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LATE-TIME ASYMPTOTICS FOR THE WAVE EQUATION
ON EXTREMAL REISSNER-NORDSTROM BACKGROUNDS

Y. ANGELOPOULOS, S. ARETAKIS, AND D. GAJIC

ABSTRACT. We derive the precise late-time asymptotics for solutions to the wave equation on extremal
Reissner—Nordstrom black holes and explicitly express the leading-order coefficients in terms of the initial
data. Our method is based on purely physical space techniques. We derive novel weighted energy
hierarchies and develop a singular time inversion theory which allow us to uncover the subtle contribution
of both the near-horizon and near-infinity regions to the precise asymptotics. We introduce a new horizon
charge and provide applications pertaining to the interior dynamics of extremal black holes. Our work
confirms, and in some cases extends, the numerical and heuristic analysis of Lucietti-Murata—Reall—
Tanahashi, Ori-Sela and Blaksley—Burko.
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1. INTRODUCTION

1.1. Introduction and first remarks. The existence of black hole regions, namely regions of spacetime
which are not visible to far away observers, is a celebrated prediction of the Finstein field equations. A
rigorous understanding of their dynamical properties is of fundamental importance for addressing several
conjectures in general relativity such as the weak and strong cosmic censorship conjectures as well as for
investigating the propagation of gravitational waves. Important aspects of the black hole dynamics are
captured by the evolution of solutions to the wave equation

(1.1) Oyt =0

on black hole backgrounds. Initial data are prescribed on a Cauchy hypersurface ¥g which intersects the
event horizon HT and terminates at the null infinity ZT, as in the figure below. A first step towards
the non-linear stability of black hole backgrounds is to establish quantitative dispersive estimates in the
domain of outer communications up to and including the event horizon.

event
horizon

study the behavior of ¢

null infinity / clhavi
/ \ and its derivatives

\ A
/ <_\)/ towards the future
Ij,'/ / J I+
e AN
4 AN
4
// E0 \\‘

\ prescribe initial data for

the wave equation on X
FIGURE 1. The initial value problem for the wave equation on black hole backgrounds.

This problem has been extensively studied in both the mathematics and the physics communities.
Quantitative decay rates for scalar fields satisfying (1.1) and all their higher-order derivatives have
been obtained for the general sub-extremal Reissner—Nordstrém and the general sub-extremal Kerr families
of black hole spacetimes (see [49]). We refer to [3,27,45,48,57,58,92,93,103,108] for additional results in
the asymptotically flat setting.
A definitive proof of the precise late-time asymptotics of solutions to the wave equation on the
general sub-extremal Reissner—Nordstréom backgrounds, including the celebrated Schwarzschild family of
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black holes, was obtained in the recent series of papers [9,11,12] confirming, in particular, Price’s heuristics
(for more details and references see Section 1.2).

In the present paper, we focus on another fundamental class of black holes, namely the extremal black
holes. These are characterized by the vanishing of the surface gravity of the event horizon (see also
Section 2.1). Geometrically, this condition has to do with the fact that the Killing normal to the event
horizon coincides with the affine null normal to the event horizon. Extremal black holes play a fundamental
role in’

e astronomy: according to an abundance of astronomical observations, near-extremal black holes
should be ubiquitous in the universe. Such observations concern stellar black holes and supermas-
sive black holes in the centers of galaxies;

e high energy physics: they allow for the study of supersymmetric theories of gravity, black hole
thermodynamics and of quantum descriptions of gravity;

e classical general relativity: they saturate various geometric inequalities concerning the mass,
angular-momentum and charge. Furthermore, they have intriguing dynamical properties with
no analogue in sub-extremal black holes.

The latter intriguing dynamical properties of extremal black holes are the objects of study in this paper.
Specifically, we investigate scalar perturbations of the extremal Reissner—Nordstrém (ERN) one-parameter
family of black hole backgrounds. The corresponding metrics take the following form with respect to the
so-called ingoing Eddington-Finkelstein coordinates (v, r, 6, ¢):

M\?®
(1.2) JERN = — <1 - > dv? + dv @ dr + dr ® dv 4 r%(d6?* + sin? 0dp?),
T

where M > 0 is the mass parameter.
ERN black hole spacetimes are spherically symmetric, asymptotically flat solutions to the Einstein—
Maxwell system

1
Ruu(g) - iR(g) “Guv = TMV(F)a
dF =dxF =0.

Here, T),,(F') denote the components of the energy-momentum tensor of the electromagnetic field F'.
The techniques for establishing decay in time and in fact the precise late-time asymptotics for solutions
to the wave equation on sub-extremal backgrounds break down in the case of ERN. Indeed, a large portion
of the analysis of perturbations of sub-extremal black holes exploits the celebrated redshift effect along the
event horizon. This local version of the redshift effect, which essentially depends on the strict positivity of
the surface gravity of the event horizon (see [46,48]), can be illustrated as follows: consider two observers
A and B entering the black hole region such that A crosses the event horizon first (see Figure 2). Suppose
A emits a light signal that travels along the event horizon and is intercepted by B. Then the frequency of
this signal as measured by B will be “shifted to the red” when compared to the frequency measured by A.

FIGURE 2. The local redshift effect for sub-extremal horizons.

The vanishing of the surface gravity of extremal event horizons means that the redshift effect along the
event horizon degenerates on extremal black holes and hence cannot be used as a stabilizing mechanism. In
fact, it was shown in [13-15] that solutions to the wave equation on ERN satisfy a conservation law along
the event horizon HT. Consider the translation-invariant vector field Y = 8,. Note that Y is transversal
to the event horizon as in the figure below. Consider the advanced time parameter 7 (explicitly defined in
Section 2.2) which is comparable to the Schwarzschild coordinate time ¢ away from the event horizon and
null infinity and denote by S, = H* N {7 = 79} the corresponding spherical sections of the event horizon.

1For more details and an exhaustive list of references for works related to extremal black holes see Section 1.3.
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FIGURE 3. The sections S, of HT and the transversal to H1 vector field Y.

Then, the surface integrals

(1.3) mofy] =~ [ Voo

are independent of 7. Here w = (0,¢) and dw = sinfdfdy. We will frequently refer to Hy[y)] as a
conserved charge for 1. This conservation law is certainly an obstruction to decay for generic initial data
for which Hy[¢)] # 0. It can further been shown that higher order derivatives asymptotically blow up
along H™:

(1.4) [Y¥ |y ~ exHoleh] - 7771 — 400

for k > 2 as 7 — +oo. Here ¢, are constants that depend only on M, k. The growth along H* of
(transversal) derivatives yields a genuine horizon instability of extremal black holes which can in fact be
measured by local observers who cross the event horizon [71,86]. On the other hand, it can be shown that
away from the event horizon 1 and all its derivatives Y*1) decay in time. This means that one may regard
Hj as a type of horizon “hair” associated to the event horizon. We remark that an analogous version of
the horizon instability holds also for scalar perturbations of extremal Kerr [18,87] and in fact for many
other types of perturbations in various settings (see Sections 1.4 and 1.5).

Returning to decay estimates, the following weak decay rate was rigorously established in [15] for
everywhere in the domain of outer communications up to and including the event horizon:

(1.5) < L
T5

Since 1) decays along the event horizon it follows that, in view of the conservation of (1.3), the first-order
transversal derivative Y of ¢ does not decay along the horizon for initial data for which Hy[)] # 0.

The above results do not provide an insight into the precise asymptotic behavior for 1. There is
extensive work in the physics literature regarding late-time asymptotics for scalar fields on extremal
Reissner—Nordstrom via heuristic or numerical methods, see for instance [23,26,32,86,97,98,104,105] and
Section 1.5 for more details. However, there has been no mathematically rigorous proof or derivation of
these asymptotics. In fact, the heuristic and numerical predictions in the physics literature did not provide
the late-time asymptotics in the full spacetime, which remained an open problem and is resolved in the
present paper. Before we give a more precise statement of this open problem, we introduce the following
definition concerning initial data for (1.1):

Definition 1.1. Initial data on the Cauchy hypersurface ¥ are called horizon-penetrating if they
smoothly extend to the event horizon H' such that the conserved charge Ho[)] # 0.

The following problem had been left completely open

Obtain the late-time asymptotics of the radiation field along the null infinity ZT for horizon-penetrating
compactly supported initial data.

The physical importance of the above problem lies in the fact that these asymptotics capture the obser-
vations made by far-away observers of perturbations of the near-horizon region of extremal black holes.
This problem is definitively resolved in the present paper. In fact, in this paper:

We derive and rigorously prove the precise late-time asymptotics for scalar fields on ERN globally in
the domain of outer communications, for a general class of initial data.

In particular, we derive late-time asymptotics along the event horizon H™T, along constant r = ry hyper-
surfaces and along the null infinity Z+. The ezact coefficient of the leading-order terms in the asymptotic
estimate is obtained in terms of explicit expressions of the initial data. See Section 3 for a non-technical
summary of the results and Section 5 for the precise statements of the main theorems. Our results provide,
in particular, sharp upper and lower decay rates for the evolution of scalar fields. Our method is based
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purely on physical space constructions and avoids explicit representations of solutions to the wave equa-
tion. We establish a novel elliptic estimate and a new class of hierarchies of weighted estimates adapted
to the extremal near-horizon geometry.

Our results provide a rigorous confirmation and proof of the numerics in [26,86] and heuristics in [98,105].
For example, [86] was the first work to numerically obtain the following late-time asymptotics along the
event horizon for horizon-penetrating compactly supported initial data:

1

Y|p+ ~ %HOWJ] T

These asymptotics, which were subsequently heuristically derived in [98,105], are indeed rigorously re-
covered here. Furthermore, as mentioned above, our results extend the works in the physics literature in
various directions. Notably, we obtain the asymptotics of the radiation field along the future null infinity
I for horizon-penetrating, compactly supported initial data:

rlze ~ (4MHo[g] — 1)) -

T2

Here Iél)[d)] is the Newman—-Penrose constant of a singular time integral of 1) and depends on the global
properties of the initial data (see Sections 3.1 and 4.1). We remark that the horizon charge Hy[v] of a scalar
perturbation that is initially localized near the event horizon in fact appears in the asymptotic behavior
along Z*. In other words, observations along null infinity (that is, arbitrarily far from the event horizon)
can in principle be used to measure the charge Hy[v] associated to in-falling observers at the horizon. This
might be thought of as a “leakage” of horizon information to null infinity and hence could, in principle,
be measured by gravitational detectors demonstrating a new observational signature for extremal black
holes [10].

Outline of the introduction. We finish this brief introductory subsection with an outline of the remaining
sections in the introduction. In Section 1.2, we review the key mechanisms behind the existence of late-time
tails in the asymptotics of scalar fields on sub-extremal black holes. In Section 1.3 we list various works
which emphasize the importance of the dynamics of extremal black holes and hence serve as a motivation
for the work of the present paper. In Section 1.4 we provide a review of the horizon instability of extremal
black holes and in Section 1.5 we discuss the physics literature that is relevant to our problem.

1.2. Asymptotics for the wave equation on sub-extremal black holes. The following late-time
polynomial tails for solutions to the wave equation with smooth, compactly supported initial data on
Schwarzschild spacetimes were obtained in a heuristic manner by Price [99] in 1972 along constant radius
r = 1o hypersurfaces away from the event horizon

1
(16) ¢|T=7‘0(7—ar = TOaw) ~ ﬁ

Subsequent heuristic and numerical works [20, 74, 83] suggested the following asymptotics on the event
horizon H* and along the null infinity Z*:

1 1
(17) 1/’|H+(7'77“ = 2M,CU) ~ ? 7‘1/)|I+(7'a7’ = OO,CU) ~ -

37 72
Here 7 denotes a global time parameter and w € $2. The following global quantitative estimates which
establish rigorously the above asymptotics were obtained for general sub-extremal Reissner-Nordstrom
spacetimes in [9,11]:

(18) ’1/](77 To, ) + 81[()1)[’(/}] : : ‘ S CTO : \/m #’

73

(1.9)

1
<C- V EEo[w] ! ma

where /Esx,[¢)] are weighted norms of the initial data and the constant I(gl) is given by the following
explicit expression of the initial data on Xg:

(1.10)

IV [yl

rplze (r, ) + 208V [y - ;12

— [ et ([ s s, + g (v~ 7o) ) )
Son{r<ro} M

47 SoNHT ro—oo \ 4 47 Son{r=ro}
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with 0, is an outgoing null derivative and duy, denotes the induced volume form on ¥3. We note that
for compactly supported initial data on the maximal hypersurface {¢ = 0}, the above expression for the

coefficient I(()l)[’l/J] reduces to

M M
V== [ ¢rlde+ = —

— Op rdrdw,
47T SpR 471' {t:O} 1 — %

where Sgr denotes the bifurcation sphere.

Generic initial data satisfy Iél) [¢] # 0 and hence give rise to solutions to the wave equation which decay
exactly like T% This result yielded the first pointwise lower bounds for solutions to the wave equation on
Schwarzschild backgrounds®. In other words, (1.8), (1.9) and (1.10) provide a complete characterization
of all solutions to (1.1) which satisfy Price’s law as a lower bound. We remark that the study of precise
late-time asymptotic expansions is very important in issues related to black hole interior regions and, in
particular, in addressing the strong cosmic censorship conjecture [41-43,50,62,77,88-91].

It is important to emphasize that the approach of [9,11] is based on purely physical space techniques.
On the other hand, the heuristic work of Leaver [83] related the late-time power law to the branch point
at w = 0 in the Laplace transform of Green’s function for each fixed angular frequency. This is consistent
with the results of [9,11], in view of the fact that the geometric origin of the constant Iél)[w] is related
to an obstruction to the invertibility of the time operator T = 0; in a suitable function space (and hence
is related to the w = 0 frequency in the Fourier space). Indeed, restricting (strictly) to the future of the
bifurcation sphere where T' # 0, we have that an obstruction to the invertibility of the operator
T is the existence of a conservation law along the null infinity Z*: For solutions v to the wave
equation (1.1) on Reissner—Nordstrom spacetimes, the limits

I[Y](u) := ﬁ Tlingo . 720, (r) (u, r, w) dw

are independent of the retarded time u. Here, we consider the standard outgoing Eddington—Finkelstein
coordinates (u,r,w) (with w € $?). The associated constant

(1.11) Io[] := Io[](u)

is called the Newman—Penrose constant of 1 (see [96]).

FIGURE 4. The Newman—Penrose constant on Z.

The existence of this asymptotic conservation law is an obstruction to inverting the time operator T,
if the domain of T is taken to be the set of all smooth solutions 1 to the wave equation which satisfy the
condition [r29,.(ry)| € O1(r°) on the initial hypersurface g (see Section 10 for more details).” Indeed, if
there is a regular solution ¥)(*) to (1.1) in the domain of T such that

Ty® =
then we must necessarily have that
Io[] = L[TyM] = 0.

2Note that the sharpness of the decay rate of the time derivative of 1 along the event horizon was first established by
Luk and Oh [88].
3We also refer to Section 2.1 for a definition of this “big O notation”.
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Conversely, if we consider a smooth initial data on a Cauchy hypersurface ¥y which crosses the event
horizon to the future of the bifurcation sphere (see figure below) such that

(1.12) lim 30, (1)) |5, dw < o0,

rT—00 82

which in particular implies that Io[t)] = 0, then, by the results in [11], there is a unique smooth spherically
symmetric solution 1) to (1.1) in the domain of T such that

(1.13) sz(l):i Ydw
4 g2

in j+(20)

FIGURE 5. Time inversion for the spherical mean g of .

Hence, Iy[1)] appears as the unique obstruction to inverting the time operator 7 on the
projection to the spherical mean of ¢. If the Newman—Penrose constant Iy[t)] # 0 then (1.13) has
no solution and in this case it is I[¢)] that appears in the late-time asymptotics of the spherical mean
(see [11]): for example, at fixed r = ry we have that

1

1.14 —
( ) 47 52

1
< CTO "V EEOW . m

We remark that the restriction to the spherical mean is justified by the fact that the non-spherically
symmetric projection :

(.0, Yo — A1) - 2

1
v === [ e,

decays at least like 7735¢ (see [11]), for some small € > 0, and hence does not contribute to the leading
order terms in the late-time asymptotics.

If, on the other hand, (1.12) holds (and hence Iy[¢)] = 0) then by the above result T can be inverted
to produce the time integral (V). In this case, the Newman-Penrose constant Io[w(l)} of v is an
obstruction to acting with 7-' on ¢!, or equivalently, an obstruction to acting with 7-2 on ﬁ fgz .

This obstruction is precisely the origin of the coefficient I(gl) in (1.8) and (1.9), that is
1§71 = Lo

Note that I$"[¢f] is given in terms of the initial data of ¥ by (1.10).
Summarizing the asymptotics for the sub-extremal case, we have:

asymptotics for ¢ in {r < Ro} origin of the coefficient
—4Ig[y] - _%2 Io[¢p] # 0 unique obstruction to inverting 7'
81(51)[1/)] . 7_% Iél) [4] # 0 unique obstruction to inverting 72

In the case of ERN there are additional obstructions to inverting the time operator 7" which
cause many subtle difficulties in obtaining the precise late-time asymptotics (see Sections 4.1
and 5.2).



8 Y. ANGELOPOULOS, S. ARETAKIS, AND D. GAJIC

1.3. Physical importance of extremal black holes. As has already been mentioned in Section 1.1,
extremal black holes are of fundamental importance in general relativity. Let us emphasize that an
understanding of the dynamical properties of “exactly” extremal black holes is relevant also when one
is studying the dynamics of “near-extremal” black holes over large (but finite) time intervals. In this
section we provide a list of references which underpin the intimate connection of extremal black holes with
astronomy /astrophysics, high energy physics and classical general relativity.

Observations of (near-)extremal black holes

Astronomical evidence suggests that near-extremal black holes are ubiquitous in the universe. Various
techniques have been developed to analyze the mechanisms for the formation and distribution of near-
extremal black holes [38,79]. It has been suggested that 70% of the stellar black holes, which have been
formed from the collapse of massive stars, in the universe are near-extremal [109]. Using techniques from
X-ray reflection spectroscopy, it has been shown that many supermassive black holes (whose mass is at
least 1 billion times the mass of the sun) are near-extremal [29,100].

Observational signatures of extremal black holes

Many astronomical conclusions are based on calculations for exactly Kerr spacetimes. However, time
variability might introduce additional observational signatures of extremal black holes, that is features
in the observations that are characteristic to the dynamics of extremal black holes. The near-horizon
geometry provides a great background for probing such signatures. Such signatures can be divided in two
main categories: gravitational signatures [30,69] and electromagnetic signatures [40,70]. The asymptotics
of the present paper derive a new gravitational signature [10] (see the discussion at the end of Section 1.1).

Supersymmetry, holography and quantum gravity

Extremal black holes are often supersymmetric as a consequence of the BPS bound. They have zero
Hawking temperature and hence play an important role in understanding black hole thermodynamics and
the Hawking radiation [76]. Quantum considerations of black hole entropy in five-dimensional extremal
black holes and applications in string theory can be found in [59,107]. One can define a near-horizon
limit [66,101] which yields new solutions to the Einstein equations with conformally invariant properties.
These limiting geometries have been classified in [37,81,82]. On the other hand, the conformal properties
of the near-horizon geometries allow for a description of quantum gravity via a holographic duality [73].

Uniqueness and classification of extremal black holes

Extremal event horizon enjoy various rigidity properties [78,84]. Global uniqueness results for extremal
black holes in various settings have been obtained in [2,36,60]. We also refer to interesting examples of
higher dimensional extremal black holes.

Extremal black holes as mass minimizers

Extremal black holes saturate geometric inequalities for the total mass, angular momentum and charge
[35,51] at higher dimensions [1]. They also saturate quasi-local versions of these inequalities for the mass,
angular momentum and charge contained in the black hole region [52, 54].

Quasinormal modes of extremal black holes

Starobinski [106] first investigated the effects of superradiance and extremality. Extensions for quasinormal
modes of extremal Kerr were obtained in [55] where a sequence of zero damped modes was computed.
Subsequent analysis was presented in [4,67]. The most precise analysis of quasinormal modes in extremal
Kerr has been presented in [111]. Gravitational modes of the near extremal Kerr geometry were studied
in [56].

Extremality and non-linear effects

An intriguing aspect of near-extremal black holes is that they exhibit turbulent gravitational behavior [110],
that is energy is transferred from high frequencies to low frequencies. Non-linear simulations of formation
of binary systems of near-extremal black holes were presented in [85]. Furthermore, numerical simulations



LATE-TIME ASYMPTOTICS ON ERN 9

of the evolutions of the Einstein-Maxwell-scalar field system in a neighborhood of extremal Reissner—
Nordstrom were studied in [95]. A general theory of evolution of extremal black holes was developed
here [28]. For other non-linear works pertaining to the dynamics of extremal black holes we refer to [5,6,25].

1.4. The horizon instability of extremal black holes. The wave equation on ERN in ingoing Eddington—
Finkelstein (v, 7,6, ¢) coordinates takes the form

(1.15) Oy = DO,0,) + 20,0, + %zmz + ROy + A =0,

where D(r) = (1 — %)2 and R(r) = 42 4 2D and A = L Aq., where Ag: is the standard Laplacian on
the round unit sphere S2.

We will review here the decay, non-decay and blow-up results for (1.15) that were established in [8,13-15]
and describe the “horizon instability of extremal black holes”. We consider smooth initial data on a
spherically symmetric Cauchy hypersurface ¥y which crosses the event horizon and terminates at future
null infinity. Recall that the event horizon is the hypersurface given by

HY ={r=M}
Let F: denote the flow of the stationary Killing vector field T' = 9, and let 3, = F(Xg).

1.4.1. Conservation laws along the event horizon. Consider the spherical sections S; = X, NH*1 of the
event horizon. Restricting to the spherical mean of the wave equation (1.15) on the event horizon yields

D </ (20,0 +2M 1) M? dw) =0.
S-
Since 9, is null and normal to the event horizon H™, it immediately follows that the surface integrals
M2
(1.16) Hy[y] := —4—/ Or (1) dw
I8 S,

are independent of 7. Here dw = sin 8dfdy is the volume form of the unit round sphere $? with w = (6, ).
This gives rise to a conservation law along the event horizon. Surprisingly, an analogous conservation law
holds for each projection on the eigenspace of the angular Laplacian. Indeed, it can be shown that if

1y denotes the projection of 1) on the eigenspace Ey of A with eigenvalue _13(2%1)7 then the following
derivative 1, of order £ + 1 that is transversal to H™T,
o (ra,« (rwg)) ,
is constant along the null generators of the event horizon.
It is important to emphasize that the derivative 9, is translation-invariant (since [0,,0,] = 0) and

hence the above conservation laws provide highly non-trivial obstructions to decay for all the geometric
quantities associated to a scalar field. Summarizing we have the following;:

Hierarchy of conservation laws on ERN: for every fized angular frequency ¢ we have a conservation
law along the event horizon involving exactly the first £ + 1 translation-invariant, transversal derivatives
of the scalar field on the event horizon.

An analogue of this hierarchy for axisymmetric solutions on extremal Kerr was obtained in [18]. Lucietti
and Reall [87] generalized this hierarchy for electromagnetic and gravitational perturbations of extremal
Kerr which they used to derive a gravitational instability of extremal Kerr. We remark that these con-
servation laws are a feature characteristic to extremal event horizons. Indeed, it was shown in [19] that
non-extremal horizons do not admit conservation laws associated to solutions of the wave equation. Fur-
ther extensions of these conservation laws have recently been provided in [68].

1.4.2. The trapping effect on the event horizon. Let N be a translation-invariant future-directed timelike
vector field defined globally in the domain of outer communications up to and including the event horizon.
This vector field will be used to measure the energy E.,(s) of affinely-parametrized null geodesics (s):

E,(s) = g (7). V),
dy

where 7(s) = $L(s). A key observation is that for sub-extremal black holes the energy E. (s) of the null
generators of the event horizon with positive surface gravity £ > 0 decays exponentially in s. On the other
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hand, the energy E,(s) of the null generators of the event horizon of ERN remains constant for all s.
This is intimately related to the geometric characterization of extremal horizons, namely that the Killing
normal vector field to the event horizon gives rise to an affine foliation of the event horizon. Sbierski [102]
used the Gaussian beam approximation and the above result to show that there are solutions to the wave
equation on ERN that are localized in a neighborhood of H™ with almost constant energy across 3, for
arbitrarily large 7. This result immediately yields an obstruction to proving local integrated estimates

bounding
rijel = | ( / aw) dr
0 S-n{r<M+e}

for some arbitrarily small e > 0. Specifically, Sbierski’s result shows that the above integral cannot be
bounded purely in terms of the initial energy of ¢ on ¥3. A Morawetz estimate bounding T'1[¢)] was
established in [8] where it was shown that such an estimate requires

(1) the finiteness of a weighted higher-order norm of the initial data, and
(2) the vanishing of the conserved charge Hg[t)).

Furthermore, it was shown that for smooth and compactly supported initial data, T'1[t)] is infinite if and
only if Holt)] # 0.

The first requirement above is reminiscent to that of the Morawetz estimates on the photon sphere
which accounts for the high-frequency solutions localized on the trapped null geodesics. On the other
hand, the second requirement is a global (low-frequency) condition on all of the event horizon, that is on
all the null generators of the event horizon. This shows that the event horizon on ERN exhibits a global
trapping effect.

Another characteristic feature of the event horizon on ERN is the following stable higher-order trapping
effect: For generic smooth and compactly supported initial data with support away from the event horizon,
the following higher-order integral

roful = [ "y ) d
= [ (/ o] ¢|> r

is infinite, for all k > 2. For more details see [8].

Bounding the integral in time of the energy flux through 3, is further obstructed by the standard
photon sphere which is an obstruction present for general black hole spacetimes. We refer to [15,48] for
the details.

1.4.3. Energy and pointwise boundedness and weak decay. An important aspect of ERN is that the Killing
vector field T' = 0, is globally causal. That implies that the conserved energy T-fluxes are non-negative
definite. However, since T is null at the horizon, the T-flux £T[¢] along X, degenerates at the horizon.

Schematically, we have
M\ 2
o~ [ (1-30) - jowdus..
b

.

Clearly, we have
&L W] < &L [v).

The above estimate was also used in [53] where various boundedness results where shown for the wave
equation on ERN away from the event horizon. One can go beyond such boundedness estimates and derive
decay for the T-flux (see [15]):

T 1
(1.17) EL W< C = Elyl.
where FE[t)] is an appropriate weighted higher-order energy norm of the initial data. Using this type of
estimate, it can be shown that 1) satisfies the following pointwise decay estimate

1
(1.18) (V15 ngrzngy < Cro - =~ Y]

away from the event horizon r > rq > M.
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To obtain non-degenerate control of ¢ and its derivatives along the event horizon, we consider the
energy flux £V[1)] associated to the timelike vector field N which satisfies the positivity property

e~ [ 1oufdus..
S,
It turns out that there is a uniform positive constant C such that (see [14])

&3 W] < C- &5 [v].

On the other hand, no decay estimate was known for JV. Nonetheless, via an interpolation argument, it
can be shown that v does decay along the event horizon:

(1.19) s < C -~ - B[]

T5

The decay estimates (1.18), (1.19) were the only decay rates that had been proved rigorously for scalar
fields 1 on ERN. In this paper, we derive the sharp rates (upper and lower bounds); in fact we derive the
precise late-time asymptotics for . See Section 3.

1.4.4. Energy and pointwise blow-up. As we shall see, the decay rates in (1.18), (1.19) are not sharp.
However, they do suggest that the decay rate of 1 along the event horizon is slower than the decay rate of
¥ away from the horizon. This statement, which rigorously follows from the main results of the present
paper, is a precursor of the horizon instability of ERN. Recall that with respect to the spherical sections
S, of HT, the spherical means —ﬁ fST (8r1/1 + M’lw) dw are conserved. On the other hand, for generic

iitial data on %o we have —5- [ (9.9 + M~') dw = g Ho[t)] # 0. Hence, in view of the estimate
(1.19), we conclude the following

Non-decay: generically, the spherical mean of the transversal derivative —ﬁ fS Orp does not decay
along the event horizon of ERN. In fact,

1 1
_477/578T¢dw — WHQ[’(/J], as T — oo.

The non-decaying transversal derivative along the event horizon accounts for the different decay rates of
) on and away from the horizon HT. On the other hand, it can be shown that 0,1 decays along the
hypersurfaces {r = ro > M} away from the event horizon H*. It was observed in [86] that the above
non-decay result implies that the component T,..[¢)] of the energy-momentum tensor of the scalar field i
does not decay along HT. In fact, we have

i L Torlvl e > S (o))

Since, T,[1)] is related to the energy density measured by an observer crossing H™, the authors of [86]
concluded that the conserved charge Hy[y)] might be thought of as “hair” of the extremal event horizon.
It is important to remark that the results of the present paper yield a new way in potentially measuring
this hair from observations along null infinity. See Section 3.

By acting with 9, on the wave equation (1.15), restricting on the event horizon and using the previous
results we conclude the following:

Blow-up: the spherical mean of higher-order transversal derivatives —ﬁ fS OFp dw with k > 2 gener-
ically blows up along the event horizon of ERN. In fact,

1
E/ \8,’?1/}|dwzck~H0[w}-Tk_l, as T — 00.
s,

Furthermore, the following higher-order energy blow-up result generically holds (see [15]):
EY [NFY] — oo

forall k> 1 as 7 — oo.

We remark that an extension of the above instabilities to linearized electromagnetic and gravitational
perturbations of ERN was presented in [86] and [104]. Nonlinear extensions have been presented in
[6,17,25,75,95]. For higher-dimensional extensions we refer to [94]. For a more detailed discussion of
works in the physics literature, see the next section.
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1.5. Physics literature on the dynamics of extremal Reissner—-Nordstréom. In this section we
present results in the physics literature which concern the late-time asymptotics for ERN.

