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Many problems in computer vision today are solved via deep learning. Tasks
like pose estimation from images, pose estimation from point clouds or struc-
ture from motion can all be formulated as a regression on rotations. However,
there is no unique way of parametrizing rotations mathematically: matrices,
quaternions, axis-angle representation or Euler angles are all commonly used
in the field. Some of them, however, present intrinsic limitations, including dis-
continuities, gimbal lock or antipodal symmetry. These limitations may make
the learning of rotations via neural networks a challenging problem, poten-
tially introducing large errors. Following recent literature, we propose three
case studies: a sanity check, a pose estimation from 3D point clouds and an
inverse kinematic problem. We do so by employing a full geometric algebra (GA)
description of rotations. We compare the GA formulation with a 6D continu-
ous representation previously presented in the literature in terms of regression
error and reconstruction accuracy. We empirically demonstrate that parametriz-
ing rotations as bivectors outperforms the 6D representation. The GA approach
overcomes the continuity issue of representations as the 6D representation does,
but it also needs fewer parameters to be learned and offers an enhanced robust-
ness to noise. GA hence provides a broader framework for describing rotations
in a simple and compact way that is suitable for regression tasks via deep learn-
ing, showing high regression accuracy and good generalizability in realistic
high-noise scenarios.
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1 INTRODUCTION

1.1 Background
Computer vision has not been immune to the disruptive power of deep learning.1,2 In the last decade, many computer
vision tasks traditionally considered difficult have been solved through neural networks (NNs) reaching unprecedented
accuracy, including image classification,3,4 image segmentation5 and depth estimation.6
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In problems such as pose prediction and generation, motion capture and inverse kinematics, NNs are generally trained
to perform a regression on rotations.7,8 For these tasks, it is common to describe 3D rotations through 3 or 4D representa-
tions, including axis-angle representation,9 Euler angles10 and quaternions.11 However, it has been shown that 3D and 4D
representations present some limitations. Grassia et al,12 for example, demonstrated how an exponential parametrization
of rotations is more suitable for differentiation and integration with respect to Euler angles or quaternions. Zhou et al13

found the source of large regression errors in the discontinuity of these representations, in which a representation is said
to be discontinuous when the mapping g ∶ SO(3) → RD from the 3×3 rotation matrix in SO(3) onto a given representation
space is a discontinuous function. Saxena et al14 also highlighted representation discontinuity as a critical factor.

On the other hand, according to the universal approximation theorem, an NN with one hidden layer can approximate
any continuous function for inputs that fall within a specific range.15 Moreover, the process of training requires extensive
computations of derivatives. Hence, trying to learn rotations when parametrized with a discontinuous representation
might lead to large errors.

1.2 6D representations
How many parameters, or degrees of freedom (DoF), are enough to represent a rotation so that it can be learned suc-
cessfully? A possible solution is to increase the DoF to overcome the discontinuity issue. Especially in robotics, it is
not uncommon to describe 3D rotations and translations with a total of 6 DoF.16–18 In Xiang et al,19 for example, a
convolutional neural network (CNN) approach to 6D pose estimation is proposed for cluttered scenes understanding.

In Zhou et al.,13 5D and 6D continuous representations have been proposed specifically for deep learning approaches
to computer vision in order to represent rotations exclusively (i.e. without translation component). In particular, the 6D
representation of 3D rotations provides a substantial improvement to commonly used 3D and 4D representations. This
6D representation can be visualized as a 3 × 2 matrix with columns a1, a2, which, after a Gram–Schmidt-like orthogo-
nalization procedure, maps to the original rotation matrix in SO(3) with orthonormal columns b1, b2, b3 (Equation 1).

g−1

([ | |
a1 a2| |

])
→

[ | | |
b1 b2 b2| | |

]
∈ SO(3) (1)

However, in problems in which a large amount of rotational information has to be stored and processed, a parametrization
with many DoF makes the problem computationally expensive. This is the case in López et al,20 in which one distance
and five angles are used to represent the orientation between amino acids in protein chains in order to produce a 6D joint
probability distribution: representations with more DoF are informative and less error-prone, but at the same time, they
are cumbersome and memory consuming.

