¢, (b) = 0 for all n € Z. It is not difficult to
specify the conditions on w for skew symmetry of 2. However, the narrative becomes
more complicated once we seek a system such that 2% is bounded for k = 1,...,s
and blows up for k£ = s + 1. Likewise, it is considerably more challenging to identify
systems ® that allow for fast computation of Zyw for w € cN+L

In Section 2 we introduce the functions (1.4) in a more rigorous setting of Sobolev
spaces and explore general properties of their differentiation matrices. Section 3 is
devoted to two families of weight functions, namely the Laguerre family wq(z) =
2Ye™ "X (0,00) (@) and the ultraspherical family wq(z) = (1 — 2*)*x(—1,1)(z). We prove
that both families have a separable differentiation matriz. This feature (put to a
good use in Section 4) is very special — indeed, there are good reasons to conjecture
that these two families are the only weights with this feature. We present a detailed

example of two orthogonal families, generalised Hermite weights w,(z) = |x|2”e*"“’2
and Konoplev weights wq p(z) = |z[*/*1(1 — 22)*x(~1,1)(z), and prove that their
differentiation matrices cannot be separable unless (for Konoplev weights) § = —% and

the weight reduces to ultraspherical. Note however that separability is just one feature
lending itself to fast numerical algebra and one cannot rule out that other weights
might lead to differentiation matrices which, while non-separable, are amenable to
fast computation.

Finally, in Section 4 we demonstrate how separability of the differentiation matrix
can be utilised for fast multiplication of Zyw, w € RV in O(N) operations.

The original idea to consider functions of the form (1.4) in the specific case of
Freud weights has been considered first by Luong [19], who demonstrated that in this
specific case Z is a skew-symmetric, banded matrix with bandwidth seven. This was



a serendipitious choice: in Section 2 we prove that the only weights that produce a
banded matrix in the setting of (1.4) are generalised Freud weights!

2 W-functions

2.1 The definition and some of its consequences

Let (a,b) be a non-empty real interval, —oo < a < b < oo, and s € NU {o0}. We
denote by Hj[a,b] the Sobolev space of H[a, b] functions f such that

f(k)(a):f(k)(b):07 k:O,...,s—l,

(note that C*~1[a,b] C Hj[a,b], therefore the derivatives are well defined) equipped
with the inner product

s b
(fr9)s = Z/ ¥ (2)g™ (2) da.
k=0"¢

A weight function w € La(a,b)NC(a,b) is a positive function with all its moments

b
pr = / aFw(z) da, keZy,

bounded. Given a weight functions, we can define (e.g. using a Gram—Schmidt process)
a set of orthonormal polynomials & = {p, },ez, such that

b
/ P () (z)w(z) dT = Oy m,n € Zy. (2.1)

Such a set is unique once we require, for example, that the coefficient of 2™ in p,, is
always positive. We say that ¢,, is the nth W-function once

on(z) = Vw(@)ps(z), n € Ly,

and let ® = {¢y, }nez, . It follows at once from (2.1) that ® is an orthonormal set with
respect to the standard Ls inner product.

Remark 1 The functions ¢, inherit some features of orthonormal polynomials, in
particular they obey the same three-term recurrence relation. However, the expansion
coeflicients of an arbitrary function are different:

) b
> Fn 87 = [ f@pa@u@ds, f € Lal(ab) wda),

n=0

oo b
F3 fen Fo= [ I@m@VE@dn € Laab),
n=0 a



Remark 2 An important difference between &2 and ® is that, while the p, are
polynomials, hence analytic functions, the W-functions carry over potential singu-
larities of the weight function. For example, for the Chebyshev weight function
w(z) = (1 —22)7/2x_1,1)(z) the p,s have weak singularity at the endpoints *1,
while their derivatives possess strong singularity there.

We let 2 stand for the infinite-dimensional differentiation matriz

b
D = / o (x)pn(z) dz, m,n € Zy. (2.2)

We say that w is of index s € NU{oo} and denote this by ind w = s if 2* is bounded
for k=1,...,s, while 2° is unbounded.

Lemma 1 9 is skew-symmetric if and only if w(a) = w(b) = 0.

Proof Assume first that —co < a < b < oo and note that 2 is skew-symmetric if
and only if Py, + Znm =0, m,n € Z,. Since

oo

=Y Turpr,  nELy,
k=0

it follows from (2.2) and the orthonormality of ® that Z is skew symmetric if

[ NI, 5 1 [Tt ST

for m,n € Z,. The latter is equivalent, for every m,n € Z,, to

b "2
/ lwpmmﬁmpm Val)pa(x) de

2/ w(x)

b w'(z
+ [ Vo@n() M%pnm " \/w(a:)p;@)] dz =0
b

& [ [ (@)pm(@)pn(@) + w(@)ph, (2)pn(7) + w(2)pm (2)p,, (2)] dz = 0

o /b[ (()pm >m<x>+w<x>ww} dz =0

dx
b

b
- / Pu() 4z + w(@)pum(@)pn ()| — / W (2)pm (€)pa(e) dz = 0

< w(d)pm (b)pn(b) = w(a)pm(a)pn(a).

a

All the zeros of orthogonal polynomials reside in (a,b). Therefore they cannot vanish
at the endpoints and (—1)*py(a)pr(b) > 0, k € N, hence p,,(a)p,(a) cannot equal
Pm (D)pn(b) for all myn € N. We deduce that 2 is skew-symmetric if and only if
w(a) = w(b) = 0.



The proof is similar — in fact, somewhat simpler — once either b = co or a = —o0.
If (a,b) = (—o0, 00) then Ly boundedness and continuity imply w(+o0) = 0, 2 is skew
symmetric and there is nothing to prove. O

Consequently, we impose an additional condition on the weight function, namely
that it vanishes at the endpoints. Note that this is automatically true once an endpoint
is infinite.

A quintessential example of a family of W-functions are Hermite functions

efw2/2
onle) = ——_H,(x), neZs,

vV 2mnl/T

where the H,s are standard Hermite polynomials. Hermite functions are well known
in mathematical physics, because they are eigenfunctions of the free Schrédinger oper-
ator. They can be derived from orthonormalised Hermite polynomials via the Fourier
transform route, as mentioned in the introduction and e.g. in [11], hence their dif-
ferentiation matrix is tridiagonal. On the other hand they are W-functions with
w(z) = e~*". Tridiagonality implies that ind w = co. More generally, ind w = oo once
2 is a banded matrix and it is interesting to characterise all weight functions with
this feature.

Theorem 2 The differentiation matriz 9 of a system of W-functions is banded if
and only if w(x) = e=°(®) 1 e R, where c is an even-degree polynomial whose highest
degree coefficient is strictly positive.

Proof Letting m < n — 1, orthogonality implies that

b / b
1w 1
-@m,n = / w (pm + p;n>pn dr = 5 / w/pmpn dz

2w

while for m > n + 1 skew symmetry yields

1 b
D = —5/ W Ppmprn dz. (2.3)
Assume that 2 has bandwidth 2L+1, in other words that %, ,, = 0 for |m—n| > L+1.
It follows for m < n — 1 that

w/

b
/ wX;,pndr =0, n>m+L+1 where X = —Dm-
w
a

If in addition n > L, expanding X, in the basis & it follows that X, is a polynomial
of degree m + L + 1. However,

Xm
w="w — w(z) = w(zg) exp (
Pm

* X (y)
vo Pm(Y) dy)

for some xy. Since w is independent of m, necessarily p,,, divides X,,, and the remainder
¢ is a polynomial independent of m. Therefore without loss of generality w(z) = e~°(*)

10



where ¢ is a polynomial of degree L + 1. w being integrable and w(a) = w(b) = 0,
necessarily a = —oo, b = 00,2 L is odd and c is an even-degree polynomial with strictly
positive leading-degree coefficient. O

We have recovered precisely the W-functions associated with generalised Freud
polynomials that have been originally considered in [19]. However, such W-functions
are of little interest within the context of this paper, since we seek weight functions
of finite index.