1.5.1. The Blaksley—Burko asymptotic analysis. The first work on asymptotics of scalar fields on ERN
goes back to 1972 when Bic¢dk suggested in [22] that scalar fields 1y on ERN with non-vanishing Newman—
Penrose constant and with angular frequency ¢ decay with the rate ﬂ% However, this result was shown to
be false in 2007 when Blaksley and Burko [26] performed a more accurate heuristic and numerical analysis.
Their work considered the following two types of initial data (see Section 1.1 for the relevant definition):

e Type I: horizon-penetrating and null-infinity-extending,
e Type II: Supported away from the horizon and compactly supported.

Define p € {0,1} such that g = 0 for data of Type I and g = 1 for data of type II. The authors argued
that the sharp decay rates for the scalar field are the following:

o Away Ht and Z%: |ylr—r,>n decays like ﬁ,

o On HT: |thy|y+ decays like —irr,

e On ZT: |ripg|z+ decays like T”%W
Reference [26] did not obtain the precise late-time asymptotics in the above two cases. Moreover, [26]
did not study other types of initial data, and in particular, did not study horizon-penetrating compactly
supported initial data.

1.5.2. The Lucietti-Murata—Reall-Tanahashi asymptotic analysis. The asymptotic analysis of Lucietti—
Murata—Reall-Tanahashi [86] was the first work to numerically investigate the precise late-time asymp-
totics for scalar fields on ERN. The present paper is highly motivated by [86].
A major result of the numerical analysis of [86] is the following precise late-time asymptotic behavior
of scalar fields with compactly supported initial data
log T

——, as T — 00,
o

(1.20) M - lygs ~ 2Holy)] - % + 4M Ho[y)]

Furthermore, the authors suggested, using a near-horizon calculation, that the following precise late-time
asymptotic behavior off the horizon along r = rg > M holds:

4M
(1.21) Yl rmro} ~ —
Moreover, the authors, extrapolating from numerical simulations for the ¢ = 1,2 angular frequencies,
suggested the following sharp rate off the horizon along r = r¢g > M

1
L= — 00.
o[¥] ) 88T 00

(1.22) |Yelfr=r,y decays like Tl

On the other hand, the numerics of [86] suggested the following asymptotic expression in the case of data
with Hg[)] =0

C
(1.23) Yly+ ~ 7—20, as T — oo.

However, the following points were not addressed in [86]:
e The constant Cy in (1.23) was not explicitly computed in terms of the initial data.
e The precise asymptotic estimate (1.20) was only obtained for compactly supported data, and not,
in particular, for data with non-vanishing Newman—Penrose constant.
e The asymptotics of the radiation field rir+ along the null infinity Z+ were not investigated (in
the Hy[y)] # 0 case).
In the present paper, we address all the above issues (see Section 3).

Another important question that was first raised and investigated in [86] is whether one can trigger the
horizon instability using ingoing radiation; that is, using perturbations which are initially supported away
from the event horizon and hence necessarily satisfy Hy[¢)] = 0. The authors found the following stability
results

|3+ — 0, |0pthly+ — 0: along HT,

and uncovered the following (generic) instability behavior
|024|30+ = 0 |031h|y+ — o0 along HT.

This instability behavior, which has also been discussed in [24], was subsequently rigorously proved in [16].
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Reference [86] also investigated the late-time behavior of massive scalar fields which solve Og¢ = m2.
For such massive fields it is widely believed that the late-time behavior is dominated by the w = +m
frequencies (instead of the w = 0 frequency for massless fields on sub-extremal black holes) which results in
a damped oscillatory late-time behavior. In particular, massive fields and all their derivatives are expected
to decay like 776 in the domain of outer communications (up to and including the event horizon) of a
sub-extremal black hole. The results of [86] suggest that this remains true on ERN backgrounds off the
horizon (a result that had also been seen in [80]). On the other hand, [86] found that the horizon instability
persists for a discrete set of masses m?2. Specifically, if (mM)? = n(n + 1) then the authors argued that

|08 p e = 0 |02 e — 00 : along HT.
More generally, the numerical analysis of [95] suggests the following asymptotic behavior for general masses
m?2:

d%4p  behaves like rhamv (mM)er%,

for all £ > 0. A rigorous proof of the above statements for massive fields remains open.

1.5.3. The Ori-Sela asymptotic analysis. Ori [98] and Sela [105] used the conservation laws that hold for
each fixed angular frequency ¢ (see Section 1.4.1) to heuristically obtain the precise late-time asymptotics
of 1y for horizon-penetrating compactly supported initial data. Specifically, they found that along r =
ro > M away from the horizon the following holds:

r 1
(r— M) 720427

Vel (rargy ~ (—4) T eM3H? as T — 00,

where e is an explicit expression of the conserved charge Hy[v] for 1p,. Hence, the above result improves
the statement (1.22) of [86].
Furthermore, Ori and Sela derived the precise late-time asymptotics of ¥, along the horizon

Yolay+ ~ e(—M)é‘|r1 . as T — 00,

PN
where e is as above. The recent Fourier based work of Bhattacharjee et al [21] supported the validity of
the above asymptotics.

On the other hand, no asymptotic estimate was derived for the radiation field riy|z+ along null infinity.
Furthermore, the authors did not obtain precise late-time asymptotics in the case where the initial data
are supported away from the event horizon and did not provide an explicit expression for the constant C
that appears in the asymptotic statement (1.23).

Sela [104] subsequently used the decay rates obtained in [98,105] in order to obtain decay rates for the
coupled electromagnetic and gravitational system for ERN.

1.5.4. The Murata—Reall-Tanahashi spacetimes. In a very beautiful work [95], Murata, Reall and Tana-
hashi studied numerically the fully non-linear evolution of the horizon instability of ERN. Specifically, the
authors of [95] investigated perturbations of ERN in the context of the Cauchy problem for the spher-
ically symmetric Finstein-Mazwell-(massless) scalar field system. The authors studied various types of
perturbations and obtained a great number of results, all of which are consistent with the linear theory
described in the previous sections. Specifically, the authors numerically showed that the maximum size
of higher-order derivatives of the first and second order mass perturbations does not go to zero as we
let the size of the initial perturbation go to zero. They also numerically showed that the situation gets
more dramatic when we consider “smaller” perturbations of ERN which evolve to what the authors called
dynamically extremal spacetimes. Such spacetimes do not contain trapped surfaces. In this case, the
perturbations do grow unboundedly along the event horizon. This may be interpreted as a remnant of the
horizon instability in the non-linear theory.

1.5.5. Addendum: The Casals—Gralla—Zimmerman work on extremal Kerr. Casals, Gralla and Zimmer-
man [32] were the first to derive the late-time asymptotics along the event horizon for v, on extremal
Kerr, where 1, denotes that projection on the m’th the azimuthal frequency. Their semi-analytic work,

which is based on the mode decomposition method of Leaver [83], yielded that |1, |4+ decays like % and

that 01|+ behaves like /7. Further extensions have been provided in [31,33,71,72,75,112].
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1.6. Outline of the paper. The geometry of ERN along is presented in Section 2. The types of initial
data for the wave equation that we will consider are introduced in Section 2.3. A non-technical summary
of our results and various applications are presented in Sections 3 and 4, respectively. The main theorems
and an overview of the ideas of the proofs can be found in Section 5. The weighted hierarchies are derived
in Sections 6 and 7 and pointwise and energy decay results are obtained in Section 8. The precise late-time
asymptotics are derived in Sections 9-13.
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2. THE GEOMETRY OF ERN

2.1. The ERN metric. The extremal Reissner—Nordstrém spacetimes (M, grr), M > 0, are given by
the following manifold-with-boundary
M]\/[ =R x [M,OO) X 82,
equipped with the coordinate chart (v, 7,0, @), where v € R, r € [M, 00) and (0, ¢) is the standard spherical
coordinate chart on the round 2-sphere S2. and the following Lorentzian metric
gn = —D(r)dv? + 2dvdr + r*(d6? + sin? 0dp?),
where
D(r)=(1—-Mr~ ")
We denote the future event horizon as the boundary H* = My, = {r = M}. We will also denote
T:=0,, Y :=0,.
Note that Y is transversal to the event horizon. For ERN we have
VT =0

on the event horizon. This means that H* has vanishing surface gravity in ERN.
We next introduce the tortoise coordinate r* by

- M
ro(r)=r—M—M*(r— M)~' +2Mlog (r i ) :

The double null coordinate chart (u,v,0,¢) in the manifold M =M \ OM, is given by
u=v—2r(r).
with u,v € R. In double null coordinates, the extremal Reissner-Nordstrém metric can be expressed as
g = —D(r)dudv + r?(d6? + sin® Odp?).
If we consider the vector fields
L:=0, and L =209,
with respect to the double null coordinates (u, v, 8, ¢), then we have the relations

1 1
L=20, =D T L=--Do,..
0 +2 0, 5 0

Finally, we define t = (u+v)/2 and introduce the coordinate system (¢, r*,8, ¢) with respect to which the
metric takes the form

gm = —D(r)dt* + D(r)d(r*)? + r*(d6* + sin® 0de?).
Note that the vector field T' := 0, is Killing and timelike everywhere away from the event horizon.

The null hypersurfaces C; = {u = 7} terminate in the future (as r,v — oo) at future null infinity TT.
We will occasionally use the notation vy, (v'), with ro > M, to indicate the value of the v coordinate along
the hypersurface {r = o} at u = «/, and similarly, u,,(v’) to indicate the value of the u coordinate along
the hypersurface {r = o} at v = v’.

We use the notation Vg2 for the covariant derivative with respect to the metric of the unit round
2-sphere and Ag: for the corresponding Laplacian.

We will also use the following “big O notation” with respect to u, v and r. We use the notation
Ok (r~!) to indicate functions f on (a subset of) My, that satisfy the behavior [Y*f| < Cr=f=* where
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C > 0 is a constant that is independent of f and k € Ng, [ € Z. Similarly, we use the notation Oy (u~"!)
and Oy (v™") when |ka| < Cu=%F and |LFf| < Cv=*=F, respectively. Finally, we will also employ the
notations Oy,((v —u)~!) and O ((u — v)™!) to group functions f that satisfy, for ky + ko = k, k1, ko € No,
|LM Lk f| < Clo—u|~*% and |L™ L*2 f| < Clu—v|~*~*, respectively. When k = 0 in the above notation,
we will omit the subscript in Ok.

2.2. The spacelike-null foliation. Let ¥y be a spherically symmetric hypersurface which crosses the
event horizon and terminates at null infinity:

Yo = {v = vz, (1)},
where vy, : [M,00) = R is a function defined as follows

r

(21) Uy, (T) = Umin T /M h(?“/) drla

where we take vyin € Ry to be a constant and h : [M, 00) — R>( is a non-negative function satisfying
0<2D7Y(r) = h(r) =01,
for some constant n > 0. We will take vs, () to be monotonically increasing function. Moreover, uy, (r) :=
uls, (r) = vy, (1) — 2r.(r) satisfies deO = h(r) —2D7(r) <0, so ug,(r) is a monotonically decreasing
function. For convenience, we will assume that ¥ satisfies the following symmetry condition:
(t,r*) € g = (t,—1r") € Xy.

This condition is here imposed only for convenience because it simplifies the expressions of various new
quantities that we introduce in this paper; our results apply for general initial hypersurfaces ¥ as well.
An important example of such a hypersurface is defined as follows: Let M < ryy < 2M and rz > 2M such
that r*(ry4) = —r*(rz). Then we may further assume that

Son{r <ry} :NS”‘ ={v=uvtN{r <ry},
Son{r>rr} =Ng :i={u=ue} N{r>rz},

with ug, vy > 0.
Let F, denote the flow of the stationary vector field 7' where the time function 7 : J*(3g) = R>¢ is
defined as follows
Tlz, =0,
T(r)=1.
Note that for all 7 > 1 we have
T~vforr<ry, T~v~uforry <r<rz, T~uforr>rz.
We define the following foliation of the future R = J*(3) of Xo:
R =Ur>0X; = Fr(Zo);

see Figure 6.

We use the notations dus, and du, to indicate the natural volume form on ¥, with respect to the
induced metric, where on the null parts A7t and NZ we take this volume form to be r?dwdu and r?dwdv,
respectively, where dw = sin 8dfdp. Similarly, we denote the normal vector field to ¥, with ny,_ and n,,
where we take the normal to N7t and N'Z to be L and L, respectively.

FI1GURE 6. The spacelike-null foliation 3.
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It will be useful to moreover introduce the following corresponding partition of the spacetime region R:
R=A"UBUAL,
where
A =R {r>ry}, B:=Rn{ry<r<rz}, AL =R0{r<rr};

see Figure 7.

FIGURE 7. The regions A", B and AZ.

2.3. Cauchy data of Type A, B, C and D.. Recall that ERN admits two independent conserved
charges: 1) the horizon charge® Hy[t)] given by (1.16), and 2) the Newman-Penrose constant Iy[¢] at null
infinity given by (1.11). It is important to emphasize that the values of Hy[y)] and Iy[¢)] depend only
on the initial data of 1) at the event horizon H* and at null infinity Z*, respectively. Hence, compactly
supported initial data necessarily satisfy Iy[t)] = 0 whereas data for which Iy[¢)] # 0 are necessarily not
compactly supported. Similarly, data supported away from the horizon necessarily satisfy Hy[y)] = 0.
Recall Definition 1.1 according to which data which satisfy Hy[t)] # 0 are called horizon-penetrating. We
also introduce the following;:

Definition 2.1. Initial data on a Cauchy hypersurface %o are called null-infinity-extending if the
Newman—Penrose constant Iy[y] # 0.

We distinguish the following four types of initial data:
Type A: Compactly supported data but horizon-penetrating.

These data should be thought of as local data in the sense that they reflect perturbations in a neigh-
borhood of the event horizon.

Type B: Compactly supported data that is supported away from the event horizon.
These data correspond to compact perturbations from afar, that is away from the event horizon.
Type C: Null-infinity-extending and horizon-penetrating data.

These data correspond to global perturbations with non-trivial support across the whole initial hyper-
surface ¥g. In the physics literature, such data are said to have an “initial static moment”.

Type D: Null-infinity-extending but supported away from the horizon data.

These data correspond to perturbations from afar extending all the way to null infinity.
In summary we have the following table:

Data Hy Iy

Type A | #0 | =0

Type B ] =0 | =0
TypeC | #0 | #0
TypeD | =0 | #0

TABLE 1. Types of initial data and the associated conserved charges Hy, Ip.

As we shall see, each of these types requires a separate treatment and exhibits different asymptotic
behavior.

4The importance of the horizon charge Ho[y] for the dynamics of ERN has been discussed in Section 1.4.
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3. A FIRST VERSION OF THE MAIN RESULTS

In this section we will present the main theorems of the present paper. We will first present a non-
technical version of the results and then in Section 4 various applications of our results. Finally we will
present the rigorous statements of the main theorems in Section 5.

We first introduce the notion of a new horizon charge which plays a fundamental role in our study of
the dynamics of ERN.

3.1. The new horizon charge Hél)[w]. We introduce the dual scalar field ¢ of 1 as follows

~ M
3.1 t,r*,0,0) = ——(t,—r*,0,9).
( ) 11[}()T7 7¢) T—M¢(7 T? 7¢)
First observe that duality is self-inverse: zz = 1. Furthermore, ¢ satisfies the wave equation (1.1) if and
only if its dual v satisfies (1.1). This duality is motivated by the Couch—Torrence conformal symmetry [39]
of ERN. References [24,87] showed that this duality can be used to relate the horizon charge with the
Newman—Penrose constant as follows:

Holy)] = Io[¢)].
If the Newman—Penrose constant vanishes Iy[t)] = 0 then the following expression
(3.2)
M M M 2
I(l)W] == Yridw+ lim —/ ny, (V)dus, + —/ (¢ — —r@v(m/z))r?dw ,
0 4 SoNH* ro—oo \ 47 Son{r<ro} 0 0 Ar Son{r=ro} M

is finite and conserved®. See the discussion in Section 1.2 and for more details in [9]. We refer to Iél)[w]
as the time-inverted Newman—Penrose constant. Note that Iél)[d)] is only defined for initial data of type
A and B.

In the case where Hy[¢)] = 0 we introduce the following quantity

(3.3) H§V[w) = 1§V 14).

We will refer to Hél)[w] as the time-inverted horizon charge. Clearly, Hél)[w] is only defined for initial
data of Type B and D.

For a discussion on the geometric importance of the constants H(()l) [¢] and I(()l) [¢] and their role in the
analysis of the present paper see Section 4.1.

3.2. The late-time asymptotics. We rigorously derive the late-time asymptotics solutions to the wave
equation (1.1) on ERN. We next summarize our results.

3.2.1. Asymptotics for Type C perturbations. We first consider global perturbations of Type C. These
perturbations satisfy Hy # 0 and Iy # 0. Recall from Section 1.5 that the heuristic and numerical
work [26] argued that the decay rate of rp is 771, 772 or 771 along H™, {r = ro} and ZT, respectively.
However, precise late-time asymptotics for this type of perturbations were not known. The non-vanishing
of the conserved constants Hy and I might seem to suggest that they appear in a potentially complicated
way in the asymptotics for ¢. In fact, [86] conjectured that both Hy and Iy appear in the asymptotics of ¢
along the event horizon H*. In this paper, we derive and rigorously prove the precise late-time asymptotics
for scalar perturbations of Type C. We falsify the above conjecture by showing that the asymptotics along
the event horizon are independent of the Newman—Penrose constant Ij:

log T

72

(34) T¢|H+ ~ 2H0[’l/1] . % + 4MHO[’(/}] . as T — OQ.

On the other hand, we show that both constants Hy and Iy appear in the leading-order terms for the
late-time asymptotics of 1|f,—y,y along r = ro hypersurfaces away from the event horizon (ro > M ):

4M 1
TMHO[z/J])-TQ as T — 00.

The proof of (3.5) is particularly subtle since both the horizon region and the null infinity region contribute
to the asympotics of ¥|{,—,,} via the constants Hy and Iy, respectively. This is in stark contrast with the
sub-extremal case (see Section 1.2) where the dominant terms originate only from the null infinity region.

(3.5) V| (r=ro} ~ (410[1/}] +

S5that is, it is independent of the choice of the hypersurface 3g.



18 Y. ANGELOPOULOS, S. ARETAKIS, AND D. GAJIC

Note that the term % in front of Hy is itself a static solution of (1.1) on ERN. We remark that in
order to show the asymptotics (3.5), we need to derive first the asymptotics for the radial derivative® 0p

of ¢ along X:

(3.6) 00l tr—ro} ~ —%HOW] . 712 A

The crucial insight of (3.6) is that the leading-order asymptotics of 0,9|(r=r,} are independent of Iy for

all values of ro > M ! This is somewhat surprising; it shows that, from the point of view of the derivative

0pv, the event horizon is, in a sense, more relevant than null infinity. Furthermore, note that the decay

rate of 0,1 (p=r,} is only 772 which is equal to the decay rate of Y|{r=ry}. This is again in stark contrast

with the sub-extremal case where 9,9|(,—,} decays like T3,
We obtain the following asymptotics along null infinity Z+:

1 1
(3.7) rlze ~ 2Uo[Y] - — +4MIo[y] - ngQT as T — 00

Note that these asymptotics are independent of the horizon charge Hy.

3.2.2. Asymptotics for Type A perturbations. We next consider local horizon-penetrating perturbations
of Type A. These perturbations, which satisfy Hy # 0 and Iy = 0, are the most physically relevant since
they represent local perturbations of ERN. In the physics literature, they are said to describe outgoing
radiation.

The asymptotics (3.4) along H¥, and (3.5) and (3.6) along {r = r¢} hold in this case as well, where in
(3.5) we have to use that Iy = 0. On the other hand, the asymptotics along null infinity for the radiation
field riz+ cannot be read off from (3.7). In this case, we derive the following asymptotics

(3.8) il s ~ (4MH0[¢] - 215%/;]) : % as T — 0o

Here I(gl) is the time-inverted Newman—Penrose constant given by (3.2). We observe that for Type A
perturbations the dominant term in the asymptotics of the radiation field r|z+ contains the horizon
charge Hy. Such perturbations exhibit the full horizon instability

1 1
(3.9) Ortplyr ~ _WHOWL 63¢|H+ ~ WHOWJ} -7 @ along H+,

with respect to (v,r) coordinates, the origin of which is the charge Hy (see Section 1.4 for a review).
Therefore, the precise asymptotics (3.8) yield a way to potentially measure the horizon charge Hy and
hence detect the horizon instability of extremal black holes from observations in the far away radiation
region.

3.2.3. Asymptotics for Type B perturbations. Perturbations of Type B constitute another very important
class of physically relevant perturbations. Such perturbations are initially compactly supported and sup-
ported away from the horizon and hence satisfy Hy = 0 and Iy = 0. They represent local perturbations
from afar. In the physics literature, such perturbations are said to describe ingoing radiation.

Recall from Section 1.5.2 that Lucietti-Murata—Reall-Tanahashi [86] numerically demonstrated that
such perturbations exhibit a weaker version of the horizon instability, namely

(3.10) [lu+ =0, |0p]ar =0, 92|+ + 0 |92l — 00 along HT.

Perturbations of Type B which exhibit the above behavior where rigorously constructed in [16]. However,
[16] did not provide a necessary and sufficient condition for perturbations of Type B so that (3.10) holds.
In this paper, we provide an answer to this question. In fact, we provide the precise late-time asymptotics
for all perturbations of Type B.

Recall that the horizon charge H(gl) [¢] given by (3.3) which is well-defined for all Type B perturbations.

We prove that the weak horizon instability (3.10) holds if and only if Hél)[d)] # 0. Specifically,
1 3

(3.11) R~ sy W, O~ S HVW T s T oo

6with respect to the coordinate system (p = r,0,¢) on Xg
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Furthermore, we prove that Hél)[w] determines the leading-order asymptotics along the event horizon

log T

1
(3.12) rblygs ~ —2HSO ] - =k SMH 1] as T — oo.

3
p
On the other hand, the asymptotics of the radiation field depend only on the value of the time-inverted
Newman—Penrose constant Iél):

log T
T—5— as T —oo.

1
(3.13) riblze ~ =20 W] S5~ 8MIV (Y]
Finally, the asymptotics along {r = ro} depend on the value of both constants Hél) [¢] and Iél)[@/}]:

M (1) 1
T*MHO [1&])73 as T — o0.

(3.14) Blirmrey ~ —8 (fé”m T

Note the decay rate of (3.14) agrees with the decay rate of (1.8) for Schwarzschild spacetimes. However,
in constrast to Schwarzschild, the coefficient of the asymptotic term in (3.14) depends additionally on the

new horizon charge Hél)[w].

3.2.4. Asymptotics for Type D perturbations. We conclude our discussion with a brief discussion about
the asymptotics of Type D perturbations. These are non-compact pertrubations supported away from

the event horizon. They satisfy Hy = 0 and Iy # 0. Such perturbations have a well-defined Hél). Our
first result for this case shows that the radiation field 71|z+ and the scalar field ¥|,—,,} “see” to leading
order only Ij:

1 1
7“¢|I+ ~ 2IO[¢} ' ;a '(M{r:rg} ~ 410[,(/)] ' ﬁ as T — 00.

On the other hand, the asymptotics along H™ to leading order to depend on both I and the horizon
1),
charge H; :

1
T+ ~ (4MIO - 2Hél)[1/)]) oas T oo

Type D perturbations exhibit the weak version of the horizon instability. In this context, it is important to

remark that even though the asymptotic terms along the event horizon contain both Iy and H(gl), the source

of the horizon instability in this case originates purely from the horizon charge Hél). In fact, the exact

non-decay and blow-up along the event horizon results given by (3.11) hold for Type D perturbations as
well. In contrast to Type A perturbations, the derivative 0,10 decays faster than ¢ away from the horizon:

8M i 8 T'2 — .Z\J2 _
Or Y| {r=rg}y ~ <(7,_M>2 - HO )+ ET_M)Q) '10[1/)]) 8

The precise asymptotic expression, as above, is derived here for the first time in the literature.

3.2.5. Summary of the asymptotics. We summarize our findings in the table below

Asymptotics
Data rly+ Yl fr=ro} |+
Type A 2Ho - 71 AM o =2 (4pHo — 218" 72
Type B —2HV . -2 -8 (18" + 2o HEY) 70 —2r§V . 72
Type C 2Hy - 7! 4 (10 4 T_LMHO) 2 2y - 71
Type D | (4MIo - 20") - 72 ALy 72 2y - 71

TABLE 2. The asymptotics for 1 along H™,{r = ro} and Z* for data of Type A, B, C, and D.

We remark that we in fact derive the asymptotics for %1y for all k& > 0. The relevant asymptotic
k
expressions can be found by taking the 53? derivative of the expressions in Table 2. Furthermore, we
derive the following asymptotics for the transversal derivative 0,.1):
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Asymptotics
Data Oribly+ Orlir=ry}
Type A *ﬁ - Ho - (TE%P - Ho[y] - 772
Type B | 575 Hg' 7 M - HW) -
Type C —ﬁ~HO —%.Ho[w].,,f?
Type D | 32 - H{Y - 72 <(rf1]‘é)2 HSY + % . Io) 73

TABLE 3. The asymptotics for 0,1 on and away from the event horizon

At the horizon, we have the following asymptotics for the higher order transversal derivatives 0¥
revealing the strong horizon instability for Type A and C and the weak horizon instability for Type B
and D.

Asymptotics
Data 87>"/’|7-L+ 872-w|7{+ 8§¢‘H+ 8f'¢|7-¢+7 k>2
Type A —ﬁ-Ho #'H()'T —21;3/[7~H0'7'2 ck - Ho -7k 1
Type B % . Hél) L2 # . Hé1> —% . Hél> T | ag - Cr—1 - H(()1> k=2
Type C —ﬁ-Ho #'H()'T —21\3/[7~H0'7'2 ck - Ho -7k 1
Type D % . Hél) L2 1&5 . Hé1> _J\?7 . Hél> T | ag - Cr—1 - H(()1> crk—2

TABLE 4. The horizon instability for transversal derivatives along H™.

where

_ (_1) k _ k 1 1 |
ak*Mz' 9 and Ck*(*].) WW]C

More generally, the late-time asymptotics along HT for Y*T™¢), with k > m + 1 for Type A and C

and k > m+ 2 for Type B and D, can be informally found by taking the g—mm derivative of the expressions
in Table 4 (see also Section 4.2).

4. APPLICATIONS AND ADDITIONAL REMARKS
In this section we present a few applications and remarks about our results.

4.1. Singular time inversion and the new horizon charge. Recall from Section 1.2 that the constants
Iy and Iél) are obstructions to inverting the time operators 7' and T2, respectively. Specifically, I and Iél)
are obstructions to defining the operators 7! and T2, respectively, on solutions the wave equation (1.1),
such that their target functional space consists of solutions the wave equation which decay appropriately in
r towards null or spacelike infinity. In sub-extremal black holes, Iy and I, él) are the only such obstructions.
However, for ERN we have an additional obstruction that originates from the geometry of the horizon,

namely the conserved charge Hy. Indeed, for any smooth solution ¢ to the wave equation (1.1) on ERN
we have

(4.1) Hy[Ty] = 0.

Hence, Hy is an obstruction to defining the inverse operator T—* on smooth solutions to (1.1) such that
the image is also a smooth solution to (1.1). On the other hand, if ¢ is a smooth solution to (1.1) with
Hy = 0 then the horizon charge Hél) is well-defined and satisfies

1
HV [Ty = 0.
Hence, Hél) is an obstruction to defining the inverse operator T—2 on smooth solutions (with Hy = 0) to

(1.1) such that the image is also a smooth solution to (1.1). The above imply that the horizon associated

charges Hy and H(gl) are related to singularities at time frequencies w ~ 0. We thus conclude that the
leading order terms in the late-time asymptotic expansion are dominated by the w ~ 0 frequencies.
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An important aspect of our analysis is that we invert the operators T and T? even if the images of
T—! and T2 do not contain smooth function. This is accomplished by developing a singular time
inversion theory. This theory is needed for Type A and Type D perturbations. Let’s first consider
Type A perturbations. Since such perturbations satisfy Hy # 0 and Iy = 0, Iél) is well-defined whereas
H(gl) is undefined. Clearly, there is no smooth solution 7~ to (1.1). Indeed, if a smooth solution 7~ )
to (1.1) existed then by replacing ¢ with T~ in (4.1) we would obtain Hy[¢)] = Ho[T(T~14)] = 0, which
is a contradiction. It turns out that we can still canonically define a singular time inversion T~ 11 such
that

o Tl = 0asr— oo,
o IH[T~ 1] < o,
o 0, (T'1) ~ —2Hy[¢)] - —5; in the region r ~ M.

Similar results hold for Type D perturbations. For perturbations of Type A and D, we develop a low
reqularity theory which allows us to obtain the precise late-time asymptotics for the singular scalar fields
T—14. We remark that for Type B perturbations we develop a regular time inversion theory, whereas no
time inversion is needed for Type C perturbations. Summarizing,

Time inversion theory
Data | Hol¢] | HSV[W] | lolv] | 1§V ] =19
Type A #0 = oo =0 < 00 singular at Ht
Type D =0 < o0 #0 = oo singular at ZT
Type B =0 < 00 =0 < 00 regular

TABLE 5. The time inversion and its singular support.

4.2. Decay for scalar invariants. Hadar and Reall [75], assuming the asymptotics on ERN (rigorously
established in the present paper), showed that the scalar invariants |[V¥4|? decay in time. Similar decay
results were presented in [31] and in [72]. Let’s briefly recall the argument of [75]. First of all, note that
the Christoffel symbols I'f., with a, b, ¢ € {v,r}, vanish on the event horizon and, hence, if 0;1,--- ,0; €
{0y, 0, } then V¥4, ;. = Opn - Ojx1p on the event horizon. The following asymptotic decay rates hold
along the event horizon for all derivatives:

871?me ~ kamflfe(k,m)

where

if k= > 1
(4.2) e(k’m):{o, if k=0 or k>m+1,

1, if 1<k<m.