1.3 Contributions
In this paper, we reproduce the experiments in Zhou et al13 employing a full GA formulation. We show that representing
rotations as bivectors and measuring the regression error in terms of rotors yield comparable—if not superior—results to
the originally proposed 6D representation when learning rotations. We empirically show that a GA description constitutes
a more elegant, compact and general way of describing rotation than the 6D representation, which we believe has some
fundamental limitations.

Firstly, the 6D representation has more DoF than commonly employed representations, meaning more parameters to be
learned. Secondly, it is fully learned. This guarantees continuity, but it also means that no closed form expression exists to
convert a rotation from SO(3) into its 6D representation. Third, it requires an ad hoc loss function to be minimized, namely
the L2 norm between the original and predicted rotation matrices after the aforementioned orthogonalization procedure,
that has to be performed at every iteration. This loss function is less intuitive and more computationally expensive than
those normally used in regression tasks. Lastly, no conditions are imposed to avoid a1 = b1; a2 = b2, that is, that the 6D
representation is learned to be equal to the first two columns of the rotation matrix. This identity mapping is easier to
‘learn’ and indeed a possible scenario, but makes the comparison with other representations biased.

The rest of the paper is structured as follows: in Section 2, the basics of rotations in GA are introduced. In Section 3, three
experiments, namely, the sanity check, the pose estimation from 3D point clouds and the inverse kinematics problem, are
introduced in detail and results are presented. Lastly, in Section 4, conclusions are drawn.
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2 GEOMETRIC ALGEBRA

The branch of mathematics called Geometric Algebra (GA) was developed in the second half of the 19th century by
William Kingdon Clifford.21 GA was revived in 1966 thanks to Hestenes, who reiterated the unifying power of GA and its
relevance in physics due to the close ties with geometry.22 GA provides an intuitive and unified framework for describing
geometric entities and transformations acting on them, and it has found application in computer graphics, computer
vision, robotics, and physics. In this section, the fundamental concepts to understand rotations in GA are briefly presented.
For a more detailed discussion, see Lasenby et al.23

2.1 Fundamentals
A geometric algebra of size m can be defined over a scalar field and a set of m independent basis vectors {ei}i=1,…m. A
general geometric algebra, p,q,r, has p basis vectors that square to 1, q basis vectors that square to −1 and r basis vectors
that square to 0.

The fundamental product in a GA is the geometric product, which, for two vectors a and b, can be written as

ab = a · b + a ∧ b (2)

in which the scalar (or inner) product a ·b is the usual scalar product of linear algebra, while the wedge (or outer) product
a∧b produces a bivector (e.g. an oriented plane). The geometric product between two vectors is hence the sum of a scalar
and a bivector. Alternatively, the inner and outer products can be defined as the symmetric and antisymmetric parts of
the geometric product, respectively.

An object Ar = a1 ∧ a2 ∧ ... ∧ ar (r ≤ m) is called an r-blade, and we say it has grade r. Therefore, scalars are grade
0, vectors are grade 1, bivectors are grade 2, and so on. A linear combination of r-blades is called an r-vector. A linear
combination of r-vectors is a multivector and can be written as

A =
m∑

i=0
⟨A⟩i (3)

Note that not all r-vectors can be written as r-blades. The reversion operator for a multivector is given by Ã. The general
rule to reverse an r-blade is given by

Ãr = (−1)
r(r−1)

2 Ar (4)

and this can be used to find the reverse of any general multivector (by reversing all of its constituent parts).
The scalar part of the geometric product between a multivector and its reverse gives the squared magnitude: |A|2 ≡⟨AÃ⟩0. The grade projector operator is denoted by ⟨A⟩r, where r is the grade we want to extract from A.

2.2 Rotations
From now onwards, we will focus our attention on 3,0,0, which is the GA of Euclidean space. The full algebra is spanned
by the basis set composed of a scalar, three vectors (e1, e2, e3), three bivectors (e12, e23, e13, where ei𝑗 = ei ∧ e𝑗) and one
trivector (e123 = e1 ∧ e2 ∧ e3 = I3) called the pseudoscalar, that is the element with the highest grade in the algebra.

