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Abstract

Rhythmic robotic controllers often take inspiration from neuroscience. Due to the complexity of
biophysical neurons, neuro-inspired controllers are frequently founded on abstract models such
as non-linear oscillators. Such controllers retain some of the desirable properties of neuronal
circuits, but lack the physical embodiment that is characteristic of biological systems and that
is key to their effectiveness. In this thesis we take a step towards reconciling biophysics with
bio-inspired control, using the language of control theory to do so. The proposed controller
is event-based, and has the physical realisation of an analogue neuromorphic circuit. The
event-based behaviour is rooted in the presence of mixed feedback. The behaviour is regulated
using output feedback and also an adaptive control that tunes the gains of the positive and
negative feedback loops. Adaptive control is aligned with neuromodulation, which is central
to the adaptation and robustness of animal nervous systems. We illustrate the potential of the
event-based neuromorphic approach on the simple mechanical model of a pendulum.

In addition to the pendulum controller, we also propose a methodology for the control of
biological or neuromorphic neuronal circuits. In particular, we explore the classical paradigm
of indirect adaptive control to design neuromodulatory controllers in biophysical neuronal
models. This provides a methodology that aligns with impedance control in robotics. The
method relies on parameter estimates obtained with a recently-proposed adaptive observer that
implements a centralized recursive least squares algorithm. Inspired by biology, we show that
decentralization and redundancy help recover the performance of this algorithm in the presence
of uncertainty and mismatch on the internal dynamics of the model.
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Chapter 1

Introduction

Many robotic tasks are fundamentally rhythmic in nature. This is best illustrated in the context
of animal-like movements such as walking or swimming, which exhibit a repeating pattern
while varying continuously in response to a changing environment [99]. There is a rich literature
of controllers that draw inspiration from neuroscience to solve such tasks [51]. Biophysical
neuron models, however, are highly intricate and not practical for design purposes. Neuro-
inspired controllers, therefore, often employ abstract models such as non-linear oscillators
in order to generate the rhythmic control signal. While these controllers retain some of the
desirable properties of neuronal oscillators, such as robustness, they lack a physical realisation
whereas in biology the physical embodiment of the control is key to its effectiveness [84]. The
aim of the thesis is to close the gap between the physics of neuronal circuits and the abstractions
of bio-inspired controllers, using the language of control theory to do so.

Control tools have previously been used to explore the regulation of bio-inspired rhythms,
for example the work of [59] that utilises classical linear methods. Our approach begins
by highlighting that biophysical neuron models have structural properties that make them
susceptible to feedback control. We then employ a simpler neuron model [89] that retains these
properties, but that is amenable to design. The simpler model has a physical realisation as
an analogue “neuromorphic” circuit; this permits us to propose a control methodology that
exploits the physics of the neuromorphic controller and its interactions with the controlled
system.

The biophysical nature of our controller also allows us to utilise important control principles
from neurophysiology. In particular, we connect the design question of how to ‘tune’ a rhythmic
controller with the key biological concept of neuromodulation [104, 28]. Neuromodulators
are chemicals that vary the rich dynamical properties of neurons. They are present in all
nervous systems, and are central to their function [72, 71]. In a model of a neuron, the effect of



2 Introduction

neuromodulation is captured as a change to certain parameters, known as maximal conductances,
that appear linearly in the model. In the language of control theory this is adaptive control, a
well-established methodology for tuning the (typically unknown) parameters of a controller
in response to changes in the environment [6]. As we will see in Section 2.3, biophysical
neuron models have a structure that meets the technical assumptions required for a system to
be adaptively controlled, a property that is retained by our choice of neuromorphic circuit. This
permits us to use neuromodulation to regulate the behaviour of the overall system.

Increasingly, the concept of embodied intelligence is taking a prominent role in bio-inspired
robotics. This recognises that to understand the control of an animal’s motion, it is not sufficient
to study its nervous system. Rather, factors such as the animal’s morphology, material properties
and interactions with the environment all play essential roles in determining its behaviour [84].
Embodied intelligence underpins the adaptability and energy-efficiency of animal motion and
therefore has great potential for robotics, including in the context of soft and compliant systems
[77, 43].

In this thesis we explore the potential of neuromorphic control for embodied systems, doing
so with the simple mechanical model of a pendulum. The proposed architecture is well-suited
to embodied control because it is event-based. The neuromorphic circuit controls the pendulum
via pulses of motor torque that force the desired rhythm. This actuating signal is sparse, and
so the pendulum’s motion is primarily governed by its own dynamics, and the control thus
leverages the physics of the pendulum itself. There is a rough timescale matching between the
pendulum and the circuit, a common theme in embodied systems [49]. The sensors are also
event-based and capture only minimal information; this is another constraint exploited by the
control architecture.

1.1 Outline

The contributions of the thesis divide into two parts, the second of which is the rhythmic robotic
controller discussed above. The first part proposes a methodology for the neuromodulatory
control of neuronal circuits, once again exploiting the biophysics of those circuits. We envision
applications for this in the field of neurotechnology, which interfaces neural tissues with
electronic devices.

Background material is provided in Chapter 2. The novel results are then laid out in the
subsequent three chapters.

Adaptive Conductance Control
In Chapter 3 we consider how to control networks of biophysical neurons. Specifically, we
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solve for such circuits the adaptive reference tracking and disturbance rejection problems. We
use a port interconnection approach that shapes the conductance of the controlled circuit, and
that has similarities to impedance control in robotics. This control methodology is novel in that
it acknowledges the dynamics of spiking signals, in contrast to contemporary methods that rely
on classical linear techniques.

Robust Online Estimation of Neural Circuits
The conductance controller of Chapter 3 relies on the adaptive observer of [16], the robustness
of which is explored in Chapter 4. In particular, we investigate the robustness of this observer
to model error. We then demonstrate that robustness can be improved by replacing the observer
with the distributed version of [13], and also by introducing redundancy to the observer’s model
of the neuron.

Neuromorphic Control of a Pendulum
In Chapter 5, we use a pendulum to illustrate the potential of neuromorphic electronics for
the event-based control of rhythmic robots. The pendulum is regarded as an automaton with
two states: large oscillations (complete swings of the pendulum) and small oscillations (less
than a full swing). The controller sets the state of the pendulum, and also regulates the
continuous properties of each state (the frequency of large oscillations, and the frequency
and amplitude of small oscillations). This is accomplished using open-loop entrainment, an
output feedback phase control, and an adaptive control. Such an approach seems novel, and it
promises to overcome the limitations of existing bio-inspired controllers which rely either on
linear techniques, or on non-linear oscillators that are difficult to analyse and tune.

The code underpinning these results can be found at the links in the footnotes, one for each
chapter respectively.1 2 3

The work of Chapter 3 has been published with fellow authors Thiago B. Burghi and

Rodolphe Sepulchre in [95]. The work of Chapter 4 has been published with the same authors

in [96]. The work of Chapter 5 has been published with Fulvio Forni, Alessio Franci and

Rodolphe Sepulchre in [97].

1Chapter 3: https://github.com/RJZS/adaptive-conductance-control
2Chapter 4: https://github.com/RJZS/robust-neuron-estimation
3Chapter 5: https://github.com/RJZS/neuromorphic-pendulum-control





Chapter 2

Background

2.1 Neuromorphic control

Neurons are event-based systems. They output a voltage that varies continuously yet is made
up of distinct, countable spikes. In this way, they exhibit characteristics of both analogue and
digital systems, combining the advantages of each. They are at the same time a physical system
that can be tuned continuously, and a discrete automaton that emits events reliably. Control
of a neuron therefore involves setting its discrete state (for example, whether it is spiking or
not), and also tuning continuous properties that exist within a state (for example, the spiking
frequency). Such behaviour maps on to rhythmic tasks in robotics. For example, to control a
robot we may desire to switch its state at will between running and walking [41], or between
swimming and walking [53], while also controlling continuous properties such as velocity.

Event-based control can be physically realised with neuromorphics, a branch of electronics
that was pioneered in the late 1980s by Carver Mead [74] and that now has a rich literature
[98, 38]. Mead observed that the physical principles of a transistor, when operating in the
analogue regime, are similar to those of a neuron. A transistor in this regime (that is, with
its gate-source voltage below threshold) is therefore a natural building block for spiking
electronics. Furthermore, an analogue transistor can dissipate as little as 10−12 Watts, an
amount comparable to that of a biological neuron [74]. Digital circuits, by contrast, require
several orders-of-magnitude more power.

Neuromorphic circuits have potential in robotics because they provide a way to solve
reference tracking control tasks for rhythmic systems, even when the system model is uncertain
and the reference trajectory is unknown. In the classical approach to reference tracking control,
one first defines the behaviour of the system in terms of a real-valued state vector that evolves
over time. One then designs a controller that can induce the system to track the desired
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(“reference”) state behaviour. This method, however, requires a detailed knowledge of the
system model [101, 8]. It can therefore be fragile to uncertainty, a challenge faced in Chapters
3 and 4 below. Furthermore, this classical approach assumes that the reference signal is known.
But the design of a reference signal (for example, one that maximises energy-efficiency) is
itself a major challenge for many non-linear systems. This is the “trajectory planning” problem,
well-known in robotics, and a key motivation for the switch to optimisation-based methods
such as reinforcement learning [111]. Such methods are a powerful alternative to tracking
controllers, but they are computationally-expensive and it is often difficult to demonstrate their
robustness [78, 45, 24].

To reconcile rhythmic control with reference tracking, we can change our characterisation
of the system behaviour. Instead of a real-valued trajectory, we can use a temporal sequence of
events, specifically of sensor and actuator events. Rather than building and tuning a non-linear
model we simply assume that, in the absence of an actuator event, the system is free to act
under its own dynamics. The reference signal is then the desired sequence of events, and the
reference tracking controller is a neuromorphic circuit capable of generating this sequence. We
show this in Chapter 5 for global control of the pendulum. Another example is given by the
crawling robot of [5].

The event-based behaviour of neurons is grounded in mixed feedback [90]. Neurons are
constructed out of positive and negative feedback loops, acting in parallel and each with
its own timescale and voltage range [103]. Positive feedback promotes discrete events, and
negative feedback promotes continuous regulation. Examples of this mixed-feedback design
are provided later on in the chapter. Neuromodulation, which is central to neuron control,
consists of tuning the gains of these feedback loops in order to regulate the neuron’s behaviour
[104].

In the rest of this chapter we introduce necessary preliminaries to understand the research
contributions of the thesis. In Section 2.2 we provide some technical definitions. Section 2.3
lays out the traditional conductance-based methodology for modelling neurons. In Section
2.4 we introduce a neuromorphic circuit [89] that represents a minimal model of neuronal
behaviour. Section 2.5 discusses small rhythmic networks of neurons. Finally, in Section 2.6
we outline an adaptive observer [16] that can be used to estimate certain parameters of neuron
circuits.
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2.2 Technical preliminaries

Neuron models meet the three well-known assumptions required for a system to be amenable
to adaptive control. One of these is that the controlled parameters appear linearly in the model.
The other two are that the system is minimum phase and relative degree one. These properties
will now be defined.

Definition 1 The relative degree of a system is the number of times that one must differentiate

the output until the input appears. As an example, consider the system v̇ =−kv+u, with input

u and output v. This system is relative degree one.

To define the minimum phase of a non-linear system such as the neuron, we must first
define its zero dynamics. The zero dynamics are the system’s internal dynamics when the input
is such that the output is forced to be at zero [64]. In neurophysiology, the zero dynamics of a
neuron are obtained from the voltage clamp experiment [46].

Definition 2 [64] A non-linear system with affine input is minimum phase if its zero dynamics

are globally asymptotically stable.

2.3 Conductance-based modelling

Since the seminal work of Hodgkin and Huxley [46], biophysical models in neurophysiology
have been founded on nonlinear electrical circuits known as conductance-based models. A
detailed introduction to such models can be found in [54, 57]. In this section, we extend the
system-theoretic conductance-based modelling framework found in [16].

2.3.1 Conductance-based model of a neuron

A conductance-based model of a neuron is a one-port electrical circuit with the architecture
shown in Figure 2.1: a capacitor of capacitance c > 0 in parallel with a leak current Ileak and
several intrinsic ionic currents. The capacitance and leak current model the neuron’s cell
membrane, and the ionic currents model the flow of ions across this membrane. Additional
extrinsic currents model the synaptic currents Isyn,p, due to interconnections with other neurons,
as well as an input (or applied) current u. The latter represents the current injected into the
circuit by an intracellular electrode. The capacitor voltage v, which models the neuronal
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Fig. 2.1 Circuit representation of a neuron with voltage v that is coupled with synapses to
presynaptic neurons i, each with voltage vp,i.

membrane potential, evolves according to Kirchhoff’s law, that is

c v̇ =−Ileak − ∑
ion∈I

Iion − ∑
syn∈S

∑
p∈P

Isyn,p +u (2.1a)

=−Ileak − Iint − Iext +u (2.1b)

where Iint is the parallel combination of intrinsic ionic currents, Iext is the parallel combination
of synaptic currents, I is the index set of intrinsic ionic currents, S is the index set of synaptic
neurotransmitter types, and P is the index set of presynaptic neurons. Note that the circuit is
relative degree one.