This is the point to note the expression (2.3) for the elements of & such that
m>n+ 1. (It m <n—1 we need to flip the sign.) We will make much use of it in
the sequel.

2.2 The boundedness of 2°

We assume in this section that the weight w is strictly positive in (a,b), as smooth in
[a,b] as needed in our construction, and set

d7\/w(x) )
Q,j($)=T7 JELy.
Therefore ,
Y) .
D= (j)qj'pﬁf, D, tmely.
§=0

As long as 2° is bounded, we have
b S /g\ [ ‘
(D) = / oSpndr=3" (j) / Vogpsp, de. (2.4)
a =0 a

It is trivial to prove that
T

_ U
qr = P
=1

where each U, ; is a linear combination of products of the form [], w(*) such that
¢;>1and ), ¢; =r: for example

1 9 15
U471 = iw(‘l), U472 = 7111)//2 - U)/U)m7 U473 = Zwﬂw", U474 = 71—610’4.
In general, U,.,, = (—=1)"71(2r)lw'"/(47r!), r € N.

Since w(x) > 0 in (a,b), the only possible source of singularity in (2.4) is that
cps;i) is non-integrable at an endpoint. Recalling that w(a) = w(b) = 0, integrability
is lost exclusively when dividing by a power of w and, the larger the power, the more
significant the singularity. In other words, gagfb) is bounded for all m € Z, only if the
integral

b
/ Jig.pdz

2In a finite interval we would have had an essential singularity at an endpoint.

11



is bounded for any polynomial p, and this is contingent on ws = w'*/w*~! being a
signed weight function, i.e. all its moments exist and w, # 0.2 The following theorem
is thereby true.

Theorem 3 A necessary condition for indw > s is that w,., r = 2,...,s, are signed
weight functions.

Let —o0 < a < b < 0o. Regularity and w(a) = w(b) = 0 imply that

w(z) = (z — a)*(b — ) v(z), x € [a,b], wv(a),v(b) #0. (2.5)

Therefore, after elementary algebra,

N V']’

Wy = (. —a)**(b—2)*Pv [(ab+ Ba) — (a+ B)x + (x — a)(b — x);
Theorem 4 A necessary condition for indw > s in a finite interval (a,b) is that
a,B > s—1. Likewise, once b = 0o, we need o > s — 1 and for a = —oo the condition

is 8>s—1.

Proof Consistently with our assumptions, v # 0 in [a, b], therefore the only source
of singularity may come from (z —a)®~* and (b— x)?~*. We conclude that, for 2° to
be bounded, we need a, f > s — 1. The semi-infinite cases follow in an identical (and
simpler!) manner. O

In the special case s = 2 we can complement Theorem 3 with a sufficient condition.

Theorem 5 A necessary and sufficient condition for indw > 2 is that we = w’2/w
is a signed measure.

Proof We compute 22 directly. Using skew symmetry,

') n—1 m—1 00
2
n — Z gm,é-@Z,n = - Z -@m,[@n,ﬁ + Z @m,ﬁ-@&n - Z -@&m@&n-
= £=0 l=n+1 l=m+1

Recalling (2.3), let us consider the infinite sum

Z DemPen =~ / / P (2)pn(y) Z pe(w)pe(y) do dy
l=m-+1 l=m+1

:_Z//w’(x)w( sz z)pe(y) dz dy

b
i / pe(z) da / W (y)pa(y)pe(y) dy

1 b
:—1// ZP@ z)pe(y) dz dy

w1 cannot be a ‘true’ weight function because w(a) = w(b) = 0, hence w’ changes sign in (a, b).

3

12



n—1

n—1
+ Z Do Do — Z DD n-

£=0 l=m+1

Therefore,

b pb ')
Zru=-1 /] [ W@ @m0 pem@ . (20
aa =0

Let & be orthonormal and complete in Ly((a,b), wdz) and f € La((a,b), w dx).
Then

oo b
f(z) = Z Fonpm (), where  fi, :/ w(x) f(x)pm (z) dz.
m=0 a

Moreover, by the Parseval theorem,

b oo
[ wa@r@Pde =17 = 3 1l @)
a m=0

Since -
il = [ [ 0@ (@ Fpn()pn(y) dody,
exchanging summation and integration we have

b b -
1917 = [ [ 0@ @) S sl () dody.

m=0

Let

K(xvy) =V w(x)w(y) Z pm(x)pm(y)
m=0

be the Christoffel-Darboux kernel. It now follows from (2.7) that for every f €
La((a,b), wdz) it is true that

b b b
/ w(@) f (@) dx = / / V@) f (@) FGK () de dy

and we deduce that
K(z,y) = 6g—y. (2.8)

In other words, K is a reproducing kernel.*
We now return to (2.6), deducing that

s L ) .
Ton =1, || i @) )y

4While this is probably known, the author failed to find this result in literature, even in the
encyclopaedic review of the Christoffel-Darboux kernel in [25], see also [15, 18] — the reason might
well be that the emphasis is usually on general Borel measures, rather than on dy = wdx with
w € Cl(a,b). One way or the other, the proof is included for completeness.

13



b w/2 T b
:_i/a ( )Pm(:v)l?n(:c)dx: —i/a Wa(2)pm ()P (2) dz.

w(x)
This is bounded because w. is a signed measure and p,,p, a polynomial, and we

deduce that indw > 2. The necessity of ws being a signed measure is obvious from
the argument that led to Theorem 4. O

3 Separable systems

In this section we consider two families of weight functions that share a hugely bene-
ficial attribute of separability, and we also provide two examples of weights that lack
this feature.

We say that a weight function w is separable if there exist real sequences a =
{an}nez, and b = {b,},cz, such that

a,,b,, m>n+1,
D =14 0, m=n, m,n € Z (3.1)
—a,b,,, m<n-—1,

and it is symmetrically separable subject to the existence of real sequences a =
{an}nez, and b = {b,},cz, such that

—a,, b, m+mnodd, m>n-+1,
D =< 0, m + n even, m,n € Z, (3.2)
a,,b,, m+mnodd, m<n-—1,

It will be demonstrated in Section 4 that separability or symmetric separability allow
for very rapid computation of products of the form Zyv for v € RN+, This is
intimately related to earlier results on fast computation of some structured algebraic
systems in [6, 7].

In this section we consider two families of measures, one separable and the other
symmetrically separable: the Laguerre weight w(x) = 2“e™"x(0,00)(x) and the ultras-
pherical weight (1 — xQ)“X(,M)(a:) respectively. In a way, they are the most obvious
measures in intervals of the form (0,00) and (—1,1) respectively. Yet, interestingly,
separability appears to be a very rare feature and we provide counterexamples further
in this section.

In both Laguerre and ultraspherical cases we are able to present comprehensive
analysis, deriving the sequences a, b explicitly, determining ind w and (in Section 4)
discussing the optimal choice of the parameter . While both Laguerre and ultra-
spherical polynomials have been comprehensively studied, the separability and the
formulee (3.1) and (3.2) are, to the best of author’s knowledge, new.

3.1 The Laguerre family

Laguerre polynomials are orthogonal with respect to the Laguerre weight,

> r 1
/ 2% "L (2)L) () dz = Fln+l+ta)

p Omns m,n€Zy, «a>-—1
O .
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[23, p. 206]. In our case we consider just the case @ > 0, so that the weight function
vanishes at the origin. We have

n!
= 1)
pn(l‘) F(?’L+1+OZ) n (I)7
on(x) = an/zefm/zL(a)(x) n ez
n F(n+1+a) n ) +-

In Theorem 12 we determine that the Laguerre weight is separable — the proof
requires a fair bit of algebraic computation and is relegated to Appendix A. The
separability coefficients are given in (A.8), which we repeat here for clarity,

m! 1 'n+1+4+a« N
m = 2F(m+1+a)Nma/2’ b, = %Nﬂ/g, m,n € Zy.
(3.3)
Note that
am by, = %, m € Zy (3.4)

— this will be important in the sequel.