The reflection of a vector a in the plane orthogonal to a unit vector n is given by a′ =a⟂- a||, where a⟂ and a|| are the
perpendicular and parallel components of a with respect to n, respectively. This is done as a = n2a = n(n · a + n ∧ a) =
a|| + a⟂, in which a|| = (a · n)n and a⟂ = n(n ∧ a). This is equivalent to

a′ = n(n ∧ a) − (a · n)n = −(n · a)n − (n ∧ a)n = −nan (5)

The formula a′ = −nan works for spaces in any dimension and it leaves lengths and angles unchanged. For bivectors
B = a ∧ b, we have that

B′ = (−nan) ∧ (−nbn) = (nannbn − nbnnan) = n(ab − ba)n = nBn (6)

Sandwiching a multivector between a vector always preserves the grade of the multivector.
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A rotation in the plane is generated by successive reflections in the planes perpendicular to two unit vectors m and
n. Let up consider two reflections: b = −mam, and then c = −nbn = −n(−mam)n = nmamn. We define R = nm, so
that c = RaR̃: R is called a rotor and represents a rotation operator. A rotor is the geometric product of two unit vectors.
Expanding the geometric product we have R = nm = n · m + n ∧ m = cos(𝜃) + n ∧ m, where 𝜃 is the angle between
vectors n,m. The magnitude of the bivector part is given by −sin2(𝜃). By defining the unit bivector B in the m∧n plane as
B = (m∧ n)∕ sin(𝜃) with B2 = −1, we have that R = cos(𝜃) −B sin(𝜃). It can be seen that B ‘behaves’ like a unit imaginary,
hence from the Euler formula we can express the rotor as R = exp(−B𝜃), in which the exponential function is defined by
its Taylor expansion where the multiplications are replaced by the geometric product.

Summarizing, for a rotation of an angle 𝜃, we have a corresponding rotor R = exp(−B𝜃∕2). The rotation operation on a
vector a is

a′ = RaR̃ = e−B𝜃∕2aeB𝜃∕2 (7)

where RR̃ = 1. The same rule applies when rotating a multivector of any grade. As R is a geometric product between
two unit vectors, we need four real numbers to parametrize it as R = (𝛼,b) = (𝛼, b12, b23, b13), where 𝛼 is the scalar
part and bi𝑗 are the coefficients of the bivectors ei𝑗 . Similarly, a bivector B in 3,0,0 can be parametrized with three real
numbers (c12, c23, c13). In this paper, we will focus on representing rotations in the Euclidean space in terms of rotors (4D
representation) and bivectors (3D representation), and on two kinds of rotor-to-bivector maps, namely, (i) the exponential
map, for which B = −2 log R and (ii) the Cayley transform, for which B = (1 − R)∕(1 + R). For a more detailed analysis,
we refer the reader to Chapters 2 and 4 of Doran et al.24

3 EXPERIMENTS

3.1 Sanity check
3.1.1 Reproducing the experiment
In this section, we reproduce and validate results in Zhou et al,13 confirming the claim that discontinuous representation
lead to large error when learning rotations.

The goal of the sanity check is to use a multi-layer perceptron (MLP) to learn the mapping from rotation matrix M ∈
SO(3) to a given representation  ∈ RD, in which D is the number of DoF associated to , or its dimensionality. Then
the representation  is converted back to an estimate M′ and the closeness between M′ and M is measured. The MLP
architecture is shown in Figure 1. We first tested Zhou's 6D representation along with quaternions, axis-angle, Euler
angles and bivectors.

The network we employed has been kept unchanged from Zhou et al,13 with four dense layers with 128 neurons each
and a Leaky ReLU activation function between them. As a loss function, we adopted either the mean squared error (mse)
or the mean absolute error (mae) between the target and input representation, defined as

mse = 1
D

D∑
i=1

(𝑦i − 𝑦′i)
2 (8)

FIGURE 1 The network employed for the
sanity check. Zhou's approach: learning a
representation (3D or 4D) from the rotation
matrix (9D) [Colour figure can be viewed at
wileyonlinelibrary.com]

http://wileyonlinelibrary.com
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mae = 1
D