Note that the presence of €(k, m) introduces a skip in the decay rates for the derivatives of 1. This skip
was also previously observed in [32].

To show that |V¥i|? always decays, it suffices to consider the “slowest” case, namely the case of
perturbations of Type C. In this case,

|vk‘,(/)|2 ~ Z aflTkQ,(/) . 87]?2Tk1¢ ~ Z Tkl—k‘z—l—e(kl,kg) . TkQ—kl—l—E(kQ,k‘l)

k1+k2=k ki+ko=k
~ § T—2—6(k1,]€2)—6(k§27k1) ~ ,7_—27
k1+ko=k

for all k > 1, since €(ky, k2), €(k2, k1) > 0 and €(k, 0) = €(0, k) = 0. Note that the decay rate for |[VFy|? is
independent of k.

4.3. The interior of black holes and strong cosmic censorship. In this paper we have restricted the
analysis of the wave equation to the extremal Reissner—Nordstrom black hole exterior (the domain of outer
communications). One can also extend the initial data hypersurface ¥ into the black hole interior (see
Section 2.2 for a precise definition of ¥() and investigate the behavior of solutions to (1.1) in the restriction
of the domain of dependence of the extended initial data hypersurface to the black hole interior.
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FI1GURE 8. The extended initial value problem that includes the interior region, where
is the extension of ¥ into the interior.

An analysis of the behavior of solutions to (1.1) in the black hole interior of extremal Reissner—Nordstrém
was carried out by the third author in [63] in the setting of a characteristic initial value problem with initial
data imposed on a future geodesically complete segment of the future black hole event horizon and initial
data imposed on an ingoing null hypersurface intersecting the event horizon to the past. The late-time
behaviour of the solution to (1.1) on extremal Reissner—Nordstrom along the event horizon was assumed
to be consistent with the numerical predictions of [86]. The results of [63] illustrate a remarkably delicate
dependence of the qualitative behaviour at the inner horizon in the black hole interior on the precise
late-time behaviour of the solution to (1.1) along the event horizon of extremal Reissner—Nordstréom as
predicted by numerics and heuristics.

By combining the results stated schematically in Section 3 and more precisely in Section 5.1, that
confirm in particular the numerical predictions of [86], with Theorem 2, 5 and 6 of [63], we conclude that
the following theorem holds:

Theorem 4.1. Solutions ¢ to (1.1) on extremal Reissner—Nordstrom arising from smooth compactly
supported data on an extension of Yo into the black hole interior are extendible across the black hole inner
horizon as functions in C%% N VV]iCQ, with o < 1. Furthermore, the spherical mean ﬁ fs2 Ydw can in fact
be extended as a C? function.

Remark 4.1. It follows from Theorem j.1 that for spherically symmetric data one can construct C?
extensions of ¥ across the inner horizons that are moreover classical solutions to (1.1) with respect to a
smooth extension of the extremal Reissner—Nordstrém metric across the inner horizon. These extensions
of ¥, much like the smooth extensions of the metric, are highly non-unique!

Remark 4.2. In order to derive C? extendibility of the spherical mean across the inner horizon for initial
data with Hy[y] # 0, we have to make use of the precise leading order and next-to-leading order behavior
of ¥ along the event horizon in (3.4).

See also [64] for extendibility results in the context of (1.1) in the interior of extremal Kerr—-Newman
spacetimes.

The extendibility properties in Theorem 4.1 differ drastically from the extendibility properties of so-
lutions to (1.1) in the interior of sub-extremal Reissner—Nordstrom black holes, which are extendible in
€ across the inner (Cauchy) horizon, but inextendible in WL?, see [62,88]. See also [50,61,77,91] for
extendibility results in sub-extremal Kerr.

The study of the wave equation in black hole interiors serves as a linear “toy model” for the analysis of
dynamical black hole interiors, which is closely related to the Strong Cosmic Censorship Conjecture (SCC).
As formulated in [34], this conjecture states that “generic” asymptotically flat initial data for the Einstein
vacuum equations have maximal globally hyperbolic developments that are inextendible as a Lorentzian
manifold with a continuous metric and locally square integrable Christoffel symbols. See for example [44]
for a more elaborate discussion on SCC.

Building on the pioneering work of Dafermos [41-43] and Dafermos—-Rodnianski [45], Luk-Oh showed
in [89,90] that a C2-version of SCC holds in the spherically symmetric Einstein-Maxwell-scalar field
setting: they proved inextendibility of the metric in C? for generic asymptotically flat two-ended data.

We next consider the case of “dynamical extremal black holes”, i.e. black hole spacetime solutions
which approach the extremal Reissner—Nordstréom suitably rapidly along the event horizon. We remark
that in [95] dynamical extremal black hole spacetimes are defined as being black hole spacetimes without
trapped surfaces and it is shown numerically that the solutions under consideration actually approach an
extremal Reissner Nordstrom solution along the event horizon. Conversely, it can be shown in this setting
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(massless, uncharged scalar field) that black hole spacetimes that approach extremal Reissner—Nordstrom
along the event horizon will have no radial trapped surfaces in the black hole interior, provided none of
the round spheres foliating the event horizon are (marginally) anti-trapped; see also Remark 1.7 in [65].

In this dynamical setting, the interior dynamics are significantly different for dynamical extremal black
holes compared to the “dynamical sub-extremal black holes” that arise from asymptotically flat two-
ended data, as shown in [89,90]. Indeed, in [65] it was shown that the dynamical extremal black holes
in consideration are extendible across the inner horizon as weak solutions to the spherically symmetric
Einstein-Maxwell—(charged) scalar field system of equations (in particular, with Christoffel symbols in
L2 ). Hence, in contrast to the sub-extremal case, dynamical extremal black holes do not conform to the
inextendibility properties stated in SCC. The only way that SCC can therefore still be valid, at least in the
spherically symmetric setting under consideration, is if dynamical extremal black holes do not arise from
“generic” initial data. Analogous numerical results were presented in [95] that are moreover compatible
with the non-genericity of dynamical extremal black holes (see also Section 1.5.4 for a discussion on the
results of [95] in the black hole exterior).

5. THE MAIN THEOREMS AND IDEAS OF THE PROOFS

5.1. Statements of the theorems. We consider smooth solutions 1 to the wave equation (1.1) on ERN
and we derive global late-time asymptotic estimates for 1. We will mostly express our main theorems in
terms of the double null coordinates (u,v) (see Section 2.1 for a review of the geometry of ERN). The
constants Hy and Hél) are defined in Sections 1.4.1 and 3.1, respectively. The constants I, and Iél) are
defined in Section 1.2. The perturbations of Type A, B, C and D are introduced in Section 2.3. For
simplicity, the initial data norms on the right hand side of the estimates of the main theorems are not
presented here and instead are presented in the relevant sections where these theorems are proved. We
mention below the exact section where each theorem is proved. Moreover, the quantities n > 0 and € > 0
below are suitably small constants, 3 € (0,1] appears in the initial data norms and k € Ny. Furthermore,
C=C(M,X,ry, 77,10, 6 B,k) > 0 is a universal constant.

Theorem 5.1 (Asymptotics for Type C perturbations). Assume that the initial data of 1 are of
Type C and that 7 solves the wave equation (1.1). The following global estimate holds:

1
T o (u,v) — 4 <10[ ] + T\F W]) Tk (M) |
(5.1) =¢ \/E&m + 30 Bil00w] + Tolu] + Pryple] | o te R
lal<2
+C \/ES;kJrl Z B [Q29] + Ho[y)] + Prg,1k[¢)] D Ey Ly ko
jal<2

Theorem 5.2 (Asymptotics for Type A perturbations). Assume that the initial data of ¥ are of
Type A and that ¢ solves the wave equation (1.1). The following global estimate holds:

T (u, v) — 4 [Ié”MT’““ (ulv) + T%H()W]Tk (mﬂ ‘

<C

% Szl T > ES 2 Q0]+ Pr g mw]+PH0,1;kw1+How]+fé“w1]

|| <2

(—1—2kn+D 1kn)
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Theorem 5.3 (Asymptotics for Type D perturbations). Assume that the initial data of 1 are of
Type D and that ¢ solves the wave equation (1.1). The following global estimate holds:

T*4po(u,v) — 4 [\}EHSDMT'““ (ulv> +loIT" <U(u+2M - 211\42(r—M)—1)>} |

\/ 0Hk+1 Z El’Hk +PIO[3k[¢] +PHO,l;k—&-l[i/}] Jr[oW] JFH(Sl)W]]

|| <2

<C

.(U—l —lk=n | D341 —an)

Theorem 5.4 (Asymptotics for Type B perturbations). Assume that the initial data of 1 are of
Type B and that 1 solves the wave equation (1.1). The following global estimate holds:

(5.2)

Tg0(u,0) 4 (170 + =m0l ) 70 ()

v-u
<C ES,H;kHW] +E 0.T; k+1 ]+ Z E;, k+1 I(() )[1/’] + Pry, i1 (V] vtk
la|<2
+C \/ES,'H;kHW + E§ 1.1 [ Z ES 11 [Q%9] + H(l) (Y] + Pry, i1 [¥] | D™ 2u™ o727k,
la|<2

Theorem 5.5 (Logarithmic corrections for Type C perturbations). Assume that the initial data of
Y are spherically symmetric and of Type C and that ¢ solves the wave equation (1.1). Then, the following
estimate holds on T

(5.3)

[rolzs () — 200 wu + 4MIofulu~logu| < O (T[] + Holu] + /B [0] + P + Prfu]) u™?

and the following estimate holds on H™
(5.4)

[rilae (v) — 2Ho[ulo™" + AMHolglologu| < € (T[] + Hol] + \/Bg. [] + Puly] + Prfu]) v,

Theorem 5.6 (Logarithmic corrections for Type B perturbations). Assume that the initial data of
Y are spherically symmetric and of Type B and that i solves the wave equation (1.1). Then, the following
estimate holds on T

[Pl () + 20" a2 = SMIP Wl log ul

<C (I“) (W] + H{Y ] + \/Eo wal¥) + B§ 2.1 [0] + Prrly] + PLTM) w3,

and the following estimate holds on H*

(5.5)

Pl () + 2H§D [Wlo™ — AMHED [p]o = log v

(5.6) (1) (my . -3
<O (0[] + H W] + B e [9] + B 24 [6] + Prr ] + Prrly]) o>,

We split ¢ = )9 + ¥>1 and prove the appropriate decay estimates for ¢>; in Section 8.4. We can then
replace ¥ with 1y in the theorem statements: Theorem 5.1 is proved in Section 9, Theorem 5.2 is proved
in Section 11 and Theorems 5.3 and 5.4 are proved in Section 12. Finally, Theorem 5.5 and 5.6 are proved
in Section 13.

5.2. Overview of techniques. In this section we will give an overview of the main steps and methods
involved in proving the theorems stated in Section 5.1. We will moreover highlight the key new ideas that
play a role in the proofs.
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5.2.1. The zeroth step. Deriving the precise late-time asymptotics requires obtaining decay rates for
weighted energy fluxes and pointwise norms that are as sharp as possible. Our strategy is based on the
integrated rP-weighted energy decay approach of Dafermos—Rodnianski [47] and its extension presented
n [12]. The main idea is to derive energy decay by first establishing boundedness for suitable (weighted)
spacetime integrals. For ERN, the “zeroth” step is the Morawetz estimate of the form (see Appendix A.3)

6:7) oL (-3 a5 [ T,

T1

with 01,09 > 2 sufficient large constants. Here, J7[¢)] denotes the standard T-energy current through X, .
From now on, if the volume form is missing in the integrals, it is implied that we consider the standard
volume form with respect to the induced metric on the corresponding hypersurface. The higher-order terms
on the right hand side account for the high-frequency trapping effect on the photon sphere at {r = 2M}.
The r~72 degenerate coefficient is related to the asymptotic flatness of the spacetime and is present in
the analogous estimate for Minkowski spacetime. On the other hand, the degenerate factor (r — M)7*
accounts for the global trapping effect on the extremal event horizon, a feature characteristic to ERN (see
Section 1.4.2).

Clearly, one needs to remove the degenerate factors from (5.7) in order to prove decay for the energy
flux

(5.8) £ ) = / IR,

Dafermos and Rodnianski [47] and subsequently Moschidis [93] showed that the weight at infinity 72 can
be removed for general asymptotically flat spacetimes by introducing appropriate growing r weights on the
right hand side yielding a hierarchy of two r-weighted estimates. In view of the degenerate factors both
at the horizon and at infinity in the Morawetz estimate (5.7) on ERN, one needs to obtain an analogue
of the Dafermos—Rodnianski hierarchy both at the near-infinity region AT and at the near-horizon region
A (see Section 2.2 for the relevant definitions). This was accomplished in [15]. We denote

NI =x,nA%, and NM=%.nA"

FIGURE 9. The hypersurfaces N* and NZ.

The following Zt —localized hierarchy holds in AZ for all 0 < 7 < 7y:

/ [ /. . JTM] ar < [ @) dedo £ Lo

pa
T1

(5.9) )
/ V r-(&)(rw))dedv] dfs/ 2 - (0y(r))? dwdv + Lo.t.,
T NZ NZ

1

and the following Ht —localized hierarchy holds in A for all 0 < 7 < 7o:

Ia [ /. JT[«M] ars [ L= M) O dudu + Lo,

4

(5.10) )
/ [/ (r— M)~ (8u(r))? dwdu] dr < / (r— M)™2 - (8,(r))? dwdu + l.o.t..
T1 NH NH

T T1
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The integral on the right hand side of the second estimate of the Z+—localized hierarchy corresponds to
the conformal energy near Z. Similarly, the integral on the right hand side of the second estimate of the
HT —localized hierarchy corresponds to the conformal energy near Ht. We denote

(5.11) Conformal energy near Z% : Cyz[)] = / 72 - (0, (11)))? dwdv
NE
and
(5.12) Conformal energy near H*: Cyx[¢] = / (r—M)™2 - (9u(r¢))? dwdu.
NI
It is important to note that du = —2( — %)72 dr on X, and 9, = —% ( — %)2}/, where Y = 9, is a

regular vector field at the horizon. Hence, the conformal flux near H* Cy#[1)] ~ [y (Y1)? is at the level
of the non-degenerate energy. ’

If both of the energies (5.11) and (5.12) are initially finite, then, by using a standard application of the
mean value theorem on dyadic time intervals and the boundedness of the T-energy flux, we obtain the decay
rate 772 for the T-energy flux ng [¢)]. This decay rate however is quite weak. Faster decay rates for the
higher order flux &£ [T'W] were obtained for sub-extremal black holes by Schlue [103] and Moschidis [93].
Their method used 9,, rd, as commutator vector fields in the near-infinity region. Nonetheless, their
approach does not yield faster decay for the T-flux 8%7 [¢] itself.

5.2.2. Commuted hierarchies in the regions A™ and AT. Our strategy for obtaining further decay for
égT [¢)] on ERN is to establish integrated decay estimates for the conformal fluzes” Cnz[Y] and Cyx [y,
extending thereby the Zt —localized and H ' —localized hierarchies (5.9) and (5.10). However, it is not
possible to further extend of (5.9) and (5.10) by considering larger powers of r and (r— M)~?, respectively.
Instead, motivated by the following Hardy inequality (see also Section A.1 in the Appendix):

(5.13) /OOO 2% (0,f)? dz < C/OOO (am (228, f) )de,

applied to f = r¢, with x = r, 9, = 9, in AX, and x = (r — M)~%, 9, = 9, in A", we introduce the
following n-commuted quantities:

By 1= (170" (), =Y () ~ (= (= M)20,) (r0),

where n € Ng. The idea therefore is to derive ZT —localized and H 1 —localized commuted hierarchies
which yield decay for weighted fluxes of the commuted functions ®(,) and @,,, respectively. As we shall
see, these hierarchies involve growing r and (r — M)~1!
previously obtained in [12,15].

If 1 solves the wave equation (1.1) on ERN then for all n > 0 and for all p € R the commuted quantities
() and P, satisfy the following key identities in AT and A" regions, respectively (see Section 6.2):

weights. Partial results for ®(,,) and ®,,) were

Near-infinity identity:
Oy (rp(&,(b(n))Q) + 0, (rp72W752<I>(n)|2 —n(n+ 1)7"”72@%”)) dw
32

(5.14) + /S (p+4n)r = (0,802 + (2= p)r 2 (|Ve2 @ = n(n +1)0%, ) dw
max{0,n—1}

=n- Z / O(’I’piz) . (I)(k) av(b(n) dw+1.0.t.,
k=0 s?

"Note that (non-degenerate) integrated decay estimates for the fluxes Cnz[th] and Cpw [t)] on ERN are closely related to
the trapping effect at T+ and at H+.
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Near-horizon identity:

/S 00 (= M) 77(0u20)) + 00 ((r = M) 2 V2@, 2 = mln 4+ 1)(r = M) 207, ) do

(5.15) + /82 (p+4n)(r— M)7p+1(6uQ(7L))2 +(2—=p)(r— M)7p+3 (‘VS?Q(MF —n(n+ 1)9(270) dw
max{0,n—1}

= Z - O((r — M)~P+2). Dy - 0u®,) dw + Lot

Note that (5.15) is of the same form as (5.14), but with u and v reversed and r replaced by (r — M)~!.
This is of course related to the existence of the Couch—Torrence conformal inversion of ERN.

After integrating in u and v, the “error” terms that appear on the right-hand sides of the corresponding
spacetime identities can be controlled via Morawetz and Hardy inequalities for the following range of
weights®:

(5.16) —4dn <p<2.
We arrive at the following inequalities (see Section 6.3)

It —localized n—commuted p—inequalities for D)t
/ rP (81,@(“))2 dwdv
Nl'
(5.17) / / (p+4n)r ™! (0,0 )” + 2 = )™ (V2@ = nln + )8, ) dwdvdr
NI

Np/ (8<I>n)) dwdv + . . .,
NZ

‘HT —localized n—commuted p—inequalities for ol

(5.18)
/ (r—M)"? (8 Q(n)) dwdu

2
o /N )= M)y (D) + 2 p)r = M) ([P 2 — o+ 1)82,) ) dududr

<p /N:f(r M)~P (au@(n)) dwdu + ..

These inequalities hold for all n, as long as p satisfies (5.16). In order to turn these inequalities into
actual estimates we need to guarantee the non-negativity of the terms |Vg2 @(n)\z —n(n+ 1)(1)%71,) and

n)*

2P —n(n+ 1)®7,y. In view of the Poincaré inequality on see Section A.1 in the Appendix),
Ve, 1)®7,). In view of the Poincaré i lit 52 Section A.1 in the Appendi
these terms are non-negative if 1 is supported on angular frequencies ¢ such that

(5.19) (>n.

In other words, we can commute the wave equation n times and obtain two estimates for ®,) and two
estimates for D for each n, as long as n is less or equal than the lowest harmonic mode that is present
in a harmonic mode expansion of 1. The two estimates correspond to the values p =1 and p = 2.

It is worth mentioning that the estimates (5.18) can be thought of as degenerate remnants of the red shift
estimates. Note that the degeneracy of the (higher-order) red shift effect is manifested in the additional
factor of (r — M) that appears in the spacetime integral of (9,®,))* on the left-hand side of (5.18).

The table below summarizes the number of the H T —localized n—commuted estimates and the ZT —localized
n—commuted estimates for each fixed n as well as the total number of estimates available in the total
hierarchy over all admissible values of n.

Definition: We define the length of a hierarchy to be equal to the number of available and useful
integrated estimates in the hierarchy. Useful here means that the exponents p of the weights increase by
an integer number or by an almost (modulo € > 0) integer number.

8For spherically symmetric solutions (with harmonic mode number £ = 0) we only take n = 0.
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Commuted hierarchies
Fixed n commuted | Total hierarchy
Harmonic mode

n Length Length
=0 0 2 2

0 2
(=1 4

1 2

0 2
£>2 1 2 6

2 2

TABLE 6. The length of the commuted hierarchies for =0, £ =1 and £ > 2.

5.2.3. Improved hierarchies for £ = 0,1. The harmonic projections ¥y—¢ and ¥y—; of ¥ satisfy only two
and four estimates in the total hierarchy, respectively, as in Table 6. When dealing with £ = 0 (and hence
n = 0) separately, we show in Section 6.4 that the range of p can actually be extended to 0 < p < 3 for
both the H ™ —localized and the ZT—localized hierarchies. Note that even though we cannot take p = 3
exactly in this case, we can take p = 3 — € for € > 0 arbitrarily small. Additionally, we show that

e if Iy[t)] = 0 then we can take 0 < p < 5 in the ZT—localized hierarchy, and

e if Hy[)] = 0 then we can take 0 < p < 5 in the H T —localized hierarchy.

Similarly as above, even though we cannot take p = 5 exactly, we will take p = 5 — € for € > 0. In this
sense, the lengths of the above hierarchies (under the vanishing assumptions) is indeed five. Moreover,
these hierarchies are inextendible (consistent with the horizon instability results of Section 1.4) and hence
their length is sharp. It is important to observe that, based on the above result, the lengths of the total
hierarchies depend on the type of data. These are summarized in the table below.

Convention: By R—global hierarchy we mean the hierarchy that arises for weighted fluxed on ¥ by
adding the H*—localized hierarchy (in region A™), the ZT —localized hierarchy (in region A7) and the
higher-order Morawetz estimates (in region B; see Appendix A.3). Recall that R = A" U AT UB.

Improved hierarchies for { =0 with n =0

Data | Ht-localized | ZT —localized | R—global
Type A 3 5 3
Type B 5 5
Type C 3 3 3
Type D 5 3 3

TABLE 7. Lengths of improved hierarchies for ¢ = 0.

In order to extend the length of the hierarchies for £ = 1 we introduce the following “modified” variants
of ®(1) and @) (with n = 1):
o= &3(1) =r(r — M)0y(rie=1), o= é(l) =1 Y (re=1).
The derivatives 7“281,:1;(1) and (r—M )_28u§(1) are conserved along the spheres foliating future null infinity

T+ and the future event horizon HT, respectively. This follows from Lemma 6.1.°
We obtain the following improved identities for 1,—1 (see Section 6.4)

(5.20) /528u (rp(&@)Q) dw + /S (p+ 4n)rP~1(8,®)? dw = /S O(r?=3) -1 - 8, dw + Lot

INote that in the Minkowski spacetime, the quantity r28U<I>(1) is actually conserved along future null infinity, but in
asymptotically flat spacetimes with non-zero mass, like extremal Reissner—Nordstréom, one has to replace & (1) with 5(1) to
obtain a conservation law. The same modification of ®(;y appears in [11].



LATE-TIME ASYMPTOTICS ON ERN 29

and
(5.21)

/Szav ((7" - M)‘p(8u§)2) +/ (p+ 4n)(r — M) P+ (8,8)? dw :/, O((r — M)™P*3) 1) - 9, B dw + Lot

Note that the error terms (in bold) are now of lower order compared to the error terms in (o 14) and
(5.15). This allows us to obtain versions of (5.17) and (5.18) with ®(;) and @) replaced by ® and @,
respectively, where the range of p can be extended to either 0 < p < 3. We further obtain that:
e the range of the Zt—localized hierarchy can be further extended to 0 < p < 4 if ® decays
sufficiently fast towards ZT, and
e the range of the H*—localized hierarchy can be further extended to 0 < p < 4 if ® decays
sufficiently fast towards HT.
Again, we cannot take p = 3 or 4, but we will take p=3 — € or 4 —e.
The results for £ =1 are summarized in the table below.

Improved hierarchies for ¢ =1
‘Ht —localized It —localized R—global
n—commuted n—commuted
Data Total length Total length | Total length
n Length n Length
2 0 2
Type A 5 6 5
1 3 1 4
0 2 0 2
Type B 6 6 6
1 4 1 4
0 2 0 2
Type C 5 5 5
1 3 1 3
0 2 0 2
Type D 6 5 5
1 4 1 3

TABLE 8. Lengths of improved hierarchies for ¢ = 1.

Remark: additionally extended hierarchies for time-derivatives

Schlue [103] and Moschidis [93] obtained improved energy decay estimates for the time derivative T4
by considering r-weighted estimates for the quantities 9, (rv) or rd,(rv). We generalize in Section 7
their approach by establishing estimates for 81’)“(1)(”) in the near-infinity region A% and for 85@(,1) in the
near-horizon region A* (with n as above), where k € N takes any positive value k > 1. This yields the
following: for each time derivative that we take, we gain two more estimates in the ZT —localized hierarchy
and two more estimates in the H™ —localized hierarchy. These improvements play an important role in the
subsequent subsections.

5.2.4. Energy and pointwise decay. The total (that is, over all admissible n) Z+—localized and H* —localized
hierarchies give quantitative decay rates for the conformal fluxes Cyz[t)], given by (5.11), and Cyx[¥)],

given by (5.12), respectively. This is easily obtained via successive application of the mean value theorem

in dyadic intervals and the Hardy inequality (5.13). The rule is the following:

decay rate of the conformal fluz Cyz [¢] = length (I"’— localized hiemrchy) —2—¢,
and
decay rate of the conformal fluz Cy» [¢)] = length (’H"‘—localized hiemrchy) —2—c¢

for any sufficiently small € > 0. The € loss here has to do with the fact that the maximum value of p in
the extended improved hierarchies for £ = 0 and ¢ = 1 is not an exact integer.

Having obtained decay rates for the conformal fluxes we can proceed to obtain decay rate for the
global T—flux £f [¢)]. For this we revisit the H*—localized and It —localized hierarchies; we add the

H* —localized hierarchy (in region A*), the ZT—localized hierarchy (in region A7) and the higher-order
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Morawetz estimates (in region B). Using again successively the mean value theorem in dyadic intervals
and appropriate Hardy inequalities we obtain decay estimates for the T-energy flux. The rule here is the
following:

decay rate of the energy flux ng [¢] = decay rate of slowest conformal fluz + 2.

Unlike the sub-extremal case, in ERN there are two independent conformal fluxes that contribute to the
decay rate for the energy flux. This feature of ERN creates further complications later in the derivation
of the precise asymptotics.
As an illustration of our techniques, let us consider initial data for ¢ of Type A. As we can see in Table
7, the length of the total ZT —localized hierarchy and total H+—localized hierarchy is 5 and 3 for £ =0 ,
respectively. Hence, we obtain schematically the decay estimates for the conformal fluxes (see Section 8):
Cynlte—o] S Ep—o-7 ',
Cnzlthemo] S Be=o-77""
Furthermore, from Tables 6 and 8 we have that the length of the total Z+—localized hierarchy and total
HT —localized hierarchy is 6 and 5 for £ > 1, respectively. Hence,

Cnr[ez1] S Bt Fo3te,
Cnz[Yes1] S Eexa e
We conclude the following decay estimate for the T'—energy flux:
EL [he—o] S Eg—o -7,
EL [Wes1] £ Eesr om0,
where Ey—g and Ey>; denote (higher-order, weighted) initial data energy norms. Furthermore,
557 [T*p—g] < Epgy - 7372k,

T k —5—2k
E& [TF 1] S Epsag -7 2720,

for all k > 1, where Ey—¢.; and E¢>1,, denote (higher-order, weighted) initial data energy norms.
We next proceed with deriving pointwise decay estimates (see Section 8). We will use the following
Hardy estimates

/SQ(M/))MW < \/CN?W'\/‘S%,W] A%,
/82(7"1/))2dw < \/CNZM'\/%FTW] i AT,

/82(7'—M)~1/)2dw S WEE W on %,

For initial data of Type A, using the above decay estimates for the conformal energies and the T-energy
flux, we obtain

/ (re=0)?dw < Ep—q-7 77 in A%,
32
/ (re=0)?dw < Ep—o-7 T in A%,
G2
/ (r—M)- (Yp—0)’dw < Ep—g-7° on %,
32
Using the standard Sobolev estimates on 5% we immediately obtain L> decay estimates for riy—q in A%,

rpo—o in AT and /1 — M - hp—o on ., with the decaying factors 7=1+¢, 7=3+¢ and 7~ 2+¢, respectively.
Similarly,

A

4 . H
Eipo-774¢ in A",

/ (T’(/J(Zl)z dw
g2
/ (T"(/)gzl)z dw
g2

A

9
94 . T
Ey—g-7727¢ in A"
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T j j : w£> 1 do" < E[_fo T on E .
( ~ T
32

As above, L™ decay estimates for r;>1 in AM, 751 in AT and \/r — M -y>1 on 3., with the decaying
factors 7—27¢, 7=11¢ and 7~ 37¢, respectively.

The above estimates illustrate another deviation from the sub-extremal analysis in [11,12]: for Type A
initial data, the decay rate of riy—g in AT is a power % + € away from the sharp decay rate, whereas in
the sub-extremal case, the analogous estimate results in a decay rate that is almost sharp, in other words
only € away from the sharp decay rate. In this case it is the non-vanishing of Hy and hence the slow decay
for the conformal energy in the near-horizon region that forms the “bottleneck” for the maximal length of
the global hierarchy of weighted estimates for ¥y—¢.

The energy and pointwise decay rates are summarized in the two tables below (see Section 8).

Decay rates for { =0

Energy flux decay Pointwise decay

Data | €5 [v] | CyulY] | Cnz[¥] | ™lyt | ¥lgr=rgy | m¥lz+
Type A | 773+ T 1te 7—3+e 7 1te r—3te | —3+e

5
Type B T—5+e 7_—3+e 7_—3+e 7_—2+e T—§+€ ,7_—2+e

3
Type C T—3+e 7_—1+e 7_—1+e 7_—1+e T—§+€ ,7_—1+e

3 3
Type D | 73+ T—3+e rolte | pmote | pogte T 1te

TABLE 9. Decay rates for £ = 0. All are almost sharp except the bold rates.