Theorem 4 presents a necessary condition for indw > s for s > 2: for a Laguerre
weight w = w, it translates to a > s — 1. In the remainder of this subsection we wish
to prove that for the Laguerre weight function this condition is also sufficient.

The matrix 2° is absolutely bounded for s > 0 if

0o o0 00
Z Z Z |-@m,k1-@k1,k2 ""@k5727k571-@k571,n| < 00, m,n € Z-i-' (35)

k1=0k2=0 ks—1=0

It is clear that absolute boundedness implies boundedness.
We assume that m > n + 1 and observe that everything depends on the interplay
of the relative sizes of kg = m, k1, k2, ..., ks_1, ks = n because, for example,

kj > k;j-l‘l = |‘@kj7kj+1| = O, bkj+17 kj < kj-i-l = |@kj7kj+1| = Okjyy bkj'

We can disregard the case k; = kj 1 because then %, .., = 0 and the entire product
vanishes, hence we assume that always k; # kjyi1. We use the shorthand \, for
k;j > kji1 and A for k; < kjy1. Note that, once s is even then Z° is symmetric and
diagonal elements no longer vanish: in that case we need to consider also the case
m = n but the proof is identical.

To illustrate our argument, for s = 4 we have eight options:

\\\:\32 ko > k1 > ko > kg, \/\ ko > k1 < ko > kg,
NANS=NE A ko > Ry >k < ks, NS=NSP ko > Ry <k < ks,
INNESNE ko < B> kg > ks, SNEINe ko < By < kg > ks,
/‘\‘/‘ k0</€1>l€2<l€3, /‘/‘/‘:/‘32 k0</€1<k2<1€3,

except that 2 is impossible because kg = m > n = k.
We let Qn stand for a generic polynomial of degree exactly N and note for further
use the following technical result with a straightforward proof.

15



Proposition 6 The sum

QgimchN—@“, K>1, N+#a-1,
k=1

converges as K — oo if and only if « > N+1. Here c is a constant, while “~” means
that we are disregarding lower-order terms.

In general, the main idea is to write a sequence of s and ;s in the form
/\h\jl/\iz\jz /l'it\jt
where i, jr > 0 and Z};Zl(ik + jr) = s. Wecall /" a /-pre-chain of length r and
N\ a \pre-chain of length r, in other words we decompose each product in (3.5) into

a sequence of alternating pre-chains.
Consider first an “-pre-chain of length r > 1. Because of (3.4), it equals

ke—1—1 ky—1 kepr—2—1

E E o E |@k471,k£@ke7ké+1 T @ké+7»72,ke+7-71|

ke=0 k¢41=0 ketr—1=0
ke—1—1 ky—1 kepr—2—104r—2 ke—1—1 k,—1 ketr—2—1

Z Z Z H akbk]+1—ak61 Z Z Z brppr s

kg:O k‘[+120 k(+7‘,1:0j —1 k@ 0 k(+1 0 kg+T71iO

We say that ay,_, and by, _, are the head and the tail of the pre-chain, respectively.
Likewise, for an \pre-chain of length » > 1 we have

oo

oo oo
§ E : E ‘@ke—l,ke@kl,k/z+1 ...@kﬁ+r—27kﬂ+r—l‘

ke=kg_1t1kpp1=ke+l kppp 1=kgip o+l

[e.©]

b o oo
O DI SR

kg=kg_1+1 kpp1=ke+l kppp_1=kpqpr_o+tl

Now by, , and ay,,, , are the head and the tail of the pre-chain, respectively.
Except for £ =0 and ¢+ r = s, we join the tail of a pre-chain to the head of the

succeeding pre-chain. The outcome are “-chains and \-chains. Note thus that a

chain has no head, while its tail is multiplied by the head of its successor pre-chain.

(In this procedure we lose the head of the leading pre-chain and the tail of the last

pre-chain but this makes no difference to the finiteness — or otherwise — of the sum)
An -chain of length r is of the form

ke—1—1 kp—1 keqr—2—1 ke—1—1 ky—1 keyr—2—1

I IS SIS D S DRI M et
k?£+7 1 k[+7n_1)' b

ke=0 k¢y1=0 ketr—1=0 ke=0 k¢y1=0 ketr—1=0

a finite sum. Hence, it cannot be a source for unboundedness of the sum (3.5). Mat-
ters are different, though, with an \-chain of length r: straightforward algebra and
Proposition 6 imply that

o0 oo oo
2
) D DR o

ko=kp_1+1kpp1=ke+1 koyr_1=ko_r_2+1
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%) ketr—1—r+1  kepr_1—7+2 kepr—1—1

D N SHEE SHERTE S

ketr—1=ke—1+r ke=ke_1+r—1kepr1=ke_1+7-2 ketr—2=ke—1+1
oo oo 1
— 2
= E ake+7.,1 QT—l(ké'H"—l) ~ 2 : fo—r"
kepr—1=ke_1+r L=ke_1+7T

Therefore boundedness takes place if « —r > 1.
Since the length of any chain is at most s — 1 and \*~! is impossible (recall,
ko > ks), the maximal length of an \-chain is s — 2. We thus deduce that o > s — 1.

Theorem 7 ind w, > s for the Laguerre weight if and only if « > s — 1.

Proof The necessity has been already proved in Theorem 4, while sufficiency
follows because absolute boundedness in (3.5) implies boundedness. O

In Fig. 3.1 we display the absolute values of the entries of 2° for different values of «
and s. The computation involves infinite matrices, hence infinite products which need
be truncated in computation. Thus, we compute 300 x 300 matrices and their powers,
while displaying just their 100 x 100 section, since this minimises the truncation effects,
For s = 1 all differentiation matrices are bounded and of a moderate size, the sole
difference is that, as a grows, the matrix becomes more ‘centred’ about the diagonal.
However, already for s = 2 the difference is discernible. For o = 1 we are right on
the boundary of & > s — 1 (on its wrong side!) and the size of 2% grows rapidly: had
we displayed a section of an M x M matrix for M > 300, the magnitude would have
grown at a logarithmic rate, as indicated by the proof of absolute boundedness. Once
a > 1, the magnitude grows at a slower rate and would remain bounded for M — oc.
Finally, for s = 3 the cases @ = 1 and o = 2 correspond to polynomial and logarithmic
growth, respectively, and this is apparent in the figure. Finally, for « = 4 the rate
of growth slows down and it is persuasive that the magnitude remains bounded as
M — oo. Note that even in a ‘good’ o regime the magnitude, while decaying along
rows and columns, grows along diagonals. We refer to the discussion following Fig. 3.2
for an explanation of this behaviour, commenting here that this phenomenon follows
from a,, ~ m~%/2 and b,, ~ n®/2.

It follows from Theorem 7 that, once we approximate functions in IEI; (0,00), we
need to choose a > s — 1. However, there is much more to the choice of a good o and
we defer its discussion to Section 4. As it turns out, the quality of approximation is
exceedingly sensitive to the right choice and numerical results indicate that there exists
a ‘sweet spot’ that brings about substantially improved quality of approximation.