D∑
i=1

||𝑦i − 𝑦′i|| (9)

where D, 𝑦 and 𝑦′ are the representation dimensionality, original and predicted representations, respectively. In the case
in which 𝑦 is a bivector, for example, then the 𝑦i's will be the coefficients b12, b23, b13 of the bivectors in 3,0,0; if 𝑦 are
Euler angles, then the 𝑦i's will correspond to the angles 𝛼, 𝛽, 𝛾 . We adopted the mse as it is simple and commonly used in
regression tasks. Only for the 6D representation we employed the L2 distance between rotation matrix M and predicted
matrix M′, defined as

L2 =

√√√√ 3∑
i=1

3∑
𝑗=1

(𝑦i𝑗 − 𝑦′i𝑗)2 (10)

where 𝑦 ≡ M, 𝑦′ ≡ M′ are the original and predicted rotation matrices, respectively. Note that, according to its definition,
the 6D representation can only have the L2 norm between M,M′ as a loss. This is due to two reasons: firstly, because
the main feature of the 6D representation, that is, that the rotation matrix is obtained through orthogonalization of the
6D representation, is implemented within the loss function itself. Secondly, because there is no closed form expression
to represent a rotation matrix as its 6D counterpart (in other words, the mapping g ∶ SO(3) → R6 is fully learned).
This means that the ground truth, when learning the 6D representation, cannot be expressed in 6D, but only as the
original rotation matrix. Note that in Zhou et al,13 all the experiments share the L2 norm as a loss function. We believe
that this is not only a more complex approach, as the mapping g−1 ∶ RD → SO(3) has to be evaluated at each iteration,
but it is also penalizing discontinuous representations (i.e. those representations for which g is discontinuous): we want
to demonstrate that these representation can be learned successfully when this mapping is omitted from the learning
strategy. The optimizer has been kept as Adam, the learning rate to the default value of 0.001, the number of epochs to
E = 100 and the batch size as 64.

The results from Zhou et al13 have been reproduced and validated on a set of 105 rotation matrices with a 67-33 train-test
split and 30% of the training set employed for validation. The maximum, mean and standard deviation of the geodesic
error measured on the testing set are shown in Table 1, along with the loss function employed during training and the
kind of error employed. The geodesic error is defined as the minimal angular distance between two rotations, where the
concept of geodesic is defined in metric geometry as the curve of shortest distance between two points on a manifold.
While different formulations exist in the literature, we will stick to the definition given in Zhou et al,13 expressed as

LM = arccos
(

tr(M′′) − 1
2

)
(11)

Where M′′ = MM′T . Table 1 shows that the 6D representation indeed overcomes the discontinuity issue and outper-
forms significantly the other representations, including the bivector representation that we tested in addition to the others.
Note how, when using mse between quaternions, the matrix-to-quaternion/rotor learning does not converge to a mini-
mum, most likely due to the antipodal symmetry of the representation, meaning that quaternions q and −q represent the
same rotation.25 Our results, however, are in agreement with Zhou's when employing the same L2 loss.

Representation Loss Error Max Mean STD
Euler mse LM 179.67 5.93 8.68
Axis angle mse LM 179.69 4.22 8.79
Quaternion/rotor mse LM 179.99 80.26 44.83
Quaternion/rotor L2 LM 179.40 5.29 8.90
Bivector

(
1−R
1+R

)
mse LM 179.11 4.49 8.54

6D L2 LM 2.64 1.06 0.41
Euler (Zhou et al.) L2 LM 179.95 6.98 17.31
Axis angle (Zhou et al.) L2 LM 179.22 3.69 5.99
Quaternion (Zhou et al.) L2 LM 179.93 3.32 5.97
6D (Zhou et al.) L2 LM 1.98 0.49 0.27

TABLE 1 Average geodesic error (◦), sanity check, M → 
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3.1.2 GA-based sanity check
We believe that the errors shown in Table 1 are specific to the kind of mapping learned rather than intrinsic to the rep-
resentation itself. The maximum 180◦ error, said to come from the discontinuity of the representation, in fact, is present
only when adopting Equation 11 as a metric and when the representation is learned starting from the rotation matrix. We
now proceed to show that the maximum geodesic error is much smaller when keeping the rotations in GA.