Decay rates for ¢ > 1

Energy flux decay Pointwise decay

Data | & (0] | Cynle] | Cuzle) | rloe | Wlirore | lzs
Type A 7_75+6 7_73+e ,7_74+e 7_72+6 T_%+E 7'_%+€

Type B 70t Tdte rodte | pzte T—3+e€ rote

Type C 7_75+6 7_73+e 7_73+6 7_72+6 ’7'_§+€ 7_724»5

Type D 7_75+6 7_74+e 7_73+6 7.—%-‘-6 ’7'_§+€ 7_724»5

TABLE 10. Decay rates for £ > 1. All are sub-dominant except the one in the shaded cell.

Note that the decay rates for ¢,—,y apply for vr — M1 for all r > M.

5.2.5. An elliptic estimate for £ > 1. The decay rates for ¢,.—,.y, in the £ = 0 case, in the Table 9 are
% + € away from sharp. Furthermore, the decay rate for 1 ,—,y, in the £ > 1 case, as in Table 10, is slower
than the corresponding expected sharp rate for the ¢ = 0 case. For obtaining late-time asymptotics, the
¢ > 1 rate must be improved.

The desired improvement of the decay rate of ¢(,—,) will be achieved using an elliptic estimate and
the improved decay rates for TW. The challenge for obtaining the elliptic estimate is that, in contrast
to the sub-extremal case, the decaying global energy flux ng is highly degenerate at the event horizon.

Indeed, recall that 55 [¢] ~ fET ( — %)2 -|07]2. In other words, we need to obtain a degenerate elliptic
estimate on ERN. It turns out that such an estimate is not possible for £ = 0 and hence we will need
to derive the precise asymptotics using the aforementioned weak rates (see the next subsection). On the
other hand, we can establish such a degenerate elliptic estimate for £ > 1 (see Section 8.3) which, coupled

with a Hardy inequality, schematically gives:

4 2
CEN | (1—M) O s, £ [ (1—M) (@, Tibes1)? dpis.
=, r =, r
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where 0, denotes the radial (SO(3)—invariant) vector field tangent to X,. Consequently, recalling that

D= (1 - M)2 and using a standard Hardy inequality and the improved energy decay estimates for T

T

we obtain for Type B data:

1
/ (Vez1)” do 5 D\// bz (3p¢421)2 T2 dps, \// iy T2 dps,
52 s, b

LA

2) 1
D / D - (9,T¢r>1)* dps, - / D (Opthe=1)” dps,
D\ Js, s,

%\/557 [Te>1] - \/‘%T, (V1]

1
DV Eps11 - /Ees1 - 7771,

where used the decay rates in Table 10. This yields that ( — %) - ¢>1 decays with a rate T=%%5. This
rate is now indeed sub-dominant (i.e. strictly faster than 7—2). We summarize our findings in the table

below:

Decay rates for ¢ > 1

Energy flux decay Pointwise decay
Data | €5 [Y] | Cynl¥] Cnzl] | m¥ly+ | lir=rey | 7¥lz+
Type A | 7—5+¢ F=3+e | p—dte | p—2+4e s—3+e | —+e
Type B | 7 6+¢ T4t r—4te | pm8te | pmgte | —Gte
Type C r—5+e F—3+e F—3+e r—2+e T—%+e F—2+e
Type D s—5te F—Ate F—34e T—%-«-e T—%+e F—2+e

TABLE 11. The decay in the shaded cell, obtained using the elliptic estimate, is sub-dominant.

5.2.6. Late-time asymptotics. In this section we will provide a summary of the mechanism that gives rise
to the precise leading-order asymptotics for ©. Our discussion here complements that of Section 3. The
complete proofs cover Sections 9-13. We claim that the decay rates for 1)y>; as in Table 11 are faster than
the sharp decay rates for ¢y—g. Based on this claim, we will derive first the precise late-time asymptotics
(and hence the sharp rates) for 1y—¢. For this reason, we will assume in the rest of this section that ¢ is a
spherically symmetric (and hence supported only on ¢ = 0) solution to the wave equation (1.1) on ERN.

We need to overcome the following difficulties

e Difficulty 1: Find spacetime regions in which asymptotics can be derived independently of their
complement in R. An obstruction here is that the decay rates that we have already obtained (as
summarized in the previous subsections) are a power % + € from the sharp values in the region
B = {ry <r <rz}. Compare the rates in Tables 2 and 9.

e Difficulty 2: Propagate the above asymptotics globally in the region R. The main obstruction
here is that for data of Type A, B and C the radial (tangential to 3,) derivative d,¢ decays
only as fast as v itself and hence the corresponding decay estimates cannot be easily integrated to
propagate the asymptotics of ¢, without first deriving the precise asymptotics of d,1. Compare
the rates in Tables 2 and 3. We remark that this is not the case in sub-extremal black holes where
radial derivatives decay faster than the scalar field itself.

We consider the timelike hypersurfaces 4% and v such that (v—u)|,z ~ u® and (u—v)|,x ~ v* where 0 <
a < 11is a constant, and we define the following subsets of the near-infinity region A% and the near-horizon
region A™: Agz =ATN{r>r|,z} and A;"H = A" n{r <r|,n}. Note that (r — M)[,x ~ 7|,z ~ 7%
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FIGURE 10. The curves 4,47 and the regions A?Y"H,Afr.
We will summarize the resolutions to the above difficulties mainly for initial data of Type C and A and
make a few concluding comments for data of Type B and D.
Late-time asymptotics for Type C data

Resolution of difficulty 1
For Type C data we derive the leading-order asymptotics of ¢ in the near-horizon region Ayﬂ and

separately and independently in the near-infinity region Agz. This derivation distinguishes the extremal
case from the sub-extremal case treated in [11], where the asymptotics at the near-infinity region can be
propagated all the way to the event horizon using that the radial derivative 9,1 decays faster than . The
reason we can independently derive the asymptotics in the regions AZY{H and .Afz in the extremal case has
to do with the existence of the two (independent) conserved charges Hy and Ip; moreover, for Type C data
they are both non-zero, i.e. Hy # 0 and Iy # 0. To obtain the precise asymptotics in Agz and AZ;‘H we

propagate the following v-asymptotics and u-asymptotics of the initial data on NF and NJt, respectively,
9 ()| Nz =2Iv™ 2 + O(v™?),

(523 0u(r) e =2Hyu™ + O(u™?)

everywhere in Afz and .Af:‘,{, respectively. This can be achieved for a < 1, but sufficiently close to 1. We

next integrate the resulting estimates for 9,(ry) and 9,(ry) starting from 4% and 7%, respectively, to
obtain the asymptotics for r¢, and consequently v, in appropriate sub-regions Af,z and Aﬁﬂ of Afz and

A;“H obtained by replacing o with appropriate o’ such that o < o’ < 1. A crucial observation is that the

previously derived decay rates for \/r — M -4,z and /r — M - . ,» are almost sharp'’ and hence strong
enough to close this argument by showing that, as long as a < 1, the terms 71|,z and r¢|,» decay faster
than, say rwh,z and r1/1|7m, and hence are lower order terms.

Resolution of difficulty 2

Ideally, we would like to propagate to the left of v/ L the asymptotics for ¢.,z. In the sub-extremal case
this would follow using that o’ < 1 and that the radial derivative 0,1 decays faster that 1. This approach
however breaks down in the extremal case in view of the fact that the expected sharp decay rate for 0,v
is now the same as the expected sharp rate for .

Instead we obtain first the precise asymptotic behavior of the radial derivative d,1. We commute by T
and reproduce the above argument to derive the precise late-time asymptotics for T'(rv)) in the near-horizon
region AZY{H. The crucial observation here is that the asymptotics for 0,1 in the region {M < r < rz}
depend only on the asymptotics of T along the event horizon, which in turn depend only on Hy! We
next derive sharp decay estimates (with growing r weights in the error terms) for 0,79 up to the curve
~'%, that is in the region {rz <r < r,z}. The latter step would fail if we were to take o’ = 1. We can
next derive the asymptotics for ¢ in {M < r < r,z} by integrating the estimate for d,3 in the same

region backwards from *y’I. In the last step we crucially use again that o/ < 1 and that we have already
computed the asymptotics for 1[,,z. Global asymptotics follow using a dual argument from infinity and
the asymptotics in .Al",ﬂ. See Section 9. Higher order logarithmic corrections are derived in Section 13.

1ONote, however, that the relevant decay rates for v, without the v/r — M weight, are not almost sharp; see Table 9.
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Late-time asymptotics for Type A data

Resolution of difficulty 1

For Type A data we can derive the leading-order asymptotics of 1, and crucially of T, in the near-
horizon region .AZY{H as in the Type C case, but in contrast to the Type C case, we cannot obtain indepen-

dently the asymptotics in the near-infinity region .Afz since the first equation of (5.23) does not provide
exact asymptotics anymore, given that Iy = 0.

Resolution of difficulty 2

As in the Type C case, we can obtain the precise asymptotics for d,¢ in the region {M < r < rz}
using the asymptotics of Ty along the event horizon. However, like before, these asymptotics for d,1 do
not yield asymptotics for ¢ away from Ai"H. The main idea is that we can, however, derive the precise
asymptotics exactly on 4%. In other words, equipped with the asymptotics for 1 in AZ;‘H we can next
obtain asymptotics only along 4% (and not to the right or to the left of 4% as the asymptotics in these
regions will only be derived at a later step). In order to derive asymptotics for ¢|,z we need to analyze
the contributions from the left side (horizon side) and the right side (infinity side) of 4Z. As we shall see,
in order to capture the precise contributions from both sides we will need to make crucial use of Iy = 0. It
turns out that we can only capture the precise contributions at one level of differentiability higher using
the following splitting identity

D
(5.24) Erw S = rdy(rY) . r20y1) .
7 N —_—

contribution from contribution from
the right side of vZ  the left side of 47

The point behind using this identity is that we can derive asymptotics for certain first-order derivative
quantities independently near the horizon and infinity whereas the coupling between horizon and infinity
prevents us from doing so directly for the zeroth-order derivatives.

Contribution from the right side of v*: Recall that we want to show that ri|,z decays like 772 (see
Table 2) and hence all error terms must decay like 7=27¢. Now propagating in Afz the first of (5.23) only

I~ TT*Q*E ~ 7.727e+a

yields an e improvement for 0,(rv)|,z, that is r9,(ry)|, which is not fast enough
since « is close to 1. To circumvent this difficulty, we need to introduce a new technique which we call
the singular time inversion (see Section 10). Specifically, we construct the time integral 1»(!) of v that
solves the wave equation [,1)(1) = 0 and satisfies T¢(!) = 4. Note that if Hy[t)] # 0 then () is singular
at the horizon and in fact satisfies

(r—M)-9,p1) = f% - Ho[y)] + O(r — M)

for r close to M, but is smooth away from » = M. Using appropriate low regularity estimates we can obtain
global-in-time decay estimates for (V) to the right of vZ. Moreover, using that for ©/(!) has a well-defined
Newman-Penrose constant Io[1)())] < 0o, we can propagate (5.23) for ¢»() which yields 9, (7“1/)(1))|71 ~ T2
and hence 78, (r¢)|,z ~ r7? 3% which shows that this term does not contribute to the asymptotics
for ri|,z.

Contribution from the left side of «*: This is the side that fully contributes to the asymptotics for
ripl,z via the term r281,1p|71. For we will derive the precise asymptotics for 7“281,1/)“1. We make use of
the improved decay rates for the conformal flur Cyz [T4] (see Table 9; Type A) which, upon integrating
the wave equation on NZ, yield that the asymptotics for r2av¢\vz can be derived from the asymptotics of
9| {r=r;) which we already derived (and recall they depend only on Hy[t)]). Hence, the asymptotics for
7“261)1/)|71 depend only on Hy and the respective rate is 772.

Concluding, the precise asymptotics for ri,z depend only on the horizon charge Ho[y)] and the respective
rate is 772. The estimate for the conformal flux, as above, in fact yields the asymptotics for 729, in
{M < r < r,z} which we can now integrate backwards from v (using the asymptotics for r|,z!) to
obtain the asymptotics for 71/ in whole region {M < r < r,z}. It remains to find the asymptotics of 71
to the right of vz all the way up to null infinity. For this, we use the singular time integral ©(*) once
again. Specifically, using the time decay estimates for (1) and that it generically satisfies Io[t/(V)] # 0
we derive the asymptotics of T'(ryM) — T(rypM)|,z = rip — rp|,z in .AgI in terms of In[1)(")]. Combined

with the above asymptotics for 7|,z we obtain the asymptotics of r¢ in Agz. Note that this shows that

~ T
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both the near-horizon region and the near-infinity region contribute to the asymptotics for the radiation
field r|z+. This completes the derivation of the asymptotics for ¢ everywhere in R. See Section 11.

Late-time asymptotics for Type B data

In the case of Type B initial data the time integral 1»(!) extends smoothly to the horizon, so we can
apply the same procedure as for Type C data to 1)(!) to derive the global late-time asymptotics of (1)
and of TY) =1). See Section 12.

Late-time asymptotics for Type D data

A modified variant of the methods for Type A data can be applied for initial data of Type D. In this
case 0,9 decays faster than 1 itself. In order to obtain the asymptotics for 9,1 we need to first obtain the
asymptotics for the weighted derivative 8p((7" -M )w), which in fact decays as fast as 1, by starting from
null infinity and propagating up to 7. Once we obtain the asymptotics for 1 and its time derivatives
then a posteriori we obtain the asymptotics for 0,1. See Section 12.

6. THE Ht—LOCALIZED AND ZT—LOCALIZED HIERARCHIES

In this section we will derive the main hierarchies of commuted rP-weighted estimates near Z© and the
analogous commuted “(r — M) P-weighted” estimates H ™ that lie at the heart of the energy and pointwise
decay estimates in the subsequent sections.

6.1. The commutator vector fields and basic estimates. We define the main quantities obtained
from 1) for which we will derive r-weighted estimates.

Definition 6.1. We introduce the following higher-order radiation fields: let n € Ny and let ¢ = r - 1),
with ¥ a solution to (1.1), then define

P,y == (2D 'r*L)" 9,
Oy :=2r(r — M)D"'L¢,
@,y = (2D7'r2L)",
D) :=2rD" L.

Denote moreover i(o) = ¢ and 5(0) = ¢.

The lemma below provides the equations for the higher-order radiation fields that are central in deriving
the r-weighted estimates in a neighbourhood of H* and Z+.

Lemma 6.1. Let ¢ be a smooth solution to (1.1), then for all n € Ny, we have that

(6.1) ALL® () = Dr?Age® () + [—4nr™" + O(r ™)L&,y + D [n(n+ 1)r > + O(r~?)] ®(n,
max{0,n—1}
+n Z O(T_Q)‘P(k),
k=0
(6.2) ALL® () = Dr *Aga® ) + [-4M *n(r — M) + O((r — M)*)|L®,,,,
+ [n(n+ )M~ (r — M)? + O((r — M)*)] @,
max{0,n—1}

tn Y O((r— M),
k=0

Furthermore,
(6.3)  ALL®(y = Dr2Re: By + [~4r~ 1 + O(r )] LSy + D [2r 2+ O(r~3)] &y
+2Mr72 + O(r))e + [Mr=2 + O(r7%)| As2 0,
(6.4) 4LL§(1) = DT—2A52§(1) + [-4M 2 (r — M) + O((r — M)Q)]@(l)
+ 2M 74 (r = M)+ O((r — M)*)] &)
+[2M 72 (r = M)? + O((r = M)*)|¢ + [-M2(r — M)? + O((r — M)*)]As2¢.
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Proof. The equations (6.1) and (6.2) can easily be derived inductively, using that the n = 0 case follows
directly from rewriting (1.1) as the following equation for ¢:
DD’

(6.5) ALLY = Dr e — —

@.
O

In the following proposition, we establish finiteness of certain limits of the higher-order radiation fields
(D(n) at 7T,
Proposition 6.2. Let ¢ be a smooth solution to (1.1). Let n € N and assume that

JT ] - mx, dus, < co.
o
(i) If we assume that

n—=k
[/ AL P |dew}( ) < o0
0<k<n

then for all u > ug, we have that there exists a constant Cy, = Cyy(M, N, X, u) > 0, such that

(6.6) swp | [ 185 0 Pls o] ) < Cu 3 | [ 188 00 Pl a0

i
0<k< uoSu/Su 0<k<n

(ii) If we make the stronger assumption that for all 0 < k < n:

. n—k
i | [ 185 00 Pl do] 0) <o
S

V—>00

then, for all u > ug and 0 < k < n, we have that

(6.7) lim [/52 |Ag;k¢(k)|2|N5 dw} (v) < 0.

vV—00

Proof. We will prove inductively that (6.7) holds. The n = 0 case follows directly from Proposition 3.4
of [12], so we will omit the derivation here. Let N € Ny and suppose (6.7) holds for all 0 < n < N. Then,
by applying the fundamental theorem of calculus together with (6.1), we have that

u

(I)(N+1) (uv v, 03 SD) = (I)(N—i-l)(uOv v, 03 SO) + / L(2T2DL<D(N))(U’/3 v, 07 SD) du’

0

(68) = @(N+1)(U(),U,9,Q0)
“
uo

By applying a Gronwall inequality in u, we can therefore estimate

N
O(Til)(D(N-H) +0(r%) As> Qv + o(r°) Z (I)(k)] (v, 0,0, p) du’

k=0
(’U/, v, 05 @)) .

uo<u’'<u uo<u’<u

N
sup |(I)(N+1)|2(u/7v797 SD) < C(u) <|(I)(N+1) (’LLOJJ, 07 90)|2 + sup |4&52®(N)|2 + Z |(b(k)|2
k=0

The above equation integrated over 52, together with (6.8), gives the following estimate:

| / 1Bty 2 (1, 0,6, ) oo — / 1B 11| (10, 0,6, 0)deo
52 52

_/52 (/u[ (r°)As2 @y + O(r° Z%

2
(', v,0,0)d ) dw
k=0

N
SC(U)T_l(’U/,’U) sup |(I)(N+1)(U(),’U,9,Q0)‘2 + |A52©(N)|2(U/,’U,97g0) +Z ‘(I)(k?)|2(ulvv797(p) dw.

’
uo<u'<u J§2 =0

By the inductive step, together with the additional fact that the equation for the inductive step immediately
holds for @) replaced by Ag2 D), since [Ag:2, Og] = 0, we can infer that (6.6) holds and morever, the
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right-hand side of the equation above goes to zero as v — oo and therefore, using once more the inductive
step (commuted with Ag2), we conclude that

lim / |<I>(N+1)|2(u7v,97cp) dw < o0,
82

vV— 00

which allows us to obtain (6.7). O
Remark 6.1. Since :I;(l) = (L+ Mr=1)®), (6.6) and (6.7) with n = 1 automatically hold when @y is
replaced by 5(1).

6.2. The key identities. In order to establish the rP- and (r — M) ~P-weighted estimates below, we first
derive the following rP- and (r — M) ~P-weighted identities in the following key lemma:

Lemma 6.3. Let ¥ be a smooth solution to (1.1) and p € R. Then the following identities hold for all
n € N:

/ L (r?(L®(n))?) dw + %/ [(p+4n)r?~! + O(rP=?)|(L®())* dw
32 g2

1 B
+ 7/ (2 —py?=3D (|y752<1>(n)|2 —n(n+ 1)<1>§n)) duw
82

8
(6.9) 1 _ _
= /52 ZL (n(n + 1)r? 2@%71) —rP 2|Y752<I>(n)|2> dw
max{0,n—1}
+ | 0P )3 - LO() + O(P ) Aea Dy - Ly + 10 Y O(rP*) ) - LP(y) dw,
52 P 52
and
_ -p 2
/52L (6= 1) 7(L,))?) deo
1
4 [ M= AT O((r - MY )L
SQ
1 _ _
5 L@=pM =2 (Fsati =+ 1)) do
(6.10) 1 3 3 3 3
B /sz e (”(” + M = M)*7PeE,) — M (r — M)? pIVs@mﬂQ) du
+ [ O((r=M)* "),y - LB,y + O((r — M)* P)Aea®(,,y - L) dw
82
max{0,n—1}
+ n/ > O((r = M)> ™)@y - LB, dw.
2 15 52
Proof. The identities follow by applying (6.1) and (6.2) and integrating by parts on 2. |

We will make use of the following orthogonal projections
Pg, ng, Pzg : L2(Sz) — LQ(Sz),
with ¢ € No, which are defined as follows: let f € L*(S?), then

L oo
Puf = fo, Paf =) fo, Psf=)_ fo,
=0 o=
where fp is the £-th angular mode.
In the lemma below, we prove similar identities for the orthogonal projection P1<5(1), but we exploit
crucial cancellations occurring when we apply standard Poincaré inequalities on S2.

Lemma 6.4. Let ¢ be a smooth solution to (1.1). The following identities hold for all p € R:
(6.11)

/szL (TP(LP@(D)Z) dw + % [3 [(p+ 4P~ + O(rP=2)|(LP1®(y))? dw
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= / O(Tp73)P1(T)(1) . LP1<T>(1) + / O(Tpi?’)Plgb . LPl(T)(l) dw,
G2 G2
(6.12)

— £Y 2 1 -2 1-p 2—p & 2
L2 (=007 @P80)?) dot 5 [ 0+ 9M 2= M)+ 0l — MY ILPS ) do

- / O((r — M)* P)P1y) - LP1® ;) dw + / O((r = M)*?)Pi¢p- LP\® ;) dw.
G2 G2

Proof. The proof proceeds exactly as the proof of Lemma 6.3 with n = 1, but we additionally use the
standard Poincaré inequalities on 52 together with the fact that

Ag2Prop +2P14p = 0

to arrive at additional cancellations resulting in additional factors of % and r — M on the right-hand sides
of the identities for P1® ;) and P P4y, respectively. O

6.3. The main commuted hierarchies. We have the following

Proposition 6.5. Let @ be a smooth solution to (1.1). Fiz n € Ng and assume that for all 0 < k <
min{n — 1,0} and0<j<n-—k

(6.13) lim (/2 ‘WS2Aé2P21@(k)|2 dw) (ug,v) < o0.
S

vV—>00

Let € > 0 be arbitrarily small, then there exists rz > 0 sufficiently large, such that for p € (—4n,2] and
for all 0 < uy < ug:

a-o/

1 u2
P (LP51®(,)? dwdv + 5(1 — e)/ / (p+ 4n)r?~ Y (LP>1®(,,))? dwdvdu
= uy JNT
1
+ 1 / [Tp72|WS2P21<I)(n)|2 — n(n + 1)Tp72(PZ1CD(n))2] dwdu
t(ur,u
(6.14) z (uue)

1 [
+ 7/ / (2—p)P=3D (\WSQPZ@(H)P —n(n+ 1)P21<1>(2n)) dwdvdu
8 uy NZ

<C P (LP>1®(,)? dwdv + C Z / JT[T*y] - ny, dus,
N1{1 k<n Dy

where C' = C(n, M,Xo,73,) > 0 is a constant and we can take rz = (p + 4n) "' Ro(n, M) > 0.
Furthermore, there exists ry > M, with ryy — M suitably small, such that for p € (—4n,2] and for all
0<u; <wus:

(6.15)
v2
(1= [ =2 PPy dodut 50 =6) [ [ (o )= M) P (LP12,) dudude
,N"H U1 Nz{

v2

1
+oM (r = M)*™|Wg2d(, > = n(n + 1)(r — M)Q—Pg%n)} dwdv

4 H (01,02)
1 [ B B
+ g/ /NH 2-p)(r— M)3 ppf—6 (|W52P21@(n)‘2 —n(n+ 1)P21Q%n)) dwdudv
vy K

<C / 1P (LP51® )2 dwdu + C / TUT*) -y, dpss,
N} kn Zo

where C' = C(n, D,ry) > 0 is a constant and we can take (ryy — M)~ = (p+4n)"*M~2Ry(n, M) > 0.

Proof. Observe first of all that the assumption (6.13) together with the smoothness assumption of the
initial data on X imply that

/ T [ps1] - ny, dps, < 0c.
)

We can therefore appeal to Proposition 6.2 with regards to the limiting behaviour of P>1® ;) at .
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We will first derive the estimate (6.14). In all the estimates in this proof, we assume for notational
convenience that sz ¥ dw = 0. We introduce a smooth cut-off function x : R — R such that x(r) = 0 for
all r <rz and x(r) =1 for all » > rz + M. We will choose rz appropriately large.

We now integrate both sides of (6.9) in the u and v directions to obtain

1 [
| o) dedo 5 [ [ amer (L) dododu
NZ, 2 NZ

1
+*/ { |Y752(I) n)| —n(n+1)rP~ Q(I)(n)} dwdu
4 I+ (u1,uz2)

1 [ .
(6.16) +§/ /NI(2*;D)TP 2Dy (\Vg2®(n)|2—n(n+ 1o (n)) dwdvdu
z/ rp(L(X@)(n)))dedv
NZ

Uy

+ I+t Tt Y / / P2 LX) - Ry[0°® )] dwdudv,
NI

|| <1

where we use the notation R, [f] for terms that are compactly supported in rz < r < rz + M and are
linear in the function f, and we define

Jy = / O 2)(L(x® n)))? dwdudv,

Jy = / O 3)x® ) - Lx®en)) + O(r~%) Koz (xP)) - L(XP () devdud,

ne
Jzi=n Z / O(TP_Q)Xq)(k) - L(x®(n)) dwdvdu.
z
In order to obtain (6.16) we used that rp_2x2<13%n) and rp_2X2<I>%n) vanish on {r = rz}.
First of all, by (A.7) and the compactness of the support of R, it follows that there exists a constant
C(M,Xg,rz) > 0 such that

(6.17) / / P2 L(XD (1)) - Ry[0%P ()] dwdudv < CY / JTT*P) - ny, dps,, -

la|<1 k<n

The strategy for the remainder of the proof will therefore be to absorb J; + Jo + J3 into the second term
on the left-hand side of (6.16).

Estimating .J;
We apply Young’s inequality with weights in € to estimate
U2
|J1] < / / e(p+ 4n)rP N (L(x®(n)))* + Ce H(p + 4n) 1P ° 2<I> ) dwdudv,
U1 Ng

for some € > 0 to be chosen suitably small. We absorb the first term into the left-hand side of (6.16). We
apply (A.1) to further estimate

e p+4n)” / / rP=o 2<I) ) dwdudv < Ce™ (p—|—4n)71/ P (L(x®(n)))? dwdudv
NZ NZ
SCe_l(p+4n)_1rf2/ P L(xP(n)))? dwdudv.
N

For rZ > 0 suitably large (depending linearly on (p+ 4n)~1), we can therefore also absorb the term above
in to the second integral on the left-hand side of (6.16).

Estimating .J,
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To estimate Jy, we first consider O(Tp*?’)xé(n) - L(x®(y,)) and apply Young’s inequality to obtain:

uz u2
/ O(rp_?’)xtb(n) - L(x®(n)) dwdudv < / / e(p+ 4n)rp_1(L(X<I>(n))2 dwdudv
uy JNT u; JNZ
u2
+CeH(p+4n)~! / / PR, dwdudv.
uy NE

The first term on the right-hand side can be absorbed into the left-hand side of (6.16) and the second
term on the right-hand side can be absorbed into J;, as above.
In order to estimate O(r?~3)xAg2 Py, - L(x®()) we first rearrange the terms in (6.1) to obtain:

n

1
(6.18) 5 DxBsP(n) = 2 LL(X® (1)) + (2n7 + O(r")) L(x® (1)) + > O )xPiy + Y Ry[0°®(ny),

k=0 || <1
so that
u2 u
/ O(rP*)xBs2 @ () - L(xP(n)) dwdudv| < / O(r’" ) LL(x®(n)) - L(x®(n)) dwdudv
uy JNT w; JNI
u2
n / O 2)(L(x® n)))? dwdudv
Ul NE
n Uso
+ Z/ / O(r"=3)X® sy - L(x®(ny) dwdudv
k=0”u1 YNNI

+CY / JT([T*Y) - ny, dps,,
Eul

k<n

Note that we can absorb the second integral on the right-hand side into J; and we can group the third
integral with the O(r?=3)x®, - L(x®(y)) term of J, and with J3 (which we estimate below). It remains
to estimate the integral of O(r"~1)LL(x®(,)) - L(x®(n))-

We first integrate by parts in the L direction:

/ O(Tp_l)LL(X<1>(n))'L(be(n))deudv:/ / L(O(rP~ 1) (L(x®(n)))?) dwdudy
w1 NI ul NI

+(p—1)/u2 /NI O(r?=2)(L(x®(n)))? dwdudv

= O(rp*l)(L(Xq)(n)))2 dwdv — O(rpfl)(L(X<I>(n)))2 dwdv
NZI NZ

ug uq

+(p— 1)/ O(r?=2)(L(x®(n)))? dwdudv.
U1 Nf

We can absorb the third term on the very right-hand side above into J; and we can absorb the absolute
values of the remaining terms into the integrals over NZ, and NZ that appear in (6.16) (after taking
rz > 0 suitably large).

Estimating J3
If n = 0, there is nothing to estimate. Suppose therefore that n > 1. It is only in this step that

we will make use of the assumption fsz 1®dw = 0. That is to say, using this assumption it follows
that there exist functions f(x), with 0 < k < n, such that

Asz firy = Py
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for all 0 < k < n. We can then estimate .J5 as by integrating by parts twice on 5% and then applying once
more (6.18) to obtain:

Js = Z/ O(r" )X As2® 1) - L(x f(n)) dwdvdu

n 1

/ O(PINLL® G - Lxfiny) + OGP XLy - L)

+ Z o@rP~ 2)x<1>(m) - L(X f(n)) dwdvdu.

m=0

We integrate by parts in the L direction to obtain:

/ O(rP)XLL® 1y - L(x f(n)) dwdudv = Z/ / O(r")XL® ) - L(xf(n))) dwdudv
Ul NI J\fI

+p Z / O P~ I)XL(I)(k) (Xf(n)) dwdudv + . ..