Each current in the circuit is ohmic in nature, but with a conductance that can be nonlinear
and voltage-dependent. The leak current has a constant conductance and is given by

Ileak = µleak(v−Eleak),
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whereas the intrinsic ionic currents are modelled by

Iion = µion mpion
ion hqion

ion (v−Eion) (2.2a)

τm,ion(v)ṁion =−mion +σm,ion(v) (2.2b)

τh,ion(v)ḣion =−hion +σh,ion(v) (2.2c)

The constants µion > 0 and Eion ∈ R are called (intrinsic) maximal conductances and reversal

potentials, respectively. The static activation functions σm,ion(v) and σh,ion(v), and time-

constant functions τm,ion(v) and τh,ion(v), model the nonlinear gating of the ionic conductance.
Because σm,ion :R→ (0,1) and σh,ion :R→ (0,1) are monotonically increasing and decreasing,
respectively, the states mion and hion are called activation and inactivation gating variables,
respectively. The time-constant functions vary in shape, but always respect the bounds

0 < τ ion ≤ τm,ion(v),τh,ion(v)≤ τ ion

for all v ∈R and some τ ion,τ ion > 0. The exponents pion and qion in (2.2a) are natural numbers
(including zero). Each gating variable can be thought of as “opening” or “closing” a particular
ionic channel; exponents greater than one represent multiple identical “gates” in series [20].

To develop an intuition for the internal dynamics (2.2b) and (2.2c), consider the case where
the activation and time-constant functions are replaced by constant values. The dynamics of
each gating variable would then be those of a linear low-pass filter, a simplification used by
the neuromorphic circuit in Section 2.4. In both the linear and non-linear cases, the initial
conditions of the gating variables exponentially decay and so will be neglected in this thesis.

Note that the boundedness of the activation functions ensures that the set [0,1] is a positively
invariant set for each gating variable, uniformly in v. Similarly, the reversal potentials Eion

ensure the presence of a positively invariant set for v. The internal dynamics are globally
asymptotically stable when v = 0, and so the neuron is a minimum phase system. See [16] for
proofs of these statements.

The activation and time-constant functions, as well as the exponents pion and qion, can be
obtained via the “voltage clamp” experiment of neurophysiology, whereby high-gain inverting
feedback is used to obtain the step response of the internal dynamics. This is repeated for
voltage steps of different amplitudes, resulting in a family of step response curves. A model
is then selected that best fits these results. The voltage clamp method was first introduced by
Hodgkin and Huxley [46].
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Example 1 Conductance-based modelling originated in the seminal paper of Hodgkin and

Huxley [46]. The Hodgkin-Huxley (HH) model includes two intrinsic ionic currents: a transient

sodium current INa and a potassium current IK, so that I = {Na,K}. The voltage dynamics of

a single, isolated HH model (no synaptic currents) are given by

c v̇ =−µNam3
NahNa(v−ENa)︸ ︷︷ ︸

INa

−µKm4
K(v−EK)︸ ︷︷ ︸

IK

−µleak(v−Eleak)︸ ︷︷ ︸
Ileak

+u

and the gating variable dynamics are of the form (2.2b)-(2.2c) for ion ∈ {Na,K}.

The HH model only includes two voltage-dependent conductances to parameterise the
intrinsic current. Those types of currents are necessary and sufficient to model an action
potential, or spike [54]. This is due to the presence of fast-activating negative conductance and
slower-activating positive conductance, which act as sources of positive and negative feedback
respectively [27]. The fast negative conductance is provided by the activation of the inward
current INa (due to the activation gating variable mNa) and the slower positive conductance is
provided by both the inactivation of INa (due to hNa) and the activation of the outward current
IK (due to mK) [102, 36]. This pairing of fast negative and slower positive conductance, or
equivalently fast positive and slower negative feedback, is the source of the spiking behaviour
and is the simplest example of the “mixed-feedback motif”, a pattern that is fundamental to
neuronal behaviour [100]. For an intuition of the role played by mixed feedback, see Section
2.4 below.

Biophysical neurons may exhibit much richer behaviours, including for instance transitions
between spiking and bursting patterns. The conductance-based models of such neurons include
more conductances, leading to a plethora of single-neuron models differing from each other by
the kinetics and activation ranges of their gating variables.

Example 2 For the sake of illustration, all the conductance-based neurons in the rest of

this chapter and in Chapter 3 follow the same model, similar to the model in [25]. This

model includes eight distinct ohmic current sources, each modelling representative currents

of the experimental neurophysiological literature. Conductance control of such a model

refers to adjusting the eight maximal parameter conductances of the model to shape the

total intrinsic current of the neuron. We label those distinct currents with the index set

I = {Na,H,T,A,K,L,KCa,KIR}. Some of these currents share the same type of ion, and so
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Fig. 2.2 Two bursts produced by the neuron model in Example 2, showing the membrane
potential v (top left) and three selected ionic currents.

share the same reversal potential. The voltage dynamics of this model are as follows:

cv̇ =−µNam3
NahNa(v−ENa)−µHmH(v−EH)

−µTm2
ThT(v−ECa)−µAm4

AhA(v−EK)

−µKm4
K(v−EK)−µLmL(v−ECa)

−µKCa(
[Ca]

15+[Ca]
)4(v−EK)−µKIRσm,KIR(v−EK)

−µleak(v−Eleak)+u

Note the presence of the activation function σm,KIR, implying that the gating variable mKIR is a

static function of the voltage. Note also that the conductance of the current IKCa depends on the

calcium concentration [Ca], rather than on the voltage. The calcium concentration is modelled

as a low-pass filtered version of the voltage:

˙[Ca] =−0.01mL(V −ECa)−0.0025[Ca] (2.3)

The remaining intrinsic gating variables evolve according to equations of the type (2.2b)-(2.2c).
Figure 2.2 illustrates the simulated behaviour of this model. The precise dynamics of each

gating variable are specified in Appendix 2.A.
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Recall that the neuron in Example 1 exhibits spiking due to the mixed-feedback motif,
that is the presence of both fast-activating negative conductance and slower-activating positive
conductance. The model in Example 2 exhibits robust bursting because this pairing is replicated
at the timescale of the burst [35]. The T- and L- type calcium currents IT and IL provide
negative conductance in the slower timescale of calcium activation, and even slower positive
conductance is provided by the calcium-activated potassium current IKCa. The importance of
slow negative conductance for robust bursting is commonly overlooked [35].

Notice that the functional role of an ionic current is determined solely by whether it
contributes positive or negative conductance at a particular timescale. This depends on two
things: whether the current is inward or outward, given by the sign of (v−Eion), and whether
its gating variable at that timescale is activating or inactivating. Thus the role of an activating
inward current, for example, is identical to that of an inactivating outward current. This is an
essential point, and key to navigating the vast literature of conductance-based models [36].

Synaptic currents arise from electrochemical connections between neurons [31, Chapter 7].
They are modelled as current sources in the same way as intrinsic currents; the only difference
is that the voltage dependence of their conductances is on the presynaptic neuron, noted vp in
the example below.

Example 3 For the sake of illustration, all the conductance-based neurons in the rest of this

chapter and in Chapter 3 use one type of (inhibitory) synapse, called a GABA synapse in

neurophysiology, obeying the standard model reproduced from [25]:

Isyn,p = µsyn,pssyn,p (v−Esyn) (2.4a)

ṡsyn,p = 0.53σsyn(vp)(1− ssyn,p)−0.18ssyn,p (2.4b)

with a synaptic activation function σsyn given by a sigmoid function of the form

σsyn(vp) =
1

1+ exp(−(vp −2)/5)
. (2.5)

Here, ssyn,p is the synaptic gating variable and vp is the membrane voltage of the presynaptic

neuron. The constants µsyn,p > 0 and Esyn ∈ R are (synaptic) maximal conductances and

reversal potentials, respectively. This model can represent excitatory or inhibitory synapses,

depending on the value of Esyn. In the present chapter we set Esyn =−90, which models the

inhibitory synapses encountered in central pattern generators.
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2.3.2 Conductance-based model of a neural network

A conductance-based neural network is given by the interconnection of nv ∈ N single neurons.
We denote the index set of neurons in the network by N := {1, . . . ,nv} and we describe the
dynamics of the ith neuron in the network by attaching an i ∈ N subscript to all the variables
in (2.1)-(2.4), except for reversal potentials, time-constant functions, and activation functions.

The network state-space model gathers all neuronal membrane voltages in the vector

v = (v1, . . . ,vnv)
T,

and all other state variables in the vector

w = col(w(1), . . . ,w(nv)),

where the vector w(i) collects the intrinsic and synaptic gating variables of the ith neuron, that
is, mion,i, hion,i, and ssyn,p,i, as well as the calcium concentration [Ca]i. Notice that with this
notation, P ⊆ N .

In addition to synaptic current interconnections, neuronal networks may include electrical
gap junctions, modelled as ohmic resistive currents flowing between neurons. Gap junction cur-
rents are thus passive components of the network, just as leak currents are passive components
in a single neuron. It follows that the model of a conductance-based neural network has a form
completely analogous to that of a single neuron, given by (2.1). The network model is given by
the vector equations

c v̇ =−Ileak − Iint − Iext +u (2.6a)

ẇ = g(v,w) (2.6b)

where Ileak is the overall leaky current, given by

Ileak =




µleak,1(v1 −Eleak)+∑i∈N \{1} µgap,1,i(v1 − vi)
...

µleak,nv(vnv −Eleak)+∑i∈N \{nv} µgap,nv,i(vnv − vi)




and Iint ∈Rnv , Iext ∈Rnv and u ∈Rnv are formed by gathering the intrinsic and extrinsic currents
and inputs of each neuron in the corresponding nv-dimensional vectors. The addition of gap
junction currents extends the system-theoretic modelling framework of [16].
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The corresponding vector function g(v,w) in (2.6b), which represents the internal dynamics

of the neural network, collects the dynamics of all gating variables and calcium concentrations
in the network, respecting the order in which those variables were included in w. For each
neuron in the network, these dynamics are easily found from (2.2b), (2.2c), (2.3) and (2.4b).

Example 4 A Half-Centre Oscillator (HCO) is a network of two neurons mutually coupled

by inhibitory synapses. This elementary network is the simplest example of a central pattern

generator, a type of neural network capable of generating autonomous rhythms for motor

control [69].

The HCO model used in Chapter 3 interconnects two identical bursting neurons modelled

according to Example 2 with the synapse model given in Example 3. The synapse index set is

given by S = {G}. The state of the internal dynamics is given by w = col(w(1),w(2)), with

w(i) = col(mNa,i,hNa,i,mH,i,mT,i,hT,i,mA,i,mK,i,mL,i,s j, [Ca]i)

The HCO model is a building block of more complex central pattern generators such as the

example considered in Section 3.2.3, which includes gap junctions as well as synapses.

Biophysical central pattern generators such as the HCO of Example 4 have helped inspire a
rich literature of nonlinear oscillating robotic controllers, founded for example on the Matsuoka
[73] or Hopf [75] oscillators. See [51] for a review of this field.

2.4 A minimal neuromorphic circuit

Conductance-based models, while biologically faithful, are not well-suited to neuromorphic
control. In particular, they are not intuitive to tune because an ionic current may have two
gates but only has one tunable maximal conductance parameter. This means that it is not
possible to independently control the gains of the feedback loops. By contrast, the work [89]
introduces a bursting neuromorphic circuit that implements the mixed-feedback motif such that
each current source corresponds to a single feedback loop. This permits a graphical approach
to tuning the circuit behaviour by shaping the circuit’s static current-voltage curves (one at
each timescale). This tuning method is outlined below. Like the conductance-based models,
the circuit is minimum phase, relative degree one, and linear in the controlled parameters. In
chapter 5 we use a network of such neuron circuits to control the pendulum.

The neuron of [89] is an RC circuit in parallel with a bank of voltage-controlled current
sources. Every current source provides either positive or negative conductance, at a particular
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timescale. A positive conductance is a source of negative feedback, and vice versa. The gains
of the current sources are the control parameters. Each neuron i has three state variables: a
voltage vi (the output) and two low-pass-filtered voltages vs,i and vus,i (respectively ‘slow’ and
‘ultra-slow’ voltages). The dynamics are:

τ f v̇i =−vi +g−f tanh(vi)−g+s tanh(vs,i)

+g−s tanh(vs,i +0.9)−g+us tanh(vus,i +0.9)

+ Isyn,ij + iapp,i

=−vi − I−f ,i − I+s,i − I−s,i − I+us,i + Isyn,ij + iapp,i

τsv̇s,i = vi − vs,i

τusv̇us,i = vi − vus,i

for i ∈ {A1,B1,A2,B2}. The current I−f ,i =−g−f tanh(vi), for example, is a source of negative
conductance for neuron i acting at the fast timescale. The timescales τ f , τs and τus are chosen
such that they are all sufficiently separated [89].