3.2 The ultraspherical family

The ultraspherical weight® a special case of the Jacobi weight, is wq(x) = (1 —
2%)*x(~1,1)(2), @ > 1 — in our case the requirement wq(+1) = 0 restricts a to the
range (0,00). We have

pulx) = goPY (),

5Also known, subject to different scaling, as the Gegenbauer weight [23, p. 276].
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Laguerre differentiation matrix

Figure 3.1: Laguerre W-functions: The magnitude of 2° for different values of o and
1<s<3

ou(@) = gn(1—2)* PP (@), nely,

where the constant

\/%n!(Qn +2a+1)T(n+2a+1)
2oT(n+ o+ 1)

In =
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orthonormalises an ultraspherical polynomial [23, p. 260]. Recalling the identity (2.3),

we let
1

1
En =~ Dy = / (1 — 22)0=1gP (@) ()P0 (3) dg.
aGmIn —1
It is sufficient to derive the &, ,s explicitly and prove that & is symmetrically separa-
ble. We recall that our interest is in odd values of m + n and assume without loss of
generality that m >n +1
Let

1
Sin = [ (=2 TP @ (@) do,

m,n m n
-1

noting that S5, |, = 0 if m+n is odd. The three-term recurrence relation for orthonor-
mal ultraspherical polynomials is

(m+1D)(m+2a+1) P(a’a)(z)—l— m+ o plasa)
(m+1+a)@2m+2a+1) ™t 2m +2a+1 ™!

2P () = (z), (3.6)

as can be easily confirmed from [23, p. 263]. Therefore

édm,n
1
_ +1)(m+2a+1) (a,a) m—+ (a,a)
_ 1— 2ya—1 (m ple -  pw P(a,a)d
/_1( z’) [(m+1+a)(2m+2a+1) mit oy a1 met e
(m+1)(m+2a+1) o m+ o

- o Lo 11 . 3.7
(m+14+a)2m+2a+1) m+1’"+2m+2a+1 m—1Ln (3.7)

Our next task is determining the explicit form of S, |, for even m+n and, without

loss of generality, m > n. This is accomplished in Appendix B and results in

ga _A*TPm+1+a)l(n+1+a)
gy n!ll(m+ 1+ 2a)

, m > n, m-+n even.

We conclude from (3.7) that

4T 1 Tr 1
Epn = — (m+1+a)l(n+ —I—a), m >n, m+n odd
’ ! n!ll(m+ 1+ 2a)

and

D = Oy G Emn = = 3.8

1 \/m!(2m +2a+1)2n+ 20+ )T (n+ 1+ 2a)
is valid for all odd m+mn, m > n+1 —once n > m+ 1, we need to swap m and n and
invert the sign. (Of course, %, ,, = 0 once m + n is even.)

Our first conclusion is that the measure is symmetrically separable with

. (39

n =

o [miem+20+1) _\/(2n+2a—|—1)F(n+1+2a)
"o\ 2D(m 1+ 2a) 2n/
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The next conclusion is that the rate of growth (or decay) is dramatically different
along the rows and the columns of 2. It follows from (3.8) and the standard Stirling
formula [21, 5.11.3] that

nots
Do ~ —» m,n>1 m>n+1.
me—z

Therefore the elements of the differentiation matrix decay geometrically (at any rate,
for a > %) along rows (and, because of skew symmetry, columns) and increase geo-
metrically along diagonals. Note that, forming powers of Z, it is the decay along rows
and columns that allows for boundedness. (Incidentally, it can be proved using special
functions that (2%)00 = a(2a + 1)/[4(a — 1)], driving home the fact, already known
from Theorem 5, that a > 1 is necessary and sufficient for boundedness. We leave the
proof, which plays no further role in our narrative, as an exercise for the reader.)

Fig. 3.2 displays the magnitude of the powers of differentiation matrix for ultras-
pherical weights and different values of a and s, using the same rules of engagement
as in Fig. 3.1. Two trends are discernible, both following from our discussion. Firstly,
the decay along rows accelerates as a grows and 2° is more concentrated near the
diagonal. Secondly, the terms along the diagonal (of course, with m + n of the right
parity) grow the fastest. Their rate of growth is rapid (and grows with «) but this
need not be a problem, at any rate once we approximate sufficiently smooth functions.
In that case 2, its powers and possibly functions (e.g. exp(h%)) act on the expan-
sion coefficients of functions in the underlying basis ®. Provided these functions are
sufficiently smooth, it is plausible that these coefficients decay very rapidly and, for
analytic functions, at an exponential rate. (We defer to Section 4 for more substantive
discussion of convergence.) Thus, large terms along the diagonal will multiply small
terms in a vector of expansion coefficients — something that might conceivably cause
loss of accuracy for truly huge matrices but which is probably negligible in practice.

Similarly to Laguerre weights, we now seek to prove that Theorem 4 provides also a
sufficient condition for ind w, > s for ultraspherical weights, i.e. that & > s—1 implies
that 27 is bounded. Our method of proof is similar to that of Theorem 7, except that
we need to account for a number of differences: firstly %, , can be nonzero only when
m + n is even, secondly, we have symmetric separability in place of separability and
thirdly (3.4) is no longer true and needs to be replaced by

1
ambm:m+a+§. (3.10)

Letting again kg = m, ks = n, where m > n+ 1 (or m > n once s is even), we
need to replace (3.5) by

oo * oo * oo *
E E E |'@k0akl'@klyk2".'@ks—21ks—1@ks—lyks < 00,
k1=0 ko=0 ks_1=0

where the star means that we sum only over pairs (k;_1, k;) such that k;_1 +k; is odd.
Note that Proposition 6 remains true for the ‘starred sum’ except that the constant
(of which we care little) is different.
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Ultraspherical differentiation matrix

Figure 3.2: Ultraspherical W-functions: The magnitude of 2° for different values of
aand 1 <s<3

We again commence with - and \-pre-chains. Little changes for a \, chain, since
the sum remains finite. The only possible challenge to boundedness may originate in
a  chain. We analyse a -pre-chain using (3.10),

* 0o *

o0 oo
E E : U E : |@ke,ke—1@ke+1,kz T 9k2+7‘—lakf+r—2

ke=ke_ 1+1 koyp1=ke+1 kepr—1=kepr_o+1

*
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co * l+r—2

_ i* i* Z H ar, br,_,

ke=ke—1+1 kep1=ke+1 keqr_1=kegr_o+1 j=t
0o * 1 0o * 1 oo *
= bsz1 E ke +a+ ) E ki1 +a+ by E Ohipyris
ke=ke_1+1 kep1=ke+1 keyr—1=keyr_2+1

and, using Proposition 6, transition seamlessly to a -chain, while disregarding lower-
order terms,

*

0o * 1 oo * 1 0
Z (ke +a+ 2> Z <k€+1 +a+ 2) o Z LT
1

ke=ke—1+ ket1=ke+1 ketr—1=kepr—2+1
oo * Kogro1—r+1 % kogro1—r+2 % Kogro1—1 %
2
~ E My s E ke E keyy-- E kotr—2
keyr—1=ke_1+7 ke=ke_1+r—1 kegp1=ke_1+7—2 keyr_o=ke_1+1
oo * oo * 1
2
~ z : ak£+r—1 Q2T72(kz+7“*1) ~ z : k2a—2r41"
kegr_1=ke_1+r k=ko_1+T

Consequently « > r is necessary and sufficient for convergence for each ,*-chain. Since
the length of an -chain is at most s — 1, we deduce, similarly to Theorem 7 that

Theorem 8 indw, > s for the ultraspherical weight if an only if « > s — 1.

Both Theorems 7 and 8 present the same inequality. This is not surprising since,
for both weights, oz measures the ‘strength’ of a zero at the endpoint(s).

We conclude this subsection with plots displaying the 5 norms of truncated N x N
differentiation matrices for both Laguerre and ultraspherical cases for « € {1,2,3,4}.