= / O(Tp)qu)(k) . L(Xf(n)) dwdv
N,

u2

+ / O(rP)xL® 1y - L(x f(n)) dwdv

n—1 us
+pZ/ / O(Tpil)XL(I)(k) ~L(Xf(n))dwdudv+ ceey
k=0 /ur JNET

where for the sake of brevity we employ the schematic notation ... to denote all integral terms that are
supported in rz <r <rgz+ M.
Note that by applying the standard Poincaré inequality on $2, we can estimate

1 1
(619) / f(zn) dw < 7/ |V82f(n)|2 dw < 7/ (I)?n) dw
52 2 52 4 G2

and hence,

‘/ O(rP)xL® 1y - L(x f(n)) dwdv

< / er?(Lx®))” + C’e*lrp74x2(<1>(k+1))2 dwdv,
Ny

O(rp_l)xLCD(k) - L(x f(n)) dwdudv
NZ

U
< / / erP N Lx®(n))® + Ce P33 (R4 41))” dwdv.
N'U/

By applying (A.1), with ry = rz suitably large and ro = 0o, a number n — k times to the second term
on the right-hand side above and moreover (6.6) (which holds by the assumption (6.13)) we can conclude
that all the boundary terms appearing in (A.1) vanish, so that we can further estimate for p < 3:

/ erP(LXfI)(n))Q+Ceflrp74x2(q)(k+l))2 ddeSCe/ (LXCI)(n)) dwdv + C Z/ JE[T™] - ny dps,
N,

w u m<n

where we take u = uy or u = us.
Similarly,

/ / er? N (Lx®(n))? + Ce P52 (g 41))? deU<C€/ / P (Lx®(ny)? dwdvdu + .

Putting the above estimates together, we therefore obtain:

u2
|J5| < C/ / erp_l(LXq>(n))2 + Ce/ rp(LXq>(n))2 dwdv + Ce/ 7“”(L)(<I>(n))2 dwdv
Nu,

u2

+C Z/ JTT Y] -1y, dus,,, -

k<n
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The first integral on the right-hand side can be absorbed into J; and the second integral on the right-hand
side of the above equation can be absorbed into the left-hand side of (6.16).

Hence, we arrive at (6.14) with @, replaced by x®(,. In order to remove the cut-off function x on
the right-hand side of (6.16), we estimate:

/ P (LX® (1))? dwdv < C / P (L®(y))? dwdv + C / O ) dwdv
NI NZ NI n{rz<r<rz+M}
<C P (L® )2 dwdv + C / JT[T*y) - L dwdv,
N’I k<n—1 Nglﬂ{r15r§r1+lw}

where we applied (A.1) together with (6.6) and a standard elliptic estimate on NN,,, to arrive at the second
inequality. We can similarly estimate

rP(L® ()2 dwdv < C P (Lx® )2 dwdv + C L®,))? dwdv
. (n) (n) (n)

s NI 0 {r>rz+M} NI, {rz<r<rz+M}

<C / P (Lx®(y)? dwdv + C Y / JTT™Y] - L dwdv

k<n
<0 [ P(Lx®u)? dedv+C S / TRy, dus,
NI, k<n

and, by applying moreover (A.7), we also obtain

U2 us
/ / P (L )? dwdvdu < C / / P YLD ())? dwdvdu
ur JNT ur JNIN{r>rz+M}

u
+C / / (L®(,))? dwdvdu
NIQ{T'I<T<7"I+M}

<c/ / P (L@ ()2 dwdvdu+C’Z/ JT (TR - ny, dps, .
NI

k<n

In order to derive (6.15) we introduce a different smooth cut-off function x : R — R (we use the same
notation for this cut-off function for the sake of convenience) such that x(r) = 0 for all » > ry and
x(r)=1forall M <r <M+ %(ry — M), with 74 < 2M and r3 — M appropriately small. We integrate
both sides of (6.10) in the u and v directions to obtain:

2 Lo o [ 1—p 2
[ =)L) o+ g [ [ AR = AP ddudy

vg

+ oM [(r — M)* PV, 2 — n(n + 1)(r — M)> ”@(n)} dewdv

1
4 Ht (v1,v2)
1. & [ _
(620 g [ @M (Vs P = 12},)) ddudo
1 v
_ / (r = M)P(L(x®,,)))? dwdu
NI
+ A+l Y / / 1P 2L(xD,,)) - Ry[0°8,,)] dwdudv,
N’H

la|<1

where we now use the notation R, [f] for terms that are compactly supported in M + %(TH —M)<r<ry
and are linear in the function f, and we define

L= [ ] 0= ML) dudud,
v N,

dai= [ [0 =M LO@) O MY (00 L) i

Jy=n Z / M)Q_p)xg(k) : L(X@(n)) dwdvdu.
v1
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We can absorb J; +J, +J5 into the left-hand side of (6.15) by repeating the estimates in A% above in the
region A™, using (A.1) instead of (A.1). Note that in the A* case there is no need to apply (6.6) as the
analogous estimate at H* follows immediately from the smoothness of ¢ at H* (as we consider smooth
initial data).

O

Remark 6.2. The third and fourth integrals on the right-hand sides of (6.14) and (6.15) have a positive
sign if we consider P>py rather than the more general P>1v. This follows directly from the standard
Poincaré inequality on S2.

6.4. The improved hierarchies for / = 0 and ¢ = 1. The next proposition yields improved hierarchies
for the harmonic mode numbers ¢ = 0 and ¢ = 1.

Proposition 6.6. Let 1 be a smooth solution to (1.1). Fizn € {0,1} and assume that on NT:

(6.21) lim (/S 3 dw) (ug,v) < 00.

V—00

Then there exists an rz > 0, such that for p € (—4n,4) and for all 0 < uy < ugy:

~ 1 [uz ~
/ P (LP,® ())? dwdv + = / / (p+ 4n)r?~ (LP,®,))* dwdvdu
NZ 2 Ju, INZ
(6.22) 2 N
<C / P’ (LP,®(y,))? dwdv + C Z / JIT* Y] ny, dps,
NI E<n” Zuy
where C = C(M,Xg,r7) > 0 is a constant and we can take rz = (p + 4n) ' Ro(n, M) > 0.
Furthermore, there exists an ry > M, such that for p € (—4n,4) and for all 0 < uy < ug:

_ ~ 1 [ _ ~
[ =M TR & dedut 5 [ 1 [ ot An) e = M) (LR, E ) dudy

v2

(6.23) N
<C [ (r—M)P(LP2,)" dodu+C> JTT™Y]  ny, dus,
N} k<n v
where C = C(M,Xg,r4) > 0 is a constant and we can take (ryy — M)™1 = (p+4n) "' Ro(n, M) > 0.
If we additionally assume that there exist constants n > 0 and &, > 0 such that

(6.24) Z / |Pn&)(k)|2 dw S &, - (1+ u)™27" in AT,
k<n’S?

(6.25) Z/ Py P S & (1+0) 2 in A¥,
k<n”%?

then we can obtain for 0 < p < 5:

~ 1 [U2 -
/ P (LPy® )? dwdv + / / (p+ 4n)r?~ (LP,®,)* dwdvdu
NZ 2 Ju, Jnz
(6.26) : B
<C r?(LP,®(,))? dwdv + C Z / JTT*P) - ny, dps, +C(p—5)7"&,,
N'El k<n g

and

/ (r — M)™P(LP,®,))? dwdu + 1 / / (p+ 4n)(r — M)'P(LP,®,,))? dwdudv
N l 2w Nt

(6.27) : B
<0 (r-MyPLPB)  dudu+CS /E JTTH] n,, dps, +C(p - 5)7',

Nyi k<n vy

Proof. For p < 4, the proof proceeds in a similar manner to the proof of Proposition 6.5, using in the
n = 1 case the identities in Lemma 6.4 rather than those in Lemma 6.3. Note in particular that due to
the lower powers in r and (r — M)~! appearing in the identities in Lemma 6.4 and in Lemma 6.3 if n = 0
(compared to the general n case), we are able to increase the range of p. We omit the details of these
steps.
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We will now show how we can extend the range of p to 0 < p < 5, after invoking the additional
assumptions (6.24) and (6.25). We restrict to A%, because the argument in A’ proceeds analogously.
By Lemma 6.3 in the n = 0 case and Lemma 6.4 in the n = 1 case, we only need to estimate

u - - .
/ / P73 |G| LPy @y | + 1772 | Py @) || LPn @) | dwdvdu.
NZ
We apply Young’s inequality to obtain

u2 — ~ ~
/ / P3G LPa® )| + 17772 | P @) [| LP @ ()| dwdvdu

/ / TR (LR () dwdvdu+—/ / W0 (0)? 4 (Pabi)?| dwdvdu
NZ N

< C’euo sup / r?(LP, <I>(n)) dwdv + — ( —5)7! 2E
ui<u<uz J NI

For € > 0 suitably small, we can absorb the first term on the right-hand side above into the left-hand

side of the spacetime integral of the identities (6.9) (for n = 0) and (6.12) (for n = 1), where we take a

supremum in u on the left-hand side. O

7. EXTENDED HIERARCHIES FOR T*1)

7.1. The preliminary extended identities. In order to obtain improved estimates for time-derivatives
of 1, which are essential for deriving the late-time asymptotics for v itself, we will derive additional
hierarchies of r? and (r — M)~P weighted estimates for Ty, with & > 1. As a first step, we will derive
additional hierarchies for L* @,y and L*¢q in AT and Lkg(n) and LF ¢, in A™. We start with the following
identities.

Lemma 7.1. Let n € Ny and k € N. Then:

(7.1)
ALL(LF®(,)) = Dr 2 Qa2 LF @) + [~kDr > + O(r )] Ag2 L¥ 1@,y + [—dnr™' + O(r )| LF 19,
k
+ D[n(n+ 142k > + O(r ) LF ) + k(k—1) > O )AL 70,
j=min{k,2}
k max{0,n—1} k
+ 00N B 0 Y Z O(r=29)LF 1%,
j=1 m=0
and
ALL(L*®(,)) = Dr 2 Aa: L* @) + [=kM 0 (r = M)* + O((r — M)*")] A2 L' @,
+[AM Pn(r — M) + O((r — M)*)L* @,
+[n(n 4+ 14 2k)M~*(r = M)* + O((r — M)*)]L* @,
k
(7.2) B a2t k—j
+k(k—1) Z O((r = M)*7) A L7 8,
j=min{k,2}
k ‘ A max{0,n—1} k ‘ ‘
+Y_O((r =MLy 40 Y Y O((r— ML,
j=1 m=0 7=0

Proof. The identities (7.1) and (7.2) follow from a straightforward induction argument, where we apply
Lemma 6.1 for the £ = 0 case. g

When we restrict the spherical mean 1, the analog of Lemma 7.1 (with n = 0) simplifies significantly.

Lemma 7.2. Consider vy. Then for all k € N,

k
(7.3) ALL(L*¢0) = O(r=)L* ' + O(r=*)LF¢o + > O(r=377)LF ¢,

j=1
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k
(7.4) ALL(L"¢o) = O((r — M)*)LLF¢o + O((r — M)*)LF¢o + Y O((r — M)>*9) L7 gy

j=1

Proof. Equations (7.3) and (7.4) follow from a standard induction argument, where we apply Lemma 6.1
to obtain the £ = 0 case. ]

Before we derive r-weighted estimates for qu)(n) and Lk@(n), with k£ > 0, we need to establish appro-
priate (u-dependent) boundedness estimates near Z*. Recall that in the & = 0 case these were obtained
in Proposition 6.2.

Proposition 7.3. Let n € N and J € Ny and assume that

/ JT[W) - ny, dus, < oo.
Yo

(i) For all u > ug, we have that there exists a constant C,, = Cy,(M, J, X, u) > 0, such that

Z Z sup [/ r2j|Ag;ij<I>(k)\2\Nz dw} (v)
82

0<k<n0<j<J WoSuw/'su

<Cu Y. > USQTQMQQijq>(k)|2|NIdw} (v).

0<k<n 0<j<J

(i) If we assume that for all0 <k <n and0<j<J

V—00

lim [/ r2j\Ag;ij<I>(k)\2|Nz dw] (v) < o0,
82

then, for allu > up, 0 < k <n and 0 < j <J, we have that

vV— 00

(7.6) lim U r2j|4&g§ij<I>(k)|2|Ng dw} (v) < oo.
32

Proof. The proof proceeds inductively in J. The J = 0 case is proved in Proposition 6.2. We then suppose
that (7.5) holds for J and prove that it must also hold for J replaced by J + 1 by applying the same
arguments as in the proof of Proposition 6.2, using equation (7.1). O

We now state the key lemma containing the r-weighted identities for L’ () and L P,y with J > 1.
Recall that the J = 0 case was obtained in Lemma 6.3.
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Lemma 7.4. Let p € R. Then the following identities hold for all N € Ny and J € N:
(7.7)

1
/SQL(TP(LJ+1‘I)(TL))2) dw+/82L (4rp2|W52L'I<IJ(n)|2) dw

+ % /gz L([-JDr"=? + 00" ™) V2 L' ® () - V2 L' 710y ) dw

1
45 LU+ AN 0L 0 d
82
1
+ 3 /SZ (2447 —p)r*=2 + O(rP")D|Vs2 L' ®()|* + (p — 2)N(N + 1+ 2J)r* 3 D(L & ,,))? dw

1 -
= /SZ L (N(N + 1+ 2J)r" (L7 ®,))?) dw

J
/L O3 L7 @y - L7 Py deo + g O(P=279)L7=1d - L7+ ®,,

j=1
J . .
+J(J-1) /SQ Z O(Tpizij)ﬁgzLJij(I)(n) . LJ+1(I)(n) dw
j=min{J,2}

max{0,N—1} J
+ Az O(T’pid)Ag2LJ(I)(n) . LJ+1(I)(n) dw+ N Z Z /Sz O(T’pizij)LJij(I)(n) : LJ+1(I)(H) dw
n=0 7=0

+ g O(r? Ve L' '@,y - Vo2 L' @) dw,

and
_ 1 B
/SQL ((r — M) p(yﬂ%))?) dw + /gzL <4M 4 — M)? py752LJ<I>(n)2> dw
1

T3 /S2 L ([_JM_GD(T — M)* P+ O((r = M)*7)] V2L D,y - VS2LJ_1Q(n)) dw

+ % /S [(p +4N)M 72 (r = M)' P + O((r = M)* P)[(L7H @))? dow

+ é /g [(2+4T —p)MS(r — M)P"? + O((r — M)*)]| VL' @[
+(p—2)M O°N(N +1+2J)(r — M)* (L7 ®,)* dw

1
= [ ML (N(N +14+2J)(r = M)* P(L7®,))* = (r — M)Q—pwszyg(n)ﬁ) dw

82
(7.8)

J
+ [0t = ML R L0y o+ Y [ O = ML P - L 0,
j=1

J
+J(J - 1) /S Y. O =M Re: LT, - LTS, du
j=min{J,2}

+ /52 O((r = M)* ) Aga L7 @,y - L’ B,y dew

max{0,N—1} J
Ny 2/2 O((r — M) =P)L7=1®, - LTH18,) dw
n=0 7=0 S
+ g O((r = M)* ") Ye2 L' '@, - Ve L' &, duw.
Proof. The proof of (7.7) and (7.8) proceeds in an analogous fashion to the proof of Lemma 6.3, where we

use the more general equations in Lemma 7.1, rather than the equations in Lemma 6.1, and we integrate
by parts appropriately in the L direction and on S? and in the L direction and on $2, respectively. ]
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7.2. The preliminary extended hierarchies. We now obtain the higher-order (with respect to L or L
derivation) r-weighted estimates.

Proposition 7.5. Fiz N € Ng and J € Ng and assume that there exists a constant Cy > 0 such that on
NZ: for all 0 <n <min{N — 1,0} and 0 < j < J

(7.9) lim (/2 r2j|VSzAg2LjP>1<I>(N_n)|2dw) (ug,v) < 00.
s

Chude el

Then there exists r7 > 0 sufficiently large, such that for p € (—4N + 2J,2 + 2J] and for all 0 < uy < ug:

u2
/ 1P (LP>1 L7 ® (y)? dwdv + / / (p+4AN)rP~Y(LPs>1 L7 @()? dwdvdu
NI Ul NI
u2 u
u2
+ / / Tp73D|Y752P21LJ@(N)|2 dwdvdu
uq NE

(7.10) <Cc > / P ¥ (LPsy L9y dwdv + C / JUT™Y) -y, dps,,
0<j<J /Ny m<N4J Dy

+C-N P27 (P o {N—1,13 P>1®(n))? dwdu

I+ (u1 ,uz)

u2
+C- N/ / (2427 — p)rP T 2 (LP<yan(N—1,13 Po1® (max{n-1,01) ) dwdvdu,
Ul NE

where C = C(N, J,M,%q,r7) > 0 is a constant and we can take rr = (p — 2J +4N) "t Ro(N, J, M) > 0.
Furthermore, there exists roy > M, with ry — M suitably small, such that for p € (—4N + 2J,2 + 2J]
and for all 0 < uy < uy:

v2
[ =Pl P dodut [ [ o AN = MY LPAL B ) ddud
N'uz v NY
va
+ / / (r— M)S_pD|Y752P21LJQ(N) % dwdudv
V1 NS'L

(7.11) <C Z / (r_M)_p+2j(LPZILJ_jQ(N))2 dwdu + C Z
N,

/ JET™ Y] - ny, dps,,
o<j<J /NI m<N+J 7 o1

+C-N (T — M)7p+2J+2(Pgmax{N_l,l}Pzﬂb(n))2 dwdv

HF (v1,v2)

v2
+C- N/ / (24 2J —p)(r — M) PP "N LPe oy (n-1,13 Po1 @ (max (v —1.0}))” dwdudv,
vy JNH

where C' = C(N, J, M,Xq,73,) > 0 is a constant and we can take (ryy—M)~1 = (p—2J+4N)"*M~2Ro(N, J, M) >
0.

Proof. We prove (7.10) and (7.11) inductively in J. The J = 0 case follows immediately from the estimates
(6.14) and (6.15). Now suppose (7.10) and (7.11) hold for all 0 < J < J’. Then we need to show that they
must also hold with J replaced by J’+ 1. In order to show this, we use the identity (7.7), where we either
absorb all terms without a sign into the terms with a good sign or we use the induction step to estimate
them, applying the Hardy inequalities (A.1) and (A.2) where necessary, after introducing a cut-off as in
the proof of Proposition 6.5. In addition, we integrate by parts the terms with a Ag2 derivative that arise
on the right-hand side of (7.7). We refer to Proposition 4.6 in [12] for additional details in an analogous
proof (where N = 2). O

Remark 7.1. Let us emphasize that for N > 2 the estimates (7.10) and (7.11) applied to P<n_11 have
integrals on the right-hand side that are not solely supported on ¥, or ¥,,. We will need different r-
weighted estimates to be able to estimate these terms further. More precisely, we will apply Proposition
6.6 in the case where N = 2.

We can similarly extend the estimates for n = 0 in Proposition 6.6 to the higher-order quantities L*¢q
and quﬁo as follows:
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Proposition 7.6. Let k € Ng and consider the following assumptions for all0 < j <k —1,

(7.12) l'Lm rIT2 LI g (ug, v) <oo,
(7.13) ILm I3 LI o (ug, v) <oo.

Then, if we assume (7.12), there exists an rz > 0, such that for p € (—4n + 2k,4 + 2k) and for all

0 S (5% S ug
U2
/ rP(L** L g0)? dwdv + / / pre =Y (L )2 dwdvdu
N, Ul Nf

T
u2

<C [ (LM o) dwdv +C Y / JT™ Y] - 0y, dps,,
Zul

NI m<k

(7.14)

where C = C(k,M,%o,rz) > 0 is a constant and we can take rz = (p — 2k)"'Ro(n, M) > 0, and we
additionally assume (7.13) whenp > 3+ k.
Furthermore, there exists an r4 > M, such that for p € (2k — 4n,4 + 2k) and for all 0 < uy < ug:

/ (r — M)"P(L* ' ¢9)? dwdu + / / p(r — M) P(LF 1 ¢)? dwdudv

Ng‘é v1 N

(7.15)

<c [ oMy dedu s 0 [T s,
oy

H
Nvl m<k

where C = C(k, M, %, r4) > 0 is a constant and we can take (rgy — M)~! = (p + 4n) "1 Ro(n, M) > 0.
If we additionally assume that there exists constants n > 0 and &, > 0 such that

(7.16) Zr2j(Lj¢o)2 S &y (1 +u)™27" in AT,
i<k
(7.17) > (r= M) (L o) S Epp- (L+0)727" in AM,
i<k
(7.18)

and we assume (7.13), then we can obtain for 2k < p < 5+ 2k:

/ rP(L* )% dwdv + / / pre =Y (LF 1 ¢0)? dwdvdu
Ng Ul NE
(7.19) :

<C rP(LF )2 dwdv + C Y JTT™)] ny, dps,, +C(p+ 2k —5) " €y,
Nfl m<k Lug

and

[ o= @ o daduck [ e ) (L 00)? ddude
Ng'é V1 NZ'L
(7.20)
<C [ (r—=M)P(L" o)’ dwdu+C / JTT™P) - ny, dus,, + C(p+ 2k — 5) " Exy.
p

N7t m<k Y Zv1

Proof. The estimates follow from an induction argument. The k = 0 case follows from Proposition 6.6
with n = 0 and we use the identities in Lemma 7.4 (with n = 0) in the induction step, as in the proof of
Proposition 7.5. We moreover use that forall 0 < j <k —1and 0 <p < 5:

/ PRI (L7 g )? dwdvf,/ PRI (L2 g0)? dwdw,
N

NI

by (A.1) together with the assumption lim,_eo 72 9 LI+ ¢ (u, v) < 0o, which follows from the assump-
tion (7.12) in the p < 3 case and (7.13) in the p < 5 case after a straightforward propagation to u > ug as
in the proof of Proposition 7.3. A similar inequality holds along N, where there is no need for additional

initial data assumptions by the assumption of smoothness of the initial data. 0
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7.3. The hierarchies for 7. In order to use the extended r-weighted hierarchies for L* ®(,) and L” D,

from Proposition 7.5 and 7.6 to obtain additional r-weighted estimates for Tk<I>(n) and T’“<I>(n) compared
to @(,,) and @(,,, we first relate r-weighted estimates for T-derivatives to r-weighted estimates for L- or
L-derivatives.

Lemma 7.7. Let n € Ng, k > 1 and p € (2k,2k + 2], then we can estimate

U2
/ / P Y (LL* T ,,))? dwdvdu
U1 Nf

u2
(7.21) <C Z/ / P Y LLY® ) + 1P 73| Vs LF1Q% ) |? dwdvdu
|a‘:1 Ul Ng
+C Z / JT [me] sy dMEul
m<k+n By
and
v2
/ / (r—M)'"P(LLF'T®,))? dwdudv
V1 Ny
V2
(7.22) <Cy / / (r=M)"P(LL*®,,))* + (r — M)* ?|Ve2 L' QD) |* dwdudy
jaj=1 701 NG
+C > / JET™Y) -y, dus, -
m<k+n Ty

Furthermore, if we let p € (2k,2k +5), and we assume that for all 0 < j <k,

lim 772 L7 o (ug, v) <co  when p < 3 4 2k and

v—> 00
lim 3L ¢o(ug,v) <co  when p < 5+ 2k,

V—>00

then we can estimate

U2
/ / P Y LLF 1T ¢0)? dwdvdu
Ul N%

(7.23) us
<C / / P~ Y (LLF ¢o)? dwdvdu+ C Y / JHT™ Y] - 0y, dps,,
u, JNZT m<k? Suy
and
[ ] = a0 @ 760 dudude
v JNM
(7.24)

<o [7[ oo raLten dedudo 0 Y [T n ds,.
v1 NvI Evl

m<k

Proof. All the estimates in the lemma follow directly from the identities in Lemma 7.1 and 7.2 together with
the equality T'= L 4+ L. Note that we have made use of standard relations between angular derivatives
and angular momentum operators £2;, ¢ = 1,2,3, to replace Agsz*hI)(n) appearing in the integral by
E|a\:1 Vs Q*L*1®,,) (and similarly for @, replaced with 2, O

8. TIME DECAY ESTIMATES

In this section we will derive time decay estimates for . First, we will convert hierarchies of r-weighted
estimates from Section 6 and 7 into time decay estimates for various (r-weighted) energy quantities in
Section 8.1 and 8.2. Then, we will use these energy decay estimates to obtain pointwise time decay
estimates in Section 8.4 by applying in addition certain elliptic estimates that are derived in Section 8.3.
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8.1. Energy decay estimates. We start by deriving separately energy decay estimates for 1y and 1>1.

Proposition 8.1. For all € > 0 there exists a constant C = C(M,Xg,€) > 0 such that

(8.1) / J o] - nr dpr < C - E§[Y)(1+7) 73t
=,
(8.2) / P2 - (Lo)? dwsdv + / (r— M)~2 - (Léo)? dwdv < C - EE[E](1 + 7)1+,
NT NZ
with

E§[y] = / 97 (Lepo)? dwdv + / (r — M)™%¢(L)? dwdu + / I o] - ns, dpus.
NZT NH 3o
Proof. Energy decay follows from the hierarchies of r-weighted estimates in Proposition 6.6 with n = 0 by
a repeated use of the mean value theorem along dyadic time intervals (sometimes called “the pigeonhole
principle”). For additional details, see also the analogous Proposition 7.1 in [12] for the sub-extremal
case. (]

Before we proceed with proving energy decay for the 1> part of the solution, we will show that we
can obtain additional improvements to the estimates in Proposition 8.1 in the cases where Iy[t)] = 0 or
Hy[y)] = 0, after proving the following auziliary decay lemma:

Lemma 8.2. For all € > 0 there exists a constant C = C(M,Xg,€) > 0 such that

(8.3) /N; r? - (Leo)? dwdv < C - | E§[4)] +/NOI 47 (Lpo)? dwdv | (1 + 7) 72,

(8.4) /N:{ (r—M)™? . (Lgo)? dwdu < C - | E§[¢)] + /Ng{ (r — M)=*F €. (L¢o)? dwdv| (14 7)72F<.
Furthermore,

(8.5) ol < O | Bolil + | (L) | (14 7)E

(8.6) ol < C- | Bolo + | LM | 17y

Proof. The estimates (8.3) and (8.4) follow after applying, in addition to the estimates in the proof of
Proposition 8.1, either (6.22) or (6.23) with n = 0 and p = 4 — ¢ and p = 3 — ¢ (and applying the
mean value theorem twice in an analogous fashion to the proof of Proposition 8.1. The pointwise decay
estimates then follow from a standard application of the fundamental theorem of calculus; see the proof
of Proposition 8.12 for explicit details of this type of computation. ]

With the L estimates in Lemma 8.2, we can recover the assumptions (6.24) or (6.25) and make use
of the full hierarchy of r-weighted estimates from Proposition 6.6.

Proposition 8.3. For all € > 0 there exists a constant C = C(M, g, €) > 0 such that

(8.7) / 1?7 (Lpo)? dwdv < C - E§ 7[ip] - (1 +7) 73,
NE
(8.8) / (r—M)7?*(Loo)* du < C - Eg 3 [¢)] - (1+7)7%F,
NH
where

B 7[) = Egl] + / 15 Lebo)? duod,

NI
B mlo] o= Bolul+ [ (r = M)7(Loo)? ddu
Proof. We repeat the proof of Lemma 8.2, but we additionally apply either (6.22) or (6.23) with n =0
and p = 5 — ¢, using the L™ estimates (6.22) or (6.23). O
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Proposition 8.4. Assume that forn=0,1 and 0 <k <2 —n:
lim V2 e Po1 B |? dw < o0.

Then, for all e > 0 there exists a constant C = C(M,Xo,€) > 0 such that

(89) [ I W) e <€ Bffula 4 1)
ET
(8.10) / r?(Lp>1)? dwdv + / (r — M)"?(Lé>1)? dwdu < C - ES[](1 + 1) 73T,
NZ NH
with
1 3-2n
E{[Y] == /NI r' = (LPs1®2))” + Z Z /NI P2 (LT P51 ® ()% + 1 (LT Po1®(,))? dwdv
n=0 m=0

1 3—-2n

+ /NH (r— M) (LPs1 @) + Y Y /NH (r— M)"2(LT™P>12,)*

n=0 m=0

5
+ (r = M) LT Py @) dwdu + Y / JT [T ps1] - ny, dps, -
m=0 2o

Proof. In order to prove (8.1) we follow a similar strategy to the proof of Proposition 8.1: we apply the
mean value theorem on dyadic intervals. However, in this case we appeal to the hierarchies of r-weighted
estimates in Proposition 6.5, where we take n = 0,1,2 and we relate the r-weighted estimates at different
n via the following estimate: for p < 4, we have that

U uz n
/ / rP Y Lx® (y)? dwdvdu < / / PO (D)’ dwdv + / / JTT*) ny,, dps,,
uy JNZ u; JNZI k=0 Zus Y Zuy

U n
< / / rp_3(LX<I>(n+1))2dwdvdu+Z / JTT™)) - ny, dus,
ur JNE k=0

Suy 80

where x is the cut-off function that appears in the estimates in AZ in the proof of Proposition 6.5 and
the first inequality on the right-hand side above follows from the Morawetz inequality (A.7), whereas the
second inequality follows from the Hardy inequality (A.1). We can similarly estimate for p < 4:

/ /NH (r— M)7p+1(LXQ(n))2 dwdudv < / /NH (r— M)*P+3(Lxg(n+l))2 dwduduv

where y here denotes the cut-off function that appears in the estimates in A™ in the proof of Proposition
In the n = 2 case, the left-hand side of the r-weighted estimates (6.14) and (6.15) are not positive
definite due to the presence of the spacetime integrals of the terms

[t s, das.,.
Sy

uq

2=’ [[Ve: Po1®(a)|* — 6(P212(2))?]  and
2= p)(r = M) [ Vo2 Por®iy)|* = 6(Po12))?]
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Note however that, after applying the Poincaré inequality it follows that the above terms are positive
definite for P>2®(9). To deal with the £ =1 case, we instead use that for p < 2:

ug u2 ~
/ / i P73 (P1@(g))? dwdvdu < / / i P LxPr®yy)? + P2\ 0F, ) dwdvdu
N, NZ

+Z / / JTTE Y] ng, dps,,
By

u —
S/ / P Ly P ®1))? + rP X (LPy®(1)? dwdv
NI

+ Z/ / JUT Y] ny, dus,,

u2 ~
5/ / P L P1® (1)) + P52 (P1®2))? dwdvdu
NI

+Z/ / JT[T*y) - ns, dus,,

where we made use of (A.7) and (A.1). Note that the second term on the very right-hand side above can
be absorbed into the left-hand side for sufficiently large rz, similarly, for r¢ — M suitably small, we have
that for p < 2:

/ / (T _ —p+3 2(P1 dwdudv < / / r— 71(LXP1§(1))2 dwdudv
V1 Ng't NH

+Z / JTT*) ny, dps,

P

The above estimate therefore allow us to use the r—welghted estimates in Proposition 6.6 with n = 1 and
p < 3 to estimate the integrals of r?~?x*(P1®(3))* and (r — M)"P*3x*(P1®))? first and then combine
these with the n = 2 estimates in Proposition 6.5 for p < 1.