For the synapses we follow [88]: the synaptic current from neuron j to neuron i obeys

Isyn,ij = gsyn,ij/(1+ exp(−2(vs, j +1)))

where gsyn,ij is positive for an excitatory synapse, and negative for an inhibitory one.
The neuron’s input is the applied current iapp,i. All quantities are non-dimensional; see [89]

for the circuit implementation.
Following the design procedure in [90], a neuron circuit can be manually tuned using its

three current-voltage curves; these curves also demonstrate that the behaviour is quite robust to
parameter uncertainty [89]. Each I-V curve is defined as

Ix =V + ∑
τy≤τx

I±y (V ) (2.7)

where I±y is the equation of a particular current source, for example I−f =−g−f tanh(V ) for the
fast negative conductance. Notice that each curve includes all elements that act at the timescale
of that curve, or faster.

To understand the intuition of the I-V curve approach, consider a reduced version of the
neuron that includes only the current sources I−f and I+s , that is the fast negative and slow
positive conductances. Such a neuron is able to spike but not burst. The fast curve is then defined
as I f = V + I−f (V ), where I−f is the fast negative conductance element. This conductance
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Fig. 2.3 Fast and slow I-V curves of a spiking circuit. The fast curve is ‘N-shaped’. The
slow curve is monotone and its intersection with the line I = Iapp determines the system’s
equilibrium (Ve). The neuron spikes when V f

1 < Ve < V f
2 . On the slow curve we see two

example values for the applied current, and the corresponding values for Ve. Figure and caption
reproduced from [89].

creates a local range of negative gradient, and so a region of instability, at the fast timescale.
The fast curve is therefore ‘N-shaped’, indicating a bistability at that timescale. The slow curve
Is =V + I−f (V )+ I+s (V ) is monotonically increasing everywhere (dIs/dV ≥ 0 ∀V ) due to
the additional presence of the slow positive conductance. Spiking occurs when the circuit is
unstable at the fast timescale but asymptotically stable at the slow timescale. When this is the
case, the circuit is driven periodically ‘around’ the bistability, switching repeatedly between the
two stable states. The fast bistability has two voltage thresholds V f

1 and V f
2 which define the

unstable region, that is the region of negative gradient on the fast curve. If the circuit receives a
constant applied current such that the corresponding equilibrium voltage Ve on the slow curve
satisfies V f

1 <Ve <V f
2 , and assuming sufficient timescale separation, then the circuit exhibits

stable spiking behaviour. Outside of this voltage range, the neuron converges to the equilibrium
Ve. Fig. 2.3 shows the circuit’s two I-V curves.

To introduce bursting behaviour, the mixed-feedback motif of the spiking circuit is replicated
at the slow and ultra-slow timescales. The addition of a slow negative conductance introduces a
bistability to the slow curve, and the addition of an ultra-slow positive conductance restores
monotonicity for the ultra-slow curve. The unstable region of the slow curve is defined by the
voltage thresholds V s

1 and V s
2 . The slow and fast unstable ranges are designed to overlap such

that V s
1 <V f

1 <V s
2 <V f

2 . This ensures that the ‘up’ state of the slow bistability corresponds to
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the unstable region of the fast curve, and that the slow threshold V s
1 is at a lower voltage than

the fast one. As a result there is a region of ‘rest-spike’ bistability in which the circuit bursts,
that is, it switches periodically between resting and spiking. Fig. 2.4 shows the corresponding
I-V curves.

Neuromodulation with the I-V curves is performed qualitatively by varying the gains g±x of
the conductance elements and thus of the feedback loops. For example, increasing the gains of
the slow and ultra-slow positive conductances increases the spiking and bursting frequencies
respectively. A key advantage of this approach is that the tuning bounds are evident from the
curves. For example, g−f can be tuned within the range of values that yields a region of negative
gradient on the fast curve. For further details, the interested reader is referred to [89].

2.5 Rhythmic neuronal networks

Having introduced biophysical and minimal models of neuron circuits, we now turn to small
rhythmic networks of neurons. Such networks, known as “central pattern generators” (CPGs),
are endogenous sources of rhythm and in biology are responsible for directing motor neurons
to generate rhythmic movements such as walking or breathing [69].

The simplest CPG is the half-centre oscillator (HCO). The HCO, for which an example
was given in Section 2.3, has a long history in the neuroscience literature [9]. It is made up of
two reciprocally-inhibiting neurons that emit bursts of spikes in anti-phase, as shown in Fig.
2.5. Observe that the nature of the synapse dictates the phase relationship between the neurons:
here, inhibitory synapses ensure an anti-phase behaviour. The HCO rhythm can be switched on
or off by neuromodulation [21].

The HCO is the building block of many motor patterns. For example, a chain of HCOs
connected in series generates the undulatory swimming motion of the lamprey and salamander,
a fact that has inspired the robot of [53]. In Chapter 5 of this thesis, a pair of HCOs is used
to actuate two motors for the control of a pendulum, with one HCO controlling each motor.
These HCOs (and therefore the motors) act in phase when connected by excitatory synapses,
and in anti-phase when connected by inhibitory ones. This distributed architecture can scale to
large numbers of actuators, and so may have wide applications for network control problems.

We can also connect two HCOs, one fast and one slow, via a central ‘hub’ neuron to obtain
a five-neuron network. The work [26] demonstrates that manual neuromodulation can be used
to determine whether the hub neuron expresses the fast rhythm, the slow rhythm, or a mix of
the two. In Section 3.2.3 of this thesis we solve the same task using adaptive control instead of
manual tuning. In order to adaptively control the parameters of a neuronal network, we must
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Fig. 2.4 The I-V curves (top) show a system with a double hysteresis: both the fast and the
slow I-V curves are ‘N-shaped’. By having the ‘up’ state of the slow curve correspond to the
unstable region of the fast system, the system experiences rest-spike bistability, given that the
slow threshold is at lower voltage than the fast one, i.e. V s

1 <V f
1 . The system has two pairs of

threshold and range voltages corresponding to the fast and the slow I-V curves. These variables
characterise the circuit’s behaviour, and are adjusted by control of the gains g±x . The ultraslow
curve (not shown) is monotonically increasing. Figure and caption reproduced from [89].
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Fig. 2.5 The behaviour of an HCO circuit following the model of Section 2.4. Left: the network
diagram, showing the two neurons and the inhibitory synapses between them. Right: the output
behaviour of each neuron. Reproduced from [88].

typically first estimate the current values of those parameters. We do so using the adaptive
observer of [16], introduced below. This observer is used in Chapters 3 and 4 to solve control
tasks for conductance-based neurons. A form of adaptive control that does not rely on the
observer is then used in Chapter 5 as part of the neuromorphic pendulum controller.

2.6 Adaptive observers for conductance-based models

Following the notation of [16], the conductance-based network model (2.6) can be written in
the form

v̇ = Φ(v,w,u)θ +b(v,w,u) (2.8a)

ẇ = g(v,w) (2.8b)

θ̇ = 0 (2.8c)

where v(t) ∈ Rnv is a vector of measured output membrane voltages, u(t) ∈ Rnv is a vector of
input currents, w(t) ∈ Rnw is a vector of unmeasured internal states, and θ ∈ Rnθ is a vector
of biophysical parameters to be estimated. The vector of unknown constant parameters θ is
included in the state-space model via (2.8c).

In this thesis the vector θ only includes maximal conductances.

Example 5 Consider the HCO described in Example 4. Let

µ
(i) = (µNa,i,µH,i,µT,i,µA,i,µK,i,µL,i,µKCa,i,µKIR,i,µsyn,p,i,µleak,i)

T (2.9)
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for i, p ∈ N = {1,2} and p ̸= i. The estimated parameters of the HCO are chosen as

θ = col(µ(1),µ(2)) (2.10)

with µ(1) and µ(2) given by (2.9). Letting v = (v1,v2)
T and w = col(w(1),w(2)), the voltage

dynamics of the model can then be written as (2.8a), where

Φ(v,w) =

[
ϕ(v1,w(1)) 0

0 ϕ(v2,w(2))

]

b(t) = (u1(t)/c1,u2(t)/c2)
T

with

ϕ(vi,w(i)) =− 1
ci




m3
Na,ihNa,i(vi −ENa)

mH,i(vi −EH)

m2
T,ihT,i(vi −ECa)

m4
A,ihA,i(vi −EK)

m4
K,i(vi −EK)

mL,i(vi −ECa)

( [Ca]i
15+[Ca]i

)4(vi −EK)

σm,KIR(vi)(vi −EK)

ssyn,p,i(vi −EG)

vi −Eleak




T

for i = 1,2 and p ̸= i.

An important property of the parametrisation in Example 5 is that it is decentralised: the
network estimation problem decouples into independent single-neuron estimation problems.
This decoupling allows the estimation problem to be scaled to a possibly high-dimensional
network.

The recent work [16] provides an adaptive observer to estimate the parameters of the system
(2.8) in real-time. This observer has global convergence properties and is based on the recursive
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least squares algorithm. The state-space realisation of the observer is

˙̂v = Φ(v, ŵ,u)θ̂ +b(v, ŵ,u)+ γ(I +ΨPΨ
T)(v− v̂) (2.11a)

˙̂w = g(v, ŵ) (2.11b)
˙̂
θ = γPΨ

T (v− v̂) (2.11c)

where γ > 0 is a constant gain, and the matrices P and Ψ evolve according to

Ψ̇ =−γΨ+Φ(v, ŵ,u), (2.12a)

Ṗ = αP−ηPΨ
T

ΨP, P(0)≻ 0 (2.12b)

where α > 0 is a constant forgetting rate, required to discount the initial error between w(0)
and ŵ(0). We set η = 1 in Chapter 3 and η = γ in Chapter 4; they are equivalent.1 It can be
shown that this adaptive observer recursively solves a least-squares regression problem with
exponential forgetting, where the regression error is defined by filtering the derivative of v with
the first-order filter H = γ/(s+ γ). Notice that Ψ is a low-pass filtered version of Φ, while P

can be interpreted as a running estimate (with a forgetting factor) of the parameter covariance
matrix [7, Chapter 2]. Without loss of generality, we assume Ψ(0) = 0.

The convergence of the above adaptive observer relies on the key property that the internal
dynamics (2.8b) are contracting in w on a positively invariant compact set, uniformly in the
voltage v. This property is also sufficient to establish that the neuron is minimum phase. We
refer the reader to [16] for further details, including a contraction-based proof of convergence.

1To replace η = 1 with η = γ , replace P(t) with γP(t) [12].
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Appendix 2.A Gating Dynamics

All neurons share the same gating variables (2.2). The activation and time-constant functions
for each gate are provided below. First note that some of these functions have been defined in
terms of functions αion(v) and βion(v):

αmNa =
−0.025(v+40)

exp(−(v+40)/10)−1
βmNa = exp(−(v+65)/18)

αhNa = 0.0175exp(−(v+65)/20) βhNa =
0.25

1+ exp(−(v+35)/10)

αmK =
0.0025(v+55)

1− exp(−(v+55)/10)
βmK = 0.03125exp(−(v+65)/80)

αmH = exp(−14.59−0.086v) βmH = exp(−1.87+0.0701v)

The activation functions are as follows:

σm,Na =
αmNa(v)

αmNa(v)+βmNa(v)
σh,Na =

αhNa(v)
αhNa(v)+βhNa(v)

σm,K =
αmK(v−10)

αmK(v−10)+βmK(v−10)
σm,H =

αmH(v)
αmH(v)+βmH(v)

σm,A =
1

1+ exp(−(v+90)/8.5)
σh,A =

1
1+ exp((v+78)/6)

σm,T =
1

1+ exp(−(v+57)/6.2)
σh,T =

1
1+ exp((v+81)/4.03)

σm,L =
1

1+ exp(−(v+55)/3)
σm,KIR =

1
1+ exp((v+107.9)/9.7)
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The time-constant functions are as follows:

τm,Na =
1

0.2(αmNa(v)+βmNa(v))
τh,Na =

1
0.2(αhNa(v)+βhNa(v))

τm,K =
1

0.2(αmK(v−10)+βmK(v−10))
τm,H =

1
αmH(v)+βmH(v)

τm,L = 72exp(−(v+45)2/400)+6

τm,T = 0.612+
1

exp(−(v+131.6)/16.7)+ exp((v+16.8)/18.2)

τm,A = 0.37+
1

0.2(exp((v+35.82)/19.697)+ exp((v+79.69)/−12.7))

We also have

τh,A =





1
0.2(exp((v+46.05)/5)+exp((v+238.4)/−37.45)) if v <−63,

19 otherwise

and

τh,T =





exp((v+467)/66.6) if v <−80,

exp(−(v+21.88)/10.2)+28 otherwise.



Chapter 3

Adaptive conductance control

3.1 Introduction

Due to the very nature of nervous electrical signals, brain medicine and brain-inspired com-
puting put an increasing demand on completely novel control design methodologies. Neu-
rotechnology interfaces neural tissues with electronic devices via the exchange of electrical
signals. While of the same physical nature, those signals are radically different in animals and
in machines: neural signals are analogue and spiky, whereas the information processing of
actuator and sensor signals is digital and quantised. Current control systems in neurotechnology
use classical linear filtering techniques in combination with conventional analogue-to-digital
converters from robotics and electronics [108]. They fail to acknowledge the excitable dy-
namics underlying the generation of spiky signals. Future developments will call for more
compliance and more integration between the biological and technological domains. Such
requirements will impose control interfaces that interconnect (or, in the behavioural language
of Willems [118], share) signals of the same nature.