We trained the same network to learn the bivector B from the rotor R, either as its Cayley transform or as its logarithm,
and then converted back to estimated rotor R′, where R′ = e−B∕2 or R′ = (1 − B)∕(1 + B) (see Figure 2). We measured
the regression error without passing through the matrix representation, that is, as the angle between the original and
predicted rotors R,R′, respectively

LR = arccos ⟨RR̃′⟩0 (12)

Results are shown in Table 2. Note how comparable results between the 6D representation and the bivector are
obtained when expressing the bivector as the Cayley transform of the rotor, with a mean geodesic error of 1.03◦ for the
rotor-to-bivector mapping and of 1.06◦ for the matrix-to-6D mapping. The bivector, however, only requires 3 DoF to be
learned instead of 6. Note also how the same bivector yields a mean geodesic error about three times smaller when learned
from the rotor (in Table 2) than when learned from the rotation matrix (in Table 1)

3.2 Pose estimation from 3D point clouds
For this task, we trained a network that takes as input a reference and a target point cloud Pr,Pt ∈ RN×3 respectively, where
N is the number of points per point cloud, to predict a representation  ∈ RD of the rotation between the two, where D is
the dimensionality of the representation. These include the rotation matrix (D = 9), the 6D representation (D = 6), Euler
angles (D = 3), the axis-angle representation (D = 3), the quaternion/rotor (D = 4) and the bivector (D = 3).

The network is a slightly modified version of PointNet,26 see Figure 3. We assume that the registration between the
point clouds is known, that is, we know which points in Pr correspond to which in Pt. The input of this network is then the
concatenated point clouds [Pr,Pt] of size N × 6, passed through five layers of 1D convolutions of size 6 × 64 × 128 × 256 ×
1024, and then through three more dense layers of size 512 × 512 × D, where D is the dimensionality of . Concatenating
the inputs prevents us using the Siamese structure of PointNet, that assumes separate inputs through two nets with shared
weights instead. This choice was made to facilitate the learning procedure.

The optimizer has been kept as Adam, the learning rate to the default value of 0.001, the batch size as 32 and the loss to
mae, that for this specific task we empirically verified that it performed better than mse. A Leaky ReLU activation function
has been employed between layers, with the exception of the last layer that uses a linear activation function. The dataset
is composed of 726 airplane point clouds taken from the ModelNet10 dataset,27 with 626 training and 100 testing samples.
Of the 626 training samples, 30% was employed for validation. Each point cloud is composed of N = 3000 points. To each

FIGURE 2 The network
employed for the sanity check.
Our approach: learning the
bivector (3D) from the rotor (4D)
[Colour figure can be viewed at
wileyonlinelibrary.com]

TABLE 2 Geodesic error (◦), sanity check, R → B Representation Loss Error Max Mean STD
Bivector (−2 log R) mse LR 156.05 1.55 5.04
Bivector

(
1−R
1+R

)
mse LR 28.41 7.49 4.43

Bivector
(

1−R
1+R

)
mae LR 16.78 1.03 0.53

6D L2 LM 2.64 1.06 0.41

http://wileyonlinelibrary.com
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FIGURE 3 The modified PointNet for the pose estimation from 3D point clouds problem. Input: concatenated reference and target point
clouds Pr ,Pt ∈ R

N×3. Output: rotation from Pr to Pt with D parameters [Colour figure can be viewed at wileyonlinelibrary.com]

Representation Loss Error Epochs Max Mean STD DoF
Matrix mae LM 33 180.00 6.91 19.76 9
6D L2 LM 51 155.67 8.36 15.14 6
Bivector (−2 log R) mae LR 59 74.56 8.66 7.69 3
Bivector

(
1−R
1+R

)
mae LR 52 104.60 13.21 15.54 3

Rotor mae LR 63 105.50 16.22 17.16 4
Quaternion mae LM 63 166.47 16.42 17.16 4
Axis angle mae LM 47 118.68 18.23 13.68 3
Euler angles mae LM 66 164.96 26.31 29.64 3
6D (Zhou et al.) L2 LM - 179.83 2.85 9.16 6
Matrix (Zhou et al.) L2 LM - 180.0 4.21 9.44 9
Quaternion (Zhou et al.) L2 LM - 179.66 9.03 16.33 4
Axis angle (Zhou et al.) L2 LM - 179.70 11.93 21.35 3
Euler angles (Zhou et al.) L2 LM - 179.67 14.13 23.8 3

TABLE 3 Geodesic error (◦), pose
estimation from 3D point clouds

of the 726 point clouds is associated a random rotation matrix from which we obtained the eight different representations
tested.