As can be seen from Fig. 3.3, the £3 norm of an N x N principal minor of Z increases
linearly with N for Laguerre, quadratically for the ultraspherical weight. This has
obvious implications, inter alia to the implementation of Krylov subspace methods in
the manipulation of differentiation matrices. Having said so, Krylov subspace methods
may be problematic in this context [10]. In Section 4 we outline alternative approaches
to numerical algebra of separable differentiation matrices.

3.3 Counterexamples: generalised Hermite and Konoplev
weights

Ultraspherical and Laguerre weights are the obvious and most elementary choice in
the intervals (—1,1) and (0, co) respectively and they are both separable in the sense
of this paper. This might lead to an impression that separability is ubiquitous: this
would be highly misleading.

Lemma 9 Let

lmn = @m,n97n+l,n+1 - @m—&-l,n@m,n—kly (311)
[:'rn,n - 9m,n-®m+2,n+2 - 9m+2,n9m,n+2- 312)
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Figure 3.3: /5 norms of N x N differentiations matrices as N grows in multiples of
ten. The top curve corresponds to a = 1, underneath @ = 2, then a = 3 and the
bottom curve corresponds to o = 4.

Separability implies that ., = 0 for all m > n + 2, while symmetric separability
implies that U, p, = 0 for allm+n odd, m > n + 2.

Proof Follows at once from the definition of (symmetric) separability. O

Note that neither (3.11) nor (3.12) are sufficient. Thus, a skew-symmetric & such
that Zomt1,n = 0 for all m € Z; and n < 2m — 1 satisfies (3.11) but in general is
not separable. Likewise, a tridiagonal skew-symmetric matrix obeys (3.12) but is not
symmetrically separable — this is the case with the differentiation matrix associated
with the Hermite weight, for example. Trying weights at random and computing, say,
12,0 leads time and again to non-separable weights.

To explore further the (non)existence of separable weights, we examine two weights,
generalisations of Hermite and ultraspherical weights respectively, but endowed with
an additional parameter: the generalised Hermite and Konoplev weights.

3.3.1 Generalised Hermite weights

Letting p > f%, we examine the weight

wy(z) = |a:|2“e*m2, rzeR (3.13)
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[5, p. 156], originally considered by Szegd.% It can be easily deduced from [5, p. 156-7]
that the underlying W-functions are

non n! (h=%) /. 2 —22/2
pon(z) = (=1)"2" [ ————<Ln *7(@7)[z]'e™™ /7,
Ln+p+3)
! 1
pont1 () = (=1)"2" Lacher2)(5152)\5’3%67902/2’ neELy.

20 (n+p+3)

Generalised Hermite weights are of marginal importance to the work of this paper
and although their differentiation matrix can be derived explicitly,

-@2n,2n—1 = \/’717 92'm,,2n—1 =0, m>n+1,

2n+1 _ m)!
Dont12n = —F——= = (=1mn IM\/( ;

v Domy12
2y/n+p+ 3 e nAp+ S mi1on

where (z), = z(z+1) -+ (2+n—1) is the Pochhammer symbol, with skew-symmetric
complement, we will not present here a formal (and lengthy) algebra. Instead, a reader
might use a symbolic algebra package to compute the first few elements, enough to
evaluate 1o and 739 and check that they are both nonzero — in light of Lemma 9 this
is sufficient to rule out separability and symmetric separability, respectively.

As a matter of fact, & has an interesting shape: its (2m +1)st columns (hence also
the (2n+1)st rows) are consistent with a tridiagonal matrix, more specifically with the
differentiation matrix corresponding to the standard Hermite weight (i.e. with u = 0).
More specifically,

1 / n 1 [ n+1
n,22n—1 — 5 - 1 Oa n n — 5 - 1 07
L2n,2n—1 (n-‘r?) n+ﬂ+%7é Loan41,2 <n+2> n+u+%7é

otherwise ¢, , = 0 for m > n + 2, while

py/(n+ 2)1 /(0 + 1)+ 0+ 3]
(n+p+ 3/t p+ o +p+3)

lom44a,2n+1 = 0, m>n+2

0,

lon+43,2n =

In each case the separability tests (3.11) and (3.12) fail only marginally — but fail
nonetheless.

3.3.2 Konoplev weights

Letting o,y > —1, we set

We v (T) = |27 (1 — 2?)*, x e (—1,1). (3.14)

6We resist calling them “Szegd polynomials” since the name is reserved for another type of poly-
nomials, orthogonal in the complex unit circle [24, 26].
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The weight (3.14), which has been considered in [16, 17] and described in [5, p. 155],
generalises ultraspherical weights by adding the possible weakly singular factor |x|27+1.
Specifically, wq 4 € C°(—1,1) if and only if

s—1

k
either ’ye{zske{l,O,...,SQ}} or v > 5

The underlying orthogonal polynomial system is
So(@) = PO (202 —1),  Spupa(e) = P22~ 1), nezs,

and the monic polynomials obey the three-term recurrence relation

Sni1(z) = 28, () — enSp_1 (),
where
n(n+ o) (nt 147t 1tatq)
n+a+y)2n+1+a+7)’ Cantl = Cn+a+vy)2n+14+a+7)

Replacing Jacobi polynomials by their orthonormal counterparts and using a formula
from [23, p. 260], easy algebra confirms that

ch:(

1
+1+a+9),I'(m+1+a)l(m+1+7)
/{a’"’:/ Wa ()53 xdx:(m )
2m . ()55 () mT(2m+2+a+7)
1
+2+a+7)mlim+1+a)l(m+2+7)
koY :/ Wa ()52 xdx:(m )
mtl = (@) 521 41() mIT(2m + 3+ a+7)
therefore

aptE - a?)f

P2m (l‘) - \/W
2m

CzletE(l - )/

<1472m+1(33) = o
\/ F2m+1

The weights (3.14) are symmetric, thus we examine the possibility of symmetric sep-
arability. A brute-force computation yields

2
Pl (222 — 1),

2
plerth) (222 —1).

(4+a+7)6+a+7)
20+ )2+ )1 +7)3+7)’

[370 = (54‘0&"‘!"7)(274‘ 1)\/

1

ruling out symmetric separability except for the case v = —3,

the ultraspherical weight.

which corresponds to

3.3.3 A limiting behaviour of the ¢, ,s

While separability, hence ¢y, , = 0 for m > n + 2, appears to be exceedingly rare, we
claim that the latter holds more broadly in a much weaker, asymptotic form.

Let w be a weight in (a,b), w(a) = w(b) = 0, with the underlying orthonormal
polynomials {p,}52,, where the coefficient of z" in p, is k, > 0. Comparing the
coefficients of 2" %! in the three-term recurrence relation (1.3) we deduce at once that

kn+1/kn = /6;1~
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Theorem 10 Assuming that B, > 8% > 0 and w(x) = [w'(z)]? /w(z) is itself a weight
function in (a,b), it is true that

lim ¢y =0, ne’l,. (3.15)

m—o0

Proof Letting m > n + 2, (2.3) yields

b b
=7 [ 0O Ay [ @ @ (@) da
b b
. / (@pmr (@palz) do [0 @ (pas () dy
/ / (1)Pm41 ()P (9) [P+ 1 ()P (4) — P ()P 11 ()] da .

We recall the Christoffel-Darbouz formula,

- b a1 (®)pa(y) — pu(@)pasa(y)
> pe(x)pely) = Tt ~ Ty +

)

where k,, > 0 is the coeflicient of 2™ in p,, [5, p. 153]. Therefore

- n+1// (Y)Pms1(w )pm(y)(x—y);p() (y)dx dy
S5 / / (Y)Pm+1(z )pm(y)(x—y);pg(x)pg(y) dzdy |, (3.16)

because 5,1 < 8*!. Letting n — oo in (3.16), we obtain

/ / (Y)Pm+1(z)p Z pe(x)pe(y) do dy

hm b <
< 5*

VK (z,y) dz dy|,

S meﬂmpm(x)(xy

where K is tha Christoffel-Darbeaux kernel from the proof of Theorem 5. According to
(2.8) it is a reproducing kernel and it follows at once that the double integral vanishes.
O

The condition £, > 8%, n € Z,, is very weak: we already know that 3, > 0, all
the condition says is that, in addition, the 8,s are bounded away from zero.