The significance of designing a controller that shares the input-output properties of the
controlled physical system has a long and rich history in robotics. Passivity-based control is
rooted in the concept of port interconnection, which wires the physical terminals of a passive
plant and a passive controller both modelled as mechanical ports [82]. In robotics, impedance
control is rooted in the design of a controller that shapes the mechanical impedance of the
closed-loop system to comply with the environment, itself modelled in terms of a mechanical
impedance [47].

The present chapter adopts the same philosophy for the control of a neuronal system. We
use the framework of conductance-based modelling both for the controller and for the system
to be controlled. We consider conductance-based neural networks in which each neural node is
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a one-port circuit composed of one leaky capacitor (the ‘passive membrane’) in parallel with a
bank of ohmic current sources of variable conductance. The controller is itself an additional
set of ohmic current sources connected in parallel to those of the neuron. Each conductance is
voltage-dependent, gating the current flow in a specific temporal and amplitude window.

A key emphasis in the present chapter is on the adaptive control of the maximal conduc-
tances of a conductance-based model. Each maximal conductance modulates the relative
importance of a specific current source. Similar to the parameters of a conventional controller,
the maximal conductances shape the total conductance of the controlled neurons. We wish to
demonstrate that the online adaptation of maximal conductances provides a versatile framework
to control the behaviour of a neuronal system. Online adaptation of the maximal conductances
is aligned with the concept of neuromodulation, which as we have seen is of key importance in
the biological control of neuronal systems [71, 104, 28]. All nervous systems are subject to
neuromodulation, and each neuron is potentially the target of multiple neuromodulators [68].
Furthermore, each modulator can act on multiple ionic currents in the same neuron [72].

Our methodology exploits the classical framework of model reference adaptive control [6].
Recall that this framework relies on key physical properties of electrical and mechanical circuits:
a relative degree one between the two terminal variables of the port (current and voltage in
the present chapter), and contracting internal dynamics. We show that these properties can be
exploited in conductance-based electrical circuits in the same way as they have been exploited
in the impedance-based mechanical circuits of robotics. A core element of the proposed
adaptive control design is the adaptive observer recently proposed for real-time estimation
of conductance-based models in [16] and described above in Section 2.6. We assume in this
chapter that the observer’s model (2.11b) of the internal dynamics is a perfect copy of the true
dynamics (2.8b). This assumption will be relaxed in Chapter 4.

The chapter is organised as follows. Section 3.2 employs the adaptive observer, introduced
above in Section 2.6, to solve the basic problems of adaptive reference tracking and adaptive
disturbance rejection, as well as showing the relevance of such problems in the control of a
simple biophysical neural network. Section 3.3 discusses the idealised assumptions of the
present chapter and possible routes to make the theoretical methodology amenable to practical
solutions of control problems in electrophysiology or in neuromorphic engineering.

3.2 Model reference adaptive conductance control

Adaptive observers are instrumental to the classical design approach called model reference

adaptive control (MRAC) [6]. In this section we illustrate the application of model refer-
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(v, ŵ, θ̂)
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−

Id

Icontrol vC P

Adaptive
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Fig. 3.2.1 Block diagram representation of the adaptive reference tracking and disturbance
rejection problems. Adapted from [6, Chapter 1].

ence adaptive control to conductance-based models. We regard a single neuron as a voltage-
controlled circuit. We review the two canonical control problems of adaptive control: the
adaptive tracking of a reference signal vr (Section 3.2.1), and the adaptive disturbance rejection
of an external current Id (Section 3.2.2). We then illustrate the relevance of those elementary
control problems in a network example (Section 3.2.3). See Figure 3.2.1 for a block diagram
representation of the two problems. Convergence to the desired solution is guaranteed in
each case as we are assuming a perfect knowledge of the ion channel kinetics g(v,w), an
assumption that we relax in the next chapter. Note that convergence occurs regardless of the
initial conditions, as they decay due to the contracting internal dynamics.

The code used to generate the simulations of this chapter can be found at the attached link.1

3.2.1 Adaptive reference tracking

The classical problem of reference tracking is to design a controller such that the voltage output
v asymptotically converges to the voltage reference vr. If we assume that both the output v and
the reference vr are solutions of identical conductance-based models, this tracking problem
reduces to the classical problem of synchronisation.

1https://github.com/RJZS/adaptive-conductance-control
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Here we consider the adaptive version of the tracking problem: we assume that the reference
generator is a conductance-based model with constant but unknown vector parameter θr and
that the controlled circuit is a conductance-based model with the same model structure, and
with a parameter θ that is also unknown. The problem of adaptive synchronisation has been
considered in [33, 34], in the context of secure communication via encryption in chaotic
reference generators. Assuming a perfect knowledge of the ion channel kinetics g(v,w), the
solution presented here is relevant to track the neuromodulation of a neuron in vivo or to learn
the parameters of a silicon neuron from experimental traces.

We will first describe how to solve adaptive reference tracking without synchronisation.
This yields an oscillation which follows the reference but with a possible phase shift. The phase
shift is then eliminated with an additional resistive element in the controller.

We solve the adaptive reference tracking problem by estimating both the reference model
and the controlled model with the observer design of Section 2.6. The observer of the reference
generator provides an estimate x̂r of the reference state vector xr = (vr,wr,θr) whereas the
observer of the controlled model provides an estimate x̂ of the controlled model state vector
x = (v,w,θ). We use the control law u(t) = Itrack(t)+ ur(t), where ur(t) is the input to the
reference neuron, and

Itrack(t) = Φ(v, ŵ)(ρ(θ̂r)−ρ(θ̂)), (3.1)

where ρ(x) := max(0,x) is the rectified linear (ReLU) function, and ρ(x) := min(x,β ). Both
functions are applied to their arguments elementwise. Together, they ensure that the solutions
of the controlled neuron remain in a positively invariant set, as required for convergence of the
observer [16]. We require β to satisfy max j{θ j} ≤ β ≤ β̄ , where β̄ is the largest value which
preserves the set. We empirically choose β by setting it to a large value (relative to plausible
values of θ ) and reducing it if the membrane potential of the controlled neuron diverges.

Exponential convergence of the estimated parameters (θ̂ and θ̂r) to the true parameters
provides a solution to the tracking problem without synchronisation. The proof relies on the
virtual system idea of contraction theory [66], and follows the same lines as in [16, Section
III.B]: the estimate x̂r contracts exponentially fast to the reference xr while the estimate x̂

contracts exponentially fast to x. Upon convergence of both the reference and plant observers,
we obtain the non-adaptive synchronisation problem between two identical systems.

The solution to this problem is particularly simple for conductance-based models because
of their property of output feedback contraction or output feedback incremental passivity
[116, 109]. Contraction of the error dynamics is ensured by including the output feedback term
κ(vr − v) in the control law, for a sufficiently large gain κ > 0. The circuit realisation of this
feedback term is a resistive wire between the reference and controlled circuit, or a gap junction
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Fig. 3.2.2 Circuit diagram of the adaptive reference tracking problem.

in the language of neurophysiology. When this wire is introduced, Theorem 2 of [116] applies,
and v(t)→ vr(t) as t → ∞. The full control law is thus given by

u(t) = Icontrol(t)+ur(t) = Itrack(t)+κ(vr(t)− v(t))+ur(t), (3.2)

where Itrack(t) is given by (3.1).
Figure 3.2.3 illustrates the performance of the adaptive conductance control in a scenario

where both the reference and controlled neurons are the bursting neurons of Example 2. Fig.
3.2.3a compares vr with v, while Fig. 3.2.3b shows the voltage tracking error vr − v. To
simplify the exposition, the parameters of the controlled neuron are set at θ = 0, meaning that
the ’open-loop’ controlled neuron is the model of a passive membrane. The control scheme is
shown in Figure 3.2.2. The observers and the controller are switched on at time t = 0, after
which the parameters of the controlled neuron converge to the parameter values of the reference
neuron, and so the voltage behaviour of the controlled neuron converges to that of the reference
as well. The presence of the resistive wire ensures that there is no phase difference between the
two voltage signals. See Appendix 3.A for the parameters used.

3.2.2 Adaptive disturbance rejection

The classical problem of disturbance rejection has a solution similar to that of the tracking
problem. Given a disturbance current Id generated by a synaptic current, we wish to design
a feedback controller that asymptotically rejects that disturbance. A classical solution of the
disturbance rejection problem is to include a model of the disturbance in the controller.
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(b) Reference tracking error, including for t < 0 when there is no observer, controller or coupling.

Fig. 3.2.3 Simulation of single-neuron reference tracking.
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This problem is of relevance in electrophysiology. Electrophysiologists study the properties
of a given neuronal circuit in vitro by extracting the circuit from its nervous system and probing
its responses to electrical stimuli in an experimental preparation, see e.g. [86]. Classical
solutions include pharmacological agents that block specific types of ion channels, thereby
reducing the synaptic currents to zero; see e.g. [42]. A downside of using pharmacological
agents is that they may affect other properties of the circuit; another downside is the global
effect of such agents within a given preparation. These may be undesirable when highly specific
ion channel blocking is required.

An interesting alternative for targeted synaptic isolation in an experimental preparation is
the design of a conductance-based controller for the rejection of synaptic currents. In this case,
synaptic currents to be blocked are regarded as disturbances to be rejected.

Assuming that the pre- and post-synaptic voltages vd and v are measured, a target synaptic
current flowing between the two neuronal membranes can be blocked by means of the adaptive
disturbance rejection control scheme shown in Figure 3.2.4. Note that this is the same circuit
as in Figure 2.1, but with two additional circuit elements connected in parallel.

The first additional element is the disturbance Id , which is interpreted as the specific synaptic
current to be blocked. This disturbance current is modelled as

Id =−µsyns(vd)(v−Esyn) (3.3a)

ṡ = a1σs(vd)(1− s)−a2s, (3.3b)

where σs is a monotonically increasing activation function and a1,a2 > 0 are constant (known)
synaptic parameters.

The second additional element is the controller. Its inputs are the measured voltages v and
vd , and it generates a control current Icontrol which is designed to cancel Id . We require that the
behaviour of the closed-loop circuit converges to that of an undisturbed conductance-based
model, that is, one where the targeted synaptic connection is absent. We assume that both
the pre- and post-synaptic neurons are the bursting neurons of Example 2, and that they are
interconnected with the inhibitory synapse of Example 3.

To achieve perfect disturbance rejection, the unknown synaptic maximal conductance µsyn

has to be estimated; this estimate is denoted by µ̂syn. The disturbance rejection controller can
then be designed following the certainty equivalence principle [6]. In other words, using the
estimate µ̂syn, the controller is designed to perfectly cancel Id when µ̂syn = µsyn. In this case,
the estimation problem therefore requires an estimation method such that µ̂syn → µsyn as t →∞.
This can be accomplished by the observer given by (2.11)-(2.12), using the parametrisation
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Fig. 3.2.4 Circuit diagram of the disturbance rejection problem, including the required con-
troller.

θ̂ = µ̂syn. The observer also produces an estimate of the synaptic gating variable such that
ŝ → s as t → ∞. Given this observer, the input to the neuron is given by u = Icontrol + Id + ū,
where ū is an arbitrary new input signal, and

Icontrol =−Îd (3.4a)

Îd =−ρ(µ̂syn)ŝ(v−Esyn) (3.4b)

˙̂s = a1σs(vd)(1− ŝ)−a2ŝ, (3.4c)

where σs, a1 and a2 are the same as in (3.3b). As in Section 3.2.1, the function ρ ensures the
positively invariant set.

Figure 3.2.5 illustrates the performance of the disturbance rejection controller. The distur-
bance is introduced at t = 8, and the controller is activated at t = 16. Fig. 3.2.5a compares v

and vd , showing the impact on the former of introducing and then rejecting the disturbance.
Fig. 3.2.5b plots the disturbance Id as well as the estimation error Id − Îd , which converges to
zero. Note the differing ranges for the x-axes. It is striking that Id is larger after the controller
is activated; this is simply because the current is a function of both v and vd , and these two
voltages overlap once the inhibitory disturbance is rejected. The model and observer parameters,
and the input currents, are provided in Appendix 3.A.
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(b) Top: True value of the disturbance synaptic current, Id . This is larger when t > 16 as the bursts of
the two neurons have more overlap (Id is a function of both v and vd). Bottom: The observer’s error in
estimating Id , defined by the difference between the true value and the estimate Îd . The plot is truncated
once the estimate has converged to the true value.

Fig. 3.2.5 Simulation of single-neuron disturbance rejection.
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3.2.3 Network neuromodulation

The adaptive conductance controller developed in the previous sections for a single cell is by
nature decentralised: it can be applied independently to different neurons (nodes) in a network.
Each neuron in the network receives synaptic currents that can be adaptively estimated using
the measurements of the presynaptic neuron voltages. As a consequence, an observer can
be designed for each neuron of the network, and each of those neurons can be controlled to
synchronise to a given neuron or to adaptively reject specific synaptic currents.

We illustrate the versatility of this adaptive conductance control in a five-neuron network
previously analysed in [26] and itself inspired by the Stomatogastric Ganglion, a crustacean
central pattern generator [68]. The network interconnects a fast HCO and a slow HCO, both
with the model structure of Examples 4 and 5, through a central "hub" neuron. The connectivity
diagram of this network is shown in the centre of Figure 3.2.6a. Notice the lack of direct
connections between the two HCOs on either side of the hub neuron.