Results are summarized in Table 3, ordered by increasing mean geodesic error along with the number of DoF of the
representation. The column ‘Epochs’ specifies the number of training epochs for each representation. Firstly, it can be
noticed that using mae instead of the L2 norm between M and M′, yields a lower error for the matrix representation
compared to the 6D representation, as opposed to findings in Zhou et al.13 It is intuitive to think that more DoF are more
informative than fewer DoF. Secondly, that the 180◦ maximum error is present only in some of the measurements, and not
consistently, for all the representations analyzed. This leads to a maximum geodesic error averaged over five experiments
always below 180◦, also for those representations defined discontinuous by Zhou et al. (e.g. axis-angle, Euler angles, etc.),
for which we would expect an error around 180◦. We believe that the difference between our results and Zhou's results
rely in the different learning strategy and mapping learned, not in the type of representation.

The distribution of the geodesic error over the testing set along with its percentile plot are given in Figure 4, confirming
the superiority of our GA approach. Note how the 75th percentile is achieved at 15◦ for the bivector (expressed as the
logarithm of the rotor) compared to 21◦ and 25◦ for the 6D and the matrix representations, respectively.

Examples of the rotated point clouds through the bivector and the 6D method are given in Figures 5 and 6. These results
show that a pure geometric algebra description with 3 DoF is as good as a representation with 6 DoF, with a simpler loss

http://wileyonlinelibrary.com
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FIGURE 4 Distribution of the geodesic error over the testing set for the proposed representations (left) and related percentile plot (right),
pose estimation problem [Colour figure can be viewed at wileyonlinelibrary.com]

FIGURE 5 Original test point cloud and rotated via predicted bivector representation. Left: best case. Centre: average case. Right: worst
case. Note how the worst case matches the maximum geodesic error in Table 3 [Colour figure can be viewed at wileyonlinelibrary.com]

FIGURE 6 Original test point cloud and rotated via predicted 6D representation. Left: best case. Centre: average case. Right: worst case.
Note how the worst case matches the maximum geodesic error in Table 3 [Colour figure can be viewed at wileyonlinelibrary.com]

function employed and an equivalent geodesic error formulation measured exclusively through rotors, without the need
to employ rotation matrices.

3.2.1 Noisy point clouds
We then studied the case in which Gaussian noise is added to the point clouds. In a real case scenario, in fact, it is safe to
assume imperfect acquisition of samples from a scene (e.g. due to a shaky camera). We restricted the analysis to the two
representations with lowest error in the noiseless case, namely, the (exponential) bivector and the 6D. We added noise
to the reference and target point clouds Pr,Pt, respectively. Noise has been modelled as additive white Gaussian noise
(AWGN) ∼  (0, 𝜎2) with variable 𝜎 = {0.1; 1; 2; 5}. The geodesic error and Euclidean distance measured for the two
representations on the testing set are given in Figure 7.

It can be seen how, in high noise scenarios, the network likely fits to the noise when trying to predict more parameters
of the 6D representation instead of the 3 DoF of the bivector. The average geodesic errors are noticeably higher for the 6D

http://wileyonlinelibrary.com
http://wileyonlinelibrary.com
http://wileyonlinelibrary.com
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FIGURE 7 Average geodesic
error (left) and Euclidean
distance (right) as a function of
the standard deviation of the
noise applied on Pr , Pt [Colour
figure can be viewed at
wileyonlinelibrary.com]

FIGURE 8 The network for the inverse kinematic problem. Input: frames with 31 × 3 spatial coordinates. Output: 31 rotations with D
parameters [Colour figure can be viewed at wileyonlinelibrary.com]

Representation Loss Error Epochs Max Mean STD

Bivector
(

1−R
1+R

)
mse LR 39 168.39 38.46 30.96

Matrix mse LM 84 180.00 37.57 59.58
6D L2 LM 31 179.97 46.88 39.11
Axis-Angle mse LM 104 179.98 58.55 40.32
Bivector, −2 log R mse LR 46 160.06 60.47 27.11
Euler Angles mse LM 53 179.99 61.02 41.63
Quaternion mse LM 63 179.99 63.29 46.63

TABLE 4 Geodesic error (◦), inverse kinematics

representation than for the bivector case as noise is increased. This is also mirrored in the Euclidean distance between
original and predicted point clouds.