4 Computational aspects

4.1 A product of 2 by a vector

Practical implementation of the ideas of this paper requires manipulation of expres-
sions involving a matrix & which is either separable or symmetrically separable: forma-
tion of products of the form 2" f for r € N, the solution of algebraic linear systems of
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the form p(2)y = x, where p is a polynomial and the computation of e"?uy. Tridiago-
nal differentiation matrices, of the form considered in [11], enjoy substantial advantage
in this context. Yet, once a weight function is separable (or symmetrically separable),
all these objectives can be attained using fast algorithms. The matrix & is a special
case of a semiseparable matriz [7, p. 50]: all its minors located either wholly above
the diagonal or wholly beneath it are of rank 1. This allows for fast products and
fast computation of linear systems [6, 7, 28] and, using the Cauchy—Dunford integral
forgmula (also known as the Dunford—Taylor or Riesz—Fantappié formula, [4]), compute
eu.

In this subsection we examine in detail the formation of products of the form
h = 2 f, where f is a (real or complex) infinite-dimensional vector, while 2 is ei-
ther separable or symmetrically separable. While the main idea is not new — cf. for
example [6] — there is merit in presenting it for the convenience of the reader, as an
elementary example of more advanced numerical algebra computations in [6, 7, 28].
As a matter of fact, our algorithm is somewhat more general, because it is based on
infinite-dimensional computations.

Consider a separable weight function, e.g. a Laguerre weight. The starting point is
an integer N, typically much larger than M, such that |f,,| is negligible (in practical
terms, smaller than a user-provided error tolerance) for m > N, and we wish to form

N
hn =Y Dmmfn,  m=0,... M. (4.1)
n=0
We commence by assuming that a weight is separable, whereby (3.1) yields
m—1 N
hmz—amanfn—i—me Anfrn = Om + Pms m=0,...,M,
n=0 n=m-+1
where
m—1 N
am:anfn, Pm = Z O, frs m=0,...,M.
n=0 n=m+1
Then
ho = bopo,

hin = —0m0m + b pm, m=1,..., M,
where oy, = 01 + bmflfmfla Pm = Pm—1 — amfm-
Assuming that the a,,s and b,,s have been precomputed (and this needs to be done
only once, no matter how many products are required), the calculation (4.1) takes
just = N + 4M flops — and by the same token, computing the first M + 1 entries of
Dnfn takes =~ r(N + 4M) flops.
Similar operations count applies to symmetrically separable weight, whereby the
entries of 2 obey (3.2). Assuming that both M and N are even, we have
N/2
h2m - Z -@2m,2n+1f2n+17

n=0
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N/2

M
hom+1 = Z Dom+1,2n fon, m=0,..., TR
n=0
Therefore
m—1 N/2
hom = Qam Z bon+1font1 — bom E G241 2n+1,
n=0 n=m-+1
m—1 N/2 M
hom+1 = Gom41 Z ban for — bamy1 E Aop fon, m=0,..., 5
n=0 n=m-+1
Set
m—1 m—1
E ¢)
0, = Z b2nf2na Om = Z b?n+1f2n+1a
n=0 n=0
N/2 N/2
E ¢)
Pm = Z a2nf2n7 Pm = Z a2n+1f2n+17
n=m-+1 n=m-+1
hence
M
¢) (o) E E
hom = G2m0,, — bomp;n, hom+1 = Qam410,, — 52m+1,0m, m=0,..., o
However,
N/2 N/2
E o) E (o)
oy =05 =0, Po = Z A2p fon, Po = Z A2n+1f2n+1,
m=1 m=1
and
E _ E O _ _O
O =001 + b27r172f2rnf27 Om = 0m—1 + meflmefla
M
E _ E O _ O _
P, = Prm—1 — O2m fam, P = Pm—1 — Q2m+1[2m+1, m=1...,<.

Thus, again, we need just ~ 4M + N flops to compute the first M + 1 terms of Iy fy -

4.2 The speed of convergence

The convergence of orthogonal polynomials to ‘nice’ (in particular, analytic) functions
is well understood and this can be leveraged to the case of W-functions. It is benefi-
cial first, though, to present some computational results, to highlight the importance
of choosing the right value of « in the context of either Laguerre or ultraspherical
weights, while comparing them to standard approximation by the underlying orthog-
onal polynomials.

It rapidly becomes apparent that we have a competition between different imper-
atives:

o The number of zero boundary conditions: This determines the value of o and,

according to Theorems 7 and 8, we need @ > s — 1 in ﬁ;(a, b).
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e Regularity of approximating functions: While & consists of polynomials, hence
analytic functions, this is not the case with ®, whether in the context of ultra-
spherical or Laguerre weights: it all depends on the value of a. If « is an even
integer then the ¢, s are analytic, otherwise analyticity fails at the endpoints.

e The underlying function space: Much depends on how the error is measured.

Among the many possibilities, we single out two: the IC-)IS (a, ) norm for a suitable
value of p (in particular, the Ly (a, b) norm) and the Ly [a, b] (and, more generally,
H?_[a,b]) norm. The choice of a norm depends on the underlying application.

Preliminary numerical experimentation reveals a remarkable state of affairs. In Fig.
4.1 we let a be in {1,2,3,4}. In this and all figures in this paper we denote o = 1
by a red, dotted line, & = 2 by a magenta solid line, @« = 3 by a green dashed line
and, finally, &« = 4 by a blue dash-dotted line. Because of the rapid decay of errors,
we display them all in a logarithmic scale to base 10 — in other words, the y-axis
displays the number of decimal digits. Given a function f and recalling the expansion
coeflicients ff and f;}’ from Remark 1, corresponding to expansions in & and ®
respectively, we let

N N
F{(z) =) fipa(a), FN(2) =) flea(z), NeLy.
n=0 n=0

Thus, F¥ — f and Frx — f are the (pointwise) errors with respect to the polynomial and
the W-function basis, respectively, and we need to measure them in an appropriate
norm. We denote by 4F ]{; the derivative expansion, i.e. with p, and f replaced by p/,
and f’ respectively, similarly for higher derivatives and for Fy.

4.2.1 Ultraspherical W-functions

We commence from ultraspherical weights and consider
[¢]
f(z) = (1 —2z)cos % € H;(—l, 1). (4.2)

In Fig. 4.1 we display in logarithmic norm the Ly, [—1,1] error for polynomial
approximation to f and its first derivative (top row) and for W-functions for the
ultraspherical weight.” Polynomial approximation — as can be expected from general
theory and the analyticity of f — decays at an exponential speed and, for N = 30, we
attain = 32 significant digits. This is also the case with derivatives, with a very minor
degradation in accuracy. The error for W-functions, though, is radically different.
The errors for o € {1,3,4} decay very slowly, at a polynomial rate, and for N = 30
we recover just / 4 significant digits, an unacceptably large error. On the other hand,
the error for « = 2 at N = 30 is =~ 3 x 10739, significantly better than polynomial
approximation!