Previous work [26] has shown that this network can be switched between distinct rhythmic
states by the modulation of specific internal conductances. In every possible rhythmic configu-
ration, the network is composed of five neurons generated with the model of Example 2 and
interconnected with gap junctions and the inhibitory synapses of Example 3. In an application
of model-reference adaptive control, the challenge is to adaptively regulate the network by only
modulating the maximal conductance parameters. This can involve up to five distinct observers,
assuming measurement of the five neuronal voltages.

As a simple illustration, we show how to decouple the two central pattern generators by
disconnecting the central hub using the disturbance rejection controller of the previous section.
This is achieved by control of the hub (Neuron 3 in Figure 3.2.6a). The controller rejects
the inhibitory synapse from Neuron 5, using the same control law as Section 3.2.2. This is
illustrated in Figure 3.2.6b by the behaviour of the hub’s membrane potential, v3 (middle plot).
During part (a) of the simulation, v3 expresses a rhythm governed almost entirely by the first
HCO (top plot, that is, Neurons 1 and 2). As only Neuron 1 is inhibiting the hub, v3 is low
when v1 is active and each burst of v3 is the same length. In part (b), when the disturbance
is introduced, v3 expresses a ‘mixed’ rhythm governed equally by both HCOs. Bursts of v3

are interrupted whenever v1 or v5 is active. Finally, the observer and controller are introduced
in part (c), and v3 converges to the undisturbed rhythm of (a). The simulation parameters are
provided in Appendix 3.A.
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a b c

(a) The network simulation is divided into three phases: (a) The disturbance (defined as
the synapse from Neuron 5 to Neuron 3) is not present. (b) The disturbance is introduced.
(c) The observer and controller are introduced (Neuron 3 is coloured grey to indicate
that it is the controlled neuron). Diagram adapted from [26].
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(b) Top: First HCO pair. Middle: Hub neuron. Bottom: Second HCO pair. The
simulation is divided into the three phases defined in Figure 3.2.6a. In phase (a), v3 is a
simple bursting oscillation and is inhibited only when v1 is active. In (b), which starts at
t = 4, the hub expresses a ’mixed’ rhythm as it is inhibited by both v1 and v5. This causes
the bursts of v3 to vary in length. During (c), starting at t = 10, the bursting behaviour
converges to the same as in (a).

Fig. 3.2.6 Network disturbance rejection.
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3.3 Discussion

The results in Section 3.2 suggest that Model Reference Adaptive Control, a classical control
paradigm, provides a sound methodological framework for designing online neuromodulation
in conductance-based neuronal networks. The control strategy is neuromorphic in the sense
that it imitates the continuous adaptation of maximal conductances in biological networks by
neuromodulators. It is also classical in the sense that it closely resembles the application of
adaptive control in robotics.

The simulations presented in Section 3.2 are of course highly idealised: they assume a
perfect modelling knowledge of the voltage-dependent conductances and ideal measurements
of all cellular voltages. These assumptions are certainly not met in any practical environment,
whether in an experiment of electrophysiology or in the design of analogue neuromorphic
hardware. Both in vivo and in silico, the dynamics of gating variables are both uncertain and
variable, that is, they vary with the environment (e.g. temperature) and they vary from cell to
cell. Likewise, voltage measurements are noisy, both in vivo and in silico, which introduces
trade-offs and constraints in the observer parameters. For a rigorous study of how noise impacts
the system identification of conductance-based models, see [15]. Robustness of the observer to
model uncertainty is explored in the next chapter.

We envision at least three distinct angles of attack to increase the robustness and the
biological plausibility of the proposed adaptive design:

• Redundancy and degeneracy of conductances seem essential in biological neurons
to cope with uncertainty. Biological neurons can use vastly different choices of max-
imal conductances to exhibit the same behaviour [71]. It has been suggested that this
degeneracy plays a key role in homeostasis [81]. Viewing the internal dynamics of a
neuron as a bank of nonlinear filters that collectively shape the conductance of the total
internal current, the adaptive controller functions very much like a one-layer artificial
neural network with recursive least-squares estimation of its parameters (this provides a
link between biophysical models and the phenomenological models proposed in [14]).
The bank of conductances is however not arbitrary in neurophysiology. Ion channel
types identify specific time scales and amplitude ranges of activation that are critical
for the excitability thresholds of the neuron. These specific scales of activation have
been well-documented over a long history of voltage-clamp experiments. The resulting
dynamic conductances shape the closed-loop behaviour very much like the zeros and
poles of a classical LTI controller shape the sensitivity of the closed-loop system [27, 37].
The use of a form of redundancy to improve robustness is explored in Section 4.6 below.
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• Voltage measurements are assumed to be exact in this chapter, but the spiking nature
of the signals suggests that a much coarser information about reference or disturbance
signals might be sufficient to modulate the rhythm of a neuron. Future work will
explore this possibility to reduce the computational demand of the full observer. Here,
neurophysiology will also be a useful guide. For instance, it is well-known that calcium is
an essential second messenger involved in neuromodulation. In the present chapter (as in
many models of the literature), the intracellular calcium concentration is simply modelled
as a low-pass filtered version of the voltage (as in (2.3)). Earlier models have suggested
simple yet general homeostatic principles for the adaptation of cellular conductances
using the intracellular calcium concentration as a feedback signal [81].

• Hierarchical adaptation. The adaptive controller in this chapter is at the cellular
scale, and the emphasis is on showing that adaptive controllers at the cellular scale
can modulate behaviours at the network level. But there is no doubt that adaptation
is multi-scale in biological networks. Adaptive conductance control of conductance-
based models is conducive to hierarchical and multi-scale controllers that deserve further
research. Adaptive control of a synaptic conductance can be further decentralised and
use a conductance observer that only involves the synaptic gating variable, as well as the
pre- and post- synaptic voltages. Likewise, adaptive control of a mean-field (or large
ensemble) of conductances can be based on an aggregate observer that only involves the
mean-field voltage of a population. Here, we also anticipate that the physical nature of
the electrical circuit model will allow flexible designs of multi-scale and hierarchical
adaptive controllers.

3.4 Conclusion

This chapter has investigated the classical framework of model-reference adaptive control
to design neuromodulatory controllers in conductance-based neuronal models. A key mes-
sage of the chapter is that conductance-based models are linearly parameterised in maximal
conductance parameters, and that the adaptive control of individual conductances provides
flexible adaptation principles reminiscent of those observed in neurophysiology. The proposed
methodology makes use of the adaptive observer recently proposed in [16]. It fundamentally
relies on the physical input-output properties of conductance-based models, namely the relative
degree one property between currents and voltages, and the contraction property of the internal
(gating) dynamics. It is also decentralised, in the sense that the adaptive controller of each node
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in a network only estimates local states and parameters based on local measurements, that is,
the nodal voltage and the voltage of presynaptic neurons.

We have presented adaptive controllers to solve the two key control problems of reference
tracking and disturbance rejection. We have also provided a simple illustration of the role of
nodal adaptive control in a conceptual network inspired by the stomatogastric ganglion.

The results of this chapter are preliminary in that they assume full knowledge of the
individual conductance models and perfect measurements of the voltage variables. The former
constraint is relaxed in the next chapter, and these idealised results suggest a strong potential
for classical solutions of adaptive control to provide neuromodulation principles in biophysical
or artificial conductance-based networks.



Appendix

Appendix 3.A Model Parameters

The simulation parameters are as follows. In Section 3.2.1, the model parameters are given by

µr =
(

120, 0.1, 2, 0, 80, 0.4, 2, 0, 0.1
)T

The input current ur =−2 and κ = 0.04. The observer parameters are α = 0.0008 and γ = 2.
In Section 3.2.2 the parameters are given by

µ =
(

60, 0.1, 2, 0, 80, 0.4, 2, 0, 0.12
)T

and
µd =

(
130, 0.1, 3.2, 0, 80, 1, 2, 0, 0.1

)T

The synapse has parameters a1 = 0.53 and a2 = 0.18. The activation function σs has the form
given in (2.5). The maximal conductance of the synapse is µsyn = 2.5. The input currents are
ū =−2 and ud =−1, except in the period t < 400 when ud =−7.5. This is to delay the first
burst of the disturbance neuron to better illustrate its impact. The observer parameters are
α = 0.001 and γ = 5, and the controller parameter β = 100.

In Section 3.2.3 the parameters are given by

µ1 = µ2 =
(

120, 0.1, 1.6, 0, 80, 0.8, 2, 0, 0.1
)T

and
µ3 =

(
60, 0.1, 2, 0, 30, 0, 1, 0, 0.1

)T

The maximal conductances of Neurons 4 and 5, µ4 and µ5, are the same as µd above. The
synapses all have a1, a2 and σs as in Section 3.2.2, given above. The maximal conductances of
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Table 3.A.1 Reversal potentials and neuron capacitance.

ENa EH ECa EK Esyn Eleak c
45 −43 120 −90 −90 −55 0.1

the synapses are µsyn,2,1 = µsyn,1,2 = 0.8, µsyn,5,4 = µsyn,4,5 = 0.6 and µsyn,1,3 = µsyn,5,3 = 8.
The gap junctions have conductance µgap = 0.004.

The input currents are ū1 = ū2 =−3.5, ū3 = 38 and ū4 = ū5 =−3.2, except in the period
t < 600 when ū1 = −8 and ū4 = −7. This is as the neurons in the HCO are at rest unless
they are inhibited and then released from inhibition. This release from inhibition generates a
burst, which in turn inhibits and releases the other neuron in the HCO, and so on. The observer
parameters are α = 0.0004 and γ = 5, and the controller parameter β = 100.

All neurons simulated in this chapter used the same values for the reversal potentials and
the neuron capacitance. These values are listed in table 3.A.1.



Chapter 4

Robust online estimation of neural circuits

4.1 Introduction

With the recent advancements in our ability to record and manipulate neural activity [18], there
is a growing call for control and systems tools that can make use of this new technology [113]
for applications including brain-machine interfaces [48] and the treatment of neuronal diseases
[79]. The first step in such control tasks is often to obtain model estimates, and there is an
extensive literature on fitting neuron models by batch estimation [115, 76, 80, 2]. A downside of
such methods is the fact that they are not able to track time-varying model parameters, which is
often necessary to characterize neural behavior. By contrast, [16] proposed an adaptive observer
for conductance-based neuron models capable of estimating and tracking model parameters in
real time. This method was introduced above in Section 2.6 and it was applied in Chapter 3 to
solve classical control problems by adaptively controlling the maximal conductance parameters
of these models, an approach aligned with the biological concept of neuromodulation [103].

A critical property for practical application of such adaptive methods is to ensure robustness
to model uncertainty. Conductance-based models are built from the parallel interconnection of
distinct current sources whose specific kinematics and activation range are only approximately
known and variable across implementations. The objective of the present chapter is to assess the
robustness of adaptive estimation against uncertainty in the internal dynamics of conductance-
based models. We investigate the effect of uncertainty in a typical neuronal behavior, namely the
neuromodulation of a neuron from spiking to bursting by varying slow calcium conductances.

When the internal dynamics of a neuronal model (also called the channel kinetics) is
assumed to be known, [16] showed that a simple adaptive observer equivalent to the Recursive
Least Squares (RLS) method can be used to estimate the remaining parameters (maximal
conductances). Although [16] also presents a more elaborate scheme for estimating internal
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dynamics parameters with local guarantees, here we focus on the basic RLS scheme. In
agreement with classical RLS analysis [44], we show empirically that the RLS scheme is
sensitive to uncertainty. The main result of this chapter is to show that a good estimation
performance can be recovered by the combination of two factors that avoid the need for
an internal dynamics estimation: first, by decentralizing the RLS scheme as investigated in
[13] with the objective of reducing computational complexity; and second, by introducing
redundancy in the estimated model. The positive role of redundancy for robustness and
adaptation has been extensively demonstrated in neurophysioloogy [28, 71]. Here, we mimic
biological redundancy by sampling redundant models of ionic currents from a given distribution.
This idea can be compared to the method of random features, where random samples of a
particular type of basis function are used to solve a regression problem [87]. Our redundant
model structure approach can also be related to the ensemble Kalman filter [112], as well as
the more general feedback particle filter [120]. Here, however, the gradient of the observed
variable is a function not just of the hidden variables (the internal dynamics), but also of the
observed variable itself.

Using the rms (root mean square) observer output error as our performance measure, we
study the robustness of the different types of adaptive observer algorithms for conductance-
based models in the presence of model error. We show that the distributed version of the
observer is more robust than the centralized one, and that introducing redundancy to the model
structure, according to our proposed approach, further improves this robust behavior.