The 6D representation is very accurate with little-to-no noise, but it fails when the standard deviation of the noise
increases. The bivector representation, on the other hand, is more tolerant to high noise conditions, showing a consistently
lower geodesic error at a fraction of the required DoF and with a simpler loss function employed during training.

3.3 Inverse kinematics
Lastly, we trained a NN to solve the inverse kinematics problem. The goal is to estimate the rotation from the T-pose to
any arbitrary pose of a skeleton. By T-pose we define the skeleton in standing position and arms stretched out that is
commonly used in computer graphics for calibration purposes. The input of the network takes the 3D positions of the

http://wileyonlinelibrary.com
http://wileyonlinelibrary.com
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TABLE 5 Euclidean distance (cm), inverse kinematics Representation Loss Error Epochs Max Mean STD
Matrix mse LM 84 7.76 4.37 0.68
Bivector

(
1−R
1+R

)
mse LR 39 8.48 4.98 0.79

6D L2 LM 31 9.21 5.48 1.28
Axis angle mse LM 104 9.26 5.53 1.09
Euler angles mse LM 53 9.07 5.58 1.11
Quaternion mse LM 63 9.26 5.71 1.10
Bivector, −2 log R mse LR 46 9.15 6.95 0.75

FIGURE 9 Distribution of the geodesic error over the testing set for the proposed representations (left) and related percentile plot (right),
inverse kinematic problem [Colour figure can be viewed at wileyonlinelibrary.com]

FIGURE 10 Distribution of the Euclidean distance between predicted pose and T-pose over the testing set for the proposed
representations (left) and related percentile plot (right), inverse kinematic problem [Colour figure can be viewed at wileyonlinelibrary.com]

N = 31 joints of a skeleton as P = (p1, p2, p3, … , pN), where pi = (x, 𝑦, z)T . The output of the network are the rotations that
a T-pose skeleton undergoes to reach the input position. The output is expressed as R = (r1, r2, r3, … , rN), with ri ∈ RD,
where D is the dimension of the representation. The rotations are hierarchical, in the sense that the rotation of each joint

http://wileyonlinelibrary.com
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FIGURE 11 Best pose reconstruction in the testing set for the 6D and bivector representations. As expected, best reconstruction is
achieved for poses that don't deviate excessively from the T-pose [Colour figure can be viewed at wileyonlinelibrary.com]

FIGURE 12 Worst pose reconstruction in the testing set for the 6D and bivector representations. As expected, worst reconstruction is
achieved for poses that greatly deviate from the T-pose [Colour figure can be viewed at wileyonlinelibrary.com]

depends on the previous one and on how they are linked to each other. The adopted NN is a four-layer MLP with 1024
neurons per layer (see Figure 8). The problem is formulated as a supervised learning problem, that allows us to use mse
loss consistently with the only exception being the 6D representation.

We used 760 clips from the CMU Motion Capture Database (MoCap).28 From these clips we selected 10000 frames,
with a 67-33 train-test split. 30% of the training set was employed for validation. We centered the position of the root joint
(defined as the midpoint between the two hips) the origin so as to predict solely the rotational component of the joints and
not the translation of the skeleton. The network has been trained with batch size 64. The average geodesic error between
ground truth (from the testing set) and predicted rotation and Euclidean distance of the predicted poses from the ground
truth are displayed in ascending order in Tables 4 and 5, respectively.

Firstly, it can be noticed that there is no perfect correspondence between a low geodesic error and an accurate motion
estimation. Secondly, the difference in Euclidean distance between different representations is small and at most 1.5
cm. The small difference between the representations is probably due to the supervised formulation of the problem. The
bivector expressed as the Cayley transform of the rotor allowed the second best pose estimation after the rotation matrix
in terms of mean euclidean distance. The rotation matrix has been proven to be consistently the best representation for all
three experiments, as expected due to the higher number of DoF. Examples of reconstructed poses for the 6D and bivector
representation are given in Figures 9 and 10.