The reason for this ‘miraculous’ behaviour for & = 2 bears some attention. Little
surprise perhaps that o = 1 behaves poorly because it is at the wrong end of the

"Polynomial approximation, of course, leads to an unstable spectral method. Yet, its error and
its comparison with the error committed by W-functions are of independent interest.
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Figure 4.1: Ultraspherical W-functions: The errors logyo [|[FY — flleo (top left),
logyo | = f'llos (top right), logyo | FR — flloc (bottom left) and logyq | — f/l
(bottom right) for « =1,2,3,4 and N =1,2,...,30 (except that in the bottom-right
plot only o = 2 is displayed).

boundedness condition for 2%. However, as a matter of fact, we do not consider second
derivatives in this particular instance and « € {3,4} are just as bad. The reasons are
as follows. For o € {1,3} the ¢,s have a weak singularity along the boundary, while
¢!, becomes singular there. For aw = 4, on the other hand, ¢/, (£1) = 0 mean that Lo,
convergence of derivatives is impossible unless also the derivatives of f vanish at the
endpoints. (This is the reason why log;, [|[F¥ — f’||~ is displayed only for o = 2.)

[¢]

Not much changes if, instead of L.,, we compute an Hg error, except that in
general Lo-like norms are more forgiving. In principle, neither singularities or excessive
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—204

—254

~304

Figure 4.2: Ultraspherical W-functions: The errors logy [|F& — f|l2 (left) and
logyo ||Fx — fl|2 (right) for a = 1,2, 3, 4.

vanishing of derivatives at the endpoints need prevent convergence. Thus, in Fig. 4.2
we plot the Lo(—1,1) errors for example (4.2). The overall picture remains the same:
polynomial approximation decays at exponential rate and we attain, regardless of the
choice of «, about 34 significant digits for N = 30, while W-function approximation
for « € {1, 3,4} is very poor yet, for « = 2, we again hit the ‘sweet spot’ and recover
~ 38 significant digits. W-functions are vastly superior for « = 2 but fail dismally
otherwise.

To explore further the error committed by ultraspherical W-functions we consider

F(z) = (1 — 22) cos® %”” (4.3)

the only difference in this (not very imaginative!) choice is that now f(£1) = f'(£1) =
0. We display the Lo error for f(, i = 0,1,2, in Fig. 4.3 for the W-functions. The
error in polynomial approximation is roughly independent of o and for N = 30 we
attain ~ 24 decimal digits for f, ~ 21 for f’ and = 19 for f”. By this stage we should
not be surprised that & = 1 and o = 3 do badly in approximating f because of the
weak singularity at the endpoints and they fail altogether approximating derivatives.
For « € {2,4} the endpoints are analytic and indeed the underlying functions do very
well indeed, definitely better than polynomial approximation. « = 4 is a winner,
unsurprisingly because f € IC—)I; (—=1,1) and this is matched by ®. However, a = 2
does quite well, worse by perhaps two decimal digits but still beating polynomial
approximation. The reason is that too few zero Dirichlet boundary conditions do not
prevent L., convergence of an orthogonal sequence, although they might slow it up
to a modest extent. On the other hand, excessive zero Dirichlet boundary conditions
prevent Lo, convergence at the endpoints. Thus, the interplay between the number of
zero boundary conditions and the choice of a is not symmetric! It is always better to
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err by choosing smaller «, as long as it is an even integer, consistent with the bound
of Theorem 8.

Figure 4.3: Ultraspherical W-functions: The errors log; || Fr — fl|2 (left) logy, || 4Fr —
f'll2 (centre) and logy, ||[%/Fx — f”||2 (right) for a = 1,2,3,4 and the function (4.3).

4.2.2 Laguerre W-functions

We are now concerned with the Laguerre weight and choose the model problem

fz) =
Note that f(0) =0, f/(0) # 0.

e Usinx, x >0.

(4.4)

0 T J
20 30
_2.
] YRV
* AR I AN AVAY RV AT,
e LT HETIE ! T TR ]
-6

Al SRR

Figure 4.4:

Laguerre W-functions: The errors logy, |Fi(z) — f(z)| (left) and
logyo | Fsp(z) — f()| (right) for x € [0,30] and o = 1,2, 3, 4.
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An expansion in Laguerre (or any other) polynomials cannot be bounded in an
infinite interval hence, instead of plotting log,, ||F% — f||2 for increasing values of N,
we choose N = 40 and plot the pointwise error in the interval [0, 30]. This is evident
on the left of Fig. 4.4: the error is just about fine for small x > 0, subsequently
growing rapidly (as a matter of fact, exponentially). On the other hand, as can be
seen on the right of that figure, the error of W-functions is uniformly bounded. For
a € {1,3,4} it is fairly similar — and unacceptably large — while for a = 2 we attain
~ 10 decimal digits of accuracy, apparently uniformly in [0, 00). Yet again we have the
‘sweet spot’ for o = 2. This state of affairs remains true for the first few derivatives
and the deterioration in accuracy using W-functions is very mild indeed.

Finally, we consider

f(z) = e “sin’, x> 0. (4.5)

Now f(0) = f/(0) = 0 and f”(0) # 0. There is no need to display the Lo [0, c00) error
committed by Laguerre polynomials since, again, it is unbounded.

In Fig. 4.5 we employ the same colour and style scheme to plot the errors commit-
ted in [0, 30] for f, f' and f”. Clearly, & = 2 and a = 4, the two values associated with
analyticity at the origin, win insofar as approximating the function itself is concerned,
although the margin is somewhat smaller than in our other examples. The approx-
imation of the first and the second derivatives is more interesting: on the face of it,
it is a dead heat between o = 2 and « = 4, but closer examination of the behaviour
near the left endpoint unravels a crucial difference. For example. for n = 10710 we
have (to four significant digits)

o |1 2 3 4
|Fé%(’l7) - f(r])| 2.128_08 9.631_15 1-434—16 7.778_24
I9F2(n) — f'(n)| | 1.064102 9.631_g5 2.151_¢5 9.555_14
‘dng&(n) - f”(?’])| 5.319+11 4.092,03 1.075+05 9.555,04

The conclusion is clear. Once the inequality of Theorem 7 is breached, the approxi-
mation blows up at the origin: this happens with a = 1 and any derivative. The error
for a = 3 decays for N > 1 for the function value and the first derivative, but it blows
up for the second derivative, while for e = 2 the progression to the correct boundary
condition is considerably slower than for o = 4. This is apparent from Fig. 4.6: a =4
wins, although by a small margin.

4.2.3 The speed of convergence redux

As promised, we leverage standard theory on the convergence of orthogonal expansions
of analytic functions to the setting of W-functions. For simplicity we consider just
the ultraspherical weight, supported in [—1,1], but our argument readily extends to
all other settings. Thus, suppose that the function f is analytic in a Bernstein ellipse
enveloping [—1,1] and f(£1) = 0 and let f(z) = f(x)/(1 — 2?). Note that f is also
analytic in [—1, 1]. Expanding f in powers of an ultraspherical W-function yields the
coefficients

A 1 1 ~
fn =/ (1—a?)*2 f(2)P{) () de =/ (1=2®)* PP )P (2) de,  ne s

—1 -1
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Figure 4.5: Laguerre W-functions: The errors logo|Fgn(z) — f(z)| (left)
log,o |F&(x) — f/(z)| (right) and log;, |%Fgh(x) — f"(x)| for the function (4.5),
x €1]0,30] and « =1,2,3,4.

and, once o = 2, we have standard expansion of f in the ultraspherical polynomial

basis {ngﬁ)}nez . and standard results for expansions in orthogonal polynomials (cf.
for example [29]) apply. In particular,

limsup | f,|*™ = p € [0,1)
n—roo
and the rate of convergence in the Lo norm is at least exponential. The same is true
for any even integer a > 2.
Similar reasoning applies to other weights and to higher-order zero boundary con-
ditions.
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Figure 4.6: Laguerre W-functions: A close-up of the bottom plot in Fig. 4.5 near the
left endpoint.

Needless to say, choosing o € 2N is essential but the ultimate choice depends on
the number of zero boundary conditions, in the spirit of the previous two subsections.