4.2 Biophysical neuron model

The neuron in this chapter is a conductance-based model following the structure of Section
2.3. It includes five typical ionic currents of a bursting neuron: a transient sodium current INa,
a potassium current IK, a T-type calcium current ICaT, an L-type calcium current ICaL and a
calcium-activated potassium current IKCa. We therefore have I = {Na,K,CaT,CaL,KCa}.
The voltage dynamics of a single, isolated neuron (no synaptic currents) are given by

c v̇ =−µNamNahNa(v−ENa)

−µKmK(v−EK)

−µCaTmCaThCaT(v−ECa)

−µCaLmCaL(v−ECa)

−µKCaσKCa([Ca])(v−EK)−µleak(v−Eleak)+u,
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where [Ca] is the calcium concentration, governed by

τCa
˙[Ca] =−0.03mCaThCaT(v−ECa)

−0.3mCaL(v−ECa)− [Ca],

with τCa a constant. Note that in this chapter the exponents pion and qion always take value
unity; this simplifies the notation without losing any behaviours of interest. For a full list of
parameters used, we refer the reader to the Julia code attached to this chapter.1

We consider a fixed scenario illustrated in Fig. 4.2.1: the neuron is driven by a known
fluctuating input calibrated to expose its excitable behavior. The choice of a fluctuating rather
than constant input is made because this is known to lead to more reliable spiking behaviour in
biological neurons [67]. During the simulation, the maximal conductance of L-type calcium,
µCaL, and calcium-activated potassium, µKCa, are ramped up, which results in a modulation
from spike excitability to burst excitability. Such neuromodulation is a key cellular mechanism
in neurophysiology [25, 26].

4.3 Adaptive recursive least squares estimation

Our starting point is the simple centralized RLS-based observer introduced in Section 2.6 above.
For simplicity we will study the single-neuron case nv = 1, but the results generalise easily to
networks of arbitrary size. For the example neuron in Section 4.2, we have

θ = col
(
µNa,µK, . . . ,µleak

)

and
w = col

(
mNa,hNa,mK, . . . , [Ca]

)
.

Recall that we use the adaptive observer to estimate the linear parameters θ , in our case
the vector of maximal conductances µion. We choose maximal conductances for the unknown
parameters because the modulation of conductance properties is a key control mechanism of
neurophysiology, where it is performed by neuromodulators such as dopamine and serotonin
[30]. Neuromodulation is a well-studied phenomenon; it is essential to the function of all
nervous systems [68].

1https://github.com/RJZS/robust-neuron-estimation
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Fig. 4.2.1 Fixed scenario for the illustrations of this chapter. Top: membrane potential. Middle:
input current. Bottom: maximum conductance of L-type calcium and calcium-activated
potassium (the other parameters remain constant). The fluctuating input is fixed in that this
particular input signal is used throughout the chapter. It was originally generated by low-pass
filtering Gaussian noise. The properties of the filter were changed partway during the simulation
to reflect the difference between spike and burst excitability.
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Fig. 4.3.1 RLS estimation in the absence of model error. Parameter and output estimates
converge to their true values, and remain there barring transient errors while µCaL and µKCa
are modulated. Top: true voltage v and its estimate v̂. Middle: absolute observer error |v− v̂|.
Bottom: L-type maximal conductance µCaL, its estimate θ̂CaL, calcium-activated potassium
maximal conductance µKCa, and its estimate θ̂KCa.

Recall that P, with dynamics (2.12), can be interpreted as a running estimate (with a
forgetting factor) of the parameter covariance matrix [7, Chapter 2]. Note also the use of output
injection, that is the injection of true v into the v̂ and ŵ dynamics.

Fig. 4.3.1 shows that the observer is able to learn the task of Fig. 4.2.1, in the absence of
model error. The observer generates a time-varying estimate θ̂(t) of the vector of maximal
conductance parameters θ(t). The vector θ(t) includes the two parameters that are modulated,
µCaL and µKCa, which are shown along with their estimates on the bottom plot. The neuron
voltage is also estimated (top plot). As the observer has a perfect model of the internal dynamics
ẇ = g(v,w), errors in the voltage and parameter estimates are only present transiently, while
the maximal conductances vary.
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4.4 Robustness of the observer

To investigate the robustness of the centralized observer against variability in the internal
dynamics, we introduce the random variables p ∼ U(1− r,1+ r) and q ∼ U(−s,s), where
U(a,b) represents the uniform distribution with support [a,b]. We define stochastic versions of
the gating variable dynamics (2.2b)-(2.2c) as follows:

pm,ion τm,ion(v)ṁion =−mion +σm,ion(v−qm,ion) (4.1a)

ph,ion τh,ion(v)ḣion =−hion +σh,ion(v−qh,ion). (4.1b)

The effect of the random variables is to respectively scale and shift the time-constant and
activation functions. Recall that each activation function is a monotonic function, specifically a
sigmoid or other ‘S-curve’, with range (0,1). A shift in this function can therefore be thought
of as a shift in the gating variable’s ‘half-activation’. By perturbing the half-activation and
timescale of each gating variable, we are introducing error into two of its defining properties.
Note we continue to assume that the conductance-based modelling approach is fundamentally
correct.

We collect the random samples into vectors p,q ∈ Rnw and the randomized dynamics into a
function g(v, ŵ; p,q). We replace the observer’s internal dynamics (2.11b) with

˙̂w = g(v, ŵ; p,q). (4.2)

This introduces mismatch between the true dynamics (2.8b), which remain deterministic,
and the observer’s model of these dynamics. In this chapter, we take r = 0.04 and s = 4mV .

Fig. 4.4.1 illustrates the observer’s performance with one set of samples for model error.
The figure is otherwise identical to Fig. 4.3.1. We chose γ = 8 and α = 0.005. Higher γ

reduce observer error but are sensitive to noise measurement, hence we use the same value
throughout the chapter for a fair comparison. The value for α was tuned manually to optimize
performance.

We take our performance measure to be ev,rms, the rms value of the observer error over the
duration of the simulation in Fig. 4.2.1. This is computed as (∑T

t=1(v(t)− v̂(t))2/N)
1
2 where

N is the number of simulation time steps; the step size is ∆t = 0.1. The mean value of ev,rms

is computed over twenty trials (Fig. 4.4.1 shows one of these trials) and the result is shown
in the first column of Table 4.6.1. Although output injection ensures that the spike and burst
estimates align, there is significant error in the output and parameter estimates. The parameter
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Fig. 4.4.1 The centralized observer is fragile to model uncertainty. Top: true voltage and its
estimate. Middle: absolute observer error. Bottom: time-varying maximal conductances and
their estimates.

estimates fail to track the modulation of calcium currents, limiting any practical use of the
online observer.

4.5 Distributed observer

The centralized observer introduced above is based on the recursive least squares algorithm
[16]. It makes use of second-order information, which becomes a source of error when we
introduce model mismatch. This information is encoded in matrix P of the observer, which is
proportional to the covariance matrix of the empirical estimate of θ under the assumption of
zero-mean, independent, identically distributed additive noise [7, Chapter 2]. A first remedy
to increase robustness is therefore to neglect the covariances by decentralizing the parameter
estimation. The core idea is to approximate the matrix ΨΨT , which appears in the update
equation for P, by its (potentially block) diagonal elements to yield a decentralized learning
rule. We thus replace the nθ ×nθ matrix P with nθ scalars Pi. This idea was already explored
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in [13] with the goal of reducing the algorithmic complexity of the estimator from O(n2
θ
) to

O(nθ ), a significant benefit for more complex neurons and networks with many synapses.
The distributed observer with model mismatch has the form:

˙̂v =
nθ

∑
j=1

Φ
T
j (v, ŵ

j,u)θ̂ j +a(v, ŵ,u) (4.3)

+(γ0I +
nθ

∑
j=1

γ jΨ
T
j PjΨ j)(v− v̂)

˙̂w j = g j(v, ŵ j; p j,q j) (4.4)
˙̂
θ j = γ jPjΨ j(v− v̂) (4.5)

where γ0,γ1, . . . ,γnθ
> 0 are constant gains. The matrices Pj and Ψ j evolve according to

Ψ̇ j =−γ jΨ j +Φ j(v, ŵ j,u)

Ṗj = α jPj −α jPjΨ
T
j Ψ jPj Pj(0)≻ 0

with α j > 0 ∀ j.
For the example neuron in Section 4.2, for instance, we have

θ1 = µNa, θ2 = µK, . . . , θnθ
= µleak

and
w1 = col(mNa,hNa),w2 = mK, . . . ,wnθ = /0

Fig. 4.5.1 shows a representative example of the distributed observer’s performance in
the presence of randomly-sampled model error. We set γ j = 8 for all j, the same as with the
centralized observer for a fair comparison. We set by hand tuning α j = 2×10−4 for all j. To
compare the performance of the two observers, we compute the mean value of ev,rms across
twenty trials. The results are shown in the first two columns of Table 4.6.1. The observer error
is indeed reduced by the use of the distributed observer. The parameter estimates have also
improved, as they oscillate less and are therefore more meaningful. We do not necessarily
expect the parameter estimates to settle near the true values, as the observer error can be reduced
by exploiting the biological redundancy between currents. In the next section, we exploit the
theme of redundancy to further improve robustness.
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Fig. 4.5.1 Distributed parameter estimation in the scenario of Fig. 4.2.1. Top: true voltage
and its estimate. Middle: absolute observer error. Bottom: µCaL and µKCa and their estimates.
Although there is some observer error, it is significantly smaller as reflected in the v and v̂
spikes being almost indistinguishable.
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4.6 Redundancy

In biology, redundancy between ionic currents allows them to compensate for each other to
achieve desired behavioral properties [28]. Redundancy is known to play a crucial role in the
homeostasis of neuronal function in spite of the highly variable ion channel density, both across
time and from animal to animal [71].

Redundancy can also be exploited to increase the robustness of estimation to model un-
certainty. To test that idea, we consider an augmented observer model that includes for each
gating variable N equations of the form (4.1a) or (4.1b), each with its own samples for p and q.
That is to say, each element of (4.4) is replaced with N elements

˙̂w j,i = g j(v, ŵ j,i; p j
i ,q

j
i ) (4.6)

for i = {1, . . . ,N}. We can consider this step as replacing a single estimate of the gating variable
mion or hion with N particles of the same, and the resulting algorithm analogous to an ensemble
observer. Note that we do not change the model of the neuron being observed.

Every ionic current now has N corresponding terms in the v̂ dynamics, each with its own
gating variable dynamics perturbed by random samples for p j

i and q j
i . The observer can exploit

these N redundant currents, each with slightly different gating variable dynamics, to find a
better fit to the true neuron model. Hence, we replace (4.3) with

˙̂v =
m

∑
j=1

Φ̄
T
j (v, ŵ

j,u)θ̂ j +a(v, ŵ,u)

+(γ0I +
m

∑
j=1

γ jΨ̄
T
j P̄jΨ̄ j)(v− v̂), (4.7)

where j ∈ I is the set of membrane currents. We now have

Φ̄ j = col
(
Φ j(v, ŵ j,1,u), . . . ,Φ j(v, ŵ j,N ,u)

)
∈ RN

for j = 1, . . . ,nθ −1, and

Φ̄nθ
(v, ŵnθ ,u) = Φ̄nθ

(v) =−(v−Eleak)

with the latter corresponding to the leak current regressor. P̄j is now an N ×N diagonal matrix
with leading diagonal col

(
P̄1

j , . . . , P̄
N
j
)
.
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We also have
θ̂ j = [θ̂ 1

j , . . . , θ̂
N
j ],

the set of parameter estimates corresponding to a particular maximal conductance of the
reference neuron. We define the empirical mean over this set,

¯̂
θ j =

1
N

N

∑
i=1

θ̂
i
j,

which provides an estimate of the scaled maximal conductance µ j/N.
We will apply redundancy only to the distributed observer. The diagonal nature of the

distributed observer makes it scalable with respect to the increased number of states and
parameters.

Redundancy is antagonist to persistency of excitation, the uniqueness condition for recursive
least-squares, and indeed a naive implementation of the observer leads to situations where some
estimated maximal conductances become negative, causing instability.

To prevent the divergence of a redundant estimator, we modify the θ̂ j update law (4.5) to
include a consensus term, that regularizes the variance of the redundant parameters. The update
law for the ith redundant element of θ̂ j is now

˙̂
θ

i
j = γ jP̄i

jΨ̄
i
j(v− v̂)−β (θ̂ i

j − ¯̂
θ j). (4.8)

Fig. 4.6.1 illustrates the performance of the redundant estimator in the presence of model
error. We set γ j and α j as in Section 4.5. We chose by hand tuning β = 5×10−5, a value low
enough that the redundant parameters take on distinct values.

The mean rms error across twenty trials is provided in Table 4.6.1. The third and forth
columns refer to the final algorithm, respectively with 3 and 9 redundant elements per gating
variable. As expected, we see significant improvement of the observer error when redundancy
is introduced, and a greater improvement with more redundancy.

We see however in Fig. 4.6.1 that the redundant terms do not necessarily directly track
modulation. This is as the observer is exploiting redundancy across all terms to minimise
voltage error, not just those corresponding to a single ionic current.
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Fig. 4.6.1 Distributed and redundant online estimation in the scenario of Fig. 4.2.1, in the
presence of model error and with N = 3. Top: true voltage and its estimate. Upper middle:
absolute observer error. Lower middle: the empirical mean estimate ¯̂

θCaL; for comparison, the
scaled true parameter µCaL/N is also shown. We plot the scaled parameter to emphasise that
we have replaced each conductance with N separate conductances. Bottom: the same for µKCa.
Labels for the parameter estimates are omitted.

Table 4.6.1 Comparison of all three observers, showing the mean and standard deviation of the
rms voltage error ev,rms (in mV ) across twenty trials.