Finally, we note that in order to estimate a global integrated energy, we moreover apply the Morawetz
estimate (A.8) which has a loss of T-derivatives on the right-hand side, and therefore the initial data norms
that appear on the right-hand side of the time decay estimates will have additional T-derivatives. |

We will also need the following energy decay estimate that involves higher-order weights in r or (r—M)~1
in the initial data norms.

Proposition 8.5. Assume that forn=0,1 and 0 <k <2 —n:
le |WS2AQ2P21(I)(n)|2dW < o0.

Then, for all e > 0 there exists a constant C = C(M,Xo,€) > 0 such that

(8.11) / 2(Lop>1)? dwdv < C - B [9](1 4 7)1,
(8.12) / “2(Lsn)? dwdu < C - B4 [0)(1+7) 74,
(8.13) / JT (5] 0 dar < C - ES[)(1+7) 76+,
2,
with
E5 7] +/ 127 (LPs1®9))? + 1 (LP B (1)? dwdv,
NI

Ef y[¥] = Ei[¥] + /NH (r— M) (LP>19y))? dwdu,

E5[Y] := /NI 1" (LPs1®(2))* + r' " (LTP19(2))* + ' (LP® (1)) + 737 6(LTPl 1y)? dwdv
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1 4-2n

+> Z/ (LT™Ps1®))* + r (LT P11 ®())? dwdv

n=0 m=0

+ / (r— M) (LP>1®5))% + (r — M) (LT P51 (5))* + (r — M)*‘”e(LPli(l))Q
N’H

+(r = M) (LT P® y))? dwdu

+> Z / HLT™P>19,,)% + (r — M) (LT Py @, )? dwdu
n=0 m=0
+ Z T™>1] - ng, dus, -

Proof. In order to prove (8.13) we proceed as in the proof of Proposition 8.4, but we consider additionally
the r-weighted estimates in Proposition 6.5 for n = 2 with p = 2 — € and the r-weighted estimates in
Proposition 6.6 for n = 1 with p = 4 — ¢, resulting in an additional power in the energy decay rate.

In the process of deriving (8.13), we also obtain (8.11) and 8.12, but we require a weaker energy norm
on the right-hand side. That is to say, the energy norm will contain higher powers in either r or (r—M)~*
on the right hand side (and not both, as in the norm E$[¢]). O

8.2. Improved energy decay estimates for time derivatives. In this section, we obtain improved
decay estimates for the time-derivatives T7.

Proposition 8.6. Let J € Ng and assume that for all0 < j < J —1,

UILH;O rIT2 LI g (ug, v) <oo0.

Then, for all € > 0, there exists a constant C = C(M,Xg,€,J) > 0 such that

(8.14) / ‘]T[TJ'(/)O] n,dp, <C-Eg )(1+ )32 te,
o
(8.15> Z / T2+2j1 : (L1+j1Tj2¢0)2 dwdv +/ (’I“ — M)_2_2j2 . (Lj1+1Tj2¢0)2 dwdu
jitja=J N7 NH
Jj120,5220

< C-Ej j[)(1 4 7)1 224,
with

E§. Y] = /NI r3+2-’*f(L1+J¢0)2dwdv+/

(r—D) 3274 (L1 ) dwdu+z / JT [T 4] s, dpsss,
NH

Proof. We follow the steps in the proof of Proposition 8.1, applied to T/ instead of v and we extend
the hierarchy of r-weighted estimates in the case J > 1 by employing the additional r-weighted estimates
in Proposition 7.6 and relating them to the original hierarchy of estimates (for J = 0) via (7.22) and
(7.23). O

In analogy with Lemma 8.2, we now obtain auxiliary decay estimates for J > 1 that will be useful when
improving the estimates Proposition 8.6 in the setting where either Hy[y)] = 0 or Iy[p] = 0.

Lemma 8.7. Let J € Ny and assume that for all0 < j < J —1,

lim 7773 LI o (ug, v) <oo.

V— 00
Then, for all e > 0, there exists a constant C = C(M,Xo,€,J) > 0 such that
(8.16) > / P22 (D2 0)2 dwdo
J1t+je=J
712>0,72>0

(8.17) <C-

E§, (Y] +/ P20 (LM g0)2 dwdv | (14 1) 72722t
N
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(8.18) > / (r — M)~27%2 . (L7792 )2 dwdu
Jitj2=J N7
J120,j2>0
(8.19) <C- E&J[w} +/ (’I“ _ M)—4—2J+s . <L1+J¢O)2 dwdu (1 + T)_2_2j2+5.
N
Furthermore,
(8.20) 177 L7 gol[7e (nzy < C - | 5[] + / AT (L g0) dwdy | (14 7)7E
NU
(821) ||TJLJ¢O||%OO(N$) <C- ESWJ] + / H(T. _ M)7472J+6 . (L1+J¢O)2 dwdu (1 + T)7%+6.
NO

Proof. We obtain (8.16) and (8.18) by adding one estimate to the hierarchies of Proposition 8.6, in analogy
to the proof of Lemma 8.2. In order to obtain (8.20), we need additionally use the estimate

Eg. ;[¢] +/ rAt2I=e (L g0)2 dwdv | (14 7) 73720+,

/ T,1+J A (L1+J¢O)2 dwdv < C -
NI NZ

P

In order to prove (8.16), we then apply the fundamental theorem of calculus (together with the Morawetz
estimate (A.7) and the Hardy inequality (A.1)) to estimate r2/x2(L’ ®()? using the estimate above together
with (8.16). We arrive at (8.21) by applying similar arguments in the region A™. O

The L* estimates in Lemma 8.7 allow us to retrieve the assumptions (7.16) and (7.17) so that we
can use the full hierarchy of r-weighted estimates in Proposition 8.6 to obtain the following analog of
Proposition 8.3:

Proposition 8.8. Let J € Ng. Then, for all € > 0, there exists a constant C = C(M,3g,¢,J) > 0 such
that

(8.22) > / r? P2 (LT 0)? dwdv < C - B 7 [0](1+ 7) 787202t
Jitjz=J NZ
Jj120,52>0
(8.23) 3 / (r — M)~22 (LI T920)? dudu < C - B 4y, [0)(1 + )-8+,
Ji+jga=J NI
7120,5220
where

ES 7., [] = B[] + / PRI (1 6002 duodo,
NE

E§ 30,5 [0] =: Eg. 4 [¥] + / H(r — M)75720Fe (LY )2 dwdu,
NU

and we assume (7.13) for (8.22) and (7.12) for (8.23).

We now define the following higher-order weighted energy norms for ¢>; and J € Nj.
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Y /r1’€|Y7§2LP21Tj<I>(2)\2dwdv
0<j+laj<s V"
la|<T

1 3—2n+2J
DY / r2(LT™ Po1®(ny)? + 1 (LT P21 () dwdv
n=0 m=0 NZ

. , .
+ Z / P2 W L Poy T @ o) |? dwd
la] <max{0,J—1} NE
i<max{J—1,0}
0§j+\a|§J72i+min{J,1}

+ Z /NI T2ife|vggL1+iP21Tj¢,(2)‘2 dwdv

|a]<max{0,J—1}
i<J
0<j+|a|<2J—-2i+1

_|_/ T2+2J76(L1+JP21(I)(2))2 dwdw
N

z
+ > /NH(T*M)’1+5|77§2LP21T@(2)|2dwdu

0<j+|a|<J
laj<g
1 3—-2n+2J
— M) 2(LT™"Ps1®, +)? — M)(LT*" ™™ Ps1®, )2 dwd
+Z Z AH(T ) (— 21—(71)) +(T )(i Zlf(n)) wau

—1—2ite|p® 71+i j 2
+ Z /H(T_M) VgL P21T]Q(2)| dwdu
|| <max{0,J—1} N
i<max{J—1,0}
0<j+|a|<J—2i+min{J,1}

|a]<max{0,J—1} NH
i<J
0<j+|a|<2J—2i+1

+/ (r— M)"'"2TH(L Pey @) dwdu

NH

+ E / JETIO%>1] - ng, dus, -
o

j+|a|<5+3k
o<k

55
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and
Es 0= > / ] 127\ Ves LP1 T9® (9| + 1 €|V ao LT Poy @ o) |2 + 147 (LP T ® 1) dwdv
0<j+al<s 7N
jal<J
1 4-2n+2J

> /NI P2(LT™ Ps1® )% + 7 (LT Po 1 @ (,,)? dwdv
n=0 m=0

- « . )
+ > / P22 Ve LM Poy T @ o) |2 dwdv
|a]<max{0,J—1} Nt
i<max{J—1,0}
0<j+|a|<J—2i+min{J,1}

+ > /NZ P2 Y L Py TI D o |? dwdv

|a|<max{0,J—1}
i<J
0<j+|al<2J—2i+1

+ /J;II 7"2+2J_€(L1+JP21¢(2))2 dwdw

+ Z / (r— M) 7" | Vg LPoy T @)1 + (r — M) ™' |V LT Poy @) |
N

0<j+|e|<J
la|<J
+(r = M) (LPTI®y))? dwdu
1 4-2n+2J
+ — M) (LT Ps1®,,))* + (r — M)(LT"t" P>1®,,,))? dwd
SN [ M LT P (- MYLT P8, de

+ Z / (T - M)_2_2i+6|Y7§2L1+iP21TjQ(2)|2 dwdu
NH

|a|]<max{0,J—1}
i<max{J—1,0}
0<j+|a|<J—2i+min{J,1}

+ > / (r— M) 2 Yo L Py TI @ o) |* dwdu
|a]<max{0,J—1} N#H
i<J
0<j+|a|<2J—2i+1

+ /];IH (7" _ M)7272J+6(L1+JP21Q(2))2 dwdu

+ Z / JT[TjQO‘?/)zﬂ ‘ny, dps,
jtla] <6+3k 7 >0
la]<k

We note that the integrals appearing in the energy norm ET, s[¢] that are supported away from H*' are
similar to the energy norms defined in Proposition 7.7 of [12] and similarly, the integrals supported away
from the horizon in Ej, ;[¢] appear in the norms defined in Appendix A of [11].

We obtain energy decay estimates for the time derivatives of 1>1.

Proposition 8.9. Let J € Ng. Assume that forn =0,1 and for all0 < k<2—-nand0<j < J:

lim [ 1% |V Aes L7 Po1® )| dlumuy < 00
2

vV—00 S

Then, for all € > 0 there exists a constant C = C(M,Xg,¢€,J) > 0 such that

(324 [T ) e 0B )

(8.25) /NI r2(LT7 ¢1)? dwdv + /NH (r— M)} (LT ¢»1)? dwdu < C - Ef, j[](1 + 7) 73727 %<,

Proof. The J = 0 case follows from Proposition 8.4. In order to obtain the estimates for J > 1 we repeat
the steps in the proof of Proposition 8.4 applied to T”¢>1, but we use additionally that for J > 1 we
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can extend the hierarchy of r-weighted estimates by using the r-weighted estimates for L7 ®(9) that follow
from Proposition 7.5 and combining them with the estimates in Lemma 7.7 to extend the hierarchy for
TJq)(Q). Note that we need to distinguish between P>2® 5y and P ®(3) when estimating J = 0 terms, so
for J > 1 there is no further need to perform the splitting PZQLJ(b(Q) = PlLJ(I)(Q) + PEQLJ¢(2). We omit
further details of the proof and refer to the proof of Proposition 7.7 in [12] for more details on estimates
that are analogous to the estimates in A% in extremal Reissner-Nordstrom. The estimates in A follow
via very similar arguments. |

Proposition 8.10. Let J € Ny. Assume that

J 2 2—n
. . k .
UILHQOZ > /2 27| Vg2 Aga L7 Po1® ()| dwu=u, < 0.
j=0n=0k=0"5
Then, for all € > 0 there exists a constant C = C(M,Xo, €, J) > 0 such that
(8.26) / T‘2(LT‘]¢21)2 dwdv < C - E;,I;J[@[}](l + 7_)7472J+e7
NZ
(8.27) / (r — M)_Q(LTJ¢21)2 dwdu < C - ET,H:JM(l + 7_)—4—2J+e7
N ,
(8.28) / JTIT 5] - n, dp, < C - By g [](1+7) 70727+,
ET
(8.29)
where
Bz, W] = By l] + Z / P2V e LPoy T @) [* + v~ (LTI ®(y))? duwdv
0<jt+laj<s ' N*
el <J
+ > / P22 Y, L P TID ) 2 dwdy
NZT

|a|<max{0,J—1}
i<max{J—1,0}
0<j+|a|<J—2i+min{J,1}

+ / PRI (LI Py @ 9))? dwdw,
NI

Ef g 0] =B W+ ) /N (r = M) >V LPA T ) > + (r — M) (LATI®,))* dwdu

0<j+|a|<J
la|<J

+ > / (r— M) 22V L Poy TV @ g |* dwdu
N#H

|a|<max{0,J—1}
i<max{J—1,0}
0<j+|a|<J—2i+min{J,1}

+ /NH (r— M) 72727 (L Poy @ yy)? dwdu.

Proof. For J = 0, the estimates in the proposition are contained in Proposition 8.5. In order to prove
the estimates in the J > 1 case, we proceed as in Proposition 8.9 but we moreover apply the extended
hierarchy in the J = 0 case in AZ or A™ (or in both regions) that is used in the proof of Proposition
8.5. |

8.3. Degenerate elliptic estimates for 1>;. In this section we derive a degenerate elliptic estimate for
solutions ¥>1 to (1.1) that will be used to obtain pointwise decay estimates for ¢>1.

Proposition 8.11. Let ¢ be a solution to (1.1). Assume moreover that
lim 72 To|g. =0,
p—00

lim 72 Ly|s;, =0.
p—00
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Then there exists a C = C(M, %) > 0, such that, with respect to (p,0,¢) coordinates,

/ / Dr2(9,(DOy51))? + D(Wsedptoor | + D (Keetpo)? dudp
(8.30)

<c / Dr?(9,Ts1)? + Dh(r)2r(T?ps1)? dwdp.
M 52

Proof. For the sake of convenience, we will assume that fsg Y dw = 0 so that ¢ = ¢>;. By Lemma 7.9
in [12] it follows that (1.1) on (extremal) Reissner—Nordstrém reduces to the following equation
(8.31) 9p(Dr?9,0)) + Ag2t) = —2(1 — h - D)r?0,T% + (2 — h - D)r*hT*y + ((hDr?) — 2r)T%.

By squaring both sides of (8.31) and multiplying the resulting equation with the factor Dr~2, we obtain
the following estimate:

/MOO _/gzriQD(aP(Dﬁaﬂ/’)V + 172D (Ag21)? + 2r~2D0,(Dr?0,1) As29) dwdp
(8.32)

< 0/ / D(9,T)? + h(r)>Dr2(T%y)? + D(T¢)? dwdp.
82

By applying (A.3) again as follows

/ S (TP dp<a / (e — MY2(0,T)? dp,
M

M
so that

/MOO /S 72D(0,(Dr*0,9)) + 12 D(Rs29)? + 2 DO, (Dr*0,) Asat) duwdp
(8.33)

<C / Dr2(9,T)? + Dh(r)?r?(T?*y)? dwdp.
M JS2

We first consider the mixed derivative term on the left-hand side of (8.33). We integrate over S? and
integrate by parts in p and the angular variables:

(8.34)
/ / 2Dr™20,(Dr?*0,1) Ae2tb dwdp = / / —2Dr20,(Dr=2)0,0 As2 — 2D?0,1p Ag20,% dwdp
M G2 M g2

- / / —2Dr20,(Dr=2)0,0 As2) + 2D?| V520,10 |* dwdp,
M Js2
where we used that all resulting boundary terms vanish.

Note that
Or(Dr=2) = 0,((r ' — Mr=2)%) = =2(r=1 — Mr=2)(r=2 — 2Mr~3)

o) ()

We now apply Cauchy—Schwarz and the standard Poincaré inequality on S2 to estimate the first term
inside the integral on the very right-hand side above:

/ h / 12208, (Dr~2)8, b Kex)| duwdp < / DS (O (Dr2)2 (0,12 + 12 D(Aertd)? deodp
M G2 M
:/ 4D? (1—2M> (0p0)* + 172D (Ag29))? dwdp

/ /2D2|Wgzapw|2+r D(&eth)? dudp,

where we used moreover that |1 — ¥| <1.
We use the above estimates together with (8.33) to estimate:

/ " [ D2 0,(Dr29,0))? +r2D(1 — D)) (&se ) dudp
(8.35) e

<C / h D(9,T)*r* + Dh(r)*(T*)? dwdp.
M
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The above estimate allows us to conclude that

/MOO 9 Dr2(9,(Dr?0,1))? + Dr~2(Ag2)* + D?|V520,0|* dwdp
(8.36)

< C’/ D(9,T)*r? + r2Dh(r)?(T?*y)? dwdp.
M Js2
Furthermore, we can decompose
Dr=2(9,(Dr*d,1))* = Dr~2 [r20,(D,) + 2r DO, ]
=12D(0,(D0,))? + 4D(D3,1h)* + 4rD?8,4p0,(DO,1b).

By Young’s inequality and the standard Poincaré inequality on 52, we have that
1
/82 4rD?9,200,(DOy) dw > — 3 /S r2D(0,(Dd,))? dw — 8/82 D3(9,4)? dw

1
>3 [ PDO.DO o~ [ DIVee0,0 do
52 s

We then apply (8.36) to conclude that
/ / Dr?(0,(D3,))? + Dr—2(Ag210)* + D?|V520,1|* dwdp

<c / D(9,T)2r + 12 Dh(r)2(T*)? dwdp.
M G2
O

8.4. Pointwise decay estimates. In this section we use the energy decay estimates from Section 8.1
and 8.2 to derive L™ estimates.

Proposition 8.12. Let J € Ny and assume that forn =0,1 and for all0 <k<2—-mnand0<j< J:
lim [ 12|V Aea LI Po1® )| dfumuy < 0.
vV—00 g2 -

and for all0 < j < J—1

vlin;o T2 LI g0 (ug, v) <oo.

Then, for all € > 0, there exists a constant C = C(M,Xo,¢e,J) > 0 such that
(8:37) (= M)ET |,y < C - \f By 0] +7) 7577+,

(8.38) IrT 4ol oo,y S C -y E§ W11 +7)71 773,

(8.39) 1(r = M) T s ||,y <O [ 37 Bfjl00)(1+7) 37778,
o] <2

(8.40) 1(r = M)2T7 || pe(e,) SC - | > By [Q09)(1+7) 73745,
|| <2

(8.41) T s llpoes,y <C- | Y B [Qoy](1+7)727/ %2,
o] <2

(8.42) IrT7 5|l poe(s,) < C - Z ES ;[Qoy](1+7)" 5-J+5
lov]<2

(8.43) VDT || e (s,) < C - Z ES i [Q0y](1+7) 737748,
<2

_7_ €

(8.44) VDT 21| poe s,y < C- Z ES y i [Qo9)(1 4 7)727 %5,

jal<2
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Proof. In order to estimate (8.37), (8.39) and (8.40), we apply the fundamental theorem of calculus along
the foliation X, as follows:

(T, p,0,¢) =—/ Dp(T,p',0, ) dp
p

< \//T (r’—M)‘ZdT’-\//p Dr2(0,2)2(7, 0,0, 0) dp,

where we used that, by the assumptions on the initial data in the proposition and the estimates in
Proposition 7.3, @ vanishes as p — oo and moreover, we applied Cauchy—Schwarz. After applying the
standard Sobolev inequality on S2, we therefore have that

1= MBIl S | S0 / JTI] - ny dpy

|| <2

The estimates (8.37), (8.39) and (8.40) then follow from the energy decay estimates in Proposition 8.6,
8.9 and 8.10.

In order to prove the estimates (8.38), (8.41) and (8.42) we can then restrict to NZ and N. Let x(r)
be a cut-off function that is smooth and compactly supported in r > rz away from r = rz. Then we can
apply the fundamental theorem of calculus as follows:

(X0 0,0,0) = / %6 LX) fue A
Vrg ()

SN / X))l A
Vg (u') vy (')

\// LX¢ ‘u u’ dv’ - \// ))2|u:u’ dvlv
Vg (u) v u/)

where we applied Cauchy—Schwarz to arrive at the second inequality and (A.1) to arrive at the third
inequality. If we now redefine x to be a smooth, compactly supported cut-off function in r < ry away
from r = r3;, we can similarly apply the fundamental theorem of calculus, Cauchy—Schwarz and (A.2) to
obtain

<x¢>2<u,vce,¢>s\/ / (Lx¢>2|v—v/du/-\/ / (r — M)~2(L(x))?| o dur".
gy () rgy (v1)

It then follows that

T |\ vry < | D / r2(LQ2§)? dwdv - / TTQY) nydpr + Y / JTQ Y] - 0y dpsr,

la|<2 o] <2

JTQ] - 0y dpr + Z/ JHQY] - 0y dpy.

|| <2

T2 o i vt — M)2(LOYR)2 .
T vz < | 3 [ e anpee o |

la| <2 Zr

We obtain (8.38), (8.41) and (8.42) by applying the energy decay estimates in Proposition 8.6, 8.9 and
8.10.
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We are left with proving (8.43) and (8.44). We apply the fundamental theorem of calculus in yet another
way:

B (r,p,0,0) = / Woor - Optbs (7, 9116, 0) dpf
p

\// D=242 (1, 0,0, ) dp’ - \// D?(0p001)*(7, 0,0, 0) dp
SD” \// D(0pp=1)?(7,p', 0, )r? dp’ - \// D2(0p1p>1)%(7, 0,0, ) dp'

-t p)\// D(0,1p>1)2(7, p', 0, 0)r? dp“\// [Dr2(0,TY>1)* + Dh2r?(T?*Y>1)?|(7, 0, 0, ) dp’,
p p

where we applied Cauchy—Schwarz to arrive at the first inequality and we applied (A.3) together with
the fact that D=2(r') < D~2(r) for all r < 7’/ to obtain the second inequality. The third inequality
then follows from an application of the degenerate elliptic estimate in Proposition 8.11, together with the
standard Poincaré inequality on 52. We conclude that

H\/51/1||2Lw(27),§ Z/ JT[Q] - an,uT-/ JTITQY] - 0, duy

|| <2 Zr
and we apply the energy decay estimates in Proposition 8.9 and 8.10 to derive (8.43) and (8.44). |

It will be necessary to use the following additional L™ estimates with stronger weights in the energy
norm either in r or in (r — M)~! compared to the weights appearing in the norms E§. ;[4] and Ef ;[y]:

Proposition 8.13. Let J € Ny and assume that forn =0,1 and for all0 <k <2—-—nand0< 5 < J:

lim T2j|WS2Aé2LjP21(I)(n)|2 dw|u:u0 < 00,

v—=00 Jg2
and for all0<j < J—-1

. 42741
vlgrolo rIt2 LI g0 (ug, v) <oo.

Then, for all e > 0, there exists a constant C = C(M, Yo, €, J) > 0 such that

(8.45) P T ol 7y < C 3B 7,11 +7) 737775,

(8.46) 7ol L avzey < O ([ B gy g W11 4 7) 72775,

(8.47) IPT7 21 poo () < C - Z B 7 [009)(1+7) T+
o] <2

(8.48) ||TTJw21HL°°(NZ“) <C. Z ES 4, [000](1+7)" §-I+5
lor]<2

where we additionally assumed (7.13) for (8.45).

Proof. The estimates follow from the proof of Proposition 8.12, where we additionally appeal to the
stronger weighted energy decay estimates from Proposition 8.8. |

9. LATE-TIME ASYMPTOTICS FOR TYPE C PERTURBATIONS

In this section, we will derive the leading-order late-time asymptotics for the spherical mean 1y in the
case that both Hy, the conserved quantity at H™ and I, the conserved quantity at Z* are non-zero. This
data is of Type C, as defined in Section 2.3. We will make use of the pointwise decay estimates for g
derived in Section 8.
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9.1. Late-time asymptotics in the regions A?y{” and Afz. We introduce the following L°° norms on

the derivatives of ¢g along the initial hypersurfaces NJt and NZ:

Pry ik [V] = max, wPtte (LCbONg- -2 Z[zw]>
—J = LDO
4 , o[t
Py gk [¢] ::()I?;E(k v <L¢O|Ng* -2 2)[2 }> )
=J = L()O

with 0 < 8 < 1.
For the arguments below, we will need to relate decay in terms of the coordinate r to decay in terms of
the double null coordinates v and v.

Lemma 9.1. Let N € N.
(i) We can estimate in {r > rz} N {u > 0}:

Pt — 2M log(v — u) = On((v — u)°),
7 =2 8M (o - u) P log(o — ) = Oy (v 1))
- 8200 — ) log(v — w) =On (v —u) ),

(v—u)?
3 (u,v) = On((v —u)~3).
There moreover exists a constant ¢, > 0 such that
Crp v <v—u—1<wv if wu <u<g+r.(rg),
erp v <u<v if 5 4+7r.(rz) <u<up,(v).

(ii) We can estimate in {r > rz} N {u > 0}:

M2(r— M) = LY oM log(u — v) = On((u —v)°),
M™2(r — M) — - 3 - = 8M (u —v) "2 log(u — v) = On((u —v)~?)
M74(T — M)2 — % —32M (u — v)fslog(u —v) =Opn((u— v)fs),

(u —w)

M~%(r — M)*(u,v) = On((u—v)"?).
There moreover exists a constant c.,, > 0 such that

Crp v Su—v—1<0v if v <v< g —ri(ry),
u

Cry U <v<u if §—T*(T7{)§U§UTH(U)'

Proof. Observe that

— - M
Y uzr*(r):r—M—MQ(r—M)1+2Mlog(r>.
2 M
Hence, we can repeat the proof of Lemma 2.1 in [7], where in the r < r3 case, we interchange the roles of
u and v and we replace r by M ~2(r — M)~1L. O

Remark 9.1. By applying Lemma 9.1 it follows moreover that Pr, g.x[¥] < oo if and only if in (v,r)
coordinates:

g [ = 277 0 (0rtnl o+ M) || <o

Hence, if Oy ¢o|r—ns = —M ~2Hy, we are guaranteed that P, p.x[t)] < oo for all k € N and 8 =1, simply
by the smoothness assumption on the initial data for v together with Taylor’s theorem.

We moreover introduce the following spacetime subregions contained in either the region A% or A™:
for k € Ng and « € (0,1) let

A% ={r <ru}N{0<v<u—v®+2r,(ry) c A,
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A% ={r>r}N{0<u<v—u*+2r(r7)} c AL

Note that the boundaries (9/11{7{ and (’“)Agz contain subsets of, respectively, the following timelike hy-
persurfaces:

i fu— v = v+ 200},
vEi={v—u=u"+2r.(r1)}.

When the value of « € (0, 1) is not relevant, we will occasionally drop the a subscript for convenience
and write 47 and .Afz.

In the regions Ai"H and .Afz, we obtain the following additional decay estimates for 7~ and r — M:

Lemma 9.2. Let M < ry < 2M and rz > 2M. Then for all n > 0, we can estimate
<o <wu™® in Afz,
r—M<Su <o @ inA,YHH.

As a first step towards obtaining the asymptotics of ¢y, we obtain the asymptotics of L¢y and more
generally LFt1¢, for k € No.

Proposition 9.3. Let k € Ny and oy, € (%’1)' Take € € (0,5(k + 3)o — 5(k + 2)). Assume that

E§[Y] < 0o and moreover that there exists a f > 0 such that:

P, ik[t)] < oo.
Then, there exists a constant C = C(M, g, ry, 77, Qk, €, k) > 0 such that

|L* Y o (u,v) — (= 1)%(k + 1)! - 2L [¢)] - v™27F| < C\/ E§[yp] - v 3o t2ek
+ Pr, ik [Y] T2 PR g AL,

’Yo‘k
L 9o, 0) — (—1)* (s + 1)1 2Hof] - w2 7*| < Cy/Bgly] - uben 2

+ Py 16[Y] - uw*F in A%ik-

Proof. The equation (1.1) for 1 on extremal Reissner—Nordstrém for can be rewritten as follows in double
null coordinates:

1
DuOypo = ——DD' y.
4r
From Lemma 9.1 it therefore follows that we can write
Du0sdo = On((v —u) )¢y in A%,
8u0udo = On((u—v) )¢y in A
In particular, it follows that the estimates for L¥¢q in Afz , derived in Proposition 8.3 of [11], apply
ag

directly to L¥ ¢ in AZ;LH , after interchanging the role of u and v. |
ag
The next step is to apply the estimates for L¥+1¢, from Proposition 9.3 in order to obtain asymptotics
for ¢ and, more generally, for T*¢o with k € No.