4.3 Outstanding computational and theoretical challenges

This is the first paper to consider W-functions in an organised way, although of course
Hermite functions have been used and investigated extensively and W-functions as-
sociated with Freud weights (and which are special because of Theorem 2) have been
introduced in [19]. Needless to say, this work neither resolves all the mathematical and
computational issues associated with W-functions nor claims to do so. While there are
important theoretical questions, e.g. to characterise all separable or symmetrically sep-
arable weight functions, perhaps the most urgent issues are related to the applications
of W-functions to spectral methods. This concerns issues in approximation theory
(speed of convergence in different function classes), as well as purely computational
questions. The speed of approximation points out an imperfect duality between W-
functions and the functions ¥ = {4, }nez, from Section 1. Recalling the f;f , the nth
expansion coefficient in & and letting w(x) = w(x)X(a,p)(x), the Plancherel theorem
yields at once for every n € Z

b %) %)
fo = / F(@)én(z) dz = / VB(@) f()pn () dz = (i) / F(€) (@) da,

and we recover an expansion in ¥ of the Fourier transform of f. This duality, though,
is imperfect because, unless (a,b) = R, it is valid (insofar as ¥ is concerned) only in
the Paley-Wiener space P4 1) (R) rather than in Lo (R) [11]. Moreover, comprehensive
convergence theory for functions of the form W is also lacking. Yet, even an imperfect
duality might potentially lead to useful outcomes.
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The final issue we wish to mention is fast computation of expansion coefficients
in a W-function basis, similarly perhaps to fast expansion algorithms in polynomial
bases [22]. All this is a matter for future research.
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Separability coefficients for Laguerre weights

Our starting point is the generating function

> 1 Tz
L) n_
2 L@ = p( 1)

[23, p. 202] and we recall that

o r 1 r(1 1+a)m
/ (L6 ()20~ dz = (m + | +a) _I( +a)(' + ) A6)
0 m: m:
Set .
1 o0 xXAN—T
Gmn = —7/ L) ()L (2) re dz, m,n € Zy.
2 Jo T
Because of
- m! o
Pm(z) = | 57— L (2)

Tm+1+a) ™

and (2.3), it follows that

2 mln! S 1
A Tt i+ e+l dmm  marnth

We set

Q(Sat) = Z Z Q’m,nsmtn

m=0n=0
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1 0o 00 00
= —5/ Z ZL(O‘) L) ()™ (—2® + ax® He " da.
0

m=0n=0

Using (A.6) it follows that for s, [t] < 1,

Qs = 3

- - /mxo‘_lex - ot + ) da
21 — s)1+a (1 —t)i+e J, P -1 s—1

1 .
51—‘(1 + a)1F0 |:1+ @ St:l

)

T 5>1+5(1 ERED /ooo xa_le’q’(‘(l(—l 53)13 t)) d

(1+a) 1 r(1+a)
2 (I—st)otl  2(1—s)(1—t)(1 —st)>

(Cf. for example [23] for the definition and basic facts on confluent hypergeometric
functions.) We now expand: all it takes is elementary (but long) algebra:

1 N (14 Om, om
(1 — st)lte - Z ( m!) (st)
m=0

! @ | o
(1—8)(1—1t)(1—st)> :Z:; Z | st

The following proposition can be trivially proved by induction.?

Proposition 11
zj: (@i _ (1+a);
= k! 7!
We thus deduce from the definition of @) that ¢, , =0 and

(o) (1+a),

G = —5 T mzntl
and conclude that
P I'l+a) m!n! (I+a), 1 ml(n+1+a)
e 2 I'm+14+a)l(n+1+a) n!  2\/T(m+1+a)n!

(A.7)
for m > n + 1, with skew-symmetric completion for m < n.
We have just determined both separability and the explicit form of the sequences
a and b.

8 And it might well be already known.
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Theorem 12 The Laguerre weight is separable and

m! Fn+1+a)
= m7 b, = e m,n € Z,. (A.8)
B Symmetric separability coefficients for ultraspher-

ical weights

We recall that
1
S = / (1-— xz)“_ngr‘f’“)(x)P;a’“) (z) de, a >0,
-1
and we are concerned with m > n (S, ,, is symmetric) and even m+n. We commence
by dividing Psla’a) by (1 — x?) — it follows from the Euclidean algorithm that
P (2) = (1 — %)y (@) + 6n(2),

where 7, € P,_1 and 6, (z) = 0p,0 + dp,12 is linear. Because of parity, if n is even
then §; = 0, while if it is odd then §g = 0. The description of § can be completed by
considering x = 1,

oo 1+ a)2n (e, ) (1 + a>2n+1
Oan :P(’)lz(i Son — ple®) gy = = T TJentl
2n,0 2n ( ) (271)' s 2n+1,1 2n+1( ) (2n+1)' )
therefore a ) a )
+ a)op, + @)ant1
Oop = ———, Oan =
2 (2n)! 2+1(¥) = 57T,

Since degy <n —1 < m — 1, it follows from orthogonality that

Smn = / (1 —a®)* P (@)[(1 = 2°)ya (@) + 6n(2)] da

-1

_ /1 (1= 2%)*~ 1P (2)6, (z) da.

—1
Letting
1 1
em:/ (1= )P (@) de, 0, = / (1 —a2*)* 1aPit) (o) da,
—1 -1

we thus have

So _ (1 +a)2ne S& _ (1 +Oé)2n+1
2m,2n (2’)7/)' ms 2m+1,2n+1 (277/ + 1)' m-
We wish to prove that
o 4°T2m+14+a)l(1+a) o _ 4°T2m+2+a)(1+«a) (B.1)
™ a T'(2m+ 1+ 2a) ’ T a T'(2m + 2 4 2a) )
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To this end, it is helpful to rewrite (B.1) in the form

_VAmA1+ ).l VA + 1+ @)1 D(a)

ern - 5 Um = . B2
4m F(m—&—oz—k%) 2~4mf(a+m+%) (B2)

To prove that (B.1) is identical to (B.2) for e, we commence from the latter, noting
that it is the same as

o v T(2m+1+4+a)l(e)
™ 4m L(m+a+ HT(m+1+a)

and use the Gamma duplication formula
[(22) = n~ /222710 ()T (2 + 1), ze€C\-Z4
21, 5.5.5]. Letting z =m + a + 1, we have

Val(2m + 1+ 2a)
gmta :

Fm+a+)I(m+1+a)=

and obtain (B.1) following elementary manipulation. An identical procedure applies
to 0,,.
Replacing m by 2m in (3.6) results in the recursion
- 1(2m+a)(4m—1+2a)0m_171(2m—1+a)(2m+a)em_h (B.3)
2 m+« 2 m+«

while replacing m by 2m + 1 results in

(2m+1+04)(4m+1+204)/1 2ya-1,2p(a,0)
O = 1=a%)* 2 Py, d
2m + 14 2« —1( VT P @) d
2m+a)2m+1+a)
2m + 1+ 2a m

Replacing 22 = 1 — (1 — 2?) and using orthogonality,
1

1
[ a-ate e @de = [ (1=t P @) do

—1 —1
1
- / (1= 22)°P{%Y (2) dz = e,
—1
for m € N. Thus,

2m+1+a)dm+ 1+ 2a 2m+a)2m+ 1+«
( ) ) (2m-+a) dorr. (Ba)

m =

2m 4+ 14 2« 2m 4+ 14 2«
We compute directly
V(14 a)l(a) Vr(1+a)l(a)
0= —F 1, 0= —For/ 3.

(this is consistent with (B.2) for m = 0), whereby (B.2) follows from (B.3) and (B.4)
by easy induction. We deduce that
_A*P(m+1+a)l(n+1+a)

S = > . B.5
™ nIT'(m + 1+ 2a) ’ mZmn, mimneven (B-5)
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