Centralized Distributed N = 3 N = 9

Mean 1.15 0.0788 0.0280 0.0241

Standard Deviation 0.14 0.017 0.0056 0.0030
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4.7 Discussion

Our results suggest that an adaptive observer can be used to estimate neuronal parameters,
even in the presence of modelling error. The chosen model of uncertainty is plausible in a
neuromorphic context where a key cause of error is transistor mismatch introduced during
manufacturing [105]. This component imprecision is one of the main challenges facing
designers of neuromorphic hardware [65]. In a biological context, the cell is of course part of a
living system and is therefore time-varying. The online nature of the observer ensures that our
results extend to this time-varying case.

In future work, the results above should also be tested against measurement error. Noisy
voltage measurements introduce trade-offs in the design parameters. For a rigorous examination
of the impact of noise on the system identification of conductance-based models, we refer the
reader to [15].

The performance metric of our study was the rms observer. This is a reasonable first step
to make a quantitative comparison of different observers. However, it is only a proxy of the
practical objective to estimate parameters in order to track neuromodulation in an experimental
setup or to use learning experiments for hardware implementations of neuromorphic neurons.
This will be the topic of future research.





Chapter 5

Neuromorphic control of a pendulum

5.1 Introduction

Most robotic tasks can be decomposed as sequences of events [60, 119]. This is best illustrated
in the context of animal-like movements such as walking [40] or swimming [53]. In spite of
spectacular advances in robotics, animals still drastically overperform robots in performing
such tasks reliably in changing and uncertain environments. The vision of neuromorphic
engineering is that the event-based nature of animal control is key to its superior performance
over our current clocked digital technology [74].

The potential of event-based control was recognized from the early days of neuromorphic
engineering [22].The event-based PI control in [1] launched the new and still flourishing field
of event-based control; see [4] for a recent survey. While the theoretical benefits of event-based
over sampled data control are now clearly established, most of the existing literature has
concentrated on emulating the behavior of classical digital control systems with an event-based
architecture. In contrast, the design of control systems that interconnect rhythmic systems
through sensing and actuating events is still in its infancy [100, 32].

The goal of this chapter is to explore the potential of neuromorphic control with the simple
mechanical model of a pendulum. We regard the pendulum as a rhythmic system and we regard
the control problem as the design of another rhythmic system able to orchestrate the behavior
of the pendulum. The rhythmic controller is designed in such a way that the desired behavior is
achieved by a form of synchrony between the two rhythmic systems.

The design of a rhythmic event-based controller starts with the design of an automaton:
the desired behavior of the controlled system is represented by a temporal sequence of sensor
and actuator events. The automaton controller is a rhythmic system capable of generating the
desired sequence of events. The control objective is formulated as a synchronization problem
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between the plant and the automaton. The second step is to design a regulator that uses output
feedback and that tunes continuous parameters to ensure robustness and adaptability of the
controller.

We show that the bio-inspired architecture of neuromorphic controllers such as presented
in [90] provides a flexible methodological framework for such a two step design. The neural
architecture of the controller consists of simple motifs. The topology of the network defines
the automaton, whereas the regulatory properties are achieved by output feedback, and by
neuromodulation of the parameters using the classical framework of adaptive control. Despite
being rhythmic and non-linear, the closed-loop system is amenable to rigorous analysis using
existing theory. We provide no theoretical development in this chapter but point to the relevant
references in each section.

The idea of entraining a mechanical system with a neuro-inspired controller has a rich
and long history; it underlines much of the literature connecting the central pattern generators
of neuroscience and the rhythmic controllers of legged robotics [51]. Nonlinear oscillators
have been sucessfully designed to orchestrate rhythmic behaviors [53, 52], and neuromorphic
implementations have received recent attention [3]. A limitation of those approaches is the lack
of a systematic modelling framework, which has motivated the design of linear controllers [92].
Neuro-inspired controllers have been implemented experimentally, see e.g. [63, 106]. But the
tuning of those architectures has proven difficult. Event-based control has been explored for the
linearised pendulum [59], with an approach that utilises classical linear methods. The design of
a controller by means of an adaptively tuned rhythmic automaton and an output feedback phase
control seems novel.

The chapter is organised as follows. The automaton of the plant is introduced in Section 5.2.
Section 5.3 presents the event-based control architecture; its implementation follows in Section
5.4. In Section 5.5, we control the pendulum in open-loop. Sections 5.6 and 5.7 introduce
output and adaptive feedback respectively. Section 5.8 discusses the potential of the present
approach, with the intention of motivating further research from the community.

5.2 The automaton of a pendulum

We consider the non-dimensionalised dynamical model of a pendulum

q̈+α q̇+ sin(q) = I (5.1)
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where q is the pendulum’s angle from the resting position, α is dimensionless damping and I is
dimensionless torque.

The rich dynamical behaviour of this seemingly simple system is part of any textbook
of nonlinear dynamics see e.g. the excellent treatment in [110]. With a constant torque, the
qualitative behaviour can be comprehensively studied through phase-portrait analysis. The key
properties of the pendulum dynamics can be summarized as a function of the two parameters α

and I.
The behavior of the pendulum is simple in the so-called overdamped regime (α > 1). In

this regime, the only attractor of the system is a stable equilibrium, for I < 1, or a limit cycle,
for I > 1. The behavior is more complex in the underdamped regime (α < 1). In this regime,
the stable equilibrium can coexist with a stable limit cycle, depending on the initial energy of
the system. This bistability is the source of complex behaviors, including co-existence between
small and large-amplitude oscillations and sensitivity to initial conditions under non-constant
forcing. Small variations of the applied torque suffice to switch the behavior between “small”
and “large” oscillatory behavior.

In the event-based framework of the present paper, the torque is not constant but a sequence
of impulses of short duration. As in the discussion above, we can distinguish between two
types of stationary behaviors: small oscillations (less than a full swing), that replace the stable
equilibrium obtained with a constant torque, and large oscillations (sequences of complete
rotations), as in the regime of constant torque with I > 1. This discrete distinction leads to the
description of the pendulum as a two state automaton, with a “low energy state" corresponding
to small oscillations and a “high energy state" corresponding to large oscillations. Both states
can be entrained by a periodic sequence of impulses. Event-based control of the pendulum
can be thought as orchestrating the trajectory of that automaton (that is, the switches between
the high and low states), as well as tuning each of the states: regulating the frequency and
amplitude of the oscillation in the low state, and regulating the frequency of oscillations in the
high state.

5.3 Event-based control architecture

To conceive the rhythmic automaton of the controller, imagine two children pushing a swing.
By pushing harder or more frequently, they can increase the swing’s amplitude or frequency
respectively. The children can coordinate in two different ways: they can stand on the same
side of the swing and push it in synchrony, or on opposite sides and push it in anti-synchrony.
We replicate a similar architecture with two independent motors forcing the pendulum. Each
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Fig. 5.3.1 The two distinct configurations of event actuation. Left: in-phase identical actuating
events (IN-PHASE). Right: anti-phase actuating events of opposite sign (ANTI-PHASE).
Sketch courtesy of @artjoy2015.

actuator periodically ‘kicks’ the pendulum with a pulse of variable duration. The duration and
frequency of the pulses control the amplitude and frequency of the pendulum. Like the children
standing on the same side, the actuators can produce a torque of the same sign and act in phase.
Or, they can produce torque of the opposite sign and act in anti-phase, ‘kicking’ the pendulum
back and forth. We call these two options the “in-phase configuration" (IN-PHASE) and the
“anti-phase configuration" (ANTI-PHASE) respectively, and we illustrate them in Fig 5.3.1.

In neuromorphic circuits, such rhythms are generated endogenously by simple neuronal
motifs, inspired from the central pattern generators of neuroscience [10] that are discussed in
Section 2.5. The simplest rhythmic motif is the “half-centre oscillator" (HCO) [70]. An HCO
comprises two ‘neurons’ (arbitrarily labelled as ’A’ and ’B’) mutually connected by inhibitory
‘synapses’. In this chapter, we use the HCO model of [90] which was developed for the ease
of its tunability. Our controller includes one HCO per motor. The HCO drives the motor as
follows: when neuron A is spiking, specifically when its voltage is above some threshold, the
motor produces a constant torque. When the neuron is below this threshold, the motor is at rest.
Fig. 5.3.2 shows the behavior of an HCO and the corresponding motor output, for two burst
sizes. The burst size controls the actuator event.

The coordination between the two motors relies on synaptic interactions between the two
HCOs. Excitatory synapses between the pair of A neurons, and also between the pair of B
neurons, ensure that the two HCOs are in phase. Inhibitory synapses between the same neurons
ensure that the two HCOs are in anti-phase.

The frequency and amplitude of the pendulum oscillations are estimated from event-based
sensors. In this chapter, we use three photodetectors that detect specific angle crossings: one for
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Fig. 5.3.2 The anti-phase rhythm of a Half-Centre Oscillator (HCO) circuit. The size of the
bursts is modulated midway. Top: the voltages of the two neurons. The dashed horizontal line
denotes the voltage threshold, above which the motor is active. Bottom: the corresponding
actuating events.

Fig. 5.3.3 Simulation of the HCOs and actuator events. Top: the total torque I. Middle: the
voltages of HCO 1. Bottom: the voltages of HCO 2. At t = 8 s (indicated by the dashed black
line), the system’s configuration is switched from ANTI-PHASE and, after a transient period, it
settles on IN-PHASE.



60 Neuromorphic control of a pendulum

q(t)=0

q(t)=Aref

q(t)=qp

HCOs

motors

phase
control

Ipulse

V

amplitude &
frequency
adaptation

gs
gus

-

+

Aref
ωref

Fig. 5.3.4 Block diagram of the complete architecture, including the event-based feedback loops
introduced in Sections 5.6 and 5.7. Small arrows over signal transmission lines indicate event-
based communication as described in Section 5.3. The HCO block architecture is described in
Sections 5.3 and 5.4.

the output feedback phase controller (q = qp), and two for the adaptive regulation of frequency
and amplitude (q = 0 and q = Aref).

Fig. 5.3.4 shows the block diagram of the complete architecture.

5.4 Neuromorphic implementation

The circuit realization of our rhythmic controller follows the mixed-feedback motif of spiking
control systems [100]. Such systems are minimum phase, relative degree one, and linear in the
control parameters. Those properties make the controller ideally suited for output feedback
control and for adaptive regulation of the control parameters. See Section 2.4 for the circuit
model.

For simplicity, we use identical parameters for the four neurons as well as for each type of
synapse. The controller behavior is however quite robust to heterogeneity in the parameters, as
shown by the I-V curve method discussed in Section 2.4. The ultra-slow timescale τus is chosen
to (roughly) align with the natural frequency of the pendulum. This nominal choice enables a
low-power controller to achieve a wide range of amplitudes by resonance. Recall from Section
2.4 that the other timescales are chosen such that they are all sufficiently separated [89]. We set
iapp,i to a nominal value inominal =−1. The controller does not oscillate spontaneously, but a
brief pulse of current in any of the neurons is sufficient to turn the rhythm ‘on’. A full list of
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the parameter values used in each figure is available with the attached code.1 All quantities in
this chapter are non-dimensional.

The only tuning parameters in this chapter are the gain of the slow negative conductance
g−s and the gain of the ultraslow positive conductance g+us. Those two parameters respectively
modulate the burst size and the burst frequency. All the other parameters are fixed throughout.

5.5 Control by entrainment

Feedforward control of a rhythm by another rhythm is commonly referred to as entrainment.
The role of entrainment in biology can be regarded as analog to the role of resonance in
mechanics. It is widely observed, and it is robust to uncertainty in that it does not require
an exact prior match between the frequencies of the input rhythm and the entrained rhythm
[61]. A stable limit cycle is always locally entrainable by any periodic forcing signal of small
amplitude and ‘close enough’ frequency, as shown by Section III of [117]. Global entrainment
has also been studied for contractive systems [107, 91].

As a first step, we consider entrainment at a fixed frequency (chosen to be close to the
natural frequency of the pendulum) by a feedforward controller.

Fig. 5.5.1 shows entrainment of the overdamped pendulum at the fixed frequency, for
different choices of burst size and using the anti-phase configuration of the controller. The
amplitude increases with burst size, which is regulated by g−s . This gain also affects the
frequency of the HCO, a variation compensated by the parameter g+us. Fig. 5.5.2 illustrates the
monotonic relationship between the amplitude of the entrained pendulum and the neural gains
g−s and g+us at the fixed frequency.

The entrainment behavior becomes more complex in the underdamped regime: IN-PHASE
entrainment leads to one of two possible stable states (small or large oscillations), depending on
the initial conditions. Fig. 5.5.3 shows the energy transferred by the motors during each neural
period, Ei =

∫ ti+T
ti q̇Idt, where each time ti is at the beginning of a burst event, and T is the

time until the next such event. The figure shows that the pendulum can converge to either the
high or the low energy state. The high-energy state in Fig. 5.5.3 is a 2:1 oscillation, meaning
two complete swings of the pendulum for every actuator event.

1https://github.com/RJZS/neuromorphic-pendulum-control
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Fig. 5.5.1 Small oscillations in the overdamped regime (damping α = 1.4). As the burst size
of the neural oscillation increases (from top row to bottom row), so does the amplitude of the
pendulum’s oscillation.