Proposition 9.4. Let k € Ng. If we additionally restrict oy, € [%, 1) and € € (0, (1 — o)), we can
find a constant C' = C(M, X, ry,71, 0k, €, B, k) > 0 such that

T o (u,v) — (—1)*k! - 2L [1p] - (w1 7% — v~ 17F)]
=C ( B [v] + 10[1/}]) (v M)TFTERE L 0L Py 0] (u e M)TITR i Afgk,
1T 0 (1, ) — (—1)%k! - 2Ho[] - (v~ 1% — 4~ 1K)
= C( B [¢] +H0[1/)]) e e o0 N Ry

Vi
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Furthermore, if we impose %(1 — ay) < B+ 2¢ and assume Hy[v] # 0 and Io[tp] # 0, then the estimates
above provide first-order asymptotics for ¢ in the regions Av? and .A,y&z, for1>6> S+ % +2€ > ay, + 2e.
In particular,

T o, v) = (<1 k- 2L [u] - w™ 7] < O (/o] + Tolu]) -um ¥ -3
+C - Prygly] - u™t707H,

(T o (u,v) = (~1)k! - 2Ho[p] -0~ < O (\/Bglw] + Holy]) - v~ F ~He2ek
+C - Py, 1Y) 2R

Proof. The proof follows directly from the proof of Proposition 8.4 and 8.5 of [11], where as in case in the
proof of Proposition 9.3, we use that the estimates in the region analogous to Af/z in [11] apply directly
ag

to A%, after interchanging u and v and L and L. O
O

9.2. Partial asymptotics for 9,1 away from " up to vZ. Before we discuss the late-time asymptotics
of Tk4)g for Type C data, we will derive the late-time asymptotics for the derivatives LT*1y and LT%)
in appropriate subsets of R. We will use the asymptotics for ¢y along H* obtained in Proposition 9.4,
together with the decay estimates (8.1) and (8.37).

Proposition 9.5. Let k € No. Then there exist n,e¢ > 0 suitably small, such that in (v,r) coordinates, we
have that for allrT < rgz:

| — 2r2LTka(v,r) — (—1)k+1(k + 1)! -4MH0[1/1] ~v_2_k|

(9.1) < 0 (/B ] + Holu]) [(r = A b Ee 2ok
+ Pro, 1.9 - U—3—k7
and in (u,r) coordinates, we can estimate for all r > ry:
12LT* o (u, ) — (=) (k + 1)1 - AM Ho[p] - D™ 'r 2y 2%
< O (Bl + Holy)) r2u=274¢

(/B 0] + Holy]) i ke

+ Prg 1 [0] - 72w,
where C = C(M,Xg,73,717,7,€, k) > 0 is a constant.

Proof. From (1.1) in follows that Ty satisfies the following equation in (v,r) coordinates:
(9.3) Oy (Dr20,T* o + 2rT™ ) = 27" .

See also (8.31) with h = 0 applied to .

By integrating both sides of (9.3) along constant v hypersurfaces from ' = M tor’ = r < min{rz,rg,(v)},
where 7y, (v) denotes the value of r along the intersection of the hypersurface of constant v with XN (BU
A?) (which is non-empty for v > wvg), and using that Dr29, 7% vanishes at H* for any T*+ (using that
1 is smooth), we therefore arrive at:

Dr20, Tk o (v, 1) + 2rT* (v, 1) = 2MT 1|34 (v) + / 2T (v, ") dr.
M
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We first apply Cauchy—Schwarz and (A.3), together with (8.1) and (8.37), to estimate

(L

min{rero (v)}
< \// / (r — M)2(0,(Tk+149))? dwdr + (T*+14pg)2(v,r7) - Vr — M
g2

M

‘/ 2T g (v, ') dr’
M

< / JT[Tk+14)] - ny, dﬂzm,,mm{q,rzo(u)n V=M
ET(U,Inin{TI,T'ZO('U)})

5

S/ B a [01(r — M)Z (1 + 7(v, min{rz, rs, (v)})) 3+
S/ B [0)(r — M)zo=5Fe,

for r < min{rz, ry,(v)} and v > vy, where in the third inequality we used the conservation property of
the T-energy flux.
By (8.38) we moreover have that for all v > 0:

20T+ o (v,7)| S /Byt [0 (r — M) "2y 37k,

Furthermore, by Proposition 9.4, we have that for € > 0 suitably small, there exists an ¢’ > 0 such that
we can estimate

[T ol (v) = (1) (k1)1 2How] - v 27| S (/B [0 + Hol]) - 07275
+ Pry 1 [9)] - 073 7E
Combining all the above decay estimates, we can therefore infer that for all v > vy and r < min{rz, rs,(v)}:
|Dr?0, "o (v, 1) — (=1)F 1 (k + 1)1 - AM Ho[y] - v 2|
(9.4) S (V5] + Holw]) [(r = M)~ domibe pm2bed
+ Prrg e [9] - 0737,

’

or equivalently, since we can express L = —gar in (v,r) coordinates, we can write
| = 2r2LT" o (v, 7) — (=1)* 1 (k + 1) - AM Ho[y)] - 0~ 27|
_1 5.4, Lo k¢
(9.5) S (Bspia 9] + Holw]) [(r — M)~domdee pm2k

+ Pry k] -0 7F
By using that T'= L+ L and applying once again (8.37), we can rewrite (9.5) at r = ro > r as follows:
1277 LT o= (u) = (1) (k + 1) AM Ho[y)] - w7
(9.6) < (/B pa o] + Holy]) w2+~

+ Py agt] w3 P

Let us now switch to (u,r) coordinates in the region r > rz. From (1.1) in follows that 1) satisfies the
following equation in (u,r) coordinates:

(9.7) Op (22 LT 1pg — 2rT* 1 gg) = —2TF .
We integrate both sides of (9.7) along constant u hypersurfaces from ' = rz to v = r > rz to arrive at:

2r2 LT o (u, ) = 2r2 LT o (u, 77) — 2r2T* o (u, 71) + 2rTH o (u, 1) — 2/ T o (u, ') dr'.

rT

First of all, we apply (8.38) to estimate

3 5 _kte
27T o (u, )| S\ B [)r? (14 7) 73 7FF

~

for r > rg.
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We moreover apply Cauchy—Schwarz together with (A.1) to estimate

< / r=2(Tk+1¢0)2 dwdr / r'2 dr’
NZT, rT

< [\// (0, T*+1 )2 dwdr + (T’“+1¢)2(u,r1)| -7
NZ,

S ES i [lrE (L4 7) =3 7k+

Hence, using that 9, = 2D~'L in (u,r) coordinates, we have that

/ T o (u, ") dr’

Tz

Nfw

10, T o (u,r) — (—1)*(k + 1)! - AM Hy[¢] - D™ =20~ 27F
< ( E(Fi;k+1["/)] + HOW]) r 2y T2k
+ ( ES;kHM + Ho[d’]) T_%U_%_lﬂ_e
+ Pry (9] - v um R,
for all r > rz. O

We note that the estimate (9.2) provides in particular the late-time asymptotics of 9, 7%
in the region {ryg < r < rz} even if Iy[t)] =0, so it will be also be relevant when investigating the
asymptotics of Type A data in Section 11 below.

9.3. Late-time asymptotics in R. In this section, we obtain the asymptotics for T*vy, using funda-
mentally that both Hy # 0 and Iy # 0 in the case of Type C data. The next result completes the proof
of theorem 5.1.

Proposition 9.6. Let k € Ng. Then there exist n,€ > 0 suitably small, such that we obtain the following
global estimate:

T* 4o, v) — 4 (10[1/)] + %HOW]) r <ul”> |

=¢ ( E55k+1w} + Ioly] + Ploﬁ;kw]) vy R

+C ( B o [¥] + Holy] + PHo,l;kW]) Dyt R

(9.8)

where C = C(M, 3o, ry, 1,1, € 8,k) > 0 is a constant.

Outline of proof:

For simplicity let use take k = 0.

Step 1: We use the asymptotics for ¢g along H™ obtained in Proposition 9.4, together with the decay
estimates in (8.1) and (8.37) to obtain precise decay estimates for Lipy and Lty (and hence for
the radial derivative). This step has been carried out in Proposition 9.5.

Step 2: Using Proposition 9.4, we derive the asymptotics for ¢y in the region .A%, with § < 1 suitably
close to 1 and we use the estimates for L1y from Step 1 to extend the asymptotics of 1y to AL.

Step 3: Similarly, we apply Proposition 9.4 to obtain the asymptotics for ¢ in .Aj:‘,{. We then integrate
Ortpg from r = rz in the direction of decreasing r to obtain moreover the gsymptotics for ¢g in

BUA™"\ A%.
Proof. Step 2:

In order to obtain the late-time asymptotics of 1)y in A%, we partition the region A% into Afr ={r>
s

ryz(u)} and AT\ Afz ={r <r,z(w)}, with § <1, where we will choose 1 — § to be suitably small.
)
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We first use the following identity:

k .
C1—k gk V—uw u\J [ R 1
(99) u — v = m P (*) = (U — U)(-l) ET ( 5

v u-v

together with Proposition 9.4 and Lemma 9.1, to find 1, € > 0 suitably small, so that we can estimate:

(9.10) [T () — AL o) T (1u> S (VEsalv] + Tolu]) v~ a4 4 Py g [y] -0t R

in .AI
Note that this implies in particular that
T o, () = 41 (b + D! T[] - w7 S (/B[] + To w]) u”
+Ploﬁkw)] u Pk,

We then integrate in the —0, direction, starting from r = r%z(u) and we apply (9.2) from Step 1. By
choosing n > 0 and € > 0 suitably small, we obtain:

(9.11)

r_yz(u)
T 4 (u, r) = TH(u, 2 () +(*1)k+1(k+1)!~4MH0[1/1]u*2*’“/ L

T

(9.12)
s ( By [¥] + Ho W]) w4 Py ly] TR,

with r7z <r < % (u).
By combining (9.10), (9.11) and (9.12), we conclude that in AZ:

Tk(u_Q) & 1
Tar AT (w»
S ( ES 1 0] + Hol[y] + Io[w]) vy Rk

+ Py ak[] v TR 4 Pry gay] vt

T (u,r) — ( 4M Ho[y)]

(9.13)

Step 3:

We now turn to the region A" UB = {r < r7}. We will partition this region into the region AZY{H =
{r< T’ygf(v)} and {rﬂ/gj(v) <r <rz} with @ < 1 and 1 — « suitably small.
Let us first consider the region AZY{H. By using the identity

u u-v

k .
11—k g U—U v\J [ R 1

together with Lemma 9.1 and Proposition 9.4, we have that for 1 — « suitably small we can estimate in
r <71y (v):
M

4o (u, v) — 4ﬁﬂo[¢]Tk (ulv>

<C ( ES o1 [V] + HolY)] + PHO,1;k[w]) D3y~ ly—1-k-n

We now consider the region {T»ygj(u) <r <rz}and use (9.4) to integrate from r’ = rz tor’' =r > Ty (v)
along constant v hypersurfaces with v > v|x,(rz), for 1 — a > 0 suitably small: we have that there exist
€,n > 0 suitably small such that

(9.15)

! z
T o (v, 1) — T*o(v,77) + (—1)’“"'1%/ (r' — M)~ dr’

T

( B9+ H0[¢]> (r — M)~1y=2-F=
+ Py 1.k[t] 037
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Combined with (9.13) this implies that for 1 — o > 0 suitably small: there exists an 7 > 0 and € > 0
suitably small such that for all T (v) <r<rg

Tkwo(v’r) - (_1)k(k +1)! (4:\4[{0 + 4]0[@) p k2

VD
19 S (/B pald] + Hold] + Iofi]) (- M) 124

+ (r— M) Py ] 073 + Pry gelw] 072 PR

By combining the estimates for 7%, in the regions r7 < r < Tz (u), r > Tz (u), Tyry <7 <7z and
r < ryx(v), we arrive at (9.8). O

Remark 9.2. We can alternatively consider v := M=Yr— M)y = ﬁ\/ﬁd} and reverse the roles of HT
and I in order to obtain the asymptotics for 1y in Proposition 9.6; see also the proof of Proposition 10.2.

10. TIME INVERSION THEORY

In this section, we will construct an auxilliary “time integral” function wél) : R\ H" — R, which

satisfies T' w(()l) =1 and [, ((]1) = (. This construction is fundamental to obtaining asymptotics for 1 in
Section 11, when the initial data is of Type A, B or D; that is to say, when Hy[t] or Iy[t)] vanish.

10.1. Regular time inversion in R. Consider R = R\ 9R. We have the following

Definition 10.1. Let vg be the spherical mean of a solution ¥ to (1.1) on extremal Reissner—Nordstrom

with In[y] a well-defined limit. We then define the time integral 1/)(()1) of 1o to be the function ™) R — R,
such that

(i) T8 = o,

(ii) Oy =0,
(idi) 1im,—se0 57 (0,0) = 0,
(i) Ty Lap§" (u, v9) = 0.

As we shall see explicitly in the next proposition, w(()l) is well-defined because it is the unique solution to
a boundary-value problem for an inhomogeneous ODE (with boundary conditions at r = M and r = +00).

Proposition 10.1. The time integral wél) of the spherical mean g of a solution to (1.1) on extremal
Reissner—Nordstrom satisfies the following identities:
(o]

QTQLwél)(u) UO) = 2/ ’I"L¢Q('U/, UO) dul on Ng{ N 7éa

u

P
D20, (0.0) = [ (=21~ h-D)ryn + (2~ h- DIrhTon + 1+ (DY onl 5, ()

+h-Drigols, (p = ry) — 2/ ( )rLgbo(u/,vo) du’ on X, N{ry <r<rz},
Urg, (VO

2r2Lwél)(u0, v) =Cy + 2/ rLeo(ug,v')dv’ on NZ,

UTI('MO)
where h is the function of r given by (2.1), and we use the shorthand notation

ArColy] := 2/

n rLoo dwdu’ + / s, (V) dpto + 4mrgo| np (r = r9g) + dmrdo v (r = rz).
NO

YoNB

If lim, o 7“387¢0|N01 < oo (and therefore Iy[y)] = 0), then we can further express,

g g (r) = —r

Colt] + 2/

Urp (uo) !

r Lepo(ug,v') dv’] (T—M)_1—|-27”/ (r’—M)_Q/ 10y ¢o| Nz (1) dr”dr’,
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and we have that in (u,r) coordinates

I[N =MCo[y] + 2M rLepo(uo, v') dv’ — lim 20,0l Nz

Vrg (uo)

M M
M nlye (o =)+ g [ Lowrdodu’ + 3 [ sy () do

N} T J2onB

2M
+ Mro|yn(r=rz) + — / rLoo dwdv’ — lim 130,60 yz.
0 4 NZ r—oo 0

Proof. Note that we can write
Dg ((Jl)(Tv p) = Dg (()1)(07/7) + /O D!ﬂ/}O(Tlvp) dr’ = Dg (()1)(07/))7

and therefore Dg¢él) = 0 in R if and only if Dgz/J(()l)(O,p) = 0 for p > M, which is equivalent to the
following equation:

L(r* L") = rLgo.
We therefore obtain the following identity on Nt N R:

o0

27‘2L¢(()1)(u, V) = 1i_{n 27’2L¢(()1)(u, vo) — 2/ rLo(u',vo) du,

u

where the first term on the right-hand side is zero by definition of (1),
Recall that 9, = —2D 'L+ h-T =2D" 'L+ (h—2D~!) - T, so by the above, we have that

oo

D(r3)r3,8,08" (try, (v0), v0) = 2 / rLoo(u',v0) du’ + hD(ry;)r 0 (tr,, (v0), o).

U/TH ('UU)
We compute
0,(Dr?0,y") = —2(1 — h- D)rd,¢o + (2 — h - D)yrhT¢o + 7 - (hD) ¢y,

so, by using all the above estimates, we can conclude that everywhere on 3y N B:

oo

Dr2a,4§7(0,p) =2 / Lo (u',v0) du’ + RD(13)1360 (try, (v0), v0)

Ury, (Vo)
P
+ [ (=20~ b D)rdyn + (2~ h- DyrhTon + - (bD) dulls, (o)

By 2L = D0, + (2 — hD) - T we also obtain the following expression for v on NF:

oo

QT%Lw(()l)(uo, vy (Ug)) :2/ rLoo(u',vo) du’ + hD(re)r3¢0(tr,, (v0), vo)

Uryy (v0)

+ [ (220 he D)rdygo + (2~ b D)rkTon + 1 (DY dulls, (o)

+ (2 (r)D(r) 260 o, v (u0)) = Col.
By using that the normal nx, to 3¢ N B can be expressed as follows:
Vdet gsynsns, = r?sind [(hD — 1)d, + h(2 — hD)T],
we can rewrite
[=2(1 — h - D)rd,¢o + (2 —h - D)rhT'¢o + r - (hD)' po] sin b
=2(hD — 1)r?sin 00,9 + 2(hD — 1) sinf¢g + (2 — hD)hr? sin 0Ty + r(hD)’ sin 0¢
=0,((hD — 1)r*¢y) sin @ + +/det gs,nsns, (V).

Hence, we obtain

1nCo =2 [ rLondudu’ + | s, (0) dpo + Amrole(r = ra) + dmronl e (r = 72)
Ng'l YoNB

—dr Mol (v = vo) — /

Lipo r?dwdu’ + / ns, (9) dpso + dmrdo| yae (r = 1)
NGt

YoNB
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Since ¢! satisfies
L(r? L") = rLoo,
we therefore conclude that everywhere on NZ we can write

2r2 Ly (uo, v) = Coly] + 2/” 7 Lo (ug,v") dv'.

rT (UO)

In particular, if Iy[¢)] = 0, we have that

(o)
/ r Lo (ug,v") dv'| < oo
Vrz (uO)
so we can switch to (u,r) coordinates in order to express:
Wlhg) =2 |Coldl +2 [ rLéo(uo,t) dv’] T AU D T R OT
Vpp (uo) r r’

The expression for I [w(()l)} then follows from multiplying both sides by r, using that lim, _,., 730, ¢o| Nz <
oo and taking an r derivative. |

Proposition 10.2. Let 1 be the spherical mean of a solution v to (1.1) on extremal Reissner—Nordstrom.
If Hy[y)] = 0, then the time integral 1/)(()1) of Yo satisfies moreover

oo (o) (o)
rs) e (r) = —7 Qo[z/}]+2/u (UO)FL%(UI’UO)CZU/} (f—M)—1+2f[ (7~ M)~ / #O ol e (7) di”"dF,
TH T T
with
F=M+M*(r— M),
M M
4 =9 Lo dwd v d
7Co[Y] e — M Lo wUJr/Emano(T_M 7711) 10
M
tar — Tl np (1 =13) tdr ol Nz (r =rz).

and we have that in (v,r) coordinates

> Mr

Ho[ypWM] = MCy[y] + 2M ML%(U/,UO) du’ + M483¢0\Ng+ (r=M).

Urqgy (vo) r—
Proof. Consider now the rescaled functions 9 = M~ (r — M) and yél) =M~Yr—-M) 61). Note that
by Proposition 10.1, we have that
lim " (,vo) = 0, lim L (o, v) =0,

U—>00 —
SO ygl) satisfies analogous boundary conditions to 7,/1(()1), but with v and v and L and L interchanged. We
introduce the notation # = M + M?2(r — M)~! and D(7) = (1 — M7 1)2, we have that 7Y, = rio and
77%81) = rz/;él), and yél) satisfies the equations:

L(fQL%”) =7 Ly,
L(FLyM) = FLgy.

We can therefore repeat the arguments above, starting the integration along NZ rather than NJt, to
obtain the following expressions:

QFQL%()U(UO,U) = 2/ 7L¢o(ug,v)dv’  on NF,

p d(hD)

dr

D(#)0;487(0, p) = / —2(1 = h- D)7ds¢0 + (2 — h - D)FhT' + 7 - bo| |5, (7)dp

7(rz)

oo

+h- D(#) P ¢ols, (p = rz) + 2/ Lo (ug,v")dv' on SN{ry <r <rz},

Vg (uo)
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272 Ly (u, vp) = Colt] +2 / FLeo(u,v0) /' on NZE M,

g (0)
with
h(F) = (2D7" = hM?*(F — M)™%) = (2D — h)M?(7 — M) 2,
2 — hD = hM?*~% = hD,
9 =—M2(r — M)*9, = —M*(F — M)~?9,,
Col¥] == (2 — h - D)oz, (p = r3)
7 d(hD)

7(ra) 5 I
— / [2(1 —h-D)fdspo — (2 —h-D)FhT'¢g — 7 - o
7(rz) r

¢o] |20 (6")dp"

o0

+ R D) Fdols, (p = 1) + 2 / F Lo (o, o) du’
Vg (uo)
= hD7ol|s,(p = T3)
d(hD)

—/ ’ [2(1 — hD)#d,¢0 — (2= hD)FhTgo —7 - = ¢0] s, (p)dp'

oo

+ (2= hD)igols, (p = r1) + 2 / F Lo (g, ') du’
’UTI('U‘O)
= hD7o|s,(p =)

- /TI MM |:2(1 - hD)r3p¢0 - (2 - hD)ThT¢() -T- d(hD)

dr

= oo )00
*° Mr

r—M

+ (2= hD)inls, (p = r2) + 2 Lo (o, ) do'.

Urp (UO)

We recall from the proof of Proposition 10.1 that

M
R [—2(1 = h - D)rd,¢o + (2 — h- D)rhT'¢g + r - (hD) ¢o] sin 6
M 9 . M
— 2 0,((hD = 1)r%y) sin 0+ \/det goyns——n, (1)
r—M r—M
M . M
= 6p (r—]w(hD — 1)T2w0> Slne + \/ det gzoanZO (T—]W¢>
and hence,
4C[¢]—2/ L¢dd’+/ M) a
7T70 = NOI’I’—M T o dwau Zoﬂsngo M 2%}

M M
+47rm roo| e (r = T3) +47TT —7 “ro|nn(r =rz).

Hence, if Hy[t)] = 0, we have that

(o) o0 o0
YDy (7) = — | Col] +2 / FLoo (', vo) dv’ | (F— M) =142 / (7 — M)~2 / #0s 0| (i) i d
- © Urgy (v0) 7 7 ©
and the expression for Hy [1/}51)] is derived as above. O

The above propositions motivate the following definitions:
Definition 10.2. We define the time-inverted constants Iél)[w] and Hél)[z/)] as follows:
1) = Io[SY] it lim 7 Lo (ug, v) < oo (and therefore o[y)] = 0),

H§V[) = Holwg"]  if Ho[y] = 0.
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Remark 10.1. If we assume the qualitative decay statements: rig|z+(u) — 0 asu — oo and ripg|y+(v) —
0 as v — o0, we can use the results of Proposition 10.1 and 10.2 to obtain the following alternative

expressions for I(()l)[w] and Hél)[z/)] s af im0 73 Lopo|s, < 00, then
15V = = M lim e, (r) = 2 lim Lo,
= M/ ol z+ (u) du — 2 lim 73 Lo, ,

@0 r—00

and if Ho[y)] = 0, we obtain
H§ ] = = M Bim, v |5, (r) = MY 26l (r = M)

:M/ ol a+ (V) dv — MY 2|5, (r = M).

We will recover the above decay assumption for 7’1/1(()1) in Proposition 10.6. See also the discussion in
Section 1.6 of [11] for an analogous expression for Iél) [¢] in the sub-extremal setting.

10.2. Extension of the time integral (') in R. In this section, we will investigate the regularity
properties of the continuous extensions of the time integral functions ") defined in Section 10.1 to the

full spacetime region R. We will moreover discuss the singular properties of (derivatives) of the radiation
field at ZT.

10.2.1. Regular extension in R for Type B perturbations. We first consider the case of Type B data.

Proposition 10.3. Let 1/)(()1) be the time integral of a smooth solution g to (1.1) corresponding to initial
data of Type B. Then wél) can be extended uniquely as a smooth function to R. Furthermore, I [w(l)] 18
well-defined.

Proof. By Proposition 10.1, we have that in (v,r) coordinates

2 T
m /M Tlar(b(J(va 7’/) dr’

(10.1) ot (vo, ) =
along NJ*.
If we assume that Hy[t)] = 0, we can use smoothness of ¢y together with Taylor’s theorem to obtain

the following: for any N € N, we can decompose for r < ry: r0,¢o(vo,7) = Z,quzlpk(r — M)k + (r -

M)NHLfn (v, 1), for some smooth function fx : [M,73) — R and coefficients py, € R, with k € 1,..., N.
Hence,
(1) - 2p 2 "
1 o k k+1 / N+1 / /
- ,7) = E —_————(r—-M —_— - M dr'.
0 0 (UO T) (k+1)(T—M)2(T ) +(T—M)2 /]\/[(r ) fN(T) r

k=1
It is clear that 0N attains a finite limit at » = M. Using that N can be taken to be arbitrarily

large and Tw(()l) = 1)y, we can conclude that ¥(") extends smoothly to » = M. The second part of the
proposition follows immediately from Proposition 10.1, using that lim, .. 73 Lo (ug,v) is well-defined for
Type B data. O

By Proposition 10.3, all the estimates in Section 9 can be applied without modification

when v is replaced by z/)(()l) in the case of Type B data!

10.2.2. Singular horizon extension in R for Type A perturbations. We now consider data of Type A and
show that, due to the non-vanishing of Hy[¢], the time integral ) displays singular behaviour at .

Proposition 10.4. Let 1/)(()1) be the time integral of a smooth solution vy to (1.1) corresponding to initial

data of Type A. Then wél) cannot be extended as a continuous function to R. However, Io[1)™V] is well-
defined. More precisely, we can decompose

(10.2) S () = — 2MV Ho[y](r — M)~ + f(v,7),
(10.3) 9w, r) = — 2M ' Hy[y)] log(r — M) + f(v,7),

for some smooth, spherically symmetric functions f, ]? on R.



LATE-TIME ASYMPTOTICS ON ERN 73

Furthermore, for € > 0 arbitrarily small, we can estimate

(10.4) JT W] nyg, dus, +/ (r — M)~ (LoW)2 du +/ ¢ (Lo™M)? dv < oo,
So Nt NE
1
(10.5) — - JTWW]  ng, dus, = co.

2 VD

Proof. We can use smoothness of ¢g together with Taylor’s theorem and the definition of Hy[t)] to obtain
the following: for any N € N, we can decompose
N
Oro(r,v0) = =M 2Ho+ Y pr(r — M)* + (r — M)N ! fy (v, 7).
k=1
The equation (10.2) then follows immediately after plugging the above equation into the right-hand side
of (10.1). Then, (10.4) and (10.5) follow directly. O

10.2.3. Singular radiation field rip*) |z+ for Type D perturbations. We now consider data of Type D and
show that the radiation field 7¢)()|z+ and Newman-Penrose constant Iy[y)(!)] are ill-defined in this case.

Proposition 10.5. Let 1/)(()1) be the time integral of a smooth solution vy to (1.1) corresponding to initial
data of Type D such that moreover
Oro(u,r) = Lo[glr= + O(r™?)
along NE.
Then wél) can be extended uniquely as smooth function to R. However, 1y and Iy [w(l)] are ill-defined
at TT; more precisely,

ribg” (u,r) = 20 [¢] log 7+ O(r°),
P20, (ri") (u. ) = 2D Yl + O().
Proof. By the estimates in the proof of Proposition 10.2, it follows that
szﬁngl)(u,r) =2 /OO TOro(u, r") dr’,
where 7 — M = M?(r — M)~! and Y, = 7 1¢g. Hence
Ol (u,r) = 2M " I [lr ! + O(r ),

OO (u, ) = 2~ Io[g] log r + O(r°)
so we obtain
8, (u,r) = 0, (FY§) (u, ) = 2L [Y)r ™ + O(r2)
and therefore,
¢y = 2I[]logr + O(r°).
O

10.2.4. Decay estimates for 1»"). We now establish some preliminary decay estimates for the time integral
(1)
0 of 1/}0.

Proposition 10.6. Let wél) be the time integral of 1y and let € > 0 be arbitrarily small. Then there exists
a constant C' = C(M, g, ry,rz,€) > 0 such that

/ JTWS”J-anuTSOuM)”E'[/ TT V] nsy dpo + / (r — M)"H(Lo{Y)? dwdu
. 3o Nt
(10.6)

+/ rl_E(Ld)él))Q dwdv‘|.
NI

0

We can further estimate

r- O <O [Es 7 [0](1+7)727 in AT lim 0%, 0|z < o0,
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-] <O JEs 5[]+ 7) 75 in A if Holy] = 0.

Proof. We apply the r-weighted estimates from Proposition 6.6 with n = 0 and p = 1 — ¢, together with
the Morawetz estimates (see Appendix A.3) to conclude that there exists a sequence of times (7) along
which we can estimate:

/ (r — M) (L)% du + / JT] - nr dpe + / r¢(Lgy))? du
N} s.NB

A
NZ

< l/z T s+ [ (= 20 (Lo
0 0

Tlff(LqSél))Z dv| .
Ny

Hence, we estimate in the region {M?7, ' <r— M < 7;.}:

/ Jt [w((Jl)] ‘N dp,
B0, {M27 <r—M<7y}

St l/ TT1§0] - ns, dus, + / L= M)~H(Lo)? dwdu + /
DN N}

rlfe(Lqﬁél))Z dwdv] .
Ny

In the region {r — M < M?7, '} U{r — M > 7} we use again Proposition 6.6 withn =0and p=1—¢
to estimate

/ (r = M)~ (L) du + / e (Lgg)? dv
NH

z
Tk NTk

S Vz TT[06"] - ns, dps, + /NH (r = M)~ (Lgf")? du + /

T
0 NO

P (LgiM)? du]

to estimate

/ JT[ (()1)] ‘N dpr
So, N{r—M<M2r Y u{r—M>7.}

L VE T ns dis, + [ = M) (L) P+ [
0 0

NG

7“1_6(L¢>(()1))2 dv] .