The distributions over the testing set of the geodesic error and Euclidean distance along with their percentile plots are
given in Figures 11 and 12, respectively. Note how in Figure 11 the 75th percentile is achieved at about 55◦ and 75◦ for the
(Cayley) bivector and the 6D and (log) bivector, respectively. Similarly, in Figure 12, the 75th percentile is at about 4.5 cm
for the matrix representation, 5 cm for the (Cayley) bivector and above 6 cm for the 6D representation.

3.4 Training details
All the experiments have been written as Jupyter notebooks on Google Colaboratory and run on a NVIDIA Tesla K80 GPU
with 12 GB RAM. The machine learning architectures have been implemented via Keras API of Tensorflow, 3D rotations

http://wileyonlinelibrary.com
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FIGURE 13 Validation loss with early stopping of each of the 8 representations in the pose estimation problem (left) and inverse
kinematic problem (right) [Colour figure can be viewed at wileyonlinelibrary.com]

have been handled through the Spatial Transformations package of Scipy while Geometric Algebra operations have been
performed via the Clifford library.29 To implement the L2 loss, which requires a differentiable mapping g−1 ∶ RD → SO(3),
the Transfomation module of the Tensorflow Graphics library has been used. All the notebooks and datasets as used in
this paper are available upon request to the authors.

To guarantee fairness of comparison between different representations in the pose estimation and inverse kinematics
experiments, we regularized the training of the architectures by implementing early stopping with patience of P = 10
epochs. Fixing the number training epochs E to an arbitrary number might, in fact, lead to overfitting for some repre-
sentations, and consequently bias the presented results, hence the reason behind the early stopping. The validation loss
curves for the two experiments are shown in Figure 13. They have been normalized to show convergence rather than their
absolute value. For the sanity check, instead, we fixed E = 100 as no overfitting was observed.

4 CONCLUSIONS

In this paper, we explored the issue of suitable rotation representations in learning problems. We have shown that different
representations might yield significantly different results in rotation regression problems solved via machine learning. We
have proven that certain representations might be more suitable than others according to the specific task to be solved.
We verified that the issue of continuity is indeed present when considering the mapping from the 3 × 3 rotation matrix
to the representation space, and that this issue implies a maximum geodesic error of 180◦ when predicting rotations.
However, a fully GA-based description of the rotation allows us to bypass the continuity issue, yielding results which are
comparable, if not superior, to the continuous 6D representation proposed in Zhou et al.13

The GA approach allows us to have high accuracy on rotation regressions in all of the three toy problems proposed
and it presents several advantages. Firstly, it relies on the broader framework of GA, meaning that there is no need to
introduce a new, ad hoc representation as in Zhou et al13 specifically crafted for learning problems. This allows a more
intuitive problem formulation and a simpler learning strategy, that can employ commonly used loss functions for regres-
sion tasks (mse, mae). Despite its simplicity, we empirically verified that a GA approach yields better results with respect
to the 6D representation and other commonly used representations in the field with a lower number of parameters to be
learned, namely 3 for the bivector as opposed to the 6 of the 6D representation. In addition, bivectors present a closed
form expression that can be easily retrieved from the rotor, as opposed to the 6D representation, that is learned and
cannot be retrieved analytically from the rotation matrix. Moreover, the bivector representation shows enhanced robust-
ness to noise, as demonstrated in the pose estimation from point clouds. In a realistic scenario, in fact, it is likely that
a moving camera might produce noisy measurements. With more DoF, the network may fit to the noise and introduce
larger errors.

We believe that the errors introduced when learning rotations are due to the specific rotation matrix-to-representation
mapping, and not an intrinsic limitation of the representation itself: the type of problem to be solved, the problem for-
mulation, the adopted learning strategy and loss function employed are more important parameters than the kind of
representation used. We believe that representing rotations as bivectors will be particularly useful in complex problems
in which a large number of rotations has to be learned, stored or processed.

http://wileyonlinelibrary.com
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