Fig. 5.5.2 Entrainment of the pendulum at a fixed frequency in the overdamped regime (α = 1.4).
The amplitude of small oscillations increases monotonically with g−s and g+us.
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Fig. 5.5.3 Entrainment with an IN-PHASE neural oscillation in the underdamped regime (in this
example, α = 0.14), showing energy transferred by the motors each burst. The amplitude of
each oscillation is also shown (with an amplitude of π indicating a complete swing). Depending
on the initial conditions, the steady-state oscillations are either large or small (left and right
plots respectively).

5.6 Phase control

In contrast to small oscillations, the entrainment of large oscillations in the underdamped
regime is fragile. A slight change in the parameters can lead to a non-periodic behaviour,
which again is consistent with the chaotic attractor that the pendulum can exhibit with a small
sinusoidal input superposed to a constant torque input. In this section, we use feedback control
to significantly enlarge the basin of attraction of the large oscillations.

To design an event-based output feedback control, we use the concept of phase control.
Phase control consists of advancing or delaying the next actuator event via small negative
pulses added to the nominal (constant) input current of each neuron. The phenomenon is
illustrated in Fig. 5.6.1 (left). The delay or advance of the next actuator event is a function of
the timing of the pulse, a relationship known as the ‘phase response curve’ (PRC) [93]. It is
known that a monotone phase response curve allows control of the phase of an oscillator by a
simple proportional controller; see [93, 29]. The PRC method is based on linearized analysis,
which assumes small perturbations. We use perturbations of fixed amplitude (P) and fixed
duration (w). Fig. 5.6.1 (right) illustrates the strong monotonicity of the PRC of the HCO
oscillator, making the simple proportional phase control effective. The sensory measurements
are made with an event-based photodetector placed at q = qp. The phase controller applies a
current pulse at each sensory event q(t) = qp. The parameter qp (selected to qp =−1 rad in
the simulation of Figure 5.6.2) can be regarded as the selection of a proportional gain. It does



64 Neuromorphic control of a pendulum

Fig. 5.6.1 Left: A small inhibitory pulse (green) causes a phase advance or delay of the
subsequent burst. The blue curve shows vA for an isolated HCO. The blue dashed curve shows
the behaviour of vA in the absence of the pulse. Right: Phase response curve of an HCO. The
curve indicates the phase shift resulting from a fixed pulse (w = 0.05 and P = 0.3) as a function
of the timing of the pulse along the limit cycle.

not require a precise tuning. In the IN-PHASE configuration, the feedback pulses are at each
sensory event injected alternately into the two A neurons and the two B neurons.

Fig. 5.6.2 illustrates the stabilizing property of a proportional phase control. The initial
conditions are those of Fig. 5.5.3 (right plot), but the phase control forces convergence to
the high- rather than low-energy state. The steady-state frequency is slightly different to that
obtained with feedforward entrainment, and varies with qp.

5.7 Neuromorphic adaptive control

Online adaptation of the control parameters can be used as well as phase control in order to
regulate an oscillation.

Robust adaptive regulation of the control parameters has been studied above in Chapters
3 and 4, as well as in [16, 13]. This work relies on the property that the proposed neuronal
architecture inherently satisfies the standard assumptions of adaptive control: the system is
minimum phase, relative degree one, and linear in the parameters. Adaptive control is analogous
to the biological concept of neuromodulation [71].

We consider the online adaptation of the two parameters g+us and g−s , which regulate the
neural frequency and burst size respectively. We use these to regulate the frequency and
amplitude of small oscillations in ANTI-PHASE. The online adaptation is implemented via the
integral action of a prediction error computed from the sensory events.
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Fig. 5.6.2 The simulation of Fig. 5.5.3 (right plot) with the addition of phase control, forcing
convergence to the high- rather than the low-energy state. Left: the initial response. The current
pulses to the A neurons are shown in purple, and are scaled for clarity. Each pink marker
indicates the start of an actuation event. Right: the energy transferred per event, Ei, showing
convergence to a steady-state oscillation. The pink markers match those of the left plot.

For a reference frequency ωref, we predict that a zero crossing q(t) = 0 will occur every
π/ωref seconds. A correction pω is added to the parameter g+us at each zero crossing, with a sign
determined by the sign of the prediction error and an amplitude proportional to its magnitude.

Likewise, for a reference amplitude Are f for the pendulum’s oscillation, we predict that
an event q = Aref occurs π/2ωref seconds after each q = 0 event. If no such event occurs
before the next zero crossing, we apply a fixed correction pA to the parameter g−s . Otherwise,
the correction is applied at the event q = Aref with a sign and amplitude determined by the
prediction error.

The simple adaption law described above can be regarded as a phase integral control. In
practice, the parameter variation is confined to a finite range such that bursting is preserved.

Fig. 5.7.1 illustrates parameter convergence for the reference values illustrated in Figure
5.5.2.

5.8 Discussion

We have presented a neuromorphic, event-based framework for controlling the oscillations
of a mechanical pendulum. A simple neuromorphic controller was used to generate actua-
tor events capable of entraining the pendulum oscillation while regulating its energy. The
feedforward controller exhibits bistability between low-energy and high-energy oscillations
in the underdamped regime. A proportional phase control was designed to stabilise the high
energy oscillation only. Finally, an integral phase control was designed to regulate oscillations
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Fig. 5.7.1 The gains tuned by the adaptive controller, when used to obtain the parameters in Fig.
5.5.2. The legend gives the values of Aref in radians. In each case, ωref is the fixed frequency
chosen in Section 5.5.

at a given frequency and amplitude. While no formal convergence analysis was included in
the chapter, the design was supported by existing analysis and system properties that enable
regulation by simple feedback controllers (minimum phase and relative degree one).

The event-based nature of the designed controller offers a number of potential advantages.
Prime and foremost, the energy exchange between the systems is confined to the events. At all
other times, the controlled system is free to act under its own dynamics. The control action
serves only to entrain these dynamics, and so the entraining controller always aligns with the
system’s physics. As a consequence, the temporal sparsity of the events is a direct measure of
the energy efficiency of the design.

High impedance control during the events is an inherent source of robustness to model
uncertainty [62]. Temporal sparsity of the events simultaneously ensures low impedance control
when averaged over time. In this way, event-based control could potentially combine the benefits
of soft actuation with the high impedance requirements of robust control, suggesting a path
to overcoming the classical stiffness-compliance trade-off [85]. Current methods, by contrast,
must take one of two distinct approaches: the high-impedance inversion-based methods, or
the impedance control method of soft robotics. The considered two-motor architecture also
suggests how actuation events can be easily distributed over possibly many actuators, with
phase relationships ensured by the architecture of the controller.
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The purpose of the chapter was to illustrate the potential of neuromorphic control in a simple
mechanical system. We hope that it will stimulate further theoretical and practical research in
the control of robotic or biomechanical rhythms. It would seem natural to explore the potential
of neuromorphic control architectures in robotic designs that have already exploited rhythmicity,
for instance [53].





Chapter 6

Conclusions

Rhythmic control tasks, whether biological, electronic or mechanical, can be solved with
neuromorphic controllers using concepts from classical control theory. This is because neurons
have structural properties that make them amenable to output and adaptive feedback control.
The resulting closed-loop behaviour is event-based, making this approach suited to the design
of embodied systems. The event-based behaviour derives from the presence of mixed feedback.
Neuromodulation is used to regulate the behaviour by tuning the gains of the feedback loops.

In this thesis we considered two types of control task. When the controlled system was
itself a neuronal circuit, the controller was formed of a bank of additional conductances that
shaped the conductance of the overall circuit in a manner reminiscent of impedance control.
When the plant was a mechanical system, we took a two-step approach. Firstly, we represented
the desired behaviour as a sequence of events, and designed an automaton controller capable
of generating the desired sequence. Secondly, we designed a regulator that uses adaptive and
output feedback to ensure the controller’s robustness and adaptability.

The latter approach illustrates the potential of neuromorphic event-based control for robotics.
The aim of such an approach is to control a system by interacting minimally with it through
localised events, thus producing a controller that is highly robust and energy-efficient, and that
exploits the physics of the robot and its sensors.

We now provide a summary of the thesis, followed by a discussion of potential future work.

6.1 Summary

Adaptive conductance control
In Chapter 3 we have solved the two canonical adaptive control tasks (reference tracking and
disturbance rejection) for networks of conductance-based neurons. Neurons comprise an RC
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circuit in parallel with a bank of current sources of variable conductance. In this chapter,
the controller is itself a set of current sources connected to the neuron in parallel. This port

interconnection philosophy is the same as that of passivity-based control. For the reference
tracking task, the controller additionally includes a resistive coupling to ensure synchronization.
To control multiple neurons in a network, we exploit the fact that the adaptive conductance
controller is decentralised and can therefore be applied independently to each neuron.

Robustness of the adaptive observer
The controller of Chapter 3 relies on model estimates obtained online using an adaptive observer
[16]. A version of the observer is used that assumes perfect modelling knowledge of the neurons’
internal dynamics, an assumption that we have relaxed in Chapter 4. In order to quantify the
observer’s robustness to modelling error, we define a fixed scenario in which the observer must
learn all of a neuron’s maximal conductances, some of which are time-varying. Robustness
is measured using the rms value of the observer error over the duration of the scenario. We
have demonstrated that robustness can be improved by replacing the adaptive observer with
its distributed version [13], which neglects second-order information about the statistics of
the parameter estimates. Robustness is further improved by introducing redundancy to the
observer’s model of the neuron. To ensure stability of the resulting observer, we regularise the
variance of the redundant parameter estimates by introducing a consensus term to the parameter
update law.

Neuromorphic control of the pendulum
In Chapter 5 we have controlled a pendulum to track an event-based reference signal generated
by an automaton. The signal is a temporal sequence of sensor and actuator events that represents
the desired behaviour. This synchronization task is solved with an event-based, neuromorphic
control architecture. Open-loop entrainment is used to control the pendulum in the overdamped
regime (where the behaviour is monotonic) as well as in the underdamped regime (where a
bistability is present). In closed-loop, phase control is used to enlarge the basin of attraction of
large oscillations, and adaptive control is used to tune the behaviour of small oscillations.

6.2 Future work

The work of this thesis is theoretical and simulation-based. One starting point for future work
would therefore be to implement the proposed control frameworks in both neurotechnological
and neuromorphic settings.

Neurotechnology
The approach of Chapters 2 and 3 can be implemented using dynamic clamp, a well-established
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Fig. 6.2.1 An illustration of the ‘inverted pendulum’ walking down a slope. Reproduced from
[39].

technology that permits the creation of hybrid neuronal networks comprising both biological
and artificial neurons [86]. While this method is only feasible for small networks, emerging
technology promises to open up similar capabilities at larger scales [18, 79]. This would
permit advances in, among other fields, neuromodulation therapy that treat disorders such as
Parkinson’s [56]. To make optimal use of our framework at larger scales, further theoretical
progress will be required: as discussed in Section 3.3, exact voltage measurements could be
replaced with coarser information, and there is scope to explore multi-scale and hierarchical
adaptive controllers.

Neuromorphic Control
A natural next step for the neuromorphic controller of Chapter 5 is to build the proposed system
to control a physical pendulum. Beyond this, the approach of the chapter can be applied to a
wide range of mechanical systems. One need not stray too far from the pendulum itself to find
familiar robotic or biomechanical rhythms. For example, the ‘inverted pendulum’ model lies at
the foundation of the literature on walking [39, 58]. It consists of two rigid rods representing
the legs, each with a point mass m at the bottom (the ‘feet’) and connected at the top by a
point mass M (the ‘hips’). Fig. 6.2.1 shows this model walking unpowered down a slope, and
Fig. 6.2.2 shows a single step. At the end of each step, when the swing leg hits the ground
(‘heelstrike’), the swing and stance legs are swapped and the motion repeats. Note that, during
each step, the swing leg will pass briefly through the ground. This ‘scuffing’ is ignored, and the
leg is permitted to pass through without collision. Scuffing can be eliminated by introducing
‘knees’, specifically by adding pin joints along the legs so as to divide each leg into two rigid
rods.
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Fig. 6.2.2 A single step of the inverted pendulum model walking down a slope. Reproduced
from [39].

One way to drive the inverted pendulum along flat ground is with a motor attached to the
hips [17, 50]. Such a motor could be controlled by a bursting neuron. Fig. 6.2.3 demonstrates
this on a version of the model having feet that are curved rather than point masses (a simple
way to improve stability [55]).

Introducing compliance to this system provides additional functionality. If the rigid legs
are replaced with springs, one obtains a two-state automaton that can run as well as walk [41].
Indeed, compliance is an important aspect of embodied robotics and therefore a major topic
of interest for future work. As pulse-based actuation is locally stiff but on average compliant
(because the motors are inactive much of the time), the approach of this thesis suggests a path
to overcoming the stiffness-compliance trade-off [85] that limits the accuracy of compliant
systems [11]. This could be of particular value in soft robotics [23], where neuromorphics is
expected to play a significant role [83].



6.2 Future work 73

Fig. 6.2.3 A biped driven by a single bursting neuron that provides torque to the stance leg. At
the end of each step the stance and swing legs are swapped over (hence the sudden jumps in
angle).
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