Hence, by applying (A.6) we can conclude that (10.6) must hold (for all times 7 > 0). In particular, this
implies that

lim 5 (v, 7) = 0.

vV— 00
The remaining (quantitative) estimates in the proposition then follow immediately from integrating the
pointwise decay estimates for ¢y = T@[J(()l) obtained in Proposition 8.12. O

We can moreover relate the relevant initial pointwise norms of 1) to analogous pointwise norms of 1.
Lemma 10.7. For all 0 < 8 <1 and k € Ng, we can estimate
Prrg ok [06") S HoV[6] + Prg ] if Holw] = 0,
Proginl05”) S 167 W] + Pro gal¢] if lim r®Labo(uo, v) < oo,

e [067] S Ef 6] + Bzl if Ho[v] = 0 and lim 7 Lajo(ug, v) < oo,

Proof. The estimates follow from the expressions for 1/1(()1) in Proposition 10.1 and 10.2. O

11. LATE-TIME ASYMPTOTICS FOR TYPE A PERTURBATIONS

In this section we will use the time integral construction from the previous section to obtain late-time
asymptotics for ¢ arising from Type A data. Recall that Type A data includes generic smooth and
compactly supported data on .
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11.1. Conditional asymptotics for r¢(!) in .Agz. We will first obtain estimates in the region Afz.

These may be thought of as the analogues of the estimates in Proposition 9.3 and 9.4 applied to gzﬁél)

rather than ¢g. However, it is important to note the estimates for qb(()l) are not as strong as the estimates
for ¢ arising from Type C data due to the fact that the upper bound decay estimates that we have for

gbgl) (Proposition 10.6) are weaker than the upper bound decay estimates for ¢g from Proposition 8.12.

Proposition 11.1. Let k € Ng and let a« > 0 such that 1 — « is suitably small. Then, there exists an
1> 0 and € > 0 suitably small and a constant C = C(M, X, ry, 17,0, €, 8,m) > 0 such that in Afz:

LT (u,0) — (1) G + 1121 9] - 02

s¢ [ Esl;k[w] 0T (Ploﬁ;kwj] + Ié”[iﬂ) ‘”72757}6}
and moreover,

[LT*o(u,v) = (~1)** (k -+ 2120V fu] - v~ H

<C |\ B gunald] o7+ (Prpaalv] + 17 10]) 077

Proof. We apply Proposition 9.3 to (()1) instead of ¢q, replacing k with k + 1, where we only consider the
region Afz. We need the pointwise decay estimates in Proposition 8.13 and Proposition 10.6, rather than
the decay estimates in Proposition 8.12. We also apply Lemma 10.7 in order to have only norms involving

1 on the right-hand side of our estimates. |

Proposition 11.2. Let k € Ny and let o > 0 such that 1 — « is suitably small, then there exists a constant
C=C(M,%,ry,rz,0,¢,8,k) >0 and n > 0 such that in Afz:

¥ o (u,v) = TF o (u, vyz () — (=) (k+ D120V ] [u?7F — 07> 7]

1 v—u
<C [ E§ 1011 (0] + Pro i1 [¥] + 1§ )W]} o
Proof. The estimates in the proposition follow from Proposition 11.1 in the same way as the estimates in

Proposition 9.4 follow from Proposition 9.3, but we do not estimate |T*¢g(u, vz (u))l. O

11.2. Asymptotics for 9,9 away from H* up to v%. In order to obtain late-time asymptotics from
the estimates in Proposition 11.2, we first need to determine, independently, the late-time asymptotics of
Tk¢0|“/§' This involves a derivation of late-time asymptotics for Ly that are valid all the way up to yZ.'!

Lemma 11.3. Let k € Ng and let o > 0 such that 1 — « is arbitrarily small. Then, there exists an n > 0
and € > 0 suitably small and a constant C = C(M, %, 74,717, o, €,1) > 0, such that in AT\ Afz :

(11.1) 2r2 LT o (u, v) — (—=1)*F 1 (k + 1)4M Ho[)] - u= 27"

< C [\/B s 01 + Paty ] + Holw]] - w27,

Proof. We apply the fundamental theorem of calculus in the L-direction, together with the equation
L(r2LT*4g) = rLT*" ¢y, to obtain: for all v,,(,) < v < vy, (u),

v

2 LT*o(u, v) = r2LT* o (u, vy (1)) + / rLT* o (u,v") dv'.

Vrp (u)

By Cauchy—Schwarz, together with Proposition 8.8, we can estimate

Vg () o
/ dv' - / r2(LTk+1¢g)2 dv’
Urz (u) Urz (u)

54 fio
Su 5+35 +35 . ES,I;k‘—Q—l[QZ)L

Vg, ()
/ | LTH o (u, v") dv” <

rr (u)

HWhile the estimate (9.2) can be used to obtain asymptotics for Lt in spacetime regions of bounded r also in the case
of Type A data, it fails to provide asymptotics along the curves vZ.
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and we will take v + € < 1.
Now, we appeal to (9.6) to estimate:

2 FLT Yolr=rz (u) — (=1)*FH(k + 1! - AM Ho[y)] - u™27F

S ( E§ za 9] + Ho[¥] + PHo,l;kM) u
for some 1 > 0. By combining the above estimates, we arrive at (11.1). 0

Proposition 11.4. Let k € Ng and let a > 0 such that 1 — « s arbitrarily small. Then, there exists an
n > 0 and € > 0 suitably small and a constant C = C(M, X, ry, rz,a,€,8,m) > 0, such that

T* o (u, vyz (w)) = (1) (k + 1) 4M Ho[] - w7

<C

E§ 730s1[9] + Pro g1 [¥] + Prg ia[0] + I8V [] + Ho m] Tl

Proof. We split:

D

Eeri/zg (u, v, (w)) = rLT"¢o(u, vy, (w)) — P2 LT o (u, v, (u)).
Now, we apply Proposition 11.1 together with the estimate r < u® in .Afz to estimate for € > 0 suitably

small:
P LT ol (1,05, () < € [/ g g 18]+ Pry o [0+ 15 (0] -4
Now, we apply (11.1) to arrive at (11.2). O

11.3. Global asymptotics for ¢ in R. In this section, we derive the asymptotics of ¢ in the full
spacetime region, for Type A initial data.

Proposition 11.5. Let k € Ng and assume that lim, o, v> Lo (ug,v) < oc.
Then there exists an n > 0 and € > 0 suitably small, so that we can estimate:

T*4o(u, v) — 4 {Iél)[w}T'““ (ulv) + %HOWT]C (u(v+41M2r))] ‘

E§ 7401 [0] + Pro g1 (6] + Prg 1[0 + Ho[t] + I§” m]

<C

1 o 11 g
'(v1u2k’7+D 2u1v1k">.

Proof. By combining the estimates in Proposition 11.4 and Proposition 11.2, we arrive at the following
estimates for r - ¥ (u,v): let a > 0 be sufficiently close to 1, then there exists an 1 > 0 such that in Afzz

(11.2) TG0, v) = (1) (kb + D! 20 [] (w27 — 0™27%) — AM Hofyu"]

v—1Uu

< C [/BS zena W]+ Progsans W] + Pragaan 0] + Hol] + IV [l - i

By applying moreover Lemma 9.1 together with (9.9) and (9.14), we can rewrite (11.2) as follows:

T 4o (u, v) — [413”[¢]T’““ (1) +4MT1H0[1/}]Tk(u2):|

u-v

1
1
<C [ ES,I;k:H[M + PIo,B;kHW] + PHoJ;k[T/’] + HOW] + Ié )W]} ’ vu2tktn’

To obtain a global estimate for 1o, we first combine the above estimates with (9.15) in the region where
7 < 7yx(v), (9.16) in the region where ryx (v) <7 <rz.

To obtain late-time asymptotics in the remaining region rz <7 < 7,z (u), we use (11.2) and we integrate
the estimate (11.1) from r = 7,z (u) to any r > rz.
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We then obtain:

T 4o (u,v) — 4 [Iél)[w]T’““ (ulv) + T%Ho[w]T'“ (mﬂ ‘

< [\/Bb zenal01+ Proesald] + Prgalt] + Hofo) + 1§04 - (v~ a2+ D4t 140

everywhere in R. Note that v +4M — 2r has the property that it approaches u as we increase v and keep
u constant, but it remains finite as we approach r = M; indeed, we have that everywhere in {r > 2M},
v—2r+2M >uwand in {r <2M}, v <v—2r+4M <v+2M. O

12. ASYMPTOTICS FOR TYPE B AND D PERTURBATIONS

In this section, we treat the remaining types of initial data: Type B and D. The late-time asymptotics
for Type B data follow immediately from Proposition 9.6 applied to (()1), where we use the regularity

properties of wél) that follow from Proposition 10.3.

Corollary 12.1. Let k € Ng. If lim, oo 73 Lo (ug,v) < 0o and Hy[p] = 0, then there exists ann > 0 and
€ > 0 suitably small, such that we obtain the following global estimate:

Tgo(u,0) 4 (100 + =] 7 ()

(2 < 0 (/B sl + B el + 1" 1] 4 Pry i []) v 24

+C (\/ES,H;kﬂW] + E§ rpp1 (Y] + Hél)[w] + PH071;k+1[1/)]) D™y lym2 ke,

where C = C(M, 3o, ry,r1,m, 6, 8,k) > 0 is a constant.

Proof. We apply Proposition 9.6 with k replaced by k + 1 and v replaced by 1/)81). We also use Lemma
10.7. |

We are left with Type D data. We obtain asymptotics by following arguments analogous to those for
Type A data in Section 11, so we will omit most of the proofs, unless a different argument is needed,
compared to the Type A data case.

Proposition 12.2. Let k € Ng and assume that Ho[t)] = 0. Let a > 0 such that 1 — « is suitably small.
Then, there exists an 1 > 0 and € > 0 suitably small and a constant C = C(M, %, ry,rz,,€,m,k) > 0
such that in A?H :

LT 65 (u,0) — (—=1)*(k + 1)12HM 9] - 02 7F|
<C { E§ ] - w27 (PHOJ;}CM + Hél)[w]) .u—2—ﬂ—k}
and moreover,
LT (u,v) — (—1)F (k + 2)12HV [1] - u=3F|
<C [ ES g 0] w7 4 (PHo,l;k+1[1/)] + Hél)[z/,]) .U*Sfﬁfk} '

Proof. We repeat the steps in the proof of Proposition 11.1 to the region .A;"H instead of Afz and inter-
change the roles of u and wv. O

Proposition 12.3. Let k € Ng and assume that Ho[t)] = 0. Let a > 0 such that 1 — « is suitably small.
Then, there exists an 1 > 0 and € > 0 suitably small and a constant C = C(M, 3, ry, 17,0, €,m) > 0 such
that in ,A:’/‘H :

T 9o (1, v) — T o (upe (v),0) — (=1) Lk + 1)12HV [9] [ — 0 27F]

u—7v

<c { E§ agkia [V + Prg e [] + H(()l)h/)]} R
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Proof. We repeat the steps in the proof of Proposition 11.2 to the region .Af;é{ instead of A% and inter-
change the roles of u and v. O

In contrast with Lemma 11.3, we cannot yet obtain asymptotics for 9,1 in the region A% \ AyH for

Type D data. Instead, we consider 9,.((r — M) - 1bg), which, as we will show, is sufficient for our purposes.
See however Proposition 12.7 at the end of the section, where we do obtain asymptotics for 9,1g.

Lemma 12.4. Let k € Ny and assume that Ho[t)] = 0. Let o > 0 such that 1 — « is arbitrarily small.
Then, there exists ann > 0 and € > 0 suitably small and a constant C = C(M,X,ry, 77,0, €,1,8,k) > 0,
such that in A™ \AWHH :

|MO,((r — M) - T*o) (u,v) — (=1)*(k + 1)!14M Iyv=27F|

(12.2) ol
< C [\/Bs g [¥] + Prtgsunsa 9] + Pro ialis] + Tolw]] o277,

Proof. Note that we can rewrite (9.3) as follows in (v,r) coordinates:
2((r — M) - TFeg) = =2(r — M) ™10, T ¢y

Using the above equation, together with the fundamental theorem of calculus in the L direction, we arrive
at the following estimate:

[0 ((r = M) - T*0) (v, 742 (v)) = 0, ((r — M) - T™0) (v, 73]

U (v)
5/w (r — M)"YLT* | (/, v) du’
u

(rn)

Uy 2t (v) a3t v)
< ¢ [ \/ [ a2
u(ry) u(ry)
—kt5+2

S \/ ES,I;deW} v )

where we applied Proposition 8.3 together with the estimate (r — M)~ < v® to obtain the last inequality.
We moreover have that

Br((r = M) - T*o) (v, 73) = T 4o (v,734) + (13 — M) T o (v, 7).
By (9.4) it follows that there exists an n > 0 such that
(rae = MO, T ol (v,720) S (/Eora 1]+ Prgsrale]) w2740,
Therefore, we can use (9.16) at r = ry; to estimate
10, ((r = M) - T*o) (v, 73) — (=1) " (k + 1)14Igv "2
5 ( E(e);kJrl['l/J] + PHo,l;khﬂ + P[O,@;k + Io[’(/J]) =27k,

By combining the estimates above, we arrive at (12.2). O

ol

Proposition 12.5. Let k € Ny and assume Hy[y)] = 0. Let a > 0 such that 1 — « is arbitrarily small.
Then, there exists ann > 0 and € > 0 suitably small and a constant C = C(M,%,ry,rz,,€,n,8,k) > 0,
such that

(12.3) T o (uyze (v),0) = (=1)*(k + D)AM L[] - v~

<

~

E§ gypes1 [ + Prty 11 [80] + Pro gilt0] + HE[] + To[] | w2757,

Proof. We can split in (v,r) coordinates
M2r= T g (v, Ty (v)) = Mo, (r=Y(r — M)) - rT*yo(v, 77 (v))
= MO, ((r — M) - T*0) (0,743 (v)) = Mr~H(r = M), T* o (v, 743 (v))
=M. ((r—M)- Tkzpo)(v,r%{ (v)) + 2Mr(r — M)_lLTk(bo(v,rW;{ (v)).
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We apply Proposition 12.2 together with the estimate (r — M)~! < v® in B to estimate

\ Bk + Py, 11 [0D] + H(()l)[i/i]] pT AR

The estimate (12.3) then follows by applying (11.1). a

QMT(T - M)71|LT’€¢O|(U,T7?;‘(U)) S

Proposition 12.6. Let k € Ny and assume that Hy[t)] = 0. Let o > 0 such that 1 — « is arbitrarily small.
Then, there exists ann > 0 and € > 0 suitably small and a constant C = C(M, 3, ry,rz, o, €,m, 8, k) > 0,
such that

Tkapo(u, v) [ H§V [T <ulv> + L[y T* <U(u+2M_2]1\42(r—M)_1)>} ‘

ClyE 6.4k W)+ Pro gl +PH0,1;k+1W]+Io[¢]JrH(gl)W]]

IR 1 g o
~(vlu1k"—|—D 2ulv2k”).

(12.4)

Proof. We apply the previous propositions in this section, together with the asymptotics in derived in
Section 9.3 to arrive at (12.4), analogously to what is done in the proof of Proposition 11.5 (with the roles
of u and v reversed).

We moreover used that in {r < 2M} we can estimate u +2M — 2M?(r — M)~! > v and in {r > 2M},
u+2M —2M2(r — M)~! > w. O

For completeness, we will also derive the precise late-time asymptotics for 9,1 for Type B data, and
show that the leading order term decays one power faster compared to the Type A and C cases. We will
restrict here to a bounded region {r < rz} for the sake of convenience, but we note that the estimates
providing late-time asymptotics can in principle be extended to the full region R.

Proposition 12.7. Let k € Ng and assume that Ho[t)] = 0. Let o > 0 such that 1 — « is arbitrarily small.
Then, there exists an n > 0 and € > 0 suitably small and a constant C = C(M,X,ry, 77,0, 6,1, 8, k) > 0,
such that

Dr20, T o (v,r) — SMHM [Y]T*(u=3) — 8Io[1h](r> — M>)T*(v™?)

(12.5)

< O [/ ES gepsal¥] + Progies1[9] + Prg 12 9] + Io[w)] + H%}] pT3TR

in (v,r) coordinates, for all r < rr.

Proof. We apply (9.3) to obtain in (v,r) coordinates
(12.6) D120, TH g (v, 1) = 2M>*TH L apg (v, M) — 22 TH L apo (v, 7) —|—/ 2rT*H L apg (v, 1) dir”.
M

We will first estimate 2M2T*+1epg (v, M) — 202 T apg (v, 7). If r < Ty (v), we apply Proposition 12.3
together with Proposition 12.5, with k replaced by £+ 1. If r > r n (v), we apply Proposition 12.5 and
we integrate the estimate in Lemma 12.4. We then arrive at the following expressions:

‘]\471]64»11/}0(,07 M) + 8M[O[w]Tk(,U*5) — 4H(§1)[1/}}Tk(1)73)‘

S ES snsal] + Pro gy 0] + Prg w2 [] + To[] + H§V ] [0 =275,

\Tsz“wom r) + ST (0% — AH [T (07 — )|

< \/ 6.2:k12[0] + Progik1 (Y] + Prg k2] + T[] + H(gl)WJ} o3k,
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Hence, we obtain

2MPT g (v, M) — 20T pg (v, ) — SMHV [T (u™3) — 16(r> — M) T[] T* (v~?)

<C

ES§ 342[0) + Pro g1 [¥] + Prg ins2[¥] + To[v] + HSY M] ~pT3Tk,

In order to estimate the integral on the right-hand side of (12.6), we apply Proposition 12.3 together

with Proposition 12.5 and (9.16):
Myv— @ r
/ Erry dr’ + / Erro dr’| |
M M4v—e

where we take r > M + v~* without loss of generality, and where

‘ / 2rT*H apo (v, 1) + 21" - 8T [ T*(v™3) dr’| < C
M

Erry = [ EG a2 (V] + Pro g1 (V] + Prg k2] + Lo[] + Hél)[d)]} v 3k

Erry := [ Ef 4o [¥] + Lo[Y] + Pro 1ip41 4] + PIO,B;MW]} (r — M)~ty=3=k=2n,

It follows immediately that (note that the logarithmic term from integrating Erre can be easily absorbed
by the v power)

M4v~— &
/ Err; dr’ + / Erry dr’
M MAv—«

m Ul + Pro i1 Y] + Pry aiet2[¥] + o] + Hél)[w]l Ly 3k,

Finally, we have that
8Io[y)T* (v™?) / 2" dr' = (r* — M?)8Io[]T"(v™3).
M

When we combine the estimates above, we obtain (12.6). O

13. HIGHER-ORDER ASYMPTOTICS AND LOGARITHMIC CORRECTIONS

In this section, we derive refined asymptotics along H* for data with Hy[t)] # 0 and along Z+ for data
with Ip[tp] # 0. The derivation proceeds in a very similar manner to the arguments in [7].
We first introduce the following additional weighted L° norms: we define with respect to (u,r) coor-

dinates,
] = HDTS <8r¢0 - Iﬂ;”)

L (%)

I
Prop[) = ’ Drd, (Darqbo -D 05”) .
" L (o)
And we define with respect to (v,r) coordinates:
Pul] = ||D~% (8,60 + M*Ho[v]) | ,
L (Zo)
— |52
PH,T E ||8T¢0||L°°(Eo)'

Proposition 13.1. For all € > 0, there exists a constant C = C(M, X, rz,€) > 0 such that for all (u,v)
in AT we can estimate:
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Dy (r) (u, v) — 21 [Y]v™2 — 16 M Io[1]v =3 log v + 8M Iy [p|uv ™3 (v — u) ~*

(13.1)

v—1u

+8MIO[¢]v3log< vy ) |

< C(Io[Y) + Holt] + \/ gy [9] + Prly] + Pul¢))Brrz(u,v),
where
Errz(u,v) =02 +0 27 (v —u)" + 072 (v —u) T,

with n > 0 arbitrarily small.
(ii) For all € > 0, there exists a constant C = C(M, X, 1y, €) > 0 such that for all (u,v) in A" we can
estimate:

Ou (1) (u,v) — 2H0[1/)]u72 — 16MH0[1/)]U73 logu + 8M Hy [zb]vufg(u —)7t

(13.2)

+ 8M Ho[v)]u=® log (uv_“v) ‘

< O[] + Ho[y] + 4/ Ega [¥] + Pr[¢] + Pr[y])Erry(u, v),

where
Erry(u,v) == u 3 +u 2" (u—v) L +u"2 (u—v)"2F7,
with n > 0 arbitrarily small.

Proof. By applying the relations between r, v and v from Lemma 9.1, we obtain in AZ:
(13.3) 0uD (1) (u,v) = [ = 2M (v = )72+ O((v = w)~**7)| -

with n > 0 arbitrarily small, and hence, by Proposition 9.6 we have that there exists an € > 0 such that

n 8M I [1)]
vu

9u0u(r)(u, v) (v —w)"%| < CULp[wl+Hol¥]) (v — u) >+~ u™!

+ C(Lo[y] + Ho[¥] + \/ Bo1 [¥] + Pult] + Pr[¢]) (v —u) 20~ ™75

The estimate (13.1) now follows by repeating the arguments in the proof of Proposition 3.1 of [7]
Now, we apply the relations between r — M, v and v from Lemma 9.1 in A to obtain:

(13.4) B0 (1) (u,0) = [ = 2M (v = )72 + O((v = w)~**)| - VD

By using (13.4) together with the estimate for v/D - 1) from Proposition 9.6, we can similarly find an € > 0
such that for all (u,v) in A%

SMH,
uv

00 (1) (u, v) + < C(Iy + Ho)(u —v) 3Ty~ ™!

(uw—v)~?

+C(lo + Ho + \/ E§1 [¥] + Py Y] + PrY])(u — v) 2T

We obtain (13.2) by once again repeating the arguments in the proof of Proposition 3.1 of [7] and moreover
interchanging the roles of v and v (and Iy and Hp). O
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Proposition 13.2. For all € > 0, there exists a constant C = C(M, X, rz,ry,€) > 0 such that we can
estimate:

rip(u,v) — 2Io[Y([u™t — v 1) + AM I [Y]u=? logu — 4AMIy[1]v 2 log u

(13.5) + 8M Iy[pJv 2 logv + 4M Iy[](u™2 +v™2) log (v ; u) ‘
< O (Rolo] + Holw] + /B[] + Pulu] + Pefu]) u™  in A%
and
rp(u,v) — 2Ho[p] (v —u™h) + 4AM Hy[y]v 2 logv — 4M Hy[yp]u™? log v
(13.6)

+ 8M Ho[v]u=2 logu + 4M Ho[y] (v=2 + u=2) log (“ - ”) ‘

u

< C (lolw] + Hol] + /B,y [v] + Pulv] + Prly]) o™ in A™.

In particular,
(13.7)

|[rplz+ (u) — 20o[YJu™" + AM I [plu logu| < C (IOW] + Hol[y] + \/ ES1 [¥] + Puly] + PIW]) u?

and
(13.8)

[rlace (v) — 2Ho[wlo™" + AM Holglulogu| < € (Io[y] + Hol] + \/Bg, ] + Puly] + Pru]) v,

Proof. In order to prove (13.5) we integrate 0,(rv¢) from (u,v = u+ 2r.(rz)) to (u,v = v'), estimating
the contribution of (13.1) as in Proposition 3.2 of [7] and moreover using (9.8) to estimate

(s = w20 (r)) < (Iow] T Hol] + /Eo 6] + Pulv] +sz) u?.

We similarly obtain (13.8) by integrating 9, (r¢) from (u = v — 2r.(ry),v) to (u = u’,v), estimating the
contribution of (13.2) as in Proposition 3.2 of [7], but with the roles of v and v interchanged, and moreover
using (9.8) to estimate

rol(u = v — 2 (r3).0) < (Io[¢] T Hol] + /Eoal] + Pult] + sz)

The estimates (13.7) and (13.8) then follow simply by taking respectively the limit v — co and u — co. O

We can moreover obtain refined late-time asymptotics along H* and Z* in the case when both Iy[t)]
and Hy[¢)] = 0 are vanishing (i.e. for Type B data).

Proposition 13.3. Suppose Hy[)] = 0 and Iy[)] = 0. For all € > 0, there exists a constant C =
C(M,X,rz,r3,€) > 0 such that we can estimate:

W\;ﬁ (u) + 21V [l — 8M ISV [yp]u~? 1ogu‘
=C (I(()l) ]+ Ho o] + \/Eo gt W]+ EG 2 [¥] + Prr[d] + PI,T[w]) u?,
and the following estimate holds on H™T

[l (o) + 2B )02 — AMHD (9] log o

(13.9)

(13.10)

<O (1] + HP W] + /B 01 [6] + Eg 24 [0] + Prr[¥] + Prrly]) v,

Proof. By Hplt)] = 0 and Io[yp] = 0, together with the assumption that Pr Y] < oo, it follows by

Proposition 10.3 that wél) is smooth. We can then apply the arguments in the proof of Proposition 3.3
of [7] in AZ, and similar arguments with the roles of v and v reversed in A%, to derive the late-time

asymptotics of T’(/J(()l) = 1)g. We omit the details of the proof. O
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APPENDIX A. BASIC INEQUALITIES ON ERN

In this section, we will list some basic inequalities that are used throughout the paper.

A.1. Hardy inequalities.

Lemma A.1 (Hardy inequalities). Let ¢ € R\ {—1} and 1 > M. Let f: x[vg, 00)y X [M,00), = R be a
C" function. Then for all M < 11 < ry < oo and u’ >0

Vo, (u') vy (u')
(A1) / P do S (g + 1)72/ L) dv+ 268 P (v, (),

ry (u') ry (u')

where in the ro = 0o case, the second term on the right-hand side is interpreted as follows:
2 lim 77 f2 (u, v, (u))
T—>00

Furthermore, for all M <rq <11 <00 and v’ >0
(A.2)

vro () —q g2 -2 o () —g-2 2 —g—142 N
[ ey P S ) [ e M)A P du 2= M) (1), ),

1 (U,) Ury ('Ul)
where in the ro = M case, the second term on the right-hand side is interpreted as follows:

2 lim (7’ - M)7q71f2|v:v’a
u—00

or equivalently, in (v,r,0, ) coordinates, for all v' >0

T1

(A.3) /TI(T—M)*HJ”IU:U' dr 5 (q+1)72/ (r = M)710, f)?|omor du +2(ro — M)~71 f2(v', 7o),

To To

A.2. Interpolation estimates. We will make use of the following interpolation estimates.

Lemma A.2 (Interpolation estimates). Let f : {(u,v) € R?|u € [up,0) v € [vy,(u),00)} = R be a
function such that the following inequalities hold: there exist u-independent constants €1,E9 > 0, such that

/ rp_efQ(u,v) dv < Eul,
vrI(u)
/ PP f2 (y, v) dv < Eyu~ 1T
UT‘I(U’)
with ¢ € R and € € (0,1).
Then

(A.4) / P f2(u,v) dv < Cmax{&,E u~ 1T,

rr (u)

with C' > 0 a constant depending only on M, X9 and 1.
Furthermore, let f : {(u,v) € R*|v € [vg,00) u € [y, (v),00)} = R be a function such that the
following inequalities hold: there exist v-independent constants £1,E > 0, such that

/ (r — M)“Pref2(u,v) du < Ev71,
Urqy (v) B
/ (r — M)7P71 £2(y, v) du < Epu~ 0T
Urqy (v) B
with ¢ € R and € € (0,1).
Then

(A.5) / (r — M)7Pf2(u,v) du < Cmax{&;, E v,
Urqy (U) B

with C' > 0 a constant depending only on M, ¥y and .

Proof. See the proof of Lemma 2.6 of [12] for the derivation of (A.4). The estimate (A.5) follows after
replacing r with (r — M)~! and reversing the roles of u and v. 0
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A.3. Basic energy estimates. The following energy boundedness estimate holds for all solutions % to
the wave equation (1.1) on ERN:

(A.6) [T e < [T nodig

3o

and it follows straightforwardly from the Killing property of the vector field T, together with the non-
negativity of the T-energy flux through H* and Z* (in a limiting sense).

We next give an overview of the main Morawetz or integrated local energy decay estimates that we will

make use of throughout the remainder of the paper. A proof of these estimates can be found in [14,15].

Theorem A.3. Let M <ri <19 <2M <rg<ry<oo. Let NNy and 0 <1 <19 <o00. Then:

1.) There exists a constant C = C(X,r1,19,73,74) > 0 such that

(A7)

0<k+14+m<N+1

T2
> / / Ve 0L00 2 dps, | dr <Oy / JTTE ) - n, dps,. -
T1 SoN{r1<r<ra}u{rs<r<ry}) s,

k<N

2.) There exists a constant C = C(X,11,74) > 0 such that

(A.8)

> / / Ve 0L00 2 dps, | dr <O / JTT] -y, dps., .
1Y/71 ESrn{r2ri}n{r<rs}) .

0<k+H+m<N+ K<N+17%
3.) There exists a constant C = C(X,r1,r4) > 0 such that

T2
A9 / / Lo o2 dus_ | dr < C / JT[Tk] - n,, dus, .
( ) Z T1 S.n({r2riin{r<ra}) | 0| Z X [ ] ' !

0<l+m<N+1 k<N
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